




Cornerstones

Series Editors
Charles L. Epstein,University of Pennsylvania, Philadelphia
Steven G. Krantz,University of Washington, St. Louis

Advisory Board
Anthony W. Knapp,State University of New York at Stony Brook, Emeritus



Anthony W. Knapp

Basic Real Analysis

Along with a companion volume
Advanced Real Analysis

Birkhäuser
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PREFACE

This book and its companion volumeAdvanced Real Analysissystematically
develop concepts and tools in real analysis that are vital to every mathematician,
whether pure or applied, aspiring or established. The two books together contain
what the young mathematician needs to know about real analysis in order to
communicate well with colleagues in all branches of mathematics.

The books are written as textbooks, and their primary audience is students who
are learning the material for the first time and who are planning a career in which
they will use advanced mathematics professionally. Much of the material in the
books corresponds to normal course work. Nevertheless, it is often the case that
core mathematics curricula, time-limited as they are, do not include all the topics
that one might like. Thus the book includes important topics that may be skipped
in required courses but that the professional mathematician will ultimately want
to learn by self-study.

The content of the required courses at each university reflects expectations of
what students need before beginning specialized study and work on a thesis. These
expectations vary from country to country and from university to university. Even
so, there seems to be a rough consensus about what mathematics a plenary lecturer
at a broad international or national meeting may take as known by the audience.
The tables of contents of the two books represent my own understanding of what
that degree of knowledge is for real analysis today.

Key topics and features ofBasic Real Analysisare as follows:

• Early chapters treat the fundamentals of real variables, sequences and series
of functions, the theory of Fourier series for the Riemann integral, metric
spaces, and the theoretical underpinnings of multivariable calculus and ordi-
nary differential equations.

• Subsequent chapters develop the Lebesgue theory in Euclidean and abstract
spaces, Fourier series and the Fourier transform for the Lebesgue integral,
point-set topology, measure theory in locally compact Hausdorff spaces, and
the basics of Hilbert and Banach spaces.

• The subjects of Fourier series and harmonic functions are used as recurring
motivation for a number of theoretical developments.

• The development proceeds from the particular to the general, often introducing
examples well before a theory that incorporates them.

xi



xii Preface

• More than 300 problems at the ends of chapters illuminate aspects of the
text, develop related topics, and point to additional applications. A separate
55-page section “Hints for Solutions of Problems” at the end of the book gives
detailed hints for most of the problems, together with complete solutions for
many.

Beyond a standard calculus sequence in one and several variables, the most
important prerequisite for usingBasic Real Analysisis that the reader already
know what a proof is, how to read a proof, and how to write a proof. This
knowledge typically is obtained from honors calculus courses, or from a course
in linear algebra, or from a first junior-senior course in real variables. In addition,
it is assumed that the reader is comfortable with a modest amount of linear algebra,
including row reduction of matrices, vector spaces and bases, and the associated
geometry. A passing acquaintance with the notions of group, subgroup, and
quotient is helpful as well.

Chapters I–IV are appropriate for a single rigorous real-variables course and
may be used in either of two ways. For students who have learned about proofs
from honors calculus or linear algebra, these chapters offer a full treatment of real
variables, leaving out only the more familiar parts near the beginning—such as
elementary manipulations with limits, convergence tests for infinite series with
positive scalar terms, and routine facts about continuity and differentiability. For
students who have learned about proofs from a first junior-senior course in real
variables, these chapters are appropriate for a second such course that begins with
Riemann integration and sequences and series of functions; in this case the first
section of Chapter I will be a review of some of the more difficult foundational
theorems, and the course can conclude with an introduction to the Lebesgue
integral from Chapter V if time permits.

Chapters V through XII treat Lebesgue integration in various settings, as well
as introductions to the Euclidean Fourier transform and to functional analysis.
Typically this material is taught at the graduate level in the United States, fre-
quently in one of three ways: The first way does Lebesgue integration in Euclidean
and abstract settings and goes on to consider the Euclidean Fourier transform in
some detail; this corresponds to Chapters V–VIII. A second way does Lebesgue
integration in Euclidean and abstract settings, treatsL p spaces and integration on
locally compact Hausdorff spaces, and concludes with an introduction to Hilbert
and Banach spaces; this corresponds to Chapters V–VII, part of IX, and XI–XII.
A third way combines an introduction to the Lebesgue integral and the Euclidean
Fourier transform with some of the subject of partial differential equations; this
corresponds to some portion of Chapters V–VI and VIII, followed by chapters
from the companion volumeAdvanced Real Analysis.

In my own teaching, I have most often built one course around Chapters I–IV
and another around Chapters V–VII, part of IX, and XI–XII. I have normally



Preface xiii

assigned the easier sections of Chapters II and X as outside reading, indicating
the date when the lectures would begin to use that material.

More detailed information about how the book may be used with courses may
be deduced from the chart “Dependence among Chapters” on page xiv and the
section “Guide to the Reader” on pages xv–xvii.

The problems at the ends of chapters are an important part of the book. Some
of them are really theorems, some are examples showing the degree to which
hypotheses can be stretched, and a few are just exercises. The reader gets no
indication which problems are of which type, nor of which ones are relatively
easy. Each problem can be solved with tools developed up to that point in the
book, plus any additional prerequisites that are noted.

Two omissions from the pair of books are of note. One is any treatment of
Stokes’s Theorem and differential forms. Although there is some advantage,
when studying these topics, in having the Lebesgue integral available and in
having developed an attitude that integration can be defined by means of suitable
linear functionals, the topic of Stokes’s Theorem seems to fit better in a book
about geometry and topology, rather than in a book about real analysis.

The other omission concerns the use of complex analysis. It is tempting to try
to combine real analysis and complex analysis into a single subject, but my own
experience is that this combination does not work well at the level ofBasic Real
Analysis, only at the level ofAdvanced Real Analysis.

Almost all of the mathematics in the two books is at least forty years old, and I
make no claim that any result is new. The books are a distillation of lecture notes
from a 35-year period of my own learning and teaching. Sometimes a problem at
the end of a chapter or an approach to the exposition may not be a standard one,
but no attempt has been made to identify such problems and approaches. In the
reverse direction it is possible that my early lecture notes have directly quoted
some source without proper attribution. As an attempt to rectify any difficulties
of this kind, I have included a section of “Acknowledgements” on pages xix–xx
of this volume to identify the main sources, as far as I can reconstruct them, for
those original lecture notes.

I am grateful to Ann Kostant and Steven Krantz for encouraging this project and
for making many suggestions about pursuing it, and to Susan Knapp and David
Kramer for helping with the readability. The typesetting was byAMS-TEX, and
the figures were drawn with Mathematica.

I invite corrections and other comments from readers. I plan to maintain a list
of known corrections on my own Web page.

A. W. KNAPP

May 2005
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GUIDE FOR THE READER

This section is intended to help the reader find out what parts of each chapter are
most important and how the chapters are interrelated. Further information of this
kind is contained in the abstracts that begin each of the chapters.

The book pays attention to certain recurring themes in real analysis, allowing
a person to see how these themes arise in increasingly sophisticated ways. Ex-
amples are the role of interchanges of limits in theorems, the need for certain
explicit formulas in the foundations of subject areas, the role of compactness and
completeness in existence theorems, and the approach of handling nice functions
first and then passing to general functions.

All of these themes are introduced in Chapter I, and already at that stage they
interact in subtle ways. For example, a natural investigation of interchanges of
limits in Sections 2–3 leads to the discovery of Ascoli’s Theorem, which is a
fundamental compactness tool for proving existence results. Ascoli’s Theorem
is proved by the “Cantor diagonal process,” which has other applications to
compactness questions and does not get fully explained until Chapter X. The
consequence is that, no matter where in the book a reader plans to start, everyone
will be helped by at least leafing through Chapter I.

The remainder of this section is an overview of individual chapters and groups
of chapters.

Chapter I. Every section of this chapter plays a role in setting up matters
for later chapters. No knowledge of metric spaces is assumed anywhere in the
chapter. Section 1 will be a review for anyone who has already had a course in real-
variable theory; the section shows how compactness and completeness address
all the difficult theorems whose proofs are often skipped in calculus. Section 2
begins the development of real-variable theory at the point of sequences and series
of functions. It contains interchange results that turn out to be special cases of
the main theorems of Chapter V. Sections 8–9 introduce the approach of handling
nice functions before general functions, and Section 10 introduces Fourier series,
which provided a great deal of motivation historically for the development of real
analysis and are used in this book in that same way. Fourier series are somewhat
limited in the setting of Chapter I because one encounters no class of functions,
other than infinitely differentiable ones, that corresponds exactly to some class of
Fourier coefficients; as a result Fourier series, with Riemann integration in use,

xv



xvi Guide for the Reader

are not particularly useful for constructing new functions from old ones. This
defect will be fixed with the aid of the Lebesgue integral in Chapter VI.

Chapter II. Now that continuity and convergence have been addressed on
the line, this chapter establishes a framework for these questions in higher-
dimensional Euclidean space and other settings. There is no point in ad hoc
definitions for each setting, and metric spaces handle many such settings at once.
Chapter X later will enlarge the framework from metric spaces to “topological
spaces.” Sections 1–6 of Chapter II are routine. Section 7, on compactness
and completeness, is the core. The Baire Category Theorem in Section 9 is not
used outside of Chapter II until Chapter XII, and it may therefore be skipped
temporarily. Section 10 contains the Stone–Weierstrass Theorem, which is a
fundamental approximation tool. Section 11 is used in some of the problems but
is not otherwise used in the book.

Chapter III. This chapter does for the several-variable theory what Chapter I
has done for the one-variable theory. The main results are the Inverse and Implicit
Function Theorems in Section 6 and the change-of-variables formula for multiple
integrals in Section 10. The change-of-variables formula has to be regarded as
only a preliminary version, since what it directly accomplishes for the change
to polar coordinates still needs supplementing; this difficulty will be repaired in
Chapter VI with the aid of the Lebesgue integral. Section 4, on exponentials
of matrices, may be skipped if linear systems of ordinary differential equations
are going to be skipped in Chapter IV. Some of the problems at the end of the
chapter introduce harmonic functions; harmonic functions will be combined with
Fourier series in problems in later chapters to motivate and illustrate some of the
development.

Chapter IV provides theoretical underpinnings for the material in a traditional
undergraduate course in ordinary differential equations. Nothing later in the book
is logically dependent on Chapter IV; however, Chapter XII includes a discussion
of orthogonal systems of functions, and the examples of these that arise in Chapter
IV are helpful as motivation. Some people shy away from differential equations
and might wish to treat Chapter IV only lightly, or perhaps not at all. The subject
is nevertheless of great importance, and Chapter IV is the beginning of it. A
minimal treatment of Chapter IV might involve Sections 1–2 and Section 8, all
of which visibly continue the themes begun in Chapter I.

Chapters V–VI treat the core of measure theory—including the basic conver-
gence theorems for integrals, the development of Lebesgue measure in one and
several variables, Fubini’s Theorem, the metric spacesL1 andL2 andL∞, and
the use of maximal theorems for getting at differentiation of integrals and other
theorems concerning almost-everywhere convergence. In Chapter V Lebesgue
measure in one dimension is introduced right away, so that one immediately has
the most important example at hand. The fundamental Extension Theorem for
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getting measures to be defined onσ -ringsandσ -algebras isstated when needed but
is proved only after the basic convergence theorems for integrals have been proved;
the proof in Sections 5–6 may be skipped on first reading. Section 7, on Fubini’s
Theorem, is a powerful result about interchange of integrals. At the same time
that it justifies interchange, it also constructs a “double integral”; consequently
the section prepares the way for the construction in Chapter VI ofn-dimensional
Lebesgue measure from 1-dimensional Lebesgue measure. Section 10 introduces
normed linear spaces along with the examples ofL1 andL2 andL∞, and it goes
on to establish some properties of all normed linear spaces. Chapter VI fleshes
out measure theory as it applies to Euclidean space in more than one dimension.
Of special note is the Lebesgue-integration version in Section 5 of the change-
of-variables formula for multiple integrals and the Riesz–Fischer Theorem in
Section 7. The latter characterizes square-integrable periodic functions by their
Fourier coefficients and makes the subject of Fourier series useful in constructing
functions. Differentiation of integrals in approached in Section 6 of Chapter VI
as a problem of estimating finiteness of a quantity, rather than its smallness; the
device is the Hardy–Littlewood Maximal Theorem, and the approach becomes a
routine way of approaching almost-everywhere convergence theorems. Sections
8–10 are of somewhat less importance and may be omitted if time is short;
Section 10 is applied only in Section IX.6.

Chapters VII–IX are continuations of measure theory that are largely indepen-
dent of each other. Chapter VII contains the traditional proof of the differentiation
of integrals on the line via differentiation of monotone functions. No later chapter
is logically dependent on Chapter VII; the material is included only because of its
historical importance and its usefulness as motivation for the Radon–Nikodym
Theorem in Chapter IX. Chapter VIII is an introduction to the Fourier transform
in Euclidean space. Its core consists of the first four sections, and the rest may be
considered as optional if Section IX.6 is to be omitted. Chapter IX concernsL p

spaces for 1≤ p ≤ ∞; only Section 6 makes use of material from Chapter VIII.
Chapter X develops, at the latest possible time in the book, the necessary part

of point-set topology that goes beyond metric spaces. Emphasis is on product
and quotient spaces, and on Urysohn’s Lemma concerning the construction of
real-valued functions on normal spaces.

Chapter XI contains one more continuation of measure theory, namely special
features of measures on locally compact Hausdorff spaces. It provides an example
beyondL p spaces in which one can usefully identify the dual of a particular
normed linear space. These chapters depend on Chapter X and on the first five
sections of Chapter IX but do not depend on Chapters VII–VIII.

Chapter XII is a brief introduction to functional analysis, particularly to Hilbert
spaces, Banach spaces, and linear operators on them. The main topics are the
geometry of Hilbert space and the three main theorems about Banach spaces.
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CHAPTER I

Theory of Calculus in One Real Variable

Abstract. This chapter, beginning with Section 2, develops the topic of sequences and series
of functions, especially of functions of one variable. An important part of the treatment is an
introduction to the problem of interchange of limits, both theoretically and practically. This problem
plays a role repeatedly in real analysis, but its visibility decreases as more and more results are
developed for handling it in various situations. Fourier series are introduced in this chapter and are
carried along throughout the book as a motivating example for a number of problems in real analysis.

Section 1 makes contact with the core of a first undergraduate course in real-variable theory.
Some material from such a course is repeated here in order to establish notation and a point of view.
Omitted material is summarized at the end of the section, and some of it is discussed in a little more
detail in an appendix at the end of the book. The point of view being established is the use of defining
properties of the real number system to prove the Bolzano–Weierstrass Theorem, followed by the
use of that theorem to prove some of the difficult theorems that are usually assumed in a one-variable
calculus course. The treatment makes use of the extended real-number system, in order to allow sup
and inf to be defined for any nonempty set of reals and to allow lim sup and lim inf to be meaningful
for any sequence.

Sections 2–3 introduce the problem of interchange of limits. They show how certain concrete
problems can be viewed in this way, and they give a way of thinking about all such interchanges in
a common framework. A positive result affirms such an interchange under suitable hypotheses of
monotonicity. This is by way of introduction to the topic in Section 3 of uniform convergence and
the role of uniform convergence in continuity and differentiation.

Section 4 gives a careful development of the Riemann integral for real-valued functions of one
variable, establishing existence of Riemann integrals for bounded functions that are discontinuous
at only finitely many points, basic properties of the integral, the Fundamental Theorem of Calculus
for continuous integrands, the change-of-variables formula, and other results. Section 5 examines
complex-valued functions, pointing out the extent to which the results for real-valued functions in
the first four sections extend to complex-valued functions.

Section 6 is a short treatment of the version of Taylor’s Theorem in which the remainder is given
by an integral. Section 7 takes up power series and uses them to define the elementary transcendental
functions and establish their properties. The power series expansion of(1+x)p for arbitrary complex
p is studied carefully. Section 8 introduces Ces`aro and Abel summability, which play a role in the
subject of Fourier series. A converse theorem to Abel’s theorem is used to exhibit the function|x| as
the uniform limit of polynomials on [−1, 1]. The Weierstrass Approximation Theorem of Section 9
generalizes this example and establishes that every continuous complex-valued function on a closed
bounded interval is the uniform limit of polynomials.

Section 10 introduces Fourier series in one variable in the context of the Riemann integral. The
main theorems of the section are a convergence result for continuously differentiable functions,
Bessel’s inequality, the Riemann–Lebesgue Lemma, Fej´er’s Theorem, and Parseval’s Theorem.

1



2 I. Theory of Calculus in One Real Variable

1. Review of Real Numbers, Sequences, Continuity

This section reviews some material that is normally in an undergraduate course
in real analysis. The emphasis will be on a rigorous proof of the Bolzano–
Weierstrass Theorem and its use to prove some of the difficult theorems that are
usually assumed in a one-variable calculus course. We shall skip over some easier
aspects of an undergraduate course in real analysis that fit logically at the end of
this section. A list of such topics appears at the end of the section.

The system of real numbersR may be constructed out of the system of rational
numbersQ, and we take this construction as known. The formal definition is that
a real number is acut of rational numbers, i.e., a subset of rational numbers that
is neitherQ nor the empty set, has no largest element, and contains all rational
numbers less than any rational that it contains. The idea of the construction is
as follows: Each rational numberq determines a cutq∗, namely the set of all
rationals less thanq. Under the identification ofQ with a subset ofR, the cut
defining a real number consists of all rational numbers less than the given real
number.

The set of cuts gets a natural ordering, given by inclusion. In place of⊆, we
write ≤. For any two cutsr ands, we haver ≤ s or s ≤ r , and if both occur,
thenr = s. We can then define<, ≥, and> in the expected way. The positive
cutsr are those with 0∗ < r , and the negative cuts are those withr < 0∗.

Once cuts and their ordering are in place, one can go about defining the usual
operations of arithmetic and proving thatR with these operations satisfies the
familiar associative, commutative, and distributive laws, and that these interact
with inequalities in the usual ways. The definitions of addition and subtraction
are easy: the sum or difference of two cuts is simply the set of sums or differences
of the rationals from the respective cuts. For multiplication and reciprocals one
has to take signs into account. For example, the product of two positive cuts
consists of all products of positive rationals from the two cuts, as well as 0 and all
negative rationals. After these definitions and the proofs of the usual arithmetic
operations are complete, it is customary to write 0 and 1 in place of 0∗ and 1∗.

An upper bound for a nonempty subsetE of R is a real numberM such that
x ≤ M for all x in E. If the nonempty setE has an upper bound, we can take the
cuts thatE consists of and form their union. This turns out to be a cut, it is an
upper bound forE, and it is≤ all upper bounds forE. We can summarize this
result as a theorem.

Theorem 1.1.Any nonempty subsetE of R with an upper bound has a least
upper bound.

The least upper bound is necessarily unique, and the notation for it is supx∈E x
or sup{x | x ∈ E}, “sup” being an abbreviation for the Latin word “supremum,”
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the largest. Of course, the least upper bound for a setE with an upper bound
need not be inE; for example, the supremum of the negative rationals is 0, which
is not negative.

A lower bound for a nonempty setE of R is a real numberm such thatx ≥ m
for all x ∈ E. If m is a lower bound forE, then−m is an upper bound for the set
−E of negatives of members ofE. Thus−E has an upper bound, and Theorem
1.1 shows that it has a least upper bound supx∈−E x. Then−x is a greatest lower
bound forE. This greatest lower bound is denoted by infy∈E y or inf {y | y ∈ E},
“inf” being an abbreviation for “infimum.” We can summarize as follows.

Corollary 1.2. Any nonempty subsetE of R with a lower bound has a greatest
lower bound.

A subset ofR is said to beboundedif it has an upper bound and a lower bound.
Let us introduce notation and terminology forintervals of R, first treating the
bounded ones.1 Let a andb be real numbers witha ≤ b. Theopen interval
from a to b is the set(a, b) = {x ∈ R | a < x < b}, the closed interval is
the set [a, b] = {x ∈ R | a ≤ x ≤ b}, and thehalf-open intervals are the sets
[a, b) = {x ∈ R | a ≤ x < b} and(a, b] = {x ∈ R | a < x ≤ b}. Each of the
above intervals is indeed bounded, havinga as a lower bound andb as an upper
bound. These intervals are nonempty whena < b or when the interval is [a, b]
with a = b, and in these cases the least upper bound isb and the greatest lower
bound isa.

Open setsin R are defined to be arbitrary unions of open bounded intervals,
and aclosed setis any set whose complement inR is open. A setE is open if and
only if for eachx ∈ E, there is an open interval(a, b) such thatx ∈ (a, b) ⊆ E.
In this case we of course havea < x < b. If we put ε = min{x − a, b − x},
then we see thatx lies in the subset(x − ε, x + ε) of (a, b). The open interval
(x − ε, x + ε) equals

{
y ∈ R

∣∣ |y − x| < ε
}
. Thus an open set inR is any setE

such that for eachx ∈ E, there is a numberε > 0 such that
{
y ∈ R

∣∣ |y− x| < ε
}

lies in E. A limit point x of a subsetF of R is a point ofR such that any
open interval containingx meetsF in a point other thanx. For example, the set
[a, b) ∪ {b+ 1} has [a, b] as its set of limit points. A subset ofR is closed if and
only if it contains all its limit points.

Now let us turn to unbounded intervals. To provide notation for these, we shall
make use of two symbols+∞ and−∞ that will shortly be defined to be “extended
real numbers.” Ifa is in R, then the subsets(a, +∞) = {x ∈ R | a < x},
(−∞, a) = {x ∈ R | x < a}, (−∞, +∞) = R, [a, +∞) = {x ∈ R | a ≤ x},
and(−∞, a] = {x ∈ R | x ≤ a} are defined to beintervals, and they are all
unbounded. The first three are open sets ofR and are considered to be open

1Bounded intervals are called “finite intervals” by some authors.
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intervals, while the last three are closed sets and are considered to be closed
intervals. Specifically the middle setR is both open and closed.

One important consequence of Theorem 1.1 is thearchimedean propertyof
R, as follows.

Corollary 1.3. If a andb are real numbers witha > 0, then there exists an
integern with na > b.

PROOF. If, on the contrary,na ≤ b for all integersn, thenb is an upper bound
for the set of allna. LetM be the least upper bound of the set{na | n is an integer}.
Using thata is positive, we find thata−1M is a least upper bound for the integers.
Thusn ≤ a−1M for all integersn, and there is no smaller upper bound. However,
the smaller numbera−1M − 1 must be an upper bound, since sayingn ≤ a−1M
for all integers is the same as sayingn−1 ≤ a−1M −1 for all integers. We arrive
at a contradiction, and we conclude that there is some integern with na > b.

The archimedean property enables one to see, for example, that any two
distinct real numbers have a rational number lying between them. We prove
this consequence as Corollary 1.5 after isolating one step as Corollary 1.4.

Corollary 1.4. If c is a real number, then there exists an integern such that
n ≤ c < n + 1.

PROOF. Corollary 1.3 witha = 1 andb = c shows that there is an integerM
with M > c, and Corollary 1.3 witha = 1 andb = −c shows that there is an
integerm with m > −c. Then−m < c < M , and it follows that there exists a
greatest integern with n ≤ c. Thisn must have the property thatc < n + 1, and
the corollary follows.

Corollary 1.5. If x and y are real numbers withx < y, then there exists a
rational numberr with x < r < y.

PROOF. By Corollary 1.3 witha = y − x andb = 1, there is an integerN
such thatN(y − x) > 1. This integerN has to be positive. Then1N < y − x.
By Corollary 1.4 withc = N x, there exists an integern with n ≤ N x < n + 1,
hence withn

N ≤ x < n+1
N . Adding the inequalitiesnN ≤ x and 1

N < y − x yields
n+1
N < y. Thusx ≤ n

N < n+1
N < y. Since n

N < 2n+1
2N < n+1

N , the rational number
r = 2n+1

2N has the required properties.

A sequencein a setSis a function from a certain kind of subset of integers into
S. It will be assumed that the set of integers is nonempty, consists of consecutive
integers, and contains no largest integer. In particular the domain of any sequence
is infinite. Usually the set of integers is either all nonnegative integers or all
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positive integers. Sometimes the set of integers is all integers, and the sequence
in this case is often called “doubly infinite.” The value of a sequencef at the
integern is normally written fn rather thanf (n), and the sequence itself may be
denoted by an expression like{ fn}n≥1, in which the outer subscript indicates the
domain.

A subsequenceof a sequencef with domain{m, m+1, . . . } is a composition
f ◦ n, where f is a sequence andn is a sequence in the domain off such that
nk < nk+1 for all k. For example, if{an}n≥1 is a sequence, then{a2k}k≥1 is the
subsequence in which the functionn is given bynk = 2k. The domain of a
subsequence, by our definition, is always infinite.

A sequencean in R is convergent, or convergent inR, if there exists a real
numbera such that for eachε > 0, there is an integerN with |an − a| < ε

for all n ≥ N. The numbera is necessarily unique and is called thelimit
of the sequence. Depending on how much information about the sequence is
unambiguous, we may write limn→∞ an = a or limn an = a or lim an = a or
an → a. We also sayan tendsto a asn tends toinfinity or ∞.

A sequence inR is calledmonotone increasingif an ≤ an+1 for all n in the
domain,monotone decreasingif an ≥ an+1 for all n in the domain,monotone
if it is monotone increasing or monotone decreasing.

Corollary 1.6. Any bounded monotone sequence inR converges. If the
sequence is monotone increasing, then the limit is the least upper bound of the
image inR of the sequence. If the sequence is monotone decreasing, the limit is
the greatest lower bound of the image.

REMARK. Often it is Corollary 1.6, rather than the existence of least upper
bounds, that is taken for granted in an elementary calculus course. The reason
is that the statement of Corollary 1.6 tends for calculus students to be easier to
understand than the statement of the least upper bound property. Problem 1 at the
end of the chapter asks for a derivation of the least-upper-bound property from
Corollary 1.6.

PROOF. Suppose that{an} is monotone increasing and bounded. Leta =
supn an, the existence of the supremum being ensured by Theorem 1.1, and let
ε > 0 be given. If there were no integerN with aN > a− ε, thena− ε would be
a smaller upper bound, contradiction. Thus such anN exists. For thatN, n ≥ N
implies a − ε < aN ≤ an ≤ a < a + ε. Thusn ≥ N implies |an − a| < ε.
Sinceε is arbitrary, limn→∞ an = a. If the given sequence{an} is monotone
decreasing, we argue similarly witha = infn an.

In working with sup and inf, it will be quite convenient to use the notation
supx∈E x even whenE is nonempty but not bounded above, and to use the notation
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infx∈E x even whenE is nonempty but not bounded below. We introduce symbols
+∞ and−∞, plus and minusinfinity , for this purpose and extend the definitions
of supx∈E x and infx∈E x to all nonempty subsetsE of R by taking

sup
x∈E

x = +∞ if E has no upper bound,

inf
x∈E

x = −∞ if E has no lower bound.

To work effectively with these new pieces of notation, we shall enlargeR to a
setR∗ called theextended real numbersby defining

R∗ = R ∪ {+∞} ∪ {−∞}.

An ordering onR∗ is defined by taking−∞ < r < +∞ for every memberr of R
and by retaining the usual ordering withinR. It is immediate from this definition
that

inf
x∈E

x ≤ sup
x∈E

x

if E is any nonempty subset ofR. In fact, we can enlarge the definitions of infx∈E x
and supx∈E x in obvious fashion to include the case thatE is any nonempty
subset ofR∗, and we still have inf≤ sup. With the ordering in place, we can
unambiguously speak ofopen intervals(a, b), closed intervals[a, b], andhalf-
open intervals [a, b) and (a, b] in R∗ even if a or b is infinite. Under our
definitions the intervals ofR are the intervals ofR∗ that are subsets ofR, even if
a or b is infinite. If no special mention is made whether an interval lies inR or
R∗, it is usually assumed to lie inR.

The next step is to extend the operations of arithmetic toR∗. It is important
not to try to make such operations be everywhere defined, lest the distributive
laws fail. Lettingr denote any member ofR anda andb be any members ofR∗,
we make the following new definitions:

Multiplication: r (+∞) = (+∞)r =
⎧⎨⎩

+∞ if r > 0,

0 if r = 0,

−∞ if r < 0,

r (−∞) = (−∞)r =
⎧⎨⎩

−∞ if r > 0,

0 if r = 0,

+∞ if r < 0,

(+∞)(+∞) = (−∞)(−∞) = +∞,

(+∞)(−∞) = (−∞)(+∞) = −∞.
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Addition: r + (+∞) = (+∞) + r = +∞,

r + (−∞) = (−∞) + r = −∞,

(+∞) + (+∞) = +∞,

(−∞) + (−∞) = −∞.

Subtraction: a− b = a + (−b) whenever the right side is defined.

Division: a/b = 0 if a ∈ R andb is ±∞,

a/b = b−1a if b ∈ R with b �= 0 anda is ±∞.

The only surprise in the list is that 0 times anything is 0. This definition will be
important to us when we get to measure theory, starting in Chapter V.

It is now a simple matter to define convergence of a sequence inR∗. The cases
that need addressing are that the sequence is inR and that the limit is+∞ or−∞.
We say that a sequence{an} in R tends to+∞ if for any positive numberM , there
exists an integerN such thatan ≥ M for all n ≥ N. The sequence tends to−∞
if for any negative number−M , there exists an integerN such thatan ≤ −M
for all n ≥ N. It is important to indicate whether convergence/divergence of a
sequence is being discussed inR or inR∗. The default setting isR, in keeping with
standard terminology in calculus. Thus, for example, we say that the sequence
{n}n≥1 diverges, but it converges inR∗ (to +∞).

With our new definitions every monotone sequence converges inR∗.
For a sequence{an} in R or even inR∗, we now introduce members lim supn an

and lim infn an of R∗. These will always be defined, and thus we can apply the
operations lim sup and lim inf to any sequence inR∗. For the case of lim sup
we definebn = supk≥n ak as a sequence inR∗. The sequence{bn} is monotone
decreasing. Thus it converges to infn bn in R∗. We define2

lim sup
n

an = inf
n

sup
k≥n

ak

as a member ofR∗, and we define

lim inf
n

an = sup
n

inf
k≥n

ak

as a member ofR∗. Let us underscore that lim supan and lim infan always exist.
However, one or both may be±∞ even ifan is in R for everyn.

Proposition 1.7. The operations lim sup and lim inf on sequences{an} and
{bn} in R∗ have the following properties:

(a) if an ≤ bn for all n, then lim supan ≤ lim supbn and lim infan ≤
lim inf bn,

2The notationlim was at one time used for lim sup, and limwas used for lim inf.
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(b) lim inf an ≤ lim supan,
(c) {an} has a subsequence converging inR∗ to lim supan and another sub-

sequence converging inR∗ to lim inf an,
(d) lim supan is the supremum of all subsequential limits of{an} in R∗, and

lim infn is the infimum of all subsequential limits of{an} in R∗,
(e) if lim supan < +∞, then lim supan is the infimum of all extended real

numbersa such thatan ≥ a for only finitely manyn, and if lim infan >

−∞, then lim infan is the supremum of all extended real numbersa such
thatan ≤ a for only finitely manyn,

(f) the sequence{an} in R∗ converges inR∗ if and only if lim inf an =
lim supan, and in this case the limit is the common value of lim infan and
lim supan.

REMARK. It is enough to prove the results about lim sup, since lim infan =
− lim sup(−an).

PROOFS FORlim sup.
(a) Fromal ≤ bl for all l , we haveal ≤ supk≥n bk if l ≥ n. Hence supl≥n al ≤

supk≥n bk. Then (a) follows by taking the limit onn.
(b) This follows by taking the limit onn of the inequality infk≥n ak ≤ supk≥n ak.
(c) We divide matters into cases. The main case is thata = lim supan is in R.

Inductively, for eachl ≥ 1, chooseN ≥ nl−1 such that| supk≥N ak − a| < l−1.
Then choosenl > nl−1 such that|anl − supk≥N ak| < l−1. Together these
inequalities imply|anl − a| < 2l−1 for all l , and thus liml→∞ anl = a. The
second case is thata = lim supan equals+∞. Since supk≥n ak is monotone
decreasing inn, we must have supk≥n ak = +∞ for all n. Inductively forl ≥ 1,
we can choosenl > nl−1 such thatanl ≥ l . Then liml→∞ anl = +∞. The
third case is thata = lim supan equals−∞. The sequencebn = supk≥n ak is
monotone decreasing to−∞. Inductively forl ≥ 1, choosenl > nl−1 such that
bnl ≤ −l . Thenanl ≤ bnl ≤ −l , and liml→∞ anl = −∞.

(d) By (c), lim supan is one subsequential limit. Leta = limk→∞ ank be an-
other subsequential limit. Putbn = supl≥n al . Then{bn} converges to lim supan

in R∗, and the same thing is true of every subsequence. Sinceank ≤ supl≥nk
al =

bnk for all k, we can letk tend to infinity and obtaina = limk→∞ ank ≤
limk→∞ bnk = lim supan.

(e) Since lim supan < +∞, we have supk≥n ak < +∞ for n greater than or
equal to someN. For thisN and anya > supk≥N ak, we then havean ≥ a only
finitely often. Thus there existsa ∈ R such thatan ≥ a for only finitely manyn.
On the other hand, ifa′ is a real number< lim supan, then (c) shows thatan ≥ a′
for infinitely manyn. Hence

lim supan ≤ inf {a | an ≥ a for only finitely manya}.
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Arguing by contradiction, suppose that< holds in this inequality, and leta′′ be a
real number strictly in between the two sides of the inequality. Then supk≥n ak <

a′′ for n large enough, and soan ≥ a′′ only finitely often. But thena′′ is in the set

{a | an ≥ a for only finitely manya},

and the statement thata′′ is less than the infimum of this set gives a contradiction.
(f) If {an} converges inR∗, then (c) forces lim infan = lim supan. Conversely

suppose lim infan = lim supan, and leta be the common value of lim infan and
lim supan. The main case is thata is inR. Letε > 0 be given. By (e),an ≥ a+ε

only finitely often, andan ≤ a − ε only finitely often. Thus|an − a| < ε for
all n sufficiently large. In other words, liman = a as asserted. The other cases
are thata = +∞ or a = −∞, and they are completely analogous to each other.
Suppose for definiteness thata = +∞. Since lim infan = +∞, the monotone
increasing sequencebn = infk≥n ak converges inR∗ to +∞. Given M , choose
N such thatbn ≥ M for n ≥ N. Then alsoan ≥ M for n ≥ N, andan converges
in R∗ to +∞. This completes the proof.

With Proposition 1.7 as a tool, we can now prove the Bolzano–Weierstrass The-
orem. The remainder of the section will consist of applications of this theorem,
showing that Cauchy sequences inR converge inR, that continuous functions
on closed bounded intervals ofR are uniformly continuous, that continuous
functions on closed bounded intervals are bounded and assume their maximum
and minimum values, and that continuous functions on closed intervals take on
all intermediate values.

Theorem 1.8 (Bolzano–Weierstrass). Every bounded sequence inR has a
convergent subsequence with limit inR.

PROOF. If the given bounded sequence is{an}, form the subsequence noted in
Proposition 1.7c that converges inR∗ to lim supan. All quantities arising in the
formation of lim supan are inR, since{an} is bounded, and thus the limit is inR.

A sequence{an} in R is called aCauchy sequenceif for any ε > 0, there
exists anN such that|an − am| < ε for all n andm that are≥ N.

EXAMPLE. Every convergent sequence inR with limit in R is Cauchy. In fact,
let a = lim an, and letε > 0 be given. ChooseN such thatn ≥ N implies
|an − a| < ε. Thenn, m ≥ N implies

|an − am| ≤ |an − a| + |a − am| < ε + ε = 2ε.

Hence the sequence is Cauchy.
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In the above example and elsewhere in this book, we allow ourselves the luxury
of having our final bound come out as a fixed multipleMε of ε, rather thanε
itself. Strictly speaking, we should have introducedε′ = ε/M and aimed for
ε′ rather thanε. Then our final bound would have beenMε′ = ε. Since the
technique for adjusting a proof in this way is always the same, we shall not add
these extra steps in the future unless there would otherwise be a possibility of
confusion.

This convention suggests a handy piece of terminology—that a proof as in the
above example, in whichM = 2, is a “2ε proof.” That name conveys a great deal
of information about the proof, saying that one should expect two contributions
to the final estimate and that the final bound will be 2ε.

Theorem 1.9(Cauchy criterion). Every Cauchy sequence inR converges to a
limit in R.

PROOF. Let {an} be Cauchy inR. First let us see that{an} is bounded. In
fact, for ε = 1, chooseN such thatn, m ≥ N implies |an − am| < 1. Then
|am| ≤ |aN | + 1 for m ≥ N, and M = max{|a1|, . . . , |aN−1|, |aN | + 1} is a
common bound for all|an|.

Since{an} is bounded, it has a convergent subsequence{ank}, say with limit
a, by the Bolzano–Weierstrass Theorem. The subsequential limit has to satisfy
|a| ≤ M within R∗, and thusa is in R.

Finally let us see that liman = a. In fact, if ε > 0 is given, chooseN such
thatnk ≥ N implies |ank − a| < ε. Also, chooseN ′ ≥ N such thatn, m ≥ N ′
implies |an − am| < ε. If n ≥ N ′, then anynk ≥ N ′ has|an − ank | < ε, and
hence

|an − a| ≤ |an − ank | + |ank − a| < ε + ε = 2ε.

This completes the proof.

Let f be a function with domain an interval and with range inR. The interval
is allowed to be unbounded, but it is required to be a subset ofR. We say
that f is continuous at a point x0 of the domain of f within R if for each
ε > 0, there is someδ > 0 such that allx in the domain of f that satisfy
|x − x0| < δ have| f (x) − f (x0)| < ε. This notion is sometimes abbreviated as
limx→x0 f (x) = f (x0). Alternatively, one may say thatf (x) tends to f (x0) as
x tends tox0, and one may writef (x) → f (x0) asx → x0.

A mathematically equivalent definition is thatf is continuous atx0 if whenever
a sequence hasxn → x0 within the domain interval, thenf (xn) → f (x0). This
latter version of continuity will be shown in Section II.4 to be equivalent to the
former version, given in terms of continuous limits, in greater generality than just
for R, and thus we shall not stop to prove the equivalence now. We say thatf is
continuous if it is continuous at all points of its domain.
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We say that the a functionf as above isuniformly continuous on its domain
if for any ε > 0, there is someδ > 0 such that| f (x) − f (x0)| < ε wheneverx
andx0 are in the domain interval and|x − x0| < δ. (In other words, the condition
for the continuity to be uniform is thatδ can always be chosen independently of
x0.)

EXAMPLE. The function f (x) = x2 is continuous on(−∞, +∞), but it is
not uniformly continuous. In fact, it is not uniformly continuous on [1, +∞).
Assuming the contrary, chooseδ for ε = 1. Then we must have

∣∣(x+ δ
2)2−x2

∣∣ < 1

for all x ≥ 1. But
∣∣(x + δ

2)2 − x2
∣∣ = δx + δ2

4 ≥ δx, and this is≥ 1 for x ≥ δ−1.

Theorem 1.10.A continuous functionf from a closed bounded interval [a, b]
into R is uniformly continuous.

PROOF. Fix ε > 0. Forx0 in the domain off , the continuity of f at x0 means
that it makes sense to define

δx0(ε) = min

{
1, sup

{
δ′ > 0

∣∣∣∣ |x − x0| < δ′ andx in the domain
of f imply | f (x) − f (x0)| < ε

}}
.

If |x − x0| < δx0(ε), then | f (x) − f (x0)| < ε. Put δ(ε) = infx0∈[a,b] δx0(ε).
Let us see that it is enough to prove thatδ(ε) > 0. If x andy are in [a, b] with
|x − y| < δ(ε), then|x − y| < δ(ε) ≤ δy(ε). Hence| f (x) − f (y)| < ε as
required.

Thus we are to prove thatδ(ε) > 0. If δ(ε) = 0, then, for each integer
n > 0, we can choosexn such thatδxn(ε) < 1

n . By the Bolzano–Weierstrass
Theorem, there is a convergent subsequence, say withxnk → x′. Along this
subsequence,δxnk

(ε) → 0. Fixk large enough so that|xnk − x′| < 1
2δx′( ε

2). Then

| f (xnk) − f (x′)| < ε
2. Also, |x − xnk | < 1

2δx′( ε
2) implies

|x − x′| ≤ |x − xnk | + |xnk − x′| < 1
2δx′( ε

2) + 1
2δx′( ε

2) = δx′( ε
2),

so that| f (x) − f (x′)| < ε
2 and

| f (xnk) − f (x)| ≤ | f (xnk) − f (x′)| + | f (x′) − f (x)| < ε
2 + ε

2 = ε.

Consequently our arbitrary large fixedk hasδxnk
≥ 1

2δx′( ε
2), and the sequence

{δxnk
(ε)} cannot be tending to 0.

Theorem 1.11.A continuous functionf from a closed bounded interval [a, b]
into R is bounded and takes on maximum and minimum values.

PROOF. Let c = supx∈[a,b] f (x) in R∗. Choose a sequencexn in [a, b]
with f (xn) increasing toc. By the Bolzano–Weierstrass Theorem,{xn} has a
convergent subsequence, sayxnk → x′. By continuity, f (xnk) → f (x′). Then
f (x′) = c, andc is a finite maximum. The proof for a finite minimum is similar.
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Theorem 1.12(Intermediate Value Theorem). Leta < b be real numbers,
and let f : [a, b] → R be continuous. Thenf , in the interval [a, b], takes on all
values betweenf (a) and f (b).

REMARK. The proof below, which uses the Bolzano–Weierstrass Theorem,
does not make absolutely clear what aspects of the structure ofR are essential to
the argument. A conceptually clearer proof will be given in Section II.8 and will
bring out that the essential property of the interval [a, b] is its “connectedness”
in a sense to be defined in that section.

PROOF. Let f (a) = α and f (b) = β, and letγ be betweenα andβ. We may
assume thatγ is in fact strictly betweenα andβ. Possibly by replacingf by
− f , we may assume that alsoα < β. Let

A = {x ∈ [a, b] | f (x) ≤ γ } and B = {x ∈ [a, b] | f (x) ≥ γ }.
These sets are nonempty, sincea is in A andb is in B, and f is bounded as
a result of Theorem 1.11. Thus the numbersγ1 = sup{ f (x) | x ∈ A} and
γ2 = inf { f (x) | x ∈ B} are well defined and haveγ1 ≤ γ ≤ γ2.

If γ1 = γ , then we can find a sequence{xn} in Asuch thatf (xn) converges toγ .
Using the Bolzano–Weierstrass Theorem, we can find a convergent subsequence
{xnk} of {xn}, say with limitx0. By continuity of f , { f (xnk)} converges tof (x0).
Then f (x0) = γ1 = γ , and we are done. Arguing by contradiction, we may
therefore assume thatγ1 < γ . Similarly we may assume thatγ < γ2, but we do
not need to do so.

Let ε = γ2 − γ1, and choose, by Theorem 1.10 and uniform continuity,δ > 0
such that|x1 − x2| < δ implies | f (x1) − f (x2)| < ε wheneverx1 andx2 both
lie in [a, b]. Then choose an integern such that 2−n(b − a) < δ, and consider
the value of f at the pointspk = a + k2−n(b − a) for 0 ≤ k ≤ 2−n. Since
pk+1 − pk = 2−n(b − a) < δ, we have| f (pk+1) − f (pk)| < ε = γ2 − γ1.
Consequently iff (pk) ≤ γ1, then

f (pk+1) ≤ f (pk) + | f (pk+1) − f (pk)| < γ1 + (γ2 − γ1) = γ2,

and hencef (pk+1) ≤ γ1. Now f (p0) = f (a) = α ≤ γ1. Thus induction shows
that f (pk) ≤ γ1 for all k ≤ 2−n. However, fork = 2n, we havep2−n = b, and
f (b) = β ≥ γ > γ1, and we have arrived at a contradiction.

Further topics. Here a number of other topics of an undergraduate course in real-variable theory
fit well logically. Among these are countable vs. uncountable sets, infinite series and tests for their
convergence, the fact that every rearrangement of an infinite series of positive terms has the same
sum, special sequences, derivatives, the Mean Value Theorem as in Section A2 of the appendix,
and continuity and differentiability of inverse functions as in Section A3 of the appendix. We shall
not stop here to review these topics, which are treated in many books. One such book is Rudin’s
Principles of Mathematical Analysis, the relevant chapters being 1 to 5. In Chapter 2 of that book,
only the first few pages are needed; they are the ones where countable and uncountable sets are
discussed.
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2. Interchange of Limits

Let {bi j } be a doubly indexed sequence of real numbers. It is natural to ask for
the extent to which

lim
i

lim
j

bi j = lim
j

lim
i

bi j ,

more specifically to ask how to tell, in an expression involving iterated limits,
whether we can interchange the order of the two limit operations. We can view
matters conveniently in terms of an infinite matrix⎛⎝b11 b12 · · ·

b21 b22
...

. . .

⎞⎠ .

The left-hand iterated limit, namely limi lim j bi j , is obtained by forming the limit
of each row, assembling the results, and then taking the limit of the row limits
down through the rows. The right-hand iterated limit, namely limj lim i bi j , is
obtained by forming the limit of each column, assembling the results, and then
taking the limit of the column limits through the columns. If we use the particular
infinite matrix ⎛⎜⎜⎜⎜⎝

1 1 1 1 · · ·
0 1 1 1 · · ·
0 0 1 1 · · ·
0 0 0 1 · · ·
...

. . .

⎞⎟⎟⎟⎟⎠ ,

then we see that the first iterated limit depends only on the part of the matrix above
the main diagonal, while the second iterated limit depends only on the part of the
matrix below the main diagonal. Thus the two iterated limits in general have no
reason at all to be related. In the specific matrix that we have just considered,
they are 1 and 0, respectively. Let us consider some examples along the same
lines but with an analytic flavor.

EXAMPLES.

(1) Letbi j = j

i + j
. Then limi lim j bi j = 1, while limj lim i bi j = 0.

(2) Let Fn be a continuous real-valued function onR, and suppose thatF(x) =
lim Fn(x) exists for everyx. Is F continuous? This is the same kind of question.

It asks whether limt→x F(t)
?= F(x), hence whether

lim
t→x

lim
n→∞ Fn(t)

?= lim
n→∞ lim

t→x
Fn(t).
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If we take fk(x) = x2

(1 + x2)k
for k ≥ 0 and defineFn(x) = ∑n

k=0 fk(x), then

eachFn is continuous. The sequence of functions{Fn} has a pointwise limit

F(x) =
∑∞

k=0

x2

(1 + x2)k
. The series is a geometric series, and we can easily

calculate explicitly the partial sums and the limit function. The latter is

F(x) =
{

0 if x = 0

1 + x2 if x �= 0.

It is apparent that the limit function is discontinuous.

(3) Let{ fn} be a sequence of differentiable functions, and suppose thatf (x) =
lim fn(x) exists for everyx and is differentiable. Is limf ′

n(x) = f ′(x)? This
question comes down to whether

lim
n→∞ lim

t→x

fn(t) − fn(x)

t − x
?= lim

t→x
lim

n→∞
fn(t) − fn(x)

t − x
.

An example where the answer is negative uses the sine and cosine functions,
which are undefined in the rigorous development until Section 7 on power series.

The example hasfn(x) = sinnx√
n

for n ≥ 1. Then limn fn(x) = 0, so that

f (x) = 0 and f ′(x) = 0. Also, f ′
n(x) = √

n cosnx, so that f ′
n(0) = √

n does
not tend to 0= f ′(0).

Yet we know many examples from calculus where an interchange of limits is
valid. For example, in calculus of two variables, the first partial derivatives of
nice functions—polynomials, for example—can be computed in either order with
the same result, and double integrals of continuous functions over a rectangle can
be calculated as iterated integrals in either order with the same result. Positive
theorems about interchanging limits are usually based on some kind of uniform
behavior, in a sense that we take up in the next section. A number of positive
results of this kind ultimately come down to the following general theorem about
doubly indexed sequences that are monotone increasing in each variable. In
Section 3 we shall examine the mechanism of this theorem closely: the proof
shows that the equality in question is supi supj bi j = supj supi bi j and that it
holds because both sides equal supi, j bi j .

Theorem 1.13.Let bi j be members ofR∗ that are≥ 0 for all i and j . Suppose
thatbi j is monotone increasing ini , for eachj , and is monotone increasing inj ,
for eachi . Then

lim
i

lim
j

bi j = lim
j

lim
i

bi j ,

with all the indicated limits existing inR∗.
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PROOF. Put Li = lim j bi j andL ′
j = lim i bi j . These limits exist inR∗, since

the sequences in question are monotone. ThenLi ≤ Li +1 andL ′
j ≤ L ′

j +1, and
thus

L = lim
i

Li and L ′ = lim
j

L ′
j

both exist inR∗. Arguing by contradiction, suppose thatL < L ′. Then we can
choosej0 such thatL ′

j0
> L. SinceL ′

j0
= lim i bi j0, we can choosei0 such that

bi0 j0 > L. Then we haveL < bi0 j0 ≤ Li0 ≤ L, contradiction. Similarly the
assumptionL ′ < L leads to a contradiction. We conclude thatL = L ′.

Corollary 1.14. If al j are members ofR∗ that are≥ 0 and are monotone
increasing inj for eachl , then

lim
j

∑
l

al j =
∑

l

lim
j

al j

in R∗, the limits existing.

REMARK. This result will be generalized by the Monotone Convergence
Theorem when we study abstract measure theory in Chapter V.

PROOF. Putbi j = ∑i
l=1 al j in Theorem 1.13.

Corollary 1.15. If ci j are members ofR∗ that are≥ 0 for all i and j , then∑
i

∑
j

ci j =
∑

j

∑
i

ci j

in R∗, the limits existing.

REMARK. This result will be generalized by Fubini’s Theorem when we study
abstract measure theory in Chapter V.

PROOF. This follows from Corollary 1.14.

3. Uniform Convergence

Let us examine more closely what is happening in the proof of Theorem 1.13, in
which it is proved that iterated limits can be interchanged under certain hypotheses
of monotonicity. One of the iterated limits isL = lim i lim j bi j , and the claim is
thatL is approached asi and j tend to infinity jointly. In terms of a matrix whose
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entries are the variousbi j ’s, the pictorial assertion is that all the terms far down
and to the right are close toL:⎛⎜⎜⎜⎝ · · · · · ·

· · · All terms here
are close toL

⎞⎟⎟⎟⎠ .

To see this claim, let us choose a row limitLi0 that is close toL and then take an
entrybi0 j0 that is close toLi0. Thenbi0 j0 is close toL, and all terms down and to
the right from there are even closer because of the hypothesis of monotonicity.

To relate this behavior to something uniform, suppose thatL < +∞, and let
someε > 0 be given. We have just seen that we can arrange to have|L −bi j | < ε

wheneveri ≥ i0 and j ≥ j0. Then|Li − bi j | < ε wheneveri ≥ i0, provided
j ≥ j0. Also, we have limj bi j = Li for i = 1, 2, . . . , i0−1. Thus|Li −bi j | < ε

for all i , provided j ≥ j ′
0, where j ′

0 is some larger index thanj0. This is the
notion of uniform convergence that we shall define precisely in a moment: an
expression with a parameter (j in our case) has a limit (on the variablei in our
case) with an estimate independent of the parameter. We can visualize matters as
in the following matrix:

j j ′
0

i

(
· · ·

All terms here
are close toLi

on all rows.

)
.

The vertical dividing line occurs when the column indexj is equal toj ′
0, and all

terms to the right of this line are close to their respective row limitsLi .
Let us see the effect of this situation on the problem of interchange of limits.

The above diagram forces all the terms in the shaded part of

( · · · · · ·

· · · //////

)
to

be close to one number if limLi exists, i.e., if the row limits are tending to a
limit. If the other iterated limit exists, then it must be this same number. Thus
the interchange of limits is valid under these circumstances.

Actually, we can get by with less. If, in the displayed diagram above, we
assume that all the column limitsL ′

j exist, then it appears that all the column
limits with j ≥ j ′

0 have to be close to theLi ’s. From this we can deduce that the
column limits have a limitL ′ and that the row limitsLi must tend to the limit
of the column limits. In other words, the convergence of the rows in a suitable
uniform fashion and the convergence of the columns together imply that both
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iterated limits exist and they are equal. We shall state this result rigorously as
Proposition 1.16, which will become a prototype for applications later in this
section.

Let S be a nonempty set, and letf and fn, for integersn ≥ 1, be functions
from S to R. We say thatfn(x) convergesto f (x) uniformly for x in S if for
anyε > 0, there is an integerN such thatn ≥ N implies| fn(x) − f (x)| < ε for
all x in S. It is equivalent to say that supx∈E | fn(x) − f (x)| tends to 0 asn tends
to infinity.

Proposition 1.16.Let bi j be real numbers fori ≥ 1 and j ≥ 1. Suppose that

(i) Li = lim j bi j exists inR uniformly in i , and
(ii) L ′

j = lim i bi j exists inR for each j .

Then

(a) L = lim i Li exists inR,
(b) L ′ = lim j L ′

j exists inR,
(c) L = L ′,
(d) the double limit oni and j of bi j exists and equals the common value of

the iterated limitsL andL ′, i.e., for eachε > 0, there existi0 and j0 such
that|bi j − L| < ε wheneveri ≥ i0 and j ≥ j0,

(e) L ′
j = lim i bi j exists inR uniformly in j .

REMARK. In applications we shall sometimes have additional information,
typically the validity of (a) or (b). According to the statement of the proposition,
however, the conclusions are valid without taking this extra information as an
additional hypothesis.

PROOF. Let ε > 0 be given. By (i), choosej0 such that|bi j − Li | < ε for all
i wheneverj ≥ j0. With j ≥ j0 fixed, (ii) says that|bi j − L ′

j | < ε wheneveri is
≥ somei0 = i0( j ). For j ≥ j0 andi ≥ i0( j ), we then have

|Li − L ′
j | ≤ |Li − bi j | + |bi j − L ′

j | < ε + ε = 2ε.

If j ′ ≥ j0 andi ≥ i0( j ′), we similarly have|Li − L ′
j ′ | < 2ε. Hence if j ≥ j0,

j ′ ≥ j0, andi ≥ max{i0( j ), i0( j ′)}, then

|L ′
j − L ′

j ′ | ≤ |L ′
j − Li | + |Li − L ′

j ′ | < 2ε + 2ε = 4ε.

In other words,{L ′
j } is a Cauchy sequence. By Theorem 1.9,L ′ = lim j L ′

j exists
in R. This proves (b).

Passing to the limit in our inequality, we have|L ′
j − L ′| ≤ 4ε when j ≥ j0

and in particular whenj = j0. If i ≥ i0( j0), then we saw that|bi j0 − Li | < ε

and|bi j0 − L ′
j0
| < ε. Hencei ≥ i0( j0) implies

|Li − L ′| ≤ |Li − bi j0| + |bi j0 − L ′
j0| + |L ′

j0 − L ′| < ε + ε + 4ε = 6ε.
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Sinceε is arbitrary,L = lim i Li exists and equalsL ′. This proves (a) and (c).
Since limi Li = L, choosei1 such that|Li − L| < ε wheneveri ≥ i1. If i ≥ i1

and j ≥ j0, we then have

|bi j − L| ≤ |bi j − Li | + |Li − L| < ε + ε = 2ε.

This proves (d).
Let i1 and j0 be as in the previous paragraph. We have seen that|L ′

j −L ′
j ′ | < 4ε

for j ≥ j0. By (b), |L ′
j − L ′| ≤ 4ε wheneverj ≥ j0. Hence (c) and the inequality

of the previous paragraph give

|bi j − L ′
j | ≤ |bi j − L| + |L − L ′| + |L ′ − L ′

j | < 2ε + 0 + 4ε = 6ε

wheneveri ≥ i1 and j ≥ j0. By (b), choosej1 ≥ j0 such that|bi j − L ′
j | < 6ε

wheneveri ∈ {1, . . . , i1−1} and j ≥ j1. Then j ≥ j1 implies |bi j − L ′
j | < 6ε

for all i wheneverj ≥ j1. This proves (e).

In checking for uniform convergence, we often do not have access to explicit
expressions for limiting values. One device for dealing with the problem is a
uniform version of the Cauchy criterion. LetSbe a nonempty set, and let{ fn}n≥1

be a sequence of functions fromStoR. We say that{ fn(x)} isuniformly Cauchy
for x ∈ S if for any ε > 0, there is an integerN such thatn ≥ N andm ≥ N
together imply| fn(x) − fm(x)| < ε for all x in S.

Proposition 1.17(uniform Cauchy criterion). A sequence{ fn} of functions
from a nonempty setS to R is uniformly Cauchy if and only if it is uniformly
convergent.

PROOF. If { fn} is uniformly convergent tof , we use a 2ε argument, just as
in the example before Theorem 1.9: Givenε > 0, chooseN such thatn ≥ N
implies| fn(x) − f (x)| < ε. Thenn ≥ N andm ≥ N together imply

| fn(x) − fm(x)| ≤ | fn(x) − f (x)| + | f (x) − fm(x)| < ε + ε = 2ε.

Thus{ fn} is uniformly Cauchy.
Conversely suppose that{ fn} is uniformly Cauchy. Then{ fn(x)} is Cauchy for

eachx. Theorem 1.9 therefore shows that there exists a functionf : S → R such
that limn fn(x) = f (x) for eachx. We prove that the convergence is uniform.
Givenε > 0, chooseN, as is possible since{ fn} is uniformly Cauchy, such that
n ≥ N andm ≥ N together imply| fn(x) − fm(x)| < ε. Letting m tend to∞
shows that| fn(x) − f (x)| ≤ ε for n ≥ N. Hence limn fn(x) = f (x) uniformly
for x in S.
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In practice, uniform convergence often arises with infinite series of functions,
and then the definition and results about uniform convergence are to be applied to
the sequence of partial sums. If the series is

∑∞
k=1 ak(x), one wants

∣∣∑n
k=m ak(x)

∣∣
to be small for allm and n sufficiently large. Some of the standard tests for
convergence of series of numbers yield tests for uniform convergence of series of
functions just by introducing a parameter and ensuring that the estimates do not
depend on the parameter. We give two clear-cut examples. One is the uniform
alternating series testor Leibniz test, given in Corollary 1.18. A generalization
is the handy test given in Corollary 1.19.

Corollary 1.18. If for each x in a nonempty setS, {an(x)}n≥1 is a mono-
tone decreasing sequence of nonnegative real numbers such that limn an(x) = 0
uniformly in x, then

∑∞
n=1 (−1)nan(x) converges uniformly.

PROOF. The hypotheses are such that
∣∣∑n

k=m (−1)kak(x)
∣∣ ≤ supx |am(x)|

whenevern ≥ m, and the uniform convergence is immediate from the uniform
Cauchy criterion.

Corollary 1.19. If for eachx in a nonempty setS, {an(x)}n≥1 is a monotone
decreasing sequence of nonnegative real numbers such that limn an(x) = 0
uniformly in x and if {bn(x)}n≥1 is a sequence of real-valued functions onS
whose partial sumsBn(x) = ∑n

k=1 bk(x) have|Bn(x)| ≤ M for someM and all
n andx, then

∑∞
n=1 an(x)bn(x) converges uniformly.

PROOF. If n ≥ m, summation by parts gives

n∑
k=m

ak(x)bk(x) =
n−1∑
k=m

Bk(x)(ak(x) − ak+1(x)) + Bn(x)an(x) − Bm−1(x)am(x).

Let ε > 0 be given, and chooseN such thatak(x) ≤ ε for all x wheneverk ≥ N.
If n ≥ m ≥ N, then

∣∣∣ n∑
k=m

ak(x)bk(x)

∣∣∣ ≤
n−1∑
k=m

|Bk(x)|(ak(x) − ak+1(x)) + Mε + Mε

≤ M
n−1∑
k=m

(ak(x) − ak+1(x)) + 2Mε

≤ Mam(x) + 2Mε

≤ 3Mε,

and the uniform convergence is immediate from the uniform Cauchy criterion.
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A third consequence can be considered as a uniform version of the result that
absolute convergence implies convergence. In practice it tends to be fairly easy
to apply, but it applies only in the simplest situations.

Proposition 1.20(WeierstrassM test). LetSbe a nonempty set, and let{ fn}
be a sequence of real-valued functions onS such that| fn(x)| ≤ Mn for all x in
S. Suppose that

∑
n Mn < +∞. Then

∑∞
n=1 fn(x) converges uniformly forx in

S.

PROOF. If n ≥ m ≥ N, then
∣∣∑n

k=m+1 fk(x)
∣∣ ≤ ∑n

k=m | fk(x)| ≤ ∑n
k=m Mk,

and the right side tends to 0 uniformly inx asN tends to infinity. Therefore the
result follows from the uniform Cauchy criterion.

EXAMPLES.

(1) The series
∞∑

n=1

1

n2
xn

converges uniformly for−1 ≤ x ≤ 1 by the WeierstrassM test withMn = 1/n2.

(2) The series
∞∑

n=1

(−1)n x2 + n

n2

converges uniformly for−1 ≤ x ≤ 1, but theM test does not apply. To see
that theM test does not apply, we use the smallest possibleMn, which isMn =
supx

∣∣(−1)n x2+n
n2 | = n+1

n2 . The series
∑ n+1

n2 diverges, and hence theM test
cannot apply for any choice of the numbersMn. To see the uniform convergence
of the given series, we observe that the terms strictly alternate in sign. Also,

x2 + n

n2
≥ x2 + (n + 1)

(n + 1)2
because

x2

n2
≥ x2

(n + 1)2
and

1

n
≥ 1

n + 1
.

Finally
x2 + n

n2
≤ n + 1

n2
→ 0

uniformly for−1 ≤ x ≤ 1. Hence the series converges uniformly by the uniform
Leibniz test (Corollary 1.18).

Having developed some tools for proving uniform convergence, let us apply
the notion of uniform convergence to interchanges of limits involving functions
of a real variable. For a point of reference, recall the diagrams of interchanges of
limits at the beginning of the section. We take the column index to ben and think
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of the row index as a variablet , which is tending tox. We make assumptions
that correspond to (i) and (ii) in Proposition 1.16, namely that{ fn(t)} converges
uniformly in t asn tends to infinity, say tof (t), and thatfn(t) converges to some
limit fn(x) as t tends tox. With fn(x) defined as this limit,fn is continuous
at x. In other words, the assumptions are that the sequence{ fn} is uniformly
convergent tof and eachfn is continuous.

Theorem 1.21.If { fn} is a sequence of real-valued functions on [a, b] that are
continuous atx and if { fn} converges tof uniformly, then f is continuous atx.

REMARKS. This is really a consequence of Proposition 1.16 except that one of
the indices, namelyt , is regarded as continuous and not discrete. Actually, there is
a subtle simplification here, by comparison with Proposition 1.16, in that{ fn(x)}
at the limiting parameterx is being assumed to tend tof (x). This corresponds
to assuming (b) in the proposition, as well as (i) and (ii). Consequently the proof
of the theorem will be considerably simpler than the proof of Proposition 1.16.
In fact, the proof will be our first example of a 3ε proof. In many applications
of Theorem 1.21, the given sequence{ fn} is continuous at everyx, and then the
conclusion is thatf is continuous at everyx.

PROOF. We write

| f (t) − f (x)| ≤ | f (t) − fn(t)| + | fn(t) − fn(x)| + | fn(x) − f (x)|.
Givenε > 0, chooseN large enough so that| fn(t)− f (t)| < ε for all t whenever
n ≥ N. With such ann fixed, choose someδ of continuity for the function
fn, the pointx, and the numberε. Each term above is then< ε, and hence
| f (t) − f (x)| < 3ε. Sinceε is arbitrary, f is continuous atx.

Theorem 1.21 in effect uses only conclusion (c) of Proposition 1.16, which
concerns the equality of the two iterated limits. Conclusion (d) gives a stronger
result, namely that the double limit exists and equals each iterated limit. The
strengthened version of Theorem 1.21 is as follows.

Theorem 1.21′. If { fn} is a sequence of real-valued functions on [a, b] that
are continuous atx and if { fn} converges tof uniformly, then for eachε > 0,
there exist an integerN and a numberδ > 0 such that

| fn(t) − f (x)| < ε

whenevern ≥ N and|t − x| < δ.

PROOF. If ε > 0 is given, chooseN such that| fn(t) − f (t)| < ε/2 for all
t whenevern ≥ N, and chooseδ in the conclusion of Theorem 1.21 such that
|t − x| < δ implies| f (t) − f (x)| < ε/2. Then

| fn(t) − f (x)| ≤ | fn(t) − f (t)| + | f (t) − f (x)| < ε
2 + ε

2 = ε

whenevern ≥ N and|t − x| < δ. Theorem 1.21′ follows.
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In interpreting our diagrams of interchanges of limits to get at the statement of
Theorem 1.21, we took the column index to ben and thought of the row index as
a variablet , which was tending tox. It is instructive to see what happens when
the roles ofn and t are reversed, i.e., when the row index isn and the column
index is the variablet , which is tending tox. Again we havefn(t) converging
to f (t) and limt→x fn(t) = fn(x), but the uniformity is different. This time
we want the uniformity to be inn as t tends tox. This means that theδ of
continuity that corresponds toε can be taken independent ofn. This is the notion
of “equicontinuity,” and there is a classical theorem about it. The theorem is
actually stronger than Proposition 1.16 suggests, since the theorem assumes less
than thatfn(t) converges tof (t) for all t .

Let F = { fα | α ∈ A} be a set of real-valued functions on a bounded interval
[a, b]. We say thatF is equicontinuousat x ∈ [a, b] if for eachε > 0, there is
someδ > 0 such that|t −x| < δ implies| f (t)− f (x)| < ε for all f ∈ F. The set
F of functions ispointwise boundedif for eacht ∈ [a, b], there exists a number
Mt such that| f (t)| ≤ Mt for all f ∈ F. The set isuniformly equicontinuous on
[a, b] if it is equicontinuous at each pointx and if theδ can be taken independent
of x. The set isuniformly bounded on [a, b] if it is pointwise bounded at each
t ∈ [a, b] and the boundMt can be taken independent oft .

Theorem 1.22(Ascoli’s Theorem). If{ fn} is a sequence of real-valued func-
tions on a closed bounded interval [a, b] that is equicontinuous at each point of
[a, b] and pointwise bounded on [a, b], then

(a) { fn} is uniformly equicontinuous and uniformly bounded on [a, b],
(b) { fn} has a uniformly convergent subsequence.

PROOF. Since eachfn is continuous at each point, we know from Theorems
1.10 and 1.11 that eachfn is uniformly continuous and bounded. The proof of
(a) amounts to an argument that the estimates in those theorems can be arranged
to apply simultaneously for alln.

First consider the question of uniform boundedness. Choose, by Theorem 1.11,
somexn in [a, b] with | fn(xn)| equal toKn = supx∈[a,b] | fn(x)|. Then choose a
subsequence on which the numbersKn tend to supn Kn in R∗. There will be no
loss of generality in assuming that this subsequence is our whole sequence. Apply
the Bolzano–Weierstrass Theorem to find a convergent subsequence{xnk} of {xn},
say with limit x0. By pointwise boundedness, findMx0 with | fn(x0)| ≤ Mx0 for
all n. Then choose someδ of equicontinuity atx0 for ε = 1. As soon ask is large
enough so that|xnk − x0| < δ, we have

Knk = | fnk(xnk)| ≤ | fnk(xnk) − fnk(x0)| + | fnk(x0)| < 1 + Mx0.

Thus 1+ Mx0 is a uniform bound for the functionsfn.
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The proof of uniform equicontinuity proceeds in the same spirit but takes
longer to write out. Fixε > 0. The uniform continuity offn for eachn means
that it makes sense to define

δn(ε) = min

{
1, sup

{
δ′ > 0

∣∣∣∣ | f (x)− f (y)| < ε whenever|x − y| < δ′
andx andy are in the domain off

}}
.

If |x − y| < δn(ε), then| fn(x) − fn(y)| < ε. Putδ(ε) = infn δn(ε). Let us see
that it is enough to prove thatδ(ε) > 0: If x andy are in [a, b] with |x−y| < δ(ε),
then|x − y| < δ(ε) ≤ δn(ε). Hence| fn(x) − fn(y)| < ε as required.

Thus we are to prove thatδ(ε) > 0. If δ(ε) = 0, then we first choose an
increasing sequence{nk} of positive integers such thatδnk(ε) < 1

k , and we next
choosexk and yk in [a, b] with |xk − yk| < δnk(ε) and| fk(xk) − fk(yk)| ≥ ε.
Applying the Bolzano–Weierstrass Theorem, we obtain a subsequence{xkl } of
{xk} such that{xkl } converges, say tox0. Then

lim sup
l

|ykl − x0| ≤ lim sup
l

|ykl − xkl | + lim sup
l

|xkl − x0| = 0 + 0 = 0,

so that{ykl } converges tox0. Now choose, by equicontinuity atx0, a number
δ′ > 0 such that| fn(x) − fn(x0)| < ε

2 for all n whenever|x − x0| < δ′. The
convergence of{xkl } and {ykl } to x0 implies that for large enoughl , we have
|xkl − x0| < δ′/2 and|ykl − x0| < δ′/2. Therefore| fkl (xkl ) − fkl (x0)| < ε

2 and
| fkl (ykl ) − fkl (x0)| < ε

2, from which we conclude that| fkl (xkl ) − fkl (ykl )| < ε.
But we saw that| fk(xk) − fk(yk)| ≥ ε for all k, and thus we have arrived at a
contradiction. This proves the uniform equicontinuity and completes the proof
of (a).

To prove (b), we first construct a subsequence of{ fn} that is convergent at
every rational point in [a, b]. We enumerate the rationals, say asx1, x2, . . . . By
the Bolzano–Weierstrass Theorem and the pointwise boundedness, we can find
a subsequence of{ fn} that is convergent atx1, a subsequence of the result that
is convergent atx2, a subsequence of the result that is convergent atx3, and so
on. The trouble with this process is that each term of our original sequence may
disappear at some stage, and then we are left with no terms that address all the
rationals. The trick is to form the subsequence{ fnk} of the given{ fn} whose
kth term is thekth term of thekth subsequence we constructed. Then thekth,
(k + 1)st, (k + 2)nd, . . . terms of{ fnk} all lie in ourkth constructed subsequence,
and hence{ fnk} converges at the firstk pointsx1, . . . , xk. Sincek is arbitrary,
{ fnk} converges at every rational point.

Let us prove that{ fnk} is uniformly Cauchy. Letε > 0 be given, letδ be
some corresponding number exhibiting equicontinuity, and choose finitely many
rationalsr1, . . . , rl in [a, b] such that any member of [a, b] is within δ of at
least one of these rationals. Then chooseN such that| fn(r j ) − fm(r j )| < ε for
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1 ≤ j ≤ l whenevern andm are≥ N. If x is in [a, b], let r (x) be anr j with
|x − r (x)| < δ. Whenevern andm are≥ N, we then have

| fn(x) − fm(x)|
≤ | fn(x) − fn(r (x))| + | fn(r (x)) − fm(r (x))| + | fm(r (x)) − fm(x)|
< ε + ε + ε = 3ε.

Hence{ fnk} is uniformly Cauchy, and (b) follows from Proposition 1.17.

REMARK. The construction of the subsequence for which countably many
convergence conditions were all satisfied is an important one and is often referred
to as adiagonal processor as theCantor diagonal process.

EXAMPLE. Let K and M be positive constants, and letF be the set of con-
tinuous real-valued functionsf on [a, b] such that| f (t)| ≤ K for a ≤ t ≤ b
and such that the derivativef ′(t) exists fora < t < b and satisfies| f ′(t)| ≤ M
there. This set of functions is certainly uniformly bounded byK , and we show
that it is also uniformly equicontinuous. To see the latter, we use the Mean Value
Theorem. Ifx is in the closed interval [a, b] and t is in the open interval(a, b),
then there existsξ depending ont andx such that

| f (t) − f (x)| = | f ′(ξ)||t − x| ≤ M |t − x|.

From this inequality it follows that the numberδ of uniform equicontinuity for
ε andF can be taken to beε/M . The hypotheses of Ascoli’s Theorem are
satisfied, and it follows that any sequence of functions inF has a uniformly
convergent subsequence. The estimate ofδ is independent of the uniform bound
K , yet Ascoli’s Theorem breaks down if there is no bound at all; for example, the
sequence of constant functions withfn(x) = n is uniformly equicontinuous but
has no convergent subsequence.

We turn now to the problem of interchange of derivative and limit. The two
indices again will be an integern that is tending to infinity and a parametert that
is tending tox. Proposition 1.16 takes away all the surprise in the statement of
the theorem, and it tells us the steps to follow in a proof. What the proposition
suggests is that the general entry in our interchange diagram should be whatever
quantity we want to take an iterated limit of in either order. Thus we expect not a
theorem about a general entryfn(t), but instead a theorem about a general entry
fn(t) − fn(x)

t − x
. The limit onn gives us

f (t) − f (x)

t − x
for a limiting function f ,

and then the limit ast → x gives usf ′(x). In the other order the limit ast → x
gives usf ′

n(x), and then we are to consider the limit onn. If Proposition 1.16 is
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to be a guide, we are to assume that the convergence in one variable is uniform
in the other. The proposition also suggests that if we have existence of each row
limit and each column limit, then uniform convergence when one variable occurs
first is equivalent to uniform convergence when the other variable occurs first.
Thus we should assume whichever is easier to verify.

Theorem 1.23. Suppose that{ fn} is a sequence of real-valued functions
continuous fora ≤ t ≤ b and differentiable fora < t < b such that{ f ′

n}
converges uniformly fora < t < b and{ fn(x0)} converges inR for somex0 with
a ≤ x0 ≤ b. Then{ fn} converges uniformly fora ≤ t ≤ b to a function f , and
f ′(x) = limn f ′

n(x) for a < x < b, with the derivative and the limit existing.

REMARKS. The convergence of{ f (x0)} cannot be dropped completely as a
hypothesis becausefn(t) = n would otherwise provide a counterexample. In
practice,{ fn} will be known in advance to be uniformly convergent. However,
uniform convergence of{ fn} is not enough by itself, as was shown by the example

fn(x) = sinnx√
n

in Section 2.

PROOF. The first step is to apply the Mean Value Theorem tofn − fm, estimate
f ′
n − f ′

m, and use the convergence of{ fn(x0)} to obtain the existence of the limit
function f . The Mean Value Theorem produces someξ strictly betweent and
x0 such that

fn(t) − fm(t) = (
fn(x0) − fm(x0)

)+ (t − x0)
(

f ′
n(ξ) − f ′

m(ξ)
)
.

Our hypotheses allow us to conclude that{ fn(t)} is uniformly Cauchy, and thus
{ fn} converges uniformly to a limit functionf by Proposition 1.17.

The second step is to apply the Mean Value Theorem again tofn − fm, this
time to see that

ϕn(t) = fn(t) − fn(x)

t − x

converges uniformly int (for t �= x) asn tends to infinity, the limit beingϕ(t) =
f (t) − f (x)

t − x
. In fact, the Mean Value Theorem produces someξ strictly between

t andx such that

ϕn(t) − ϕm(t) = [ fn(t) − fm(t)] − [ fn(x) − fm(x)]

t − x
= f ′

n(ξ) − f ′
m(ξ),

and the right side tends to 0 uniformly asn andm tend to infinity. Therefore
{ϕn(t)} is uniformly Cauchy fort �= x, and Proposition 1.17 shows that it is
uniformly convergent.
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The third step is to extend the definition ofϕ to x by ϕn(x) = f ′
n(x) and

then to see thatϕn is continuous atx and Theorem 1.21 applies. In fact, the
definition ofϕn(t) is as the difference quotient for the derivative offn at x, and
thusϕn(t) → f ′

n(x) = ϕn(x). Henceϕn is continuous atx. We saw in the
second step thatϕn(t) is uniformly convergent fort �= x, and we are given that
ϕn(x) = f ′

n(x) is convergent. Thereforeϕn(t) is uniformly convergent for allt
with

lim ϕn(t) =
⎧⎨⎩

f (t) − f (x)

t − x
for t �= x,

lim f ′
n(x) for t = x.

Theorem 1.21 says that the limiting function limϕn(t) is continuous atx. Thus

lim
t→x

f (t) − f (x)

t − x
= lim

n
f ′
n(x).

In other words,f is differentiable atx and f ′(x) = limn f ′
n(x).

4. Riemann Integral

This section contains a careful but limited development of the Riemann integral
in one variable. The reader is assumed to have a familiarity with Riemann sums
at the level of a calculus course. The objective in this section is to prove that
bounded functions with only finitely many discontinuities are Riemann inte-
grable, to address the interchange-of-limits problem that arises with a sequence
of functions and an integration, to prove the Fundamental Theorem of Calculus
in the case of continuous integrand, to prove a change-of-variables formula, and
to relate Riemann integrals to general Riemann sums. The Riemann integral in
several variables will be treated in Chapter III, and some of the theorems to be
proved in the several-variable case at that time will be results that have not been
proved here in the one-variable case. In Chapters VI and VII, in the context
of the Lebesgue integral, we shall prove a much more sweeping version of the
Fundamental Theorem of Calculus.

First we give the relevant definitions. We work with a functionf : [a, b] → R
with a ≤ b in R, and we always assume thatf is bounded. Apartition P of
[a, b] is a subdivision of the interval [a, b] into subintervals, and we write such a
partition as

a = x0 ≤ x1 ≤ · · · ≤ xn = b.

The pointsxj will be called thesubdivision pointsof the partition, and we may
abbreviate the partition asP = {xi }n

i =0. In order to permit integration over an
interval of zero length, we allow partitions in which two consecutivexj ’s are
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equal; themultiplicity of xj is the number of times thatxj occurs in the partition.
For the above partition, let

	xi = xi − xi −1, µ(P) = meshof P = max
i

	xi ,

Mi = sup
xi −1≤x≤xi

f (x), mi = inf
xi −1≤x≤xi

f (x).

Put

U (P, f ) =
n∑

i =1

Mi 	xi = upper Riemann sum forP,

L(P, f ) =
n∑

i =1

mi 	xi = lower Riemann sum forP,

∫
a

b

f dx = inf
P

U (P, f ) = upper Riemann integral off,∫ b

a

f dx = sup
P

L(P, f ) = lower Riemann integral off.

We say thatf is Riemann integrableon [a, b] if
∫

a

b
f dx = ∫ b

a
f dx, and in

this case we write
∫ b

a f dx for the common value of these two numbers. We write
R[a, b] for the set of Riemann integrable functions on [a, b].

If f ≥ 0, an upper Riemann sum forf may be visualized in the traditional
way as the sum of the areas of rectangles with bases [xi −1, xi ] and with heights
just sufficient to rise above the graph off on the interval [xi −1, xi ], and a lower
sum may be visualized similarly, using rectangles as large as possible so that they
lie below the graph.

EXAMPLES.

(1) Supposef (x) = c for a ≤ x ≤ b. No matter what partitionP is used,
we haveMi = c andmi = c. ThereforeU (P, f ) = L(P, f ) = c(b − a),∫

a

b
f dx = ∫ b

a
f dx = c(b − a), and f is Riemann integrable on [a, b] with∫ b

a f dx = c(b − a).

(2) Let [a, b] be arbitrary witha < b, and let f be 1 on the rationals and 0 on
the irrationals. Thisf is discontinuous at every point of [a, b]. No matter what
partition is used, we haveMi = 1 andmi = 0 whenever	xi > 0. Therefore

U (P, f ) = b − a andL(P, f ) = 0. Hence
∫

a

b
f dx = b − a and

∫ b

a
f dx = 0,

and f is not Riemann integrable.
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Let us work toward a proof that continuous functions are Riemann integrable.
We shall use some elementary properties of upper and lower Riemann sums along
with Theorem 1.10, which says that a continuous function on [a, b] is uniformly
continuous.

Lemma 1.24. Suppose thatf : [a, b] → R hasm ≤ f (x) ≤ M for all x in
[a, b]. Then

m(b − a) ≤ L(P, f ) ≤ U (P, f ) ≤ M(b − a),

m(b − a) ≤
∫ b

a

f dx ≤ M(b − a),

m(b − a) ≤
∫

a

b

f dx ≤ M(b − a).

PROOF. The first conclusion follows from the computation

m(b − a) =
n∑

i =1

m	xi ≤ L(P, f ) =
n∑

i =1

mi 	xi

≤
n∑

i =1

Mi 	xi = U (P, f ) ≤
n∑

i =1

M	xi = M(b − a).

If we concentrate on the first, third, and last members of the above inequalities
and take the supremum onP, then we obtain the second conclusion. Similarly if
we concentrate on the first, sixth, and last members of the above inequalities and
take the infimum onP, then we obtain the third conclusion.

A refinementof the partitionP is a partitionP∗ containing all the subdivision
points of P, with at least their same multiplicities. IfP1 and P2 are two parti-
tions, thenP1 and P2 have at least one common refinement: one such common
refinement is obtained by taking the union of the subdivision points from each
and repeating each such point with the maximum of the multiplicities with which
it occurs inP1 andP2. We use this notion in order to prove a second lemma.

Lemma 1.25.Let f : [a, b] → R satisfym ≤ f (x) ≤ M for all x in [a, b].
Then

(a) L(P, f ) ≤ L(P∗, f ) andU (P∗, f ) ≤ U (P, f ) wheneverP is a parti-
tion of [a, b] and P∗ is a refinement,

(b) L(P1, f ) ≤ U (P2, f ) wheneverP1 andP2 are partitions of [a, b],

(c)
∫ b

a
f dx ≤ ∫

a

b
f dx,
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(d)
∫

a

b
f dx − ∫ b

a
f dx ≤ (M − m)(b − a),

(e) the function f is Riemann integrable on [a, b] if and only if for each
ε > 0, there exists a partitionP with U (P, f ) − L(P, f ) < ε.

PROOF. In (a), it is enough to handle the case in whichP∗ is obtained fromP
by including one additional point, sayx∗ betweenxi −1 andxi . The only possible
difference betweenL(P, f ) andL(P∗, f ) comes from [xi −1, xi ], and there we
have

inf
x∈[xi −1,xi ]

f (x) (xi −xi −1) = inf
x∈[xi −1,xi ]

f (x) (xi −x∗) + inf
x∈[xi −1,xi ]

f (x) (x∗−xi −1)

≤ inf
x∈[xi −1,x∗]

f (x) (xi −x∗) + inf
x∈[x∗,xi ]

f (x) (x∗−xi −1).

HenceL(P, f ) ≤ L(P∗, f ), and similarlyU (P∗, f ) ≤ U (P, f ). This proves
(a).

Let P∗ be a common refinement ofP1 and P2. Combining (a) with Lemma
1.24 gives

L(P1, f ) ≤ L(P∗, f ) ≤ U (P∗, f ) ≤ U (P2, f ).

This proves (b). Conclusion (c) follows by taking the supremum onP1 and
then the infimum onP2, and conclusion (d) follows by subtracting the second
conclusion of Lemma 1.24 from the third.

For (e), we have

L(P1, f ) ≤
∫ b

a

f dx ≤
∫

a

b

f dx ≤ U (P2, f )

for any partitionsP1 andP2 of [a, b]. Riemann integrability means that the center
two members of this inequality are equal. If they are not equal, then there certainly

can exist noP with U (P, f ) − L(P, f ) < ε if ε = ∫
a

b
f dx − ∫ b

a
f dx. On the

other hand, equality of the center two members, together with the definitions of
the lower and upper Riemann integrals, means that for eachε > 0, we can choose
P1 and P2 with U (P2, f ) − L(P1, f ) < ε. Letting P be a common refinement
of P1 andP2 and applying (a), we see thatU (P, f ) − L(P, f ) < ε. This proves
(e).

Theorem 1.26.If f : [a, b] → R is continuous on [a, b], then f is Riemann
integrable on [a, b].

PROOF. From Theorem 1.10 we know thatf is uniformly continuous on [a, b].
Givenε > 0, we can therefore choose some numberδ > 0 corresponding tof and
ε on [a, b]. Let P = {xi }n

i =0 be a partition on [a, b] of meshµ(P) < δ. On any
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subinterval [xi −1, xi ] corresponding toP, we havemi = f (ξi ) andMi = f (ηi )

for someξi andηi in [xi −1, xi ], by Theorem 1.11. Since|ηi − ξi | ≤ |xi − xi −1| =
	xi ≤ µ(P) < δ, we obtainMi − mi = f (ηi ) − f (ξi ) < ε. Therefore

U (P, f ) − L(P, f ) =
n∑

i =1

(Mi − mi )	xi ≤ ε

n∑
i =1

	xi = ε(b − a),

and the theorem follows from Lemma 1.25e.

We shall improve upon Theorem 1.26 by allowing finitely many points of
discontinuity, but we need to do some additional work beforehand.

Lemma 1.27. If f is bounded on [a, b] and a ≤ c ≤ b, then
∫

a

b
f dx =∫

a

c
f dx + ∫

c

b
f dx, and similarly for

∫ b

a
. Consequentlyf is in R[a, b] if and

only if f is in bothR[a, c] andR[c, b], and in this case,∫ b

a
f dx =

∫ c

a
f dx +

∫ b

c
f dx.

REMARKS. After one is done developing the Riemann integral and its prop-
erties, it is customary to adopt the convention that

∫ a
b f dx = − ∫ b

a f dx when
b < a. One of the places that this convention is particularly helpful is in applying
the displayed formula of Lemma 1.27: the formula is then valid for all reala, b, c
without the assumption thata, b, c are ordered in a particular way.

PROOF. If P1 and P2 are partitions of [a, c] and [c, b], respectively, letP be
their “union,” which is obtained by using all the subdivision points�= c of each
partition, together withc itself. The multiplicity ofc in P is to be the larger of
the numbers of timesc occurs inP1 andP2. This P is a partition of [a, b]. Then∫

a

b

f dx ≤ U (P, f ) = U (P1, f ) + U (P2, f ).

Taking the infimum overP1 and then the infimum overP2, we obtain∫
a

b

f dx ≤
∫

a

c

f dx +
∫

c

b

f dx.

For the reverse inequality, letε > 0 be given, and choose a partitionP of

[a, b] with U (P, f ) − ∫
a

b
f dx < ε. Let P∗ be the refinement ofP obtained by

adjoiningc to P if c is not a subdivision point ofP or by usingP itself if c is a
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subdivision point ofP. Lemma 1.25a givesU (P∗, f ) − ∫
a

b
f dx < ε. Because

c is a subdivision point ofP∗, the subdivision points≤ c give us a partitionP1 of
[a, c] and the subdivision points≥ c give us a partitionP2 of [c, b]. Moreover,
P∗ is the union ofP1 andP2. Then we have∫

a

b

f dx + ε ≥ U (P∗, f ) = U (P1, f ) + U (P2, f ) ≥
∫

a

c

f dx +
∫

c

b

f dx.

Sinceε is arbitrary, the lemma follows.

Lemma 1.28. Suppose thatf : [a, b] → R is bounded on [a, b] and that
a ≤ c ≤ b. If for eachδ > 0, f is Riemann integrable on each closed subinterval
of [a, b] − {

x
∣∣ |x − c| ≥ δ

}
, then f is Riemann integrable on [a, b].

PROOF. We give the argument whena < c < b, the casesc = a andc = b
being handled similarly. Sincef is by assumption bounded, findm and M
with m ≤ f (x) ≤ M for all x ∈ [a, b]. Chooseδ > 0 small enough so that
a < c − δ < c < c + δ < b. To simplify the notation, let us drop “f dx” from
all integrals. Sincef is by assumption Riemann integrable on [a, c − δ] and
[c + δ, b], Lemma 1.27 gives∫

a

b

=
∫

a

c−δ

+
∫ c+δ

c−δ

+
∫ b

c+δ

=
∫ c−δ

a

+
∫ c+δ

c−δ

+
∫ b

c+δ

≤
∫ c−δ

a

+
(∫ c+δ

c−δ

+ 2δ(M − m)
)

+
∫ b

c+δ

=
∫ b

a

+ 2δ(M − m).

Sinceδ is arbitrary,
∫

a

b = ∫ b

a
. The lemma follows.

Proposition 1.29. If f : [a, b] → R is bounded on [a, b] and is continuous
at all but finitely many points of [a, b], then f is Riemann integrable on [a, b].

REMARK. There is no assumption thatf has only jump discontinuities. For
example, the proposition applies if [a, b] = [0, 1] and f is the function with
f (x) = sin 1

x for x �= 0 and f (0) = 0.

PROOF. By Lemma 1.27 and induction, it is enough to handle the case thatf is
discontinuous at exactly one point, sayc. Since f is bounded and is continuous
at all points butc, Theorem 1.26 shows that the hypotheses of Lemma 1.28 are
satisfied. Therefore Lemma 1.28 shows thatf is Riemann integrable on [a, b].
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We shall now work toward a theorem about interchanging limits and integrals.
The preliminary step is to obtain some simple properties of Riemann integrals.

Proposition 1.30.If f , f1, and f2 are Riemann integrable on [a, b], then

(a) f1 + f2 is in R[a, b] and
∫ b

a ( f1 + f2) dx = ∫ b
a f1 dx + ∫ b

a f2 dx,

(b) c f is in R[a, b] and
∫ b

a c f dx = c
∫ b

a f dx for any real numberc,

(c) f1 ≤ f2 on [a, b] implies
∫ b

a f1 dx ≤ ∫ b
a f2 dx,

(d) m ≤ f ≤ M on [a, b] andϕ : [m, M ] → R continuous imply thatϕ ◦ f
is in R[a, b],

(e) | f | is in R[a, b], and
∣∣ ∫ b

a f dx
∣∣ ≤ ∫ b

a | f | dx,
(f) f 2 and f1 f2 are inR[a, b],
(g)

√
f is in R[a, b] if f ≥ 0 on [a, b],

(h) the functiong with g(x) = f (−x) is in R[−b, −a] and satisfies∫ −a
−b g dx = ∫ b

a f dx.

REMARK. The proof of (c) will show, even without the assumption of Riemann

integrability, that
∫

a

b
f1 dx ≤ ∫

a

b
f2 dx and

∫ b

a
f1 dx ≤ ∫ b

a
f2 dx. We shall make

use of this stronger conclusion later in this section.

PROOF. For (a), write f = f1 + f2, and letP be a partition. From

inf
x∈[xi −1,xi ]

f1(x) + inf
x∈[xi −1,xi ]

f2(x) ≤ inf
x∈[xi −1,xi ]

( f1 + f2)(x) = inf
x∈[xi −1,xi ]

f (x)

and a similar inequality with the supremum, we obtain

L(P, f1) + L(P, f2) ≤ L(P, f ) ≤ U (P, f ) ≤ U (P, f1) + U (P, f2). (∗)

Let ε > 0 be given. By Lemma 1.25e, chooseP1 andP2 with

U (P1, f1) − L(P1, f1) < ε and U (P2, f2) − L(P2, f2) < ε.

If P is a common refinement ofP1 andP2, then Lemma 1.25a gives

U (P, f1) − L(P, f1) < ε and U (P, f2) − L(P, f2) < ε.

Hence

U (P, f1) ≤
∫ b

a
f1 dx + ε ≤ L(P, f1) + 2ε,

U (P, f2) ≤
∫ b

a
f2 dx + ε ≤ L(P, f2) + 2ε,
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and (∗) yields U (P, f ) − L(P, f ) ≤ 4ε. Sinceε is arbitrary, Lemma 1.25e
shows thatf is in R[a, b]. From the inequalities forU (P, f1) andU (P, f2),
combined with the last inequality in (∗), we see that∫ b

a
f dx ≤ U (P, f ) ≤ U (P, f1) + U (P, f2) ≤

∫ b

a
f1 dx +

∫ b

a
f2 dx + 2ε,

while the first inequality in (∗) shows that∫ b

a
f1 dx +

∫ b

a
f2 dx + 2ε ≤ L(P, f1) + L(P, f2) + 4ε

≤ L(P, f ) + 4ε ≤
∫ b

a
f dx + 4ε.

Sinceε is arbitrary, we obtain
∫ b

a ( f1 + f2) dx = ∫ b
a f1 dx + ∫ b

a f2 dx. This
proves (a).

For (b), consider any subinterval [xi −1, xi ] of a partition, and letmi andMi be
the infimum and supremum off on this subinterval. Also, letm′

i andM ′
i be the

infimum and supremum ofc f on this subinterval. Ifc ≥ 0, thenM ′
i = cMi and

m′
i = cmi , so that(M ′

i − m′
i )	xi = c(Mi − mi )	xi . If c ≤ 0, thenM ′

i = −cmi

andm′
i = −cMi , so that we still have(M ′

i −m′
i )	xi = c(Mi −mi )	xi . Summing

on i , we obtainU (P, c f ) − L(P, c f ) = c(U (P, f ) − L(P, f )), and (b) follows
from Lemma 1.25e.

For (c), we have
∫

a

b
f1 dx ≤ U (P, f1) ≤ U (P, f2) for all P. Taking the

infimum onP in the inequality of the first and third members gives
∫

a

b
f1 dx ≤∫

a

b
f2 dx. (Similarly

∫ b

a
f1 dx ≤ ∫ b

a
f2 dx, but this is not needed under the

hypothesis thatf1 and f2 are Riemann integrable.)
For (d), letK = supt∈[m,M ] |ϕ(t)|. Letε > 0 be given, and choose by Theorem

1.10 someδ of uniform continuity forϕ andε. Without loss of generality, we
may assume thatδ ≤ ε. By Lemma 1.25e, choose a partitionP = {xi }n

i =0 of
[a, b] such thatU (P, f ) − L(P, f ) < δ2. On any subinterval [xi −1, xi ] of P,
let mi and Mi be the infimum and supremum off , and letm′

i and M ′
i be the

infimum and supremum ofϕ ◦ f . Divide the set of integers{1, . . . , n} into two
subsets—the subsetA of integersi with Mi −mi < δ and the subsetB of integers
i with Mi − mi ≥ δ. If i is in A, then the definition ofδ makesM ′

i − m′
i ≤ ε. If

i is in B, then the best we can say is thatM ′
i − m′

i ≤ 2K . However, onB we do
haveMi − mi ≥ δ, and thus

δ
∑
i ∈B

	xi ≤
∑
i ∈B

(Mi −mi )	xi ≤
n∑

i =1

(Mi −mi )	xi = U (P, f )− L(P, f ) < δ2.
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Thus
∑

i ∈B 	xi < δ and

U (P, ϕ ◦ f ) − L(P, ϕ ◦ f ) =
∑
i ∈A

(M ′
i − m′

i )	xi +
∑
i ∈B

(M ′
i − m′

i )	xi

≤ ε
∑
i ∈A

	xi + 2K
∑
i ∈B

	xi

≤ ε(b − a) + 2K δ ≤ ε(b − a) + 2K ε.

Sinceε is arbitrary, the Riemann integrability ofϕ◦ f follows from Lemma 1.25e.
For (e), the first conclusion follows from (d) withϕ(t) = |t |. For the asserted

inequality we havef ≤ | f | and− f ≤ | f |, so that (c) and (b) give
∫ b

a f dx ≤∫ b
a | f | dx and− ∫ b

a f dx ≤ ∫ b
a | f | dx. Combining these inequalities, we obtain∣∣ ∫ b

a f dx
∣∣ ≤ ∫ b

a | f | dx.
For (f), the first conclusion follows from (d) withϕ(t) = t2. For the Riemann

integrability of f1 f2, we use the formulaf1 f2 = 1
2

(
( f1 + f2)2 − f 2

1 − f 2
2

)
and

the earlier parts of the proposition.
Conclusion (g) follows from (d) withϕ(t) = √

t .
For (h), each partitionP of [a, b] yields a natural partitionP′ of [−b, −a] by

using the negatives of the partition points. WhenP andP′ are matched in this way,
U (P, f ) = U (P′, g) andL(P, f ) = L(P′, g). It is immediate thatf ∈ R[a, b]
impliesg ∈ R[−b, −a] and that

∫ −a
−b g dx = ∫ b

a f dx. This completes the proof.

The next topic is the problem of interchange of integral and limit.

EXAMPLE. On the interval [0, 1], define fn(x) to ben for 0 < x < 1/n and to
be 0 otherwise. Proposition 1.29 shows thatfn is Riemann integrable, and Lemma
1.27 allows us to see that

∫ 1
0 fn dx = 1 for alln. On the other hand, limn fn(x) = 0

for all x ∈ [0, 1]. Since
∫ 1

0 0dx = 0, we have
∫ 1

0 fn dx = 1 �= 0 = limn
∫

fn dx.
Thus the interchange is not justified without some additional hypothesis.

Theorem 1.31.If { fn} is a sequence of Riemann integrable functions on [a, b]
and if { fn} converges uniformly tof on [a, b], then f is Riemann integrable on
[a, b], and limn

∫ b
a fn dx = ∫ b

a f dx.

REMARKS. Proposition 1.16 suggests considering a “matrix” whose entries
are the quantities for which we are computing iterated limits, and these quantities
areU (P, fn) here. (Alternatively, we could useL(P, fn).) The hypothesis of
uniformity in the statement of Theorem 1.31, however, concernsfn, notU (P, fn).
In fact, the tidy hypothesis onfn in the statement of the theorem implies a less
intuitive hypothesis onU (P, fn) that has not been considered. The proof conceals
these details.
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PROOF. Using the uniform Cauchy criterion withε = 1, we see that there
exists N such that| fn(x)| ≤ MN + 1 for all x whenevern ≥ N. It follows
from the boundedness off1, . . . , fN−1 that the| fn| are uniformly bounded, say
by M . Then also| f (x)| ≤ M for all x. Putεn = supx | fn(x) − f (x)|, so that
fn − εn ≤ f ≤ fn + εn. Proposition 1.30c and the remark with the proposition,
combined with Lemma 1.25c, then yield∫ b

a
( fn − εn) dx ≤

∫ b

a

f dx ≤
∫

a

b

f dx ≤
∫ b

a
( fn + εn) dx.

Hence
∫

a

b
f dx − ∫ b

a
f dx ≤ 2εn(b − a) for all n. The uniform convergence of

{ fn} to f forcesεn to tend to 0, and thusf is inR[a, b]. The displayed equation,
in light of the Riemann integrability off , shows that∣∣∣ ∫ b

a
f dx −

∫ b

a
fn dx

∣∣∣ ≤ 2εn(b − a).

The right side tends to 0, and therefore limn
∫ b

a fn dx = ∫ b
a f dx.

EXAMPLE. Let f : [0, 1] → R be defined by

f (x) =
{

1/q if x is the rationalp/q in lowest terms

0 if x is irrational.

This function is discontinuous at every rational and is continuous at every irra-
tional. Its Riemann integrability is not settled by Proposition 1.29. Define

fn(x) =
⎧⎨⎩

1/q if x is the rationalp/q in lowest terms,q ≤ n

0 if x is the rationalp/q in lowest terms,q > n

0 if x is irrational.

Proposition 1.29 shows thatfn is Riemann integrable, and Lemma 1.27 shows that∫ 1
0 fn dx = 0. Since| fn(x) − f (x)| ≤ 1/n for all x, { fn} converges uniformly

to f . By Theorem 1.31,f is Riemann integrable and
∫ 1

0 f dx = 0.

Theorem 1.32(Fundamental Theorem of Calculus). Iff : [a, b] → R is
continuous, then

(a) the functionG(x) = ∫ x
a f dt is differentiable fora < x < b with

derivative f (x), and it is continuous ata andb with G(a) = 0,
(b) any continuous functionF on [a, b] that is differentiable fora < x < b

with derivative f (x) has
∫ b

a f dt = F(b) − F(a).
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REMARK. The derivative ofG(x) on (a, b), namely f (x), has the finite limits
f (a) and f (b) at the endpoints of the interval, sincef has been assumed to be
continuous on [a, b]. Thus, in the sense of the last paragraph of Section A2 of the
appendix,G(x) has the continuous derivativef (x) on theclosedinterval [a, b].

PROOF OF(a). Riemann integrability off is known from Theorem 1.26. For
h > 0 small enough to makex + h < b, Lemma 1.27 and Proposition 1.30 give

G(x + h) − G(x)

h
− f (x) =

∫ x+h
a f dt − ∫ x

a f dt

h
− f (x)

= 1

h

∫ x+h

x
f dt − f (x)

= 1

h

∫ x+h

x
[ f (t) − f (x)] dt

and hence

∣∣∣∣G(x + h) − G(x)

h
− f (x)

∣∣∣∣ ≤ 1

h

∫ x+h

x
| f (t) − f (x)| dt.

If ε > 0 is given, choose theδ of continuity for f andε at x. Then 0< h ≤ δ

implies that the right side is≤ ε. For negativeh, we instead takeh > 0 and
consider

G(x − h) − G(x)

−h
− f (x) = 1

h

∫ x

x−h
f dt − f (x) = 1

h

∫ x

x−h
[ f (t) − f (x)] dt.

Then ∣∣∣∣G(x − h) − G(x)

−h
− f (x)

∣∣∣∣ ≤ 1

|h|
∫ x

x−h
| f (t) − f (x)| dt ≤ ε,

as required.

PROOF OF(b). The functionsF andG are two continuous functions on [a, b]
with equal derivative on(a, b). A corollary of the Mean Value Theorem stated
in Section A2 of the appendix impliesG = F + c for some constantc. Then∫ b

a
f dt = G(b) − 0 = G(b) − G(a) = F(b) + c − F(a) − c = F(b) − F(a).

Corollary 1.33 (integration by parts). Letf andg be real-valued functions
defined and having a continuous derivative on [a, b]. Then∫ b

a
f (x)g′(x) dx =

[
f (x)g(x)

]b

a
−
∫ b

a
f ′(x)g(x) dx.

REMARK. The notion of a continuous derivative at the endpoints of an interval
is discussed in the last paragraph of Section A2 of the appendix.
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PROOF. We start from the product rule for differentiation, namely

d

dx
[ f (x)g(x)] = f (x)g′(x) + f ′(x)g(x),

and we apply
∫ b

a to both sides. Taking Theorem 1.32 into account, we obtain the
desired formula.

Theorem 1.34(change-of-variables formula). Letf be Riemann integrable
on [a, b], letϕ be a continuous strictly increasing function from an interval [A, B]
onto [a, b], suppose that the inverse functionϕ−1 : [a, b] → [ A, B] is continuous,
and suppose finally thatϕ is differentiable on(A, B) with uniformly continuous
derivativeϕ′. Then the product( f ◦ ϕ)ϕ′ is Riemann integrable on [A, B], and∫ b

a
f (x) dx =

∫ B

A
f (ϕ(y))ϕ′(y) dy.

REMARKS. The uniform continuity ofϕ′ forcesϕ′ to be bounded. Ifϕ′ were
also assumed positive on(A, B), then the continuity ofϕ−1 on (a, b) would be
automatic as a consequence of the proposition in Section A3 of the appendix.
The result in the appendix is not quite good enough for current purposes, and thus
we have assumed the continuity ofϕ−1 on [a, b]. It will be seen in Section II.7
that the continuity ofϕ−1 on [a, b] is automatic in the statement of Theorem 1.34
and need not be assumed.

PROOF IF f ≥ 0. Givenε > 0, choose someη of uniform continuity forϕ′ and
ε, and then choose, by Theorem 1.10, someδ of uniform continuity forϕ−1 andη.
Next choose a partitionP = {xi }n

i =0 on [a, b] such thatU (P, f )− L(P, f ) < ε.
Possibly by passing to a refinement ofP, we may assume thatµ(P) < δ. Let Q
be the partition{yi }n

i =0 of [ A, B] with yi = ϕ−1(xi ). Thenµ(Q) < η.
The Mean Value Theorem gives	xi = (	yi )ϕ

′(ξi ) for someξ betweenyi −1

andyi . On [A, B], ϕ′ is bounded; letm∗
i andM∗

i be the infimum and supremum
of ϕ′ on [yi −1, yi ], so thatm∗

i ≤ ϕ′(ξ) ≤ M∗
i andm∗

i 	yi ≤ 	xi ≤ M∗
i 	yi .

Sinceµ(Q) < η, we haveM∗
i − m∗

i ≤ ε. Then we have∑
Mi m

∗
i 	yi ≤

∑
Mi 	xi = U (P, f ) =

∑
Mi ϕ

′(ξi )	yi ≤ Mi M
∗
i 	yi .

WheneverF and G are ≥ 0 on a common domain andx is in that domain,
(inf G)F(x) ≤ G(x)F(x); taking the supremum of both sides gives the inequality
(inf G)(supF) ≤ sup(FG). Also, sup(FG) ≤ sup(F) sup(G). Applying these
inequalities withG = ϕ′ andF = f ◦ ϕ yields∑

Mi m
∗
i 	yi ≤ U (Q, ( f ◦ ϕ)ϕ′) ≤ Mi M

∗
i 	yi .
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Subtraction of the right-hand inequality of the first display and the left-hand
inequality of the second display shows that

U (P, f ) − U (Q, ( f ◦ ϕ)ϕ′) ≤
∑

Mi (M∗
i − m∗

i )	yi ,

while subtraction of the right-hand inequality of the second display and the left-
hand inequality of the first display gives

U (Q, ( f ◦ ϕ)ϕ′) − U (P, f ) ≤
∑

Mi (M∗
i − m∗

i )	yi .

Therefore

|U (P, f ) − U (Q, ( f ◦ ϕ)ϕ′)| ≤
∑

Mi (M∗
i − m∗

i )	yi ≤ εM(B − A).

Similarly |L(P, f ) − L(Q, ( f ◦ ϕ)ϕ′)| ≤ εM(B − A),

and hence

|U (Q, ( f ◦ ϕ)ϕ′) − L(Q, ( f ◦ ϕ)ϕ′)|
≤ |U (Q, ( f ◦ ϕ)ϕ′) − U (P, f )| + |U (P, f ) − L(P, f )|

+ |L(P, f ) − L(Q, ( f ◦ ϕ)ϕ′)|
≤ 2εM(B − A) + ε.

Sinceε is arbitrary, Lemma 1.25e shows that( f ◦ ϕ)ϕ′ is in R[ A, B]. Our
inequalities imply that ∣∣∫ b

a f dx − U (P, f )
∣∣ ≤ ε,

|U (P, f ) − U (Q, ( f ◦ ϕ)ϕ′)| ≤ εM(B − A),

|U (Q, ( f ◦ ϕ)ϕ′) − ∫ B
A ( f ◦ ϕ)ϕ′ dy

∣∣ ≤ 2εM(B − A).and

Addition shows that
∣∣ ∫ b

a f dx − ∫ B
A ( f ◦ ϕ)ϕ′ dy

∣∣ ≤ ε + 3εM(B − A). Sinceε

is arbitrary,
∫ b

a f dx = ∫ B
A ( f ◦ ϕ)ϕ′ dy.

PROOF FOR GENERAL f . The special case just proved shows that the result
holds for f + c for a suitable positive constantc, as well as for the constant
functionc. Subtracting the results forf + c andc gives the result forf , and the
proof is complete.
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If f is Riemann integrable on [a, b], thenU (P, f )andL(P, f ) tend to
∫ b

a f dx
asP gets finer by insertion of points. This conclusion tells us nothing about fine-
looking partitions like those that are equally spaced with many subdivisions. The
next theorem says that the approximating sums tend to

∫ b
a f dx just under the

assumption thatµ(P) tends to 0.
Relative to our standard partitionP = {xi }n

i =0, let ti for 1 ≤ i ≤ n satisfy
xi −1 ≤ ti ≤ xi , and define

S(P, {ti }, f ) =
n∑

i =1

f (ti )	xi .

This is called aRiemann sumof f .

Theorem 1.35.If f is Riemann integrable on [a, b], then

lim
µ(P)→0

S(P, {ti }, f ) =
∫ b

a
f dx.

Conversely if f is bounded on [a, b] and if there exists a real numberr such
that for anyε > 0, there exists someδ > 0 for which |S(P, {ti }, f ) − r | < ε

wheneverµ(P) < δ, then f is Riemann integrable on [a, b].

PROOF. For the direct part the functionf is assumed bounded; suppose
| f (x)| ≤ M on [a, b]. Let ε > 0 be given. Choose a partitionP∗ of [a, b] with
U (P∗, f ) ≤ ∫ b

a f dx + ε. SayP∗ is a partition intok intervals. Putδ1 = ε
Mk ,

and suppose thatP is any partition of [a, b] with µ(P) ≤ δ1. In the sum giving
U (P, f ), we divide the terms into two types—those from a subinterval ofP that
does not lie within one subinterval ofP∗ and those from a subinterval ofP that
does lie within one subinterval ofP∗.

Each subinterval ofP of the first kind has at least one point ofP∗ strictly
inside it, and the number of such subintervals is therefore≤ k − 1. Hence the
sum of the corresponding terms ofU (P, f ) is

≤ (k − 1)Mµ(P) ≤ (k − 1)Mε

Mk
≤ ε.

The sum of the terms of the second kind is≤ U (P∗, f ). Thus

U (P, f ) ≤ ε + U (P∗, f ) ≤
∫ b

a
f dx + 2ε.

Similarly we can produceδ2 such thatµ(P) ≤ δ2 implies

L(P, f ) ≥
∫ b

a
f dx − 2ε.
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If δ = min{δ1, δ2} andµ(P) ≤ δ, then∫ b

a
f dx − 2ε ≤ L(P, f ) ≤ S(P, f ) ≤ U (P, f ) ≤

∫ b

a
f dx + 2ε,

and hence
∣∣S(P, f ) − ∫ b

a f dx
∣∣ ≤ 2ε.

For the converse letε > 0 be given, and choose someδ as in the statement of the

theorem. Next choose a partitionP = {xi }n
i =0 with

∣∣U (P, f ) − ∫
a

b
f dx

∣∣ < ε

and
∣∣∫ b

a
f dx − L(P, f )

∣∣ < ε; possibly by passing to a refinement ofP, we
may assume without loss of generality thatµ(P) < δ. Choosing{ti }n

i =1 suitably
for the partitionP, we can make|U (P, f ) − S(P, {ti }, f )| < ε. For a possibly
different choice of the set of intermediate points, say{t ′

i }, we can make
|S(P, {t ′

i }, f ) − L(P, f )| < ε. Then

∣∣∫
a

b
f dx − ∫ b

a
f dx

∣∣ ≤ ∣∣U (P, f ) − ∫
a

b
f dx

∣∣+ |U (P, f ) − S(P, {ti }, f )|
+ |S(P, {ti }, f ) − r | + |r − S(P, {t ′

i }, f )|
+ |S(P, {t ′

i }, f ) − L(P, f )| + ∣∣L(P, f ) − ∫ b

a
f dx

∣∣
< 6ε.

Sinceε is arbitrary, the Riemann integrability off follows from Lemma 1.25e.

With integration in hand, one could at this point give rigorous definitions of
the logarithm and exponential functions logx and expx, as well as rigorous but
inconvenient definitions of the trigonometric functions sinx, cosx, and tanx. For
each of these functions we would obtain a formula for the derivative and other
information. We shall not pursue this approach, but we pause to mention the idea.
We put logx = ∫ x

1 t−1 dt for 0 < x < +∞ and see that log carries(0, +∞)

one-one onto(−∞, +∞). The function logx has derivative 1/x and satisfies the
functional equation log(xy) = logx+ log y. The proposition in Section A3 of the
appendix shows that the inverse function exp exists, carries(−∞, +∞) one-one
onto(0, +∞), is differentiable, and has derivative expx. The functional equation
of log translates into the functional equation exp(a + b) = expa expb for exp,
and we readily derive as a consequence that expx = ex, wheree = exp 1. For the
trigonometric functions, the starting points with this approach are the definitions
arctanx = ∫ x

0 (1 + t2)−1 dt, arcsinx = ∫ x
0 (1 − t2)−1/2 dt, andπ = 4 arctan 1.

Instead of using this approach, we shall use power series to define these
functions and to obtain their expected properties. We do so in Section 7.
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5. Complex-Valued Functions

Complex numbers are taken as known, and their notation and basic properties
are reviewed in Section A4 of the appendix. The point of the present section is
to extend some of the results for real-valued functions in earlier sections so that
they apply also to complex-valued functions.

The distancebetween two membersz andw of C is defined byd(z, w) =
|z − w|. This has the properties

(i) d(z1, z2) ≥ 0 with equality if and only ifz1 = z2,
(ii) d(z1, z2) = d(z2, z1),

(iii) d(z1, z2) ≤ d(z1, z3) + d(z3, z2).

The first two are immediate from the definition, and the third follows from the
triangle inequality of Section A4 of the appendix withz = z1−z3 andw = z3−z2.
For this reason, (iii) is called thetriangle inequality also.

Convergence of a sequence{zn} in C to z has two possible interpretations:
either{Rezn} converges to Rez and{Im zn} converges to Imz, or d(zn, z) con-
verges to 0 inR. These interpretations come to the same thing because

max{Rew, Im w} ≤ |w| ≤
√

2 max{Rew, Im w}.
Then it follows that uniform convergence of a sequence of complex-valued

functions has two equivalent meanings, so does continuity of a complex-valued
function at a point or everywhere, and so does differentiation of a complex-
valued function. We readily check that all the results of Section 3, starting with
Proposition 1.16 and ending with Theorem 1.23, extend to be valid for complex-
valued functions as well as real-valued functions.

The one point that requires special note in connection with Section 3 is the
Mean Value Theorem. This theorem is valid for real-valued functions but not
for complex-valued functions. It is possible to give an example now if we again
allow ourselves to use the exponential and trigonometric functions before we
get to Section 7, where the tools will be available for rigorous definitions. The
example isf (x) = eix for x ∈ [0, 2π ]. This function hasf (0) = f (2π) = 1,
but the derivativef ′(x) = ieix is never 0.

The Mean Value Theorem was used in the proof of Theorem 1.23, but the
failure of the Mean Value Theorem for complex-valued functions causes us no
problem when we seek to extend Theorem 1.23 to complex-valued functions.
The reason is that once Theorem 1.23 has been proved for real-valued functions,
one simply puts together conclusions about the real and imaginary parts.

Next we examine how the results of Section 4 may be extended to complex-
valued functions. Upper and lower Riemann sums, of course, make no sense for
a complex-valued function. It is possible to make sense out of general Riemann
sums as in Theorem 1.35, but we shall not base a definition on this approach.
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Instead, we simply define definite integrals of a functionf : R → C in terms
of real and imaginary parts. Define the real and imaginary partsu = Re f and
v = Im f by f (x) = u(x) + i v(x), and let

∫ b
a f dx = ∫ b

a u dx+ i
∫ b

a v dx. We
can then redefine the setR[a, b] of Riemann integrable functions on [a, b] to
consist of bounded complex-valued functions on [a, b] whose real and imaginary
parts are each Riemann integrable.

Most properties of definite integrals go over to the case of complex-valued
functions by inspection; there are two properties that deserve some discussion:

(i) If f is inR[a, b] andc is complex, thenc f is inR[a, b] and
∫ b

a c f dx =
c
∫ b

a f dx.

(ii) If f is in R[a, b], then| f | is in R[a, b] and
∣∣ ∫ b

a f dx
∣∣ ≤ ∫ b

a | f | dx.

To see (i), writef = u + i v andc = p + iq. Thenc f = (r + is)(u + i v) =
(ru−sv)+ i (r v+su). The functionsru−sv andr v+suare Riemann integrable
on [a, b], and hence so isc f . Then∫ b

a c f dx = ∫ b
a (ru − sv) dx + i

∫ b
a (r v + su) dx

= r
∫ b

a u dx− s
∫ b

a v dx + ir
∫ b

a v dx + is
∫ b

a u dx

= r
∫ b

a (u + i v) dx + is
∫ b

a (u + i v) dx = c
∫ b

a f dx.

To see (ii), let f be in R[a, b]. Proposition 1.30 shows successively that
(Re f )2 and(Im f )2 are inR[a, b], that(Re f )2 + (Im f )2 = | f |2 is inR[a, b],
and that

√
| f |2 = | f | is in R[a, b]. For the inequality with

∣∣ ∫ b
a f dx

∣∣, choose

c ∈ C with |c| = 1 such thatc
∫ b

a f dx is real and nonnegative, i.e., equals∣∣ ∫ b
a f dx

∣∣. Using (i), we obtain (ii) from∣∣ ∫ b
a f dx

∣∣ = c
∫ b

a f dx = ∫ b
a c f dx = ∫ b

a Re(c f ) dx

≤ ∫ b
a |c f | dx = ∫ b

a | f | dx.

Finally we observe that Theorem 1.35 extends to complex-valued functions
f . The definition ofRiemann sum is unchanged, namelyS(P, {ti }, f ) =∑n

i =1 f (ti )	xi , and the statement of Theorem 1.35 is unchanged except that the
numberr is now allowed to be complex. The direct part of the extended theorem
follows by applying Theorem 1.35 to the real and imaginary parts off separately.
For the converse we use that the inequality|S(P, {ti }, f )−c| < ε with c complex
implies |S(P, {ti }, Re f ) − Rec| < ε and|S(P, {ti }, Im f ) − Im c| < ε. Theo-
rem 1.35 for real-valued functions then shows that Ref and Im f are Riemann
integrable, and hence so isf .
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6. Taylor’s Theorem with Integral Remainder

There are several forms to the remainder term in the one-variable Taylor’s
Theorem for real-valued functions, and the differences already show up in their
lowest-order formulations. Letf be given, and, for definiteness, supposea < x.
If o(1) denotes a term that tends to 0 asx tends toa, three such lowest-order
formulas are

f (x) = f (a) + o(1) if f is merely assumed to be continuous,

f (x) = f (a) + (x − a) f ′(ξ) with a < ξ < x if f is continuous
on [a, x] and f ′ exists on(a, x),

f (x) = f (a) +
∫ x

a
f ′(t) dt if f and f ′ are continuous on [a, x].

The first formula follows directly from the definition of continuity, while the sec-
ond formula restates the Mean Value Theorem and the third formula restates part
of the Fundamental Theorem of Calculus. The hypotheses of the three formulas
increase in strength, and so do the conclusions. In practice, Taylor’s Theorem
is most often used with functions having derivatives of all orders, and then the
strongest hypothesis is satisfied. Thus we state a general theorem corresponding
only to the third formula above. It applies to complex-valued functions as well
as real-valued functions.

Theorem 1.36(Taylor’s Theorem). Letn be an integer≥ 0, let a and x
be points ofR, and let f be a complex-valued function withn + 1 continuous
derivatives on the closed interval froma to x. Then

f (x) = f (a) + f ′(a)

1!
(x − a) + · · · + f (n)(a)

n!
(x − a)n + Rn(a, x),

where

Rn(a, x) =

⎧⎪⎨⎪⎩
1

n!

∫ x

a
(x − t)n f (n+1)(t) dt if a ≤ x,

− 1

n!

∫ a

x
(x − t)n f (n+1)(t) dt if x ≤ a.

REMARKS. The notion of a continuous derivative at the endpoints of an interval
is discussed for real-valued functions in the last paragraph of Section A2 of the
appendix and extends immediately to complex-valued functions; iteration of this
definition attaches a meaning to continuous higher-order derivatives on a closed
interval. Once the convention in the remarks with Lemma 1.27 is adopted, namely
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that
∫ a

x f dt = − ∫ x
a f dt when x < a, the formula for the remainder term

becomes tidier:

Rn(a, x) = 1

n!

∫ x

a
(x − t)n f (n+1)(t) dt,

with no assumption thata ≤ x.

PROOF. We give the argument whena ≤ x, the casex ≤ a being handled
analogously. The proof is by induction onn. Forn = 0, the formula is immediate
from the Fundamental Theorem of Calculus (Theorem 1.32b). Assume that the
formula holds forn − 1. We apply integration by parts (Corollary 1.33) to the
remainder term at stagen − 1, obtaining∫ x

a
(x − t)n−1 f (n)(t) dt = −1

n

[
(x − t)n f (n)(t)

]x

a
+ 1

n

∫ x

a
(x − t)n f (n+1)(t) dt.

Substitution gives

Rn−1(a, x) = 1

(n − 1)!

∫ x

a
(x − t)n−1 f (n)(t) dt

= − 1

n!

[
(x − t)n f (n)(t)

]x

a
+ 1

n!

∫ x

a
(x − t)n f (n+1)(t) dt

= 1

n!
(x − a)n f (n)(a) + Rn(a, x),

and the induction is complete.

7. Power Series and Special Functions

A power seriesis an infinite series of the form
∑∞

n=0 cnzn. Normally in math-
ematics, if nothing is said to the contrary, the coefficientscn are assumed to be
complex and the variablez is allowed to be complex. However, in the context of
real-variable theory, as when forming derivatives of functions defined on intervals,
one is interested only in real values ofz. In this book the context will generally
make clear whether the variable is to be regarded as complex or as real.

One source of power series is the “infinite Taylor series”
∑∞

n=0

f (n)(0)xn

n!
of

a function f having derivatives of all orders, with the remainder terms discarded.
In this case the variable is to be real. If the series is convergent atx, the series
has sumf (x) if and only if limn Rn(0, x) = 0. Later in this section, we shall see
examples where the limit is identically 0 and where it is nowhere 0 forx �= 0.



7. Power Series and Special Functions 45

Theorem 1.37.If a power series
∑∞

n=0 cnzn is convergent inC for some com-
plex z0 with |z0| = R and if R′ < R, then

∑∞
n=0 |cnzn| is uniformly convergent

for complexz with |z| ≤ R′, and so is
∑∞

n=0 (n + 1)|cn+1zn|.
REMARKS. The number

R = sup
{
R′ ∣∣∑∞

n=0cnzn converges for somez0 with |z0| = R′}
is called theradius of convergenceof

∑∞
n=0 cnzn. The theorem says that if

R′ < R, then
∑∞

n=0 |cnzn| converges uniformly for|z| ≤ R′, and it follows from
the uniform Cauchy criterion that

∑∞
n=0 cnzn converges uniformly for|z| ≤ R′.

The definition ofR carries with it the implication that ifz0 has|z0| > R, then∑∞
n=0 cnzn

0 diverges.

PROOF. The theorem is vacuous unlessR > 0. Since
∑∞

n=0 cnzn
0 is convergent,

the termscnzn
0 tend to 0. Thus there is some integerN for which |cn|Rn ≤ 1

whenn ≥ N. Fix R′ < R. For |z| ≤ R′ andn ≥ N, we have

|cnzn| = |cnzn
0|
∣∣∣ z

z0

∣∣∣n = |cn|Rn
∣∣∣ z

z0

∣∣∣n ≤
(R′

R

)n
.

Since
∑ (

R′
R

)n
< +∞, the WeierstrassM test shows that

∑∞
n=0 cnzn converges

uniformly for |z| ≤ R′.
For the series

∑∞
n=0 (n + 1)|cn+1zn|, the inequalities|z| ≤ R′ andn ≥ N

together imply

|(n + 1)cn+1zn| ≤ (n + 1)|cn+1|Rn
(R′

R

)n ≤ (n + 1)R−1
(R′

R

)n
.

To see that the WeierstrassM test applies here as well, chooser ′ with R′/R <

r ′ < 1 and increase the size ofN so thatn+1
n ≤ R

R′ r ′ whenevern ≥ N. For such
n, the ratio test and the inequality

(n + 2)R−1
(

R′
R

)n+1

(n + 1)R−1
(

R′
R

)n = n + 2

n + 1

R′

R
≤ r ′

show that
∑

(n + 1)R−1
(

R′
R

)n
converges. Thus the WeierstrassM test indeed

applies, and the proof is complete.

Corollary 1.38. If
∑∞

n=0 cnxn converges for|x| < R and the sum of the series
for x real is denoted byf (x), then the functionf has derivatives of all orders
for |x| < R. These derivatives are given by term-by-term differentiation of the
series for f , and each differentiated series converges for|x| < R. Moreover,

ck = f (k)(0)

k!
.
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REMARK. When a function has derivatives of all orders, we say that it is
infinitely differentiable .

PROOF. The corollary is vacuous unlessR > 0. Let R′ < R. The given
series certainly converges atx = 0, and Theorem 1.37 shows that the term-by-
term differentiated series converges uniformly for|x| ≤ R′. Thus Theorem 1.23
gives f ′(x) = ∑∞

n=0 (n + 1)cn+1xn for |x| < R′. SinceR′ < R is arbitrary,
f ′(x) = ∑∞

n=0 (n + 1)cn+1xn for |x| < R.
We can iterate this result to obtain the corresponding conclusion for the higher-

order derivatives. Evaluating the derivatives at 0, we obtainf (k)(0) = ckk!, as
asserted.

Corollary 1.39. If
∑∞

n=0 cnxn and
∑∞

n=0 dnxn both converge for|x| < R and
if their sums are equal forx real with|x| < R, thencn = dn for all n.

PROOF. This result is immediate from the formula for the coefficients in
Corollary 1.38.

If f : R → C is infinitely differentiable nearx = a, we call the infinite

series
∞∑

n=0

f (n)(a)

n!
(x − a)n the (infinite)Taylor series of f . We call a series∑∞

n=0 cn(x − a)n a power seriesaboutx = a; its behavior atx = a + t is the
same as the behavior of the series

∑∞
n=0 cnxn at x = t . In applications, one

usually adjusts the functionf so that Taylor series expansions are aboutx = 0.
Thus we shall concentrate largely on power series expansions aboutx = 0.

Had we chosen at the end of Section 4 to define logx as
∫ x

1 t−1 dt and expx as

the inverse function of logx, we would have found right away that
(

d
dx

)k
expx =

expx for all k. Therefore the infinite Taylor series expansion of expx aboutx = 0
is
∑∞

n=0
xn

n! . This fact does not, however, tell us whether expx is the sum of this
series. For this purpose we need to examine the remainder. Theorem 1.36 shows
that the remainder after the termxn/n! is

Rn(0, x) = 1

n!

∫ x

0
(x − t)n f (n+1)(t) dt = 1

n!

∫ x

0
(x − t)net dt.

Between 0 andx, et is bounded by some constantM(x) depending onx, and thus
|Rn(0, x)| ≤ M(x)

n!

∣∣ ∫ x
0 (x− t)n dt

∣∣ = M(x)

(n+1)! |x|n+1. With x fixed, this tends to 0 as
n tends to infinity, and thus limn Rn(0, x) = 0 for eachx. The conclusion is that
expx = ∑∞

n=0
xn

n! . In a similar fashion one can obtain power series expansions of
sinx and cosx if one starts from definitions of the corresponding inverse functions
in terms of Riemann integrals.

Instead of using this approach, we shall define expx, sinx, and cosx directly
as sums of standard power series. An advantage of using series in the definitions
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is that this approach allows us to define these functions at an arbitrary complex
z, not just at a realx. Thus we define

expz =
∞∑

n=0

zn

n!
, sinz =

∞∑
n=0

(−1)nz2n+1

(2n + 1)!
, cosz =

∞∑
n=0

(−1)nz2n

(2n)!
.

The ratio test shows immediately that these series all converge for all complexz.
Inspection of all these series gives us the identity

expi z = cosz + i sinz.

Corollary 1.38 shows that the functions expz, sinz, and cosz, when considered
as functions of a real variablez = x, are infinitely differentiable with derivatives
given by the expected formulas

d

dx
expx = expx,

d

dx
sinx = cosx,

d

dx
cosx = − sinx.

From these formulas it is immediate thatd
dx

(
sin2 x + cos2 x

) = 0 for all x.
Therefore sin2 x + cos2 x is constant. Puttingx = 0 shows that the constant is 1.
Thus

sin2 x + cos2 x = 1.

In order to prove that expx = ex, wheree = exp 1, and to prove other familiar
trigonometric identities, we shall do some calculations with power series that are
justified by the following theorem.

Theorem 1.40. If f (z) = ∑∞
n=0 anzn andg(z) = ∑∞

n=0 bnzn for complexz

with |z| < R, then f (z)g(z) = ∑∞
n=0 cnzn for |z| < R, where

cn = anb0 + an−1b1 + · · · + a0bn.

REMARK. In other words, the rule is to multiply the series formally, assuming
a kind of infinite distributive law, and reassemble the series by grouping terms
with like powers ofz. The coefficientcn of zn in the product comes from all
productsakzkbl zl for which the total degree isn, i.e., for whichk + l = n. Thus
cn is as indicated.

PROOF. The theorem is vacuous unlessR > 0. Fix R′ < R. For |z| ≤ R′,
put F(z) = ∑∞

n=0 |anzn| andG(z) = ∑∞
n=0 |bnzn|. These series are uniformly

convergent for|z| ≤ R′ by Theorem 1.37, and also| f (z)| ≤ F(z) and|g(z)| ≤
G(z). By the uniform convergence of the series forF andG when |z| ≤ R′,
there existsM < +∞ such thatF(z) ≤ M andG(z) ≤ M for |z| ≤ R′. Given
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ε > 0, choose an integerN ′ such that|z| ≤ R′ implies
∑

n≥N ′ |anzn| < ε and∑
n≥N ′ |bnzn| < ε. If |z| ≤ R′ andN ≥ 2N ′, then∣∣∣ f (z)g(z) −

∞∑
n=0

cnzn
∣∣∣ ≤

∣∣∣ f (z)g(z) −
( N∑

n=0

anzn
)( N∑

n=0

bnzn
)∣∣∣

+
∣∣∣( N∑

n=0

anzn
)( N∑

n=0

bnzn
)

−
N∑

n=0

cnzn
∣∣∣.

Call the two terms on the right sideT1 andT2. Then we have

T1 ≤
∣∣∣ f (z) −

N∑
n=0

anzn
∣∣∣|g(z)| +

∣∣∣ N∑
n=0

anzn
∣∣∣∣∣∣g(z) −

N∑
n=0

bnzn
∣∣∣ ≤ εG(z) + εF(z),

and also, with [N/2] denoting the greatest integer inN/2,

T2 =
∣∣∣ ∑

k+l>N,
k≤N, l≤N

akbl z
k+l
∣∣∣ ≤

∑
k+l>N,

k≤N, l≤N

|akzk||bl z
l |

≤
N∑

k=0

N∑
l=[N/2]

+
N∑

k=[N/2]

N∑
l=0

≤
∞∑

k=0

∞∑
l=N ′

+
∞∑

k=N ′

∞∑
l=0

≤ εG(z) + εF(z).

SinceG(z) ≤ M andF(z) ≤ M for |z| ≤ R′, the total estimate is thatT1 + T2 ≤
4εM . Sinceε is arbitrary, we conclude that limN

∑N
n=0 cnzn = f (z)g(z) for

|z| ≤ R′. SinceR′ is an arbitrary number< R, we conclude that
∑∞

n=0 cnzn =
f (z)g(z) for |z| < R.

Corollary 1.41. For anyzandw in C, exp(z+w) = expzexpw. Furthermore,
expz̄ = expz.

PROOF. Theorem 1.40 and the infinite radius of convergence allow us to write

expzexpw =
( ∞∑

r =0

zr

r !

)( ∞∑
s=0

ws

s!

)
=
∑
r,s

zr ws

r !s!

=
∞∑

N=0

N∑
k=0

zkwN−k

k!(N − k)!
=

∞∑
N=0

1

N!

N∑
k=0

(
N

k

)
zkwN−k

=
∞∑

N=0

(z + w)N

N!
= exp(z + w).
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For the second formula, writez = x + iy. Then

expz̄ = exp(x − iy) = expx exp(−iy) = (expx)(cosy − i siny)

= (expx)(cosy + i siny) = expx exp(iy) = exp(x + iy) = expz.

Corollary 1.42. The exponential function expx, as a function of a real variable,
has the following properties:

(a) exp is strictly increasing on(−∞, +∞) and is one-one onto(0, +∞),
(b) expx = ex, wheree = exp 1,
(c) expx has an inverse function, denoted by logx, that is strictly increas-

ing, carries(0, +∞) one-one onto(−∞, +∞), has derivative 1/x, and
satisfies log(xy) = logx + log y.

REMARKS. The three facts that expx = ex for x real, expz satisfies the
functional equation of Corollary 1.41 forzcomplex, andez is previously undefined
for z nonreal allow one to defineez to mean expz for all complexz. We follow
this convention. In particular,eix = exp(i x) = cosx + i sinx.

PROOF. For x ≥ 0, we certainly have expx ≥ 1. Also, each term of the
series for expx is strictly increasing forx ≥ 0, and hence the same thing is true
of the sum of the series. From Corollary 1.41, exp(−x) expx = exp 0 = 1,
and thus expx is strictly increasing forx ≤ 0 with 0 < expx ≤ 1. Putting
these statements together, we see that expx is strictly increasing and positive on
(−∞, +∞). Hence it is one-one. This proves part of (a).

Since expx > 0, it makes sense to consider rational powers of expx. Iteration
of the identity exp(z + w) = expzexpw shows that

(
exp px

q

)q = exppx =
(expx)p, and application of theqth root function gives exppx

q = (expx)p/q.

Taking x = 1 yields exp(p/q) = ep/q for all rational p/q. The two functions
expx andex are continuous functions of a real variable that are equal whenx is
rational, and hence they are equal for allx. This proves (b).

From the first two terms of the series for exp 1, we see thate > 2. Therefore
en > 2n > n for all positive integersn, and expx has arbitrarily large numbers
in its image. The Intermediate Value Theorem (Theorem 1.12) then shows that
[0, +∞) is contained in its image. Since exp(−x) expx = 1, the interval(0, 1]
is contained in the image as well. Thus expx carries(−∞, +∞) onto(0, +∞).
This proves the remainder of (a).

Consequently expx has an inverse function, which is denoted by logx. Since
expx has the continuous everywhere-positive derivative expx, the proposition in
Section A3 of the appendix applies and shows that logx is differentiable with
derivative 1/ exp(logx). Since exp and log are inverse functions, exp(logx) = x.
Thus the derivative of logx is 1/x.
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Finally exp(logx + log y) = exp(logx) exp(log y) = xy, since exp and log
are inverse functions. Applying log to both sides gives logx + log y = log(xy).
This proves (c).

Corollary 1.43. The trigonometric functions sinx and cosx, as functions of
a real variable, satisfy

(a) sin(x + y) = sinx cosy + cosx siny,
(b) cos(x + y) = cosx cosy − sinx siny.

PROOF. By Corollary 1.41, cos(x + y) + i sin(x + y) = ei (x+y) = eixeiy =
(cosx + i sinx)(cosy + i siny). Multiplying out the right side and equating real
and imaginary parts yields the corollary.

The final step in the foundational work with the trigonometric functions is to
defineπ and to establish the role that it plays with trigonometric functions.

Proposition 1.44. The function cosx, with x real, has a smallest positivex0

for which cosx0 = 0. If π is defined by writingx0 = π/2, then

(a) sinx is strictly increasing, hence one-one, from [0, π
2 ] onto [0, 1], and

cosx is strictly decreasing, hence one-one, from [0, π
2 ] onto [0, 1],

(b) sin(−x) = − sinx and cos(−x) = cosx,
(c) sin(x + π

2 ) = cosx and cos(x + π
2 ) = − sinx,

(d) sin(x + π) = − sinx and cos(x + π) = − cosx,
(e) sin(x + 2π) = sinx and cos(x + 2π) = cosx.

PROOF. The function cosx has cos 0= 1. Arguing by contradiction, suppose
that cosx is nowhere 0 forx > 0. By the Intermediate Value Theorem (Theorem
1.12), cosx > 0 for x ≥ 0. Since sinx is 0 at 0 and has derivative cosx, sinx is
strictly increasing forx ≥ 0 and is therefore positive forx > 0. Since cosx has
derivative− sinx, cosx is strictly decreasing forx ≥ 0. Let us form the function
f (x) = (cosx −cos 1)+ (sin 1)(x −1). If there is somex1 > 1 with f (x1) > 0,
then the Mean Value Theorem produces someξ with 1 < ξ < x1 such that

0 < f (x1) = f (x1) − f (1) = (x1 − 1) f ′(ξ) = (x1 − 1)(− sinξ + sin 1) < 0,

and we have a contradiction. Thusf (x) ≤ 0 for allx ≥ 1. In other words, cosx ≤
cos 1− (sin 1)(x−1) for all x ≥ 1. Forx sufficiently large, cos 1− (sin 1)(x−1)

is negative, and we see that cosx has to be negative forx sufficiently large. The
result is a contradiction, and we conclude that cosx is 0 for somex > 0. Let
x0 be the infimum of the nonempty set of positivex’s for which cosx = 0. We
can find a sequence{xn} with xn → x0 and cosxn = 0 for all n. By continuity
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cosx0 = 0. We know thatx0 ≥ 0, and we must havex0 > 0, since cos 0= 1.
This proves the existence ofx0.

Since sinx has derivative cosx, which is positive for 0≤ x < π/2, sinx is
strictly increasing for 0≤ x ≤ π/2. From sin2 x + cos2 x = 1, we deduce that
sin(π/2) = 1. By the Intermediate Value Theorem, sinx is one-one from [0, π

2 ]
onto [0, 1]. In similar fashion, cosx is strictly decreasing and one-one from [0, π

2 ]
onto [0, 1]. This proves (a).

Conclusion (b) is immediate from the series expansions of sinx and cosx.
Conclusion (c) follows from Corollary 1.43 and the facts that sinπ

2 = 1 and
cosπ

2 = 0. Conclusion (d) follows by applying (c) twice, and conclusion (e)
follows by applying (d) twice.

Corollary 1.45. The functioneix , with x real, has|eix | = 1 for all x, and
x 
→ eix is one-one from [0, 2π) onto the unit circle ofC, i.e., the subset of
z ∈ C with |z| = 1.

PROOF. We have| cosx + i sinx|2 = cos2 x + sin2 x = 1 and therefore
|eix | = 1. If eix1 = eix2 with x1 and x2 in [0, 2π), thenei (x1−x2) = 1 with
t = x1 − x2 in (−2π, 2π). So cost = 1 and sint = 0. From Proposition 1.44
we see that the only possibility fort ∈ (−2π, 2π) is t = 0. Thusx1 − x2 = 0,
andx 
→ eix is one-one.

Now let x + iy havex2 + y2 = 1. First suppose thatx ≥ 0 andy ≥ 0. Since
0 ≤ y ≤ 1, it follows that there existst ∈ [0, π

2 ] with sin t = y. For this t ,
the numbersx and cost are both≥ 0 and have square equal to 1− y2. Thus
x = cost andeit = x + iy. For a generalx + iy with x2 + y2 = 1, exactly
one of the complex numbersi n(x + iy) with 0 ≤ n ≤ 3 has real and imaginary
parts≥ 0. Theni n(x + iy) = eit for somet . Sincei = cosπ

2 + i sin π
2 = ei π/2,

we see thatx + iy = eit e−inπ/2 = eit−inπ/2. Fromei (t±2π) = eit , we can adjust
i t − inπ/2 additively by a multiple of 2π i so that the resulti t ′ lies in i [0, 2π),
and theneit ′ = x + iy, as required.

Corollary 1.46.

(a) The function sinx carries(−π
2 , π

2 ) onto(−1, 1), has everywhere-positive
derivative, and has a differentiable inverse function arcsinx carrying (−1, 1)

one-one onto(−π
2 , π

2 ). The derivative of arcsinx is 1/
√

1 − x2.
(b) The function tanx = (sinx)/ cosx) carries(−π

2 , π
2 ) onto (−∞, +∞),

has everywhere-positive derivative, and has a differentiable inverse function
arctanx carrying(−∞, +∞) one-one onto(−π

2 , π
2 ). The derivative of arctanx is

1/(1 + x2), and
∫ 1
−1 (1 + x2)−1 dx = π/2.

PROOF. From Proposition 1.44 we see thatd
dx(sinx) = cosx and d

dx(tanx) =
(cosx)−2. The first of these is everywhere positive because of (a) and (b)
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in the proposition, and the second is everywhere positive by inspection.
The image of sinx is (−1, 1) by (a) and (b), and also the image of tanx is
(−∞, +∞) by (a) and (b). Application of the proposition in Section A3 of
the appendix yields all the conclusions of the corollary except the formula for∫ 1
−1 (1 + x2)−1 dx. This integral is given by arctan 1− arctan(−1) by Theo-

rem 1.32. Since tan(π/4) = sin(π/4)/ cos(π/4), (c) in the proposition gives
tan(π/4) = 1, and hence arctan 1= π/4. In addition, tan(−π/4) = sin(−π/4)

cos(−π/4)
=

− sin(π/4)

cos(π/4)
= −1, and hence arctan(−1) = −π/4. Therefore

∫ 1
−1 (1+ x2)−1 dx =

(π/4) − (−π/4) = π/2.

A power series, even a Taylor series, may have any radius of convergence in
[0, +∞]. Even if the radius of convergence is> 0, the series may not converge
to the given function. For example, Problems 20–22 at the end of the chapter ask
one to verify that the function

f (x) =
{

e−1/x2
if x �= 0,

0 if x = 0,

is infinitely differentiable, even atx = 0, and hasf (n)(0) = 0 for all n. Thus its
infinite Taylor series is identically 0, and the series evidently converges tof (x)

only for x = 0.
Because of Corollary 1.38, one is not restricted to a rote use of Taylor’s formula

in order to compute Taylor series. If we are interested in the Taylor expansion
of f aboutx = 0, any power series with a positive radius of convergence that
converges tof on some open interval aboutx has to be the Taylor expansion of
f . A simple example isex2

, whose derivatives atx = 0 are a chore to compute.
However,eu = ∑∞

n=0
un

n! for all u. If we putu = x2, we obtainex2 = ∑∞
n=0

x2n

n!

for all x. Therefore this series must be the infinite Taylor series ofex2
. Here is a

more complicated example.

EXAMPLE. Binomial series. Let p be any complex number, and putF(x) =
(1+ x)p for −1 < x < 1. We can compute thenth derivative of f by inspection,
and we obtainF (n)(x) = p(p − 1) · · · (p − n + 1)(1 + x)p−n. Therefore the
infinite Taylor series ofF aboutx = 0 is

∞∑
n=0

p(p − 1) · · · (p − n + 1)

n!
xn.

This series reduces to a polynomial ifp is a nonnegative integer, and the series
is genuinely infinite otherwise. The ratio test shows that the series converges for
|x| < 1; let f (x) be its sum forx real. The remainder termRn(0, x) is difficult to
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estimate, and thus the relationship between the sumf (x) and the original function
(1 + x)p is not immediately apparent. However, we can use Corollary 1.38 to
obtain

f ′(x) =
∞∑

n=1

np(p − 1) · · · (p − n + 1)

n!
xn−1 =

∞∑
n=0

p(p − 1) · · · (p − n)

n!
xn

for |x| < 1. We compute(1 + x) f ′(x) by multiplying the first series byx, the
second series by 1, and adding. If we write the constant term separately, the result
is

(1 + x) f ′(x) = p +
∞∑

n=1

p(p − 1) · · · (p − n + 1)[n + (p − n)]

n!
xn = p f (x).

Therefore

d

dx

[
(1 + x)−p f (x)

] = −p(1 + x)−p−1 f (x) + (1 + x)−p f ′(x)

= (1 + x)−p−1[−p f (x) + (1 + x) f ′(x)] = 0,

and(1+ x)−p f (x) has to be constant for|x| < 1. From the series whose sum is
f (x), we see thatf (0) = 1, and hence the constant is 1. Thusf (x) = (1+ x)p,
and we have established the binomial series expansion

(1 + x)p =
∞∑

n=0

p(p − 1) · · · (p − n + 1)

n!
xn

for −1 < x < 1.

8. Summability

Summability refers to an operation on a sequence of complex numbers to make it
more likely that the sequence will converge. The subject is of interest particularly
with Fourier series, where the ordinary partial sums may not converge even at
points where the given function is continuous.

Let {sn}n≥0 be a sequence inC, and define its sequence ofCesàro sums, or
arithmetic means, to be given by

σn = s0 + s1 + · · · + sn

n + 1

for n ≥ 0. If limn σn = σ exists inC, we say that{sn} isCesàro summableto the
limit σ . For example the sequence withsn = (−1)n for n ≥ 0 is not convergent,
but it is Cesàro summable to the limit 0 becauseσn is 0 for all oddn and is 1

n+1
for all evenn.
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Theorem 1.47.If a complex sequence{sn}n≥0 is convergent inC to the limit
s, then{sn} is Cesàro summable to the limits.

REMARK. The argument is a 2ε proof, and two things are affectingσn. Fork
small and fixed, the contribution ofsk to σn is sk/(n + 1) and is tending to 0. For
k large, anysk is close tos, and the average of such terms is close tos.

PROOF. Letε > 0 be given, and chooseN1 such thatk ≥ N1 implies|sk −s| <

ε. If n ≥ N1, then

σn − s = (s0 − s) + · · · + (sN1 − s)

n + 1
+ (sN1+1 − s) + · · · + (sn − s)

n + 1
,

so that

|σn − s| ≤ |s0| + · · · + |sN1| + (N1 + 1)|s|
n + 1

+ n − N1

n + 1
ε

≤ |s0| + · · · + |sN1| + (N1 + 1)|s|
n + 1

+ ε.

The numerator of the first term is fixed, and thus we can chooseN ≥ N1 large
enough so that the first term is< ε whenevern ≥ N. If n ≥ N, then we see that
|σn − s| < 2ε. Sinceε is arbitrary, the theorem follows.

Next let {an}n≥0 be a complex sequence, and let{sn}n≥0 be the sequence of
partial sums withsn = ∑n

k=0 ak. Form the power seriesσr = ∑∞
n=0 anr n. We

say that the sequence{sn} of partial sums isAbel summableto the limit s in C
if lim r ↑1 σr = s, i.e., if for eachε > 0, there is somer0 such thatr0 ≤ r < 1
implies that|σr − s| < ε. For example, takeak = (−1)k, so thatsn equals 1 ifn
is even and equals 0 ifn is odd. The sequence{sn} of partial sums is divergent.
The r th Abel sumσr is given by the geometric series

∑∞
k=0 (−1)kr k with sum

1/(1+ r ). Lettingr increase to 1, we see that{sn} is Abel summable with limit12.

Theorem 1.48(Abel’s Theorem). Let{an}n≥0 be a complex sequence, and
let {sn}n≥0 be the sequence of partial sums withsn = ∑n

k=0 ak. If {sn}n≥0 is
convergent inC to the limits, then{sn} is Abel summable to the limits.

REMARK. The proof will proceed along the same lines as in the previous case.
It is first necessary to express the Abel sumsσr in terms of thesk’s.

PROOF. Since{sn} converges,{sn} and{an} are bounded, and thus
∑∞

n=0 snr n

and
∑∞

k=0 akr k are absolutely convergent for 0≤ r < 1. With s−1 = 0, write

σr =
∞∑

n=0

anr n =
∞∑

n=0

(sn − sn−1)r
n =

∞∑
n=0

snr n −
∞∑

n=0

snr n+1

= (1 − r )

∞∑
n=0

snr n = (1 − r )

N∑
k=0

r ksk +
∞∑

k=N+1

(1 − r )r ksk.
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Let ε > 0 be given, and chooseN such thatk ≥ N implies|sk − s| < ε. Then

|σr − s| ≤ (1 − r )

N∑
k=0

(|sk| + |s|) +
∞∑

k=N+1

(1 − r )r k|sk − s|

≤ (1 − r )

N∑
k=0

(|sk| + |s|) +
(
(1 − r )

∞∑
k=N+1

r k
)
ε

≤ (1 − r )

N∑
k=0

(|sk| + |s|) + ε.

With N fixed, the coefficient of(1− r ) in the first term is fixed, and thus we can
chooser0 close enough to 1 so that the first term is< ε wheneverr0 ≤ r < 1. If
r0 ≤ r < 1, we see that|σr − s| < 2ε. Sinceε is arbitrary, the theorem follows.

EXAMPLE. For |x| < 1, the geometric series
∑∞

n=0(−1)nxn converges and
has sum(1 + x)−1. The Fundamental Theorem of Calculus gives log(1 + t) =∫ x

0
1

1+t dt = ∫ x
0

∑∞
n=0 (−1)ntn dt for |x| < 1, and Theorem 1.31 allows us to

interchange sum and integral as long as|x| < 1. Consequently

log(1 + x) =
∞∑

n=0

(−1)nxn+1

n + 1

for |x| < 1. The sequence of partial sums on the right converges forx = 1 by
the Leibniz test, and Theorem 1.48 says that the Abel sums must converge to
the same limit. But the Abel sums have limit limx↑1 log(1 + x) = log 2, since
log(1+ x) is continuous forx > 0. Thus Abel’s Theorem has given us a rigorous
proof of the familiar identity

∞∑
n=0

(−1)n

n + 1
= log 2.

Theorems 1.47 and 1.48, which say that one kind of convergence always
implies another, are calledAbelian theorems. Converse results, saying that the
second kind of convergence implies the first under an additional hypothesis, are
calledTauberian theorems. These tend to be harder to prove. We give two
examples of Tauberian theorems; the first one will be applied immediately to
yield an important special case of the main theorem of Section 9; the second one
will be used in Chapter VI to prove a deep theorem about pointwise convergence
of Fourier series.
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Proposition 1.49.Let {an}n≥0 be a complex sequence with all terms≥ 0, and
let {sn}n≥0 be the sequence of partial sums withsn = ∑n

k=0 ak. If {sn}n≥0 is Abel
summable inC to the limits, then{sn} is convergent to the limits.

PROOF. Let {r j }j ≥0 be a sequence increasing to the limit 1. Sinceanr n
j ≥ 0 is

nonnegative and since it is monotone increasing inj for eachn, Corollary 1.14
applies and gives limj

∑∞
n=0 anr n

j = ∑∞
n=0 lim j anr n

j , the limits existing inR∗.
The left side is the (finite) limits of the Abel sums, and the right side is limsn,
which Corollary 1.14 is asserting exists.

EXAMPLE. The binomial series expansion in Section 7 shows, for any complex
p, that(1 − r )p is given for−1 < r < 1 by the absolutely convergent series

(1 − r )p = 1 +
∞∑

n=1

(−1)n p(p − 1) · · · (p − n + 1)

n!
r n.

For p real with 0< p < 1, inspection shows that all the coefficients in the sum
on the right are≤ 0. Therefore

1 − (1 − r )p =
∞∑

n=1

(−1)n+1 p(p − 1) · · · (p − n + 1)

n!
r n (∗)

has all coefficients≥ 0 if 0 < p < 1. For 0≤ r < 1, the sum of the series is
1 − (1 − r )p and is≥ 0. The fact that limr ↑1 [1 − (1 − r )p] = 1 means that the
sequence of partial sumssk = ∑∞

k=1 (−1)k+1 p(p−1)···(p−k+1)

k! is Abel summable
to 1. Proposition 1.49 shows that the series(∗) is convergent atr = 1, and
the WeierstrassM test shows that(∗) converges uniformly for−1 ≤ r ≤ 1 to
1 − (1 − r )p. If we now takep = 1

2, we have

(1 − r )1/2 = 1 −
∞∑

n=1

(−1)n+1
1
2(−1

2)(−3
2) · · · (3

2 − n)

n!
r n

=
∞∑

n=1

(−1)n+1
1
2(−1

2)(−3
2) · · · (3

2 − n)

n!

−
∞∑

n=1

(−1)n+1
1
2(−1

2)(−3
2) · · · (3

2 − n)

n!
r n

=
∞∑

n=1

(−1)n+1
1
2(−1

2)(−3
2) · · · (3

2 − n)

n!
(1 − r n),

the series on the right being uniformly convergent for−1 ≤ r ≤ 1. Putting
r = 1 − x2 therefore gives

|x| =
√

x2 =
∞∑

n=1

(−1)n+1
1
2(−1

2)(−3
2) · · · (3

2 − n)

n!

(
1 − (1 − x2)n),
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the series on the right being uniformly convergent for−1 ≤ x ≤ 1. Consequently
|x| is the uniform limit of a sequence of polynomials on [−1, 1], and all these
polynomials are in fact 0 atx = 0.

Proposition 1.50.Let {an}n≥0 be a complex sequence, and let{sn}n≥0 be the
sequence of partial sums withsn = ∑n

k=0 ak. If {sn} is Cesàro summable to the
limit s in C and if the sequence{nan} is bounded, then{sn} is convergent and the
limit is s. The rate of convergence depends only on the bound for{nan} and the
rate of convergence of the Ces`aro sums.

REMARK. In our application in Chapter VI to pointwise convergence of Fourier
series, the sequence of partial sums will be of the form{sn(x)}, depending on a
parameterx, and the statement about the rate of convergence will enable us to
see that the convergence of{sn(x)} is uniform inx under suitable hypotheses.

PROOF. Let {sn} be the sequence of partial sums of{an}, and chooseM such
that |nan| ≤ M for all n. The first step is to establish a useful formula for
sn − σn. Let m be any integer with 0≤ m < n. We start from the trivial identity
−(n − m)σn = (m+ 1)σn − (n + 1)σn, add(n − m)sn to both sides, and regroup
as

(n−m)(sn − σn) = (m+1)σn − s0 − · · · − sm + (n−m)sn − sm+1 − · · · − sn

= (m+1)(σn − σm) +
n∑

j =m+1

(sn − sj ).

Dividing by (n − m) yields

sn − σn = m + 1

n − m
(σn − σm) + 1

n − m

n∑
j =m+1

(sn − sj ),

which is the identity from which the estimates begin.
For m + 1 ≤ j ≤ n, we have

|sn − sj | ≤ |an| + |an−1| + · · · + |aj +1| ≤ M

n
+ M

n − 1
+ · · · + M

j + 1

≤ M

j + 1
+ M

j + 1
+ · · · + M

j + 1
= (n − j )M

j + 1
≤ (n − m − 1)M

m + 2
.

Substituting into our identity yields

|sn − σn| ≤ m + 1

n − m

∣∣σn − σm

∣∣+ (n − m − 1)M

m + 2
.
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Let ε > 0 be given, and chooseN such that|σk − s| ≤ ε2 wheneverk ≥ N.
We may assume thatε < 1

2 and N ≥ 4. With ε fixed and withn fixed to be
≥ 2N, definem to be the unique integer with

m ≤ n − ε

1 + ε
< m + 1.

Then 0≤ m < n, and our inequality for|sn−σn| applies. From the left inequality
m ≤ n−ε

1+ε
definingm, we obtainm + mε ≤ n − ε and hence(m + 1)ε ≤ n − m

and m+1
n−m ≤ ε−1. From the right inequalityn−ε

1+ε
< m + 1 definingm, we obtain

n − ε < m + 1 + εm + ε and hencen − m − 1 < ε(m + 2) and n−m−1
m+2 < ε.

Thus our main inequality becomes

|sn − σn| ≤ ε−1|σn − σm| + Mε.

To handleσm, we need to boundm below. We have seen thatn − m − 1 <

ε(m + 2), and we have assumed thatε < 1
2. Thenn − m − 1 < 1

2(m + 2), and
this simplifies tom > 2n

3 − 4
3, which is≥ n

2 if n ≥ 8, thus certainly ifN ≥ 4. In
other words,N ≥ 4 andn ≥ 2N makesm ≥ n

2 ≥ N. Therefore|σm − s| < ε2,
and|σn − σm| < 2ε2. Substituting into our main inequality, we obtain

|sn − σn| < ε−12ε2 + Mε = (M + 2)ε.

Sinceε is arbitrary, the proof is complete.

9. Weierstrass Approximation Theorem

We saw as an application of Proposition 1.49 that the function|x| on [−1, 1] is the
uniform limit of an explicit sequence{Pn} of polynomials withPn(0) = 0. This
is a special case of a theorem of Weierstrass that any continuous complex-valued
function on a bounded interval is the uniform limit of polynomials on the interval.

The device for proving the Weierstrass theorem for a general continuous
complex-valued function is to construct the approximating polynomials as the
result of a smoothing process, known as the use of an “approximate identity.”
The idea of an approximate identity is an important one in analysis and will occur
several times in this book. Iff is the given function, the smoothing is achieved
by “convolution” ∫

f (x − t)ϕ(t) dt

of f with some functionϕ, the integrals being taken over some particular intervals.
The resulting function ofx from the convolution turns out to be as “smooth” as
the smoother off andϕ. In the case of the Weierstrass theorem, the function
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ϕ will be a polynomial, and we shall arrange parameters so that the convolution
will automatically be a polynomial.

To see how a polynomial
∫

f (x − t)ϕ(t) dt might approximatef , one can
think of ϕ as some kind of mass distribution; the mass is all nonnegative if
ϕ ≥ 0. The integration produces a function ofx that is the “average” of translates
x 
→ f (x−t) of f , the average being computed according to the mass distribution
ϕ. If ϕ has total mass 1, i.e., total integral 1, and most of the mass is concentrated
neart = 0, then f is being replaced essentially by an average of its translates,
most of the translates being rather close tof , and we can expect the result to be
close to f .

For the Weierstrass theorem, we use a single startingϕ1 at stage 1, namely
c1(1 − x2) on [−1, 1] with c1 chosen so that the total integral is 1. The graph of
ϕ1 is a familiar inverted parabola, with the appearance of a bump centered at the
origin. The function at stagen is cn(1 − x2)n, with cn chosen so that the total
integral is 1. Graphs forn = 3 andn = 30 appear in Figure 1.1. The bump near
the origin appears to be more pronounced atn increases, and what we need to do
is to translate the above motivation into a proof.

Lemma 1.51.If cn is chosen so thatcn
∫ 1
−1 (1 − x2)n dx = 1, thencn ≤ e

√
n

for n sufficiently large.

PROOF. We have

c−1
n = ∫ 1

−1 (1 − x2)n dx ≥ ∫ 1/
√

n
−1/

√
n
(1 − x2) dx = 2

∫ 1/
√

n
0 (1 − x2)n dx

≥ 2
∫ 1/

√
n

0 (1 − 1
n)n dx = 2(1 − 1

n)n
/√

n.

Since(1 − 1
n)n → e−1, we have(1 − 1

n)n ≥ 1
2e−1 for n large enough (actually

for n ≥ 2). Thereforec−1
n ≥ e−1/

√
n for n large enough, and hencecn ≤ e

√
n

for n large enough. This proves the lemma.

n = 3 n = 30
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FIGURE 1.1. Approximate identity. Graphs ofcn
∫ 1
−1 (1 − x2)n dx for

for n = 3 andn = 30 with different scales used on the vertical axes.
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Letϕn(x) = cn(1−x2)n on [−1, 1], with cn as in the lemma. The polynomials
ϕn have the following properties:

(i) ϕn(x) ≥ 0,
(ii)

∫ 1
−1 ϕn(x) dx = 1,

(iii) for any δ > 0, sup{ϕn(x) | δ ≤ x ≤ 1} tends to 0 asn tends to infinity.

Lemma 1.51 is used to verify (iii): the quantity

sup{ϕn(x) | δ ≤ x ≤ 1} = cn(1 − δ2)n

tends to 0 because limn
√

n(1 − δ2)n = 0. A function with the above three
properties will be called anapproximate identity on [−1, 1].

Theorem 1.52(Weierstrass Approximation Theorem). Any complex-valued
continuous function on a bounded interval [a, b] is the uniform limit of a sequence
of polynomials.

PROOF. In order to arrange for the convolution to be a polynomial, we need
to make some preliminary normalizations. Approximatingf (x) on [a, b] by
P(x) uniformly within ε is the same as approximatingf (x + a) on [0, b − a]
by P(x + a) uniformly within ε, and approximatingg(x) on [0, c] uniformly by
Q(x) is the same as approximatingg(cx) uniformly by Q(cx). Thus we may
assume without loss of generality that [a, b] = [0, 1].

If h : [0, 1] → C is continuous and ifr is the function defined byr (x) =
h(x) − h(0) − [h(1) − h(0)]x, then r is continuous withr (0) = r (1) = 0.
Approximatingh(x) on [0, 1] uniformly by R(x) is the same as approximating
r (x) on [0, 1] uniformly by R(x)− h(0)− [h(1)− h(0)]x. Thus we may assume
without loss of generality that the function to be approximated has value 0 at 0
and 1.

Let f : [0, 1] → C be a given continuous function withf (0) = f (1) = 0; the
function f is uniformly continuous by Theorem 1.10. We extendf to the whole
line by making it be 0 outside [0, 1], and the uniform continuity is maintained.
Now letϕn be the polynomial above, and putPn(x) = ∫ 1

−1 f (x − t)ϕn(t) dt.
Let us see thatPn is a polynomial. By our definition of the extendedf , the

integrand is 0 for a particularx ∈ [0, 1] unlesst is in [x −1, x] as well as [−1, 1].
We change variables, replacingt by s+ x and making use of Theorem 1.34, and
the integral becomesPn(x) = ∫

f (−s)ϕn(s+ x) ds, the integral being taken for
s in [−1, 0]∩ [−1− x, 1− x]. Sincex is in [0, 1], the condition ons is thats is in
[−1, 0]. ThusPn(x) = ∫ 0

−1 f (−s)ϕn(s+ x) ds. In this integral,ϕn(x) is a linear

combination of monomialsxk, andxk itself contributes
∫ 0
−1 f (−s)(x + s)k ds,

which expands out to be a polynomial inx. ThusPn(x) is a polynomial inx.
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By property (ii) ofϕn, we have

Pn(x)− f (x) =
∫ 1

−1
f (x − t)ϕn(t) dt − f (x) =

∫ 1

−1
[ f (x − t)− f (x)] ϕn(t) dt.

Then property (i) gives

|Pn(x) − f (x)| ≤
∫ 1

−1
| f (x − t) − f (x)| ϕn(t) dt

=
∫ δ

−δ

| f (x−t) − f (x)| ϕn(t) dt +
( ∫ −δ

−1
+
∫ 1

δ

)
| f (x−t) − f (x)| ϕn(t) dt,

and two further uses of property (ii) show that this is

≤ sup
|t |≤δ

| f (x − t) − f (x)| + 4
(

sup
y∈[0,1]

| f (y)|
)(

sup
δ≤|t |≤1

ϕn(t)
)
.

Givenε > 0, we choose someδ of uniform continuity for f andε, and then the
first term is≤ ε. With δ fixed, we use property (iii) ofϕn and the boundedness
of f , given by Theorem 1.11, to produce an integerN such that the second term
is < ε for n ≥ N. Thenn ≥ N implies that the displayed expression is< 2ε.
Sinceε is arbitrary,Pn converges uniformly tof .

10. Fourier Series

A trigonometric seriesis a series of the form
∑∞

n=−∞ cneinx with complex coef-
ficients. The individual terms of the series thus form a doubly infinite sequence,
but the sequence of partial sums is always understood to be the sequence{sN}∞N=0

with sN(x) = ∑N
n=−N cneinx. Such a series may also be written as

a0

2
+

∞∑
n=1

(an cosnx + bn sinnx)

by putting

einx = cosnx + i sinnx

e−inx = cosnx − i sinnx

}
for n > 0,

c0 = 1
2a0, cn = 1

2(an − ibn), and c−n = 1
2(an + ibn) for n > 0.

Historically the notation with thean’s andbn’s was introduced first, but the use of
complex exponentials has become quite common. Nowadays the notation with
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an’s and bn’s tends to be used only when a functionf under investigation is
real-valued or when all the cosine terms are absent (i.e.,f is even) or all the sine
terms are absent (i.e.,f is odd).

Power series enable us to enlarge our repertory of explicit functions, and the
same thing is true of trigonometric series. Just as the coefficients of a power
series whose sum is a functionf have to be those arising from Taylor’s formula
for f , the coefficients of a trigonometric series formed from a function have to
arise from specific formulas. Let us run through the relevant formal computation:
First we observe that the partial sums have to be periodic with period 2π . The
question then is the extent to which a complex-valued periodic functionf on the
real line can be given by a trigonometric series. Suppose that

f (x) =
∞∑

n=−∞
cneinx.

Multiply by e−ikx and integrate to get

1

2π

∫ π

−π

f (x)e−ikx dx = 1

2π

∫ π

−π

∞∑
n=−∞

cneinxe−ikx dx.

If we can interchange the order of the integration and the infinite sum, e.g., if the
trigonometric series is uniformly convergent tof (x), the right side is

=
∞∑

n=−∞
cn

1

2π

∫ π

−π

einxe−ikx dx =
∞∑

n=−∞
cn

1

2π

∫ π

−π

ei (n−k)x dx = ck

because
1

2π

∫ π

−π

eimx dx =
{

1 if m = 0,

0 if m �= 0.

Let f be Riemann integrable on [−π, π ], and regardf as periodic onR. The
trigonometric series

∑∞
n=−∞ cneinx with

cn = 1

2π

∫ π

−π

f (x)e−inx dx

is called theFourier seriesof f . We write

f (x) ∼
∞∑

n=−∞
cneinx and sN( f ; x) =

N∑
n=−N

cneinx.

The numberscn are theFourier coefficientsof f , and the functionssN( f ; x) are
the partial sums of the Fourier series. The symbol∼ is to be read as “has Fourier
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series,” nothing more, at least initially. The formulas for the coefficients when
the Fourier series is written with sines and cosines are

an = 1

π

∫ π

−π

f (x) cosnx dx for n ≥ 0,

bn = 1

π

∫ π

−π

f (x) sinnx dx for n ≥ 1.

In applications one encounters periodic functions of periods other than 2π . If
f is periodic of period 2l , then the Fourier series off is f (x) ∼ ∑∞

n=−∞ cneinπx/ l

with cn = (2l )−1
∫ l
−l f (x)e−inπx/ l dx. The formula for the series written with

sines and cosines isf (x) ∼ a0/2+∑∞
n=1 (an cos(nπx/ l )+bn sin(nπx/ l )) with

an = l−1
∫ l
−l f (x) cos(nπx/ l ) dx andbn = l−1

∫ l
−l f (x) sin(nπx/ l ) dx. In the

present section of the text, we shall assume that our periodic functions have period
2π .

The result implicit in the formal computation above is that iff (x) is the sum
of a uniformly convergent trigonometric series, then the trigonometric series is
the Fourier series off , by Theorem 1.31.

We ask two questions: When does a general Fourier series converge? If the
Fourier series converges, to what extent does the sum representf ? We begin
with an illuminating example that brings together a number of techniques from
this chapter.

EXAMPLE. As in the example following Theorem 1.48, we have

log
( 1

1 − x

)
= x + 1

2x2 + 1
3x3 + · · · for − 1 < x < 1.

We would like to extend this identity to complexz with |z| < 1 but do not want to
attack the problem of making sense out of log as a function of a complex variable.
What we do is apply exp to both sides and obtain an identity for which both sides
make sense when the realx is replaced by a complexz:

exp
(
z + 1

2z2 + 1
3z3 + · · · ) = 1

1 − z
for |z| < 1.

In fact, this identity is valid forz complex with|z| < 1, and Problems 30–35
at the end of the chapter lead to a proof of it. Corollary 1.45 allows us to write
z = rei θ andz + 1

2z2 + 1
3z3 + · · · = ρei ϕ . Equating real and imaginary parts of

the latter equation gives us

ρ cosϕ =
∞∑

n=1

r n cosnθ

n
and ρ sinϕ =

∞∑
n=1

r n sinnθ

n
.
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We shall compute the left sides of these displayed equations in another way. We
have

eρ cosϕeiρ sinϕ = exp(ρ cosϕ + iρ sinϕ) = exp(ρei ϕ) = (1 − z)−1

and therefore alsoeρ cosϕe−iρ sinϕ = (1 − z̄)−1. Thus

e2ρ cosϕ = (1−z)−1(1−z̄)−1 = (1−rei θ )−1(1−re−i θ )−1 = (1−2r cosθ+r 2)−1.

Taking log of both sides gives 2ρ cosϕ = log
(
(1 − 2r cosθ + r 2)−1

)
, and thus

we have
1
2 log

( 1

1 − 2r cosθ + r 2

)
=

∞∑
n=1

r n cosnθ

n
. (∗)

Handlingρ sinϕ is a little harder. Fromeρ cosϕeiρ sinϕ = (1 − z)−1, we have
eiρ sinϕ = (1 − z)−1/|1 − z|−1 = (1 − z̄)/|1 − z| = 1−r cosθ

|1−z| + i r sinθ
|1−z| , and hence

cos(ρ sinϕ) = (1 − r cosθ)/|1 − z| and sin(ρ sinϕ) = (r sinθ)/|1 − z|.
Thus tan(ρ sinϕ) = r sinθ/(1−r cosθ). Since 1−r cosθ is> 0, cos(ρ sinϕ) is
> 0, andρ sinϕ = arctan

(
(r sinθ)/(1− r cosθ)

)+ 2π N(r, θ) for some integer
N(r, θ) depending onr andθ . Hence

arctan
(
(r sinθ)/(1 − r cosθ)

)+ 2π N(r, θ) =
∞∑

n=1

r n sinnθ

n
.

For fixed r , the first term on the left is continuous inθ , and the series on the
right is uniformly convergent by the WeierstrassM test. By Theorem 1.21 the
right side is continuous inθ . ThusN(r, θ) is continuous inθ for fixed r ; since
N(r, 0) = 0, N(r, θ) = 0 for all r andθ . We conclude that

arctan
( r sinθ

1 − r cosθ

)
=

∞∑
n=1

r n sinnθ

n
. (∗∗)

Problem 15 at the end of the chapter observes that the partial sums
∑N

n=1 cosnθ

and
∑N

n=1 sinnθ are uniformly bounded on any setε ≤ θ < π − ε if ε > 0.
Corollary 1.19 therefore shows that the series

∞∑
n=1

cosnθ

n
and

∞∑
n=1

sinnθ

n

are uniformly convergent forε ≤ θ < π −ε if ε > 0. Abel’s Theorem (Theorem
1.48) shows that each of these series is therefore Abel summable with the same
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limit. We can tell what the latter limits are from(∗) and (∗∗), and thus we
conclude that

1
2 log

( 1

2 − 2 cosθ

)
=

∞∑
n=1

cosnθ

n

arctan
( sinθ

1 − cosθ

)
=

∞∑
n=1

sinnθ

n
,and

The sum of the series with the cosine terms is unbounded nearθ = 0, and
Riemann integration is not meaningful with it. We shall not be able to analyze
this series further until we can treat the left side in Chapter VI by means of
Lebesgue integration. The sum of the series with the sine terms is written in a
way that stresses its periodicity. On the interval [−π, π ], we can rewrite its left
side as1

2(−π − θ) for −π ≤ θ < 0, 0 forθ = 0, and1
2(π − θ) for 0 < θ ≤ π .

The expression for the left side is nicer on the interval(0, 2π), and there we have

1
2(π − θ) =

∞∑
n=1

sinnθ

n
for 0 < θ < 2π.

The function1
2(π − θ) is bounded on(0, 2π), and we can readily compute its

Fourier coefficients from the formulabn = π−1
∫ 2π

0
1
2(π − θ) sinnθ dθ , using

integration by parts (Corollary 1.33). The result is thatbn = 1/n. Hence the
displayed series is the Fourier series. Graphs of some of the partial sums appear
in Figure 1.2.
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FIGURE 1.2. Fourier series of sawtooth function. Graphs of∑N
n=1(sinnx)/n for n = 3, 5, 10, 30.
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The sawtooth function in the above example has a discontinuity, and yet its
Fourier series converges to it pointwise. The recognition of the remarkable
potential that Fourier series have for representing discontinuous functions dates
to Joseph Fourier himself and caused many of Fourier’s contemporaries to doubt
the validity of his work.

Although the above Fourier series converges to the function, it cannot do so
uniformly, as a consequence of Theorem 1.21. In any such situation the Fourier
coefficients cannot decrease rapidly, and a decrease of order 1/n is the best that
one gets for a nice function with a jump discontinuity.

This example points to a general heuristic principle contrasting how power
series and trigonometric series behave: whereas Taylor series converge very
rapidly and may not converge to the function, Fourier series are inclined to
converge rather slowly and they are more likely to converge to the function.

We come to convergence results in a moment. First we establish some ele-
mentary properties of them. Taking the absolute value ofcn in the definition of
Fourier coefficient, we obtain the trivial bound|cn| ≤ 1

2π

∫ π

−π
| f (x)| dx.

Theorem 1.53. Let f be inR[−π, π ]. Among all choices ofd−N, . . . , dN ,
the expression

1

2π

∫ π

−π

∣∣∣ f (x) −
N∑

n=−N

dneinx
∣∣∣2 dx

is minimized uniquely by choosingdn, for all n with |n| ≤ N, to be the Fourier
coefficientcn = 1

2π

∫ π

−π
f (x)e−inx dx. The minimum value is

1

2π

∫ π

−π

| f (x)|2 dx −
N∑

n=−N

|cn|2.

PROOF. Putdn = cn + εn. Then

1
2π

∫ π

−π

∣∣ f (x) −∑N
n=−N dneinx

∣∣2 dx

= 1
2π

∫ π

−π
| f (x)|2 dx − 1

2π
2 Re

∑N
n=−N dn

∫ π

−π
f (x)e−inx dx

+ 1
2π

∫ π

−π

∑N
m,n=−N dmdnei (m−n)x dx

= 1
2π

∫ π

−π
| f (x)|2 dx − 2 Re

∑N
n=−N cndn +∑N

n=−N |dn|2

= (
1

2π

∫ π

−π
| f (x)|2 dx

)− (
2
∑N

n=−N |cn|2 + 2 Re
∑N

n=−N cnεn
)

+ (∑N
n=−N |cn|2 + 2 Re

∑N
n=−N cnεn +∑N

n=−N |εn|2
)

= 1
2π

∫ π

−π
| f (x)|2 −∑N

n=−N |cn|2 +∑N
n=−N |εn|2.

The result follows.
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Corollary 1.54 (Bessel’s inequality). Letf be inR[−π, π ], and let f (x) ∼∑∞
n=−∞ cneinx. Then

∞∑
n=−∞

|cn|2 ≤ 1

2π

∫ π

−π

| f (x)|2 dx.

In particular,
∑∞

n=−∞ |cn|2 is finite.

REMARK. In terms of the coefficientsan andbn, the corresponding result is

|a0|2
2

+
∞∑

n=1

(|an|2 + |bn|2
) ≤ 1

π

∫ π

−π

| f (x)|2 dx.

PROOF. The theorem shows that the minimum value of a certain nonnegative
quantity depending onN is 1

2π

∫ π

−π
| f (x)|2 dx−∑N

n=−N |cn|2. Thus, for anyN,∑N
n=−N |cn|2 ≤ 1

2π

∫ π

−π
| f (x)|2 dx. Letting N tend to infinity, we obtain the

corollary.

Corollary 1.55 (Riemann–Lebesgue Lemma). Iff is in R[−π, π ] and has
Fourier coefficients{cn}∞n=−∞, then lim|n|→∞ cn = 0.

REMARK. This improves on the inequality|cn| ≤ 1
2π

∫ π

−π
| f (x)| dx observed

above, which shows, by means of an explicit estimate, that{cn} is a bounded
sequence.

PROOF. This is immediate from Corollary 1.54.

We now turn to convergence results. First it is necessary to clarify terms like
“continuous” and “differentiable” in the context of Fourier series of functions
on [−π, π ]. Each term of a Fourier series is defined on all ofR and is periodic
with period 2π and is really given as the restriction to [−π, π ] of this periodic
function. Thus it makes sense to regard a general function in the same way if
one wants to form its Fourier series: a functionf is extended to all ofR so as
to be periodic with period 2π , and if we considerf on [−π, π ], it is really the
restriction to [−π, π ] that we are considering.

In particular, it makes sense to insist thatf (−π) = f (π); if f does not
have this property initially, one or both of these endpoint values will have to be
adjusted, but that adjustment will not affect any Fourier coefficients. Similarly
continuity of f will refer to continuity of the extended function on all ofR, and
similarly for differentiability.

That being said, let us take up the matter of integration by parts for the functions
we are considering. The scope of integration by parts in Corollary 1.33 was limited
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to a pair of functionsf andg that have a continuous first derivative. In the context
of Fourier series, it is the periodic extensions that are to have these properties,
and then the integration-by-parts formula simplifies. Namely,∫ π

−π

f (x)g′(x) dx =
[

f (x)g(x)
]π

−π
−
∫ π

−π

f ′(x)g(x) dx

= −
∫ π

−π

f ′(x)g(x) dx,

i.e., the integrated term drops out because of the assumed periodicity.
The simplest convergence result for Fourier series is that a periodic function (of

period 2π ) with two continuous derivatives has a uniformly convergent Fourier
series. To prove this, we taken �= 0 and use the above integration-by-parts
formula twice to obtain

cn = 1

2π

∫ π

−π

f (x)e−inx dx = − 1

2π

( 1

−in

) ∫ π

−π

f ′(x)e−inx dx

= 1

2π

( 1

−in

)2
∫ π

−π

f ′′(x)e−inx dx.

Then |cneinx| = |cn| ≤ C/n2, whereC = 1
2π

∫ π

−π
| f ′′(x)| dx, and the Fourier

series converges uniformly by the WeierstrassM test. The argument does not say
that the convergence is tof , but that fact will be proved in Theorem 1.57 below.

Adjusting the proof just given, we can prove a sharper convergence result.

Proposition 1.56 . If f is periodic (of period 2π ) and has one continuous
derivative, then the Fourier series off converges uniformly.

PROOF. As in the above argument,cn = − 1
2π

(
1

−in

) ∫ π

−π
f ′(x)e−inx dx, and

this equals1
in dn, wheredn is thenth Fourier coefficient of the continuous function

f ′. In the computation that follows, we use the classical Schwarz inequality (as
in Section A5 of the appendix) for finite sums and pass to the limit in order to get
the first inequality, and then we use Bessel’s inequality (Corollary 1.54) to get
the second inequality:∑

n�=0

|cn| =
∑
n�=0

|incn| 1

|n| =
∑
n�=0

1

|n| |dn| ≤
(∑

n�=0

1

n2

)1/2(∑
n�=0

|dn|2
)1/2

≤
(∑

n�=0

1

n2

)1/2( 1

2π

∫ π

−π

| f ′(x)|2 dx
)1/2

.

The right side is finite, and the proposition follows from the WeierstrassM test.
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The fact that the convergence in Proposition 1.56 is actually tof will follow
from Dini’s test, which is Theorem 1.57 below. We first derive some simple
formulas. TheDirichlet kernel is the periodic function of period 2π defined by

DN(x) =
N∑

n=−N

einx = sin
(
(N + 1

2)x
)

sin 1
2x

,

the second equality following from the formula for the sum of a geometric series.
For a periodic functionf of period 2π , the partial sums of the Fourier series of
f are given by

sN( f ; x) =
N∑

n=−N

( 1

2π

∫ π

−π

f (t)e−int dt
)
einx

= 1

2π

∫ π

−π

f (t)
N∑

n=−N

ein(x−t) dt

= 1

2π

∫ π

−π

f (t)DN(x − t) dt

= 1

2π

∫ x+π

x−π

f (x − s)DN(s) ds

= 1

2π

∫ π

−π

f (x − t)DN(t) dt,

the last two steps following from the changes of variablest 
→ x + s (Theorem
1.34) ands 
→ −s (Proposition 1.30h) and from the periodicity off andDN .
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FIGURE 1.3. Dirichlet kernel. Graph ofDN for N = 30.

This is the kind of convolution integral that occurred in the previous section.
Term-by-term integration shows that1

2π

∫ π

−π
DN(x) dx = 1. However,DN is not

an approximate identity, not being everywhere≥ 0. Figure 1.3 shows the graph
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of DN for N = 30. AlthoughDN(x) looks small in the graph away fromx = 0,
it is small only as a percentage ofDN(0); DN(x) does not have limN DN(x) equal
to 0 for x �= 0. ThusDN(x) fails in a second way to be an approximate identity.
The failure ofDN to be an approximate identity is what makes the subject of
convergence of Fourier series so subtle.

Theorem 1.57(Dini’s test). Let f : R → C be periodic of period 2π and
Riemann integrable on [−π, π ]. Fix x in [−π, π ]. If there are constantsδ > 0
andM < +∞ such that

| f (x + t) − f (x)| ≤ M |t | for |t | < δ,

then limN sn( f ; x) = f (x).

REMARK. This condition is satisfied iff is differentiable atx. Thus the
convergence of the Fourier series in Proposition 1.56 is to the original function
f . By contrast, the Dini condition is not satisfied atx = 0 for the continuous
periodic extension of the functionf (x) = |x|1/2 defined on(−π, π ].

PROOF. With x fixed, let

g(t) =
{ f (x − t) − f (x)

sint/2
for 0 < |t | ≤ π,

0 for t = 0.

Proposition 1.30d shows that(sint/2)−1 is Riemann integrable onε ≤ |t | ≤ π for
anyε > 0, and hence so isg(t). Sinceg(t) is bounded neart = 0, Lemma 1.28
shows thatg(t) is Riemann integrable on [−π, π ]. Since

∫ π

−π
DN(x) dx = 1, we

have

sN( f ;x) − f (x)

= 1

2π

∫ π

−π

f (x−t)
sin
(
(N + 1

2)t
)

sin 1
2t

dt − 1

2π

∫ π

−π

f (x)
sin
(
(N + 1

2)t
)

sin 1
2t

dt

= 1

2π

∫ π

−π

g(t) sin
(
(N + 1

2)t
)

dt

= 1

2π

∫ π

−π

[
g(t) cos t

2

]
sinNt dt + 1

2π

∫ π

−π

[
g(t) sin t

2

]
cosNt dt,

and both terms on the right side tend to 0 withN by the Riemann–Lebesgue
Lemma (Corollary 1.55).
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Dini’s test (Theorem 1.57) has implications for “localization” of the conver-
gence of Fourier series. Suppose thatf = g on an open intervalI , and suppose
that the Fourier series off converges tof on I . Then Dini’s test shows that
the Fourier series off − g converges to 0 onI , and hence the Fourier series of
g converges tog on I . For example,f could be a function with a continuous
derivative everywhere, andg could have discontinuities outside the open interval
I . For f , the proof of Proposition 1.56 shows that

∑ |cn| < +∞. But for g,
the Fourier series cannot converge so rapidly because the sum of a uniformly
convergent series of continuous functions has to be continuous. Thus the two
series locally have the same sum, but their qualitative behavior is quite different.

Next let us address the question of the extent to which the Fourier series off
uniquely determinesf . Our first result in this direction will be that iff andg
are Riemann integrable and have the same respective Fourier coefficients, then
f (x) = g(x) at every point of continuity of bothf andg. It may look as if some
sharpening of Dini’s test might apply just under the assumption of continuity of
the function, and then this uniqueness result would be trivial. However, as we
shall see in Chapter XII, the Fourier series of a continuous function need not
converge to the function at particular points, and there can be no such sharpening
of Dini’s test. Instead, we shall handle the uniqueness question in a more indirect
fashion.

The technique is to use an approximate identity, as in the proof of the Weier-
strass Approximation Theorem in Section 9. Although the partial sums of the
Fourier series of a continuous function need not converge at every point, the
Cesàro sums do converge. To get at this fact, we shall examine theFejér kernel

KN(x) = 1

N + 1

N∑
n=0

Dn(x).

The N th Cesàro sum ofsn( f ; x) is given by 1
2π

∫ π

−π
KN(x − t) f (t) dt because

1

N + 1

N∑
n=0

sn( f ; x) = 1

N + 1

N∑
n=0

1

2π

∫ π

−π

Dn(x − t) f (t) dt

= 1

2π

∫ π

−π

KN(x − t) f (t) dt.

The remarkable fact is that the Fej´er kernel is an approximate identity even though
the Dirichlet kernel is not, and the result will be that the Ces`aro sums of a Fourier
series converge in every way that they have any hope of converging.

Lemma 1.58.The Fejér kernel is given by

KN(x) = 1

N + 1

1 − cos(N + 1)x

1 − cosx
.
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PROOF. We show by induction onN that the values ofKN(x) in the definition
and in the lemma are equal. ForN = 0, we haveK0(x) = D0(x) = 1 = 1−cos 1x

1−cosx
as required. Assume the equality forN − 1. Then

(N + 1)KN(x) =
N∑

n=0

Dn(x) = N KN−1(x) + DN(x)

= 1 − cosN x

1 − cosx
+ sin

(
(N + 1

2)x
)

sin 1
2x

· sin 1
2x

sin 1
2x

by induction

= 1 − cosN x + 2 sin
(
(N + 1

2)x
)

sin 1
2x

1 − cosx

= 1 − cosN x − [
cos

(
(N+ 1

2)x+ 1
2x
)− cos

(
(N+ 1

2)x− 1
2x
)]

1 − cosx

= 1 − cos(N + 1)x

1 − cosx
,

as required.

In line with the definition of approximate identity in Section 9, we are to show
that KN(x) has the following properties:

(i) KN(x) ≥ 0,
(ii) 1

2π

∫ π

−π
KN(x) dx = 1,

(iii) for any δ > 0, supδ≤|x|≤π KN(x) tends to 0 asn tends to infinity.

Property (i) follows from the definition ofKN(x), since cosx ≤ 1 everywhere;
(ii) follows from the definition of KN(x) and the linearity of the integral,
since 1

2π

∫ π

−π
Dn(x) dx = 1 for all n; and (iii) follows from Lemma 1.58, since

1 − cos(N + 1)x ≤ 2 everywhere and 1− cosx ≥ 1 − cosδ if δ ≤ |x| ≤ π .

Theorem 1.59(Fejér’s Theorem). Letf : R → C be periodic of period 2π
and Riemann integrable on [−π, π ]. If f is continuous at a pointx0 in [−π, π ],
then

lim
N→∞

1

2π

∫ π

−π

f (x)KN(x0 − x) dx = f (x0).

If f is uniformly continuous on a subsetE of [−π, π ], then the convergence is
uniform for x0 in E.
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PROOF. ChooseM such that| f (x)| ≤ M for all x. By (ii) and then (i),∣∣∣ 1

2π

∫ π

−π

f (x)KN(x0 − x) dx − f (x0)

∣∣∣
=
∣∣∣ 1

2π

∫ π

−π

[ f (x) − f (x0)]KN(x0 − x) dx
∣∣∣

≤ 1

2π

∫ π

−π

| f (x) − f (x0)|KN(x0 − x) dx

≤ 1

2π

∫
|x−x0|≤δ

| f (x) − f (x0)|KN(x0 − x) dx

+ 1

2π

∫
δ≤|x−x0|≤π

2M
(

sup
δ≤|t |≤π

KN(t)
)

dx

≤ 1

2π

∫
|x−x0|≤δ

| f (x) − f (x0)|KN(x0 − x) dx + 2M sup
δ≤|t |≤π

KN(t).

Given ε > 0, choose someδ for ε and continuity of f at x0 or for ε and
uniform continuity of f on E. In the first term on the right side, we then have
| f (x)− f (x0)| ≤ ε on the set where|x − x0| ≤ δ. Thus a second use of (i) shows
that the above expression is

≤ ε + 2M sup
δ≤|t |≤π

KN(t).

With δ fixed, property (iii) shows that the right side is< 2ε if N is sufficiently
large, and the theorem follows.

Corollary 1.60 (uniqueness theorem). Letf : R → C and g : R → C
be periodic of period 2π and Riemann integrable on [−π, π ]. If f andg have
the same respective Fourier coefficients, thenf (x) = g(x) at every point of
continuity of both f andg.

REMARK. The fact thatf andg have the same Fourier coefficients means that
sn( f ; x) = sn(g; x) for all n, hence that

1

2π

∫ π

−π

Dn(x − t) f (t) dt = 1

2π

∫ π

−π

Dn(x − t)g(t) dt

for all n. Then the same formula applies withDn replaced by its Ces`aro sums
KN .

PROOF. Apply Theorem 1.59 tof − g at a pointx0 of continuity of both f
andg.
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Our second result about uniqueness will improve on Corollary 1.60, saying
that any Riemann integrable function with all Fourier coefficients 0 is basically
the 0 function—at least in the sense that any definite integral in which it is a factor
of the integrand is 0. We shall prove this improved result as a consequence of
Parseval’s Theorem, which says that equality holds in Bessel’s inequality. The
proof of Parseval’s Theorem will be preceded by an example and some lemmas.

Theorem 1.61(Parseval’s Theorem). Letf : R → C be periodic of period
2π and Riemann integrable on [−π, π ]. If f (x) ∼ ∑∞

−∞ cneinx, then

lim
N→∞

1

2π

∫ π

−π

| f (x) − sN( f ; x)|2 dx = 0

and
1

2π

∫ π

−π

| f (x)|2 dx =
∞∑

n=−∞
|cn|2.

REMARK. In terms of the coefficientsan andbn, the corresponding result is

1

π

∫ π

−π

| f (x)|2 dx = |a0|2
2

+
∞∑

n=1

(|an|2 + |bn|2
)
.

EXAMPLE. We saw near the beginning of this section that the periodic function

f given by f (x) = 1
2(π −x) on(0, 2π) has f (x) ∼

∞∑
n=1

sinnx

n
. The formulation

of Parseval’s Theorem as in the remark, but with the interval(0, 2π) replacing
the interval(−π, π), says that

∑∞
n=1

1
n2 = 1

π

∫ 2π

0

∣∣1
2(π − x)

∣∣2 dx. The right side

is = 1
4π

∫ π

−π
x2 dx = 2π3/3

4π
= π2

6 . Thus

∞∑
n=1

1

n2
= π2

6
.

This formula was discovered by Euler by other means before the work of Fourier.

For the purposes of the lemmas and the proof of Parseval’s Theorem, let us
introduce a “Hermitian inner product”3 onR[−π, π ] by the definition

( f, g)2 = 1

2π

∫ π

−π

f (x)g(x) dx,

3The term “Hermitian inner product” will be defined precisely in Section II.1. The form( f, g)2
comes close to being one, but it fails to meet all the conditions because( f, f )2 = 0 is possible
without f = 0.
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as well as a “norm” defined by

‖ f ‖2 = ( f, f )
1/2
2 =

( 1

2π

∫ π

−π

| f (x)|2 dx
)1/2

and a “distance function” defined by

d2( f, g) = ‖ f − g‖2 =
( 1

2π

∫ π

−π

| f (x) − g(x)|2 dx
)1/2

.

The role of the functiond2 will become clearer in Chapter II, where “distance
functions” of this kind will be studied extensively.

Lemma 1.62. If f is in R[−π, π ] and
∫ π

−π
| f (x)|2 dx = 0, then∫ π

−π
| f (x)| dx = 0 and also

∫ π

−π
f (x)g(x) dx = 0 for all g ∈ R[−π, π ].

PROOF. Write M = supx∈[−π,π ] | f (x)|, and letε > 0 be given. Choose a
partition P = {xi }n

i =0 with U (P, | f |2) < ε3, i.e.,
n∑

i =1

(
sup

x∈[xi −1,xi ]
| f (x)|2

)
	xi ≤ ε3.

Divide the indices from 1 ton into two subsets,A andB, with

A =
{
i
∣∣ sup

x∈[xi −1,xi ]
| f (x)| ≥ ε

}
and B = {

i
∣∣∣ sup

x∈[xi −1,xi ]
| f (x)| < ε

}
.

The sum of the contributions from indicesi ∈ A toU
(
P, | f |2) is≥ ε2∑

i ∈A 	xi ,
and thus

∑
i ∈A 	xi ≤ ε. Hence

∑
i ∈A

(
supx∈[xi −1,xi ] | f (x)|)	xi ≤ Mε. Also,∑

i ∈B

(
supx∈[xi −1,xi ] | f (x)|)	xi ≤ 2πε. ThereforeU (P, | f |) ≤ (2π + M)ε.

Sinceε is arbitrary,
∫ π

−π
| f (x)| dx = 0. This proves the first conclusion.

For the second conclusion it follows from the boundedness of|g|, say byM ′,
that

∣∣ ∫ π

−π
f (x)g(x) dx

∣∣ ≤ 1
2π

∫ π

−π
| f (x)||g(x)| dx ≤ M ′

2π

∫ π

−π
| f (x)| dx = 0.

Lemma 1.63(Schwarz inequality). Iff andg are inR[−π, π ], then

|( f, g)2| ≤ ‖ f ‖2‖g‖2.

REMARK. Compare this result with the version of the Schwarz inequality in
Section A5 of the appendix. This kind of inequality is put into a broader setting
in Section II.1.

PROOF. If ‖g‖2 = 0, then Lemma 1.62 shows that( f, g)2 = 0 for all f . Thus
the lemma is valid in this case. If‖g‖2 �= 0, then we have

0 ≤ ∥∥ f − ‖g‖−2
2 ( f, g)2 g

∥∥2
2 = (

f − ‖g‖−2
2 ( f, g)2 g, f − ‖g‖−2

2 ( f, g)2 g
)

2

= ‖ f ‖2
2−2‖g‖−2

2 |( f, g)2|2+‖g‖−4
2 |( f, g)2|2 ‖g‖2

2 = ‖ f ‖2
2−‖g‖−2

2 |( f, g)2|2,
and the lemma follows in this case as well.
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Lemma 1.64 (triangle inequality). If f , g, and h are inR[−π, π ], then
d2( f, h) ≤ d2( f, g) + d2(g, h).

PROOF. For any two such functionsF andG, Lemma 1.63 gives

‖F + G‖2
2 = (F + G, F + G)2 = (F, F)2 + (F, G)2 + (G, F)2 + (G, G)2

= ‖F‖2
2 + 2 Re(F, G)2 + ‖G‖2

2

≤ ‖F‖2
2 + 2‖F‖2‖G‖2 + ‖G‖2

2 = (‖F‖2 + ‖G‖2)
2.

Taking the square root of both sides and substitutingF = f − g andG = g − h,
we obtain the lemma.

Lemma 1.65.Let f : R → Cbe periodic of period 2π and Riemann integrable
on [−π, π ], and letε > 0 be given. Then there exists a continuous periodic
g : R → C of period 2π such that‖ f − g‖2 < ε.

PROOF. Because of Lemma 1.64, we may assume thatf is real-valued and is
not identically 0. DefineM = supt∈[−π,π ] | f (t)| > 0, let ε > 0 be given, and
let P = {xi }n

i =0 be a partition to be specified. UsingP, we form the functiong
defined by

g(t) = xi − t

	xi
f (xi −1) + t − xi −1

	xi
f (xi ) for xi −1 ≤ t ≤ xi .

The graph ofg interpolates the points(xi , f (xi )), 0 ≤ i ≤ n, by line segments.
Fix attention on a particular [xi −1, xi ], and let I = inft∈[xi −1,xi ] f (t) and S =
supt∈[xi −1,xi ] f (t). For t ∈ [xi −1, xi ], we have I ≤ g(t) ≤ S. At a single
point t in this interval, f (t) ≥ g(t) implies I ≤ g(t) ≤ f (t) ≤ S, while
g(t) ≥ f (t) implies I ≤ g(t) ≤ f (t) ≤ S. Thus in either case we have
| f (t) − g(t)| ≤ S− I . Taking the supremum overt in the interval and summing
on i , we obtainU (P, | f − g|) ≤ U (P, f ) − L(P, f ).

Since| f − g|2 = | f − g|| f + g|, we have

sup
t∈[xi −1,xi ]

| f (t) − g(t)|2 ≤ sup
t∈[xi −1,xi ]

| f (t) − g(t)| sup
t∈[xi −1,xi ]

| f (t) + g(t)|

≤ 2M sup
t∈[xi −1,xi ]

| f (t) − g(t)|

for 1 ≤ i ≤ n. Summing oni givesU
(
P, | f −g|2) ≤ 2M(U (P, f )− L(P, f )).

Now we can specifyP; it is to be any partition for whichU (P, f )−L(P, f ) ≤
ε2/(2M) and no	xi is 0. Then

0 ≤ 1
2π

∫ π

−π
| f (t) − g(t)|2 dt ≤ 1

2π
U
(
P, | f − g|2)

≤ 2M
2π

(U (P, f ) − L(P, f )) ≤ ε2/(2π) < ε2,

as required.
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PROOF OF THEOREM 1.61. Givenε > 0, choose by Lemma 1.65 a con-
tinuous periodicg with ‖ f − g‖2 < ε. Write g(x) ∼ ∑∞

n=−∞ c′
neinx, and

put gN(x) = 1
2π

∫ π

−π
KN(x − t)g(t) dt, whereKN is the Fejér kernel. Fej´er’s

Theorem (Theorem 1.59) gives supx∈[−π,π ] |g(x)−gN(x)| < ε for N sufficiently
large. Since any Riemann integrableh has‖h‖2 ≤ supx∈[−π,π ] |h(x)|, we obtain
‖g − gN‖2 < ε for N sufficiently large. Fixing such anN and substituting from
the definition ofKN , we have

gN(x) = 1

N + 1

N∑
n=0

1

2π

∫ π

−π

Dn(x − t)g(t) dt

= 1

N + 1

N∑
n=0

n∑
k=−n

c′
keikx =

N∑
n=−N

dneinx

for suitable constantsdn. Theorem 1.53 and Lemma 1.64 then give( 1

2π

∫ π

−π

| f (x)|2 dx −
N∑

n=−N
|cn|2

)1/2 =
∥∥∥ f −

N∑
n=−N

cneinx
∥∥∥

2

≤
∥∥∥ f −

N∑
n=−N

dneinx
∥∥∥

2
= ‖ f − gN‖2

≤ ‖ f − g‖2 + ‖g − gN‖2 < ε + ε = 2ε,

and the result follows.

Corollary 1.66 (uniqueness theorem). Letf : R → C be periodic of period
2π and Riemann integrable on [−π, π ]. If f has all Fourier coefficients 0, then∫ π

−π
| f (x)| dx = 0 and

∫ π

−π
f (x)g(x) dx = 0 for every memberg of R[−π, π ].

PROOF. If f has all Fourier coefficients 0, then
∫ π

−π
| f (x)|2 dx = 0 by

Theorem 1.61. Application of Lemma 1.62 completes the proof of the corollary.

It is natural to ask which sequences{cn} with
∑ |cn|2 finite are the sequences

of Fourier coefficients of somef ∈ R[−π, π ]. To see that this is a difficult ques-
tion, one has only to compare the two series

∑∞
n=1 n−1 sinx and

∑∞
n=1 n−1 cosx

studied at the beginning of this section. The first series comes from a function in
R[−π, π ], but a little argument shows that the second does not. It was an early
triumph of Lebesgue integration that this question has a elegant answer when
the Riemann integral is replaced by the Lebesgue integral: the answer when the
Lebesgue integral is used is given by the Riesz–Fischer Theorem in Chapter VI,
namely,anysequence with

∑ |cn|2 finite is the sequence of Fourier coefficients
of a square-integrable function.
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11. Problems

1. Derive the least-upper-bound property (Theorem 1.1) from the convergence of
bounded monotone increasing sequences (Corollary 1.6).

2. According toNewton’s method, to find numerical approximations to
√

a when
a > 0, one can setx0 = 1 and definexn+1 = 1

2(x2
n + a)/xn for n ≥ 0. Prove

that{xn} converges and that the limit is
√

a.

3. Find lim supan and lim infan whenan is defined bya1 = 0, a2n = 1
2a2n−1,

a2n+1 = 1
2 + a2n. Prove that your answers are correct.

4. For any two sequences{an} and {bn} in R, prove that lim sup(an + bn) ≤
lim supan + lim supbn, provided the two terms on the right side are not+∞
and−∞ in some order.

5. Which of the following limits exist uniformly for 0≤ x ≤ 1: (i) limn→∞ xn,
(ii) lim n→∞ xn/n, (iii) lim n→∞

∑n
k=1 xk/k ? Supply proofs for those that do

converge uniformly. For the other ones, prove anyway that there is uniform
convergence on any interval 0≤ x ≤ 1 − ε, whereε > 0.

6. Let an(x) = (−1)nxn(1 − x) on [0, 1]. Show that
∑∞

n=0 an(x) converges uni-
formly and that

∑∞
n=0 |an(x)| converges pointwise but not uniformly.

7. (Dini’s Theorem) Suppose thatfn : [a, b] → R is continuous and that
f1 ≤ f2 ≤ f3 ≤ · · · . Suppose also thatf (x) = lim fn(x) is continuous and
is nowhere+∞. Use the Bolzano–Weierstrass Theorem (Theorem 1.8) to
prove thatfn converges tof uniformly for a ≤ x ≤ b.

8. Prove that

x − x3

3!
+ x5

5!
− x7

7!
+ x9

9!
− x11

11!
+ x13

13!
− x15

15!
< sinx

for all x > 0.

9. Let f : (−∞, +∞) → R be infinitely differentiable with| f (n)(x)| ≤ 1 for all
n andx. Use Taylor’s Theorem (Theorem 1.36) to prove that

f (x) =
∞∑

n=0

f (n)(0)

n!
xn

for all x.

10. (Helly’s Selection Principle) Suppose that{Fn} is a sequence of nonde-
creasing functions on[−1, 1] with 0 ≤ Fn(x) ≤ 1 for all n andx. Using a
diagonal process twice, prove that there is a subsequence{Fnk} that converges
pointwise on[−1, 1].

11. Prove that the radius of convergence of
∑∞

n=0 anxn is 1/ lim sup n
√|an| .
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12. Find a power series expansion for each of the following functions, and find the
radius of convergence:
(a) 1/(1 − x)2 = d

dx(1 − x)−1,
(b) log(1 − x) = − ∫ x

1
dt

1−t ,
(c) 1/(1 + x2),
(d) arctanx = ∫ x

0
dt

1+t2 .

13. Prove, along the lines of the proof of Corollary 1.46a, that cosx has an inverse
function arccosx defined for 0 < x < π and that the inverse function is
differentiable. Find an explicit formula for the derivative of arccosx. Relate
arccosx to arcsinx when 0< x < π/2.

14. State and prove uniform versions of Abel’s Theorem (Theorem 1.48) and of the
corresponding theorem about Ces`aro sums (Theorem 1.47), the uniformity being
with respect to a parameterx.

15. Prove that the partial sums
∑N

n=1 cosnθ and
∑N

n=1 sinnθ are uniformly bounded
on any setε ≤ θ < 2π − ε if ε > 0.

16. Verify the following calculations of Fourier series:

(a) f (x) =
{+1 for 0 < x < π

−1 for − π < x < 0

}
has f (x) ∼ 4

π

∞∑
n=1

sin(2n − 1)x

2n − 1
.

(b) f (x) = e−i αx on (0, 2π) has f (x) ∼ e−i πα sinπα

π

∞∑
n=−∞

einx

n + α
, provided

α is not an integer.

17. Combining Parseval’s Theorem (Theorem 1.61) with the results of Problem 16,
prove the following identities:

(a)
∞∑

n=1

1

(2n − 1)2
= π2

8
, (b)

∞∑
n=−∞

1

|n + α|2 = π2

sin2 πα
.

Problems 18–19 identify the continuous functionsf : R → C with f (x) f (y) =
f (x + y) for all x andy as the 0 function and the functionsf (x) = ecx, using two
different kinds of techniques from the chapter.

18. PutF(x) = ∫ x
0 f (t) dt. Find an equation satisfied byF , and use it to show that

f is differentiable everywhere. Then show thatf ′(y) = f ′(0) f (y), and deduce
the form of f .

19. Proceed without using integration. Using continuity, findx0 > 0 such that the
expression| f (x) − 1| is suitably small when|x| ≤ |x0|. Show thatf (2−kx0) is
then uniquely determined in terms off (x0) for all k ≥ 0. If f is not identically
0, usex0 to definec. Then verify thatf (x) = ecx for all c.

Problems 20–22 construct a nonzero infinitely differentiable functionf : R → R
having all derivatives equal to 0 at one point.
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20. Let P(x) andQ(x) be two polynomials withQ not the zero polynomial. Prove
that

lim
x→0

P(x)

Q(x)
e−1/x2 = 0.

21. With P andQ as in the previous problem, use the Mean Value Theorem to prove
that the functiong : R → R with

g(x) =
{ P(x)

Q(x)
e−1/x2

for x �= 0,

0 for x = 0,

hasg′(x) = 0 and thatg′ is continuous.

22. Prove that the functionf : R → R with

f (x) =
{

e−1/x2
for x �= 0,

0 for x = 0,

is infinitely differentiable with derivatives of all orders equal to 0 atx = 0.

Problems 23–26 concern a generalization of Ces`aro and Abel summability. A
Silverman–Toeplitz summability methodrefers to the following construction: One
starts with a system{Mi j }i, j ≥0 of nonnegative real numbers with the two properties
that (i)

∑
j Mi j = 1 for all i and (ii) limi →∞ Mi j = 0 for all j . The method associates

to a complex sequence{sn}n≥0 the complex sequence{tn}n≥0 with ti = ∑
j ≥0 Mi j sj

as if the process were multiplication by the infinite square matrix{Mi j } on infinite
column vectors.

23. Prove that if{sn} is a convergent sequence with limits, then the corresponding
sequence{tn} produced by a Silverman–Toeplitz summability method converges
and has limits.

24. Exhibit specific matrices{Mi j } that produce the effects of Ces`aro and Abel
summability, the latter along a sequenceri increasing to 1.

25. Let ri be a sequence increasing to 1, and defineMi j = ( j + 1)(ri )
j (1 − ri )

2.
Show that{Mi j } defines a Silverman–Toeplitz summability method.

26. Using the system{Mi j } in the previous problem, prove the following: if a bounded
sequence{sn} is not necessarily convergent but is Ces`aro summable to a limitσ ,
then{sn} is Abel summable to the same limitσ .

Problems 27–29 concern the Poisson kernel, which plays the same role for Abel sums
of Fourier series that the Fej´er kernel plays for Ces`aro sums. For 0≤ r < 1, define
the Poisson kernelPr (θ) to be ther th Abel sum of the Dirichlet kernelDn(θ) =
1+∑n

k=1 (eikθ + e−ikθ ). In the terminology of Section 8 this means thata0 = 1 and
ak = eikθ + e−ikθ for k ≥ 0, so that the sequence of partial sums

∑n
k=0 ak is exactly
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the sequence whosenth term isDn(θ). Ther th Abel sum
∑∞

n=0 anr n is therefore the
expression

Pr (θ) =
∞∑

n=−∞
r |n|einθ .

27. For f in R[−π, π ], verify that ther th Abel sum ofsn( f ; x) is given by the
expression1

2π

∫ π

−π
Pr (θ − ϕ) f (ϕ) dϕ.

28. Verify that Pr (θ) = 1 − r 2

1 − 2r cosθ + r 2
. Deduce thatPr (θ) has the following

properties:

(i) Pr (θ) ≥ 0,
(ii) 1

2π

∫ π

−π
Pr (θ) dθ = 1,

(iii) for anyδ > 0, supδ≤|θ |≤π Pr (θ) tends to 0 asr increases to 1.

29. Let f : R → C be periodic of period 2π and Riemann integrable on [−π, π ].
(a) Prove that iff is continuous at a pointθ0 in [−π, π ], then

lim
r ↑1

1

2π

∫ π

−π

Pr (θ0 − θ) f (θ) dθ = f (θ0).

(b) Prove that if f is uniformly continuous on a subsetE of [−π, π ], then the
convergence in (a) is uniform forθ0 in E.

Problems 30–35 lead to a proof without complex-variable theory (and in particular
without the complex logarithm) that exp

(
z + 1

2z2 + 1
3z3 + · · · ) = 1/(1 − z) for all

complexz with |z| < 1.

30. Suppose thatR > 0, that fk(x) = ∑∞
n=0 cn,kxn is convergent for|x| < R, that

cn,k ≥ 0 for all n andk, and that limk→∞ fk(x) = f (x) uniformly for |x| ≤ r
wheneverr < R. Prove for eachr < R that some subsequence{ fkl } of { fk} has
liml→∞ f ′

kl
(x) existing uniformly for|x| ≤ r .

31. In the setting of the previous problem, prove thatf is infinitely differentiable for
|x| < R.

32. In the setting of the previous two problems, use Taylor’s Theorem to show that
f (x) is the sum of its infinite Taylor series for|x| < R.

33. If 0 ≤ r < 1, prove for|z| ≤ r that
∣∣ 1

N zN + 1
N+1zN+1 + · · · ∣∣ ≤ r N/(1− r ), and

deduce that exp
( 1

N zN + 1
N+1zN+1 + · · · ) converges to 1 uniformly for|z| ≤ r .

34. Why is it true that if a power series
∑∞

n=0 cnzn with complex coefficients sums
to 0 for all realz with |z| < R, then it sums to 0 for all complexz with |z| < R?

35. Prove that exp
(
z+ 1

2z2+ 1
3z3+· · · ) = 1/(1 − z) for all complexzwith |z| < 1.



CHAPTER II

Metric Spaces

Abstract. This chapter is about metric spaces, an abstract generalization of the real line that allows
discussion of open and closed sets, limits, convergence, continuity, and similar properties. The usual
distance function for the real line becomes an example of a metric. The other notions are defined in
terms of the metric. The advantage of the generalization is that proofs of certain properties of the
real line immediately go over to all other examples.

Section 1 gives the definition of metric space and open set, and it lists a number of important
examples, including Euclidean spaces and certain spaces of functions.

Sections 2 through 4 develop properties of open and closed sets, continuity, and convergence of
sequences that are simple generalizations of known facts aboutR.

Section 5 shows how a subset of a metric space can be made into a metric space so that the
restriction of a continuous function from the whole space to the subset remains continuous. It also
shows that three natural metrics for the product of two metric spaces lead to the same open sets,
continuous functions, and convergent sequences.

Section 6 shows that any metric space is “Hausdorff,” “regular,” and “normal,” and it goes on to
exhibit three different countability hypotheses about a metric space as equivalent. A metric space
with these properties is called “separable.”

Section 7 concerns compactness and completeness. A metric space is defined to be “compact”
if every open cover has a finite subcover. This property is equivalent to the condition that every
sequence has a convergent subsequence. The Heine–Borel Theorem says that the compact sets of
Rn are exactly the closed bounded sets. A number of the results early in Chapter I that were proved
by the Bolzano–Weierstrass Theorem in the context of the real line are seen to extend to any compact
metric space. A metric space is “complete” if every Cauchy sequence is convergent. A metric space
is compact if and only if it is complete and “totally bounded.”

Section 8 concerns connectedness, which is an abstraction of the property of an interval of the
line that accounts for the Intermediate Value Theorem.

Section 9 proves a fundamental result known as the Baire Category Theorem. A sample con-
sequence of the theorem is that the pointwise limit of a sequence of continuous complex-valued
functions on a complete metric space must have points where it is continuous.

Section 10 studies the spaces of real-valued and complex-valued continuous functions on a
compact metric space. A generalization of Ascoli’s Theorem from the setting of Chapter I provides a
characterization of compact sets in either of these spaces of continuous functions. A generalization of
the Weierstrass Approximation Theorem, known as the Stone–Weierstrass Theorem, gives sufficient
conditions for a subalgebra of either of these spaces of continuous functions to be dense. One
consequence is that these spaces of continuous functions are separable.

Section 11 constructs the “completion” of a metric space out of Cauchy sequences in the given
space. The result is a complete metric space and a distance-preserving map of the given metric space
into the completion such that the image is dense.
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1. Definition and Examples

Let X be a nonempty set. A functiond from X × X, the set of ordered pairs of
members ofX, to the real numbers is ametric, or distance function, if

(i) d(x, y) ≥ 0 always, with equality if and only ifx = y,
(ii) d(x, y) = d(y, x) for all x andy in X,

(iii) d(x, y) ≤ d(x, z) + d(z, y) for all x, y, andz, thetriangle inequality .

In this case the pair(X, d) is called ametric space.
The real lineR1 with metric d(x, y) = |x − y| is the motivating example.

Properties (i) and (ii) are apparent, and property (iii) is readily verified one case
at a time according asz is less than bothx andy, z is betweenx andy, or z is
greater than bothx andy.

We come to further examples in a moment. Particularly in the case thatX is
a space of functions, a space may turn out to be almost a metric space but not to
satisfy the condition thatd(x, y) = 0 impliesx = y. Accordingly we introduce
a weakened version of (i) as

(i′) d(x, y) ≥ 0 andd(x, x) = 0 always,

and we say that a functiond from X × X to the real numbers is apseudometric
if (i ′), (ii), and (iii) hold. In this case,(X, d) is called apseudometric space.

Let (X, d) be a pseudometric space. Ifr > 0, theopen ball of radiusr and
centerx, denoted byB(r ; x), is the set of points at distance less thanr from x,
namely

B(r ; x) = {y ∈ X | d(x, y) < r }.
The name “ball” will be appropriate in Euclidean space in dimension three, which
is part of the Example 1 below, and “ball” is adopted for the corresponding notion
in a general pseudometric space.

A subsetU of X is openif for eachx in U and some sufficiently smallr > 0,
the open ballB(r ; x) is contained inU . For the line the open balls in the above
sense are just the bounded open intervals, and the open sets in the above sense
are the usual open sets in the sense of Chapter I.

Lemma 2.1. In any pseudometric space(X, d), every open ball is an open set.
The open sets are exactly all possible unions of open balls.

PROOF. Let an open ballB(r ; x) be given. Ify is in B(r ; x), then the open ball
B(r − d(x, y), y) has centery and positive radius; we show that it is contained
in B(r ; x). In fact, if z is in B(r − d(x, y), y), then the triangle inequality gives

d(x, z) ≤ d(x, y) + d(y, z) < d(x, y) + (r − d(x, y)) = r,

and the containment follows.
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For the second assertion it follows from the definition of open set that every
open set is the union of open balls. In the reverse direction, letU be a union of
open balls. Ify is in U , theny lies in one of these balls, say inB(r ; x). We have
just shown that some open ballB(s; y) is contained inB(r ; x), and B(r ; x) is
contained inU . ThusB(s; y) is contained inU , andU is open.

EXAMPLES.

(1) Euclidean spaceRn. Fix an integern > 0. Let Rn be the space of
all n-tuples of real numbersx = (x1, . . . , xn). We define addition ofn-tuples
componentwise, and we define scalar multiplication bycx = (cx1, . . . , cxn) for
realc. Following the normal convention in linear algebra, we identify this space
with the real vector space, also denoted byRn, of all n-component column vectors

of real numbersx =
⎛⎝ x1

...

xn

⎞⎠. Generalizing the notion of absolute value when

n = 1, we let|x| = (∑n
j =1 x2

j

)1/2
for x = (x1, . . . , xn) in Rn. The quantity|x|

is theEuclidean norm of x. The Euclidean norm satisfies the properties

(a) |x| ≥ 0 always, with equality if and only ifx equals the zero tuple
0 = (0, . . . , 0),

(b) |cx| = |c||x| for all x and for all realc,
(c) |x + y| ≤ |x| + |y| for all x andy.

Properties (a) and (b) are apparent, but (c) requires proof. The proof makes use
of the familiardot product, given byx · y = ∑n

j =1 xj yj if x = (x1, . . . , xn)

and y = (y1, . . . , yn). In terms of dot product, the Euclidean norm is nothing
more than|x| = (x · x)1/2. The dot product satisfies the important inequality
|x · y| ≤ |x||y|, known as theSchwarz inequalityand proved for this context in
Section A5 of the appendix. A more general version of the Schwarz inequality
will be stated and proved in Lemma 2.2 below. The Schwarz inequality implies
(c) above because we then have

|x + y|2 = (x + y) · (x + y) = x · x + 2(x · y) + y · y

= |x|2 + 2(x · y) + |y|2 ≤ |x|2 + 2|x||y| + |y|2 = (|x| + |y|)2.

We makeX = Rn into a metric space(X, d) by defining

d(x, y) = |x − y|.

Properties (i) and (ii) of a metric are immediate from (a) and (b), respectively;
property (iii) follows from (c) in the form|a + b| ≤ |a| + |b| if we substitute
a = x − z and b = y − z. For n = 1, this example reduces to the line as
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discussed above. Forn = 2, open balls are geometric open disks, while for
n = 3, open balls are geometric open balls. For anyn, the open sets in the metric
space coincide with the open sets as defined in calculus of several variables.

(2) Complex Euclidean spaceCn. The spaceC of complex numbers, with
distance functiond(z, w) = |z− w| as in Section I.5, can be seen in two ways to
be a metric space. One way was carried out in Section I.5 and directly uses the
properties of the absolute value function|z| in Section A4 of the appendix. The
other way is to identifyz = x + iy with the member(x, y) of R2, and then the
absolute value|z| equals the Euclidean norm|(x, y)| in the sense of Example 1;
hence the construction of Example 1 makes the set of complex numbers into a
metric space. More generally the complex vector spaceCn of n-tuples

z = (z1, . . . , zn) = (x1, . . . , xn) + i (y1, . . . , yn) = x + iy

becomes a metric space in two equivalent ways. One way is to define the norm
|z| = (∑n

j =1 |zj |2
)1/2

as a generalization of the Euclidean norm forRn; then we
put d(z, w) = |z − w|. The argument thatd satisfies the triangle inequality is a
variant of the one forRn: The object forCn that generalizes the dot product for
Rn is theHermitian inner product

(z, w) = (
(z1, . . . , zn), (w1, . . . , wn)

) =
n∑

j =1

zj wj .

TheEuclidean norm is given in terms of this expression by|z| = (z, z)1/2, and the
version of the Schwarz inequality in Section A5 of the appendix is general enough
to show that|(z, w)| ≤ |z||w|. The same argument as for Example 1 shows that the
norm satisfies the triangle inequality, and then it follows thatd satisfies the triangle
inequality. The other way to viewCn as a metric space is to identifyCn with R2n

by(z1, . . . , zn) 
→ (x1, . . . , xn, y1, . . . , yn)and then to use the metric onR2n from
Example 1. This is the same metric, since

∑n
j =1 |zj |2 = ∑n

j =1 x2
j + ∑n

j =1 y2
j .

We still get the same metric if we instead use the identification(z1, . . . , zn) 
→
(x1, y1, . . . , xn, yn). With either identification the Hermitian inner product(z, w)

for Cn corresponds to the ordinary dot product forR2n.

(3) SystemR∗ of extended real numbers. The functionf (x) = x/(1 + x)

carries [0, +∞) into [0, +1) and hasg(y) = y/(1 − y) as a two-sided inverse.
Thereforef is one-one and onto. We can extendf so that it carries(−∞, +∞)

one-one onto(−1, +1) by putting f (x) = x/(1+ |x|). We can extendf further
by putting f (−∞) = −1 and f (+∞) = +1, and thenf carries [−∞, +∞],
i.e., all of R∗, one-one onto [−1, +1]. The function f is nondecreasing on
[−∞, +∞]. For x andx′ in R∗, let

d(x, x′) = | f (x) − f (x′)|.
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We shall show thatd is a metric. By inspection,d satisfies properties (i) and (ii)
of a metric, and we are to prove the triangle inequality (iii), namely that

d(x, x′) ≤ d(x, x′′) + d(x′′, x′).

The critical fact is thatf is nondecreasing. Sinced satisfies (ii), we may assume
thatx ≤ x′, and then

d(x, x′) = f (x′) − f (x).

We divide the proof into three cases, depending on the location ofx′′ relative to
x andx′. The first case is thatx′′ ≤ x, and then

d(x, x′′) + d(x′′, x′) = f (x) − f (x′′) + f (x′) − f (x′′).

Thus the question is whether

f (x′) − f (x)
?≤ f (x) − f (x′′) + f (x′) − f (x′′),

hence whether

2 f (x′′)
?≤ 2 f (x).

This inequality holds, sincef is nondecreasing. The second case is thatx ≤
x′′ ≤ x′, and then

d(x, x′′) + d(x′′, x′) = f (x′′) − f (x) + f (x′) − f (x′′) = f (x′) − f (x).

Hence equality holds in the triangle inequality. The third case is thatx′ ≤ x′′,
and then

d(x, x′′) + d(x′′, x′) = f (x′′) − f (x) + f (x′′) − f (x′).

The triangle inequality comes down to the question whether

2 f (x′)
?≤ 2 f (x′′).

This inequality holds, sincef is nondecreasing. We conclude that(R∗, d) is a
metric space. It is not hard to see that the open balls inR∗ are all intervals(a, b),
[−∞, b), (a, +∞], and [−∞,+∞] with −∞ ≤ a < b ≤ +∞. Each of these
open balls inR∗ intersectsR in an ordinary open interval, bounded or unbounded.
The open sets inR therefore coincide with the intersections ofR with the open
sets ofR∗.



1. Definition and Examples 87

(4) Bounded functions in theuniform metric . Let S be a nonempty set, and
let X = B(S) be the set of all “scalar”-valued functionsf on S that arebounded
in the sense that| f (s)| ≤ M for all s ∈ S and for a constantM depending on
f . Thescalarsare allowed to be the members ofR or the members ofC, and
it will ordinarily make no difference which one is understood. If it does make a
difference, we shall writeB(S, R) or B(S, C) to be explicit about the range. For
f andg in B(S), let

d( f, g) = sup
s∈S

| f (s) − g(s)|.

It is easy to verify that(X, d) is a metric space. Let us not lose sight of the fact
that the members ofX are functions. When we discuss convergence of sequences
in a metric space, we shall see that a sequence of functions in thisX converges if
and only if the sequence of functions converges uniformly onS.

(5) Generalization of Example 4. We can replace the rangeR or C of the
functions in Example 4 by any metric space(R, ρ). Fix a pointr0 in the range
R. A function f : S → R is bounded if ρ( f (s), r0) ≤ M for all s and for some
M depending onf . This definition is independent of the choice ofr0 becauseρ
is assumed to satisfy the triangle inequality. If we letX be the space of all such
bounded functions fromS to R, we can makeX into a metric space by defining
d( f, g) = sups∈Sρ( f (s), g(s)).

(6) Sequence space�2. This is the space of all sequences{cn}∞n=−∞ of scalars
with

∑ |cn|2 < ∞. A metric is given by

d({cn}, {dn}) =
( ∞∑

n=−∞
|cn − dn|2

)1/2
.

In the case of complex scalars, this example arises as a natural space containing
all systems of Fourier coefficients of Riemann integrable functions on [−π, π ],
in the sense of Chapter I. Proving the triangle inequality involves arguing as in
Examples 1 and 2 above and then letting the number of terms tend to infinity.
The role of the dot product is played by({cn}, {dn}) = ∑∞

n=−∞ cndn.

(7) Indiscrete space. If X is any nonempty set and ifd(x, y) = 0 for all x
andy, thend is a pseudometric and the only open sets areX and the empty set
∅. If X contains more than one element, thend is not a metric.

(8) Discrete metric. If X is any nonempty set and if

d(x, y) =
{

1 if x �= y,

0 if x = y,

thend is a metric, and every subset ofX is open.
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(9) Let S be a nonempty set, fix an integern > 0, and letX be the set of
n-tuples of members ofS. Forn-tuplesx = (x1, . . . , xn) andy = (y1, . . . , yn),
define

d(x, y) = #{ j | xj �= yj },
the number of components in whichx andy differ. Then(X, d) is a metric space.
The proof of the triangle inequality requires a little argument, but we leave that
for Problem 1 at the end of the chapter. Every subset ofX is open, just as with
the discrete metric in Example 8.

(10) Hedgehog space.Let X be R2, and single out the origin for special
attention. Letd be the metric of Euclidean space, and define

ρ(x, y) =
{

d(x, y) if x andy are on the same ray from 0,

d(x, 0) + d(0, y) otherwise.

Thenρ is a metric. Every open set in(X, d) is open in(X, ρ), but a set like the
one in Figure 2.1 is open in(X, ρ) but not in(X, d).

FIGURE 2.1. An open set centered at the origin in the hedgehog space.

(11)Hilbert cube. Let X be the set of all sequences{xm}m≥1 of real numbers
satisfying 0≤ xm ≤ 1 for all m, and put

d({xm}, {ym}) =
∞∑

m=1

2−m|xm − ym|.

Then(X, d) is a metric space. To verify the triangle inequality, we can argue as
follows: Let {xm}, {ym}, and{zm} be in X. For eachm, we have

2−m|xm − ym| ≤ 2−m|xm − zm| + 2−m|zm − ym|.
Thus

N∑
m=1

2−m|xm − ym| ≤
N∑

m=1

2−m|xm − zm| +
N∑

m=1

2−m|zm − ym|

≤
∞∑

m=1

2−m|xm − zm| +
∞∑

m=1

2−m|zm − ym|

for eachN. Letting N tend to infinity yields the desired inequality.
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(12) L1 metric on Riemann integrable functions. Fix a nontrivial bounded
interval [a, b] of the line, let X be the set of all Riemann integrable complex-
valued functions on [a, b] in the sense of Chapter I, and define

d1( f, g) =
∫ b

a
| f (x) − g(x)| dx

for f and g in X. Then(X, d1) is a pseudometric space. It can happen that∫ b
a | f (x) − g(x)| dx = 0 without f = g; for example,f could differ fromg at

a single point. Therefored1 is not a metric.

(13) L2 metric on complex-valuedR[−π, π ]. This example arose in the
discussion of Fourier series in Section I.10, and it was convenient to include a
factor 1

2π
in front of integrals. LetX = R[−π, π ], and define

d2( f, g) =
( 1

2π

∫ π

−π

| f (x) − g(x)|2 dx
)1/2

.

Then(X, d2) is a pseudometric metric space. The triangle inequality was proved
in Lemma 1.64 using the version of the Schwarz inequality in Lemma 1.63; that
version of the Schwarz inequality needed a special argument given in Lemma
1.62 in order to handle functionsf whose norm satisfies‖ f ‖2 = 0.

The constructions of metric spaces in Examples 1, 2, 6, and 13 are sufficiently
similar to warrant abstracting what was involved. We start with a real or complex
vector spaceV , possibly infinite-dimensional, and with a generalization( · , · )
of dot product. This generalization is a function fromV × V to R in the case
thatV is real, and it is a function fromV × V to C in the case thatV is complex.
We shall write the scalars as if they are complex, but only real scalars are to be
used if the vector space is real. The function is written( · , · ) and is assumed to
satisfy the following properties:

(i) it is linear in the first variable, i.e.,(x1 + x2, y) = (x1, y) + (x2, y) and
(cx, y) = c(x, y),

(ii) it is conjugate linear in the second variable, i.e.,(x, y1 + y2) =
(x, y1) + (x, y2) and(x, cy) = c̄(x, y),

(iii) it is symmetric in the real case andHermitian symmetric in the complex
case, i.e.,(y, x) = (x, y),

(iv) it is definite, i.e.,(x, x) > 0 if x �= 0.

The form( · , · ) is called aninner product if V is real or complex and is often
called also aHermitian inner product if V is complex; in either case,V with the
form is called aninner-product space. Two vectorsx andy with (x, y) = 0 are
said to beorthogonal; the notion of orthogonality generalizes perpendicularity
in the case of the dot product.



90 II. Metric Spaces

For either kind of scalars, we define‖x‖ = (x, x)1/2, and the function‖ · ‖
is called the associatednorm. We shall see shortly that a version of the Schwarz
inequality is valid in this generality, the proof being no more complicated than
the one in Section A5 of the appendix.

In many cases in practice, item (iv) is replaced by the weaker condition that

(iv′) ( · , · ) is semidefinite, i.e.,(x, x) ≥ 0 if x �= 0.

This was what happened in Example 13 above. In order to have a name for
this kind of space, let us callV with the semidefinite form( · , · ) a pseudo
inner-product space. It is still meaningful to speak of orthogonality. It is still
meaningful also to define‖x‖ = (x, x)1/2, and this is called thepseudonormfor
the space. The Schwarz inequality is still valid, but its proof is more complicated
than for an inner-product space. The extra complication was handled by Lemma
1.62 in the case of Example 13 in order to obtain a little extra information; the
general argument proceeds along different lines.

Lemma 2.2(Schwarz inequality). LetV be a pseudo inner-product space with
form ( · , · ). If x andy are inV , then|(x, y)| ≤ ‖x‖‖y‖.

PROOF. First suppose that‖y‖ �= 0. Then

0 ≤ ∣∣x − ‖y‖−2(x, y)y
∣∣2 = (

(x − ‖y‖−2(x, y)y), (x − ‖y‖−2(x, y)y)
)

= ‖x‖2 − 2‖y‖−2|(x, y)|2 + ‖y‖−4|(x, y)|2‖y‖2 = ‖x‖2 − ‖y‖−2|(x, y)|2,
and the inequality follows in this case.

Next suppose that‖y‖ = 0. It is enough to prove that(x, y) = 0 for all x. If
c is a real scalar, we have

‖x+cy‖2=(x+cy, x+cy)=‖x‖2+2 Re(x, cy)+|c|2‖y‖2=‖x‖2+2cRe(x, y).

The left side is≥ 0 asc varies, but the right side can be< 0 unless Re(x, y) =
0. Thus we must have Re(x, y) = 0 for all x. Replacingx by i x gives us
Im(x, y) = − Rei (x, y) = − Re(i x, y), and this we have just shown is 0 for all
x. Thus Re(x, y) = Im(x, y) = 0, and(x, y) = 0.

Proposition 2.3 (triangle inequality). IfV is a pseudo inner-product space
with form ( · , · ) and pseudonorm‖ · ‖, then the pseudonorm satisfies

(a) ‖x‖ ≥ 0 for all x ∈ V ,
(b) ‖cx‖ = |c|‖x‖ for all scalarsc and allx ∈ V ,
(c) ‖x + y‖ ≤ ‖x‖ + ‖y‖ for all x andy in V .

Moreover, the definitiond(x, y) = ‖x − y‖ makesV into a pseudometric space.
The spaceV is a metric space if the pseudo inner-product space is an inner-product
space.
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PROOF. Properties (a) and (b) of the pseudonorm are immediate, and (c) follows
because

‖x + y‖2 = (x + y, x + y) = (x, x) + 2 Re(x, y) + (y, y)

= ‖x‖2 + 2 Re(x, y) + ‖y‖2 ≤ ‖x‖2 + 2‖x‖‖y‖ + ‖y‖2 = (‖x‖ + ‖y‖)2.

Putting x = a − c and y = c − b gives d(a, b) ≤ d(a, c) + d(c, b), and
thusd satisfies the triangle inequality for a pseudometric. The other properties
of a pseudometric are immediate from (a) and (b). If the form is definite and
d( f, g) = 0, then( f −g, f −g) = 0 and hence the definiteness yieldsf −g = 0.

EXAMPLES, continued.

14) Let us take double integrals of continuous functions of nice subsets ofR2

as known. (The detailed study of general Riemann integrals in several variables
occurs in Chapter III.) LetV be the complex vector space of all power series
F(z) = ∑∞

n=0 cnzn with infinite radius of convergence. Since any suchF(z)
is bounded on the open unit diskD = {

z ∈ C
∣∣ |z| < 1

}
, the form(F, G) =∫

D F(z)G(z) dx dyis meaningful and makesV into an inner-product space. The
proposition shows thatV becomes a metric space with metric given byd(F, G) =( ∫

D |F(z) − G(z)|2 dx dy
)1/2

.

2. Open Sets and Closed Sets

In this section we generalize the Euclidean notions of open set, closed set,
neighborhood, interior, limit point, and closure so that they make sense for all
pseudometric spaces, and we prove elementary properties relating these metric-
space notions. In working with metric spaces and pseudometric spaces, it is often
helpful to draw pictures as if the space in question wereR2, even computing
distances that are right forR2. We shall do that in the case of the first lemma but
not afterward in this section. Let(X, d) be a pseudometric space.

Lemma 2.4. If z is in the intersection of open ballsB(r ; x) and B(s; y),
then there exists somet > 0 such that the open ballB(t; z) is contained in that
intersection. Consequently the intersection of two open balls is open.

REMARK. Figure 2.2 shows whatB(t; z) looks like in the metric spaceR2.

PROOF. Taket = min{r − d(x, z), s − d(y, z)}. If w is in B(t; z), then the
triangle inequality gives

d(x, w) ≤ d(x, z) + d(z, w) < d(x, z) + t ≤ d(x, z) + (r − d(x, z)) = r,

and hencew is in B(r ; x). Similarly w is in B(s; y).
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FIGURE 2.2. Open ball contained in an intersection of two open balls.

Proposition 2.5.The open sets ofX have the properties that

(a) X and the empty set∅ are open,
(b) an arbitrary union of open sets is open,
(c) any finite intersection of open sets is open.

PROOF. We know from Lemma 2.1 that a set is open if and only if it is the
union of open balls. Then (b) is immediate, and (a) follows, sinceX is the union
of all open balls and∅ is an empty union. For (c), it is enough to prove thatU ∩V
is open ifU andV are open. WriteU = ⋃

α Bα andV = ⋃
β Bβ as unions of

open balls. ThenU ∩ V = ⋃
α,β (Bα ∩ Bβ), and Lemma 2.4 shows thatU ∩ V

is exhibited as the union of open balls. ThusU ∩ V is open.

A neighborhoodof a point inX is any set that contains an open set containing
the point. Anopen neighborhoodis a neighborhood that is an open set.1 A
neighborhoodof a subsetE of X is a set that is a neighborhood of each point
of E. If A is a subset ofX, then the setAo of all pointsx in A for which A is
a neighborhood ofx is called theinterior of A. For example, the interior of the
half-open interval [a, b) of the real line is the open interval(a, b).

Proposition 2.6. The interior of a subsetA of X is the union of all open sets
contained inA; that is, it is the largest open set contained inA.

PROOF. Suppose thatU ⊆ A is open. If x is in U , thenU is an open
neighborhood ofx, and henceA is a neighborhood ofx. Thusx is in Ao, andAo

contains the union of all open sets contained inA. For the reverse inclusion, let
x be in Ao. ThenA is a neighborhood ofx, and there exists an open subsetU of
A containingx. Sox is contained in the union of all open sets contained inA.

Corollary 2.7. A subsetA of X is open if and only ifA = Ao.

A subsetF of X is closedif its complement is open. Every closed interval of
the real line is closed. A half-open interval [a, b) on the real line is neither open
nor closed ifa andb are both finite.

1Some authors use the term “neighborhood” to mean what is here called “open neighborhood.”
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Proposition 2.8.The closed sets ofX have the properties that

(a) X and the empty set∅ are closed,
(b) an arbitrary intersection of closed sets is closed,
(c) any finite union of closed sets is closed.

PROOF. This result follows from Proposition 2.5 by taking complements. In
(a), the complements ofX and∅ are∅ andX, respectively. For (b) and (c), we use
the formulas

(⋂
α Fα

)c = ⋃
α Fc

α and
(⋃

α Fα

)c = ⋂
α Fc

α for the complements
of intersections and unions.

If A is a subset ofX, thenx in X is a limit point of X if each neighborhood
of x contains a point ofA distinct fromx. Theclosure2 Acl of A is the union of
A with the set of all limit points ofA. For example, the limit points of the set
[a, b) ∪ {b + 1} on the real line are the points of the closed interval [a, b], and
the closure of the set is [a, b] ∪ {b + 1}.

Proposition 2.9. A subsetA of X is closed if and only if it contains all its
limit points.

PROOF. SupposeA is closed, so thatAc is open. Ifx is in Ac, then Ac is
an open neighborhood ofx disjoint from A, so thatx cannot be a limit point of
A. Thus all limit points ofA lie in A. In the reverse direction suppose thatA
contains all its limit points. Ifx is in Ac, thenx is not a limit point ofA, and
hence there exists an open neighborhood ofx lying completely inAc. Sincex is
arbitrary,Ac is open, and thusA is closed.

Proposition 2.10. The closureAcl of a subsetA of X is closed. The closure
of A is the intersection of all closed sets containingA; that is, it is the smallest
closed set containingA.

PROOF. We shall apply Proposition 2.9. Ifx is given as a limit point ofAcl,
we are to see thatx is in Acl. Assume the contrary. Thenx is not in A, andx
is not a limit point of A. Because of the latter condition, there exists an open
neighborhoodU of x that does not meetA except possibly inx. Because of the
former condition,U does not meetA at all. Sincex is a limit point of Acl, U
contains a pointy of Acl. SinceU does not meetA, y has to be a limit point of
A. SinceU is an open neighborhood ofy, U has to contain a point ofA, and
we have a contradiction. We conclude thatx is in Acl, and Proposition 2.9 shows
that Acl is closed.

Any closed setF containingA contains all its limit points, by Proposition 2.9,
and hence contains all the limit points ofA. ThusF ⊇ Acl. SinceAcl itself is a
closed set containingA, it follows thatAcl is the smallest closed set containingA.

2Some authors writeA instead ofAcl for the closure ofA.
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Corollary 2.11. A subsetAof X is closed if and only ifA = Acl. Consequently
(Acl)cl = Acl for any subsetA of X.

Two remarks are in order. The first remark is that the proofs of all the results
from Proposition 2.6 through Corollary 2.11 use only that the family of open
subsets ofX satisfies properties (a), (b), and (c) in Proposition 2.5 and do not
actually depend on the precise definition of “open set.” This observation will be
of importance to us in Chapter X, when properties (a), (b), and (c) will be taken
as an axiomatic definition of a “topology” of open sets forX, and then all the
results from Proposition 2.6 through Corollary 2.11 will still be valid.

The second remark is that the mathematics of pseudometric spaces can always
be reduced to the mathematics of metric spaces, and we shall normally therefore
work only with metric spaces. The device for this reduction is given in the
next proposition, which uses the notion of an equivalence relation. Equivalence
relations are taken as known but are reviewed in Section A6 of the appendix.

Proposition 2.12.Let (X, d) be a pseudometric space. If membersx andy of
X are called equivalent wheneverd(x, y) = 0, then the result is an equivalence
relation. Denote by [x] the equivalence class ofx and by X0 the set of all
equivalence classes. The definitiond0([x], [y]) = d(x, y) consistently defines a
functiond0 : X0× X0 → R, and(X0, d0) is a metric space. A subsetA is open in
X if and only if two conditions are satisfied:A is a union of equivalence classes,
and the setA0 of such classes is an open subset ofX0.

PROOF. The reflexive, symmetric, and transitive properties of the relation
“equivalent” are immediate from the defining properties of a metric. Letx and
x′ be equivalent, and lety andy′ be equivalent. Then

d(x, y) ≤ d(x, x′) + d(x′, y′) + d(y′, y) = 0 + d(x′, y′) + 0 = d(x′, y′),

and similarly
d(x′, y′) ≤ d(x, y).

Thusd(x, y) = d(x′, y′), andd0 is well defined. The properties showing thatd0

is a metric are immediate from the corresponding properties ford.
Next letx be in an open setA, and letx′ be equivalent tox. SinceA is open,

some open ballB(r ; x) is contained inA. Sincex′ hasd(x, x′) = 0, x′ lies in
B(r ; x). Thusx′ lies in A, andA is the union of equivalence classes.

Finally let A be any union of equivalence classes, and letA0 be the set of those
classes. Ifx is in A, then the set of points in some equivalence class lying in
B(r ; [x]) is just B(r ; x), and it follows thatA is open inX if and only if A0 is
open inX0.
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3. Continuous Functions

Before we discuss continuous functions between metric spaces, let us take note
of some properties of inverse images for abstract functions as listed in Section A1
of the appendix. Iff : X → Y is a function between two setsX andY and
E is a subset ofY, we denote byf −1(E) the inverse image ofE under f , i.e.,
{x ∈ X | f (x) ∈ E}. The properties are that inverse images of functions respect
unions, intersections, and complements.

Let (X, d) and(Y, ρ) be metric spaces. A functionf : X → Y is continuous
at a point x ∈ X if for eachε > 0, there is aδ > 0 such thatρ( f (x), f (y)) < ε

wheneverd(x, y) < δ. This definition is consistent with the definition when
(X, d) and(Y, ρ) are both equal toR with the usual metric.

Proposition 2.13. If (X, d) and (Y, ρ) are metric spaces, then a function
f : X → Y is continuous at the pointx ∈ X if and only if for any open
neighborhoodV of f (x) in Y, there is a neighborhoodU of x such thatf (U ) ⊆ V .

PROOF. Let f be continuous atx and letV be given. Chooseε > 0 such that
B(ε; f (x)) is contained inV , and chooseδ > 0 such thatρ( f (x), f (y)) < ε

wheneverd(x, y) < δ. Then y ∈ B(δ; x) implies f (y) ∈ B(ε; f (x)) ⊆ V .
ThusU = B(δ; x) has f (U ) ⊆ V .

Conversely suppose thatf satisfies the condition in the statement of the
proposition. Letε > 0 be given, and choose a neighborhoodU of x such
that f (U ) ⊆ B(ε; f (x)). SinceU is a neighborhood ofx, we can find an
open ball B(δ; x) lying in U . Then f (B(δ; x)) ⊆ B(ε; f (x)), and hence
ρ( f (x), f (y)) < ε wheneverd(x, y) < δ.

Corollary 2.14. Let f : X → Y andg : Y → Z be functions between metric
spaces. Iff is continuous atx andg is continuous atf (x), then the composition
g ◦ f , given by(g ◦ f )(y) = g( f (y)), is continuous atx.

PROOF. Let W be an open neighborhood ofg( f (x)). By continuity ofg at
f (x), we can choose a neighborhoodV of f (x) such thatg(V) ⊆ W. Possibly
by passing to a subset ofV , we may assume thatV is an open neighborhood of
f (x). By continuity of f at x, we can choose a neighborhoodU of x such that
f (U ) ⊆ V . Theng( f (U )) ⊆ W. Taking Proposition 2.13 into account, we see
thatg ◦ f is continuous atx.

Proposition 2.15. If (X, d) and(Y, ρ) are metric spaces andf is a function
from X into Y, then the following are equivalent:

(a) the functionf is continuous at every point ofX,
(b) the inverse image underf of every open set inY is open inX,
(c) the inverse image underf of every closed set inY is closed inX.
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PROOF. Suppose (a) holds. IfV is open inY andx is in f −1(V), then f (x) is
in V . Since f is continuous atx by (a), Proposition 2.13 gives us a neighborhood
U of x, which we may take to be open, such thatf (U ) ⊆ V . Then we have
x ∈ U ⊆ f −1(V). Sincex is arbitrary in f −1(V), f −1(V) is open. Thus (b)
holds. In the reverse direction, suppose (b) holds. Letx in X be given, and letV
be an open neighborhood off (x). By (b), U = f −1(V) is open, andU is then
an open neighborhood ofx mapping intoV . This proves (a), and thus (a) and (b)
are equivalent. Conditions (b) and (c) are equivalent, sincef −1(V)c = f −1(Vc).

A function f : X → Y that is continuous at every point ofX, as in Proposition
2.15, will simply be said to becontinuous. A function f : X → Y is ahomeo-
morphism if f is continuous, if f is one-one and onto, and iff −1 : Y → X
is continuous. The relation “is homeomorphic to” is an equivalence relation.
Namely, the identity function shows that the relation is reflexive, the symmetry of
the relation is built into the definition, and the transitivity follows from Corollary
2.14.

If (X, d) is a metric space and ifA is a nonempty subset ofX, then thedistance
from x to A, denoted byD(x, A), is defined by

D(x, A) = inf
y∈A

d(x, y).

Proposition 2.16.Let A be a fixed nonempty subset of a metric space(X, d).
Then the real-valued functionf defined onX by f (x) = D(x, A) is continuous.

PROOF. If x andy are inX andz is in A, then the triangle inequality gives

D(x, A) ≤ d(x, z) ≤ d(x, y) + d(y, z).

Taking the infimum overz gives D(x, A) ≤ d(x, y) + D(y, A). Reversing the
roles of x and y, we obtainD(y, A) ≤ d(x, y) + D(x, A), sinced(y, x) =
d(x, y). Therefore

| f (x) − f (y)| = |D(x, A) − D(y, A)| ≤ d(x, y).

Fix x, let ε > 0 be given, and takeδ = ε. If d(x, y) < δ = ε, then our inequality
gives us| f (x) − f (y)| < ε. Hence f is continuous atx. Sincex is arbitrary, f
is continuous.

Corollary 2.17. If (X, d) is a metric space, then the real-valued function
d(x, y) for fixed x is continuous iny.

PROOF. This is the special case of the proposition in whichA is the set{y}.



4. Sequences and Convergence 97

Corollary 2.18. Let (X, d) be a metric space, and letx be in X. Then the
closed ball{y ∈ X | d(x, y) ≤ r } is a closed set.

REMARK. Nevertheless, the closed ball is not necessarily the closure of the
open ballB(r ; x) = {y ∈ X | d(x, y) < r }. A counterexample is provided by
any open ball of radius 1 in a space with the discrete metric.

PROOF. If f (y) = d(x, y), the set in question isf −1([0, r ]). Corollary 2.17
says thatf is continuous, and the equivalence of (a) and (c) in Proposition 2.15
shows that the set in question is closed.

Proposition 2.19. If A is a nonempty subset of a metric space(X, d), then
Acl = {x | D(x, A) = 0}.

PROOF. The set{x | D(x, A) = 0} is closed by Propositions 2.16 and 2.15,
and it containsA. By Proposition 2.10 it containsAcl. For the reverse inclusion,
supposex is not in Acl, hence thatx is not in A andx is not a limit point ofA.
These conditions imply that there is someε > 0 such thatB(ε; x) is disjoint
from A, hence thatd(x, y) ≥ ε for all y in A. Taking the infimum overy gives
D(x, A) ≥ ε > 0. HenceD(x, A) �= 0.

4. Sequences and Convergence

For a setS, we have already defined in Section I.1 the notion of asequencein S
as a function from a certain kind of subset of integers intoS. In this section we
work with sequences in metric spaces.

A sequence{xn} in a metric space(X, d) is eventually in a subsetA of X if
there is an integerN such thatxn is in A whenevern ≥ N. The sequence{xn}
convergesto a pointx in X if the sequence is eventually in each neighborhood
of x. It is apparent that if{xn} converges tox, then so does every subsequence
{xnk}.

Proposition 2.20. If (X, d) is a metric space, then no sequence inX can
converge to more than one point.

PROOF. Suppose on the contrary that{xn} converges to distinct pointsx and
y. The numberm = d(x, y) is then> 0. By the assumed convergence,xn lies
in both open ballsB(m

2 ; x) andB(m
2 ; y) if n is large enough. Thusxn lies in the

intersection of these balls. But this intersection is empty, since the presence of a
pointz in both balls would mean thatd(x, y) ≤ d(x, z)+d(z, y) < m

2 + m
2 = m,

contradiction.
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If a sequence{xn} in a metric space(X, d) converges tox, we shall callx the
limit of the sequence and write limn→∞ xn = x or limn xn = x or lim xn = x or
xn → x. A sequence has at most one limit, by Proposition 2.20. If the definition
of convergence is extended to pseudometric spaces, then sequences need not have
unique limits.

Let us identify convergent sequences in some of the examples of metric spaces
in Section 1.

EXAMPLES OF CONVERGENCE IN METRIC SPACES.

(0) The real line. OnR with the usual metric, the convergent sequences are
the sequences convergent in the usual sense of Section I.1.

(1) Euclidean spaceRn. Here the metric is given by

d(x, y) =
( n∑

k=1

(xk − yk)
2
)1/2

if x = (x1, . . . , xn) andy = (y1, . . . , yn). Another metricd′(x, y) is given by

d′(x, y) = max
1≤k≤n

|xk − yk|,

and we readily check that

d′(x, y) ≤ d(x, y) ≤ √
n d′(x, y).

From this inequality it follows that the convergent sequences in(Rn, d) are the
same as the convergent sequences in(Rn, d′). On the other hand, the definition
of d′ as a maximum means that we have convergence in(Rn, d′) if and only if
we have ordinary convergence in each entry. Thus convergence of a sequence of
vectors in(Rn, d) means convergence in thekth entry for allk with 1 ≤ k ≤ n.

(2) Complex Euclidean spaceCn. As a metric space,Cn gets identified with
R2n. Thus a sequence of vectors inCn converges if and only if it converges entry
by entry.

(3) Extended real lineR∗. Here the metric is given byd(x, y) = | f (x)− f (y)|
with f (x) = x/(1 + |x|) if x is in R, f (−∞) = −1, and f (+∞) = +1. We
saw in Section 1 that the intersections withR of the open balls ofR∗ are the
open intervals inR. Thus convergence of a sequence inR∗ to a pointx in R
means that the sequence is eventually in(−∞, +∞) and thereafter is an ordinary
convergent sequence inR. Convergence to+∞ of a sequence{xn} means that for
each real numberM , there is an integerN such thatxn ≥ M whenevern ≥ N.
Convergence to−∞ is analogous.
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(4) Bounded scalar-valued functions onS in the uniform metric. A sequence
{ fn} in B(S) converges in the uniform metric onB(S) if and only if{ fn} converges
uniformly, in the sense below, to some memberf of B(S). The definition of
uniform convergencehere is the natural generalization of the one in Section I.3:
{ fn} converges tof uniformly if for eachε > 0, there is an integerN such that
n ≥ N implies | fn(s) − f (s)| < ε for all s simultaneously. An important fact
in this case is that the sequence{ fn} is uniformly bounded, i.e., that there exists
a real numberM such that| fn(s)| ≤ M for all n ands. In fact, choose some
integerN for ε = 1. Then the triangle inequality gives

| fn(s)| ≤ | fn(s) − fN(s)| + | fN(s)| ≤ 1 + | fN(s)|
for all s if n ≥ N, so thatM can be taken to be max1≤n≤N

{
sups∈S | fn(s)|

}+ 1.

(5) Bounded functions fromS into a metric space(R, ρ). Convergence here
is the expected generalization ofuniform convergence: { fn} converges tof
uniformly if for eachε > 0, there is an integerN such thatn ≥ N implies
ρ( fn(s), f (s)) < ε for all s simultaneously. As in Example 4, a uniformly
convergent sequence of bounded functions isuniformly bounded in the sense
thatρ( fn(s), r0) ≤ M for all n ands, M being some real number. Herer0 is any
fixed member ofR.

(7) Indiscrete spaceX. The functiond(x, y) in this case is a pseudometric, not
a metric, unlessX has only one point. Every sequence inX converges to every
point in X.

(8) Discrete metric. Convergence of a sequence{xn} in a spaceX with the
discrete metric means that{xn} is eventually constant.

(11) Hilbert cube. For eachn, let ({xm}∞m=1)n be a member of the Hilbert cube,
and writexmn for themth term of thenth sequence. Asn varies, the sequence of
sequences converges if and only if limn xmn exists for eachm.

(12) L1 metric on Riemann integrable functions. The functiond( f, g) defined
in this case is a pseudometric, not a metric. Convergence in the corresponding
metric space as in Proposition 2.12 therefore really means a certain kind of con-
vergence of equivalence classes: If{ fn} and f are given, the sequence of classes
{[ fn]} converges to the class [f ] if and only if limn

∫ b
a | fn(x) − f (x)| dx = 0.

The use of classes in the notation is rather cumbersome and not very helpful, and
consequently it is common practice to treat theL1 space as a metric space and to
work with its members as if they were functions rather than equivalence classes.
We return to this point in Chapter V.

Let us elaborate a little on Examples 4 and 5, concerning the spaceB(S)

of bounded scalar-valued functions on a setS or, more generally, the space
of bounded functions fromS into a metric space(R, ρ). Suppose thatS has
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the additional structure of a metric space(S, d). We letC(S) be the subset of
B(S) consisting of bounded continuous functions onS, and we writeC(S, R) or
C(S, C) if we want to be explicit about the range. More generally we consider
the space of bounded continuous functions fromS into the metric spaceR. All
of these are metric spaces in their own right.

Proposition 2.21.Let (S, d) and(R, ρ) be metric spaces, letx0 be in S, and
let fn : S → R be a sequence of bounded functions fromS into R that converge
uniformly to f : S → R and are continuous atx0. Then f is continuous atx0.
In particular, the uniform limit of continuous functions is continuous.

PROOF. Forx in S, we write

ρ( f (x), f (x0)) ≤ ρ( f (x), fn(x)) + ρ( fn(x), fn(x0)) + ρ( fn(x0), f (x0)).

Givenε > 0, we choose an integerN by the uniform convergence such that the
first and third terms on the right side are< ε for n ≥ N. With N fixed, we choose
δ > 0 by the continuity offN at x0 such thatρ( fN(x), fN(x0)) < ε whenever
d(x, x0) < δ. Then the displayed inequality shows thatd(x, x0) < δ implies
ρ( f (x), f (x0)) < 3ε, and the proposition follows.

We conclude this section with some elementary results involving convergence
of sequences in metric spaces.

Proposition 2.22.If (X, d) is a metric space, then

(a) for any subsetA of X and limit pointx of A, there exists a sequence in
A − {x} converging tox,

(b) any convergent sequence inX with limit x ∈ X either has infinite image,
with x as a limit point of the image, or else is eventually constantly equal
to x.

REMARK. This result and the first corollary below are used frequently—and
often without specific reference.

PROOF OF(a). For eachn ≥ 1, the open ballB(1/n; x) is an open neighborhood
of x and must contain a pointxn of A distinct from the limit pointx. Then
d(xn, x) < 1/n, and thus limxn = x. Hence{xn} is the required sequence.

PROOF OF(b). Suppose that{xn} converges tox and has infinite image. By
discarding the terms equal tox, we obtain a subsequence{xnk} with limit x. If
U is an open neighborhood ofx, then{xnk} is eventually inU , by the assumed
convergence. Since no term of the subsequence equalsx, U contains a member
of the image of{xn} different fromx. Thusx is a limit point of the image of{xn}.
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Now suppose that{xn} converges tox and has finite image{p1, . . . , pr }. If
xn is equal to some particularpj0 for infinitely manyn, then{xn} has an infinite
subsequence converging topj0. Since{xn} converges tox, every convergent
subsequence converges tox. Thereforepj0 = x. For j �= j0, only finitely many
xn can then equalpj , and it follows that{xn} is eventually constantly equal to
pj0 = x.

Corollary 2.23. If (X, d) is a metric space, then a subsetF of X is closed if
and only if every convergent sequence inF has its limit inF .

PROOF. Suppose thatF is closed and{xn} is a convergent sequence inF with
limit x. By Proposition 2.22b, eitherx is in the image of the sequence orx is
a limit point of the sequence. In either case,x is in F ; thus the limit of any
convergent sequence inF is in F .

Conversely suppose every convergent sequence inF has its limit in F . If x
is a limit point of F , then Proposition 2.22a produces a sequence inF − {x}
converging tox. By assumption, the limitx is in F . ThereforeF contains all its
limit points and is closed.

Corollary 2.24. If (S, d) is a metric space, then the setC(S) of bounded
continuous scalar-valued functions onS is a closed subset of the metric space
B(S) of all bounded scalar-valued functions onS.

PROOF. Proposition 2.21 shows for any sequence inC(S) convergent inB(S)

that the limit is actually inC(S). By Corollary 2.23,C(S) is closed inB(S).

Proposition 2.25.Let f : X → Y be a function between metric spaces. Then
f is continuous at a pointx in X if and only if whenever{xn} is a convergent
sequence inX with limit x, then{ f (xn)} is convergent inY with limit f (x).

REMARK. In the special case of domain and rangeR, this result was mentioned
in Section I.1 after the definition of continuity. We deferred the proof of the special
case until now to avoid repetition.

PROOF. Suppose thatf is continuous atx and that{xn} is a convergent sequence
in X with limit x. Let V be any open neighborhood off (x). By continuity, there
exists an open neighborhoodU of x such thatf (U ) ⊆ V . Sincexn → x, there
existsN such thatxn is in U whenevern ≥ N. Then f (xn) is in f (U ) ⊆ V
whenevern ≥ N. Hence{ f (xn)} converges tof (x).

Conversely suppose thatxn → x always impliesf (xn) → f (x). We are to
show that f is continuous. LetV be an open neighborhood off (x). We are to
show that some open neighborhood ofx maps intoV under f . Assuming the
contrary, we can find, for eachn ≥ 1, somexn in B(1/n; x) such thatf (xn) is
not in V . Thenxn → x, but the distance off (xn) from f (x) is bounded away
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from 0. Thus f (xn) cannot converge tof (x). This is a contradiction, and we
conclude that someB(1/n; x) maps intoV under f ; sinceV is arbitrary, f is
continuous.

5. Subspaces and Products

When working with functions on the real line, one frequently has to address
situations in which the domain of the function is just an open interval or a closed
interval, rather than the whole line. When one uses theε-δ definition of continuity,
the subject does not become much more cumbersome, but it can become more
cumbersome if one uses some other definition, such as one involving limits. The
theory of metric spaces has a device for addressing smaller domains than the
whole space—the notion of a subspace—and then the theory of functions on a
subspace stands on an equal footing with the theory of functions on the whole
space.

Let (X, d) be a metric space, and letA be a nonempty subset ofX. There is
a natural way of makingA into a metric space, namely by taking the restriction
d
∣∣
A×A as a metric forA. When we do so, we speak ofA as asubspaceof X.

When there is a need to be more specific, we may say thatA is ametric subspace
of X. If A is an open subset ofX, we may say thatA is anopen subspace; if A
is a closed subset ofX, we may say thatA is aclosed subspace.

Proposition 2.26. If A is a subspace of a metric space(X, d), then the open
sets ofA are exactly all setsU ∩ A, whereU is open inX, and the closed sets of
A are all setsF ∩ A, whereF is closed inX.

PROOF. The open balls inA are the intersections withA of the open balls of
X, and the statement about open sets follows by taking unions. The closed sets
of A are the complements withinA of all the open sets ofA, thus all sets of the
form A− (U ∩ A) with U open inX. SinceA− (U ∩ A) = A∩Uc, the statement
about closed sets follows.

Corollary 2.27. If A is a subspace of(X, d) and if f : X → Y is continuous
at a pointa of A, then the restrictionf

∣∣
A, mappingA into Y, is continuous ata.

Also, f is continuous ata if and only if the function f0 : X → f (X) obtained
by redefining the range to be the image is continuous ata.

PROOF. Let V be an open neighborhood off (a) in Y. By continuity of f ata
as a function onX, choose an open neighborhoodU of a in X with f (U ) ⊆ V .
ThenU ∩ A is an open neighborhood ofa in A, and f (U ∩ A) ⊆ V . Hence f

∣∣
A

is continuous ata.
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The most general open neighborhood off (a) in f (X) is of the formV ∩ f (X)

with V an open neighborhood off (a) in Y. Since f −1(V) = f −1
0 (V ∩ f (X)),

the condition for continuity off0 ata is the same as the condition for continuity
of f ata.

We now turn our attention to product spaces. Product spaces are a convenient
device for considering functions of several variables.

If (X, d) and(Y, d′) are metric spaces, there are several natural ways of making
the product setX × Y, the set of ordered pairs with the first member fromX and
the second fromY, into a metric space, but all such ways lead to the same class
of open sets and therefore also the same class of convergent sequences. We
discussed an instance of this phenomenon in Example 1 of Section 4. For general
X andY, three such metrics onX × Y are

ρ1
(
(x1, y1), (x2, y2)

) = d(x1, x2) + d′(y1, y2),

ρ2
(
(x1, y1), (x2, y2)

) = (
d(x1, x2)

2 + d′(y1, y2)
2)1/2

,

ρ∞
(
(x1, y1), (x2, y2)

) = max{d(x1, x2), d′(y1, y2)}.
Each satisfies the defining properties of a metric. Simple algebra gives

max{a, b} ≤ (a2 + b2)1/2 ≤ a + b ≤ 2 max{a, b}
whenevera andb are nonnegative reals, and therefore

ρ∞ ≤ ρ2 ≤ ρ1 ≤ 2ρ∞.

Let us check that this chain of inequalities implies that the neighborhoods of
a point(x0, y0) are the same in all three metrics, hence that the open sets are the
same in all three metrics. For anyr > 0, the open balls about(x0, y0) in the three
metrics satisfy

B1(r ; (x0, y0)) ⊆ B2(r ; (x0, y0)) ⊆ B∞(r ; (x0, y0)) ⊆ B1(2r ; (x0, y0)).

The first and second inclusions show that open balls about(x0, y0) in the metrics
ρ2 andρ∞ are neighborhoods of(x0, y0) in the metricρ1. Similarly the second and
third inclusions show that open balls in the metricsρ∞ andρ1 are neighborhoods
in the metricρ2, and the third and first inclusions show that open balls in the
metricsρ1 andρ2 are neighborhoods in the metricρ∞.

We shall refer to the metricρ∞ as theproduct metric for X × Y. If X × Y is
being regarded as a metric space and no metric has been mentioned,ρ∞ is to be
understood. But it is worth keeping in mind thatρ1 andρ2 yield the same open
sets. In the case of Euclidean space, it is the metricρ2 onRm × Rn that gives the
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Euclidean metric onRm+n; thus the product metric and the Euclidean metric are
distinct but yield the same open sets.

A sequence{(xn, yn)} in the product metric converges to(x0, y0) in X × Y if
and only if{xn} converges tox0 and{yn} converges toy0. Since the three metrics
on X × Y yield the same convergent sequences, this statement is valid in the
metricsρ1 andρ2 as well.

It is an elementary property of the arithmetic operations inR that if {xn}
converges tox0 and{yn} converges toy0, then{xn + yn} converges tox0 + y0.
Similar statements apply to subtraction, multiplication, maximum, and minimum,
and then to absolute value and to division except where division by 0 is involved.
Further similar statements apply to those operations on vectors that make sense.
Applying Proposition 2.25, we obtain (a) through (e) in the following proposition.
Conclusions (a′) through (e′) are proved similarly.

Proposition 2.28.The following operations are continuous:

(a) addition and subtraction fromRn × Rn into Rn,
(b) scalar multiplication fromR × Rn into Rn,
(c) the mapx 
→ x−1 from R − {0} to R − {0},
(d) the mapx 
→ |x| from Rn to R,
(e) the operations fromR2 to R of taking the maximum of two real numbers

and taking the minimum of two real numbers,
(a′) addition and subtraction fromCn × Cn into Cn,
(b′) scalar multiplication fromC × Cn into Cn,
(c′) the mapx 
→ x−1 from C − {0} to C − {0},
(d′) the mapx 
→ |x| from Cn to R,
(e′) the mapx 
→ x̄ from C to C.

Corollary 2.29. Let (X, d) be a metric space, and letf andg be continuous
functions fromX intoRn orCn. If c is a scalar, thenf +g, c f , f −g, and| f | are
continuous. Ifn = 1, then the productf g is continuous, and the function 1/ f is
continuous on the set wheref is not zero. Ifn = 1 and the functions take values
in R, then max{ f, g} and min{ f, g} are continuous. Ifn = 1 and the functions
take values inC, then the complex conjugatēf is continuous.

REMARKS. If (S, d) is a metric space, then it follows that the metric space
C(S) of bounded continuous scalar-valued functions onS is a vector space. As
such, it is a vector subspace of the metric spaceB(S) of bounded scalar-valued
functions onS, and it is a metric subspace as well.3

3The word “subspace” can now be used in two senses, that of a metric subspace of a metric space
and that of a vector subspace of a vector space. The latter kind of subspace we shall always refer to
as a “vector subspace,” retaining the word “vector” for clarity. A “closed vector subspace” ofB(S)

then has to mean a closed metric subspace that is also a vector subspace.
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PROOF. The argument forf + g and for functions with values inRn will illus-
trate matters sufficiently. We set upx 
→ f (x) + g(x) as a suitable composition,
expressing the composition in a diagram:

X
x 
→(x,x)−−−−−−→ X × X

(x,y)
→( f (x),g(y))−−−−−−−−−−−→ Rn × Rn (u,v)
→u+v−−−−−−−→ Rn.

Each function in the diagram is continuous, the last of them by Proposition 2.28a,
and then the composition is continuous by Corollary 2.14.

We conclude this section with one further remark. When(X, d) is a metric
space, we saw in Corollary 2.17 thatx 
→ d(x, y)andy 
→ d(x, y)are continuous
functions fromX to R. Actually, (x, y) 
→ d(x, y) is a continuous function
from X × X into R if we use the product metric. In fact, ifρ∞ denotes the
product metric withρ∞

(
(x, y), (x0, y0)

) = max{d(x, x0), d(y, y0)}, then we
haved(x, y) ≤ d(x, x0) + d(x0, y0) + d(y0, y) and therefore

d(x, y) − d(x0, y0) ≤ d(x, x0) + d(y, y0).

Reversing the roles of(x, y) and(x0, y0), we see that

|d(x, y) − d(x0, y0)| ≤ d(x, x0) + d(y, y0)

≤ 2 max{d(x, x0), d(y, y0)}
= 2ρ∞

(
(x, y), (x0, y0)

)
.

From this chain of inequalities, it follows thatd is continuous withδ = ε/2.

6. Properties of Metric Spaces

This section contains two results about metric spaces. One lists a number of
“separation properties” of sets within any metric space. The other concerns the
completely different property of “separability,” which is satisfied by some metric
spaces and not by others, and it says that separability may be defined in any of
three equivalent ways.

Proposition 2.30(separation properties). Let(X, d) be a metric space. Then
(a) every one-point subset ofX is a closed set, i.e.,X is T1,
(b) for any two distinct pointsx andy of X, there are disjoint open setsU

andV with x ∈ U andy ∈ V , i.e., X is Hausdorff,
(c) for any pointx ∈ X and any closed setF ⊆ X with x /∈ F , there are

disjoint open setsU andV with x ∈ U andF ⊆ V , i.e., X is regular,
(d) for any two disjoint closed subsetsE andF of X, there are disjoint open

setsU andV such thatE ⊆ U andF ⊆ V , i.e., X is normal,
(e) for any two disjoint closed subsetsE andF of X, there is a continuous

function f : X → [0, 1] such thatf is 0 exactly onE and f is 1 exactly
on F .
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PROOF. For (a), the set{x} is the intersection of all closed ballsB(r ; x) for
r > 0 and hence is closed by Corollary 2.18 and Proposition 2.8b. For (e), the
function f (x) = D(x; E)/(D(x; E) + D(x; F)) is continuous by Proposition
2.16 and Corollary 2.29 and takes on the values 0 and 1 exactly onE and F ,
respectively, by Proposition 2.19.

For (d), we need only apply (e) and Proposition 2.15b withU = f −1
(
(−∞, 1

2)
)

andV = f −1
(
(1

2, +∞)
)
. Conclusions (a) and (d) imply (c), and conclusions (a)

and (c) imply (b). This completes the proof.

A baseB for a metric space(X, d) is a family of open sets such that every
open set is a union of members ofB. The family of all open balls is an example
of a base.

Proposition 2.31.If (X, d) is a metric space, then a familyB of subsets ofX
is a base for(X, d) if and only if

(a) every member ofB is open and
(b) for eachx ∈ X and open neighborhoodU of x, there is some memberB

of B such thatx is in B andB is contained inU .

PROOF. If B is a base, then (a) holds by definition of base. IfU is open inX,
thenU = ⋃

α Bα for some membersBα of B, and any suchBα containingx can
be taken as the setB in (b).

Conversely suppose thatB satisfies (a) and (b). By (a), each member ofB is
open inX. If U is open inX, we are to show thatU is a union of members ofB.
For eachx ∈ U , choose some setB = Bx as in (b). ThenU = ⋃

x∈U Bx, and
hence each open set inX is a union of members ofB. ThusB is a base.

This book uses the wordcountable to mean finite or countably infinite. It is
then meaningful to ask whether a particular metric space(X, d) has a countable
base. On the real lineR, the open intervals with rational endpoints form a
countable base.

A subsetD of X is dense ina subsetA of X if Dcl ⊇ A; D is dense, or
everywhere dense, if D is dense inX. A set D is dense if and only if there is
some point ofD in each nonempty open set ofX.

A family U of open sets is anopen coverof X if the union of the sets inU is
X. An open subcoverof U is a subfamily ofU that is itself an open cover.

Proposition 2.32.The following three conditions are equivalent for a metric
space(X, d):

(a) X has a countable base,
(b) every open cover ofX has a countable open subcover,
(c) X has a countable dense subset.
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PROOF. If (a) holds, letB = {Bn}n≥1 be a countable base, and letU be an
over cover ofX. Any U ∈ U is the union of theBn ∈ B with Bn ⊆ U . If B0 =
{Bn ∈ B | Bn ⊆ U for someU ∈ U }, then it follows that

⋃
Bn∈B0

= ⋃
U∈U =

X. For eachBn in B0, select someUn in U with Bn ⊆ Un. Then
⋃

n Un ⊇⋃
Bn∈B0

= X, and{Un} is a countable open subcover ofU. Thus (b) holds.
If (b) holds, form, for each fixedn ≥ 1, the open cover ofX consisting of

all open ballsB(1/n; x). For thatn, let {B(1/n; xmn)}m≥1 be a countable open
subcover. We shall prove that the setD of all xmn, with mandn arbitrary, is dense
in X. It is enough to prove that each nonempty open set inX contains a member
of D, hence to prove, for eachn, that each open ball of radius 1/n contains a
member ofD. Thus considerB(1/n; x). Since the open ballsB(1/n; xmn) with
m ≥ 1 coverX, x is in someB(1/n; xmn). Then thatxmn hasd(xmn, x) < 1/n,
and hencexmn is in B(1/n; x). ThusD is dense, and (c) holds.

If (c) holds, let{xn}n≥1 be a countable dense set. Form the collection of all open
balls centered at somexn and having rational radius. Let us use Proposition 2.31
to see that this collection of open sets, which is certainly countable, is a base. Let
U be an open neighborhood ofx. We are to see that there is some memberB of our
collection such thatx is in B andB is contained inU . SinceU is a neighborhood
of x, we can find an open ballB(r ; x) such thatB(r ; x) ⊆ U ; we may assume
thatr is rational. The given set{xn}n≥1 being dense, somexn lies in B(r/2; x).
If y is in B(r/2; xn), thend(x, y) ≤ d(x, xn) + d(xn, y) < r

2 + r
2 = r . Hence

x lies in B(r/2; xn) and B(r/2; xn) ⊆ B(r ; x) ⊆ U . Sincer/2 is rational, the
open ballB(r/2; xn) is in our countable collection, and our countable collection
is a base. This proves (a).

A metric space satisfying the equivalent conditions of Proposition 2.32 is
said to beseparable. Among the examples of metric spaces in Section 1, the
ones in Examples 1, 2, 3, 6, 8 ifX is countable, 9, 11, 12, 13, and 14 are
separable. A countable dense set in Examples 1, 2, and 3 is given by all points
with all coordinates rational. In Example 6, one countable dense set consists of
all sequences with only finitely many nonzero entries, those being rational, and in
Examples 8 and 9,X itself is a countable dense set. In Example 11, the sequences
that are 0 in all but finitely many entries, those being rational, form a countable
dense set. In Example 13, the set of finite linear combinations of exponentials
einx using scalars inQ + i Q is dense as a consequence of Parseval’s equality. In
Example 12, when [a, b] = [−π, π ], the same countable set as for Example 13
is dense by Proposition 2.25 because the sets of functions in Examples 12 and 13
coincide and the inclusion ofL2 into L1 is continuous. In Example 14, the set of
polynomials with coefficients inQ+i Q is countable and can be shown to be dense.

Example 10 is not separable, and Example 8 is not separable ifX is uncount-
able.
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7. Compactness and Completeness

In Section 6 we introduced the notions of open cover and subcover for a metric
space. We call a metric spacecompact if every open cover of the space has a
finite subcover. A subsetE of a metric space(X, d) is compact if it is compact
as a subspace of the whole space, i.e., if every collection of open sets inX whose
union containsE has a finite subcollection whose union containsE.

Historically this notion was embodied in the Heine–Borel Theorem, which
says that any closed bounded subset of Euclidean space has the property that
has just been defined to be compactness. As we shall see in Theorem 2.36 and
Corollary 2.37 below, the Heine–Borel Theorem can be proved from the Bolzano–
Weierstrass Theorem (Theorem 1.8) and leads to faster, more transparent proofs of
some of the consequences of the Bolzano–Weierstrass Theorem. Even more im-
portant is that it generalizes beyond metric spaces and produces useful conclusions
about certain spaces of functions when statements about pointwise convergence
of a sequence of functions are inadequate.

Easily established examples of compact sets are hard to come by. For one
example, consider in a metric space(X, d) a convergent sequence{xn} along
with its limit x. The subsetE = {x} ∪⋃n{xn} of X is compact. In fact, ifU is
an open cover ofE, some memberU of U hasx as an element, and then all but
finitely many elements of the sequence must be inU as well. Say thatU contains
x and allxn with n ≥ N. For 1≤ n < N, let Un be a member ofU containing
xn. Then{U,U1, . . . ,UN−1} is a finite subcover ofU.

It is easier to exhibit noncompact sets. The open interval(0, 1) is not compact,
as is seen from the open cover{( 1

n , 1)}. Nor is an infinite discrete space, since
one-point sets form an open cover. A subtle dramatic example is the closed unit
ball C of the hedgehog spaceX, Example 10 in Section 1; this set is not compact.
In fact, the open ball of radius 1/2 about the origin is an open set inX, and so
is each open ray from the origin out to infinity. LetU be this collection of open
sets. ThenU is an open cover ofC. However, no member ofU is superfluous,
since for eachU in U, there is some pointx in C such thatx is in C but x is in no
other member ofU. ThusU does not contain even a countable subcover.

Let us now work directly toward a proof of the equivalence of compactness
and the Bolzano–Weierstrass property in a metric space.

Proposition 2.33.A compact metric space is separable.

PROOF. This is immediate from equivalent condition (b) for the definition of
separability in Proposition 2.32.

Proposition 2.34.In any metric space(X, d),

(a) every compact subset is closed and bounded and
(b) any closed subset of a compact set is compact.



7. Compactness and Completeness 109

PROOF. For (a), letE be a compact subset ofX, fix x0 in X, and letUn for
n ≥ 1 be the open ball{x ∈ X | d(x0, x) < n}. Then{Un} is an open cover ofE.
Since theUn’s are nested, the compactness ofE implies thatE is contained in a
singleUN for someN. Then every member ofE is at distance at mostN from
x0, andE is bounded.

To see thatE is closed, we argue by contradiction. Letx′
0 be a limit point ofE

that is not inE. By the Hausdorff property (Proposition 2.30b), we can find, for
eachx ∈ E, open setsUx andVx with x ∈ Ux, x′

0 ∈ Vx, andUx ∩ Vx = ∅. The
setsUx form an open cover ofE. By compactness let{Ux1, . . . ,Uxn} be a finite
subcover. ThenE ⊆ Ux1 ∪ · · · ∪ Uxn , which is disjoint from the neighborhood
Vx1 ∩ · · · ∩ Vxn of x′

0. Thusx′
0 cannot be a limit point ofE, and we have arrived

at a contradiction. This proves (a).
For (b), letE be compact, and letF be a closed subset ofE. Because of (a),F

is a closed subset ofX. LetU be an open cover ofF . ThenU ∪ {Fc} is an open
cover of E. Passing to a finite subcover and discardingFc, we obtain a finite
subcover ofF . ThusF is compact.

A collection of subsets of a nonempty set is said to have thefinite-intersection
property if each intersection of finitely many of the subsets is nonempty.

Proposition 2.35. A metric space(X, d) is compact if and only if each col-
lection of closed subsets ofX with the finite-intersection property has nonempty
intersection.

PROOF. Closed sets with the finite-intersection property have complements
that are open sets, no finite subcollection of which is an open cover.

Theorem 2.36.A metric space(X, d) is compact if and only if every sequence
has a convergent subsequence.

PROOF. Suppose thatX is compact. Arguing by contradiction, suppose that
{xn}n≥1 is a sequence inX with no convergent subsequence. PutF = ⋃∞

n=1{xn}.
The subsetF of X is closed by Corollary 2.23, hence compact by Proposition
2.34b. Since noxn is a limit point ofF , there exists an open setUn in X containing
xn but no other member ofF . Then{Un}n≥1 is an open cover ofF with no finite
subcover, and we have arrived at a contradiction.

Conversely suppose that every sequence has a convergent subsequence. We
first show thatX is separable. Fix an integern. There cannot be infinitely many
disjoint open balls of radius 1/n, since otherwise we could find a sequence from
among their centers with no convergent subsequence. Thus we can choose a finite
disjoint collection of these open balls that is not contained in a larger such finite
collection. Let their centers bex1, . . . , xN . The claim is that every point ofX is
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at distance< 2/n from one of these finitely many centers. In fact, ifx ∈ X is
given, formB( 1

n; x). This must meet someB( 1
n; xi ) at a pointy, and then

d(x, xi ) ≤ d(x, y) + d(y, xi ) < 1
n + 1

n = 2
n .

Thusx is at distance< 2/n from one of the finitely many centers, as asserted.
Now letn vary, and letD be the set of all these centers for alln. Then every point
of X has members ofD arbitrarily close to it, and henceD is a countable dense
set inX. ThusX is separable.

Let U be an open cover ofX having no finite subcover. By the separability
and condition (b) in Proposition 2.32, we may assume thatU is countable, say
U = {U1,U2, . . . }. SinceU1 ∪ U2 ∪ · · · ∪ Un is not a cover, there exists a point
xn not in the union of the firstn sets. By hypothesis the sequence{xn} has a
convergent subsequence{xnk}, say with limitx. SinceU is a cover, some member
UN of U containsx. Then{xnk} is eventually inUN , and somenk with nk > N
hasxnk in UN . But xnk is not inU1 ∪ · · · ∪ Unk by construction, and this union
containsUN , sincenk > N. We have arrived at a contradiction, and we conclude
thatU must have had a finite subcover.

Corollary 2.37 (Heine–Borel Theorem) In Euclidean spaceRn, every closed
bounded set is compact.

REMARK. Conversely we saw in Proposition 2.34a that every compact subset
of any metric space is closed and bounded.

PROOF. LetC be a closed rectangular solid inRn, and letx(k) = (x(k)
1 , . . . , x(k)

n )

be the members of a sequence inC. By the Bolzano–Weierstrass Theorem
(Theorem 1.8) forR1, we can find a subsequence convergent in the first coordinate,
a subsequence of that convergent in the second coordinate, and so on. Thus{x(k)}
has a convergent subsequence. By Theorem 2.36,C is compact. Applying
Corollary 2.34b, we see that every closed bounded subset ofRn is compact.

The next few results will show how the use of compactness both simplifies and
generalizes some of the theorems proved in Section I.1.

Proposition 2.38.Let (X, d) and(Y, ρ) be metric spaces withX compact. If
f : X → Y is continuous, thenf (X) is a compact subset ofY.

PROOF. If {Uα} is an open cover off (X), then{ f −1(Uα)} is an open cover of
X. Let { f −1(Uj )}n

j =1 be a finite subcover. Then{Uj }n
j =1 is a finite subcover of

f (X).

Corollary 2.39. Let (X, d) be a compact metric space, and letf : X → R be
a continuous function. Thenf attains its maximum and minimum values.
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REMARK. Theorem 1.11 was the special case of this result withX = [a, b].
This particular spaceX is compact by the Heine–Borel Theorem (Corollary 2.37),
and the corollary applies to yield exactly the conclusion of Theorem 1.11.

PROOF. By Proposition 2.38,f (X) is a compact subset ofR. By Proposition
2.34a, f (X) is closed and bounded. The supremum and infimum of the members
of f (X) in R∗ lie in R, since f (X) is bounded, and they are limits of sequences in
f (X). Since f (X) is closed, Proposition 2.23 shows that they must lie inf (X).

Corollary 2.40. Let (X, d) and(Y, ρ) be metric spaces withX compact. If
f : X → Y is continuous, one-one, and onto, thenf is a homeomorphism.

REMARK. In the hypotheses of the change of variables formula for integrals
in R1 (Theorem 1.34), a functionϕ : [ A, B] → [a, b] was given as strictly
increasing, continuous, and onto. Another hypothesis of the theorem was that
ϕ−1 was continuous. Corollary 2.40 shows that this last hypothesis was redundant.

PROOF. Let E be a closed subset ofX, and consider( f −1)−1(E) = f (E).
The setE is compact by Proposition 2.34b,f (E) is compact by Proposition 2.38,
and f (E) is closed by Proposition 2.34a. Proposition 2.15b thus shows thatf −1

is continuous.

If (X, d) and(Y, ρ) are metric spaces, a functionf : X → Y is uniformly
continuous if for each ε > 0, there is someδ > 0 such thatd(x1, x2) < δ

impliesρ( f (x1), f (x2)) < ε. This is the natural generalization of the definition
in Section I.1 for the special case of a real-valued function of a real variable.

Proposition 2.41.Let (X, d) and(Y, ρ) be metric spaces withX compact. If
f : X → Y is continuous, thenf is uniformly continuous.

REMARK. This result generalizes Theorem 1.10, which is the special case
X = [a, b] andY = R.

PROOF. Let ε > 0 be given. For eachx ∈ X, chooseδx > 0 such
that d(x′, x) < δx implies ρ( f (x′), f (x)) < ε/2. The open ballsB(1

2δx; x)

cover X; let the balls with centersx1, . . . , xn be a finite subcover. Putδ =
1
2 min{δx1, . . . , δxn}. Now suppose thatd(x′, x) < δ. The pointx is in some ball
in the finite subcover; supposex is in B(1

2δxj ; xj ). Thend(x, xj ) < 1
2δxj , so that

d(x′, xj ) ≤ d(x′, x) + d(x, xj ) < δ + 1
2δxj ≤ δxj .

By definition ofδxj , ρ( f (x′), f (xj )) < ε/2 andρ( f (xj ), f (x)) < ε/2. There-
fore

ρ( f (x′), f (x)) ≤ ρ( f (x′), f (xj )) + ρ( f (xj ), f (x)) < ε
2 + ε

2 = ε,

and the proof is complete.



112 II. Metric Spaces

One final application of compactness is the Fundamental Theorem of Algebra,
which is discussed in Section A8 of the appendix in the context of properties of
polynomials.

Theorem 2.42(Fundamental Theorem of Algebra). Every polynomial with
complex coefficients and degree≥ 1 has a complex root.

PROOF. Let P : C → C be the functionP(z) = ∑n
j =0 aj zj , wherea0, . . . , an

are inC with an �= 0 and withn ≥ 1. We may assume thatan = 1. Let m =
infz∈C |P(z)|. SinceP(z) = zn

(
1+an−1z−1+· · ·+a1z−(n−1) +a0z−n

)
, we have

limz→∞ P(z)/zn = 1. Thus there exists anR such that|P(z)| ≥ 1
2|z|n whenever

|z| ≥ R. ChoosingR = R0 such that12 Rn
0 ≥ 2m, we see that|P(z)| ≥ 2m for

|z| ≥ R0. Consequentlym = inf|z|≤R0 |P(z)|. The setS = {
z ∈ C

∣∣ |z| ≤ R0
}

is compact by the Heine–Borel Theorem (Corollary 2.37), and Corollary 2.39
shows that|P(z)| attains its minimum onS at some pointz0 in S. Then|P(z)|
attains its minimum onC at z0. We shall show that this minimum valuem is 0.

Assuming the contrary, defineQ(z) = P(z + z0)/P(z0), so thatQ(z) is a
polynomial of degreen ≥ 1 with Q(0) = 1 and|Q(z)| ≥ 1 for all z. Write

Q(z) = 1 + bkzk + bk+1zk+1 + · · · + bnzn with bk �= 0.

Corollary 1.45 produces a real numberθ such thateikθbk = −|bk|. For anyr > 0
with r k|bk| < 1, we then have∣∣1 + bkr

keikθ
∣∣ = 1 − r k|bk|.

For suchr and thatθ , this equality implies that

|Q(z)| ≤ ∣∣1 + bkr
keikθ

∣∣+ r k+1|bk+1| + · · · + r n|bn|
≤ 1 − r k(|bk| − r |bk+1| − · · · − r n−k|bn|

)
.

For sufficiently smallr > 0, the expression in parentheses on the right side is
positive, and then|Q(rei θ )| < 1, in contradiction to hypothesis. Thus we must
have hadm = 0, and we obtainP(z0) = 0.

Another theme discussed in Section I.1 is that Cauchy sequences inR1 are
convergent. This convergence was proved in Theorem 1.9 as a consequence of
the Bolzano–Weierstrass Theorem. Actually, many sequences in metric spaces of
importance in analysis are shown to converge without one’s knowing the limit in
advance and without using any compactness, and we therefore isolate the forced
convergence of Cauchy sequences as a definition. In a metric space(X, d), a
sequence{xn} is aCauchy sequenceif for any ε > 0, there is some integerN
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such thatd(xm, xn) < ε wheneverm andn are≥ N. A familiar 2ε argument
shows that convergent sequences are Cauchy. Other familiar arguments show
that any Cauchy sequence with a convergent subsequence is convergent and that
any Cauchy sequence is bounded.

We say that the metric space(X, d) is completeif every Cauchy sequence in
X converges to a point inX. We know that the lineR1 is complete. It follows that
Rn is complete because a Cauchy sequence inRn is Cauchy in each coordinate.
A nonempty subsetE of X is completeif E as a subspace is a complete metric
space. The next two propositions and corollary give three examples of complete
metric spaces.

Proposition 2.43.A subsetE of a complete metric spaceX is complete if and
only if it is closed.

REMARK. In particular every closed subset ofRn is a complete metric space.

PROOF. SupposeE is closed. Let{xn} be a Cauchy sequence inE. Then{xn}
is Cauchy inX, and the completeness ofX implies that{xn} converges, say to
somex ∈ X. By Corollary 2.23,x is in E. Thus{xn} is convergent inE. The
converse is immediate from Corollary 2.23.

Proposition 2.44. If S is a nonempty set, then the vector spaceB(S) of
bounded scalar-valued functions onS, with the uniform metric, is a complete
metric space.

PROOF. Let { fn} be a Cauchy sequence inB(S). Then{ fn(x)} is a Cauchy
sequence inC for eachx in S. Define f (x) = limn fn(x). For anyε > 0,
we know that there is an integerN such that| fn(x) − fm(x)| < ε whenever
n andm are≥ N. Taking into account the continuity of the distance function
on C, i.e., the continuity of absolute value, we letm tend to infinity and obtain
| fn(x) − f (x)| ≤ ε for n ≥ N. Thus{ fn} converges tof in B(S).

Corollary 2.45. Let (S, d) be a metric space. Then the vector spaceC(S) of
bounded continuous scalar-valued functions onS, with the uniform metric, is a
complete metric space.

REMARK. C(S) was observed to be a vector subspace in the remarks with
Corollary 2.29.

PROOF. The spaceB(S) is complete by Proposition 2.44, andC(S) is a closed
metric subspace by Corollary 2.24. ThenC(S) is complete by Proposition 2.43.

Now we shall relate compactness and completeness. A metric space(X, d) is
said to betotally bounded if for any ε > 0, finitely many open balls of radiusε
coverX.
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Theorem 2.46. A metric space(X, d) is compact if and only if it is totally
bounded and complete.

PROOF. Let (X, d) be compact. Ifε > 0 is given, the open ballsB(ε; x)

cover X. By compactness some finite number of the balls coverX. Therefore
X is totally bounded. Next let a Cauchy sequence{xn} be given. By Theorem
2.36,{xn} has a convergent subsequence. A Cauchy sequence with a convergent
subsequence is necessarily convergent, and it follows thatX is complete.

In the reverse direction, letX be totally bounded and complete. Theorem 2.36
shows that it is enough to prove that any sequence{xn} in X has a convergent
subsequence. By total boundedness, find finitely many open balls of radius 1
coveringX. Then infinitely many of thexn’s have to lie in one of these balls,
and hence there is a subsequence{xnk} that lies in a single one of these balls of
radius 1. Next finitely many open balls of radius 1/2 coverX. In the same way
there is a subsequence{xnkl

} of {xnk} that lies in a single one of these balls of
radius 1/2. Continuing in this way, we can find successive subsequences, themth

of which lies in a single ball of radius 1/m. The Cantor diagonal process, used in
the proof of Theorem 1.22, allows us to form a single subsequence{xji } of {xn}
such that for eachm, {xji } is eventually in a ball of radius 2−m. If ε > 0 is given,
find m such that 2−m < ε, and letcm be the center of the ball of radius 1/m.
Choose an integerN such thatxji lies in B(1/m; cm) wheneverji ≥ N. If ji ≥ N
and ji ′ ≥ N, thend(cm, xji ) < ε andd(cm, xji ′ ) < ε, whenced(xji , xji ′ ) < 2ε.
Therefore the subsequence{xji } is Cauchy. By completeness it converges. Hence
{xn} has a convergent subsequence, and the theorem is proved.

Let (X, d) and (Y, ρ) be metric spaces, and letf : X → Y be uniformly
continuous. Thenf carries Cauchy sequences to Cauchy sequences. In fact, if
{xn} is Cauchy inX and if ε > 0 is given, choose someδ of uniform continuity
for f andε, and find an integerN such thatd(xn, xn′) < δ whenevern andn′ are
≥ N. Thenρ( f (xn), f (xn′)) < ε for the samen’s andn′’s, and hence{ f (xn)}
is Cauchy.

Proposition 2.47. Let (X, d) and(Y, ρ) be metric spaces withY complete,
let D be a dense subset ofX, and let f : D → Y be uniformly continuous. Then
f extends uniquely to a continuous functionF : X → Y, andF is uniformly
continuous.

PROOF OF UNIQUENESS. If x is in X, apply Proposition 2.22a to choose a
sequence{xn} in D with xn → x. Continuity of F forcesF(xn) → F(x). But
F(xn) = f (xn) for all n. ThusF(x) = limn f (xn) is forced.

PROOF OF EXISTENCE. If x is in X, choosexn ∈ D with xn → x. Since
{xn} is convergent, it is Cauchy. Sincef is uniformly continuous,{ f (xn)} is
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Cauchy. The completeness ofY then allows us to defineF(x) = lim f (xn), but
we must see thatF is well defined. For this purpose, suppose also that{yn} is a
sequence inD that converges tox. Let {zn} be the sequencex1, y1, x2, y2, . . . .
This sequence is Cauchy, and{xn} and{yn} are subsequences of it. Therefore
lim f (yn) = lim f (zn) = lim f (xn), andF(x) is well defined.

For the uniform continuity ofF , let ε > 0 be given, and choose someδ
of uniform continuity for f and ε/3. Suppose thatx and x′ are in X with
d(x, x′) < δ/3. Choosexn in D with d(xn, x) < δ/3 andρ( f (xn), F(x)) < ε/3,
and choosex′

n in D with d(x′
n, x′) < δ/3 andρ( f (x′

n), F(x′)) < ε/3. Then
d(xn, x′

n) < δ by the triangle inequality, and henceρ( f (xn), f (x′
n)) < ε/3.

Thusρ(F(x), F(x′)) < ε by the triangle inequality.

8. Connectedness

Although the Intermediate Value Theorem (Theorem 1.12) in Section I.1 was
derived from the Bolzano–Weierstrass Theorem, the Intermediate Value Theorem
is not to be regarded as a consequence of compactness. Instead, the relevant
property is “connectedness,” which we discuss in this section.

A metric space(X, d) is connectedif X cannot be written asX = U ∪ V
with U andV open, disjoint, and nonempty. A subsetE of X is connectedif E
is connected as a subspace ofX, i.e., if E cannot be written as a disjoint union
(E ∩ U ) ∪ (E ∩ V) with U andV open inX and withE ∩ U andE ∩ V both
nonempty. The disjointness in this definition is ofE ∩ U andE ∩ V ; the open
setsU andV may have nonempty intersection.

Proposition 2.48.The connected subsets ofR are the intervals—open, closed,
and half open.

PROOF. Let E be a connected subset ofR, and suppose that there are real
numbersa, b, c such thata < c < b, a andb are inE, andc is not inE. Forming
the open setsU = (−∞, c) andV = (c, +∞) in R, we see thatE is the disjoint
union of E ∩ U andE ∩ V and that these two sets are nonempty. ThusE is not
connected.

Conversely suppose thatI is an open, closed, or half-open interval ofR from
a to b, with a �= b but with a or b or both allowed to be infinite. Arguing
by contradiction, suppose thatI is not connected. Choose open setsU and
V in R such thatI is the disjoint union ofI ∩ U and I ∩ V and these two
sets are nonempty. Without loss of generality, there exist membersc andc′ of
I ∩ U and I ∩ V , respectively, withc < c′. SinceU is open andc has to be
< b, all real numbersc + ε with ε > 0 sufficiently small are inI ∩ U . Let
d = sup

{
x
∣∣ [c, u) ⊆ I ∩ U

}
, so thatd > c.
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If d < b, then the fact thatU is open implies thatd is not in I ∩ U . Thusd is
in I ∩ V . SinceV is open andd > a, d − ε is in I ∩ V if ε > 0 is sufficiently
small. But thend − ε is in bothI ∩ U andI ∩ V for ε sufficiently small. This is
a contradiction, and we conclude thatd = b.

If d = b is in I ∩ V , then the same argument shows thatb− ε is in bothI ∩U
andI ∩V for ε positive and sufficiently small, and we again have a contradiction.
Consequently all points fromc to the right end ofI are in I ∩ U . This is again a
contradiction, sincec′ is known to be inI ∩ V .

Proposition 2.49. The continuous image of a connected metric space is
connected.

PROOF. Let (X, d) and (Y, ρ) be metric spaces, and letf : X → Y be
continuous. We are to prove thatf (X) is connected. Corollary 2.27 shows that
there is no loss of generality in assuming thatf (X) = Y, i.e., f is onto. Arguing
by contradiction, suppose thatY is the unionY = U ∪ V of disjoint nonempty
open sets. ThenX = f −1(U ) ∪ f −1(V) exhibits X as the disjoint union of
nonempty sets, and these sets are open as a consequence of Proposition 2.15a.
ThusX is not connected.

Corollary 2.50 (Intermediate Value Theorem). For real-valued functions of a
real variable, the continuous image of any interval is an interval.

PROOF. This is immediate from Propositions 2.48 and 2.49.

Further connected sets beyond those inR are typically built from other con-
nected sets. One tool is apath in X, which is a continuous function from a closed
bounded interval [a, b] into X. The image of a path is connected by Propositions
2.48 and 2.49. A metric space(X, d) is pathwise connectedif for any two points
x1 andx2 in X, there is some pathp from x1 to x2, i.e., if there is some continuous
p : [a, b] → X with p(a) = x1 and p(b) = x2.

A pathwise-connected metric space(X, d) is necessarily connected. In fact,
otherwise we could writeX as a disjoint union of two nonempty open setsU and
V . Let x1 be inU andx2 be in V , and letp : [a, b] → X be a path fromx1 to
x2. Then p([a, b]) = (p([a, b]) ∩ U ) ∪ (p([a, b]) ∩ V) exhibits p([a, b]) as a
disjoint union of relatively open sets, and these sets are nonempty, sincex1 is in
the first set andx2 is in the second set. Consequentlyp([a, b]) is not connected,
in contradiction to the fact that the image of any path is connected.

We can view a pathwise-connected metric space as the union of images of
paths from a single point to all other points, and such a union is then connected.
The following proposition generalizes this construction.
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Proposition 2.51.If (X, d) is a metric space and{Eα} is a system of connected
subsets ofX with a pointx0 in common, then

⋃
α Eα is connected.

PROOF. Assuming the contrary, find open setsU andV in X such that
⋃

α Eα

is the disjoint union of its intersections withU andV and these two intersections
are both nonempty. Say thatx0 is inU . SinceEα is connected andx0 is in Eα ∩U ,
the decompositionEα = (Eα ∩ U ) ∪ (Eα ∩ V) forcesEα ∩ V to be empty. Then(⋃

α Eα) ∩ V = ⋃
α (Eα ∩ V) is empty, and we have arrived at a contradiction.

Proposition 2.52. If (X, d) is a metric space andE is a connected subset of
X, then the closureEcl is connected.

PROOF. Suppose thatU andV are open sets inX such thatEcl is contained
in U ∪ V andEcl ∩ U ∩ V is empty. We are to prove thatEcl ∩ U andEcl ∩ V
cannot both be nonempty. Arguing by contradiction, letx be inEcl ∩U and lety
be inEcl ∩ V . SinceE is connected,E ∩U andE ∩ V cannot both be nonempty,
and thusx andy cannot both be inE. Thus at least one of them, sayx, is a limit
point of E. SinceU is a neighborhood ofx, U contains a pointe of E different
from x. Thuse is in E ∩ U . Sincey cannot then be inE ∩ V , y is a limit point
of E. SinceV is a neighborhood ofy, V contains a pointf of E different from
y. Thus f is in E ∩ V , and we have arrived at a contradiction.

EXAMPLE. The graph inR2 of sin(1/x) for 0 < x ≤ 1 is pathwise connected,
and we have seen that pathwise-connected sets are connected. The closure of this
graph consists of the graph together with all points(0, t) for −1 ≤ t ≤ 1, and
this closure is connected by Proposition 2.52. One can show, however, that this
closure is not pathwise connected. Thus we obtain an example of a connected set
in R2 that is not pathwise connected.

9. Baire Category Theorem

A number of deep results in analysis depend critically on the fact that some metric
space is complete. Already we have seen that the metric spaceC(S) of bounded
continuous scalar-valued functions on a metric space is complete, and we shall
see as not too hard a consequence in Chapter XII that there exists a continuous
periodic function whose Fourier series diverges at a point. One of the features
of the Lebesgue integral in Chapter V will be that the metric spaces of integrable
functions and of square-integrable functions, with their natural metrics, are further
examples of complete metric spaces. Thus these spaces too are available for
applications that make use of completeness.

The main device through which completeness is transformed into a powerful
hypothesis is the Baire Category Theorem below. A closed set in a metric space
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is nowhere denseif its interior is empty. Its complement is an open dense set,
and conversely the complement of any open dense set is closed nowhere dense.

EXAMPLE. A nontrivial example of a closed nowhere dense set is aCantor set4

in R. This is a set constructed from a closed bounded interval ofR by removing
an open interval in the middle of length a fractionr1 of the total length with
0 < r1 < 1, removing from each of the 2 remaining closed subintervals an open
interval in the middle of length a fractionr2 of the total length of the subinterval,
removing from each of the 4 remaining closed subintervals an open interval in
the middle of length a fractionr3 of the total length of the interval, and so on
indefinitely. The Cantor set is obtained as the intersection of the approximating
sets. It is closed, being the intersection of closed sets, and it is nowhere dense
because it contains no interval of more than one point. For thestandard Cantor
set, the starting interval is [0, 1], and the fractions are given byr1 = r2 = · · · = 1

3
at every stage. In general, the “length” of the resulting set5 is the product of the
length of the starting interval and

∏∞
n=1 (1 − rn).

Theorem 2.53(Baire Category Theorem). If(X, d) is a complete metric
space, then

(a) the intersection of countably many open dense sets is nonempty,
(b) X is not the union of countably many closed nowhere dense sets.

PROOF. Conclusions (a) and (b) are equivalent by taking complements. Let us
prove (a). Suppose thatUn is open and dense forn ≥ 1. SinceU1 is nonempty
and open, letE1 be an open ballB(r1; x1) whose closure is inU1 and whose radius
is r1 ≤ 1. We construct inductively open ballsEn = B(rn; xn) with rn ≤ 1

n such
that En ⊆ U1 ∩ · · · ∩ Un and Ecl

n ⊆ En−1. SupposeEn with n ≥ 1 has been
constructed. SinceUn+1 is dense andEn is nonempty and open,Un+1 ∩ En is
not empty. Letxn+1 be a point inUn+1 ∩ En. SinceUn+1 ∩ En is open, we can
find an open ballEn+1 = B(rn+1; xn+1) with radiusrn+1 ≤ 1

n+1 and center the
point xn+1 in Un+1 such thatEcl

n+1 ⊆ Un+1 ∩ En. ThenEn+1 has the required
properties, and the inductive construction is complete. The sequence{xn} is
Cauchy because whenevern ≥ m, the pointsxn andxm are both inEm and thus
haved(xn, xm) < 1

m. SinceX is by assumption complete, letxn → x. For any
integerN, the inequalityn > N implies thatxn is in EN+1. Thus the limitx is in
Ecl

N+1 ⊆ EN ⊆ U1 ∩ · · · ∩ UN . SinceN is arbitrary,x is in
⋂∞

n=1 Un.

4Often a mathematician who refers to “the” Cantor set is referring to what is called the “standard
Cantor set” later in the present paragraph.

5To be precise, the length is the “Lebesgue measure” of the set in the sense to be defined in
Chapter V.
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REMARK. In (a), the intersection in question is dense, not merely nonempty.
To see this, we observe in the first part of the proof that sinceU1 is dense,E1 can
be chosen to be arbitrarily close to any member ofX and to have arbitrarily small
radius. Following through the construction, we see thatx is in E1 and hence can
be arranged to be as close as we want to any member ofX. The corresponding
conclusion in (b) is that a nonempty open subset ofX is never contained in the
countable union of closed nowhere dense sets.

EXAMPLES.

(1) The subsetQ of rationals inR is not the countable intersection of open
sets. In fact, assume the contrary, and writeQ = ⋂∞

n=1 Un with Un open. Each
setUn containsQ and hence is dense inR. Also, for q ∈ Q, the setR − {q} is
open and dense. Thus the equalityQ = ⋂∞

n=1 Un implies that( ∞⋂
n=1

Un

)
∩
(⋂

q∈Q

(R − {q})
)

is empty, in contradiction to Theorem 2.53.

(2) Let us start with a Cantor set as at the beginning of this section. The total
interval is to be [0, 1], and the set is to be built with middle segments of fractions
r1, r2, . . . . Within the closure of each removed open interval, we insert a Cantor
set for that interval, possibly with different fractionsr1, r2, . . . for each inserted
Cantor set. This insertion involves further removed open intervals, and we insert
a Cantor set into each of these. We continue this process indefinitely. The union
of the constructed sets is dense. Can it be the entire interval [0, 1]? The answer
is “no” because each of the Cantor sets is closed nowhere dense and because by
Theorem 2.53, the interval [0, 1] is not the countable union of closed nowhere
dense sets.

A subsetE of a metric space is said to be of thefirst category if it is contained
in the countable union of closed nowhere dense sets. Theorem 2.53 and the
remark after it together imply that no nonempty open set in a complete metric
space is of the first category.

Theorem 2.54.Let (X, d) be a complete metric space, and letU be an open
subset ofX. Suppose forn ≥ 1 that fn : U → C is a continuous function and that
fn converges pointwise to a functionf : U → C. Then the set of discontinuities
of f is of the first category.

The proof will make use of the notion of theoscillation of a function. For any
functiong : U → C, define

oscg(x0) = lim
δ↓0

sup
x∈B(δ;x0)

|g(x) − g(x0)|,
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so thatg is continuous atx0 if and only if oscg(x0) = 0. At first glance it
might seem that the sets

{
x
∣∣ oscg(x) ≥ r

}
are always closed, no matter what

discontinuitiesg has. Actually, these sets need not be closed. Take, for example,
the functiong : R → R that is 1 at every nonzero rational, 0 at every irrational,
and 1/2 at 0. Then oscg(x) is 1 at everyx in R except forx = 0, where it is 1/2.
Thus, in this example, the set

{
x
∣∣ oscg(x) ≥ 1

}
is R − {0} and is not closed.

Lemma 2.55. Let (X, d) be a complete metric space, and letU be an open
subset ofX. If g : U → C is a function andε > 0 is a positive number, then{

x ∈ U
∣∣ oscg(x) ≥ 2ε

}cl ⊆ {
x ∈ U

∣∣ oscg(x) ≥ ε
2

}
.

PROOF. We need to see that the limit points of the set on the left are in the
set on the right. Thus suppose that oscg(xn) ≥ 2ε for all n and thatxn → x0.
For eachn, choosexn,m such that limm xn,m = xn and|g(xn,m) − g(xn)| ≥ ε for
all m. Because of the convergence ofxn,m to xn, we may choose, for eachn, an
integerm = mn such thatd(xn,mn, xn) < d(x0, xn), and then limn xn,mn = x0

by the triangle inequality. From|g(xn,mn) − g(xn)| ≥ ε, the triangle inequality
forces

|g(xn,mn) − g(x0)| ≥ ε
2 or |g(xn) − g(x0)| ≥ ε

2. (∗)

Definingyn to bexn,mn or xn according as the first or second inequality is the case
in (∗), we haveyn → x0 and|g(yn) − g(x0)| ≥ ε

2. This proves the lemma.

PROOF OFTHEOREM 2.54. In view of Lemma 2.55 and the fact thatU is not
of first category (Theorem 2.53 and the remark afterward), it is enough to prove
for eachε > 0 that

{
x
∣∣ oscf (x) ≥ ε

}
does not contain a nonempty open subset

of X. Assuming the contrary, suppose that it contains the nonempty open setV .
Define

Amn = {
x ∈ V

∣∣ | fm(x) − fn(x)| ≤ ε
4

}
.

This is a relatively closed subset ofV . ThenAm = ⋂
n≥m Amn is closed inV . If

x is in V , the fact that{ fn(x)} is a Cauchy sequence implies that there is somem
such thatx is in Amn for all n ≥ m. Hence

⋃∞
m=1 Am = V . Again by Theorem

2.53 and the remark after it, someAm has nonempty interior. Fix thatm, and let
W be its nonempty interior. Since

Am ⊆ {
x ∈ V

∣∣ | fm(x) − f (x)| ≤ ε
4

}
,

every point ofW has| fm(x) − f (x)| ≤ ε
4 and oscf (x) ≥ ε. Let x0 be inW and

choosexn tending tox0 with | f (xn) − f (x0)| ≥ 3ε
4 . From| fm(xn) − f (xn)| ≤ ε

4
and| fm(x0)− f (x0)| ≤ ε

4, we obtain| fm(xn)− fm(x0)| ≥ ε
4. Sincexn converges

to x0, this inequality contradicts the continuity offm at x0.
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10. Properties ofC(S) for Compact Metric S

If (S, d) is a metric space, then we saw in Proposition 2.44 that the vector space
B(S)of bounded scalar-valued functions onS, in the uniform metric, is a complete
metric space. We saw also in Corollary 2.45 that the vector subspaceC(S) of
bounded continuous functions is a complete subspace. In this section we shall
study the spaceC(S) further under the assumption thatS is compact. In this case
Propositions 2.38 and 2.34 tell us that every continuous scalar-valued function
on S is automatically bounded and hence is inC(S).

The first result aboutC(S) for S compact is a generalization of Ascoli’s
Theorem from its setting in Theorem 1.22 for real-valued functions on a bounded
interval [a, b]. The generalized theorem provides an insight that is not so obvious
from the special case thatS is a closed bounded interval ofR. The insight is a
characterization of the compact subsets ofC(S) when S is compact, and it is
stated precisely in Corollary 2.57 below. The relevant definitions for Ascoli’s
Theorem are generalized in the expected way. LetF = { fα | α ∈ A} be a
set of scalar-valued functions on the compact metric spaceS. We say thatF
is equicontinuousat x ∈ S if for eachε > 0, there is someδ > 0 such that
d(t, x) < δ implies | f (t) − f (x)| < ε for all f ∈ F. The setF of functions
is pointwise boundedif for eacht ∈ [a, b], there exists a numberMt such that
| f (t)| ≤ Mt for all f ∈ F. The set isuniformly equicontinuous on S if it is
equicontinuous at each pointx ∈ S and if theδ can be taken independent ofx.
The set isuniformly bounded on S if it is pointwise bounded at eacht ∈ Sand
the boundMt can be taken independent oft ; this last definition is consistent with
the definition of a uniformly bounded sequence of functions given in Section 4.

Theorem 2.56(Ascoli’s Theorem). Let(S, d) be a compact metric space. If
{ fn} is a sequence of scalar-valued functions onS that is equicontinuous at each
point of Sand pointwise bounded onS, then

(a) { fn} is uniformly equicontinuous and uniformly bounded onS,
(b) { fn} has a uniformly convergent subsequence.

REMARKS. The proof involves only notational changes from the special case
Theorem 1.22; there are enough such changes, however, so that it is worth writing
out the details. Inspection of this proof shows also that the rangeR or C may be
replaced by any compact metric space. We shall see a further generalization of
this theorem in Chapter X, and the proof at that time will look quite different.

PROOF. Since eachfn is continuous at each point, we know from Propositions
2.38, 2.34a, and 2.41 that eachfn is uniformly continuous and bounded. The
proof of (a) amounts to an argument that the estimates in those theorems can be
arranged to apply simultaneously for alln.
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First consider the question of uniform boundedness. Choose, by Corollary
2.39, somexn in S with | fn(xn)| equal toKn = supx∈S | fn(x)|. Then choose
a subsequence on which the numbersKn tend to supn Kn in R∗. There will be
no loss of generality in assuming that this subsequence is our whole sequence.
By compactness ofS, apply the Bolzano–Weierstrass property given in Theorem
2.36 to find a convergent subsequence{xnk} of {xn}, and letx0 be the limit of this
subsequence. By pointwise boundedness, findMx0 with | fn(x0)| ≤ Mx0 for all
n. Then choose someδ of equicontinuity atx0 for ε = 1. As soon ask is large
enough so thatd(xnk, x0) < δ, we have

Knk = | fnk(xnk)| ≤ | fnk(xnk) − fnk(x0)| + | fnk(x0)| < 1 + Mx0.

Thus 1+ Mx0 is a uniform bound for the functionsfn.
For the uniform equicontinuity, fixε > 0. The uniform continuity offn for

eachn, as given in Proposition 2.41, means that it makes sense to define

δn(ε) = min

{
1, sup

{
δ′ > 0

∣∣∣∣ | f (x) − f (y)| < ε whenever
d(x, y) < δ′ andx andy are inS

}}
.

If d(x, y) < δn(ε), then| fn(x) − fn(y)| < ε. Putδ(ε) = infn δn(ε). Let us see
that it is enough to prove thatδ(ε) > 0: If x andy are inSwith d(x, y) < δ(ε),
thend(x, y) < δ(ε) ≤ δn(ε). Hence| fn(x) − fn(y)| < ε as required.

Thus we are to prove thatδ(ε) > 0. If δ(ε) = 0, then we first choose a strictly
increasing sequence{nk} of positive integers such thatδnk(ε) < 1

k , and we next
choosexk andyk in Swith d(xk, yk) < δnk(ε) and| fk(xk) − fk(yk)| ≥ ε. Using
the Bolzano–Weierstrass property again, we obtain a subsequence{xkl } of {xk}
such that{xkl } converges, say to a limitx0. Then

lim sup
l

d(ykl , x0) ≤ lim sup
l

d(ykl , xkl ) + lim sup
l

d(xkl , x0) = 0 + 0 = 0,

so that{ykl } converges tox0. Now choose, by equicontinuity atx0, a number
δ′ > 0 such that| fn(x) − fn(x0)| < ε

2 for all n wheneverd(x, x0) < δ′. The
convergence of{xkl } and {ykl } to x0 implies that for large enoughl , we have
d(xkl , x0) < δ′ and d(ykl , x0) < δ′. Therefore| fkl (xkl ) − fkl (x0)| < ε

2 and
| fkl (ykl ) − fkl (x0)| < ε

2, from which we conclude that| fkl (xkl ) − fkl (ykl )| < ε.
But we saw that| fk(xk) − fk(yk)| ≥ ε for all k, and thus we have arrived at a
contradiction. This proves the uniform equicontinuity and completes the proof
of (a).

To prove (b), letR be a compact set containing all sets image( fn). Choose
a countable dense setD in S by Proposition 2.33. Using the Cantor diagonal
process and the Bolzano–Weierstrass property ofR, we construct a subsequence
{ fnk} of { fn} that is convergent at every point inD. Let us prove that{ fnk} is
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uniformly Cauchy. Letε > 0 be given, and letδ be some corresponding number
exhibiting equicontinuity. The ballsB(δ; r ) centered at the membersr of D cover
S, and the compactness ofSgives us finitely many of their centersr1, . . . , rl such
that any member ofS is within δ of at least one ofr1, . . . , rl . Then chooseN
with | fn(r j )− fm(r j )| < ε for 1 ≤ j ≤ l whenevern andm are≥ N. If x is in S,
let r (x) be anr j with d(x, r (x)) < δ. Whenevern andm are≥ N, we then have

| fn(x) − fm(x)|
≤ | fn(x) − fn(r (x))| + | fn(r (x)) − fm(r (x))| + | fm(r (x)) − fm(x)|
< ε + ε + ε = 3ε.

Hence{ fnk} is uniformly Cauchy, and (b) follows since the metric spaceC(S) is
complete.

Corollary 2.57. If (S, d) is a compact metric space, then a subsetE of C(S)

in the uniform metric has compact closure if and only ifE is uniformly bounded
and uniformly equicontinuous.

PROOF. First let us see that ifE is uniformly bounded and uniformly equicon-
tinuous, then so isEcl. In fact, if | f (x)| ≤ M for f ∈ E, then the same thing is
true of any uniform limit of such functions. HenceEcl is uniformly bounded. For
the uniform equicontinuity ofEcl, letε be given, and find someδ of equicontinuity
for ε and the members ofE. If f is a limit point of E, we can find a sequence
{ fn} in E converging uniformly tof . If d(x, y) < δ, then the inequality

| f (x) − f (y)| ≤ | f (x) − fn(x)| + | fn(x) − fn(y)| + | fn(y) − f (y)|
and the uniform convergence show that we obtain| f (x) − f (y)| < 3ε by fixing
any sufficiently largen. ThusEcl is uniformly equicontinuous.

Now suppose thatE is a closed subset ofC(S) that is uniformly bounded
and equicontinuous. Then Theorem 2.56 shows that any sequence inE has
a subsequence that is convergent inC(S). SinceE is closed, the sequence is
convergent inE. Theorem 2.36 then shows thatE is compact.

Conversely suppose thatE is compact inC(S). Distance from 0 inC(S) is a
continuous real-valued function by Corollary 2.17, and this continuous function
has to be bounded on the compact setE. ThusE is uniformly bounded. For the
uniform equicontinuity, letε > 0 be given. Theorem 2.46 shows thatE is totally
bounded. Hence we can find a finite setf1, . . . , fl in E such that each memberf
of E has supx∈S | f (x) − f j (x)| < ε for some j . By uniform continuity of each
fi , choose some numberδ > 0 such thatd(x, y) < δ implies| fi (x)− fi (y)| < ε

for 1 ≤ i ≤ l . If f j is the member of the finite set associated withf , then
d(x, y) < δ implies

| f (x) − f (y)| ≤ | f (x) − f j (x)| + | f j (x) − f j (y)| + | f j (y) − f (y)| < 3ε.

HenceE is uniformly equicontinuous.
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The second result aboutC(S) whenS is compact generalizes the Weierstrass
Approximation Theorem (Theorem 1.52) of Section I.9. We shall make use of a
special case of the Weierstrass theorem in the proof—that|x| is the uniform limit
on [−1, 1] of polynomialsPn(x) with Pn(0) = 0. This special case was proved
also by a direct argument in Section I.8.

Let us distinguish the case of real-valued functions from that of complex-
valued functions, writingC(S, R) andC(S, C) in the two cases. The theorem in
question gives a sufficient condition for a “subalgebra” ofC(S, R) or C(S, C) to
be dense in the whole space in the uniform metric. Pointwise addition and scalar
multiplication makeC(S, R) into a real vector space andC(S, C) into a complex
vector space, and each space has also the operation of pointwise multiplication; all
of these operations on functions preserve continuity as a consequence of Corollary
2.29. By asubalgebraof C(S, R) orC(S, C), we mean any nonempty subset that
is closed underall these operations. The spaceC(S, C) has also the operation
of complex conjugation; this again preserves continuity by Corollary 2.29.

We shall work with a subalgebra ofC(S, R) or of C(S, C), and we shall
assume that the subalgebra is closed under complex conjugation in the case of
complex scalars. The closure of such a subalgebra in the uniform metric is again
a subalgebra. To see that this closure is a subalgebra requires checking each
operation separately, and we confine our attention to pointwise multiplication. If
sequences{ fn} and{gn} converge uniformly tof andg, then{ fngn} converges
uniformly to f g because

sup
x∈S

| fn(x)gn(x) − f (x)g(x)|
≤ sup

x∈S
| fn(x)(gn(x) − g(x))| + sup

x∈S
|( fn(x) − f (x))g(x)|

≤
(

sup
x∈S

| fn(x)|
)(

sup
x∈S

|gn(x)−g(x)|
)
+
(

sup
x∈S

|g(x)|
)(

sup
x∈S

| fn(x)− f (x)|
)

with supx∈S |g(x)| finite and supx∈S | fn(x)| convergent to supx∈S | f (x)|.
We say that a subalgebra ofC(S, R) or C(S, C) separates pointsif for each

pair of distinct pointsx1 and x2 in S, there is somef in the subalgebra with
f (x1) �= f (x2).

Theorem 2.58(Stone–Weierstrass Theorem). Let(S, d) be a compact metric
space.

(a) If A is a subalgebra ofC(S, R) that separates points and contains the
constant functions, thenA is dense inC(S, R) in the uniform metric.

(b) If A is a subalgebra ofC(S, C) that separates points, contains the constant
functions, and is closed under complex conjugation, thenA is dense in
C(S, C) in the uniform metric.
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PROOF OF(a). LetAcl be the closure ofA in the uniform metric. We recalled
above from Chapter I that|t | is the limit of polynomialst 
→ Pn(t) uniformly on
[−1, 1]. It follows that|t | is the limit of polynomialst 
→ Qn(t) = M Pn(M−1t)
uniformly on [−M, M ]. Taking M = supx∈S | f (x)|, we see that| f | is in Acl

wheneverf is in A.
SinceAcl is a subalgebra closed under addition and scalar multiplication as

well, the formulas

max{ f, g} = 1
2( f + g) + 1

2| f − g|,
min{ f, g} = 1

2( f + g) − 1
2| f − g|,

show thatAcl is closed under pointwise maximum and pointwise minimum for
two functions. Iterating, we see thatAcl is closed under pointwise maximum and
pointwise minimum forn functions for any integern ≥ 2.

The heart of the proof is an argument that iff ∈ C(S, R), x ∈ S, andε > 0
are given, then there existsgx in Acl such thatgx(x) = f (x) and

gx(s) > f (s) − ε

for all s ∈ S. The argument is as follows: For eachy ∈ Sother thanx, there exists
a function inA taking distinct values atx andy. Some linear combination of this
function and the constant function 1 is a functionhy in A with hy(x) = f (x)

and hy(y) = f (y). To complete the definition ofhy for all y ∈ S, we set
hx equal to the constant functionf (x)1. The continuity ofhy and the equality
hy(y) = f (y) imply that there exists an open neighborhoodUy of y such that
hy(s) > f (s) − ε for all s ∈ Uy. As y varies, these open neighborhoods cover
S, and by compactness ofS, finitely many suffice, sayUy1, . . .Uyk . Then the
function gx = max{hy1, . . . , hyk} hasgx(s) > f (s) − ε for all s ∈ S. Also, it
hasgx(x) = f (x), and it is inAcl, sinceAcl is closed under pointwise maxima.

To complete the proof of (a), we continue withf ∈ C(S, R) andε > 0 as
above. We shall produce a memberh of Acl such that|h(s) − f (s)| < ε for all
s ∈ S. For eachx, the continuity ofgx and the equalitygx(x) = f (x) imply
that there is an open neighborhoodVx of x such thatgx(s) < f (s) + ε for all
s ∈ Vx. As x varies, these open neighborhoods coverS, and by compactness of
S, finitely many suffice, sayVx1, . . . Vxl . The functionh = min{gx1, . . . , gxl } has
h(s) < f (s) + ε for all s ∈ S, and it is in(Acl)cl = Acl, since eachgxj is inAcl.
Since eachgxj hasgxj (s) > f (s) − ε for all s ∈ S, we haveh(s) > f (s) − ε as
well. Thus|h(s) − f (s)| < ε for all s ∈ S.

Sinceε is arbitrary, we conclude thatf is a limit point ofAcl. But Acl is
closed, and hencef is in Acl. ThereforeAcl = C(S, R).
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PROOF OF(b). LetAR be the subset of members ofA that take values inR.
ThenAR is certainly closed under addition, multiplication by real scalars, and
pointwise multiplication, and the real-valued constant functions are inAR. If
f = u + i v is in A and has real and imaginary partsu andv, then f̄ is in A
by assumption, and hence so areu = 1

2( f + f̄ ) andv = 1
2i ( f − f̄ ). We are

given thatA separates points ofS. If x1 and x2 are distinct points ofS with
f (x1) �= f (x2), then eitheru(x1) �= u(x2) or v(x1) �= v(x2), and it follows that
AR separates points. By (a),AR is dense inC(S, R). Finally let f = u + i v be
in C(S, C), and let{un} and{vn} be sequences inAR converging uniformly tou
andv, respectively. Then{un + i vn} is a sequence inA converging uniformly to
f . HenceA is dense inAR.

EXAMPLES.
(1) On a closed bounded interval [a, b] of the line, the scalar-valued polyno-

mials form an algebra that separates points, contains the constants, and is closed
under conjugation. The Stone–Weierstrass Theorem in this case reduces to the
Weierstrass Theorem (Theorem 1.52), saying that the polynomials are dense in
C([a, b]).

(2) Consider the algebra of continuous complex-valued periodic functions
on [−π, π ] and the subalgebra of complex-valued trigonometric polynomials∑N

n=−N cneinx; hereN depends on the trigonometric polynomial. Neither the
algebra nor the subalgebra separates points, since all functions in question have
f (−π) = f (π). To make the theorem applicable, we consider the domain of
these functions to be the unit circle ofC, parametrized byeix ; this parametriza-
tion is permissible by Corollary 1.45, and continuity is preserved. The Stone–
Weierstrass Theorem then applies and gives a new proof that the trigonometric
polynomials are dense in the space of complex-valued continuous periodic func-
tions; our earlier proof was constructive, deducing the result as part of Fej´er’s
Theorem (Theorem 1.59).

(3) Let Sn−1 be the unit sphere
{
x ∈ Rn

∣∣ |x| = 1
}

in Rn. The restrictions
to Sn−1 of all scalar-valued polynomialsP(x1, . . . , xn) in n variables form a
subalgebra ofC(Sm−1) that separates points, contains the constants, and is closed
under conjugation. The Stone–Weierstrass Theorem says that this subalgebra is
dense inC(Sn−1).

(4) Let Sbe the closed unit disk
{
z
∣∣ |z| ≤ 1

}
in C. The setA of restrictions to

Sof sums of power series having infinite radius of convergence is a subalgebra of
C(S, C) that separates points and contains the constants. However, the continuous
functionz̄ is not in the closure, because it has integral 0 overSwith every member
ofA and also with uniform limits onSof members ofA. This example shows the
need for some hypothesis like “closed under complex conjugation” in Theorem
2.58b.
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Corollary 2.59. If (S, d) is a compact metric space, thenC(S) is separable as
a metric space.

PROOF. It is enough to considerC(S, C), sinceC(S, R) is a metric subspace
of C(S, C). Being compact metric,S is separable by Proposition 2.33. LetB be
a countable base ofS. The number of pairs(U, V) of members ofB such that
U cl ⊆ V is countable. By Proposition 2.30e, there exists a continuous function
fU V : S → R such thatfU V is 1 onU cl and fU V is 0 onVc. Let us show that
the system of functionsfU V separates points ofS.

If x1 andx2 are given, theT1 property ofS(Proposition 2.30a), when combined
with Proposition 2.31, gives us a memberV of B such thatx1 is in V andV ⊆
{x2}c. Since the setVc is closed and does not containx1, the property thatS is
regular (Proposition 2.30c) gives us disjoint open setsU1 andV1 with x1 ∈ U1

andVc ⊆ V1. The latter condition means thatV ⊇ Vc
1 . By Proposition 2.31

let U be a basic open set withx1 ∈ U andU ⊆ U1. Then we havex1 ∈ U ⊆
U1 ⊆ U cl

1 ⊆ Vc
1 ⊆ V and hence alsox1 ∈ U ⊆ U cl ⊆ V . The function fU V is

therefore 1 onx1 and 0 onx2, and the system of functionsfU V separates points.
The set of all finite products of functionsfU V and the constant function 1

is countable, and so is the setD of linear combinations of all these functions
with coefficients of the formq1 + iq2 with q1 andq2 rational. The claim is that
this countable setD is dense inC(S, C). The closure ofD certainly contains the
algebraA of all complex linear combinations of the function 1 and arbitrary finite
products of functionsfU V , andA is closed under complex conjugation. By the
Stone–Weierstrass Theorem (Theorem 2.58),Acl = C(S, C). SinceDcl contains
A, we haveC(S, C) = Acl ⊆ (Dcl)cl = Dcl. In other words,D is dense.

11. Completion

If (X, d) and(Y, ρ) are two metric spaces, anisometry of X into Y is a function
ϕ : X → Y that preserves distances:ρ(ϕ(x1), ϕ(x2)) = d(x1, x2) for all x1 and
x2 in X. For example, a rotation(x, y) 
→ (x cosθ − y sinθ, x sinθ + y cosθ) is
an isometry ofR2 with itself. An isometry is necessarily continuous (withδ = ε).
However, an isometry need not have the whole range as image. For example, the
mapx 
→ (x, 0) of R1 into R2 is an isometry that is not ontoR2. In the case that
there exists an isometry ofX ontoY, we say thatX andY areisometric.

Theorem 2.60.If (X, d) is a metric space, then there exist a complete metric
space(X∗, 	) and an isometryϕ : X → X∗ such that the image ofX in X∗ is
dense.

REMARK. It is observed in Problems 25–26 at the end of the chapter that
(X∗, 	) andϕ : X → X∗ are essentially unique. The metric space(X∗, 	) is
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called acompletion of (X, d), or sometimes “the” completion because of the
essential uniqueness. There is more than one construction ofX∗, and the proof
below will use a construction by Cauchy sequences that is immediately suggested
if X is the set of rationals andX∗ is the set of reals.

PROOF. Let Cauchy(X) be the set of all Cauchy sequences inX. Define a
relation∼ on X as follows: if{pn} and{qn} are in Cauchy(X), then{pn} ∼ {qn}
means limd(pn, qn) = 0.

Let us prove that∼ is an equivalence relation. It is reflexive, i.e., has{pn} ∼
{pn}, becaused(pn, pn) = 0 for all n. It is symmetric, i.e., has the property that
{pn} ∼ {qn} implies{qn} ∼ {pn}, becaused(pn, qn) = d(qn, pn). It is transitive,
i.e., has the property that{pn} ∼ {qn} and{qn} ∼ {rn} together imply{pn} ∼ {rn},
because

0 ≤ d(pn, rn) ≤ d(pn, qn) + d(qn, rn)

and each term on the right side is tending to 0. Thus∼ is an equivalence relation.
Let X∗ be the set of equivalence classes. IfP and Q are two equivalence

classes, we set
	(P, Q) = lim d(pn, qn), (∗)

where{pn} is a member of the classP and{qn} is a member of the classQ. We
have to prove that the limit in (∗) exists inR and then that the limit is independent
of the choice of representatives ofP andQ.

For the existence of the limit (∗), it is enough to prove that the sequence
{d(pn, qn)} is Cauchy. The triangle inequality gives

d(pn, qn) ≤ d(pn, pm) + d(pm, qm) + d(qm, qn)

and henced(pn, qn) − d(pm, qm) ≤ d(pn, pm) + d(qm, qn). Reversing the roles
of m andn, we obtain

|d(pn, qn) − d(pm, qm)| ≤ d(pn, pm) + d(qm, qn).

The two terms on the right side tend to 0, since{pk} and{qk} are Cauchy, and
hence{d(pn, qn)} is Cauchy. Thus the limit (∗) exists.

We have also to show that the limit (∗) is independent of the choice of repre-
sentatives. Let{pn} and{p′

n} be in P, and let{qn} and{q′
n} be in Q. Then

d(pn, qn) ≤ d(pn, p′
n) + d(p′

n, q′
n) + d(q′

n, qn).

Since the first and third terms on the right side tend to 0 and the other terms in
the inequality have limits, we obtain limn d(pn, qn) ≤ limn d(p′

n, q′
n). Revers-

ing the roles of the primed and unprimed symbols, we obtain limd(p′
n, q′

n) ≤
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lim d(pn, qn). Therefore limd(pn, qn) = lim d(p′
n, q′

n), and	(P, Q) is well
defined.

Let us see that(X∗, 	) is a metric space. Certainly	(P, P) = 0 and
	(P, Q) = 	(Q, P). To prove the triangle inequality

	(P, Q) ≤ 	(P, R) + 	(R, Q), (∗∗)

let {pn} be in P, {qn} be in Q, and{rn} be in R. Since

d(pn, qn) ≤ d(pn, rn) + d(rn, qn),

we obtain (∗∗) by passing to the limit. Finally if two unequal classesP andQ
are given, and if{pn} and {qn} are representatives, then limd(pn, qn) �= 0 by
definition of∼. Therefore	(P, Q) > 0. Thus(X∗, 	) is a metric space.

Now we can define the isometryϕ : X → X∗. If x is in X, thenϕ(x) is the
equivalence class of the constant sequence{pn} in which pn = x for all n. To
see thatϕ is an isometry, letx andy be in X, let pn = x for all n, and letqn = y
for all n. Then	(ϕ(x), ϕ(y)) = lim d(pn, qn) = lim d(x, y) = d(x, y), andϕ

is an isometry.
Let us prove thatϕ(X) is dense inX∗. In fact, if P is in X∗ and {pn} is

a representative, we show thatϕ(pn) → P. If ϕ(pn) = P for all sufficiently
largen, thenP is in ϕ(X); otherwise this limit relation will exhibitP as a limit
point of ϕ(X), and we can conclude thatP is in ϕ(X)cl in any case. In other
words,ϕ(pn) → P implies thatϕ(X) is dense. To prove that we actually do
haveϕ(pn) → P, let ε > 0 be given. ChooseN such thatk ≥ m ≥ N implies
d(pm, pk) < ε. Then	(ϕ(pm), P) = limk d(pm, pk) ≤ ε for m ≥ N. Hence
limm 	(ϕ(pm), P) = 0 as required.

Finally let us prove thatX∗ is complete by showing directly that any Cauchy
sequence{Pn} converges. Sinceϕ(X) is dense inX∗, we can choosexn ∈ X with
	(ϕ(xn), Pn) < 1/n. First let us prove that{xn} is Cauchy inX. Let ε > 0 be
given, and chooseN large enough so that	(Pn, Pn′) < ε/3 whenn andn′ are
≥ N. Possibly by takingN still larger, we may assume that 1/N < ε/3. Then
whenevern andn′ are≥ N, we have

d(xn, xn′) = 	(ϕ(xn), ϕ(xn′))

≤ 	(ϕ(xn), Pn) + 	(Pn, Pn′) + 	(Pn′, ϕ(xn′))

≤ 1
n + ε

3 + 1
n′ ≤ 1

N + ε
3 + 1

N < ε
3 + ε

3 + ε
3 = ε.

Thus{xn} is Cauchy inX. Let P ∈ X∗ be the equivalence class to which{xr }
belongs. We prove completeness by showing thatPn → P. Let ε > 0 be given,
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and chooseN large enough so thatr ≥ n ≥ N impliesd(xn, xr ) < ε/2. Possibly
by takingN still larger, we may assume that1

N < ε
2. Thenr ≥ n ≥ N implies

	(Pn, P) ≤ 	(Pn, ϕ(xn)) + 	(ϕ(xn), P) < 1
n + lim

r
d(xn, xr ) < ε

2 + ε
2 = ε.

Thus Pn → P. Hence every Cauchy sequence inX∗ converges, andX∗ is
complete.

An important application of Theorem 2.60 for algebraic number theory is
to the construction of thep-adic numbers,p being prime. The metric space
that is completed is the set of rationals with a certain nonstandard metric. This
application appears in Problems 27–31 at the end of this chapter.

12. Problems

1. As in Example 9 of Section 1, letSbe a nonempty set, fix an integern > 0, and
let X be the set ofn-tuples of members ofS. Forn-tuplesx = (x1, . . . , xn) and
y = (y1, . . . , yn), defined(x, y) = #{ j | xj �= yj }, the number of components in
which x andy differ. Prove thatd satisfies the triangle inequality, so that(X, d)

is a metric space.

2. Prove that a separable metric space is the disjoint union of an open set that is at
most countable and a closed set in which every point is a limit point.

3. Give an example of a functionf : [0, 1] → R for which the graph off , given
by
{
(x, f (x))

∣∣ 0 ≤ x ≤ 1
}
, is a closed subset ofR2 and yet f is not continuous.

4. If A is a dense subset of a metric space(X, d) andU is open inX, prove that
U ⊆ (A ∩ U )cl.

5. Let (X, d) be a metric space, letU be an open set, and letE1 ⊇ E2 ⊇ · · · be a
decreasing sequence of closed bounded sets with

⋂∞
n=1 En ⊆ U .

(a) ForX equal toRn, show thatEN ⊆ U for someN.
(b) For X equal to the subspaceQ of rationals inR1, give an example to show

that EN ⊆ U can fail for everyN.

6. Let F : X × Y → Z be a function from the product of two metric spaces into a
metric space.
(a) Suppose that(x, y) 
→ F(x, y) is continuous and thatY is compact. Prove

that F(x, ·) tends toF(x0, ·) uniformly onY asx tends tox0.
(b) Conversely suppose
→ F(x, y) is continuous except possibly at points

(x, y) = (x0, y), and suppose thatF(x, ·) → F(x0, ·) uniformly. Prove
that F is continuous everywhere.
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7. Give an example of a continuous function between two metric spaces that fails
to carry some Cauchy sequence to a Cauchy sequence.

8. (Contraction mapping principle) Let (X, d) be a complete metric space, let
r be a number with0 ≤ r < 1, and let f : X → X be acontraction mapping,
i.e., a function such thatd( f (x), f (y)) ≤ rd(x, y) for all x andy in X. Prove
that there exists a uniquex0 in X such thatf (x0) = x0.

9. Prove that a countable complete metric space has an isolated point.

10. A metric space(X, d) is calledlocally connectedif each point has arbitrarily
small open neighborhoods that are connected. LetC be a Cantor set in [0, 1], as
described in Section 9, and letX ⊂ R2 be the union of the three setsC × [0, 1],
[0, 1] × {0}, and [0, 1] × {1}. Prove thatX is compact and connected but is not
locally connected.

Problems 11–13 concern the relationship between connected and pathwise connected.
It was observed in Section 8 that pathwise connected implies connected. A metric
space is calledlocally pathwise connectedif each point has arbitrarily small open
neighborhoods that are pathwise connected.

11. Prove that a metric space(X, d) that is connected and locally pathwise connected
is pathwise connected.

12. Deduce from the previous problem that for an open subset ofRn, connected
implies pathwise connected.

13. Prove that any open subset ofR1 is uniquely the disjoint union of open intervals.

Problems 14–17 concern almost periodic functions. Letf : R1 → C be a bounded
uniformly continuous function. Ifε > 0, anε almost periodfor f is a numbert such
that| f (x + t) − f (x)| ≤ ε for all realx. A subsetE of R1 is calledrelatively dense
if there is someL > 0 such that any interval of length≥ L contains a member ofE.
The function f is Bohr almost periodic if for everyε > 0, its set ofε almost periods
is relatively dense. The functionf is Bochner almost periodicif every sequence of
translates{ ftn}, where ft (x) = f (x + t), has a uniformly convergent subsequence.
Any functionx 
→ eicx with c real is an example.

14. As usual, letB(R1, C) be the metric space of bounded complex-valued functions
on R1 in the uniform metric. Show that the subspace of bounded uniformly
continuous functions is closed, hence complete.

15. Show that a bounded uniformly continuous functionf : R1 → C is Bohr almost
periodic if and only if the set

{
ft

∣∣ t ∈ R1
}

is totally bounded inB(R1, C).

16. Prove that a bounded uniformly continuous functionf : R1 → C is Bohr almost
periodic if and only if it is Bochner almost periodic. Thus the names Bohr and
Bochner can be dropped.
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17. Prove that the set of almost periodic functions onR1 is an algebra closed under
complex conjugation and containing the constants. Prove also that it is closed
under uniform limits.

Problems 18–20 concern the special case whose proof precedes that of the Stone–
Weierstrass Theorem (Theorem 2.58). In the text in Section 10, this preliminary
special case was the function|x| on [−1, 1], and it was handled in two ways—in
Section I.8 by the binomial expansion and Abel’s Theorem and in Section I.9 as a
special case of the Weierstrass Approximation Theorem. The problems in the present
group handle an alternative preliminary special case, the function

√
x on [0, 1]. This

is just as good because|x| =
√

x2.

18. (Dini’s Theorem) Let X be a compact metric space. Suppose thatfn : X → R
is continuous, thatf1 ≤ f2 ≤ f3 ≤ · · · , and that f (x) = lim fn(x) is
continuous and is nowhere+∞. Use the defining property of compactness
to prove thatfn converges tof uniformly on X.

19. Define a sequence of polynomial functionsPn : [0, 1] → R by P0(x) = 0 and
Pn+1(x) = Pn(x) + 1

2(x − Pn(x)2). Prove that 0= P0 ≤ P1 ≤ P2 ≤ · · · ≤√
x ≤ 1 and that limn Pn(x) = √

x for all x in [0, 1].

20. Combine the previous two problems to prove that
√

x is the uniform limit of
polynomial functions on [0, 1].

Problems 21–24 concern the effect of removing from the Stone–Weierstrass Theorem
(Theorem 2.58) the hypothesis that the given algebra contains the constants. Let(S, d)

be a compact metric space, and letA be a subalgebra ofC(S, R) that separates points.
There can be no pair of points{x, y} such that all members ofA vanish atx andy.

21. If for eachs ∈ S, there is some member ofA that is nonzero ats, prove in the
following way thatA is still dense inC(S, R): Observe that the only place in
the proof of Theorem 2.58a that the presence of constant functions is used is in
the construction of the functionhy in the third paragraph. Show that a function
hy still exists inAcl with hy(x) = f (x) andhy(y) = f (y) under the weaker
hypothesis that for eachs ∈ S, there is some member ofA that is nonzero ats.

22. Suppose that the members ofA all vanish at somes0 in S. Let B = A + R1,
so that Theorem 2.58a applies toB. Use the linear functionL : C(S, R) → R
given byL( f ) = f (s0), together with the fact thatB cl = C(S, R), to prove that
A is uniformly dense in the subalgebra of all members ofC(S, R) that vanish
ats0.

23. Adapt the above arguments to prove corresponding results about the algebra
C(S, C) of complex-valued continuous functions.

24. LetC0([0, +∞), R) be the algebra of continuous functions from [0, +∞) into
R that have limit 0 at+∞.
(a) Prove that the set of all finite linear combinations of functionse−nx for

positive integersn is dense inC0([0, +∞), R).
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(b) Suppose thatf is in C0([0, +∞), R), that f (x) = 0 for x ≥ b, and that∫ b
0 f (x)e−nx dx = 0 for all integersn > 0. Prove thatf is the 0 function.

Problems 25–26 concern completions of a metric space. They use the notation of
Theorem 2.60. The first problem says that the completion is essentially unique, and
the second problem addresses the question of what happens if the original space is
already complete; in particular it shows that the completion of the completion is the
completion.

25. Suppose that(X, d) is a metric space, that(X∗
1, 	1) and(X∗

2, 	2) are complete
metric spaces, and thatϕ1 : X → X∗

1 andϕ2 : X → X∗
2 are isometries such that

ϕ1(X) is dense inX∗
1 andϕ2(X) is dense inX∗

2. Prove that there exists a unique
isometryψ of X∗

1 onto X∗
2 such thatϕ2 = ψ ◦ ϕ1.

26. Prove that a metric spaceX is complete if and only ifX∗ = X, i.e., if and only
if the standard isometryϕ of X into its completionX∗ is onto.

Problems 27–31 concern the fieldQp of p-adic numbers. The problems assume
knowledge of unique factorization for the integers; the last problem in addition
assumes knowledge of rings, ideals, and quotient rings. LetQ be the set of rational
numbers with their usual arithmetic, and fix a prime numberp. Each nonzero rational
numberr can be written, via unique factorization of integers, asr = mpk/n with p
not dividing m or n and withk a well-defined integer (positive, negative, or zero).
Define|r |p = p−k. For r = 0, define|0|p = 0. The function| · |p plays a role in
the relationship betweenQ andQp similar to the role played by absolute value in the
relationship betweenQ andR.

27. Prove that| · |p on Q satisfies (i)|r |p ≥ 0 with equality if and only ifr = 0,
(ii) | − r |p = |r |p, (iii) |rs|p = |r |p|s|p, and (iv) |r + s|p ≤ max{|r |p, |s|p}.
Property (iv) is called theultrametric inequality .

28. Show that(Q, d) is a metric space under the definitiond(r, s) = |r − s|p.

29. Let (Qp, d) be the completion of the metric space(Q, d). Since|r |p can be
recovered from the metric by|r |p = d(r, 0), the function| · |p extends to a
continuous function| · |p : Qp → R.
(a) Using Proposition 2.47, show that addition, as a function fromQ×Q to Qp,

extends to a continuous function fromQp × Qp to Qp. Argue similarly that
the operation of passing to the negative, as a function fromQ to Qp, extends
to a continuous function fromQp to Qp. Then prove thatQp is an abelian
group under addition.

(b) Show that multiplication, as a function fromQ × Q to Qp, extends to a
continuous function fromQp × Qp to Qp. (This part is subtler than (a)
because multiplication is not uniformly continuous as a function of two
variables.)
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(c) Let Q× = Q − {0} and Q×
p = Qp − {0}. Show that the operation of

taking the reciprocal, as a function fromQ× to Q×
p , extends to a continuous

function fromQ×
p to itself. Then prove thatQ×

p is an abelian group under
multiplication.

(d) Complete the proof thatQp is a field by establishing the distributive law
t (r + s) = tr + ts within Qp.

30. (a) Prove that the subset
{
t ∈ Qp

∣∣ |t |p ≤ 1
}

of Qp is totally bounded.
(b) Prove that a subset ofQp is compact if and only if it is closed and bounded.

31. Prove that the subsetZp of Qp with |x|p ≤ 1 is a commutative ring with identity,
that the subsetP with |x|p ≤ p−1 is an ideal inZp, and that the quotientZp/P
is a field of p elements.



CHAPTER III

Theory of Calculus in Several Real Variables

Abstract. This chapter gives a rigorous treatment of parts of the calculus of several variables.
Sections 1–3 handle the more elementary parts of the differential calculus. Section 1 introduces an

operator norm that makes the space of linear functions fromRn to Rm or fromCn to Cm into a metric
space. Section 2 goes through the definitions and elementary facts about differentiation in several
variables in terms of linear transformations and matrices. The chain rule and Taylor’s Theorem with
integral remainder are two of the results of the section. Section 3 supplements Section 2 in order to
allow vector-valued and complex-valued extensions of all the results.

Sections 4–5 are digressions. The material in these sections uses the techniques of the present
chapter but is not needed until later. Section 4 develops the exponential function on complex square
matrices and establishes its properties; it will be applied in Chapter IV. Section 5 establishes the
existence of partitions of unity in Euclidean space; this result will be applied at the end of Section 10.

Section 6 returns to the development in Section 2 and proves two important theorems about
differential calculus. The Inverse Function Theorem gives sufficient conditions under which a
differentiable function from an open set inRn into Rn has a locally defined differentiable inverse,
and the Implicit Function Theorem gives sufficient conditions for the local solvability ofm nonlinear
equations inn + m variables form of the variables in terms of the othern. The Inverse Function
Theorem is proved on its own, and the Implicit Function Theorem is derived from it.

Sections 7–10 treat Riemann integration in several variables. Elementary properties analogous
to those in the one-variable case are in Section 7, a useful necessary and sufficient condition for
Riemann integrability is established in Section 8, Fubini’s Theorem for interchanging the order of
integration is in Section 9, and a preliminary change-of-variables theorem for multiple integrals is
in Section 10.

1. Operator Norm

This section works with linear functions fromn-dimensional column-vector space
to m-dimensional column-vector space. It will have applications within this
chapter both when the scalars are real and when the scalars are complex. To
be neutral let us therefore writeF for R or C. Material on the correspondence
between linear functions and matrices may be found in Section A7 of the appendix.

Specifically letL(Fn, Fm) be the vector space of all linear functions fromFn

into Fm. This space corresponds to the vector space ofm-by-n matrices with
entries inF, as follows: In the notation in Section A7 of the appendix, we let
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(e1, . . . , en) be the standard ordered basis ofFn, and(u1, . . . , um) the standard
ordered basis ofFm. We define a dot product inFm by

(a1, . . . , am) · (b1, . . . , bm) = a1b1 + · · · + ambm

with no complex conjugations involved. The correspondence of a linear function
T in L(Fn, Fm) to a matrixA with entries inF is then given byAi j = T(ej ) · ui .

Let | · | denote the Euclidean norm onFn or Fm, given as in Section II.1 by
the square root of the sum of the absolute values squared of the entries. The
Euclidean norm makesFn andFm into metric spaces, the distance between two
points being the Euclidean norm of the difference.

Proposition 3.1. If T is a member of the spaceL(Fn, Fm) of linear functions
from Fn to Fm, then there exists a finiteM such that|T(x)| ≤ M |x| for all x in
Fn. ConsequentlyT is uniformly continuous onFn.

PROOF. Eachx in Fn hasx = ∑n
j =1 (x · ej )ej , and linearity givesT(x) =∑n

j =1 (x · ej )T(ej ). Thus

|T(x)| =
∣∣∣ n∑

j =1

(x · ej )T(ej )

∣∣∣ ≤
n∑

j =1

|T(ej )||x · ej |.

The expressionx · ej is just thej th entry ofx, and hence|x · ej | ≤ |x|. Therefore
|T(x)| ≤ (∑n

j =1 |T(ej )|
)|x|, and the first conclusion has been proved with

M = ∑n
j =1 |T(ej )|. Replacingx by x − y gives

|T(x) − T(y)| = |T(x − y)| ≤ M |x − y|,
and uniform continuity ofT follows with δ = ε/M .

Let T be in L(Fn, Fm). Using Proposition 3.1, we define theoperator norm
‖T‖ of T to be the nonnegative number

‖T‖ = inf
x∈Fn

{
M
∣∣ |T(x)| ≤ M |x| for all x ∈ Fn}.

|T(x)| ≤ ‖T‖ |x| for all x ∈ Fn.Then

Since|T(cx)| = |c||x| for any scalarc, the inequality|T(x)| ≤ M |x| holds for
all x �= 0 if and only if it holds for allx with 0 < |x| ≤ 1, if and only if it
holds for allx with |x| = 1. Also, we haveT(0) = 0. It follows that two other
expressions for‖T‖ are

‖T‖ = sup
|x|≤1

|T(x)| = sup
|x|=1

|T(x)|.
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Proposition 3.2.The operator norm onL(Fn, Fm) satisfies

(a) ‖T‖ ≥ 0 with equality if and only ifT = 0,
(b) ‖cT‖ = |c| ‖T‖ for c in F,
(c) ‖T + S‖ ≤ ‖T‖ + ‖S‖,
(d) ‖T S‖ ≤ ‖T‖‖S‖ if S is in L(Fn, Fm) andT is in L(Fm, Fk),
(e) ‖1‖ = 1 if n = m and 1 denotes the identity function onFn.

PROOF. All the properties but (d) are immediate. For (d), we have

|(T S)(x)| = |T(S(x))| ≤ ‖T‖ |S(x)| ≤ ‖T‖‖S‖ |x|.
Taking the supremum for|x| ≤ 1 yields‖T S‖ ≤ ‖T‖‖S‖.

Corollary 3.3. The spaceL(Fn, Fm) becomes a metric space when a metric
d is defined byd(T, S) = ‖T − S‖.

PROOF. Conclusion (a) of Proposition 3.2 shows thatd(T, S) ≥ 0 with equality
if and only ifT = S, conclusion (b) shows thatd(T, S) = d(S, T), and conclusion
(c) yields the triangle inequality because substitution ofT = T ′ − V ′ andS =
V ′ − U ′ into (c) yieldsd(T ′,U ′) ≤ d(T ′, V ′) + d(V ′,U ′).

Suppose thatF = C. If the matrixA that corresponds to someT in L(Cn, Cm)

has real entries, we can regardT as a member ofL(Rn, Rm), as well as a member
of L(Cn, Cm). Two different definitions of‖T‖ are in force. Let us check that
they yield the same value for‖T‖.

Proposition 3.4. Let T be in L(Cn, Cm), and suppose that the vectorT(ej )

lies in Rm for 1 ≤ j ≤ n. ThenT carriesRn into Rm, and‖T‖ is consistently
defined in the sense that

‖T‖ = sup
x∈Rn, |x|≤1

|T(x)| = sup
z∈Cn, |z|≤1

|T(z)|.

PROOF. The first conclusion follows sinceT is R linear. For the second
conclusion, let‖T‖

R
and‖T‖

C
be the middle and right expressions, respectively,

in the displayed equation above. Certainly we have‖T‖
R

≤ ‖T‖
C

. If z is in Cn,
write z = x + iy with x andy in Rn. SinceT(x) andT(y) are inRn andT is C
linear,

|T(z)|2 = |T(x) + iT (y)|2 = |T(x)|2 + |T(y)|2
≤ (‖T‖

R
|x|)2 + (‖T‖

R
|y|2) = ‖T‖2

R
(|x|2 + |y|2) = ‖T‖2

R
|z|2.

Hence|T(z)| ≤ ‖T‖
R
|z|, and it follows that‖T‖

C
≤ ‖T‖

R
. The second

conclusion follows.
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We shall encounter limits of linear functions in the metricd given in Corollary
3.3, and it is worth knowing just what these limits mean. For this purpose, letT
be inL(Fn, Fm), and define theHilbert–Schmidt norm of T to be

|T | =
( n∑

j =1

|T(ej )|2
)1/2

.

This quantity has an interpretation in terms of them-by-n matrix A that is asso-
ciated to the linear functionT by the above formulaAi j = T(ej ) · ui . Namely,

|T | equals
(∑

i, j |Ai j |2
)1/2

, which is just the Euclidean norm of the matrixA
if we think of A as lying inFnm. This correspondence provides the license for
using the notation of a Euclidean norm for the Hilbert–Schmidt norm ofT . The
Hilbert–Schmidt norm has the same three properties as the operator norm that
allow us to use it to define a metric:

(i) |T | ≥ 0 with equality if and only ifT = 0,
(ii) |cT| = |c| |T | for c in F,

(iii) |T + S| ≤ |T | + |S|.
Let us writed2(T, S) = |T − S| for the associated metric. Parenthetically we
might mention that the analogs of (d) and (e) for the Hilbert–Schmidt norm are

(iv) |T S| ≤ |T | |S| if S is in L(Fn, Fm) andT is in L(Fm, Fk),
(v) |1| = √

n if n = m and 1 denotes the identity function onFn.

We shall have no need for these last two properties, and their proofs are left to be
done in Problem 1 at the end of the chapter.

Proposition 3.5.The operator norm and Hilbert–Schmidt norm onL(Fn, Fm)

are related by
‖T‖ ≤ |T | ≤ √

n ‖T‖.
Consequently the associated metrics are related by

d ≤ d2 ≤ √
n d.

PROOF. If |x| ≤ 1, then the triangle inequality and the classical Schwarz
inequality of Section A5 give

|T(x)| =
∣∣∣ n∑

j =1

(x · ej )T(ej )

∣∣∣ ≤
n∑

j =1

|x · ej | |T(ej )|

≤
( n∑

j =1

|x · ej |
)1/2( n∑

j =1

|T(ej )|2
)1/2 = |x|

( n∑
j =1

|T(ej )|2
)1/2 ≤ |T |.
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Taking the supremum overx yields‖T‖ ≤ |T |. In addition,

|T |2 =
n∑

j =1

|T(ej )|2 ≤
n∑

j =1

‖T‖2|ej |2 = n‖T‖2,

and the second asserted inequality follows.

Proposition 3.5 implies that the identity map between the two metric spaces
(L(Fn, Fm) , d) and(L(Fn, Fm), d2) is uniformly continuous and has a uniformly
continuous inverse. Therefore open sets, convergent sequences, and even Cauchy
sequences are the same in the two metrics. Briefly said, convergence in the
operator norm means entry-by-entry convergence of the associated matrices, and
similarly for Cauchy sequences.

2. Nonlinear Functions and Differentiation

We begin a discussion of more general functions between Euclidean spaces by
defining the multivariable derivative for such a function and giving conditions
for its existence. LetE be an open set inRn, and let f : E → Rm be a

function. We can writef (x) =
( f1(x)

...
fm(x)

)
, where fi (x) = f (x) · ui . Then

f (x) = ∑m
i =1 fi (x)ui . The functionsfi : E → R are called thecomponentsof

f . The associatedpartial derivatives are given by

∂ fi
∂xj

(x) = d

dt
fi (x + tej )

∣∣
t=0.

We say thatf is differentiable at x in E if there is someT in L(Rn, Rm) with

lim
h→0

| f (x + h) − f (x) − T(h)|
|h| = 0.

The linear functionT is unique if it exists. In fact, ifT1 andT2 both serve as
T in this limit relation, then we write

T2(h) − T1(h) = (
f (x + h) − f (x) − T1(h)

)− (
f (x + h) − f (x) − T2(h)

)
and find that

|T1(h) − T2(h)|
|h| ≤ | f (x + h) − f (x) − T1(h)|

|h| + | f (x + h) − f (x) − T2(h)|
|h|

−→ 0.
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If T1 �= T2, choose somev ∈ Rn with |v| = 1 andT1(v) �= T2(v). As a nonzero
real parametert tends to 0, we must have

|T1(v) − T2(v)|
= |tv|−1

∣∣( f (x + tv) − f (x) − T1(tv)
)− (

f (x + tv) − f (x) − T2(tv)
)∣∣

−→ 0.

Sincet does not appear on the left side but the right side tends to 0, the result is a
contradiction. ThusT1 = T2, andT is unique in the definition of “differentiable.”

If T exists, we write f ′(x) for it and call f ′(x) the derivative of f at x.
If f is differentiable at every pointx in E, thenx 
→ f ′(x) defines a function
f ′ : E → L(Rn, Rm). Wedeal with the differentiability of this function presently.

A differentiable function is necessarily continuous. In fact, differentiability at
x implies that| f (x + h) − f (x) − T(h)| → 0 ash → 0. SinceT is continuous,
T(h) → 0 also. Thusf (x + h) → f (x), and f is continuous atx.

Proposition 3.6. Let E be an open set ofRn, and let f : E → Rm be a

function. If f ′(x) exists, then
∂ fi
∂xj

(x) exists for alli and j , and

∂ fi
∂xj

(x) = f ′(x)(ej ) · ui .

REMARKS. In other words, if f ′(x) exists at some pointx, then it has to be

the linear function whose matrix is
[ ∂ fi
∂xj

(x)
]
. This matrix is called theJacobian

matrix of f at x.

PROOF. We are given that

lim
h→0

| f (x + h) − f (x) − f ′(x)(h)|
|h| = 0.

Dot product with a particular vector is continuous by Proposition 3.1. Take
h = tej with t real in the displayed equation, and form the dot product withui .
Then we obtain

lim
t→0

| fi (x + tej ) − fi (x) − t f ′(x)(ej ) · ui |
|t | = 0.

The result follows.
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The natural converse to Proposition 3.6 is false: the first partial derivatives of
a function may all exist at a point, and it can still happen thatf is discontinuous.

If f ′(x) exists at all points of the open setE in Rn, then we obtain a function
f ′ : E → L(Rn, Rm), and we have seen that we can regardL(Rn, Rm) as a
Euclidean space by means of the Hilbert–Schmidt norm. Let us examine what
continuity of f ′ means and then what differentiability off ′ means.

Theorem 3.7.Let E be an open set ofRn, and let f : E → Rm be a function.
If f ′(x) exists for allx in E and x 
→ f ′(x) is continuous at somex0, then

x 
→ ∂ fi
∂xj

(x) is continuous atx0 for all i and j . Conversely if each
∂ fi
∂xj

(x) exists

at every point ofE and is continuous at a pointx0, then f ′(x0) exists. If all
∂ fi
∂xj

are continuous onE, thenx 
→ f ′(x) is continuous onE.

PROOF OF DIRECT PART. The partial derivative
∂ fi
∂xj

(x) is one of the entries of

f ′(x), regarded as a matrix, and has to be continuous iff ′(x) is continuous.

PROOF OF CONVERSE PART. For the moment, letx be fixed. Regardh as
(h1, . . . , hm), and for 1≤ j ≤ n, put h( j ) = (h1, . . . , hj , 0, . . . , 0). DefineT

to be the member ofL(Rn, Rm) with matrix
[ ∂ fi
∂xj

(x)
]
. Use of the Mean Value

Theorem gives

[ f (x + h) − f (x)] i =
n∑

j =1

[ f (x + h( j )) − f (x + h( j −1))] i

=
n∑

j =1

hj
d

dt
fi (x + h( j −1) + thj ej )

∣∣
t=ti j

with 0 < ti j < 1

=
n∑

j =1

hj
∂ fi
∂xj

(x + h( j −1) + ti j hj ej )

=
n∑

j =1

hj
∂ fi
∂xj

(x) +
n∑

j =1

hj

[ ∂ fi
∂xj

(x + h( j −1) + ti j hj ej ) − ∂ fi
∂xj

(x)
]

and hence
[ f (x + h) − f (x) − T(h)] i

|h| =
n∑

j =1

hj

|h|
[ ∂ fi
∂xj

(x + h( j −1) + ti j hj ej ) − ∂ fi
∂xj

(x)
]
.

Consequently

| f (x + h) − f (x) − T(h)|
|h| ≤

m∑
i =1

n∑
j =1

∣∣∣ ∂ fi
∂xj

(x + h( j −1) + ti j hj ej ) − ∂ fi
∂xj

(x)

∣∣∣.



142 III. Theory of Calculus in Several Real Variables

Let ε > 0 be given, and recall that the partial derivatives are assumed to be
continuous atx0. If δ > 0 is chosen such that|h| < δ implies∣∣∣ ∂ fi

∂xj
(x0 + h) − ∂ fi

∂xj
(x0)

∣∣∣ <
ε

mn
,

then we see that|h| < δ implies

| f (x0 + h) − f (x0) − T(h)|
|h| < ε.

Thus f ′(x0) exists.
Now assume that all the partial derivatives are continuous onE. Since

L(Rn, Rm) is identified withRnm, the continuity of the entries
∂ fi
∂xj

(x) of the

matrix of f ′(x) implies the continuity off ′(x) itself. This completes the proof.

If x 
→ f ′(x) is continuous onE, we say thatf is of classC1 on E or is aC1

function on E. Let us iterate the above construction: Suppose thatE is open in
Rn and thatf : E → Rm is of classC1, so thatx 
→ f ′(x) is continuous fromE
into L(Rn, Rm). We introduce second partial derivatives off and the derivative
of f ′. Namely, define

∂2fi
∂xk∂xj

= ∂

∂xk

( ∂ fi
∂xj

)
.

Since the entries of the matrix off ′(x) are
∂ fi
∂xj

(x) = f ′(x)ej · ui , the expression

∂2fi
∂xk∂xj

is the partial derivative with respect toxk of an entry of the matrix of

f ′(x). Thus we can say thatf is of classC2 from E into Rm if f ′(x) is of class
C1, and so on. We say thatf is of classC∞ or is aC∞ function if it is of class
Ck for all k. A C∞ function is also said to besmooth. We writeCk(E) and
C∞(E) for the sets ofCk functions andC∞ functions onE.

Corollary 3.8. Let E be an open set ofRn, and let f : E → Rm be a function.
The function f is of classCk on E if and only if all l th-order partial derivatives
of each fi exist and are continuous onE for l ≤ k.

This is immediate from Theorem 3.7 and the intervening definitions. The
definition of a second partial derivative was given in a careful way that stresses
the order in which the partial derivatives are to be computed. Reversing the order
of two partial derivatives is a problem involving an interchange of limits. In
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addressing sufficient conditions for this interchange to be valid, it is enough to
consider a function of two variables, sincen−2 variables will remain fixed when
we consider a mixed second partial derivative. The different components of the
function do not interfere with each other for these purposes, and thus we may
assume that the range isR1.

Proposition 3.9. Let E be an open set inR2. Suppose thatf : E → R1 is

a function such that
∂ f

∂x
,

∂ f

∂y
, and

∂2f

∂y∂x
exist in E and

∂2f

∂y∂x
is continuous at

(x, y) = (a, b). Then
∂2f

∂x∂y
(a, b) exists and equals

∂2f

∂y∂x
(a, b).

PROOF. Put

	(h, k) = f (a + h, b + k) − f (a + h, b) − f (a, b + k) + f (a, b)

hk
,

and letu(t) = f (t, b+ k)− f (t, b). The functionu is a function of one variable
t whose derivative is∂ f

∂x (t, b + h) − ∂ f
∂x (t, b). Use of the Mean Value Theorem

producesξ betweena anda + h, as well asη betweenb andb + k, such that

	(h, k) = u(a + h) − u(a)

hk
= u′(ξ)

k

=
∂ f
∂x (ξ, b + k) − ∂ f

∂x (ξ, b)

k
= ∂2f

∂y∂x
(ξ, η).

(∗)

Let ε > 0 be given. By the assumed continuity of∂2f
/
∂y∂x at (a, b), choose

δ > 0 such that|(h, k)| < δ implies∣∣∣ ∂2f

∂y∂x
(a + h, b + k) − ∂2f

∂y∂x
(a, b)

∣∣∣ < ε.

Then(∗) shows that|(h, k)| < δ implies∣∣∣	(h, k) − ∂2f

∂y∂x
(a, b)

∣∣∣ < ε.

Lettingk tend to 0 shows, for|h| < δ/2, that

∣∣∣ ∂ f
∂y (a + h, b) − ∂ f

∂y (a, b)

h
− ∂2f

∂y∂x
(a, b)

∣∣∣ ≤ ε.

Sinceε is arbitrary,
∂2f

∂x∂y
(a, b) exists and equals

∂2f

∂y∂x
(a, b).
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Now that the order of partial derivatives up through orderk can be interchanged
arbitrarily in the case of a scalar-valuedCk function, we can introduce the usual

notation
∂k f

∂xk1
1 · · · ∂xkn

n

to indicate the result of differentiatingf a total of k

times, namelyk1 times with respect tox1, etc., throughkn times with respect
to xn. Simpler notation will be introduced later to indicate such iterated partial
derivatives.

Theorem 3.10(chain rule). LetE be an open set inRn, and let f : E → Rm

be a function differentiable at a pointx in E. Suppose thatg is a function with
rangeRk whose domain containsf (E) and is a neighborhood off (x). Suppose
further thatg is differentiable atf (x). Then the compositiong ◦ f : E → Rk is
differentiable atx, and(g ◦ f )′(x) = g′( f (x)) f ′(x).

PROOF. With x fixed, definey = f (x), T = f ′(x), S = g′(y), and also

u(h) = f (x + h) − f (x) − T(h) and v(k) = g(y + k) − g(y) − S(k).

Continuity of f at x and ofg at y implies that

|u(h)| = ε(h)|h| and |v(k)| = η(k)|k|

with ε(h) tending to 0 ash tends to 0 and withη(k) tending to 0 ask tends to 0.
Givenh �= 0, putk = f (x + h) − f (x). Then

|k| = |T(h) + u(h)| ≤ [‖T‖ + ε(h)]|h| (∗)

g( f (x + h)) − g( f (x)) − (ST)(h) = g(y + k) − g(y) − S(T(h))

and

= v(k) + S(k) − S(T(h))

= S(k − T(h)) + v(k)

= S(u(h)) + v(k).

Therefore

|h|−1|g( f (x + h)) − g( f (x)) − (ST)(h)| ≤ ‖S‖ |u(h)|/|h| + |v(k)|/|h|
≤ ‖S‖ ε(h) + η(k)|k|/|h|
≤ ‖S‖ ε(h) + η(k)[‖T‖ + ε(h)],

the last inequality following from the upper bound obtained in(∗) for |k|. As h
tends to 0,k tends to 0, by that same bound. Thusε(h) andη(k) tend to 0. The
theorem follows.
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Let us clarify in the context of a simple example how the notation in Theorem
3.10 corresponds to the traditional notation for the chain rule. Letf andg be
given by

(
x
y

)
= f

(
r
θ

)
=
(

r cosθ
r sinθ

)
and z = g

(
x
y

)
= x2 − y2.

In traditional notation one of the partial derivatives of the composite function is
computed by starting from

∂z

∂r
= ∂z

∂x

∂x

∂r
+ ∂z

∂y

∂y

∂r
= 2x cosθ − 2y sinθ

and then substituting forx andy in terms ofr andθ . In notation closer to that of
the theorem, we replace derivatives by Jacobian matrices and obtain

(
∂(g ◦ f )

∂r

∂(g ◦ f )

∂θ

)
=
( ∂g

∂x

∂g

∂y

) ∣∣∣∣( x
y

)
= f

( r
θ

)

⎛⎜⎝
∂ f1
∂r

∂ f1
∂θ

∂ f2
∂r

∂ f2
∂θ

⎞⎟⎠
= ( 2x −2y )

∣∣∣x=r cosθ,
y=r sinθ

(
cosθ −r sinθ

sinθ r cosθ

)
.

The formula above for∂z/∂r is just the first entry of this matrix equation.
The chain rule in several variables is a much more powerful result than its

one-variable prototype, permitting one to handle differentiations when a partic-
ular variable occurs in several different ways within a function. For example,
consider the rule for differentiating a product in one-variable calculus. The
function x 
→ f (x)g(x) can be regarded as a composition if we recognize that
one of the ingredients is the multiplication function fromR2 to R1. Thus let

u = f (x) andv = g(x). If we defineF(x) =
(

f (x)

g(x)

)
andG

(
u
v

)
= uv, then

(G ◦ F)(x) = f (x)g(x). Theorem 3.10 therefore gives

d

dx
(G ◦ F)(x) =

(
∂G

∂u

∂G

∂v

)( f ′(x)

g′(x)

)
= ( v u )

∣∣∣( u
v

)
=F(x)

(
f ′(x)

g′(x)

)
= ( g(x) f (x) )

(
f ′(x)

g′(x)

)
= g(x) f ′(x) + f (x)g′(x).
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Theorem 3.11(Taylor’s Theorem). LetN be an integer≥ 0, and letE be an
open set inRn. Suppose thatF : E → R1 is a function of classCN+1 on E and
that the line segment fromx = (x1, . . . , xn) to x + h, whereh = (h1, . . . , hn),
lies in E. Then

F(x + h) = F(x) +
N∑

K=1

∑
k1+···+kn=K ,

all kj ≥0

(k1! · · · kn!)−1 ∂K F(x)

∂xk1
1 · · · xkn

n

hk1
1 · · · hkn

n

+
∑

l1+···+ln=N+1,
all l j ≥0

N + 1

l1! · · · ln!
hl1

1 · · · hln
n

∫ 1

0
(1 − s)N ∂N+1F(x + sh)

∂xl1
1 · · · xln

n

ds.

PROOF. Define a functionf of one variable byf (t) = F(x + th). Taylor’s
Theorem in one variable (Theorem 1.36) gives

f (t) = f (0) +
N∑

K=1

(K !)−1 f (K )(0) t K + 1

N!

∫ t

0
(t − s)N f (N+1)(s) ds,

and we putt = 1 in this formula. Ifg(t) = G(x + th), the functiong is the
composition oft 
→ x + th followed by G, and the chain rule (Theorem 3.10)
allows us to compute its derivative as

g′(t) =
( ∂G

∂x1
· · · ∂G

∂xn

) ∣∣∣∣
x+th

⎛⎝ h1
...

hn

⎞⎠ =
n∑

j =1

hj
∂G

∂xj
(x + th).

Taking G equal to any of various iterated partial derivatives ofF and doing an
easy induction, we obtain

f (K )(s) =
∑

k1+···+kn=K ,
all kj ≥0

(
K

k1, . . . , kn

)
hk1

1 · · · hkn
n

∂K F(x + sh)

∂xk1
1 · · · ∂xkn

n

,

where
( K

k1,...,kn

)
is the multinomial coefficient K !

(k1)!···(kn)!
. Substitution of this

expression into the one-variable expansion witht = 1 yields the theorem.

3. Vector-Valued Partial Derivatives and Riemann Integrals

It is useful to extend the results of Section 2 so that they become valid for functions
f : E → Cm, whereE is an open set inRn. Up to the chain rule in Theorem
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3.10, these extensions are consequences of what has been proved in Section 2
if we identify Cm with R2m. Achieving the extensions by this identification is
preferable to trying to modify the original proofs because of the use of the Mean
Value Theorem in the proofs of Theorem 3.7 and Proposition 3.9.

The chain rule extends in the same fashion, once we specify what kinds of
functions are to be involved in the composition. We always want the domain to
be a subset of someRl , and thus in a compositiong ◦ f , we can allowg to have
values in someCk, but we insist as in Theorem 3.10 thatf have values inRm.

Now let us turn our attention to Taylor’s Theorem as in Theorem 3.11. The
statement of Theorem 3.11 allowsR1 as range but not a generalRm. Thus the
above extension procedure is not immediately applicable. However, if we allow
the givenF to take values inRm, a vector-valued version of Taylor’s Theorem will
be valid if we adapt our definitions so that the formula remains true component by
component. For this purpose we need to enlarge two definitions—that of partial
derivatives of any order and that of 1-dimensional Riemann integration—so that
both can operate on vector-valued functions. There is no difficulty in doing so,
and we may take it that our definitions have been extended in this way.

In the case of vector-valued partial derivatives, letf : E → Rm be given. Then
∂ f

∂xj
is now defined without passing to components. The entries of this vector-

valued partial derivative are exactly the entries of thej th column of the Jacobian
matrix of f . Thus the Jacobian matrix consists of the various vector-valued partial
derivatives off , lined up as the columns of the matrix.

Riemann integration is being extended so that the integrand can have values
in Rm or Cm, rather than justR1. Among the expected properties of the extended
version of the Riemann integral, one inequality needs proof because it involves
interactions among the various components of the function, namely∣∣∣ ∫ b

a
F(t) dt

∣∣∣ ≤
∫ b

a
|F(t)| dt.

The Riemann integral on the left side is that of a vector-valued function, while
the one on the right side is that of a real-valued function. To prove this inequality,
let ( · , · ) be the usual inner product for the range space—the dot product if the
range is Euclidean spaceRm or the usual Hermitian inner product as in Section
II.1 if the range is complex Euclidean spaceCm. If u is any vector in the range
space with|u| = 1, then linearity gives( ∫ b

a
F(t) dt, u

)
=
∫ b

a
(F(t), u) dt.

Hence∣∣∣( ∫ b

a
F(t) dt, u

)∣∣∣ =
∣∣∣ ∫ b

a
(F(t), u) dt

∣∣∣ ≤
∫ b

a
|(F(t), u)| dt ≤

∫ b

a
|F(t)| dt,
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the two inequalities following from the known scalar-valued version of our in-
equality and from the Schwarz inequality. If

∫ b
a F(t) dt is the 0 vector, then our

desired inequality is trivial. Otherwise, we specialize the above computation to
u = ∣∣ ∫ b

a F(t) dt
∣∣−1 ∫ b

a F(t) dt, and we obtain our desired inequality.

4. Exponential of a Matrix

In Chapter IV, we shall make use of theexponential of a matrix in connection
with ordinary differential equations. IfA is ann-by-n complex matrix, then we
define

expA = eA =
∞∑

N=0

1

N!
AN .

This definition makes sense, according to the following proposition.

Proposition 3.12. For anyn-by-n complex matrixA, eA is given by a con-
vergent series entry by entry. Moreover, the seriesX 
→ eX and every partial
derivative of an entry of it is uniformly convergent on any bounded subset of
matrix space (= R2n2

), and thereforeX 
→ eX is aC∞ function.

REMARK. The proof will be tidier if we use derivatives ofn-by-n matrix-valued
functions. IfF andG are two such functions, the same argument as for the usual
product rule shows thatddt (F(t)G(t)) = F ′(t)G(t) + F(t)G′(t).

PROOF. Let us define‖A‖ for ann-by-n matrix A to be the operator norm of the
member ofL(Cn, Cn) with matrix A. Fix M ≥ 1. On the set where‖A‖ ≤ M ,
we have

∥∥∥ N2∑
N=N1

1

N!
AN
∥∥∥ ≤

N2∑
N=N1

1

N!
‖AN‖ ≤

N2∑
N=N1

1

N!
‖A‖N ≤

N2∑
N=N1

1

N!
Mn,

and the right side tends to 0 uniformly for‖A‖ ≤ M asN1 andN2 tend to infinity.
Hence the series foreA is uniformly Cauchy in the metric built from the operator
norm and therefore, by Proposition 3.5, uniformly Cauchy in the metric built from
the Hilbert–Schmidt norm. Uniformly Cauchy in the latter metric means that the
series is uniformly Cauchy entry by entry, and hence it is uniformly convergent.

The matrices that are 1 ori in one entry and 0 in all other entries form a
2n2-member basis overR of then-by-n complex matrices. Call these matrices by
the namesEj , 1 ≤ j ≤ 2n2. To compute the partial derivative in theEj direction
of a function f (A), we form d

dt f (A+ t Ej )
∣∣
t=0. We need to estimate the operator

norm of a succession of partial derivatives applied to a term(N!)−1AN of the
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exponential series. Thus suppose that we have a productf1(A) · · · fN(A) with
each fi (A) equal toA or to a constant, i.e., a matrix that does not depend onA.
The partial derivative in theEj direction of this product is

N∑
i =1

f1(A) · · · fi −1(A)
(

d
dt fi (A + t Ej )

∣∣
t=0

)
fi +1(A) · · · fN(A).

Thus we get a sum ofN terms, each involving a sum of the kind of product we are
considering. If we repeat this process for partial derivatives in the directions of
Ej1, . . . , Ejk , we get a sum ofNk terms, each involving a sum of the kind of product
we are considering. For a factorEj , Proposition 3.5 gives‖Ej ‖ ≤ |Ej | = 1 ≤ M .
For a factor ofA, we have‖A‖ ≤ M . Thus the operator norm of one such product
is≤ M N . The operator norm of the sum of all such products for akth-order partial
derivative is therefore≤ NkM N . Taking into account the coefficient 1/(N!) for
the original AN , we see that the operator norm of termsN1 throughN2 of the
term-by-termk-times differentiated series is

≤
N2∑

N=N1

NkM N

N!
.

We see as a consequence that the term-by-termk-times differentiated series
obtained from

∑
(N!)−1AN is uniformly convergent entry by entry. By the

complex-valued version of Theorem 1.23, applied recursively to handlekth-order
partial derivatives, we conclude that expA is of classCk and that the partial
derivatives can be computed term by term. Sincek is arbitrary, the proof is
complete.

Proposition 3.13.The exponential function for matrices satisfies

(a) eXeY = eX+Y if X andY commute,
(b) eX is nonsingular,
(c) d

dt (e
t X) = Xet X,

(d) eW−1XW = W−1eXW if W is nonsingular,
(e) deteX = eTr X, where the trace TrX is the sum of the diagonal entries

of X.

REMARKS. The conclusion of (a) fails for generalX andY, as one sees by

taking X =
(

0 1
0 0

)
and Y =

(
1 0
0 0

)
. Relevant properties of the determinant

function det that appears in the statement of (e) are summarized in Section A7 of
the appendix.

PROOF. The rate of convergence determined in Proposition 3.12 is good enough
to justify the manipulations that follow. For (a), we have
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eXeY =
( ∞∑

r =0

1

r !
Xr
)( ∞∑

s=0

1

s!
Ys
)

=
∑
r,s≥0

1

r !s!
Xr Ys

=
∞∑

N=0

N∑
k=0

XkYN−k

k!(N − k)!
=

∞∑
N=0

1

N!

N∑
k=0

(
N

k

)
XkYN−k

=
∞∑

N=0

1

N!
(X + Y)N = eX+Y.

Conclusion (b) follows by takingY = −X in (a) and usinge0 = 1. For (c), we
have

d

dt

(
et X) = d

dt

∞∑
N=0

1

N!
(t X)N =

∞∑
N=0

d

dt

[ 1

N!
(t X)N

]
=

∞∑
N=0

N

N!
t N−1XN = X

∞∑
N=1

1

(N − 1)!
(t X)N−1 = Xet X.

Conclusion (d) follows from the computation

eW−1XW =
∞∑

N=0

1

N!
(W−1XW)N =

∞∑
N=0

1

N!
W−1XNW = W−1eXW.

For conclusion (e), define a complex-valued functionf of one variable by
f (t) = detet X. By (a), we have

f ′(t) = d

ds
dete(t+s)X

∣∣
s=0 = d

ds
det(et XesX)

∣∣
s=0 = d

ds
(detet X)(detesX)

∣∣
s=0

= (detet X)
d

ds
(detesX)

∣∣
s=0 = f (t)

d

ds
(detesX)

∣∣
s=0.

Now esX = 1 + sX + 1
2s2X2 + · · · = 1 + sX + s2F(s) for some smooth

matrix-valued functionF with entriesFi j . If X has entriesXi j , then

detesX = det

⎛⎝1 + sX11 + s2F11(s) sX12 + s2F12(s) · · ·
sX21 + s2F21(s) 1 + sX22 + s2F22(s) · · ·

...
...

. . .

⎞⎠
= 1 + sTr X + s2G(s)

for some smooth functionG. Thus d
ds (detesX)

∣∣
s=0 = Tr X, and we obtain

f ′(t) = (Tr X) f (t) for all t . Consequently

d

dt

(
e−(Tr X)t f (t)

) = e−(Tr X)t f ′(t) − (Tr X)e−(Tr X)t f (t) = 0

for all t , ande−(Tr X)t f (t) is a constant. The constant is seen to be 1 by putting
t = 0. Thereforef (t) = e(Tr X)t . Conclusion (e) follows by takingt = 1.
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5. Partitions of Unity

In Section 10 we shall use a “partition of unity” in proving a change-of-variables
formula for multiple integrals. As a general matter in analysis, a partition of unity
serves as a tool for localizing analysis problems to a neighborhood of each point.
The result we shall use in Section 10 is as follows.

Proposition 3.14.Let K be a compact subset ofRn, and let{U1, . . . ,Uk} be
a finite open cover ofK . Then there exist continuous functionsϕ1, . . . , ϕk onRn

with values in [0, 1] such that

(a) eachϕi is 0 outside of some compact set contained inUi ,
(b)

∑k
i =1 ϕi is identically 1 onK .

REMARKS. The system{ϕ1, . . . ϕk} is an instance of a “partition of unity.”
For a general metric spaceX, a partition of unity is a family� of continuous
functions fromX into [0, 1] with sum identically 1 such that for each pointx in
X, there is a neighborhood ofx where only finitely many of the functions are
not identically 0. The side condition about neighborhoods ensures that the sum∑

ϕ∈� ϕ(x) has only finitely many nonzero terms at each point and that arbitrary
partial sums are well-defined continuous functions onX. If U is an open cover of
X, the partition of unity is said to besubordinate to the coverU if each member
of � vanishes outside some member ofU. Further discussion of partitions of unity
beyond the present setting appears in the problems at the end of Chapter X. The
use of partitions of unity involving continuous functions tends to be good enough
for applications to integration problems, but applications to partial differential
equations and smooth manifolds are often aided by partitions of unity involving
smooth functions, rather than just continuous functions.1

We require a lemma.

Lemma 3.15.In RN ,

(a) if L is a compact set andU is an open set withL ⊆ U , then there exists
an open setV with Vcl compact andL ⊆ V ⊆ Vcl ⊆ U ,

(b) if K is a compact set and{U1, . . . ,Un} is a finite open cover ofK , then
there exists an open cover{V1, . . . , Vn} of K such thatVcl

i is a compact
subset ofUi for eachi .

1Partitions of unity involving smooth functions play no role in the present volume, but they occur
in several places in the companion volumeAdvanced Real Analysis, and their existence is addressed
there.
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PROOF. In (a), if L = ∅, we can takeV = ∅. If L �= ∅, then the continuous
function x 
→ D(x,Uc) on RN is everywhere positive onL since L ⊆ U .
Corollary 2.39 and the compactness ofL show that this function attains a positive
minimum c on L. If R is chosen large enough so thatL ⊆ B(R; 0) and if we
takeV = {

x ∈ U | D(x,Uc) > 1
2c
} ∩ B(R; 0), thenL ⊆ V , Vcl is compact

(being closed and bounded), andVcl ⊆ {
x ∈ RN | D(x,Uc) ≥ 1

2c
} ⊆ U .

For (b), since{U1, . . . ,Un} is a cover ofK , we haveK −(U2∪· · ·∪Un) ⊆ U1.
Part (a) produces an open setV1 with Vcl

1 compact such that

K − (U2 ∪ · · · ∪ Un) ⊆ V1 ⊆ Vcl
1 ⊆ U1.

The first inclusion shows that{V1,U2, . . . ,Un} is an open cover ofK . Proceeding
inductively, letVi be an open set with

K − (V1 ∪ · · · ∪ Vi −1 ∪ Ui +1 ∪ · · · ∪ Un) ⊆ Vi ⊆ Vcl
i ⊆ Ui .

At each stage,{V1, . . . , Vi ,Ui +1, . . . ,Un} is an open cover ofK , andVcl
i ⊆ Ui .

Thus{V1, . . . , Vn} is an open cover ofK , andVcl
i ⊆ Ui for all i .

PROOF OFPROPOSITION3.14. Apply Lemma 3.15b to produce an open cover
{W1, . . . , Wk} of K such thatWcl

i is compact andWcl
i ⊆ Ui for eachi . Then

apply it a second time to produce an open cover{V1, . . . , Vk} of K such thatVcl
i

is compact andVcl
i ⊆ Wi for eachi . Proposition 2.30e produces a continuous

functiongi ≥ 0 that is 1 onVcl
i and is 0 offWi . Theng = ∑n

i =1 gi is continuous
and≥ 0 onRn and is> 0 everywhere onK . A second application of Proposition
2.30e produces a continuous functionh ≥ 0 that is 1 on the set whereg is 0
and is 0 onK . Theng + h is everywhere positive onRn, and the functions
ϕi = gi /(g + h) have the required properties.

6. Inverse and Implicit Function Theorems

The Inverse Function Theorem and the Implicit Function Theorem are results for
working with coordinate systems and for defining functions by means of solving
equations. Let us use the latter application as a device for getting at the statements
of both the theorems.

In the one-variable situation we are given some equation, such asx2 + y2 =
a2, and we are to think of solving fory in terms ofx, choosing one of the possible
y’s for eachx. For example, one solution isy = −√

a2 − x2, −a < x < a;
unless some requirement like continuity is imposed, there are infinitely many
such solutions. In one-variable calculus the terminology is that this solution is
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“defined implicitly” by the given equation. In terms of functions, the functions
F(x, y) = x2 + y2 − a2 andy = f (x) = −√

a2 − x2 are such thatF(x, f (x))

is identically 0. It is then possible to computedy/dx for this solution in two
ways. Only one of these methods remains within the subject of one-variable
calculus, namely to compute the “total differential” ofx2 + y2 −a2, however that
is defined, and to set the result equal to 0. One obtains 2x dx+ 2y dy = 0 with
x andy playing symmetric roles. The declaration thatx is to be an independent
variable andy is to be dependent means that we solve fordy/dx, obtaining
dy/dx = −x/y. The other way is more transparent conceptually but makes
use of multivariable calculus: it uses the chain rule in two-variable calculus to
computed/dx of F(x, f (x)) as the derivative of a composition, the result being
set equal to 0 because(d/dx)F(x, f (x)) is the derivative of the 0 function. This

second method gives
∂F

∂x
+ ∂F

∂y
f ′(x) = 0, with the partial derivatives evaluated

where(x, y) = (x, f (x)). Then we can solve forf ′(x) provided∂F
/
∂y is not

zero at a point of interest, again obtainingf ′(x) = −x/y. It is an essential feature
of both methods that the answer involves bothx andy; the reason is that there
is more than one choice ofy for somex’s, and thus specifyingx alone does not
determine all possibilities forf ′(x).

In the general situation we havem equations inn + m variables. Somen of
the variables are regarded as independent, and we think in terms of solving for
the otherm. An example is

z3x + w2y3 + 2xy = 0,

xyzw − 1 = 0,

with x andy regarded as the independent variables.
The classical method of implicit differentiation, which is a version of the first

method above, is again to form “total differentials”

2wy3 dw + 3z2x dz+ (z3 + 2y) dx + (3w2y2 + 2x) dy = 0,

xyz dw + xyw dz+ yzw dx + xzw dy = 0,

and then to solve the resulting system of equations fordw anddz in terms ofdx
anddy. The system is(

2wy3 3z2x
xyz xyw

)(
dw

dz

)
=
(−(z3 + 2y) dx − (3w2y2 + 2x) dy

−(yzw) dx − (xzw) dy

)
,

and the solution is of the form

dw = coefficientdx + coefficientdy,

dz = coefficientdx + coefficientdy.
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Here the coefficients are the various partial derivatives of interest. Specifically

dw = ∂w

∂x
dx + ∂w

∂y
dy,

dz = ∂z

∂x
dx + ∂z

∂y
dy.

The analog of the second method above is to set up matters as a computation
of the derivative of a composition. Namely, we write

F

⎛⎜⎝
x
y
w

z

⎞⎟⎠ =
(

z3x + w2y3 + 2xy
xyzw − 1

)
and

(
w

z

)
= f

(
x
y

)
.

We view the given equations as saying that a composition of

(
x
y

)

→

⎛⎜⎝ x
y

f
(

x
y

)
⎞⎟⎠

followed by F is the 0 function, i.e.,

F

⎛⎜⎝ x
y

f
(

x
y

)
⎞⎟⎠ = 0.

We apply the chain rule and compute Jacobian matrices of derivatives, keeping
the variables in the same orderx, y, w, z. The Jacobian matrix of the 0 function is
a 0 matrix of the appropriate size, and the other side of the differentiated equation
is the product of two matrices. Thus

(
0 0
0 0

)
=
(

z3 + 2y 3w2y2 + 2x 2wy3 3z2x
yzw xzw xyz xyw

)⎛⎜⎜⎝
1 0
0 1
∂w
∂x

∂w
∂y

∂z
∂x

∂z
∂y

⎞⎟⎟⎠
=
(

z3 + 2y 3w2y2 + 2x
yzw xzw

)
+
(

2wy3 3z2x
xyz xyw

)( ∂w
∂x

∂w
∂y

∂z
∂x

∂z
∂y

)
.

In other words,(
2wy3 3z2x
xyz xyw

)( ∂w
∂x

∂w
∂y

∂z
∂x

∂z
∂y

)
= −

(
z3 + 2y 3w2y2 + 2x

yzw xzw

)
,
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and we have the same system of linear equations as before. Comparing the two
methods, we see that we have computed the same things in both methods, merely
giving them different names; thus the two methods will lead to the same result in
general, not merely in this one example.

The theoretical question is whether the given system of equations, which was
F(x, y, w, z) = 0 above, can in principle be solved to give a differentiable

function; the latter was
( w

x

) = f
(

x
y

)
above. The two computational methods

show what the partial derivatives are if the equations can be solved, but these
methods by themselves give no information about the theoretical question. The
theoretical question is answered by the Implicit Function Theorem, which says
that there is no problem if the coefficient matrix of our system of linear equations,

namely
(

2wy3 3z2x
xyz xyw

)
in the above example, is invertible at a point of interest.

Theorem 3.16(Implicit Function Theorem). Suppose thatF is aC1 function
from an open setE in Rn+m into Rm and thatF(a, b) = 0 for some(a, b) in
E, with a understood to be inRn andb understood to be inRm. If the matrix[∂Fi

∂yj

]∣∣∣
x=a, y=b

is invertible, then there exist open setsU ⊆ Rn+m andW ⊆ Rn

with (a, b) in U anda in W with this property: to eachx in W corresponds a
uniquey in Rm such that(x, y) is in U andF(x, y) = 0. If this y is defined as
f (x), then f is aC1 function fromW intoRm such thatf (a) = b, the expression
F(x, f (x)) is identically 0 forx in W, and

f ′(x) = −
[∂Fi

∂yj

]−1[∂Fi

∂xj

]
at (x, y) = (x, f (x)).

We shall come to the proof shortly. In the example above,f ′(x) is the matrix(
∂w
∂x

∂w
∂y

∂z
∂x

∂z
∂y

)
,
[

∂Fi
∂yj

]
is
(

2wy3 3z2x
xyz xyw

)
, and

[
∂Fi
∂xj

]
is
(

z3+2y 3w2y2+2x
yzw xzw

)
.

Let us use the same approach to the question of introducing a new coordinate
system in place of an old one. For example, we start with ordinary Euclidean
coordinates(u, v) for R2, and we want to know whether polar coordinates(r, θ)

define a legitimate coordinate system in their place. The formula for passing from

one system to the other is
( u

v

) =
(

r cosθ
r sinθ

)
, but this formula does not really define

r andθ . Definingr andθ entails solving forr andθ in terms ofu andv. Thus
let us set up the system

r cosθ − u = 0,

r sinθ − v = 0.

This is a system of the kind in the Implicit Function Theorem, and the con-
siderations in that theorem apply. The independent vector variable is to be
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x = ( u
v

)
, and the dependent vector variable is to bey = ( r

θ

)
. The system

itself is F(u, v, r, θ) = 0, where

F(u, v, r, θ) =
(

F1(u, v, r, θ)

F2(u, v, r, θ)

)
=
(

r cosθ − u
r sinθ − v

)
.

The sufficient condition for solving the equations locally is that the matrix
[

∂Fi
∂yj

]
be invertible at a point of interest. This is just the matrix(

cosθ −r sinθ

sinθ r cosθ

)
.

The determinant isr , and hence the matrix is invertible except wherer = 0. The
Implicit Function Theorem is therefore telling us in this special case thatr andθ

give us goodlocal coordinates forR2 except possibly wherer = 0. The Implicit
Function Theorem gives no information about what happens whenr = 0.

The general result about introducing a new coordinate system in place of an
old one is as follows.

Theorem 3.17(Inverse Function Theorem). Suppose thatϕ is aC1 function
from an open setE of Rn into Rn, and suppose thatϕ′(a) is invertible for some
a in E. Putb = ϕ(a). Then

(a) there exist open setsU ⊆ E ⊆ Rn andV ⊆ Rn such thata is in U , b is
in V , ϕ is one-one fromU ontoV , and

(b) the inversef : V → U is of classC1.

Consequently,f ′(ϕ(x)) = ϕ′(x)−1 for x in U .

REMARKS. Theorems 3.16 and 3.17 are closely related. We saw in the con-
text of polar coordinates that the Implicit Function Theorem implies the Inverse
Function Theorem, and Problem 6 at the end of the chapter points out that this
implication is valid in complete generality. Actually, the implication goes both
ways, and within this section we shall follow the more standard approach of
deriving the Implicit Function Theorem from the Inverse Function Theorem and
subsequently proving the Inverse Function Theorem on its own.

PROOF OFTHEOREM 3.16IF THEOREM 3.17IS KNOWN. Let n, m, E, F , and
(a, b) be given as in the statement of Theorem 3.16. We define a function to
which we shall apply Theorem 3.17 in dimensionn + m. The function is

ϕ(x, y) = (x, F(x, y)) for (x, y) in E.
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This satisfiesϕ(a, b) = (a, F(a, b)) = (a, 0), and its Jacobian matrix at(a, b)

is

ϕ′(a, b) =

⎛⎜⎜⎜⎜⎜⎝
1 · · · 0
...

. . .
...

0 · · · 1
0

[∂Fi

∂xj

]∣∣∣
x=a,
y=b

[∂Fi

∂yj

]∣∣∣
x=a,
y=b

⎞⎟⎟⎟⎟⎟⎠ .

Since Theorem 3.16 has assumed that
[∂Fi

∂yj

]∣∣∣
x=a, y=b

is invertible,ϕ′(a, b) is

invertible. Theorem 3.17 therefore applies toϕ and produces an open neighbor-
hoodW′ of ϕ(a, b) = (a, 0) such thatϕ−1 exists onW′ and carriesW′ to an open
set. LetU = ϕ−1(W′). DefineW to be the open neighborhoodW′ ∩ (Rn × {0})
of a in Rn, and definef (x) for x in W by (x, f (x)) = ϕ−1(x, 0). Then f is
of classC1 on W, and f (a) = b because(a, f (a)) = ϕ−1(a, 0) = (a, b). The
identity

(x, 0) = ϕ(ϕ−1(x, 0)) = ϕ(x, f (x)) = (x, F(x, f (x)))

shows thatF(x, f (x)) = 0 for x in W. The latter equation and the chain rule
(Theorem 3.10) give the formula forf ′(x).

Finally we are to see thaty = f (x) is the uniquey in Rm for which(x, y) is in
U andF(x, y) = 0. Thus suppose thatx is in W and thaty1 andy2 are inRm with
(x, y1) and(x, y2) in U andF(x, y1) = F(x, y2) = 0. Then we haveϕ(x, y1) =
(x, F(x, y1)) = (x, 0) = (x, F(x, y2)) = ϕ(x, y2). Since(x, y1) and(x, y2) are
in U , we can applyϕ−1 to this equation and obtain(x, y1) = (x, y2). Therefore
y1 = y2. This completes the proof of Theorem 3.16 if Theorem 3.17 is known.

Let us turn our attention to a direct proof of the Inverse Function Theorem
(Theorem 3.17). When the dimensionn is 1, a nonzero derivative at a point
yields monotonicity, and the theorem is greatly simplified; this special case is the
subject of Section A3 of the appendix.

For general dimensionn, it may be helpful to begin with an outline of the
proof. The first step is to show thatϕ is one-one near the pointa in ques-
tion; this is relatively easy. The hard step is to prove thatϕ is locally onto
some open set; this uses either the compactness of closed balls or else their
completeness, and we return to a discussion of this step in a moment. The
argument for differentiability of the inverse function depends on the continuity
of the inverse function; this dependence was already true in the 1-dimensional
case in Section A3 of the appendix. Continuity of the inverse function amounts
to the fact that small open neighborhoods ofa get carried to open sets, and this is
part of the proof thatϕ is locally onto some open set. Finally the chain rule gives
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(ϕ−1)′(x) = (
ϕ′(ϕ−1(x))

)−1
, and the continuity of(ϕ−1)′ follows. Thusϕ−1 is

of classC1.
In carrying out the hard step, one has a choice of using either the compactness

of closed balls or else their completeness. The argument using completeness
lends itself to certain infinite-dimensional generalizations that are well beyond
the scope of this book. Since the argument using compactness is the easier one,
we shall use that.

The first step and the hard step mentioned above will be carried out in three
lemmas below. After them we address the continuity and differentiability of the
inverse function, and the proof of the Inverse Function Theorem will be complete.

Lemma 3.18.If L : Rn → Rn is a linear function that is invertible, then there
exists a real numberm > 0 such that|L(y)| ≥ m|y| for all y in Rn.

REMARK. We shall apply this lemma in Lemma 3.19 withL = ϕ′(a).

PROOF. The linear inverse functionL−1 : Rn → Rn is one-one and onto. Thus
if y is given, there existsx with y = L−1(x), and we have|y| = |L−1(x)| ≤
‖L−1‖|x| ≤ ‖L−1‖|L(y)|. The lemma follows withm = ‖L−1‖−1.

Lemma 3.19. In the notation of Theorem 3.17 and Lemma 3.18, choose
m > 0 such that|ϕ′(a)(y)| ≥ m|y| for all y ∈ Rn, and choose, by continuity
of ϕ′, anyδ > 0 for which x ∈ B(δ; a) implies‖ϕ′(x) − ϕ′(a)‖ ≤ m

2
√

n
. Then

|ϕ(x′) − ϕ(x)| ≥ m
2
√

n
|x′ − x| wheneverx′ andx are both inB(δ; a).

REMARKS. This proves immediately thatϕ is one-one onB(δ; a), and it gives
an estimate that will establish thatϕ−1 is continuous, onceϕ−1 is known to exist.
It proves also that the linear functionϕ′(x) is invertible forx ∈ B(δ; a) because

m|y| ≤ |ϕ′(a)(y)|
≤ |ϕ′(x)(y)| + |ϕ′(x)(y) − ϕ′(a)(y)|
≤ |ϕ′(x)(y)| + ‖ϕ′(x) − ϕ′(a)‖ |y|
≤ |ϕ′(x)(y)| + m|y|

2
√

n
;

if ϕ′(x) were not invertible, then any nonzeroy in the kernel ofϕ′(x) would
contradict this chain of inequalities.

PROOF. The line segment fromx to x′ lies within B(δ; a). Putz = x′ − x,
write this line segment ast 
→ x + tz for 0 ≤ t ≤ 1, and apply the Mean Value
Theorem to each componentϕk of ϕ to obtain

ϕk(x
′) − ϕk(x) = ϕk(x + tz)

∣∣
t=1 − ϕk(x + tz)

∣∣
t=0

= ϕ′(x + tkz)(z) · ek with 0 < tk < 1

= ϕ′(a)(z) · ek + (ϕ′(x + tkz) − ϕ′(a))(z) · ek.
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Taking the absolute value of both sides allows us to write

|ϕ(x′) − ϕ(x)| ≥ |ϕk(x
′) − ϕk(x)|

≥ |ϕ′(a)(z) · ek| − |(ϕ′(x + tkz) − ϕ′(a))(z)|
≥ |ϕ′(a)(z) · ek| − m

2
√

n
|x′ − x|.

Therefore

|ϕ(x′) − ϕ(x)| ≥ 1√
n

|ϕ′(a)(z)| − m

2
√

n
|x′ − x|

≥ m√
n

|x′ − x| − m

2
√

n
|x′ − x|

= m

2
√

n
|x′ − x|.

Lemma 3.20.With notation as in Lemma 3.19,ϕ(B(δ; a)) is open inRn.

PROOF. Let c = m
/
(2

√
n ) be the constant in the statement of Lemma 3.19.

Fix x0 in B(δ; a) and lety0 = ϕ(x0), so thaty0 is the most general element of
ϕ(B(δ; a)). Find δ1 > 0 such thatB(δ1; x0)

cl ⊆ B(δ; a). It is enough to prove
that B(cδ1/2; y0) ⊆ ϕ(B(δ; a)). Even better, we prove thatB(cδ1/2; y0) ⊆
ϕ(B(δ1; x0)

cl).
Thus lety1 have|y1 − y0| < cδ1/2. Choose, by compactness ofB(δ1; x0)

cl,
a memberx = x1 of B(δ1; x0)

cl for which |ϕ(x) − y1|2 is minimized. Let us
show thatx1 is not on the edge ofB(δ1; x0)

cl, i.e., that|x1 − x0| < δ1. In fact, if
|x1 − x0| = δ1, then Lemma 3.19 gives

|ϕ(x1) − y1| ≥ |ϕ(x1) − y0| − |y1 − y0|
> |ϕ(x1) − ϕ(x0)| − cδ1/2

≥ c|x1 − x0| − cδ1/2

= cδ1/2

> |y1 − y0|
= |ϕ(x0) − y1|,

in contradiction to the fact that|ϕ(x)− y1|2 is minimized onB(δ1; x0)
cl atx = x1.

Thus|x1−x0| < δ1. In this case the scalar-valued function(ϕ(x)−y1)·(ϕ(x)−y1)

is minimized at an interior point ofB(δ1; x0)
cl, and all its partial derivatives must

be 0. Thereforeϕ′(x1)(z) · (ϕ(x1) − y1) = 0 for all z in Rn. Since the linear
function ϕ′(x1) is ontoRn, we conclude thatϕ(x1) − y1 = 0, and the lemma
follows.
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COMPLETION OF PROOF OFTHEOREM 3.17. Lemma 3.19 showed that the
restriction ofϕ to B(δ; a) is one-one, and Lemma 3.20 showed that the image is
an open set inRn. Let f : ϕ(B(δ; a)) → B(δ; a) be the inverse function. To
complete the proof of Theorem 3.17, we need to see thatf is differentiable on
ϕ(B(δ; a)). Fix x in B(δ; a), and suppose thatx + h is in B(δ; a) with h �= 0.
Define y andk by y = ϕ(x) and y + k = ϕ(x + h). Sinceϕ is one-one on
B(δ; a), k is not 0. in fact, Lemma 3.19 gives

|k| ≥ c|h|, (∗)

wherec = m
/
(2

√
n ). The definitions give

f (y + k) − f (y) − ϕ′(x)−1(k) = (x + h) − x − ϕ′(x)−1(k)

= h − ϕ′(x)−1(ϕ(x + h) − ϕ(x)
)

= −ϕ′(x)−1(ϕ(x + h) − ϕ(x) − ϕ′(x)(h)
)
.

Combining this identity with (∗) gives

| f (y + k) − f (y) − ϕ′(x)−1(k)|
|k| ≤ ‖ϕ′(x)−1‖

c

|ϕ(x + h) − ϕ(x) − ϕ′(x)(h)|
|h| .

If ε > 0 is given, chooseη > 0 small enough so that

‖ϕ′(x)−1‖
c

|ϕ(x + h) − ϕ(x) − ϕ′(x)h|
|h| < ε

as long as|h| < η. If |k| < cη, then|h| < η by (∗) and hence

| f (y + k) − f (y) − ϕ′(x)−1(k)|
|k| < ε.

In other words,f is differentiable aty, and f ′(y) = ϕ′(x)−1.

Suppose that the given functionϕ in the Inverse Function Theorem is better
than aC1 function. What can be said about the inverse function? The answer
is carried by the formulaf ′(ϕ(x)) = ϕ′(x)−1 for the derivative of the inverse
function f . This formula implies that the partial derivatives off are quotients
of polynomials in partial derivatives ofϕ by a nonvanishing polynomial (the
determinant) in partial derivatives ofϕ. Thus the iterated partial derivatives off
can be computed harmlessly in terms of the iterated partial derivatives ofϕ and
this same determinant polynomial. Consequently ifϕ is of classCk with k ≥ 1,
then so isf . If ϕ is smooth, so isf . In the case thatϕ and f are both smooth,
we say thatϕ is adiffeomorphism. Let us summarize these facts in a corollary.
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Corollary 3.21. Suppose, for somek ≥ 1, thatϕ is a Ck function from an
open setE of Rn into Rn, and suppose thatϕ′(a) is invertible for somea in E.
Put b = ϕ(a). Let U andV be open subsets ofRn as in the Inverse Function
Theorem such thata is in U , b is in V , andϕ is one-one fromU ontoV . Then
the inverse functionf : V → U is of classCk. If ϕ is smooth, thenϕ is a
diffeomorphism ofU ontoV .

7. Definition and Properties of Riemann Integral

Section I.4 contained a careful but limited development of the Riemann integral in
one variable. The present section extends that development to several variables.
A certain amount of the theory parallels what happened in one variable, and proofs
for that part of the theory can be obtained by adjusting the notation and words of
Section I.4 in simple ways. Results of that kind are much of the subject matter
of this section.

In later sections we shall take up results having no close analog in Section I.4.
The main results of this kind are

(i) a necessary and sufficient condition for a function to be Riemann inte-
grable,

(ii) Fubini’s Theorem, concerning the relationship between multiple integrals
and iterated integrals in the various possible orders,

(iii) a change-of-variables formula for multiple integrals.

We begin a discussion of these in the next section.
The one-variable theory worked with a bounded functionf : [a, b] → R, with

domain a closed bounded interval, and we now work with a bounded function
f : A → R with domainA a “closed rectangle” inRn. For this purpose aclosed
rectangle(or “closed geometric rectangle”) inRn is a bounded set of the form

A = [a1, b1] × · · · × [an, bn]

with aj ≤ bj for all j . Let us abbreviate [aj , bj ] as Aj . In geometric terms
the sides or faces are assumed parallel to the axes or coordinate hyperplanes.
We shall use the notion ofopen rectanglein later sections and chapters, an open
rectangle being a similar product of bounded open intervals(aj , bj ) for 1 ≤ j ≤ n.
However, in this section the term “rectangle” will always mean closed rectangle.

If Pj is a one-variable partition ofAj , then we can form ann-variablepartition
P = (P1, . . . , Pn) of the given rectangleA intocomponent rectangles[c1, d1] ×
· · ·× [cn, dn], wherecj anddj are consecutive subdivision points ofPj . A typical
component rectangle is denoted byR, and itsn-dimensional volume

∏n
j =1(dj −cj )

is denoted by|R|. The meshµ(P) of the partitionP is the maximum of the
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meshes of the one-dimensional partitionsPj , hence the largest length of a side of
all component rectangles ofP.

Relative to our given functionf and a given partitionP, defineMR( f ) =
supx∈R f (x) andmR( f ) = infx∈R f (x) for each component rectangleR of P.
Put

U (P, f ) =
∑

R

MR( f ) |R| = upper Riemann sum forP,

L(P, f ) =
∑

R

mR( f ) |R| = lower Riemann sum forP,∫
A

f dx = inf
P

U (P, f ) = upper Riemann integral off,∫
A

f dx = sup
P

L(P, f ) = lower Riemann integral off.

We say thatf is Riemann integrableon A if
∫

A f dx = ∫
A

f dx, and in this

case we write
∫

A f dx for the common value of these two numbers. We write
R(A) for the set of Riemann integrable functions onA. The following lemma is
proved in the same way as Lemma 1.24.

Lemma 3.22. Suppose thatf : A → R hasm ≤ f (x) ≤ M for all x in A.
Then for any partitionP of A,

m|A| ≤ L(P, f ) ≤ U (P, f ) ≤ M |A|,

m|A| ≤
∫

A

f dx ≤ M |A|,

m|A| ≤
∫

A
f dx ≤ M |A|.

A refinementof a partitionP of A is a partitionP∗ such that every component
rectangle forP∗ is a subset of a component rectangle forP. If P = (P1, . . . , Pn)

andP′ = (P′
1, . . . , P′

n) are two partitions ofA, thenP andP′ have at least one
common refinementP∗ = (P∗

1 , . . . , P∗
n ); specifically, for eachj , we can take

P∗
j to be a common refinement ofPj and P′

j . Arguing as in Lemma 1.25 and
Theorem 1.26, we obtain the following two results. The key to the second one of
these is the uniform continuity of any continuous functionf : A → R; for the
uniform continuity we appeal to the Heine–Borel Theorem (Corollary 2.37) and
Proposition 2.41 in several variables, the corresponding one-variable result being
Theorem 1.10.



7. Definition and Properties of Riemann Integral 163

Lemma 3.23.Let f : A → R satisfym ≤ f (x) ≤ M for all x in A. Then

(a) L(P, f ) ≤ L(P∗, f ) andU (P∗, f ) ≤ U (P, f ) wheneverP is a parti-
tion of A andP∗ is a refinement,

(b) L(P1, f ) ≤ U (P2, f ) wheneverP1 andP2 are partitions ofA,
(c)

∫
A

f dx ≤ ∫
A f dx,

(d)
∫

A f dx − ∫
A

f dx ≤ (M − m)|A|,
(e) the functionf is Riemann integrable onA if and only if for eachε > 0,

there exists a partitionP of A with U (P, f ) − L(P, f ) < ε.

Theorem 3.24. If f : A → R is continuous onA, then f is Riemann
integrable onA.

Next we argue as in Proposition 1.30 and Theorem 1.31 to obtain two more
generalizations to several variables. The several-variable version of uniform
continuity is needed in the proof of Proposition 3.25d.

Proposition 3.25.If f1 and f2 are Riemann integrable onA, then

(a) f1 + f2 is in R(A) and
∫

A ( f1 + f2) dx = ∫
A f1 dx + ∫

A f2 dx,
(b) c f1 is in R(A) and

∫
A c f1 dx = c

∫
A f1 dx for any real numberc,

(c) f1 ≤ f2 on A implies
∫

A f1 dx ≤ ∫
A f2 dx,

(d) m ≤ f1 ≤ M on A andϕ : [m, M ] → R continuous imply thatϕ ◦ f1 is
in R(A),

(e) | f1| is in R(A), and
∣∣ ∫

A f1 dx
∣∣ ≤ ∫

A | f1| dx,
(f) f 2

1 and f1 f2 are inR(A),
(g)

√
f1 is in R(A) if f1 ≥ 0 on A.

Theorem 3.26. If { fn} is a sequence of Riemann integrable functions onA
and if { fn} converges uniformly tof on A, then f is Riemann integrable onA,
and limn

∫
A fn dx = ∫

A f dx.

There is also a several-variable version of Theorem 1.35, which says that Rie-
mann integrability can be detected by convergence of Riemann sums as the mesh
of the partition gets small. Relative to our standard partitionP = (P1, . . . , Pn),
select a membertR of each component rectangleR relative toP, and define

S(P, {tR}, f ) =
∑

R

f (tR)|R|.

This is called aRiemann sumof f .
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Theorem 3.27.If f is Riemann integrable onA, then

lim
µ(P)→0

S(P, {tR}, f ) =
∫

A
f dx.

Conversely if f is bounded onA and if there exists a real numberr such that for
anyε > 0, there exists someδ > 0 for which |S(P, {tR}, f ) − r | < ε whenever
µ(P) < δ, then f is Riemann integrable onA.

REMARK. The proof of the direct part is more subtle in the several-variable
case than in the one-variable case, and we therefore include it. The proof of the
converse part closely imitates the proof of the converse part of Theorem 1.35, and
we omit that.

PROOF. For the direct part the functionf is assumed bounded; suppose
| f (x)| ≤ M on A. Let ε > 0 be given. Choose a partitionP∗ = (P∗

1 , . . . , P∗
n )

of A with U (P∗, f ) ≤ ∫
A f dx + ε. Fix an integerk such that the number of

component intervals ofP∗
j is ≤ k for 1 ≤ j ≤ n. Put

δ1 = ε

Mk
∑n

j =1

∏
i �= j |Ai | ,

and suppose thatP = (P1, . . . , Pn) is any partition ofA = A1 × · · · × An with
µ(P) ≤ δ1. For eachj with 1 ≤ j ≤ n, we separate the component intervals
of Pj into two kinds, the ones inF ( j ) being the component intervals ofPj that
do not lie completely within a single component interval ofP∗

j and the ones in
G( j ) being the rest. Similarly we separate the component rectangles ofP into two
kinds, the ones inF being the component rectangles that do not lie completely
within a single component rectangle ofP∗ and the ones inG being the rest.

If R = R1 × · · · × Rn is a member ofF, thenRj is in F ( j ) for some j with
1 ≤ j ≤ n; let j = j (R) be the first such index. LetFj be the subset ofR’s in
F with j (R) = j , so thatF = ⋃n

j =1Fj disjointly. Then we have

U (P, f ) =
n∑

j =1

∑
R∈Fj

MR( f ) |R| +
∑
R∈G

MR( f ) |R|. (∗)

For the first term on the right side,∣∣∣ n∑
j =1

∑
R∈Fj

MR( f ) |R|
∣∣∣ ≤ M

n∑
j =1

∑
R∈Fj

|R|

= M
n∑

j =1

∑
R1×···×Rn∈Fj

|R1| × · · · × |Rn|

≤ M
n∑

j =1

∑
Rj ∈F ( j )

|Rj |
∏

i �= j |Ai |.
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Each memberRj of F ( j ) contains some point of the partitionP∗
j in its interior,

and two distinctRj ’s cannot contain the same point. Thus the number ofRj ’s in
F ( j ) is ≤ k. Also, |Rj | ≤ µ(P). Consequently we have∣∣∣ n∑

j =1

∑
R∈Fj

MR( f ) |R|
∣∣∣ ≤ Mkµ(P)

n∑
j =1

∏
i �= j |Ai | ≤ Mkδ1

∑n
j =1

∏
i �= j |Ai | ≤ ε.

The contribution toU (P, f ) of the second term on the right side of (∗) is∑
R∈G

MR( f )|R| =
∑
R∗

∑
R⊆R∗

MR∗( f )|R| ≤
∑
R∗

MR∗( f )|R∗| ≤ U (P∗, f ).

Thus

U (P, f ) ≤ ε + U (P∗, f ) ≤
∫

A
f dx + 2ε.

Similarly we can defineδ2 such thatµ(P) ≤ δ2 implies

L(P, f ) ≥
∫

A
f dx − 2ε.

If δ = min{δ1, δ2} andµ(P) ≤ δ, then∫
A

f dx − 2ε ≤ L(P, f ) ≤ S(P, {tR}, f ) ≤ U (P, f ) ≤
∫

A
f dx + 2ε

for any choice of pointstR, and hence
∣∣S(P, {tR}, f ) − ∫

A f dx
∣∣ ≤ 2ε. This

completes the proof of the direct part of the theorem.

Finally we include one simple interchange-of-limits result that is handy in
working with integrals involving derivatives.

Proposition 3.28.Let f be a complex-valuedC1 function defined on an open
setU in Rm, and letK be a compact subset ofU . Then

(a) the convergence of1h [ f (x + hej ) − f (x)] to ∂ f
∂xj

(x), ash tends to 0, is
uniform for x in K ,

(b) the functiong(x2, . . . , xn) = ∫ b
a f (x1, . . . , xn) dx1 is of classC1 on

the set of all pointsy = (x2, . . . , xn) for which [a, b] × {y} lies in
U , and ∂

∂xj

∫ b
a f (x) dx1 = ∫ b

a
∂ f
∂xj

(x) dx1 for j �= 1 as long as the set
[a, b] × {(x2, . . . , xn)} lies inU .

PROOF. In (a), we may assume thatf is real-valued. The Mean Value Theorem
gives

1

h

[
f (x + hej ) − f (x)

]− ∂ f

∂xj
(x) = ∂ f

∂xj
(x + tej ) − ∂ f

∂xj
(x)

for somet between 0 andh, and then (a) follows from the uniform continuity of
∂ f
/
∂xj on K . Conclusion (b) follows by combining (a) and Theorem 1.31.



166 III. Theory of Calculus in Several Real Variables

As we did in the one-variable case in Sections 3 and I.5, we can extend our
results concerning integration in several variables to functions with values inRm

or Cm ∼= R2m. Integration of a vector-valued function is defined entry by entry,
and then all the results from Theorem 3.24 through Proposition 3.28 extend. The
one thing that needs separate proof is the inequality

∣∣ ∫
A f1 dx

∣∣ ≤ ∫
A | f1| dx of

Proposition 3.25e, and a proof can be carried out in the same way as at the end
of Section 3 in the one-variable case.

8. Riemann Integrable Functions

Let E be a subset ofRn. We say thatE is of measure 0if for any ε > 0, E can
be covered by a finite or countably infinite set of closed rectangles in the sense
of Section 7 of total volume less thanε. It is equivalent to require thatE can be
covered by a finite or countably infinite set of open rectangles of total volume
less thanε. In fact, if a system of open rectangles coversE, then the system of
closures coversE and has the same total volume; conversely if a system of closed
rectangles coversE, then the system of open rectangles with the same centers
and with sides expanded by a factor 1+ δ coversE as long asδ > 0.

Several properties of sets of measure 0 are evident: a set consisting of one
point is of measure 0, a face of a closed rectangle is a set of measure 0, and any
subset of a set of measure 0 is of measure 0. Less evident is the fact that the
countable union of sets of measure 0 is of measure 0. In fact, ifε > 0 is given
and if E1, E2, . . . are sets of measure 0, find finite or countably infinite systems
Rj of closed rectangles forj ≥ 1 such that the total volume of the members of
Rj is < ε/2n. ThenR = ⋃

j Rj is a system of closed rectangles covering
⋃

j Ej

and having total volume< ε.
The goal of this section is to prove the following theorem, which gives a

useful necessary and sufficient condition for a function of several variables to be
Riemann integrable. The theorem immediately extends from the scalar-valued
case as stated to the case thatf has values inRm or Cm.

Theorem 3.29. Let A be a finite closed rectangle inRn of positive volume,
and let f : A → R be a bounded function. Thenf is Riemann integrable if and
only if the set

B = {
x
∣∣ f is not continuous atx

}
has measure 0.

Theorem 3.29 supplies the reassurance that a finite closed rectangle of positive
volume cannot have measure 0. In fact, the functionf on A that is 1 at every point
with all coordinates rational and is 0 elsewhere is discontinuous everywhere on
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A. By inspection everyU (P, f ) is |A| for this f , and everyL(P, f ) is 0; thus f
is not Riemann integrable. The theorem then implies thatA is not of measure 0.

The proof of the theorem will make use of an auxiliary notion, that of “con-
tent 0,” in order to simplify the process of checking whether a given compact
set has measure 0. A subsetE of Rn hascontent 0 if for any ε > 0, E can
be covered by afinite set of closed rectangles in the sense of Section 7 of total
volume less thanε. It is equivalent to require thatE can be covered by a finite
set of open rectangles of total volume less thanε. A set consisting of one point
is of content 0, a face of a closed rectangle is a set of content 0, any subset of a
set of content 0 is of content 0, and the union offinitelymany sets of content 0 is
of content 0.

Every set of content 0 is certainly of measure 0, but the question of any converse
relationship is more subtle. Consider the setE of rationals in [0, 1] as a subset
of R1. Since this set is a countable union of one-point sets, it has measure 0.
However, it does not have content 0. In fact, if we were to haveE ⊆ ⋃N

n=1[aj , bj ]
with

∑N
n=1 (bj −aj ) < ε, then we would haveEcl ⊆ ⋃N

n=1[aj , bj ] by Proposition
2.10, since

⋃N
n=1[aj , bj ] is closed. ThenEcl would have content 0 and necessarily

measure 0. This contradicts the fact observed after the statement of the theorem—
that a closed rectangle of positive volume, such asEcl = [0, 1] in R1, cannot have
measure 0. We conclude that a bounded set of measure 0 need not have content 0.

Lemma 3.30. If E is a compact subset ofRn of measure 0, thenE is of
content 0.

PROOF. Let E be of measure 0, and letε > 0 be given. Choose open rectangles
Ej with E ⊆ ⋃∞

j =1 Ej and
∑∞

j =1 |Ej | < ε. By compactness,E ⊆ ⋃N
j =1 Ej for

someN. Then
∑N

j =1 |Ej | < ε. Sinceε is arbitrary,E has content 0.

Recall from Section II.9 the notion of theoscillation of a function. For a
function f : A → R, the oscillation atx0 is given by

oscf (x0) = lim
δ↓0

sup
x∈B(δ;x0)

| f (x) − f (x0)|.

The oscillation is 0 atx0 if and only if f is continuous there. Lemma 2.55 tells
us that {

x ∈ U
∣∣ oscg(x) ≥ 2ε

}cl ⊆ {
x ∈ U

∣∣ oscg(x) ≥ ε
2

}
for anyε > 0.

Lemma 3.31.Let A be a nontrivial closed rectangle inRn, and let f : A → R
be a bounded function with oscf (x) < ε for all x in A. Then there is a partition
P of A with U (P, f ) − L(P, f ) ≤ 2ε|A|.
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PROOF. For eachx0 in A, there is an open rectangleUx0 centered atx0 such
that| f (x)− f (x0)| ≤ ε on A∩U cl

x0
. ThenMU cl

x0
( f )−mU cl

x0
( f ) ≤ 2ε. These open

rectangles coverA. By compactness a finite number of them suffice to coverA.
Write A ⊆ Ux1 ∪ · · · ∪Uxm accordingly. LetP be the partition ofA generated by
the endpoints in each coordinate ofA and the endpoints of the closed rectangles
U cl

xj
; we discard endpoints that lie outsideA. Each component rectangleR of P

then lies completely within someU cl
xj

, and we haveMR( f ) − mR( f ) ≤ 2ε for
each component rectangleR of P. Therefore

U (P, f ) − L(P, f ) =
∑

R

(
MR( f ) − mR( f )

) |R| ≤ 2ε
∑

R

|R| = 2ε|A|.

PROOF OFTHEOREM 3.29. DefineBε = {
x
∣∣ oscf (x) ≥ ε

}
for eachε > 0,

so thatB = ⋃∞
n=1 B1/n. For the easy direction of the proof, suppose thatf is

Riemann integrable. We show thatB1/n has content 0 for alln. Since content 0
implies measure 0,Bn will have measure 0 for alln. So will the countable union,
and thereforeB will have measure 0.

Given ε > 0 andn, use Lemma 3.23e to choose a partitionP of A with
U (P, f ) − L(P, f ) ≤ ε/n. Let

R = {
component rectanglesR of P

∣∣ Ro ∩ B1/n �= ∅
}
,

whereRo is the interior ofR. ThenB1/n is covered by the closed rectangles inR
and the boundaries of the component rectangles ofP. The latter are of content 0.
For R in R, let us see thatMR( f ) − mR( f ) ≥ 1/n. In fact, if x0 is in Ro ∩ B1/n,
then oscf (x0) ≥ 1/n, so that lim

δ↓0 sup|x−x0|<δ | f (x) − f (x0)| ≥ 1/n and

sup
|x−x0|<δ,

x∈Ro

| f (x) − f (x0)| ≥ 1/n for all δ > 0.

ThereforeMR( f ) − mR( f ) ≥ 1/n. Summing onR ∈ R gives

1

n

∑
R∈R

|R| ≤
∑
R∈R

(
MR( f ) − mR( f )

) |R| ≤
∑
all R

(
MR( f ) − mR( f )

) |R|

= U (P, f ) − L(P, f ) ≤ ε/n,

and thus
∑

R∈R |R| ≤ ε. ConsequentlyB1/n has content 0, as asserted.
For the converse direction of the proof, suppose thatB has measure 0. We

are to prove thatf is Riemann integrable. Letε > 0 be given. The inclusion
of Lemma 2.55 givesBcl

ε ⊆ Bε/4 ⊆ B, and thusBcl
ε has measure 0. The set

Bcl
ε is compact, and Lemma 3.30 shows that it has content 0. Hence the subset
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Bε has content 0. Choose open rectanglesU1, . . . ,Um such thatBε ⊆ ⋃m
j =1 Uj

and
∑m

j =1 |Uj | < ε. Form the partitionP of A generated by the endpoints in
each coordinate ofA and the endpoints of the closed rectanglesU cl

xj
; we discard

endpoints that lie outsideA.
Then every component closed rectangleR of P is in one of the two classes

R1 = {
R
∣∣ R ⊆ U cl

j for some j
}
,

R2 = {
R
∣∣ R ∩ Bε = ∅

}
.

In fact, our definition is such thatR∩ Uj �= ∅ implies R ⊆ U cl
j . If R∩ Bε �= ∅,

let x0 be in R∩ Bε . Thenx0 is in someUj , andR∩ Uj �= ∅ for that j . HenceR
is in R1.

We shall construct a particular refinementP′ of P in a moment. LetR′ be a
typical component rectangle ofP′. For any refinementP′ of P, we have

U (P′, f ) − L(P′, f )

≤
∑
R∈R1

∑
R′⊆R

(
MR′( f ) − mR′( f )

) |R′| +
∑
R∈R2

∑
R′⊆R

(
MR′( f ) − mR′( f )

) |R′|

≤ 2
(

sup
A

| f |) ∑
R∈R1

∑
R′⊆R

|R′| +
∑
R∈R2

∑
R′⊆R

(
MR′( f ) − mR′( f )

) |R′|

≤ 2
(

sup
A

| f |)ε +
∑
R∈R2

∑
R′⊆R

(
MR′( f ) − mR′( f )

) |R′|

since
∑m

j =1 |Uj | < ε. For R in R2, we have oscf (x) < ε for all x in R. Lemma
3.31 shows that there is a partitionPR of R such thatU (PR, f ) − L(PR, f ) ≤
2ε|R|. In other words,

∑
R′⊆R

(
MR′( f ) − mR′( f )

) |R′| ≤ 2ε|R| if P′ is fine
enough to include all then-tuples ofPR. If P′ is fine enough so that this happens
for all R in R2, then we obtain

U (P′, f ) − L(P′, f ) ≤ 2
(

sup
A

| f |)ε +
∑
R∈R2

2ε|R| ≤ 2ε
(

sup
A

| f | + |A|),
and the theorem follows.

9. Fubini’s Theorem for the Riemann Integral

Fubini’s Theorem is a result asserting that a double integral is equal to an iterated
integral in either order. An unfortunate feature of the Riemann integral is that
when an integrable functionf (x, y) is restricted to one of the two variables,
then the resulting function of that variable need not be integrable. Thus a certain
amount of checking is often necessary in using the theorem. This feature is
corrected in the Lebesgue integral, and that, as we shall see in Chapter V, is one
of the strengths of the Lebesgue integral.
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Theorem 3.32(Fubini’s Theorem). LetA ⊆ Rn and B ⊆ Rm be closed
rectangles, and letf : A × B → R be Riemann integrable. Forx in A let fx be
the functiony 
→ f (x, y) for y in B, and define

L(x) =
∫

B

fx(y) dy =
∫

B

f (x, y) dy,

U(x) =
∫

B
fx(y) dy =

∫
B

f (x, y) dy,

as functions onA. ThenL andU are Riemann integrable onA and∫
A×B

f dx dy=
∫

A
L(x) dx =

∫
A

[∫
B

f (x, y) dy
]

dx,∫
A×B

f dx dy=
∫

A
U(x) dx =

∫
A

[∫
B

f (x, y) dy
]

dx.

PROOF. Let P be a partition of the form(PA, PB), and letR = RA × RB be a
typical component rectangle ofP. Then

L(P, f ) =
∑

R

mR( f ) |R| =
∑
RA

(∑
RB

mRA×RB( f ) |RB|
)
|RA|.

For x in RA, mRA×RB( f ) ≤ mRB( fx). Hencex in RA implies∑
RB

mRA×RB( f ) |RB| ≤
∑
RB

mRB( fx) |RB| ≤
∫

B

fx dy = L(x).

Taking the infimum overx in RA and summing overRA gives

L(P, f ) =
∑
RA

(∑
RB

mRA×RB( f ) |RB|
)
|RA| ≤

∑
RA

mRA(L) |RA| = L(PA,L).

Similarly
U (PA,U ) ≤ U (P, f ).

Thus

L(P, f ) ≤ L(PA,L) ≤ U (PA,L) ≤ U (PA,U ) ≤ U (P, f ).

Since f is Riemann integrable, the ends of the above display can be made close
together by choosingP appropriately. The second and third members of the
display will then be close, and hence∫

A×B
f dx dy=

∫
A

Ldx =
∫

A
Ldx.

The result forL follows. The result forU follows in similar fashion immediately
from the inequalities

L(P, f ) ≤ L(PA,L) ≤ L(PA,U ) ≤ U (PA,U ) ≤ U (P, f ).

This proves the theorem.
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REMARKS.

(1) Equality of the double integral with the iterated integral in the other order
is the same theorem. Thus the iterated integrals in the two orders are equal.

(2) If f is continuous onA× B, then fx is continuous onB as a consequence
of Corollary 2.27, so that

∫
B

f (x, y) dy = ∫
B f (x, y) dy. Hence∫

A×B
f dx dy=

∫
A

[ ∫
B

f (x, y) dy
]

dx

when f is continuous onA × B. This result is isolated as Corollary 3.33 below.
Evidently it immediately extends to continuous functions with values inRk or
Ck.

(3) In practice one often considers integrals of the form
∫

U f (x, y) dx dy
for some open setU , where f is continuous on some closed rectangleA × B
containingU . Then the double integral equals

∫
A×B f (x, y)IU (x, y) dx dy,

where IU is the indicator function 2 of U equal to 1 onU and 0 off U . In
many applications the functions(IU )x have harmless discontinuities and( f IU )x

is therefore Riemann integrable as a function ofx. In this case, the upper and
lower integrals can again be dropped in the statement of Theorem 3.32.

Corollary 3.33 (Fubini’s Theorem for continuous integrand). LetA ⊆ Rn

andB ⊆ Rm be closed rectangles, and letf : A × B → R be continuous. Then∫
A×B

f dx dy=
∫

A

[ ∫
B

f (x, y) dy
]

dx =
∫

B

[ ∫
A

f (x, y) dx
]

dy.

10. Change of Variables for the Riemann Integral

The goal in this section is to prove a several-variables generalization of the one-
variable formula ∫ b

a
f (x) dx =

∫ B

A
f (ϕ(y))ϕ′(y) dy

given in Theorem 1.34. In the one-variable case we assumed in effect thatϕ

was a strictly increasing function of classC1 on [a, b] and that f was merely
Riemann integrable. The several-variables theorem in this section will be only
a preliminary result, with a final version stated and proved in Chapter VI in the

2Indicator functions are called “characteristic functions” by many authors, but the term “charac-
teristic function” has another meaning in probability theory and is best avoided as a substitute for
“indicator function” in any context where probability might play a role.
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context of the Lebesgue integral. In particular we shall assume in the present
section thatf is continuous and that it vanishes near the boundary of the domain,
and we shall make strong assumptions aboutϕ. To capture succinctly the notion
that f vanishes near the boundary of its domain, we introduce the notion of the
support of f , which is the closure of the set wheref is nonzero.

Theorem 3.34(change-of-variables formula). Letϕ be a one-one function of
classC1 from an open subsetU of Rn onto an open subsetϕ(U ) of Rn such that
detϕ′(x) is nowhere 0. Then∫

ϕ(U )

f (y) dy =
∫

U
f (ϕ(x))| detϕ′(x)| dx

for every continuous functionf : ϕ(U ) → R whose support is a compact subset
of ϕ(U ).

Before a discussion of the sense in which this result has to regarded as pre-
liminary, a few remarks are in order. The functionϕ′ is the usual derivative of
ϕ, andϕ′(x) is therefore a linear function fromRn to Rn that depends onx.
The matrix of the linear functionϕ′(x) is the Jacobian matrix [∂ϕi /∂xj ], and
detϕ′(x) is the determinant of this matrix. In classical notation, this determinant

is often written as
∂(y1, . . . , yn)

∂(x1, . . . , xn)
, and then the effect on the integral of changing

variables can be summarized by the formulady =
∣∣∣∂(y1, . . . , yn)

∂(x1, . . . , xn)

∣∣∣dx. The

absolute value signs did not appear in the one-variable formula in Theorem 1.34,
but the assumption thatϕ was strictly increasing made them unnecessary,ϕ′(x)

being> 0. Had we worked with strictly decreasingϕ, we would have assumed
ϕ′(x) < 0 everywhere, and the limits of integration on one side of the formula
would have been reversed from their natural order. The minus sign introduced
by putting the limits of integration in their natural order would have compensated
for a minus sign introduced in changingϕ′(x) to |ϕ′(x)|.

The hypotheses onϕ make the Inverse Function Theorem (Theorem 3.17)
applicable at everyx in U . Consequentlyϕ(U ) is automatically open, andϕ has
a locally definedC1 inverse function about each pointϕ(x) of the image. Since
ϕ has been assumed to be one-one,ϕ : U → ϕ(U ) has a global inverse function
ϕ−1 of classC1.

We can useϕ−1 to verify that f ◦ϕ has compact support inU . To the equality
ϕ
({

x ∈ U
∣∣ f (ϕ(x)) �= 0

}) = {
y ∈ ϕ(U )

∣∣ f (y) �= 0
}
, we applyϕ−1 and obtain{

x ∈ U
∣∣ f (ϕ(x)) �= 0

} = ϕ−1
({

y ∈ ϕ(U )
∣∣ f (y) �= 0

})
. Hence{

x ∈ U
∣∣ f (ϕ(x)) �= 0

}cl = (
ϕ−1({y ∈ ϕ(U )

∣∣ f (y) �= 0
}))cl

.
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The identity F(Ecl) ⊆ (F(E))cl holds wheneverF is a continuous function
between two metric spaces, by Proposition 2.25. WhenEcl is compact, equality
actually holds. The reason is that Propositions 2.34 and 2.38 showF(Ecl) to
be closed; sinceF(Ecl) is a closed set containingF(E), it contains(F(E))cl.
Applying this fact to the displayed equation above, we obtain{

x ∈ U
∣∣ f (ϕ(x)) �= 0

}cl = ϕ−1({y ∈ ϕ(U )
∣∣ f (y) �= 0

}cl)
.

In other words,
support( f ◦ ϕ) = ϕ−1(support( f )).

Applying Proposition 2.38 a second time, we see thatf ◦ϕ has compact support.
As a result, we can rewrite the formula to be proved in Theorem 3.34 as∫

Rn
f (y) dy =

∫
Rn

f (ϕ(x))| detϕ′(x)| dx,

and the supports will take care of themselves in the proof.
The result of Theorem 3.34 has to be regarded as preliminary. To understand

the sense in which the result is limited, consider the case of polar coordinates in
R2. In this case we can take

U =
{(

r
θ

) ∣∣∣∣ 0 < r < +∞ and 0< θ < 2π

}
,

ϕ

(
r
θ

)
=
(

r cosθ
r sinθ

)
=
(

x
y

)
,

and we have

ϕ(U ) = R2 −
{(

x
0

) ∣∣∣ x ≥ 0

}
.

We readily compute that detϕ′ ( r
θ

) = r , and the desired formula is∫
R2

f (x, y) dx dy=
∫

0≤r <∞, 0≤θ<2π

f (r cosθ, r sinθ) r dr dθ.

At first glance this formula seems fine. But if we refer to the precise hypotheses,
we see thatf is assumed to vanish in a neighborhood of the set of points(x, 0)with
x ≥ 0, as well as when(x, y) is sufficiently far from the origin. Without some
sort of passage to the limit, the theorem therefore settles few cases of interest.
This passage to the limit will be accomplished easily with the Lebesgue integral,
and we therefore postpone the final form of the change-of-variables formula to
Chapter VI.
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In any event, we shall use Theorem 3.34 in proving the final change-of-
variables formula, and thus a proof is warranted now. Before coming to the
formal proof, it is well to understand the mechanism of the theorem. The proof
will then flow easily from the analysis that is done for motivation.

The motivation for the theorem comes from takingf to be the constant func-
tion 1 and from thinking ofϕ as of the formϕ(y) = y0 + L(y− y0) with L linear.
In R3, if we takeU to be the cube

{
y = (y1, y2, y3)

∣∣ 0 ≤ yi ≤ 1 for all i
}
,

along with f = 1, the formula asserts thatϕ(U ) has volume| detL|. This is just
the well-known fact about 3-by-3 matrices that the volume of the parallelepiped
with sidesu, v, w is the scalar|(u × v) · w|. For a corresponding result inRn,
where vector product is not available, the relationship between the determinant
and a volume has to be argued differently. One way of proceeding inRn is to use
row or column reduction to write the given matrix as the product ofelementary
matrices (those corresponding to the effect of a single step in the reduction), to
check the change of variables for each factor, and to use the multiplication formula
det(AB) = detAdetB to obtain the result. This argument can be adjusted so as
to work with a functionf in place; the elementary matrices that interchange two
variables are handled by Fubini’s Theorem (Theorem 3.32 or Corollary 3.33), and
the other elementary matrices are handled by the one-variable change-of-variables
formula (Theorem 1.34).

That being the case, one can envision a proof of Theorem 3.34 that proceeds
by approximation, using Taylor’s Theorem (Theorem 3.11), at least iff is of
classC2. The contribution to the integrand from the integral remainder term in
the Taylor expansion ofϕ is to be estimated as an error term. The approximation
generates an additional error term because the image ofU underϕ does not
match the image ofU under the approximating first-order expansion ofϕ. Of
course, one cannot expect the approximation to be very good far away from the
point where the Taylor expansion is centered, and thus the argument needs to be
carried out locally. The local contributions can then be pieced together by using a
partition of unity. Such an argument can actually be carried out, but the argument
is lengthy.

A more economical argument comes by finding a nonlinear analog of row or
column reduction. The Inverse Function Theorem will allow us to prove that a
generalϕ decomposes into suitably defined nonlinear elementary transformations,
but the decomposition is valid only locally. A partition of unity is used to piece
together the local results and obtain the theorem. We introduce two kinds of
nonlinear elementary transformations:

(i) a flip β, which interchanges two coordinates. This is a linear function,
and it satisfies| detβ ′(x)| = 1 for all x. Application of Fubini’s Theorem
in the form of Corollary 3.33 shows that Theorem 3.34 is valid whenϕ

is a flip.
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(ii) a primitive mapping

ψ(x1, . . . , xn) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

x1
...

xi −1

g(x1, . . . , xn)

xi +1
...

xn

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

whereg is real-valued and occurs in a single entry. If that entry is thei th

entry, then the Jacobian matrix ofψ is the identity matrix except in thei th

row, where the entries are∂g
∂x1

, . . . ,
∂g
∂xn

. Hence| detψ ′(x)| = ∣∣ ∂g
∂xi

∣∣. To
prove Theorem 3.34 for a primitive mapping of this kind, it is enough to
handlei = 1. If we write x = (x1, x′) andy = (y1, x′) with x′ in Rn−1,
Fubini’s Theorem (Corollary 3.33) reduces matters to showing that∫

Rn−1

[ ∫
R

f (y1, x′) dy1

]
dx′

=
∫

Rn−1

[ ∫
R

f (g(x1, x′), x′)
∣∣∣ ∂g

∂x1
(x1, x′)

∣∣∣dx1

]
dx′

under suitable hypotheses ong, and it is enough to prove that the inner
integrals are equal for allx′. Theorem 1.34 yields the equality of the inner
integrals ifg is aC1 function for whichg(x1, x′) is defined forx1 in an
interval for any relevantx′, and if

∣∣ ∂g
∂x1

(x1, x′)
∣∣ is everywhere positive at

the points in question.

In the linear case a primitive mappingψ for which g(x) appears in thei th

entry is given by a matrix that is the identity except in thei th row. Forψ ′ to be
nonvanishing, the diagonal entry in thei th row must be nonzero. This kind of
matrix is not always elementary but is the product ofn elementary matrices.

What needs to be proved for Theorem 3.34 is that apart from translations, any
nonlinearϕ as in Theorem 3.34 can be decomposed into the product of primitive
transformations and flips, at least locally. The argument will peel primitive
mappings from the right side ofϕ and flips from the left side. In that sense
it will be a nonlinear version of column reduction with primitive mappings and
row reduction with flips. The decomposition will be forced to be local because it
uses the Inverse Function Theorem, which guarantees the existence of an inverse
function only locally.
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Lemma 3.35. Suppose thatE is an open neighborhood of 0 inRn and that
ϕ : E → Rn is aC1 function such thatϕ(0) = 0 andϕ′(0)−1 exists. Then there
is a subneighborhood of 0 inRn in whichϕ factors as

ϕ = β1 ◦ · · · ◦ βn−1 ◦ ψn ◦ · · · ◦ ψ1,

where eachβj is a flip or the identity and eachψj is a primitiveC1 function in
some open neighborhood of 0 such thatψj (0) = 0 andψ ′(0)−1 exists.

PROOF. Let us set up an inductive procedure by assuming at the start that

ϕ(x1, . . . , xn) =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

x1
...

xi0−1

ϕi0(x1, . . . , xn)
...

ϕn(x1, . . . , xn)

⎞⎟⎟⎟⎟⎟⎟⎟⎠
(∗)

with 1 ≤ i0 ≤ n. We shall make use of the following formula for multiplying two
matricesA andB whenB has the property that it is equal to the identity matrix
except possibly in rowi0. The formula is

(AB)i j =
{

Aii 0 Bi0 j + Ai j Bj j if j �= i0,

Aii 0 Bi0i0 if j = i0.
(∗∗)

It will be convenient to identify linear functions likeϕ′(x) with their matrices, so
that the(i, j )th entryϕ′(x)i j of ϕ′(x) is meaningful.

Let j = j0 be the least row index for which the( j, i0)th entry of ϕ′(0) is
nonzero. The indexj0 exists becauseϕ′(0) is nonsingular, andj0 is ≥ i0 since
the topi0 − 1 rows ofϕ′(x) match the corresponding rows of the identity matrix.
Let

βi0 =
{

identity function if j0 = i0,

flip of entries j0 andi0 if j0 > i0.

Thenβi0 ◦ ϕ has the general form of (∗) except that thei th
0 and j th

0 entries have
been interchanged. By inspection the Jacobian matrix at 0 ofβi0 ◦ ϕ equals the
identity matrix in rows 1 throughi0 − 1 and has(i0, i0)th entry nonzero.

Thus if we possibly incorporate a composition with a flip into the definition of
ϕ, we may assume thatϕ′(0)i0i0 is nonzero. Put

ψ(x1, . . . , xn) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

x1
...

xi0−1

ϕi0(x1, . . . , xn)

xi0+1
...

xn

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
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Thenψ ′(x) is ann-by-n matrix with

ψ ′(x)i j =
{

δi j if i �= i0,

ϕ′(x)i0 j if i = i0,

whereδi j is the Kronecker delta. Since detψ ′(0) = ϕ′(0)i0i0 �= 0, we can
apply the Inverse Function Theorem (Theorem 3.17) toψ , obtaining aC1 inverse
functionψ−1 that carries an open neighborhood of 0 onto an open subset of the
domain ofϕ, hasψ−1(0) = 0, and has derivative(ψ−1)′(y) = ψ ′(x)−1, where
x andy are related byy = ψ(x) andx = ψ−1(y). Using (∗∗), we readily verify
that

(ψ ′(x)−1)i j =
⎧⎨⎩

δi j if i �= i0,

−(ϕ′(x)i0i0)
−1ϕ′(x)i0 j if i = i0 �= j,

(ϕ′(x)i0i0)
−1 if i = j = i0.

Therefore

((ψ−1)′(y))i j =
⎧⎨⎩

δi j if i �= i0,

−(ϕ′(x)i0i0)
−1ϕ′(x)i0 j if i = i0 �= j,

(ϕ′(x)i0i0)
−1 if i = j = i0.

Form η = ϕ ◦ ψ−1. By the chain rule (Theorem 3.10), we haveη′(0) =
ϕ′(0)(ψ−1)′(0), and this is nonsingular. Combining the formula for((ψ−1)′(y))i j

with the chain rule and (∗∗) gives

η′(x)i j = (ϕ′(x)(ψ−1)′(y))i j

=
{

ϕ′(x)i i 0(ψ
−1)′(y))i0 j + ϕ′(x)i j (ψ

−1)′(y))j j if j �= i0,

ϕ′(x)i i 0(ψ
−1)′(y))i0i0 if j = i0,

=
{

ϕ′(x)i i 0(−(ϕ′(x)i0i0)
−1ϕ′(x)i0 j ) + ϕ′(x)i j if j �= i0,

ϕ′(x)i i 0(ϕ
′(x)i0i0)

−1 if j = i0.

Sinceϕ′(x)i i 0 is 0 for i < i0, the above formula shows thatη′(x)i j = δi j for
i < i0. For i = i0, the formula shows first thatη′(x)i0 j is 0 for j �= i0 and then
thatη′(x)i0 j is 1 for j = i0. Thusη′(x)i j = δi j for i ≤ i0. Consequently thei th

entry ofη(x) is xi + ci if i ≤ i0, whereci is a constant. Evaluatingη at x = 0,
we see thatci = 0. Thusη(x) has the same general shape as (∗) except that the
i th
0 entry is nowxi0.

Following this argument inductively fori = 1, . . . , n−1 leads us to a decom-
position

η = βn−1 ◦ · · · ◦ β1 ◦ ϕ ◦ ψ−1
1 ◦ · · · ◦ ψ−1

n−1, (†)
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where eachβj is a flip or the identity and where eachψj is primitive. The function
η hasη(0) = 0 andη′(0) nonsingular, andη has the form

η(x1, . . . , xn) =

⎛⎜⎜⎝
x1
...

xn−1

ξ(x1, . . . , xn)

⎞⎟⎟⎠ .

Thereforeη is primitive. Solving (†) forϕ thus exhibitsϕ as decomposed into
the required form.

PROOF OFTHEOREM3.34. We are to prove that∫
ϕ(U )

f (y) dy =
∫

U
f (ϕ(x))| detϕ′(x)| dx (∗)

wheneverϕ : U → ϕ(U ) is aC1 function between open sets with aC1 inverse
and f : ϕ(U ) → R is continuous and has compact support lying inϕ(U ). In the
argument we shall work with several functions in place ofϕ, and the setU may be
different for each. We have seen that (∗) holds ifϕ is a flip or an invertible primitive
function. Let us observe also that (∗) holds ifϕ is a translationϕ(x) = x + x0 for
somex0 in Rn; the reason is that (∗) in this case can be reduced via successive
uses of Fubini’s Theorem (Corollary 3.33) to the 1-dimensional case, where we
know it to be true by Theorem 1.34.

If (∗) holds whenϕ is eitherα : U → α(U ) or β : α(U ) → β(α(U )), then
(∗) holds whenϕ is the compositionγ = β ◦ α : U → β(α(U )) because∫

Rn
f (z) dz =

∫
Rn

f (β(y))| detβ ′(y)| dy

=
∫

Rn
f (β(α(x))| detβ ′(α(x))|| detα′(x)| dx

=
∫

Rn
f (γ (x))| det(β ′(α(x))α′(x))| dx

=
∫

Rn
f (γ (x))| detγ ′(x)| dx,

the last two steps holding by the formula det(B A) = detB detA and the chain
rule (Theorem 3.10).

For anya in the given setU , Lemma 3.35 applies to the functionϕa carrying
U − a to ϕ(U ) − ϕ(a) and defined byϕa(x) = ϕ(x + a) − ϕ(a) because
ϕa(0) = 0 andϕ′

a(0) = ϕ′(a). The lemma produces an open neighborhoodEa of
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0 on whichϕa factors as a composition of flips and invertible primitive functions.
If τx0 denotes the translationτx0(x) = x + x0, thenϕa = τ−ϕ(a) ◦ ϕ ◦ τa shows
thatϕ = τϕ(a) ◦ ϕa ◦ τ−a. Thereforeϕ factors on the open neighborhoodEa + a
as the composition of translations, flips, and invertible primitive functions. From
the previous paragraph we conclude for eacha ∈ U that (∗) holds forϕ if f is
continuous and is compactly supported in the open neighborhoodϕ(Ea + a) of
ϕ(a).

Asa varies throughU , the subsetsVa = ϕ(Ea+a) of ϕ(U ) form an open cover
of ϕ(U ). Fix f continuous with compact supportK in ϕ(U ). By compactness
a finite subfamily of the family{Va} forms an open cover ofK . Applying
Proposition 3.14, we obtain a finite family� = {ψ} of continuous functions
defined onϕ(U ) and taking values in [0, 1] with the properties that

(i) eachψ is 0 outside of some compact set contained in someVa,
(ii)

∑
ψ∈� ψ is identically 1 onK .

Then property (i) and the conclusion of the previous paragraph show that (∗) holds
for ψ f . From (ii), we have

∑
ψ ψ f = f on ϕ(U ). Since there are only finitely

many terms in the sum, we can interchange sum and integral and conclude that
(∗) holds for f . This completes the proof.

One final remark is appropriate: Theorem 3.34 immediately extends from the
scalar-valued case as stated to the case thatf takes values inRm or Cm.

11. Problems

1. LetF beR or C. Prove that the Hilbert–Schmidt norm satisfies
(a) |T S| ≤ |T | |S| if S is in L(Fn, Fm) andT is in L(Fm, Fk),
(b) |1| = √

n if n = m and 1 denotes the identity function onFn.

2. Suppose thatf : Rn → Rm is a linear function with Jacobian matrixA. What is
f ′(x0)?

3. Suppose thatf : R2 → R1 has | f (x)| ≤ |x|2 for all x. Prove that f is
differentiable atx = 0.

4. Let x = (x1, . . . , xn) and u = (u1, . . . , un) be in Rn. For f : Rn → R
differentiable atx, use the chain rule to derive a formula ford

dt f (x + tu)
∣∣
t=0.

5. Compute expt X from the definition forX =
(

1 0
0 −1

)
,
(

1 1
0 1

)
,
(

0 1
−1 0

)
,
(

0 i
i 0

)
,

and
(

0 1
1 0

)
.
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6. It was observed in Section 6 in the context of polar coordinates that the Implicit
Function Theorem implies the Inverse Function Theorem. Namely, the pair of
polar-coordinate formulas(u, v) = (r cosθ, r sinθ) was inverted by applying
the Implicit Function Theorem to the system of equations

r cosθ − u = 0, r sinθ − v = 0.

Using this example as a model, derive the Inverse Function Theorem in the
general case from the Implicit Function Theorem in the general case.

7. Define
∫∞

1 to mean limN→∞
∫ N

1 when the integrand is continuous. Prove or
disprove:∫ 1

0

[ ∫ ∞

1
(e−xy − 2e−2xy) dx

]
dy =

∫ ∞

1

[ ∫ 1

0
(e−xy − 2e−2xy) dy

]
dx.

Problems 8–9 use Fubini’s Theorem to supplement the theory of Fourier series as
given in Section I.10.

8. Let f andg be continuous complex-valued periodic functions of period 2π , and
define theirconvolution to be the function

f ∗ g(x) = 1

2π

∫ π

−π

f (x − t)g(t) dt.

(a) Show thatf ∗ g is continuous periodic and thatf ∗ g = g ∗ f .
(b) Let f (x) ∼ ∑∞

n=−∞ cneinx and g(x) ∼ ∑∞
n=−∞ dneinx. Prove that

( f ∗ g)(x) ∼ ∑∞
n=−∞ cndneinx.

(c) Prove that the Fourier series off ∗ g converges uniformly.

9. Let f , g, andh be continuous complex-valued periodic functions of period 2π .
Prove thatf ∗ (g ∗ h) = ( f ∗ g) ∗ h.

Problems 10–13 deal with homogeneous functions. Iff : Rn−{0} → R is a function
not identically 0 such thatf (r x) = r d f (x) for all x in Rn −{0} and allr > 0, we say
that f is homogeneousof degreed. For example, the function in the first problem
below is homogeneous of degree 0.

10. OnR2, define

f (x, y) =
{ xy

x2 + y2
if (x, y) �= (0, 0),

0 if (x, y) = (0, 0).

Prove that∂ f
∂x and∂ f

∂y exist everywhere inR2 and thatf is not continuous at(0, 0).
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11. Let f : Rn − {0} → R be smooth and homogeneous of degreed.
(a) Prove that ifd = 0, then f (x) is bounded onRn − {0} and that f extends

to be continuous at 0 only if it is constant.
(b) Prove that ifd > 0, then the definitionf (0) = 0 makesf continuous for all

x in Rn, while if d < 0, then no definition off (0) makesf continuous at 0.
(c) Prove that∂ f

∂xj
is homogeneous of degreed − 1 unless it is identically 0.

(d) If f is homogeneous of degree 1 and satisfiesf (−x) = − f (x) and f (0) =
0, prove that each∂ f

∂xj
exists at 0 but that∂ f

∂xj
is not continuous at 0 unless it

is constant.

12. OnR2, let f be the function homogeneous of degree 1 given by

f (x, y) =
⎧⎨⎩

x3

x2 + y2
if (x, y) �= (0, 0),

0 if (x, y) = (0, 0).

(a) Prove thatf is continuous at(0, 0).
(b) Prove that∂ f

∂x and ∂ f
∂y exist at(0, 0) but are not continuous there.

(c) Calculated
dt f (t +tu)

∣∣
t=0 for x = 0 andu =

(
cosθ
sinθ

)
. Show that the formula

in Problem 4 fails, and conclude thatf is not differentiable at(0, 0).

13. OnR2, let f be the function homogeneous of degree 2 given by

f (x, y) =
⎧⎨⎩

xy(x2 − y2)

x2 + y2
if (x, y) �= (0, 0),

0 if (x, y) = (0, 0).

(a) Prove thatf , ∂ f
∂x , and ∂ f

∂y are continuous on all ofR2.

(b) Prove that∂
2f

∂x∂y and ∂2f
∂y∂x exist at(0, 0) but are not continuous there.

(c) Prove that∂
2f

∂x∂y (0, 0) = 1 and ∂2f
∂y∂x (0, 0) = −1.

Problems 14–15 concern “harmonic functions” in{(x, y) ∈ R2
∣∣ |(x, y)| < 1}, the

open unit disk of the plane. Aharmonic function is a complex-valuedC2 function
satisfying theLaplace equation	u(x, y) = 0, where	 is the Laplacian 	 =
∂2

∂x2 + ∂2

∂y2 .

14. If (r, θ) are regarded as polar coordinates, prove for all integersn that each
function r |n|einθ is a C∞ function in the open unit disk and is harmonic there.
Deduce that if{cn} is a doubly infinite sequence such that

∑∞
n=−∞ cnr |n|einθ

converges absolutely for eachr with 0 ≤ r < 1, then the sum is aC∞ function
in the open unit disk and is harmonic there.

15. Prove that ifu is harmonic in the unit disk, then so is the functionu ◦ R, where

R is the rotation about the origin given by
(

x
y

)

→

(
cosθ − sinθ

sinθ cosθ

) (
x
y

)
.
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Problems 16–20 illustrate the Inverse and Implicit Function Theorems.

16. Verify that the equationsu = x4y + x and v = x + y3 define a function

from R2 to R2 whose derivative at(1, 1) is given by the matrix
(

5 1
1 3

)
. This

matrix being invertible, the Inverse Function Theorem applies. Let the locally
definedC1 inverse function be given byx = F(u, v) and y = G(u, v) in an
open neighborhood of(u, v) = (2, 2), the point(2, 2) having the property that
F(2, 2) = 1 andG(2, 2) = 1. Find ∂F

∂u (2, 2).

17. Show that the equations
x2 − y cos(uv) + z2 = 0,

x2 + y2 − sin(uv) + 2z2 = 2,

xy − sinu cosv + z = 0,

implicitly definex, y, z asC1 functions of(u, v) nearx = 1, y = 1, u = π/2,
v = 0, andz = 0, and find∂x

∂u and ∂x
∂v

for the functionx(u, v). Is the function
x(u, v) of classC∞?

18. Regard the operation of squaring ann-by-n matrix as a function fromRn2
to Rn2

,
and show that this mapping is invertible on some open set of the domain that
contains the identity matrix.

19. (Lagrange multipliers) Let f andg be real-valuedC1 functions defined on an
open subsetU of Rn, and letS = {

x ∈ U
∣∣ g(x) = 0

}
. Prove that if f

∣∣
S

has a
local maximum or minimum at a pointx0 of S, then eitherg′(x0) = 0 or there
exists a numberλ such thatf ′(x0) + λg′(x0) = 0.

20. (Arithmetic-geometric mean inequality) Using Lagrange multipliers, prove
that anyn real numbersa1, . . . , an that are≥ 0 satisfy

n
√

a1a2 · · · an ≤ a1 + a2 + · · · + an

n
.



CHAPTER IV

Theory of Ordinary Differential Equations and Systems

Abstract. This chapter treats the theory of ordinary differential equations, both linear and nonlinear.
Sections 1–4 establish existence and uniqueness theorems for ordinary differential equations.

The first section gives some examples of first-order equations, mostly nonlinear, to illustrate certain
kinds of behavior of solutions. The second section shows, in the presence of continuity for a vector-
valuedF satisfying a “Lipschitz condition,” that the first-order systemy′ = F(t, y) has a unique
local solution satisfying an initial conditiony(t0) = y0. Since higher-order equations can always be
reduced to first-order systems, these results address existence and uniqueness fornth-order equations
as a special case. Section 3 shows that the solutions to a system depend well on the initial condition
and on any parameters that are present inF . Section 4 applies these results to existence of integral
curves for a vector field and to construction of coordinate systems from families of integral curves.

Sections 5–8 concern linear systems. Section 5 shows that local solutions of linear systems may
be extended to global solutions and that in the homogeneous case the vector space of global solutions
has dimension equal to the size of the system. The method of variation of parameters reduces the
solution of any linear system to the solution of a homogeneous linear system. Sections 6–7 identify
explicit solutions tonth-order linear equations and first-order linear systems. The “Jordan canonical
form” of a square matrix plays a role in the case of a system. Section 8 discusses power-series
solutions to second-order homogeneous linear equations whose coefficients are given by convergent
power series, as well as solutions that arise in the case of regular singular points. Two kinds of special
functions are mentioned that result from this study—Legendre polynomials and Bessel functions.

1. Qualitative Features and Examples

To introduce the subject of ordinary differential equations, this section gives
examples of some qualitative features and complicated phenomena that can occur
in such equations.

If F is a complex-valued function ofn + 2 variables, a functiony(t) is said to
be asolution of theordinary differential equation

F(t, y, y′, y′′, . . . , y(m)) = 0

of mth order on the open interval(a, b) if

F(t, y(t), y′(t), . . . , y(m)(t)) = 0

183
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identically fora < t < b. The equation is “ordinary” in the sense that there is
only one independent variable. The equation is said to belinear if it is of the
form

am(t)y(m) + am−1(t)y(m−1) + · · · + a1(t)y′ + a0(t)y = q(t),

and it ishomogeneous linearif in addition,q is the 0 function. A linear ordinary
differential equation hasconstant coefficientsif am(t), . . . , a0(t) are all constant
functions.

Let us come to examples, which will point toward the enormous variety of
phenomena that can occur. We stick to the first-order case, and all the examples
will have F real-valued. Let us look only for real-valued solutions. Pictures
indicating the qualitative behavior of the solutions of each of the examples are in
Figure 4.1.

EXAMPLES.

(1) Simple equations can have relatively complicated solutions. This is already
true for the equation

y′ = 1/t on the interval(0, +∞).

Integration shows that all solutions are of the form logt + c; on an interval
of negativet ’s, the solutions are of the form log|t | + c. The c comes from a
corollary of the Mean Value Theorem that says that a real-valued function on
an open interval with 0 derivative everywhere is necessarily constant.1 Another
example, but with no singularity, isy′ = ty. To solve this equation on intervals
wherey(t) �= 0, write y′/y = t , so that log|y| = 1

2t2 + a and |y| = eaet2/2.

Thusy(t) = cet2/2, with c �= 0 constant, on any interval wherey(t) is nowhere
0. The functiony(t) = 0 is a solution as well, and all real solutions on an interval
are of the formy(t) = cet2/2 with c real. See Figures 4.1a and 4.1b.

(2) Solutions may not be defined on obvious intervals. For the equation

ty′ + y = sint,

we can recognize the two sides asd
dt (ty)and d

dt (− cost). Thereforety = c−cost .
Dividing by t , we obtainy(t) = c−cost

t on any interval that does not contain
0. What about intervals containingt = 0? If we put t = 0 in the formula
ty = c−cost , we see thatc must be 1. In this case we can definey(0) = 0 there,
and theny′(0) exists. We obtain the additional solution

y(t) =
{ 1 − cost

t
for t �= 0,

0 for t = 0,

on any open interval containing 0. Figure 4.1c shows graphs of some solutions.

1See Section A2 of the appendix for further information.
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FIGURE 4.1. Graphs of solutions of some first-order ordinary differential
equations: (a)y′ = 1/t , (b) y′ = ty, (c) ty′ + y = sint ,

(d) y′ = y2 + 1, (e)y′ = y2, (f) y′ = y2/3.

(3) Even if the equation seems nice for allt , the solutions may not exist for all
t . An example occurs with

y′ = y2 + 1,

which we solve by the stepsddt (arctany) = 1, arctany = t + c, y = tan(t + c).
The solutions behave badly whent + c is any odd multiple ofπ/2. Solutions
are defined at most on intervals of lengthπ . Figure 4.1d shows graphs of some
solutions for this example.

(4) Some solutions may look quite different from all the others. For example,
with

y′ = y2,

we solve by−1/y = t + c for y �= 0, so thaty(t) = − 1

t + c
. Also, y(t) = 0 is
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a solution. Here the solutions of the formy(t) = − 1
t+c are not defined for allt ,

but the solutiony(t) = 0 is defined for allt . We might think ofy(t) = 0 as the
limiting case withc tending to±∞. Figure 4.1e shows graphs of some of the
solutions for this example.

(5) New solutions can sometimes be pieced together from old ones. For
example, the equation

y′ = y2/3

is solved wherey �= 0 by the stepsy−2/3y′ = 1, 3y1/3 = t + c, and y(t) =
1
27(t + c)3. But alsoy(t) = 0 is a solution. In fact, we can piece solutions of
these types together. For example, the function

y(t) =
⎧⎨⎩

1
27(t + 1)3 for t < −1,

0 for − 1 ≤ t ≤ 0,
1
27t3 for 0 < t,

is a solution on(−∞, +∞). Figure 4.1f shows graphs of some of the solutions
for this example.

One thing that stands out in the above examples is that the set of solutions seems
to depend, more or less, on a single parameterc. The inference is that nothing
much worse than thec occurs because somewhere an integration is taking place
and the Mean value Theorem is controlling how many indefinite integrals there
can be. One way of trying to quantify this statement about how the number of
solutions is limited is to say that for any fixedt = t0 and given real numbery0,
there is only one solutiony(t) neart0 with y(t0) = y0. This statement is not quite
accurate, however, as Example 5 shows. The uniqueness theorem in Section 2
will give a precise result. The data(t0, y0) are called aninitial condition .

Something else that stands out, although perhaps not without the visual aid of
the graphs of solutions as in Figure 4.1, is that the graphed solutions appear to fill
the entire part of the plane corresponding to thet ’s under study. In the framework
of the previous paragraph, the statement is that for any fixedt = t0 and given
real numbery0, there exists a solutiony(t) neart0 with y(t) = y0. The existence
theorem in Section 2 will give a precise result.

WEAK VERSION OF EXISTENCE AND UNIQUENESS THEOREMS. Let D be a
nonempty convex open set inR2, and let(t0, y0) be in E. If F : D → R is a
continuous function such that∂

∂y F(t, y) exists and is continuous inD, then for
any sufficiently small open interval oft ’s containingt0, the equationy′ = F(t, y)

has a unique solutiony(t) with y(t0) = y0 such that the graph oft 
→ y(t) lies
in D.
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An improved theorem, together with a proof, will be given in Section 2. The
proof of existence uses “Picard iterations,” and the idea is as follows. First we
convert the differential equation into an equivalent integral equation

y(t) =
∫ t

t0

F(s, y(s)) ds+ y0.

Second we use the right side as input and the left side as output to define successive
approximations to a solution:

y0(t) = y0,

y1(t) =
∫ t

t0

F(s, y0(s)) ds+ y0,

...

yn+1(t) =
∫ t

t0

F(s, yn(s)) ds+ y0.

Third we use the WeierstrassM test to show that the series with partial sums
yN(t) = y0 + ∑N

n=1 (yn(t) − yn−1(t)) is uniformly convergent. If the limiting
function is denoted byy(t), we check thaty(t) satisfies the integral equation from
which we started. Hencey(t) is a solution of the differential equation.

2. Existence and Uniqueness

In this section we state and prove the main existence and uniqueness theorems for
solutions of ordinary differential equations. First let us establish an appropriate
setting more general than the one in Section 1.

The examples in Section 1 were all of the first order. They could all have
been written in the formy = F(t, y) with F real-valued, and we considered
real-valued solutionsy(t). From equations as simple asy′′ + y′ + y = 0, whose
real-valued solutions are

y(t) = a1e−t/2 cos(t
√

3/2) + a2e−t/2 sin(t
√

3/2),

we know that it can be easier to work, at least initially, with complex-valued
solutions. In this particular case, it is easier as a first step to find all complex-
valued solutions, namely

y(t) = c1 exp
(

1
2(−1 + i

√
3)t

)+ c2 exp
(

1
2(−1 − i

√
3)t

)
,
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and then to extract the real-valued solutions from them. The solution method,
which will be discussed in more detail in Section 6 below, involves finding all
complex solutions of a certain polynomial equation with real coefficients, and the
method is more natural if the coefficients of the polynomial equation are allowed
to be complex.

Thus right away, it is natural to consider first-order equationsy′ = F(t, y)

with F complex-valued and to look for complex-valued solutions. The theory in
Chapter III avoided working with functions of several variables in which some of
the variables are complex, and we can update the theory of Chapter III here. The
technique, which is to consider the complex variabley as two real variables Rey
and Imy, is again applicable. Thus we have only to think ofF(t, y)as a function of
three real variables, even if we do not separatey into its two components in writing
F(t, y), and the theory of Chapter III applies directly. In adopting the point of
view thaty is actually two real variables, we need to apply the same consideration
to y′, and we are led to viewy′ = F(t, y) as asystemof two simultaneous
equations, namely Rey′ = ReF(t, y) and Imy′ = Im F(t, y). This viewpoint
merely makes our functions conform to the prescriptions of Chapter III. It is not
necessary to work with the expanded notation; all we have to remember is that in
this part of the theory we never differentiate a function with respect to acomplex
variable.

The utility of allowing y′ = F(t, y) to represent asystemof ordinary dif-
ferential equations has, in any event, been thrust upon us. Let us consider the
notion of a system a bit more. With a little trick the second-order equation
y′′ + y′ + y = 0 can itself be transformed into a system, quite apart from the issue
of real vs. complex variables. The trick is to introduce two unknown functions
u1 andu2 to play the roles ofy and y′. Thenu1 andu2 satisfyu2 = u′

1 and
u′

2 = u′′
1 = y′′ = −y′ − y = −u2 − u1. In other words,u1 andu2 satisfy the

system
u′

1 = u2,

u′
2 = −u1 − u2.

Conversely ifu1(t) andu2(t) satisfy this system of equations, theny(t) = u1(t)
is a solution ofy′′ + y′ + y = 0. In this way, the given second-order equation is
completely equivalent to a certain system of two first-order equations with two
unknown functions.

Let F be a function defined on an open setD of R × Ckm and taking values
in Ck. A Ck-valued functiony(t) = (y1(t), . . . , yk(t)) is said to be asolution
of the systemF(t, y, y′, . . . , y(m)) = 0 of k ordinary differential equations of
order m in the open interval(a, b) if F(t, y(t), y′(t), . . . , y(m)) = 0 identically
for a < t < b.

We saw that the single second-order equationy′′ + y′ + y = 0 is equivalent to
a certain first-order system of two equations, and the technique for exhibiting this



2. Existence and Uniqueness 189

equivalence works more generally: a system ofk equations of orderm that has
been solved for themth-order derivatives is equivalent to a system ofkmequations
of first order.

We shall consider first-order systems of the formy′ = F(t, y), whereF is
continuous on an open subsetD of R × Cn and takes values inCn. The example
y′ = y2/3 in Section 1 fits these hypotheses, and we saw that the hoped-for
uniqueness fails for this equation. In the weak theorem stated at the end of
Section 1, an additional hypothesis was imposed in order to address this problem:
for y′ = F(t, y) with only real-valued solutions of interest, the hypothesis is
that ∂F/∂y exists and is continuous on the domainD of F . Generalizing this
condition presumably means saying something about partial derivatives in each
of the directionsyj for 1 ≤ j ≤ n. In addition, we must remember the injunction
against differentiating with respect to complex variables. Thus we really expect
a condition concerning 2n first-order derivatives. Fortunately there is an easily
stated less-stringent condition that is nevertheless good enough. The condition is
that F satisfy aLipschitz condition in its y variable, i.e., that there exist a real
numberk such that

|F(t, y1) − F(t, y2)| ≤ k|y1 − y2|
for all pairs of points(t, y1) and(t, y2) in the domainD of F .

If F is a real-valued continuous function of two real variables with a continuous
partial derivative in the second variable, then the Mean Value Theorem gives

F(t, y1) − F(t, y2) = (y1 − y2)
∂F

∂y
(t, ξ)

with ξ betweeny1 andy2, providedthe line segment from(t, y1) to (t, y2) lies in
the domainD of F . The partial derivative is bounded on any compact subset of
D, and thusF satisfies, on any compact convex subset ofD, a Lipschitz condition
in the second variable.

Theorem 4.1(Picard–Lindel¨of Existence Theorem). LetD be a nonempty
open set inR1 × Cn, let (t0, y0) be in D, and suppose thatF : D → Cn is
a continuous function such thatF(t, y) satisfies a Lipschitz condition in they
variable and has|F(t, y)| ≤ M on D. Let R be a compact set inR1 × Cn of the
form

R = {
(t, y)

∣∣ |t − t0| ≤ a and|y − y0| ≤ b
}
,

and suppose thatR is contained inD. Puta′ = min{a, b/M}. Then there exists
a solutiony(t) of the system

y′ = F(t, y)

on the open interval|t − t0| < a′ satisfying the initial condition

y(t0) = y0.
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REMARKS. A variant of Theorem 4.1 takesD to be inR1 × Cn but insists
only on continuity ofF , not on the Lipschitz condition. Then a local solution still
exists for|t − t0| < a′. This better result, known as the “Cauchy–Peano Existence
Theorem,” appears in Problems 20–25 at the end of the chapter and is proved by
an argument using Ascoli’s Theorem. However, Example 5 in Section 1 shows
that there is no corresponding uniqueness theorem, and within the text we omit the
proof of the better existence theorem. Another variant of Theorem 4.1 assumes
that the domainD of a givenFR lies inR1 × Rn, FR takes values inRn, andy0 is
in Rn. Theny′ = FR(t, y) has a solutiony(t) such thaty(t0) = y0 and the range
of y is Rn. In fact, whenFR satisfies a Lipschitz condition in they variable, this
variant is a consequence of Theorem 4.1 as stated. To derive this variant, one
extends the given functionFR from the subset ofR1 × Rn to a subset ofR1 × Cn

by making it constant in Imy. Specifically the new system isy′ = F(t, y) with
F(t, y) = FR(t, Rey), and the initial condition remains asy(t0) = y0. The part
of the system corresponding to equations for Imy′ is just Imy′ = 0, sinceF is
real-valued, and therefore Imy(t) is constant. Sincey0 is real, Imy(t) must be
0. Thus Theorem 4.1 yields a solutiony(t) with rangeRn under these special
hypotheses.

PROOF. The first step is to see that the set of differentiable functionst 
→ y(t)
on |t − t0| < a′ satisfyingy′ = F(t, y) andy(t0) = y0 is the same as the set of
continuous functionst 
→ y(t) on |t − t0| < a′ satisfying the integral equation
y(t) = ∫ t

t0
F(s, y(s)) ds+ y0.

If y is differentiable and satisfies the differential equation and the initial con-
dition, theny is certainly continuous and hences 
→ F(s, y(s)) is continuous.
Then

∫ t
t0

F(s, y(s)) ds is differentiable by the Fundamental Theorem of Calculus

(Theorem 1.32), and the differential equation shows thaty(t)and
∫ t

t0
F(s, y(s)) ds

have the same derivative for|t − t0| < a′. Thus they differ by a constant. The
constant is checked by puttingt = t0, and indeedy satisfies the integral equation.

Conversely if y is continuous and satisfies the integral equation, then
s 
→ F(s, y(s)) is continuous, and the Fundamental Theorem of Calculus shows
that

∫ t
t0

F(s, y(s)) ds is differentiable. This function equalsy(t) − y0 by the
integral equation, and hencey is differentiable. Differentiating the two sides of
the integral equation, we see thaty satisfies the differential equation. Also, if
we putt = t0 in the integral equation, we see thaty satisfies the initial condition
y(t0) = y0.

Thus it is enough to prove existence for a continuous solution of the integral
equation. Fort0 − a′ ≤ t ≤ t0 + a′, define inductively

y0(t) = y0,

y1(t) = y0 +
∫ t

t0

F(s, y0(s)) ds,
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...

yn(t) = y0 +
∫ t

t0

F(s, yn−1(s)) ds,

with the usual convention that
∫ t

t0
= − ∫ t0

t . Let us see inductively that the graph
of yn(t) lies in the set

R′ = {
(t, y)

∣∣ |t − t0| ≤ a′ and|y − y0| ≤ b
}
,

for |t − t0| ≤ a′. The graph ofy0(t) = y0 is just
{
(t, y0)

∣∣ |t − t0| < a′},
and this lies inR′. The inductive hypothesis is that(t, yn−1(t)) lies in R′ for{
(t, y0)

∣∣ |t − t0| ≤ a′}. Then

|yn(t) − y0| =
∣∣∣ ∫ t

t0

F(s, yn−1(s) ds
∣∣∣ ≤ M |t − t0| ≤ Ma′ ≤ b,

and therefore(t, yn(t)) lies in R′ for |t − t0| ≤ a′. This completes the induction,
and hence the graph ofyn(t) lies in R′ for |t − t0| ≤ a′.

Now write

yN(t) = y0(t) +
N∑

n=1

[yn(t) − yn−1(t)]

for N ≥ 0. We shall use the WeierstrassM test (Proposition 1.20), adapted to a
series of functions with values inCn, to prove uniform convergence of this series.
Thus we are to bound|yn(t)− yn−1(t)|, and we shall do so inductively forn ≥ 1.
We start from the inequality|F(t, y)| ≤ M on R′ and the Lipschitz condition

|F(t, yj (t) − F(t, yj −1)| ≤ k|yj (t) − yj −1(t)| for j ≥ 1.

Say thatt0 ≤ x ≤ t0 + a′ for definiteness. Then

|y1(t) − y0(t)| =
∣∣∣ ∫ t

t0

F(s, y0(s)) ds
∣∣∣ ≤ M(t − t0)

and

|y2(t) − y1(t)| =
∣∣∣ ∫ t

t0

[F(s, y1(s)) − F(s, y0(s))] ds
∣∣∣

≤
∫ t

t0

|F(s, y1(s)) − F(s, y0(s))| ds
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≤
∫ t

t0

k|y1(s) − y0(s)| ds

≤
∫ t

t0

kM(s − t0) ds from the previous display

= Mk(t − t0)2

2!
.

Now we carry out an induction. The base case is the estimate carried out above for
|y1(t)− y0(t)|. The estimate for|y2(t)− y1(t)| suggests the inductive hypothesis,
namely the inequality

|yn−1(t) − yn−2(t)| ≤ Mkn−2(t − t0)n−1

(n − 1)!
.

Then we have

|yn(t) − yn−1(t)| ≤
∫ t

t0

|F(s, yn−1(s) − F(t, yn−2(s))| ds

≤
∫ t

t0

k|yn−1(s) − yn−2(s)| ds

≤ Mkn−1
∫ t

t0

(s − t0)n−1

(n − 1)!
ds by inductive hypothesis

= Mkn−1(t − t0)n

n!
,

and the induction is complete. The argument whent0 −a′ ≤ t ≤ t0 is completely
similar, and the form of the estimate for the two cases combined is

|yn(t) − yn−1(t)| ≤ Mkn−1|t − t0|n
n!

for |t − t0| ≤ a′.

There is no harm in assuming thatk is > 0, and consequently

|yn(t) − yn−1(t)| ≤ M

k

kn(a′)n

n!

independently oft . Since
∑∞

n=0 (n!)−1kn(a′)n = eka′
is finite, theM test applies

and shows that our series converges uniformly.
ThusyN(t) converges uniformly for|t − t0| ≤ a′, necessarily to a continuous

function. We call this functiony(t). For |t − t0| ≤ a′, we have∫ t

t0

F(s, y(s)) ds =
∫ t

t0

[F(s, y(s)) − F(t, yN(s))] ds+
∫ t

t0

F(s, yN(s)) ds

=
∫ t

t0

[F(s, y(s)) − F(s, yN(s))] ds+ yN+1(t) − y0.
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On the right side, we have limN [yN+1(t) − y0] = y(t) − y0. Because of the
Lipschitz condition the absolute value of the first term on the right side is

≤ a′k sup
|t−t0|≤a′

|y(t) − yN(t)|,

and this tends to 0 asn tends to infinity. Thus∫ t

t0

F(s, y(s)) ds = y(t) − y0,

andy(t) is a continuous solution of the integral equation.

Theorem 4.2(uniqueness theorem). LetD be a nonempty open set inR1×Cn,
let (t0, y0) be in D, and suppose thatF : D → Cn is a continuous function such
that F(t, y) satisfies a Lipschitz condition in they variable. For anya′′ > 0,
there exists at most one solutiony(t) to the system

y′ = F(t, y)

on the open interval|t − t0| < a′′ satisfying the initial condition

y(t0) = y0.

PROOF. As in the proof of Theorem 4.1, it is enough to prove uniqueness for the
integral equation. Suppose thaty(t) andz(t) are two solutions for|t − t0| < a′′.
Fix ε > 0. Then|y(t)−z(t)| is bounded by some constantC for |t − t0| ≤ a′′−ε,
andF is assumed to satisfy a Lipschitz condition|F(t, y1)−F(t, y2)| ≤ k|y1−y2|
on D.

We argue as in the proof of Theorem 4.1, working first fort0 ≤ t and starting
from

|y(t) − z(t)| ≤ C

and from

|y(t) − z(t)| =
∣∣∣ ∫ t

t0

[F(s, y(s)) − F(s, z(s))] ds
∣∣∣

≤
∫ t

t0

|F(s, y(s)) − F(s, z(s))| ds

≤
∫ t

t0

k|y(s) − z(s)| ds

≤ Ck(t − t0).



194 IV. Theory of Ordinary Differential Equations and Systems

Inductively we suppose that

|y(t) − z(t)| ≤ Ckn−1(t − t0)n−1

(n − 1)!
.

Then

|y(t) − z(t)| ≤
∫ t

t0

|F(s, y(s)) − F(s, z(s))| ds

≤
∫ t

t0

k|y(s) − z(s)| ds

≤ Ckn
∫ t

t0

(s − x0)
n−1

(n − 1)!
ds = Ckn(t − t0)n

n!
,

and thus|y(t) − z(t)| ≤ C(n!)−1kn(t − t0)n for all n. A similar estimate is valid
for t ≤ t0, and the combined estimate is

|y(t) − z(t)| ≤ Ckn|t − t0|n
n!

.

Since
∑

C(n!)−1kn|t − t0|n converges, the individual terms tend to 0. Therefore
y(t) = z(t) for |t − t0| ≤ a′′−ε. Sinceε is arbitrary,y(t) = z(t) for |t − t0| < a′′.

3. Dependence on Initial Conditions and Parameters

In abstract settings where the existence and uniqueness theorems play a role, it
is frequently of interest to know how the unique solution depends on the initial
data(t0, y0) such thaty(t0) = y0. To quantify this dependence, let us write the
unique solution corresponding toy′ = F(t, y) as y(t, t0, y0) rather thany(t).
We continue to usey′ to indicate the derivative in thet variable even though the
differentiation is now actually a partial derivative.

Theorem 4.3.Let D be a nonempty open set inR1 × Cn, let (t, y∗) be in D,
and suppose thatF : D → Cn is a continuous function such thatF(t, y) satisfies
a Lipschitz condition in they variable. LetR be a compact set inR1 × Cn of the
form

R = {
(t, y)

∣∣ |t − t∗| ≤ a and|y − y∗| ≤ b
}
,

suppose thatR is contained inD, and letM be an upper bound for|F | on R. Put
a′ = min{a, b/M}. If |t0 − t∗| < a′/2 and|y0 − y∗| < b/2, then there exists a
unique solutiont 
→ y(t, t0, y0) on the interval|t − t0| < a′/2 to the system and
initial data

y′ = F(t, y) and y(t0, t0, y0) = y0,

and the function(t, t0, y0) 
→ y(t, t0, y0) is continuous on the open set

U = {
(t, t0, y0)

∣∣ |t − t0| < a′/2, |t0 − t∗| < a′/2, |y0 − y∗| < b/2
}
.

If F is smooth onD, then(t, t0, y0) 
→ y(t, t0, y0) is smooth onU .
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REMARK. It is customary to summarize the result about continuity qualitatively
by saying that the unique solution depends continuously on the initial data.

PROOF OF CONTINUITY. Let us first check that there is indeed a unique solution
for each pair(t0, y0) in question and that its graph, as a function oft , lies in

R′ = {
(t, y)

∣∣ |t − t∗| ≤ a′ and|y − y∗| ≤ b
}
.

For this purpose, fixt0 andy0 with |t0 − t∗| ≤ a′/2 and|y0 − y∗| ≤ b/2. Use
of the triangle inequality shows that the closed set with|t − t0| < a′/2 and
|y − y0| < b/2 lies within R. Thus|F | ≤ M on this set. Theorem 4.1 shows
that there exists a solution with graph in this smaller set for|t − t0| < a′′, where
a′′ = min{a′/2, (b/2)/M}. Now

min{a′/2, b/(2M)} = 1
2 min{a′, b/M} = 1

2a′,

and hence there exists a solution for|t − t0| < a′/2 with graph inR. This solution
y(t, t0, y0) is unique by Theorem 4.2, and it is the result of the construction in the
proof of Theorem 4.1.

The idea is to trace through the construction in the proof of Theorem 4.1 and
to see that the function(t, t0, y0) 
→ y(t, t0, y0) is the uniform limit of explicit
continuous functions onU . Imitating a part of the proof of Theorem 4.1, we
define, for(t, t0, y0) in U ,

y0(t, t0, y0) = y0,

y1(t, t0, y0) = y0 +
∫ t

t0

F(s, y0(s, t0, y0)) ds,

...

ym(t, t0, y0) = y0 +
∫ t

t0

F(s, ym−1(s, t0, y0)) ds.

We shall show by induction thatyn(t, t0, y0) is continuous onU . Certainly
y0(t, t0, y0) is continuous onU .

For the inductive step we need a preliminary calculation. LetI1 be the closed
interval betweent0 and t , and let I2 be the closed interval betweent ′

0 and t ′.
Suppose we have two functionsf1 and f2 of a variables such that

(i) f1 is defined fors betweent0 andt with | f1| ≤ M there,
(ii) f2 is defined fors betweent ′

0 andt ′ with | f2| ≤ M there, and
(iii) | f1(s) − f2(s)| ≤ ε on their common domain.

If a′ is ≥ the maximum distance amongt0, t, t ′
0, t ′, let us show that∣∣∣ ∫ t

t0

f1(s) ds−
∫ t ′

t ′0
f2(s) ds

∣∣∣ ≤ M(|t0 − t ′
0| + |t − t ′|) + a′ε. (∗)
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To show this for all possible order relations on the set{t0, t ′
0, t, t ′}, we observe

that there is no loss of generality in assuming thatt0 is the smallest member of
the set. There are then six cases.

Case1. t0 ≤ t ′
0 ≤ t ′ ≤ t , so that (iii) applies on [t ′

0, t ′]. Then∫ t

t0

f1(s) ds−
∫ t ′

t ′0
f2(s) ds =

∫ t ′0

t0

f1(s) ds+
∫ t ′

t ′0
( f1(s)− f2(s)) ds+

∫ t

t ′
f1(s) ds

and hence∣∣∣ ∫ t

t0

f1(s) ds−
∫ t ′

t ′0
f2(s) ds

∣∣∣ ≤ M |t ′
0 − t0| + ε|t ′ − t ′

0| + M |t − t ′|.

Therefore (∗) holds in this case.

Case2. t0 ≤ t ′
0 ≤ t ≤ t ′, so that (iii) applies on [t ′

0, t ]. Then∫ t

t0

f1(s) ds−
∫ t ′

t ′0
f2(s) ds =

∫ t ′0

t0

f1(s) ds+
∫ t

t ′0
( f1(s)− f2(s)) ds−

∫ t ′

t
f2(s) ds,

and hence∣∣∣ ∫ t

t0

f1(s) ds−
∫ t ′

t ′0
f2(s) ds

∣∣∣ ≤ M |t ′
0 − t0| + ε|t − t ′

0| + M |t ′ − t |.

Therefore (∗) holds in this case.

Case3. t0 ≤ t ≤ t ′ ≤ t ′
0. Then

∣∣∣ ∫ t

t0

f1(s) ds
∣∣∣ ≤ M |t − t0| ≤ M(|t ′

0 − t0| − |t ′
0 − t ′|)

∣∣∣ ∫ t ′

t ′0
f2(s) ds

∣∣∣ ≤ M |t ′
0 − t ′|,and

so that (∗) holds in this case.

Case4. t0 ≤ t ′ ≤ t ′
0 ≤ t . Then

∣∣∣ ∫ t

t0

f1(s) ds
∣∣∣ ≤ M |t − t0| = M(|t ′

0 − t0| + |t − t ′
0|)∣∣∣ ∫ t ′

t ′0
f2(s) ds

∣∣∣ ≤ M |t ′ − t ′
0| = M(|t − t ′| − |t − t ′

0|),and

so that (∗) holds in this case.
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Case5. t0 ≤ t ≤ t ′
0 ≤ t ′. Then∣∣∣ ∫ t

t0

f1(s) ds
∣∣∣ ≤ M |t − t0| ≤ M |t ′

0 − t0|∣∣∣ ∫ t ′

t ′0
f2(s) ds

∣∣∣ ≤ M |t ′ − t ′
0| ≤ M |t ′ − t |,and

so that (∗) holds in this case.

Case6. t0 ≤ t ′ ≤ t ≤ t ′
0. Then∣∣∣ ∫ t

t0

f1(s) ds
∣∣∣ ≤ M |t − t0| = M(|t ′

0 − t0| − |t ′
0 − t |)

∣∣∣ ∫ t ′

t ′0
f2(s) ds

∣∣∣ ≤ M |t ′
0 − t ′| = M(|t ′

0 − t | + |t ′ − t |),and

so that (∗) holds in this case.

With (∗) proved we can now proceed with the inductive step to show that
yn(t, t0, y0) is continuous onU . Thus assume thatyn−1(t, t0, y0) is continuous
onU . If (t, t0, y0) and(t ′, t ′

0, y′
0) are inU , then

yn(t, t0, y0) − yn(t
′, t ′

0, y′
0)

= (y0 − y′
0) +

∫ t

t0

F(s, yn−1(s, t0, y0)) ds−
∫ t ′

t ′0
F(s, yn−1(s, t ′

0, y′
0)) ds

= (y0 − y′
0) +

∫ t

t0

f1(s) ds−
∫ t ′

t ′0
f2(s) ds,

where f1(s) = F(s, yn−1(s, t0, y0)) and f2(s) = F(s, yn−1(s, t ′
0, y′

0)). Thus (∗)
gives

|yn(t, t0, y0) − yn(t
′, t ′

0, y′
0)| ≤ |y0 − y′

0| + M(|t0 − t ′
0| + |t − t ′|) + a′ε (∗∗)

if ε is chosen such that| f1(s) − f2(s)| ≤ ε on the common domain off1 and f2.
Let ε > 0 be given, and choose someδ > 0 for uniform continuity ofF on

the setR. By uniform continuity ofyn−1, chooseη > 0 such that

|yn−1(s, t0, y0) − yn−1(s, t ′
0, y′

0)| < δ whenever|(s, t0, y0) − (s, t ′
0, y′

0)| < η.

Then|(s, t0, y0) − (s, t ′
0, y′

0)| < η implies | f1(s) − f2(s)| ≤ ε on the common
domain of f1 and f2, and hence (∗∗) holds. Thereforeyn is continuous as a
function onU . This completes the induction.
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We know thatyn(t, t0, y0) converges to a solutiony(t, t0, y0) uniformly in t if
(t0, y0) is fixed. Let us see that the convergence is in fact uniform in(t, t0, y0).
The proof of Theorem 4.1 yielded the estimate

|yn(t, t0, y0) − yn−1(t, t0, y0)| ≤ M

k

kn(a′)n

n!
,

and this is independent of(t, t0, y0). Therefore the WeierstrassM test shows
that yn(t, t0, y0) converges toy(t, t0, y0) uniformly onU . The uniform limit of
continuous functions is continuous by Proposition 2.21, and hencey(t, t0, y0) is
continuous.

PROOF OF SMOOTHNESS. Under the assumption thatF is smooth onD, we are to
prove thaty(t, t0, y0) is smooth onU . We return to the earlier proof of continuity
of y(t, t0, y0) and show that eachyn(t, t0, y0) is smooth. This smoothness is
trivial for n = 0, we assume inductively thatyn−1(t, t0, y0) is smooth, and we
form

yn(t, t0, y0) = y0 +
∫ t

t0

F(s, yn−1(s, t0, y0)) ds.

The function on the right side is the composition of(t, t0, y0) 
→ (t, t0, t0, y0) fol-
lowed by(t, t0, s0, y0) 
→ ∫ t

t0
F(s, yn−1(s, s0, y0)) ds. The chain rule (Theorem

3.10), the Fundamental Theorem of Calculus (Theorem 1.32), and Proposition
3.28 allow us to compute partial derivatives of this function, and another argument
with (∗) allows us to see that the partial derivatives are continuous. There is no
difficulty in iterating this argument, and we conclude thatyn(t, t0, y0) is smooth.

The same argument in the proof of Theorem 4.1 that enabled us to estimate
the size ofyn(t, t0, y0) − yn−1(t, t0, y0) allows us to estimate any iterated partial
derivative of this difference. New constants enter the estimate, but the qualitative
result is the same, namely that any iterated partial derivative ofyn(t, t0, y0) con-
verges uniformly to that same iterated partial derivative ofy(t, t0, y0). Applying
Theorem 1.23, we see thaty(t, t0, y0) is smooth.

CONCLUDING REMARK. Sometimes a given systemy′ = F(t, y) with initial
conditiony(t0) = y0 involves parameters in the definition ofF , so that effectively
the system isy′ = F(t, y, λ1, . . . , λk). A natural problem is to find conditions
under which the dependence of the solution on thek parameters is continuous or
smooth. The answer is that this problem can be reduced to the problem addressed
by Theorem 4.3. We simply introducek additional variableszj , one for each
parameterλj , together with new equationsz′

j = 0 and new initial conditions
zj (t0) = λj .
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4. Integral Curves

If U is an open subset ofRn, then avector fieldonU may be defined as a function
X : U → Rn. The vector field issmooth if X is a smooth function. In classical
notation, X is written X = ∑n

j =1 aj (x1, . . . , xn)
∂

∂xj
, and the function carries

(x1, . . . , xn) to (a1(x1, . . . , xn), . . . , an(x1, . . . , xn)). The traditional geometric
interpretation ofX is to attach to each pointp of U the vectorX(p) as an arrow
based atp. This interpretation is appropriate, for example, ifX represents the
velocity vector at each point in space of a time-independent fluid flow.

We have defined the term “path” in a metric space to mean a continuous
function from a closed bounded interval ofR1 into the metric space. The term
curve in a metric space is used to refer to a continuous function from an open
interval ofR1 into the metric space.

A standard problem in connection with vector fields on an open subsetU of
R2 is to try to draw curves withinU with the property that the tangent vector
to the curve at any point matches the arrow for the vector field. An illustration
occurs in Figure 4.2. This section abstracts and generalizes this kind of curve.

FIGURE 4.2. Integral curve of a vector field.

Let X : U → Rn be a smooth vector field onU . A curvec(t) is anintegral
curve for X if c is smooth andc′(t) = X(c(t)) for all t in the domain of
c. Depending on one’s interpretation of the informal wording in the previous
paragraph, the present definition is perhaps more demanding than the definition
given forR2 above: the expressionc′(t) involves both magnitude and direction,
and the present definition insists that both ingredients match withX(c(t)), not
just the direction.

Proposition 4.4.Let X : U → Rn be a smooth vector field on an open subset
U of Rn, and letp be in U . Then there exist anε > 0 and an integral curve
c : (−ε, ε) → U such thatc(0) = p. Any two integral curvesc andd for X
havingc(0) = d(0) = p coincide on the intersection of their domains.
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PROOF. Apart from the smoothness the first conclusion is just a restatement
of a special case of Theorem 4.1 in different notation. The conditions onc are
thatc be a solution ofc′ = X(c) and thatc(0) = p. The existence of a solution
is immediate from Theorem 4.1 if we putF = X, c = y, t0 = 0, andy0 = p.
The way in which this application of Theorem 4.1 is a special case and not the
general case is thatF is independent oft here. The smoothness ofc follows from
Theorem 4.3, and the uniqueness follows from Theorem 4.2.

The interest is not only in Proposition 4.4 in isolation but also in what happens
to the integral curves whenX is part of a family of vector fields.

Proposition 4.5.Let X(1), . . . , X(m) be smooth vector fields on an open subset
U of Rn, let p be inU , and letV be a bounded open neighborhood of 0 inRm. For
λ in V , putXλ = ∑m

j =1 λj X( j ). Then there exist anε > 0 and a system of integral
curvesc(t, λ), defined fort ∈ (−ε, ε) andλ ∈ V , such thatc( · , λ) is an integral
curve for Xλ with c(0, λ) = p. Each curvec(t, λ) is unique, and the function
c : (−ε, ε) × V → U is smooth. Ifm = n, if the vectorsX(1)(p), . . . , X(n)(p)

are linearly independent, and ifδ is any positive number less thanε, then the
Jacobian matrix ofλ 
→ c(δ, λ) atλ = 0 is nonsingular.

REMARK. In the final conclusion of this proposition, the open neighborhood
of 0 within V is allowed to depend onδ. It follows from the final conclusion that
the Inverse Function Theorem (Theorem 3.17) and its corollary (Corollary 3.21)
are applicable to the mappingλ 
→ c(δ, λ) at λ = 0. These results produce a
smooth inverse function carrying an open subneighborhood of 0 withinV onto
an open subneighborhood ofp of U . In effect the inverse function assigns locally
defined coordinates inλ space to a neighborhood ofU .

PROOF. We set up the system of equationsc′ = Xλ ◦ c, i.e.,

c′
i =

m∑
j =1

λj X
( j )
i (c),

with initial conditionc(0) = p. This is a smooth system of the kind considered
in Theorem 4.3, and theλj with 1 ≤ j ≤ m are parameters. The parameters
are handled by the concluding remark in Section 3: we obtain unique solutions
c(t, λ) for t in some open interval(−ε, ε), and(t, λ) 
→ c(t, λ) is smooth.

Now suppose thatm = n, that the vectorsX(1)(p), . . . , X(n)(p) are linearly
independent, and that 0< δ < ε. The functionc satisfies

c′
i (t, λ) =

n∑
j =1

λj X
( j )
i (c(t, λ)), (∗)
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and we use this information to compute the Jacobian matrix ofλ 
→ c(δ, λ) at
λ = 0. The Fundamental Theorem of Calculus, Proposition 3.28, and (∗) give

∂ci

∂λj
(δ, λ) = ∂ci

∂λj
(0, λ) +

∫ δ

0

∂c′
i

∂λj
(t, λ) dt

= ∂ci

∂λj
(0, λ) + ∂

∂λj

∫ δ

0
c′

i (t, λ) dt

= ∂ci

∂λj
(0, λ) +

∫ δ

0
X( j )

i (c(t, λ)) dt +
n∑

k=1

λk
∂

∂λj

∫ δ

0
X(k)

i (c(t, λ)) dt.

Nowci (0, λ) = pi for all λ, and hence∂ci
∂λj

(0, λ)
∣∣
λ=0 = 0. Also,c(t, 0) is constant

in t by (∗), and the constant isc(0, 0) = p. Finally whenλ is set equal to 0 in
the term

∑n
k=1 λk

∂
∂λj

∫ δ

0 X(k)
i (c(t, λ)) dt, eachλk becomes 0, and thus the whole

term becomes 0. Thus the above equation specializes atλ = 0 to

∂ci

∂λj
(δ, λ)

∣∣∣
λ=0

= 0 + δX( j )
i (p) + 0.

The vectorsX( j )(p) are by assumption linearly independent, and hence the de-
terminant of the matrix [X( j )

i (p)] is not 0. Consequently the Jacobian matrix
λ 
→ c(δ, λ) atλ = 0 is nonsingular ifδ �= 0.

5. Linear Equations and Systems, Wronskian

Recall from Section 1 that alinear ordinary differential equation is defined to
be an equation of the type

an(t)y(n) + an−1(t)y(n−1) + · · · + a1(t)y′ + a0(t)y = q(t)

with real or complex coefficients. The equation ishomogeneousif q is the 0
function, inhomogeneousin general. In order for the existence and uniqueness
theorems of Section 1 to apply, we need to be able to solve fory(n) and have all
coefficients be continuous afterward. Thus we assume thatan(t) = 1 and that
an−1(t), . . . , a0(t) andq(t) are continuous on some open interval.

Even in simple cases, the theory is helped by converting a single equation to a
system of first-order equations. In Section 1 we saw an indication that a way to
make this conversion is to put
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y1 = y y′
1 = y2

y2 = y′ y′
2 = y3

... and get
...

yn−1 = y(n−2) y′
n−1 = yn

yn = y(n−1) y′
n = −a0(t)y1 − · · · − an−1yn + q(t).

If we change the meaning of the symboly from a scalar-valued function to the
vector-valued functiony = (y1, . . . , yn), then we arrive at the system

y′ = A(t)y + Q(t),

whereA(t) is then-by-n matrix of continuous functions given by

A(t) =

⎛⎜⎜⎜⎜⎝
0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

...

0 0 0 · · · 1
−a0(t) −a1(t) −a2(t) · · · −an−1(t)

⎞⎟⎟⎟⎟⎠
andQ(t) is then-component column vector of continuous functions given by

Q(t) =

⎛⎜⎜⎜⎜⎝
0
0
...

0
q(t)

⎞⎟⎟⎟⎟⎠ .

In a general linear first-order system of the kind we shall study,A(t) can be
anyn-by-n matrix of continuous functions andQ(t) can be any column vector
of continuous functions; thus the first-order system obtained by conversion of a
singlenth-order equation is of quite a special form among all first-order linear
systems.

For a systemy′ = A(t)y + Q(t) as above, the Lipschitz condition for the
function F(t, y) = A(t)y + Q(t) is automatic, since

|F(t, y) − F(t, y∗)| = |A(t)(y − y∗)| ≤ ‖A(t)‖|y − y∗|

and since the functiont 
→ ‖A(t)‖ is bounded on any compact subinterval of our
domain interval. By the uniqueness theorem (Theorem 4.2), a unique solution
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to the system is determined by data(t0, y0), the local solution corresponding to
(t0, y0) being the one satisfying the initial condition that the vectory(t0) equal the
vectory0. If we track down what these data correspond to in the case of a single
nth-order equation, we see that a unique solution to a singlenth-order equation
of the kind described above is determined by initial values at a pointt0 for the
scalar-valued solution and all its derivatives through ordern − 1.

First-order linear systems of size one can be solved explicitly in terms of known
functions and integrations. Specifically the single homogeneous first-order equa-
tion y′ = a(t)y is solved byy(t) = cexp

( ∫ t a(s) ds
)
, and the solution of a

single inhomogeneous first-order equation can be reduced to the homogeneous
case by the variation-of-parameters formula that appears later in this section.
However, there need not be such an elementary solution of a first-order linear
system of size two, not even a system that comes from a single second-order
equation. Elementary solutions exist when the coefficient matrix has constants
as entries, and we shall address that case in the next two sections. Sometimes
one can write down tidy power-series solutions when the coefficient matrix has
nonconstant entries, and we shall take up that matter later in the chapter. For
now, we develop some general theory about first-order linear systems, beginning
with the homogeneous case. The linearity implies that the set of solutions to
the systemy′ = A(t)y on an open interval is a vector space (of vector-valued
functions) in the sense that it is closed under addition and scalar multiplication.

Theorem 4.6. Let y′ = A(t)y be a homogeneous linear first-ordern-by-n
system withA(t) continuous fora < t < b. Then

(a) any solution on a subinterval(a′, b′) extends to a solution on the whole
interval(a, b),

(b) the dimension of the vector space of solutions on any subinterval(a′, b′)
is exactlyn,

(c) if v1(t), . . . , vr (t) are solutions on an interval(a′, b′) and if t0 is in that
interval, thenv1, . . . , vr are linearly independent functions if and only if
the column vectorsv1(t0), . . . , vn(t0) are linearly independent.

PROOF. We begin by proving (c). Ifc1v1(t) + · · · + cr vr (t) is identically 0
for constantsc1, . . . , cr not all 0, thenc1v1(t0) + · · · + cr vr (t0) = 0 for the same
constants. Conversely suppose thatc1v1(t0) + · · · + cr vr (t0) = 0 for constants
not all 0. Putv(t) = c1v1(t) + · · · + cr vr (t). Thenv(t) and the 0 function are
solutions of the system satisfying the same initial conditions—that they are 0 at
t0. By the uniqueness theorem (Theorem 4.2),v(t) is the 0 function. This proves
(c).

The upper bound in (b) is immediate from (c) since the dimension of the space
of n-component column vectors isn.
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Let us prove thatn is a lower bound for the dimension in (b) if the interval
containingt0 is sufficiently small. By the existence theorem (Theorem 4.1), there
exists a solutionvj (t) on some interval|t − t0| < εj such thatvj (t0) = ej . The
vj (t) are then solutions on|t − t0| < ε with ε = min{ε1, . . . , εn}, and they are
linearly independent by (c). Hence the dimension of the space of solutions is at
leastn on the interval|t − t0| < ε or on any subinterval containingt0.

We are not completely done with proving (b), but let us now prove (a). Letv(t)
be a solution on(a′, b′). If we have a collection of solutions on different intervals
containing(a′, b′) and each pair of solutions is consistent on their common
domain, then the union of the solutions is a solution. Consequently we may
assume thatv(t) does not extend to a solution on any larger interval. We are
to prove that(a′, b′) = (a, b). Suppose on the contrary thatb′ < b. We use
t0 = b′ in the previous paragraph of the proof; the result is that on some interval
|t −b′| < ε with ε sufficiently small and at least small enough so thata′ < b′ −ε,
the space of solutions has dimensionn with a basis{v1, . . . , vn}. By (c), the
column vectorsv1(b′ − ε), . . . , vn(b′ − ε) are linearly independent, and thus the
restrictions ofv1, . . . , vn to (b′ − ε, b′) are linearly independent. The restriction
of v(t) to the interval(b′ − ε, b′) is a solution, and thus there exist constants
c1, . . . , cn such that

v(t) = c1v1(t) + · · · + cnvn(t) for b′ − ε < t < b′.

But then the function equal tov(t) on(a′, b′) and equal toc1v1(t)+· · ·+cnvn(t)
on (b′ − ε, b′ + ε) extendsv(t) to a solution on a larger interval and contradicts
the maximality of the domain ofv(t). This proves thatb′ = b. Similarly we find
thata′ = a. This proves (a).

We return to the unproved part of (b). Fixt0 in (a′, b′). On a subinterval
aboutt0, the space of solutions has dimensionn, as we have already proved. Let
{v1, . . . , vn} be a basis. By (a), we can extendv1, . . . , vn to solutions on(a′, b′).
Then the space of solutions on(a′, b′) has dimension at leastn, and (b) is now
completely proved.

EXAMPLE. Let us illustrate the content of Theorem 4.6 by means of a single
second-order equation, namelyy′′ + y = 0. We know thatc1 cost + c2 sint is a
solution for every pair of constantsc1 andc2. To convert the equation to a system,
we introducey1 = y andy2 = y′. The system is then

y′
1 = y2,

y′
2 = −y1,

and hence the matrix isA(t) =
(

0 1
−1 0

)
, a matrix of constants. The scalar-valued

solutions cost and sint of y′′ + y = 0 correspond to the vector-valued solutions
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cost

− sint

)
and

(
sint
cost

)
, respectively; each of these has a scalar-valued solution in

its first entry and the derivative in the second entry. In either case, both solutions
are defined on the interval(−∞, +∞). The theorem says that the restrictions
of these two functions to any subinterval span the solutions on that subinterval.
According to (c), the linear independence of the scalar-valued solutions cost and

sint is reflected by the linear independence of the column vectors
(

cost0
− sint0

)
and(

sint0
cost0

)
for anyt0 in (−∞, +∞). The latter independence we can see immediately

by observing that the matrix
(

cost0 sint0
− sint0 cost0

)
has determinant equal to 1 and not 0.

The kind of matrix formed in the previous example is a useful tool when
generalized to an arbitrary homogeneous linear system, and it has a customary
name. Letv1(t), . . . , vn(t) be solutions of ann-by-n homogeneous linear system
y′ = A(t)y with A(t) continuous. TheWronskian matrix of v1, . . . , vn is the
n-by-n matrix whose j th column isvj . If vi, j denotes thei th entry of the j th

solution, then

W(t) =
⎛⎝ v1,1(t) · · · v1,n(t)

...
. . .

...

vn,1(t) · · · vn,n(t)

⎞⎠ .

Since each column ofW(t) is a solution, we obtain the matrix identityW′(t) =
A(t)W(t).

EXAMPLE, CONTINUED. In the case of the single second-order equation
y′′ + y = 0, we listed two linearly independent scalar-valued solutions as cost
and sint . When the equation is converted into a 2-by-2 homogeneous linear
system, the Wronskian matrix is

W(t) =
(

cost sint
− sint cost

)
.

For a generalnth-order equation withv1, . . . , vn as scalar-valued solutions, the
Wronskian matrix of the associated system is

W(t) =

⎛⎜⎜⎝
v1(t) · · · vn(t)
v′

1(t) · · · v′
n(t)

...
. . .

...

v
(n−1)
1 (t) · · · v

(n−1)
n (t)

⎞⎟⎟⎠ .

Proposition 4.7. If v1(t), . . . , vn(t) are solutions on an interval of ann-by-n
homogeneous linear systemy′ = A(t)y with A(t) continuous, then the following
are equivalent:

(a) v1, . . . , vn are linearly independent solutions,
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(b) detW(t) is nowhere 0,
(c) detW(t) is somewhere nonzero.

PROOF. By Theorem 4.6c, (a) here is equivalent to the linear independence
of v1(t0), . . . , vn(t0), no matter whatt0 we choose, hence is equivalent to the
condition detW(t0) �= 0, no matter whatt0 we choose. The proposition follows.

We shall use the Wronskian matrix of a homogeneous system to analyze the
solutions of any corresponding inhomogeneous system.

Proposition 4.8. For an inhomogeneous linear systemy′ = A(x)y + Q(t)
with A(t) andQ(t) continuous fora < t < b, any solutiony∗(t) on a subinterval
(a′, b′) of (a, b) extends to be a solution on(a, b), and the most general solution
y(t) is of the formy(t) = h(t) + y∗(t), wherey∗(t) is one solution ofy′ =
A(t)y + Q(t) andh(t) is an arbitrary solution of the homogeneous systemy′ =
A(t)y.

PROOF. If y∗ andy∗∗ are two solutions ofy′ = A(t)y + Q(t) on (a′, b′), then
(y∗∗ − y∗)′(t) = (A(t)y∗∗(t)+ Q(t))−(A(t)y∗(t)+ Q(t)) = A(t)(y∗ − y∗∗)(t),
andh = y∗∗ − y∗ solvesy′ = A(t)y on (a′, b′). Conversely ifh solvesy′ =
A(t)y + Q(t) on (a′, b′), then

(y∗ + h)′(t) = y∗′(t) + h′(t)
= (A(t)y∗(t) + Q(t)) + A(t)h(t) = A(t)(y∗ + h)(t) + Q(t),

andy∗ + h is a solution ofy′ = A(t)y + Q(t) on (a′, b′).
We are left with showing that any solutiony∗ of y′ = A(t)y+ Q(t) on(a′, b′)

extends to a solution on(a, b). As in the proof of Theorem 4.6a, we can form
unions of functions and thereby assume thaty∗ cannot be extended to be a solution
on a larger interval. The claim is that(a′, b′) = (a, b). Assuming the contrary,
suppose, for example, thatb′ < b. By the existence theorem (Theorem 4.1), there
exists a solutiony∗∗(t) of y′ = A(t)y+ Q(t) for |t −b′| < ε if ε is small enough.
By the result of the previous paragraph,y∗(t) = y∗∗(t)+h(t) on(b′ −ε, b′) for a
suitable choice ofh that solves the homogeneous systemy′ = A(t)yon(b′−ε, b′).
Sincey∗∗(t) is given as a solution ofy′ = A(t)y+Q(t)on(b′−ε, b′+ε)and since,
by Theorem 4.6a,h(t) extends to a solution ofy′ = A(t)y on(b′ − ε, b′ + ε), we
see thaty∗∗(t)+h(t) extends to a solution ofy′ = A(t)y+Q(t) on(b′−ε, b′+ε).
Then the function equal toy∗(t) on(a′, b′) and toy∗∗(t)+h(t) on(b′ −ε, b′ +ε)

extendsy∗(t) to a solution ofy′ = A(t)y + Q(t) on a larger interval, namely
(a′, b′ + ε). We obtain a contradiction and conclude thatb′ must have equaled
b. Similarly a′ must equala. Thus every solution ofy′ = A(t)y + Q(t) on a
subinterval extends to all of(a, b), and the proof is complete.



5. Linear Equations and Systems, Wronskian 207

Theorem 4.9(variation of parameters). For an inhomogeneous linear system
y′ = A(x)y + Q(t) with A(t) andQ(t) continuous fora < t < b, let v1, . . . , vn

be linearly independent solutions ofy′ = A(t)y on (a, b), and letW(t) be their
Wronskian matrix. Then a particular solutiony∗ of y′ = A(t)y + Q(t) on (a, b)

is given by

y∗(t) = W(t)u(t), where W(t)u′(t) = Q(t).

That is,

y∗(t) = W(t)
∫ t

W(s)−1Q(s) ds.

REMARKS. Linearly independent solutionsv1, . . . , vn as in the statement exist
by Theorem 4.6.

PROOF. For any differentiable vector-valued functionu(t), y∗(t) = W(t)u(t)
has

(y∗)′ = W′u + Wu′ = AWu+ Wu′ = Ay∗ + Wu′.

Thusy∗ will have (y∗)′ = Ay∗ + Q if and only if Wu′ = Q. Since Proposition
4.7 shows thatW(t)−1 exists and is continuous, we can solveWu′ = Q for u.

EXAMPLE, CONTINUED. Now consider the single second-order inhomogeneous
linear equationy′′ + y = tant on the interval|t | < π/2. We saw that we can

takeW(t) =
(

cost sint
− sint cost

)
. We set up the system(
cost sint

− sint cost

)(
u′

1
u′

2

)
=
(

0
tant

)
of algebraic linear equations and solve foru′

1 andu′
2:

(
u′

1
u′

2

)
=
(

cost − sint
sint cost

)(
0

tant

)
=
⎛⎝−sin2 t

cost

sint

⎞⎠ .

A vector-valued function with derivative
(

u′
1

u′
2

)
for |t | < π/2 is(

u1(t)
u2(t)

)
=
(

sint − log(1 + sint) + log cost
− cost

)
,

and we thus takey∗(t) = (cost)u1(t) + (sint)u2(t). The most general solution
of the given inhomogeneous equation is thereforey∗(t) + c1 cost + c2 sint .
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6. Homogeneous Equations with Constant Coefficients

In this section and the next, we discuss first-order homogeneous linear systems
with constant coefficients. The system is of the formy′ = Ay with A a matrix
of constants. A single homogeneousnth-order linear equation with constant
coefficients can be converted into such a first-order system and can therefore be
handled by the method applicable to all first-order homogeneous linear systems
with constant coefficients. But such an equation can be handled more simply in a
direct fashion, and we therefore isolate in this section the case of a singlenth-order
equation. This section and the next will make use of material on polynomials
from Section A8 of the appendix.

The equation to be studied in this section is of the form

y(n) + an−1y(n−1) + · · · + a1y′ + a0y = 0

with coefficients inC. Let us write this equation asL(y) = 0 for a suitable linear
operatorL defined on functionsy of classCn:

L =
( d

dt

)n + an−1

( d

dt

)n−1 + · · · + a1

( d

dt

)
+ a0.

The terma0 is understood to act asa0 times the identity operator. Sinceddt ert =
rert , we immediately obtain

L(ert ) = (r n + an−1r
n−1 + · · · + a1r + a0)e

rt .

The polynomial
P(λ) = λn + an−1λ

n−1 + · · · + a1λ + a0

is called thecharacteristic polynomialof the equation, and the formulaL(ert ) =
P(r )ert shows thaty(t) = ert is a solution ofL(y) = 0 if and only if r is a root
of the characteristic polynomial. From Section A8 of the appendix, we know that
the polynomialP(λ) factors into the product of linear factorsλ − r , the factors
being unique apart from their order. Let us list the distinct roots, i.e., the distinct
such complex numbersr , asr1, . . . , rk with k ≤ n, and let us writemj for the
number of times thatλ − r j occurs as a factor ofP(λ), i.e., the multiplicity ofr j

as a root ofP. Then we have
∑k

j =1 mj = n and

P(λ) =
∏k

j =1
(λ − r j )

mj .

Corresponding to this factorization ofP is a factorization ofL as

L =
∏k

j =1

( d

dt
− r j

)mj

.

On the right side the individual factors commute with each other because differen-
tiation commutes with itself and with multiplication by constants. The following
lemma therefore producesn solutions of the given equationL(y) = 0.
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Lemma 4.10. For m ≥ 1 andr in C, all the functionsert , tert , . . . , tm−1ert

are solutions of themth-order differential equation( d

dt
− r

)m
(y) = 0.

PROOF. Direct computation gives
(

d
dt − r

)
(tkert ) = ktk−1ert , and hence(

d
dt − r

)m
(tkert ) = k(k − 1) · · · (k − m + 1)tk−mert . The right side is 0 if

0 ≤ k ≤ m − 1, and the lemma follows.

Lemma 4.11. Let r1, . . . , r N be distinct complex numbers, and letmj be N
integers≥ 1. Then the

∑N
j =1 mj functions

er j t , ter j t , . . . , tmj −1er j t , 1 ≤ j ≤ N,

are linearly independent overC.

PROOF. Let k ≥ 1 be an integer, letr be a complex number, and letP(t) be a
polynomial of degree≤ k − 1. We allowP(t) to be the 0 polynomial. Then

d
dt [(t

k + P(t))ert ] = r (tk + P(t))ert + ((k − 1)tk−1 + P′(t))ert ,

from which it follows that

d
dt [(t

k + P(t))ert ] = (r t k + Q(t))ert (∗)

with Q(t) a polynomial of degree≤ k − 1 or the 0 polynomial.
We shall prove by induction onN that if P1, . . . , PN are polynomials with

complex coefficients such that
∑N

j =1 Pj (t)er j t is the 0 function, then all thePj are
0 polynomials. ForN = 1, if P(t)ert is the 0 function, thenP(t) is the 0 function.
Since a polynomial of degreek ≥ 0 has at mostk roots, we conclude thatP has
all coefficients 0. This disposes of the assertion forN = 1. Assume the result
for N − 1, and suppose that we are given that

∑N−1
j =1 Pj (t)er j t + PN(t)er Nt is the

0 function, where{r1, . . . , r N−1, r N} are distinct. Then

N−1∑
j =1

Pj (t)e
qj t + PN(t) (∗∗)

is the 0 function whenqj = r j − r N for j ≤ N − 1. If PN is the 0 polynomial,
the inductive hypothesis shows that allPj with j ≤ N − 1 are 0 polynomials.
Otherwise letPN have degreed, and differentiate (∗∗) d + 1 times. If Pj (t) for
j ≤ N − 1 is the sum ofanj t

nj plus lower-degree terms, then (∗) shows that the
result of the differentiation is that
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N−1∑
j =1

(
anj (qj )

d+1tnj + lower-degree terms
)
eqj t

is the 0 function. By the inductive hypothesis eachanj has to be 0, and hence all
coefficients of eachPj have to be 0 forj ≤ N − 1. ThenPN(t) is identically 0
and must be the 0 polynomial. This completes the induction.

If we are given a linear combination of the functions in the statement of
the lemma that equals the 0 function, then we obtain a relation of the form∑N

j =1 Pj (t)er j t = 0, and we have just seen that this relation forces allPj to be 0
polynomials. This completes the proof.

Proposition 4.12.Let the differential equation

y(n) + an−1y(n−1) + · · · + a1y′ + a0y = 0,

with complex coefficients, have characteristic polynomial given byP(λ) =∏k
j =1 (λ−r j )

mj with r1, . . . , rk distinct complex numbers and with themj integers

≥ 0 such that
∑k

j =1 mj = n. Then then functions

er j t , ter j t , . . . , tmj −1er j t , 1 ≤ j ≤ k,

form a basis overC of the space of solutions of the given equation on any interval.

PROOF. Lemma 4.10 shows that the functions in question are solutions, Lemma
4.11 shows that they are linearly independent, and Theorem 4.6 shows that
the dimension of the space of solutions on any interval isn. Sincen linearly
independent solutions have been exhibited, they must form a basis of the space
of solutions.

If the equation in Proposition 4.12 happens to have real coefficients, it is
meaningful to ask for a basis overR of the space of real-valued solutions. Since the
coefficients are real, we haveL(ȳ) = L(y) for all complex-valued functionsy of
classCn, and it follows that the complex conjugate of any complex-valued solution
is again a solution. Thus the real and imaginary parts of any complex-valued
solution are real-valued solutions. Meanwhile, the characteristic polynomialP
of the equation has real coefficients, and it follows that the set of roots ofP is
closed under complex conjugation. In addition, the multiplicity of a root equals
the multiplicity of its complex conjugate. For any integerk ≥ 0 and complex
numbera + bi with b �= 0, we have

Ctke(a+bi)t + Ctke(a−bi)t = Ctkeat cosbt + Ctkeat sinbt.

Thus tkeat cosbt and tkeat sinbt form a basis overC of the space spanned by
tke(a+bi)t andtke(a−bi)t . The functionstkeat cosbt andtkeat sinbt are real-valued,
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and thus we obtain a basis overC consisting of the real-valued solutions of the
given equation if we retain the solutionstkert with r real and we replace any
pair tke(a+bi)t and tke(a−bi)t of solutions,b �= 0, by the pairtkeat cosbt and
tkeat sinbt.

Let us see that these resulting functions form a basis overR of thereal vector
space of real-valued solutions. In fact, we know that they are linearly independent
overR because they are linearly independent overC. To see that they span, we
take any real-valued solution and expand it as a complex linear combination
of these functions. The imaginary part of this expansion exhibits 0 as a linear
combination of the given functions, and the coefficients must be 0 by linear
independence. Thus the constructed functions form a basis overR of the space
of real-valued solutions.

7. Homogeneous Systems with Constant Coefficients

Having discussed linear homogeneous equations with constant coefficients, let
us pass to the more general case of first-order homogeneous linear systems with
constant coefficients. We write the system asy′ = Aywith A ann-by-n matrix of
constants. In principle we can solve the system immediately. Namely, Proposition
3.13c tells us thatddt (e

t A) = Aet A, so that each of then columns ofet A is a solution
of y′ = Ay. At t = 0,et A reduces to the identity matrix, and thus thesen solutions
are linearly independent att = 0. By Theorem 4.6 thesen solutions form a basis
of all solutions on any subinterval(a, b) of (−∞, +∞). The solution satisfying
the initial conditiony(t0) = y0 is y(t) = et Ae−t0 Ay0, which is the particular
linear combination

∑n
j =1 cj et Aej of the columns ofet A in whichcj is the number

cj = (e−t0 Ay0)j .
In practice it is not so obvious how to computeet A except in special cases in

which the exponential series can be summed entry by entry. Let us write down
three model cases of this kind, and ultimately we shall see that we can handle
generalA by working suitably with these cases.

MODEL CASES.

(1) Let

C =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0 · · · 0 0
0 1 0 · · · 0 0

0 1 · · · 0 0
. . .

. . .
...

...

0 1 0
0 1

0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
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be of sizem-by-m with 0’s below the main diagonal. RaisingC to powers, we
see that the(i, j )th entry of Ak is 1 if j = i + k and is 0 otherwise. Hence

etC =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 t 1
2! t

2 1
3! t

3 · · · 1
(m−2)! t

m−2 1
(m−1)! t

m−1

0 t 1
2! t

2 · · · 1
(m−3)! t

m−3 1
(m−2)! t

m−2

0 t · · · ... 1
(m−3)! t

m−3

. . .
. . .

...

0 t 1
2! t

2

0 t

0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
with 0’s below the main diagonal.

(2) Let

A =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

a 1 0 0 · · · 0 0
a 1 0 · · · 0 0

a 1 · · · 0 0
. . .

. . .
...

...

a 1 0
a 1

a

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

so thatA = a1 + C with C as in the previous case. Sincea1 andC commute,
Proposition 3.13a shows thatet A = eatetC. In other words,et A is obtained by
multiplying every entry of the matrixetC in the previous case byeat. A matrix
of this form A for some complex constanta and for some sizem is said to be a
Jordan block. Thus we know how to formet A if A is a Jordan block.

(3) Let A be block diagonal with each block being a Jordan block:

A =

⎛⎜⎜⎝
block #1

block #2
. . .

block #k

⎞⎟⎟⎠ .

Then

et A =

⎛⎜⎜⎝
et block #1

et block #2

. . .

et block #k

⎞⎟⎟⎠ .

Thus we know how to formet A if A is block diagonal with each block being a
Jordan block. A matrixA of this kind is said to be inJordan form .
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The theorem reduces any computation of a matrixet A to this case.

Theorem 4.13(Jordan normal form). For any square matrixA with complex
entries, there exists a nonsingular complex matrixB such thatB−1AB = J is in
Jordan form.

REMARKS. This theorem comes from linear algebra, but knowledge of it is
beyond the algebra prerequisites for this book. The proof is long and is not in the
spirit of this text, and we shall omit it; however, the interested reader can find a
proof in many linear algebra books. As a practical matter, the proof will not give
us any additional information, since we already know thatet A yields the solutions
to y′ = Ay and the only remaining question is to convert the statement of the
theorem into an explicit method of computation.

Let us see what Theorem 4.13 accomplishes. The solution ofy′ = Ay with
y(t0) = y0 is y(t) = e(t−t0)Ay0. Write B−1AB = J as in the proposition. Then
Proposition 3.13d gives

y(t) = e(t−t0)Ay0 = B(B−1e(t−t0)AB)B−1y0

= Be(t−t0)B−1 ABB−1y0 = Be(t−t0)J B−1y0.

If we can computeJ, then Model Case 3 above tells us whate(t−t0)J is. If we can
computeB also, then we recovery(t) explicitly.

The practical effect is that Theorem 4.13 gives us a method for calculating
solutions. The idea behind the method is that the qualitative properties ofB and
J forced by the theorem are enough to lead us to explicit values ofB andJ. Let
us go through the steps. A concrete example ofJ is

J =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a 1 0
0 a 1
0 0 a

a 1
0 a

a 1
0 a

a
b

. . .

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

It is helpful to know the extent of uniqueness in Theorem 4.13. The matrixJ is
actually unique up to permuting the order of the Jordan blocks. The matrixB is
not at all unique but results from finding bases of certain subspaces ofCn. The
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first step is to form thecharacteristic polynomial2 P(λ) = det(λ1 − A) of A.
We have

det(λ1 − J) = det(λ1 − B−1AB) = det(B−1(λ1 − A)B)

= det(B)−1 det(λ1 − A) det(B) = det(λ1 − A),

and thusJ has the same characteristic polynomial asA. The characteristic
polynomial of J is just the product of expressionsλ − d asd runs through the
diagonal entries ofJ. According to Section A8 of the appendix, the factorization
of a polynomial with complex coefficients and with leading coefficient 1 into
first-degree expressionsλ − c is unique up to order, and thus the factorization of
P(λ) tells us the diagonal entries ofJ. We still need to know the sizes of the
individual Jordan blocks.

The sizes of the Jordan blocks come from computing dimensions of various
null spaces—or kernels, in the terminology of linear functions. Ifa occurs as a
diagonal entry ofJ, think of forming J − a1 and its powers, and consider the
dimension of the kernel of each power. For example, with the explicit matrixJ
that is written above, we have

J − a1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0
0 0 1
0 0 0

0 1
0 0

0 1
0 0

0
nonsingular

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

and dim ker(J − a1) is the number of Jordan blocks of size≥ 1 with a on the
diagonal, namely 4 in this case. Next we consider(J − a1)2. In this case,

(J − a1)2 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 1
0 0 0
0 0 0

0 0
0 0

0 0
0 0

0
nonsingular

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

2Many books write the characteristic polynomial as det(A−λ1), which is the same as the present
polynomial if n is even but is its negative ifn is odd. The present notation has the advantage that
the notions of characteristic polynomial here and in the previous section coincide when annth-order
equation is converted into a first-order system.
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and dim ker(J −a1)2 = 7. This number arises as the sum of the previous number
and the number of Jordan blocks of size≥ 2 with a on the diagonal. Thus
dim ker(J −a1)2 −dim ker(J −a1) in general is the number of Jordan blocks of
size≥ 2 with a on the diagonal. Finally we consider(J − a1)3. In this case, the
upper left part of(J−a1)3 corresponding to diagonal entrya is all 0, and the lower
right part is nonsingular; hence dim ker(J − a1)3 = 8. This number arises as the
sum of the previous number and the number of Jordan blocks of size≥ 3 with a
on the diagonal. Thus in general, dim ker(J − a1)3 − dim ker(J − a1)2 is the
number of Jordan blocks of size≥ 3 with a on the diagonal. In our example, the
number dim ker(J − a1)k remains at 8 for allk ≥ 3 because 8 is the multiplicity
of a as a root ofP(λ), and we are therefore done with diagonal entrya; our
computation has shown that the numbers of Jordan blocks of sizes 1, 2, 3, 4, . . . ,
are 1, 2, 1, 0, . . . , and a check on the computation is that 1(1)+2(2)+3(1) = 8.

Of course, we do not haveJ at our disposal for these calculations, butA yields
the same numbers. In fact, we haveB(J − a1)k B−1 = (A − a1)k, from which
we see thatx ∈ ker(A − a1)k if and only if B−1x ∈ ker(J − a1)k. Hence

B(ker(J − a1)k) = ker(A − a1)k.

Since B is nonsingular, the dimension of the kernel of(J − a1)k equals the
dimension of the kernel of(A − a1)k. Consequently

dim ker(A − a1) = #{Jordan blocks of size≥ 1 with a on diagonal},
dim ker(A − a1)2 − dim ker(A − a1)

= #{Jordan blocks of size≥ 2 with a on diagonal},

dim ker(A − a1)3 − dim ker(A − a1)2

= #{Jordan blocks of size≥ 3 with a on diagonal},
etc.

Repeating this argument with the other roots ofP(λ), we find that we can
determineJ completely.

CalculatingB requires working with vectors rather than dimensions. The
columns ofB are justBe1, . . . , Ben, and we seek a way of finding these. Fix
attention on a roota of P(λ). Consider an indexi with 1 ≤ i ≤ n, and suppose
that the diagonal entry ofJ in column i is a. From the form ofJ, we see that
either thei th column ofJ −a1 is 0 or else it isei −1. In the latter case, indexi −1
corresponds to the same Jordan block. Using the identity(A−a1)B = B(J−a1),
we see that either

(A − a1)(Bei ) = B(J − a1)ei = 0

(A − a1)(Bei ) = B(J − a1)ei = Bei −1,or
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and indexi − 1 corresponds to the same Jordan block as indexi in the latter
case. Thus the vectorsBei corresponding to the columns with diagonal entrya
and with smallest index for a Jordan block lie in ker(A − a1). They are linearly
independent sinceB is nonsingular, and the number of them is the number of
Jordan blocks corresponding to diagonal entrya. We saw that this number equals
dim ker(A − a1). Hence the vectorsBei corresponding to the smallest indices
going with each Jordan block form a basis of ker(A − a1).

Similarly

(A − a1)2(Bei ) = B(J − a1)2ei = 0

(A − a1)2(Bei ) = B(J − a1)2ei = Bei −2,or

and indexi −2 corresponds to the same Jordan block as indexi in the latter case.
Thus the vectorsBei corresponding to the columns with diagonal entrya and with
smallest or next smallest index for a Jordan block lie in ker(A − a1)2. They are
linearly independent sinceB is nonsingular, and the number of them is the sum
of the previously computed number, namely dim ker(A − a1), plus the number
of Jordan blocks of size≥ 2 that correspond to diagonal entrya. We saw that this
sum equals dim ker(A − a1)2. Hence the vectorsBei corresponding to the two
smallest indices going with each Jordan block form a basis of ker(A− a1)2. The
new vectorsBei are therefore vectors that we adjoin to a basis of ker(A − a1) to
obtain a basis of ker(A − a1)2.

In setting up these vectors properly, however, we have to correlate the indices
studied at the previous step with those being studied now. The relevant formula is
that the new indicesi have the property(A−a1)Bei = Bei −1. To obtain vectors
with this consistency property, we would take a basisS1 of ker(A − a1), extend
it to a basisS2 of ker(A − a1)2, discard the members ofS1, apply A − a1 to the
members ofS2 − S1, and extend(A− a1)(S2 − S1) to a basisT1 of ker(A− a1).
ThenS′

2 = (S2 − S1) ∪ T1 is a new basis of ker(A − a1)2.
We can continue the argument in this way. It is perhaps helpful to read the

general discussion of the argument side by side with the explicit example that
appears below. We continue to find that the construction of new basis vectors gets
in the way of the necessary consistency property with the earlier basis vectors.
Thus we really must start with the largest indexk such that ker(A − a1)k �=
ker(A − a1)k−1. We extend a basisSk−1 of ker(A − a1)k−1 to a basisSk of
ker(A − a1)k, and form

(Sk − Sk−1) ∪ (A − a1)(Sk − Sk−1) ∪ · · · ∪ (A − a1)k−1(Sk − Sk−1).

These vectors will be the columns ofB corresponding to the largest Jordan blocks
with diagonal entrya. The vectors in

(A − a1)2(Sk − Sk−1) ∪ · · · ∪ (A − a1)k−1(Sk − Sk−1)
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are linearly independent in ker(A − a1)k−2; we extend this set to a basisS′
k−2 of

ker(A − a1)k−2, and we extendS′
k−2 ∪ (A − a1)(Sk − Sk−1) to a basisS′

k−1 of
ker(A−a1)k−1. The adjoined vectors, together with the result of applying powers
of A − a1 to them, will be the columns ofB corresponding to the next largest
Jordan blocks with diagonal entrya. The process continues until we obtain a
basis of ker(A− a1)k with the necessary consistency property throughout. Then
we repeat the process for the other roots ofP(λ) and assemble the result.

EXAMPLE. Let

A =
( 4 1 −1

−8 −2 2
8 2 −2

)
.

The characteristic polynomial isP(λ) = det(λ1−A) = λ3, whose factorization is
evidentlyP(λ) = (λ−0)3. Computing the kernel ofA, we find that dim kerA =
2, so that there are 2 Jordan blocks. Also,A2 = 0, so that dim kerA2 = 3 and
the number of blocks of size≥ 2 is 3− 2 = 1. Thus

J =
(0 1 0

0 0 0
0 0 0

)
.

We form a basis of kerA by solvingA

( x1

x2

x3

)
= 0. The standard method of row

reduction givesx1 = −1
4x2 + 1

4x3 with x2 and x3 arbitrary, so that a basis of

ker A consists of

(−1
4
1
0

)
and

⎛⎝ 1
4
0
1

⎞⎠. We extend this to a basis of kerA2 = C3

by adjoining, for example, the vectorv1 =
(1

0
0

)
. Then Av1 =

( 4
−8

8

)
. The

vector Av1 is in kerA, and we extend it to a basis of kerA by adjoining, for

example,v2 =
(−1

4
0

)
. Thenv1, Av1, v2 form a basis of kerA2 = C3, and the

above general method asks that these vectors be listed in the orderAv1, v1, v2.
The matrixB is obtained by lining these vectors up as columns:

B =
( 4 1 −1

−8 0 4
8 0 0

)
.

The result is easy to check. Computation shows thatB−1 =
⎛⎝0 0 1

8
1 1

4 −1
4

0 1
4

1
4

⎞⎠,

and then one can carry out the multiplications to verify thatB−1AB = J.
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8. Series Solutions in the Second-Order Linear Case

In this section we shall consider, in some detail, series solutions for two kinds of
ordinary differential equations.

The first kind is
y′′ + P(t)y′ + Q(t)y = 0,

where P(t) and Q(t) are given by convergent power-series expansions for
|t | < R:

P(t) = a0 + a1t + a2t2 + · · · ,

Q(t) = b0 + b1t + b2t2 + · · · .

We seek power-series solutions of the form

y(t) = c0 + c1t + c2t2 + · · · .

The same methods and theorem that handle this first kind of equation apply also to
nth-order homogeneous linear equations and to first-order homogeneous systems
when the leading coefficient is 1 and the other coefficients are given by convergent
power series. The second-order case, however, is by far the most important for
applications and is sufficiently illustrative that we shall limit our attention to it.

The idea in finding the solutions is to assume that we have a convergent power-
series solutiony(t) as above, to substitute the series into the equation, and to sort
out the conditions that are imposed on the unknown coefficients. Our theorems
on power series in Section I.7 guarantee us that the operations of differentiation
and multiplication of power series maintain convergence, and thus the result of
substituting into the equation is that we obtain an equality of a convergent power
series with 0. Corollary 1.39 then shows that all the coefficients of this last power
series must be 0, and we obtain recursive equations for the unknown coefficients.
There is one theorem about the equations under study, and it tells us that the
power series fory(t) that we obtain by these manipulations is indeed convergent;
we state and prove this theorem shortly.

Let us go through the steps of finding the solutions. These steps turn out to be
clearer when done in complete generality than when done for an example. Thus
we shall first make the computation in complete generality, then state and prove
the theorem, and finally consider an important example. The expansions ofy(t)
and its derivatives are

y(t) = c0 + c1t + c2t2 + · · · ,

y′(t) = c1 + 2c2t + 3c3t2 + · · · ,

y′′(t) = 2c2 + 3 · 2c3t + 4 · 3c4t2 + · · · .
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Substituting all the series into the given equation yields

(2 · 1c2 + 3 · 2c3t + 4 · 3c4t2 + · · · )
+ (a0 + a1t + a2t2 + · · · )(c1 + 2c2t + 3c3t2 + · · · )
+ (b0 + b1t + b2t2 + · · · )(c0 + c1t + c2t2 + · · · ) = 0.

If the series fory(t) converges and if the left side is expanded out, then the
coefficients of each power oft must be 0. Thus

2 · 1c2 + a0c1 + b0c0 = 0,

3 · 2c3 + (a02c2 + a1c1) + (b0c1 + b1c0) = 0,

4 · 3c4 + (a03c3 + a12c2 + a2c1) + (b0c2 + b1c1 + b2c0) = 0,

...

n(n − 1)cn + (a0(n − 1)cn−1 + a1(n − 2)cn−2 + · · · + an−2c1)

+ (b0cn−2 + b1cn−3 + · · · + bn−2c0) = 0.

These equations tell us thatc0 andc1 are arbitrary and thatc2, c3, . . . are each
determined by the previous coefficients. Thusc2, c3, . . . may be computed in-
ductively. Sincec0 = y(0) andc1 = y′(0), this degree of flexibility is consistent
with the existence and uniqueness theorems.

Theorem 4.14. If P(t) and Q(t) are given by convergent power series for
|t | < R, then any formal power series that satisfiesy′′ + P(t)y′ + Q(t)y = 0
converges for|t | < R to a solution. Consequently every solution of this equation
on the interval−R < t < R is given by a power series convergent for|t | < R.

PROOF. Fix r with 0 < r < R, and choose someR1 with r < R1 < R. Let
the notation for the power series ofP, Q, and y be as above. Theorem 1.37
shows that the series with terms|an Rn

1| and|bn Rn
1| are convergent, and hence the

terms are bounded as functions ofn. Thus there exists a real numberC such that
|an| ≤ C/Rn

1 and|bn| ≤ C/Rn
1 for all n ≥ 0. We shall show that|cn| ≤ M/r n

for a suitableM and alln ≥ 0.
The constantM will be fixed so that a large initial number of terms have

|cn| ≤ M/r n, and then we shall see that all subsequent terms satisfy the same
inequality. To find anM that works, we start from the formula computed above
for cn:

n(n − 1)cn = −(a0(n − 1)cn−1 + a1(n − 2)cn−2 + · · · + an−2c1)

− (b0cn−2 + b1cn−3 + · · · + bn−2c0).
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If M works for 0, 1, . . . , n − 1, then

n(n − 1)|cn| ≤ C M(n − 1)(R−0
1 r −(n−1) + R−1

1 r −(n−2) + · · · + R−(n−2)
1 r −1)

+ C M(R−0
1 r −(n−2) + R−1

1 r −(n−3) + · · · + R−(n−2)
1 r −0)

= C M(n − 1)r −nr
(
1 + r

R1
+ · · · +

( r

R1

)n−2)
+ C Mr−nr 2

(
1 + r

R1
+ · · · +

( r

R1

)n−2)
≤ r −n(C M)(r (n − 1) + r 2)

1

1 − (r/R1)

and therefore

|cn| ≤ Mr −n
( C R1

R1 − r

r (n − 1) + r 2

n(n − 1)

)
.

For n sufficiently large, the factor in parentheses is≤ 1. At that point we obtain
|cn| ≤ Mr −n if |ck| ≤ Mr −k for k < n, and induction yields the asserted estimate.
Thus

∑
cntn converges for|t | < r . Sincer can be arbitrarily close toR,

∑
cntn

converges for|t | < R.
Finally we saw above thatc0 andc1 are arbitrary and can therefore be matched

to any initial data fory(0) andy′(0). Consequently the vector space of power-
series solutions convergent for|t | < R has dimension 2. By Theorem 4.6, all
solutions on the interval−R < t < R are accounted for. This completes the
proof.

As a practical matter, the recursive expression forcn becomes increasingly
complicated asn increases, and a closed-form expression need not be available.
However, in certain cases, something special happens that yields a closed-form
expression forcn. Here is an example.

EXAMPLE. Legendre’s equationis

(1 − t2)y′′ − 2ty′ + p(p + 1)y = 0

with p a complex constant. To apply the theorem literally, we should first divide
the equation by(1− t2), and then the power-series expansions of the coefficients
will be convergent for|t | < 1. The theorem says that we obtain two linearly
independent power-series solutions of the equation for|t | < 1. To compute them,
it is more convenient to work with the equation without making the preliminary
division. Then the equation gives us

(2c2 + 3 · 2c3t + 4 · 3c4t2 + · · · ) − (2c2t2 + 3 · 2c3t3 + 4 · 3c4t4 + · · · )
− 2(c1t + 2c2t2 + 3c3t3 + 4c4t4 + · · · ) + p(p + 1)(c0 + c1t + c2t2 + · · · ) = 0,
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which yields the following formulas for the coefficients:

2c2 + p(p + 1)c0 = 0,

3 · 2c3 − 2c1 + p(p + 1)c1 = 0,

4 · 3c4 − 2 · 1c2 − 2 · 2c2 + p(p + 1)c2 = 0,

...

n(n − 1)cn − [(n − 2)(n − 3) + 2(n − 2) − p(p + 1)]cn−2 = 0.

Thus we can writecn explicitly as a product. We can verify convergence of∑
cntn directly by the ratio test: since

cntn

cn−2tn−2
= (n − 2)(n − 3) + 2(n − 2) − p(p + 1)

n(n − 1)
t2,

we have convergence for|t | < 1. Observe that the numerator in the fraction on
the right is equal to

(n − 2)(n − 3) + 2(n − 2) − p(p + 1) = (n − 2)(n − 1) − p(p + 1),

and this is 0 whenp is an integer≥ 0 andn − 2 = p. Therefore one of the
solutions is a polynomial of degreep if p is an integer≥ 0. Such polynomials,
when suitably normalized, are calledLegendre polynomials.

The second kind of ordinary differential equation for which we shall seek series
solutions is

t2y′ + t P(t)y′ + Q(t)y = 0,

where P(t) and Q(t) are given by convergent power-series expansions for
|t | < R:

P(t) = a0 + a1t + a2t2 + · · · ,

Q(t) = b0 + b1t + b2t2 + · · · .

The existence and uniqueness theorems do not apply to this equation on an interval
containingt = 0 unlesst happens to divideP(t) and t2 happens to divide
Q(t). When this divisibility does not occur, the above equation is said to have a
regular singular point at t = 0. The treatment of the correspondingnth-order
equation is no different, but we stick to the second-order case because of its
relative importance in applications. For this kind of equation, the treatment of
first-order systems is more complicated than the treatment of a single equation of
nth order.
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Actually, the second-order equation above need not have power series solu-
tions. The prototype for the above equation is the equation

t2y′′ + t Py′ + Qy = 0

with P andQ constant. This equation is known asEuler’s equation and can be
solved in terms of elementary functions. In fact, we make a change of variables
by puttingt = ex andx = log t for t > 0. Then we obtain

dy

dt
= dy

dx

dx

dt
= 1

t

dy

dx

d2y

dt2
= − 1

t2

dy

dx
+ 1

t

d

dt

(dy

dx

)
= − 1

t2

dy

dx
+ 1

t

d2y

dx2

dx

dt
= − 1

t2

dy

dx
+ 1

t2

d2y

dx2
,

and

and hence the equation becomes

d2y

dx2
+ (P − 1)

dy

dx
+ Qy = 0.

This is an equation of the kind considered in Section 6. A solution isest, wheres
is a root of the characteristic polynomials2 + (P −1)s+ Q = 0. If the two roots
of the characteristic polynomial are distinct, we obtain two linearly independent
solutions forx ∈ (−∞, +∞), and these transform back to two solutionsts of
the Euler equation fort > 0. If the characteristic equation has one roots of
multiplicity 2, then we obtain the two linearly independent solutionsesx andxesx

for x ∈ (−∞, +∞), and these transform back to two solutionsxs andxs logx
for x > 0.

In practice, the technique to solve the Euler equationt2y′′ + t Py′ + Qy = 0
is to substitutey(t) = ts and obtains(s− 1)ts + s Pts + Qts = 0. This equation
holds if and only ifs satisfies

s(s − 1) + s P+ Q = 0,

which is called theindicial equation.
In the general case of a regular singular point, we proceed by analogy and are

led to seek fort > 0 a series solution of the form

y(t) = ts(c0 + c1t + c2t2 + · · · ) with c0 �= 0.

Suppose that the power-series part
∑

cntn is convergent. We substitute and obtain

ts(c0s(s − 1) + c1(s + 1)st + c2(s + 2)(s + 1)t2 + · · · )
+ ts(a0 + a1t + a2t2 + · · · )(sc0 + (s + 1)c1t + (s + 2)c2t2 + · · · )
+ ts(b0 + b1t + b2t2 + · · · )(c0 + c1t + c2t2 + · · · ) = 0.
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Dividing by ts and setting the coefficient of each power oft equal to 0 gives the
equations

c0s(s − 1) + sc0a0 + c0b0 = 0,

c1(s + 1)s + ((s + 1)c1a0 + sc0a1) + (c1b0 + c0b1) = 0,

c2(s + 2)(s + 1) + ((s + 2)c2a0 + · · · ) + (c2b0 + · · · ) = 0,

...

cn(s + n)(s + n − 1) + ((s + n)cna0 + · · · ) + (cnb0 + · · · ) = 0.

Sincec0 is by assumption nonzero, we can divide the first equation by it, and we
obtain

s(s − 1) + a0s + b0 = 0,

which is theindicial equation for t2y′ + t P(t)y′ + Q(t)y = 0. This determines
the exponents. Then c0 is arbitrary, and all subsequentcn’s can be found
recursively, provided the coefficient ofcn in the (n + 1)st equation above is
never 0 forn ≥ 1, i.e., provided

(s + n)(s + n + 1) + (s + n)a0 + b0 �= 0 for n ≥ 1.

In other words, we can solve recursively for allcn in terms ofc0 provideds + n
does not satisfy the indicial equation for anyn ≥ 1. We summarize as follows.

Proposition 4.15. If P(t) and Q(t) are given by convergent power series
for |t | < R, then the following can be said about formal series solutions of
t2y′′ + t P(t)y′ + Q(t)y = 0 of the typets(c0 + c1t + c2t2 + · · · ) with c0 �= 0:

(a) If the indicial equation has distinct roots not differing by an integer, then
there are formal solutions of the typexs(c0 + c1t + c2t2 + · · · ) for each
roots of the indicial equation.

(b) If the indicial equation has rootsr1 ≤ r2 with r2 − r1 equal to an inte-
ger, then there is a 1-parameter family of formal solutions of the type
tr2(c0 + c1t + c2t2 + · · · ) with c0 �= 0. If r1 < r2 in addition, there may
be formal solutionstr1(c0 + c1t + c2t2 + · · · ) with c0 �= 0, as there are
for an Euler equation.

Theorem 4.16. If P(t) and Q(t) are given by convergent power series for
|t | < R, then all formal series solutions oft2y′′ + t P(t)y′ + Q(t)y = 0 of the
typets(c0 + c1t + c2t2 + · · · ) with c0 �= 0 converge for 0< t < R to a function
that is a solution for 0< t < R.
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PROOF. As in the proof of Theorem 4.14, fixr with 0 < r < R, and choose
someR1 with r < R1 < R. Let the series expansions ofP(t) and Q(t) be as
above, so that there is a numberC with |an| ≤ C/Rn

1 and|bn| ≤ C/Rn
1. Choose

N large enough so that

Cr/R1

1 − r/R1

( |s| + n + 1

|(s + n)(s + n + 1) + a0(s + n) + b0|
)

≤ 1 (∗)

for n ≥ N. Then chooseM such that|cn| ≤ M/r n for n ≤ N. We shall prove
by induction onn that |cn| ≤ M/r n for all n. The base case of the induction
is n = N, where the inequality holds by definition ofM . Suppose it holds for
1, . . . , n − 1. The formula forcn is

cn
(
(s + n)(s + n − 1) + a0(s + n) + b0

)
= −[(s+n−1)a1cn−1+ · · · +sanc0] − [b1cn−1 + · · · + bnc0].

Our inductive hypothesis gives

|cn||(s + n)(s + n−1) + a0(s + n) + b0|
≤ C M(|s| + n)(R−1

1 r −(n−1) + · · · + R−n
1 r 0)

+ C M(R−1
1 r −(n−1) + · · · + R−n

n r 0)

= C M(|s| + n + 1)r −n
( r

R1
+ · · · + r n

Rn
1

)
≤ Mr −n

[
C(|s| + n + 1)

(
r/R1

1 − r/R1

)]
.

Thus

|cn| ≤ Mr −n

[
Cr/R1

1 − r/R1

( |s| + n + 1

|(s + n)(s + n + 1) + a0(s + n) + b0|
)]

≤ Mr −n,

the second inequality holding by (∗), and the induction is complete.
It follows that

∑
cntn converges for|t | < r . Sincer can be arbitrarily close

to R,
∑

cntn converges for|t | < R. This completes the proof.

EXAMPLE. Bessel’s equationof order p with p ≥ 0. This is the equation

t2y′′ + ty′ + (t2 − p2)y = 0.

It has P(t) = 1 andQ(t) = t2 − p2, both with infinite radius of convergence.
The indicial equation in general iss(s − 1) + a0s + b0 = 0 and hence is

s(s − 1) + s − p2 = 0

in this case. Thuss = ±p. Theorem 4.16 shows that there is a solution of the
form
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Jp(t) = t p
( 1

2p p!
+ c1t + c2t2 + · · ·

)
,

and this is defined to be theBessel functionof order p. The theorem gives
another solution of the formt−p times a power series except possibly whenp is
an integer or a half integer. To determine all these solutions, we substitute the
seriests∑ cntn and get

s(s − 1)c0 + (s + 1)sc1t + (s + 2)(s + 1)c2t2 + · · ·
+ sc0 + (s + 1)c1t + (s + 2)c2t2 + · · ·
+ c0t2 + c1t3 + · · ·
− p2c0 − p2c1t − p2c2t2 − p2c3t3 − · · · = 0.

The resulting equations are

[s(s − 1) + s − p2]c0 = 0 from t0,

[(s + 1)s + (s + 1) − p2]c1 = 0 from t1,

[(s + n)(s + n − 1) + (s + n) − p2]cn + cn−2 = 0 from tn for n ≥ 2.

The first of these equations repeats the indicial equation, givings = ±p. The
second says that eitherc1 = 0 or thats + 1 solves the indicial equation. In the
latter cases = −1

2 and p = 1
2. The third says that [(s + n)2 − p2]cn = −cn−2.

For the case thats = +p, we obtain

cn = −cn−2

(p + n)2 − p2
,

and there is no problem from the denominator. The result is that the Bessel
function of orderp ≥ 0 is given by

Jp(t) = t p

2p p!

(
1 − t2

2(2p + 2)
+ t4

2 · 4(2p + 2)(2p + 4)
− · · ·

)
.
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FIGURE 4.3. Graph of Bessel functionJ0(t).
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For the case thats = −p, we obtain

cn = −cn−2

(−p + n)2 − p2
,

and the denominator gives a problem forn = 2p and for no other value ofn. If
p is an integer, the problematicn is even and we must havecn−2 = 0, cn−4 = 0,
. . . , c0 = 0. The conditionc0 = 0 is a contradiction, and we conclude that there
is no solution of the formt−p times a nonzero power series; indeed, Problems
18–19 at the end of the chapter will identify a different kind of solution. Ifp is
a half integer but not an integer, then the problematicn is odd, and we are led to
conclude that 0= cn−2 = · · · = c3 = c1, with c0 andc2p arbitrary. There is no
contradiction, and we obtain a solution of the formt−p times a nonzero power
series.

9. Problems

1. For the differential equationyy′ = −t :
(a) Solve the equation.
(b) Find all points(t0, y0) where the the existence theorem and the uniqueness

theorem of Section 2 do not apply.
(c) For each point(t0, y0) not in (b), give a solutiony(t) with y(t0) = y0.

2. Prove that the equationy′ = t + y2 has a solution satisfying the initial condition
y(0) = 0 and defined for|t | < 1/2.

3. In classical notation, a particular vector field in the plane is given by
√

x ∂
∂x + 1

2
∂
∂y .

Find a parametric realization of an integral curve for this vector field passing
through(1, 1).

4. Evaluate
d

dt

∫ t2

0

1

s
(sinst) ds.

5. Find all solutions on(−∞, +∞) to y′′ − 3y′ + 2y = 4.

6. (a) For each of these matricesA, find matricesB andJ, with J in Jordan form,

such thatA = B J B−1: A =
(

1 1
4 −5

)
, A =

(0 0 −1
0 1 0
1 0 0

)
.

(b) For each of the matricesA in (a), find a basis of solutionsy(t) to the system
of differential equationsy′ = Ay.
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7. Thenth-order equationy(n)+an−1y(n−1)+· · ·+a0y = 0 with constant coefficients
leads to a linear systemz′ = Azwith

A =

⎛⎜⎜⎜⎜⎜⎝
0 1 0 0 ··· 0 0

0 1 0 ··· 0 0
0 1 ··· 0 0

...
...

...
...

0 1 0
0 1

−a0 −a1 −a2 ··· −an−1

⎞⎟⎟⎟⎟⎟⎠ .

Prove that det(λ1− A) = λn +an−1λ
n−1+· · ·+a0 by expanding the determinant

by cofactors.

8. (a) Let{ fn} be a uniformly bounded sequence of Riemann integrable functions
on [0, 1]. DefineFn(t) = ∫ t

0 fn(s) ds. Prove that{Fn} is an equicontinuous
family of functions on [0, 1].

(b) Prove that the set of functionsy(t) on [0, 1] with y′′ + y = f (t) and
y(0) = y′(0) = 0 is equicontinuous asf varies over the set of continuous
functions on [0, 1] with 0 ≤ f (t) ≤ 1 for all t .

(c) Let u(t) be continuous on [a, b]. Prove that the set of functionsy(t) on
[a, b] with y′′ + q(t)y = f (t) andy(0) = y′(0) = 0 is equicontinuous as
f (t) varies over the set of continuous functions on [0, 1] with 0 ≤ f (t) ≤ 1
for all t .

9. The differential equationt2y′′ + (3t − 1)y′ + y = 0 has an irregular singular
point att = 0.
(a) Verify that

∑∞
n=0(n!)tn is a formal power series solution of the equation

even though the power series has radius of convergence 0.
(b) Verify that y(t) = t−1e−1/t is a solution fort > 0.

Problems 10–13 concern harmonic functions in the open unit disk, which were intro-
duced in Problems 14–15 at the end of Chapter III. The first objective here is to use
ordinary differential equations and Fourier series to show that all these functions may
be expressed in a relatively simple form. The second objective is to use convolution,
as defined in Problem 8 at the end of Chapter III, to relate this formula to the Poisson
kernel, which was defined in Problems 27–29 at the end of Chapter I. Problems 10–12
here are an instance of the method ofseparation of variables, a beginning technique
with partial differential equations; this topic is developed further in the companion
volumeAdvanced Real Analysis. In all problems in this set, letu(x, y) be harmonic
in the open unit disk.

10. Writeu(x, y) in polar coordinates asu(r cosθ, r sinθ) = v(r, θ). Using Fourier
series, show for 0≤ r < 1 and anyδ > 0 thatv(r, θ) is the sum of an absolutely
convergent Fourier series

∑∞
n=−∞ cn(r )einθ with |cn(r )| ≤ M/n2 for 0 ≤ r ≤

1 − δ for someM depending onδ.
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11. LetRθ be the rotation matrix defined in Problem 15 at the end of Chapter III. That
problem shows that(u ◦ Rϕ)(x, y) = v(r, θ + ϕ) is harmonic for eachϕ. Prove
that 1

2π

∫ π

−π
(u ◦ Rϕ)(x, y)e−ikϕ dϕ is harmonic and is given in polar coordinates

by ck(r )eikθ .

12. By computing with the Laplacian in polar coordinates and showing thatck(r )

is bounded asr ↓ 0, prove thatck(r ) = akr |k| for some complex constant
ak. Conclude that every harmonic function in the open unit disk is of the form
v(r, θ) = ∑∞

n=−∞ cnr |n|einθ , the sum being absolutely convergent for allr with
0 ≤ r < 1.

13. Deduce from Problem 8 at the end of Chapter III that ifv(r, θ) is as in the
previous problem and if 0< R < 1, thenv(r, θ) = 1

2π

∫ π

−π
fR(ϕ)Pr/R(θ −ϕ) dϕ

for 0 ≤ r < R, where P is the Poisson kernel andfR is the C∞ function
fR(θ) = ∑∞

n=−∞ cn R|n|einθ .

Problems 14–17 concern homogeneous linear differential equations. Except for the
first of the problems, each works with a substitution in a second-order equation that
simplifies the equation in some way.

14. If a(t) is continuous on an interval andA(t) is an indefinite integral, verify that
all solutions of the single first-order linear homogeneous equationy′ = a(t)y
are of the formy(t) = ceA(t).

15. (a) Suppose thatu(t) is a nowhere vanishing solution of

y′′ + P(t)y′ + Q(t)y = 0

on an interval, withP and Q assumed continuous. Look for a solution of
the formu(t)v(t), and derive the necessary and sufficient condition

v′(t) = cu(t)−2e−
∫

P(t) dt
.

(b) For y′′ − ty′ − y = 0, one solution iset2/2. Find a linearly independent
solution.

16. Let y′′ + P(t)y′ + Q(t)y = 0 be given withP, P′, and Q continuous on an
interval. Writey(t) = u(t)v(t), substitute, regardu(t) as known, and obtain a
second-order equation forv. Show how to chooseu(t) to make the coefficient
of v′ be 0, and thus reduce the given equation to an equationv′′ + R(t)v = 0
with R continuous. Give a formula forR.

17. If L(v) = (pv′)′ − qv + λr v, show that the substitutionu = v
√

r changes
L(v) = 0 into L0(u) = 0, whereL0(u) = (p∗u′)′ − q∗u + λu with p∗ = p/r .

Problems 18–19 concern finding the form of the second solution to a second-order
equation with a regular singular point. The first of the two problems amounts to a
result in complex analysis but requires nothing beyond Chapter I of this book.
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18. Suppose that
∑∞

n=0 cnxn is a power series withc0 = 1.
(a) Write down recursive formulas for the coefficientsdn of a power series∑∞

n=0 dnxn with d0 = 1 such that
(∑∞

n=0 cnxn
)(∑∞

n=0 dnxn
) = 1.

(b) Prove, by induction onn, that if |cn| ≤ Mr n for all n ≥ 0, then|dn| ≤
M(M + 1)n−1r n for all n ≥ 1.

(c) Prove that if f (0) �= 0 and if f (x) is the sum of a convergent power series
for |x| < R for someR > 0, then 1/ f (x) is the sum of a convergent power
series for|x| < ε for someε > 0.

19. Suppose thatP(t) andQ(t) are given neart = 0 by power series with positive
radii of convergence. Take for granted that ifa(t) is given by a power series with
a positive radius of convergence, then so isea(t). Form the equation

t2y′′ + t P(t)y′ + Q(t)y = 0,

let s1 and s2 be the two roots of the indicial equation, and suppose that the
differential equation has a solution given on some interval(0, ε) by f (t) =
ts1
∑∞

n=0 cntn with c0 �= 0.
(a) Using Problem 15a, prove that the differential equation has a linearly inde-

pendent solution given on some interval(0, ε′) by

g(t) = c f (t) log t + ts2

∞∑
n=0

kntn with k0 �= 0.

(b) Prove that the coefficientc in g(t) is �= 0 if s1 = s2.
(c) For Bessel’s equationt2y′′ + ty′ + (t2 − p2)y = 0 with p ≥ 0 an integer

and withs1 = p ands2 = −p, show that the coefficientc in g(t) is �= 0.
Thus there is a solution of the formJp(t) log t + t−p(power series) on some
interval(0, ε′).

Problems 20–25 prove theCauchy–Peano Existence Theorem, that a local solution
in Theorem 4.1 toy′ = F(t, y) and y(t0) = y0 exists if F is continuous even
if F does not satisfy a Lipschitz condition. The idea is to construct a sequence
of polygonal approximations to solutions, check that they form an equicontinuous
family, apply Ascoli’s Theorem (Theorem 2.56) to extract a uniformly convergent
subsequence, and then see that the limit of the subsequence is a solution. A member
of the sequence of polygonal approximations depends on a numberε > 0. With
notation as in the statement of Theorem 4.1, the construction for [t0, t0 + a′] is as
follows: Choose theδ of uniform continuity forF andε on the setR. Fix a partition
t0 < t1 < · · · < tn = t0 + a′ of [t0, t0 + a′] with maxk{tk − tk−1} ≤ min(δ, δ/M).
Definey(t), as a function ofε, for tk−1 < t ≤ tk inductively onk by y(t0) = y0 and

y(t) = y(tk−1) + F(tk−1, y(tk−1))(t − tk−1).
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20. Check that the formula fory(t) when tk−1 < t ≤ tk remains valid whent =
tk−1, and conclude thaty(t) is continuous. Then prove by induction onk that
|y(t) − y(t0)| ≤ M(t − t0) ≤ b for tk−1 ≤ t ≤ tk, and deduce that(t, y(t)) is in
R′ for t0 ≤ t ≤ t0 + a′.

21. Prove that|y(t) − y(t ′)| ≤ M |t − t ′| if t andt ′ are both in [t0, t0 + a′].

22. The functiony′(t) is defined on [t0, t0 + a′] except at the points of the partition
and is given byy′(t) = F(tk−1, y(tk−1)) if tk−1 < t < tk. Prove thaty(t) =
y0 + ∫ t

t0
y′(s) ds for t0 ≤ t ≤ t0 + a′ and that|y′(s) − F(s, y(s))| ≤ ε if

tk−1 < s < tk.

23. Writingy(t) = y0+∫ t
t0

[F(s, y(s))+ [y′(s)− F(s, y(s))]] dsand using the result
of the previous problem, prove for allt in [t0, t0 + a′] that∣∣y(t) − (

y0 + ∫ t
t0

F(s, y(s)) ds
)∣∣ ≤ εa′.

24. Letεn be a monotone decreasing sequence with limit 0, and letyn(t) be a function
for t in [t0, t0 + a′] constructed as above for the numberεn. Deduce from
Problem 21 that{yn(t)} is uniformly bounded and uniformly equicontinuous for
t in [t0, t0 + a′].

25. Apply Ascoli’s Theorem to{yn}, and lety(t) be the uniform limit of a uniformly
convergent subsequence of{yn}. Prove thaty(t) is continuous, and use Prob-
lem 23 to prove thaty(t) = y0 + ∫ t

t0
F(s, y(s)) ds. What modifications are

needed to the argument to handle [t0 − a′, t0]?



CHAPTER V

Lebesgue Measure and Abstract Measure Theory

Abstract. This chapter develops the basic theory of measure and integration, including Lebesgue
measure and Lebesgue integration for the line.

Section 1 introduces measures, including 1-dimensional Lebesgue measure as the primary ex-
ample, and develops simple properties of them. Sections 2–4 introduce measurable functions and
the Lebesgue integral and go on to establish some easy properties of integration and the fundamental
theorems about how Lebesgue integration behaves under limit operations.

Sections 5–6 concern the Extension Theorem announced in Section 1 and used as the final step in
the construction of Lebesgue measure. The theorem allowsσ -finite measures to be extended from
algebras of sets toσ -algebras. The theorem is proved in Section 5, and the completion of a measure
space is defined in Section 6 and related to the proof of the Extension Theorem.

Section 7 treats Fubini’s Theorem, which allows interchange of order of integration under rather
general circumstances. This is a deep result. As part of the proof, product measure is constructed and
important measurability conditions are established. This section mentions that Fubini’s Theorem will
be applicable to higher-dimensional Lebesgue measure, but the details are deferred to Chapter VI.

Section 8 extends Lebesgue integration to complex-valued functions and to functions with values
in finite-dimensional vector spaces.

Section 9 gives a careful definition of the spacesL1, L2, and L∞ for any measure space,
introduces the notion of a normed linear space, and verifies that these three spaces are examples.
The main theorem of the section aboutL1, L2, andL∞ is the completeness of these three spaces as
metric spaces. In addition, the section proves a version of Alaoglu’s Theorem concerning weak-star
convergence.

1. Measures and Examples

In the theory of the Riemann integral, as discussed in Chapter I forR1 and in
Chapter III forRn, we saw that Riemann integration is a powerful tool when
applied to continuous functions. Riemann integration makes sense also when
applied to certain kinds of discontinuous functions, but then the theory has some
weaknesses.

Without any change in the definitions, one of these is that the theory applies
only to bounded functions. Thus we can compute

∫ 1
0 xp dx = [

xp+1/(p+1)]1
0 =

(p + 1)−1 for p ≥ 0, but only the right side makes sense for−1 < p < 0. More
seriously we made calculations with trigonometric series in Section I.10 and found
that 1

2 log
(

1
2−2 cosθ

) = ∑∞
n=1

cosnθ
n and1

2(π − θ) = ∑∞
n=1

sinnθ
n for 0 < θ < 2π .

231
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When we tried to explain these similar-looking identities with Fourier series, we
were able to handle the second one because1

2(π − θ) is a bounded function, but
we were not able to handle the first one because1

2 log
(

1
2−2 cosθ

)
is unbounded.

Other weaknesses appeared in Chapters I–IV at certain times: when we always
had to arrange for the set of integration to be bounded, when we had no clue which
sequences{cn} of Fourier coefficients occurred in the beautiful formula given by
Parseval’s Theorem, when Fubini’s Theorem turned out to be awkward to apply
to discontinuous functions, and when the change-of-variables formula did not
immediately yield the desired identities even in simple cases like the change from
Cartesian coordinates to polar coordinates.

The Lebesgue integral will solve all these difficulties when formed with respect
to “Lebesgue measure” in the setting ofRn. In addition, the Lebesgue integral
will be meaningful in other settings. For example, the Lebesgue integral will be
meaningful on the unit sphere in Euclidean space, while the Riemann integral
would always require a choice of coordinates. The Lebesgue integral will be
meaningful also in other situations where we can take advantage of some action
by a group (such as a rotation group) that is difficult to handle when the setting has
to be Euclidean. And the Lebesgue integral will enable us to provide a rigorous
foundation for the theory of probability.

There are five ingredients in Lebesgue integration, and these will be introduced
in Sections 1–3 of this chapter:

(i) an underlying nonempty set, such asR1 in the case of Lebesgue integration
on the line,

(ii) a distinguished class of subsets, called the “measurable sets,” which will
form a “σ -ring” or a “σ -algebra,”

(iii) a measure, which attaches a member of [0, +∞] to each measurable set
and which will be “length” in the case of Lebesgue measure on the line,

(iv) the “measurable functions,” those functions with values inR (or some
more general space) that we try to integrate,

(v) the integral of a measurable function over a measurable set.

Let us writeX for the underlying nonempty set. The important thing about
whatever sets are measurable will be that certain simple set-theoretic operations
lead from measurable sets to measurable sets. The two main definitions are those
of an “algebra” of sets and a “σ -algebra,” but we shall refer also to the notions of
a “ring” of sets and a “σ -ring” in order to simplify certain technical problems in
constructing measures. Analgebra of setsA is a set of subsets ofX containing
∅ and X and closed under the operation of forming the unionE ∪ F of two
sets and under taking the complementEc of a set. An algebra is necessarily
closed under intersectionE ∩ F and differenceE − F = E ∩ Fc. Another
operation under whichA is closed issymmetric difference, which is defined by
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E 	 F = (E − F) ∪ (F − E); we shall make extensive use of this operation1 in
Section 6 of this chapter.

In practice, despite the effort often needed to define an interesting measure on
the sets in an algebra, the closure properties2 of the algebra are insufficient to deal
with questions about limits. For this reason one defines aσ -algebraof subsets of
X to be an algebra that is closed under countable unions (and hence also countable
intersections). Typically a general foundational theorem (Theorem 5.5 below) is
used to extend the constructed would-be measure from an algebra to aσ -algebra.

A ring R of subsets ofX is a set of subsets closed under finite unions and under
difference. ThenR is closed also under the operations of finite intersections,
difference, and symmetric difference.3 A σ -ring of subsets ofX is a ring of
subsets that is closed under countable unions.

EXAMPLES.

(1)A = {∅, X}. This is aσ -algebra.

(2) All subsets ofX. This is aσ -algebra.

(3) All finite subsets ofX. This is a ring. If the complements of such sets are
included, the result is an algebra.

(4) All finite and countably infinite subsets ofX. This is aσ -ring. If the
complements of such sets are included, the result is aσ -algebra.

(5) All elementary setsof R. These are all finite disjoint unions of bounded
intervals inR with or without endpoints. This collection is a ring. To see the
closure properties, we first verify that any finite union of bounded intervals is a
finite disjoint union; in fact, ifI1, . . . , In are bounded intervals such that none
contains any of the others, thenIk −⋃k−1

m=1 Im is an interval, and these intervals
are disjoint ask varies; also these intervals have the same union asI1, . . . , In.
Now let E = ⋃

i I i and F = ⋃
j Jj be given. SinceIi ∩ Jj is an interval,

the identity E ∩ F = ⋃
i, j (Ii ∩ Jj ) shows thatE ∩ F is a finite union of

intervals. Since eachIi − Jj is an interval or the union of two intervals, the
identity E − F = ⋃

i

⋂
j (Ii − Jj ) then shows thatE − F is a finite union of

intervals.

(6) If C is an arbitrary class of subsets ofX, then there is a unique smallest
algebraA of subsets ofX containingC. Similar statements apply toσ -algebras,

1For some properties of symmetric difference, see Problem 1 at the end of the chapter.
2An algebra of sets really is an algebra in the sense of the discussion of algebras with the

Stone–Weierstrass Theorem (Theorem 2.58). The scalars replacingR or C are the members of the
two-element field{0, 1}, addition is given by symmetric difference, and multiplication is given by
intersection. The additive identity is∅, the multiplicative identity isX, and every element is its own
negative. Multiplication is commutative.

3A ring of sets really is a ring in the sense of modern algebra; addition is given by symmetric
difference, and multiplication is given by intersection.
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rings, andσ -rings. In fact, consider all algebras of subsets ofX containingC.
Example 2 shows that there is one. LetA be the intersection of all these algebras,
i.e., the set of all subsets that occur in each of these algebras. If two sets occur
in A, they occur in each such algebra, and their intersection is in each algebra.
Hence their intersection is inA. SimilarlyA is closed under differences.

If R is a ring of subsets ofX, aset function is a functionρ : R → R∗, where
R∗ denotes the extended real-number system as in Section I.1. The set function
is nonnegativeif its values are all in [0, +∞], it is additive if ρ(∅) = 0 and if
ρ(E ∪ F) = ρ(E) + ρ(F) wheneverE and F are disjoint sets inR, and it is
completely additiveor countably additive if ρ(∅) = 0 and ifρ

(⋃∞
n=1 En

) =∑∞
n=1 ρ(En) whenever the setsEn are pairwise disjoint members ofR with⋃∞
n=1 En in R. In the definitions of “additive” and “completely additive,” it is

taken as part of the definition that the sums in question are to be well defined in
R∗. Observe that completely additive implies additive, sinceρ(∅) = 0.

Proposition 5.1.An additive set functionρ on a ringRof sets has the following
properties:

(a) ρ
(⋃N

n−1 En
) = ∑N

n=1 ρ(En) if the setsEn are pairwise disjoint and are
in R.

(b) ρ(E ∪ F) + ρ(E ∩ F) = ρ(E) + ρ(F) if E andF are inR.
(c) If E andF are inR and|ρ(E)| < +∞, then|ρ(E ∩ F)| < +∞.
(d) If E and F are inR and if |ρ(E ∩ F)| < +∞, thenρ(E − F) =

ρ(E) − ρ(E ∩ F).
(e) If ρ is nonnegative and ifE andF are inR with E ⊆ F , thenρ(E) ≤

ρ(F).
(f) If ρ is nonnegative and ifE, E1, . . . , EN are sets inR such thatE ⊆⋃N

n=1 En, thenρ(E) ≤ ∑N
n=1 ρ(En).

(g) If ρ is nonnegative and completely additive and ifE, E1, E2, . . . are sets
in R such thatE ⊆ ⋃∞

n=1 En, thenρ(E) ≤ ∑∞
n=1 ρ(En).

PROOF. Part (a) follows by induction from the definition. In (b), we have
E ∪ F = (E − F) ∪ (E ∩ F) ∪ (F − E) disjointly. Application of (a) gives
ρ(E ∪ F) = ρ(E − F) + ρ(E ∩ F) + ρ(F − E), with +∞ and−∞ not both
occurring. Addingρ(E ∩ F) to both sides, regrouping terms, and taking into
account thatρ(E) = ρ(E − F)+ρ(E ∩ F) andρ(F) = ρ(F − E)+ρ(E ∩ F),
we obtain (b). The right side of the identityρ(E) = ρ(E∩ F)+ρ(E− F) cannot
be well defined ifρ(E) is finite andρ(E ∩ F) is infinite, and thus (c) follows. In
the identityρ(E) = ρ(E ∩ F)+ρ(E − F), we can subtractρ(E ∩ F) from both
sides and obtain (d) ifρ(E ∩ F) is finite. For (e), the inclusionE ⊆ F forces
F = (F − E) ∪ E disjointly; thenρ(F) = ρ(F − E) + ρ(E), and (e) follows.
In (f), put Fn = En −⋃n−1

k=1 Ek. ThenE = ⋃N
n=1(E ∩ Fn) disjointly, and (a) and
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(e) giveρ(E) = ∑N
n=1 ρ(E ∩ Fn) ≤ ∑N

n=1 ρ(Fn) ≤ ∑N
n=1 ρ(En). Conclusion

(g) is proved in the same way as (f).

Proposition 5.2. Let ρ be an additive set function on a ringR of sets. Ifρ
is completely additive, thenρ(E) = lim ρ(En) whenever{En} is an increasing
sequence of members ofR with unionE in R. Conversely ifρ(E) = lim ρ(En)

for all such sequences, thenρ is completely additive.

PROOF. First we prove the direct part of the proposition. ForE andEn as in
the statement, letF1 = E1 andFn = En − En−1 for n ≥ 2. ThenEn = ⋃n

k=1 Fk

disjointly, andρ(En) = ∑n
k=1 ρ(Fk) by additivity. Also, E = ⋃∞

k=1 Fk, and
complete additivity givesρ(E) = ∑∞

k=1 ρ(Fk) = lim
∑n

k=1 ρ(Fk) = lim ρ(En).
The direct part of the proposition follows.

For the converse let{Fn} be a disjoint sequence inR with union F in R. Put
En = ⋃n

k=1 Fk. ThenEn is an increasing sequence of sets inR with union F
in R. We are given thatρ(F) = lim ρ(En), and we haveρ(En) = ∑n

k=1 ρ(Fk)

by additivity and Proposition 5.1a. Thereforeρ(F) = ∑∞
k=1 ρ(Fk), and we

conclude thatρ is completely additive.

Corollary 5.3. Let ρ be an additive set function on an algebraA of subsets of
X such that|ρ(X)| < +∞. If ρ is completely additive, thenρ(E) = lim ρ(En)

whenever{En} is a decreasing sequence of members ofA with intersectionE
in A. Conversely if limρ(En) = 0 whenever{En} is a decreasing sequence of
members ofA with intersection empty, thenρ is completely additive.

PROOF. This follows from Proposition 5.2 by taking complements.

A measureis a nonnegative completely additive set function on aσ -ring of
subsets ofX. If no ambiguity is possible about theσ -ring, we may refer to a
“measure onX.” When we use measures to work with integrals, theσ -ring will
be taken to be aσ -algebra; if integration were to be defined relative to aσ -ring
that is not aσ -algebra, then nonzero constant functions would not be measurable.

The assumption that ourσ -ring is aσ -algebra for doing integration is no loss
of generality. Even when theσ -ring is not aσ -algebra, there is a canonical way
of extending a measure from aσ -ring to the smallestσ -algebra containing the
σ -ring. Proposition 5.37 at the end of Section 5 gives the details.

EXAMPLES.

(1) For{∅, X}, defineµ(X) = a ≥ 0. This is a measure.

(2) For X equal to a countable set and with all subsets in theσ -algebra, attach
a weight≥ 0 to each member ofX. Defineµ(E) to be the sum of the weights
for the members ofE. This is a measure.
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(3) For X arbitrary but nonempty, letµ(E) be the number of points inE, a
nonnegative integer or+∞. We refer toµ ascounting measure.

(4) Lebesgue measurem on the ringR of elementary sets ofR. If E is a
finite disjoint union of bounded intervals, we letm(E) be the sum of the lengths
of the intervals. We need to see that this definition is unambiguous. Consider
the special case thatJ = I1 ∪ · · · ∪ Ir disjointly with Ik extending fromak

to bk, with or without endpoints. Then we can arrange the intervals in order
so thatbk = ak+1 for k = 1, . . . , r − 1. In this case,m(J) = br − a1 and∑r

k=1 m(Ik) = ∑r
k=1 (bk −ak) = br −a1. Thus the definition is unambiguous in

this special case. IfE = I1 ∪ · · · ∪ Ir = J1 ∪ · · · ∪ Js, then the special case gives
m(Jk) = ∑r

j =1 m(I j ∩ Jk) and hence
∑s

k=1 m(Jk) = ∑
j,k m(I j ∩ Jk). Reversing

the roles of theI j ’s and theJk’s, we obtain
∑r

j =1 m(I j ) = ∑
j,k m(I j ∩ Jk). Thus∑s

k=1 m(Jk) = ∑r
j =1 m(I j ), and the definition ofm onR is unambiguous. It is

evident thatm is nonnegative and additive. We shall prove thatm is completely
additive onR. Even so,m will not yet be a measure, sinceR is not aσ -ring.
That step will have to be carried out separately. Proving thatm is completely
additive on the ringR uses the fact thatm is regular on R in the sense that
if E is in R and if ε > 0 is given, then there exist a compact setK in R
and an open setU in R such thatK ⊆ E ⊆ U , m(K ) ≥ m(E) − ε, and
m(U ) ≤ m(E) + ε: In the special case thatE is a single bounded interval with
endpointsa andb, we can prove regularity by takingU = (a − ε/2, b + ε/2)

and by lettingK = ∅ if b − a ≤ ε or K = [a + ε/2, b − ε/2] if b − a > ε. In
the general case thatE is the union ofn bounded intervalsI j , chooseKj andUj

for I j and for the numberε/n, and putK = ⋃n
j =1 Kj andU = ⋃n

j =1 Uj . Then
m(K ) = ∑n

j =1 m(Kj ) ≥ ∑n
j =1

(
m(I j ) − ε/n

) = m(E) − ε, and Proposition
5.1f givesm(U ) ≤ ∑n

j =1 m(Uj ) ≤ ∑n
j =1

(
m(I j ) + ε/n

) = m(E) + ε.

Proposition 5.4. Lebesgue measurem is completely additive on the ringR
of elementary sets inR1.

PROOF. Let {En} be a disjoint sequence inR with union E in R. Since
m is nonnegative and additive, Proposition 5.1 givesm(E) ≥ m

(⋃n
k=1 Ek

) =∑n
k=1 m(Ek) for everyn. Passing to the limit, we obtainm(E) ≥ ∑∞

k=1 m(Ek).
For the reverse inequality, letε > 0 be given. Choose by regularity a compact
memberK of R and open membersUn of R such thatK ⊆ E, Un ⊇ En for all
n, m(K ) ≥ m(E) − ε, andm(Un) ≤ m(En) + ε/2n. ThenK ⊆ ⋃∞

n=1 Un, and
the compactness implies thatK ⊆ ⋃N

n=1 Un for someN. Hencem(E) − ε ≤
m(K ) ≤ ∑N

n=1 m(Un) ≤ ∑N
n=1 (m(En) + ε/2n) ≤ ∑∞

n=1 m(En) + ε. Sinceε is
arbitrary,m(E) ≤ ∑∞

n=1 m(En), and the proposition follows.
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The smallestσ -ring containing the ringR of elementary sets inR1 is in
fact a σ -algebra, sinceR1 is the countable union of bounded intervals. For
Lebesgue measure to be truly useful, it must be extended fromR to thisσ -algebra,
whose members are called theBorel setsof R1. Borel sets ofR1 can be fairly
complicated. Each open set is a Borel set because it is the countable union of
bounded open intervals. Each closed set is a Borel set, being the complement
of an open set, and each compact set is a Borel set because compact subsets of
R1 are closed. In addition, any countable set, such as the setQ of rationals, is a
Borel set as the countable union of one-point sets.

The extension is carried out by the general Extension Theorem that will be
stated now and will be proved in Section 5. The theorem gives both existence
and uniqueness for an extension, but not without an additional hypothesis. The
need for an additional hypothesis to ensure uniqueness is closely related to the
need to assume some finiteness condition onρ in Corollary 5.3: even though each
member of a decreasing sequence of sets has infinite measure, the intersection
of the sets need not have infinite measure. To see what can go wrong for the
Extension Theorem, consider the ringR′ of subsets ofR1 consisting of all finite
unions of bounded intervals with rational endpoints; the individual intervals may
or may not contain their endpoints. If a set functionµ is defined on this ring
by assigning to each set the number of elements in the set, thenµ is completely
additive. Each interval inR1 can be obtained as the union of two sets—a countable
union of intervals with rational endpoints and a countable intersection of intervals
with rational endpoints. It follows that the smallestσ -ring containingR′ is the
σ -algebra of all Borel sets. The set functionµ can be extended to the Borel sets
in more than way. In fact, each one-point set consisting of a rational must get
measure 1, but a one-point set consisting of an irrational can be assigned any
measure.

The additional hypothesis for the Extension Theorem is that the given nonneg-
ative completely additive set functionν on a ring of setsR beσ -finite, i.e., that
any member ofR be contained in the countable union of members ofR on which
ν is finite. An obvious sufficient condition forσ -finiteness is thatν(E) be finite
for every set inR. This sufficient condition is satisfied by Lebesgue measure on
the elementary sets, and thus the theorem proves that Lebesgue measure extends
in a unique fashion to be a measure on the Borel sets.

The condition ofσ -finiteness is less restrictive than a requirement thatX be the
countable union of sets inR of finite measure, another condition that is satisfied
in the case of Lebesgue measure. The condition ofσ -finiteness on a ring allows
for some very large measures when all the sets are in a sense generated by the sets
of finite measure. For example, ifR is the ring of finite subsets of an uncountable
set andν is the counting measure, theσ -finiteness condition is satisfied. In most
areas of mathematics, these very large measures rarely arise.
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Theorem 5.5(Extension Theorem). LetR be a ring of subsets of a nonempty
set X, and letν be a nonnegative completely additive set function onR that is
σ -finite onR. Thenν extends uniquely to a measureµ on the smallestσ -ring
containingR.

A measure spaceis defined to be a triple(X,A, µ), whereX is a nonempty
set,A is aσ -algebra of subsets ofX, andµ is a measure onX. The measure
space isfinite if µ(X) < +∞; it is σ -finite if X is the countable union of sets
on whichµ is finite. The real line, together with theσ -algebra of Borel sets and
Lebesgue measure, is aσ -finite measure space.

2. Measurable Functions

In this section,X denotes a nonempty set, andA is aσ -algebra of subsets ofX.
Themeasurable setsare the members ofA.

We say that a functionf : X → R∗ is measurableif

(i) f −1([−∞, c)) is a measurable set for every real numberc.

Equivalently the measurability off may be defined by any of the following
conditions:

(ii) f −1([−∞, c]) is a measurable set for every real numberc,
(iii) f −1((c, +∞]) is a measurable set for every real numberc,
(iv) f −1([c, +∞]) is a measurable set for every real numberc.

In fact, the implications (i) implies (ii), (ii) implies (iii), (iii) implies (iv), and (iv)
implies (i) follow from the identities4

f −1([−∞, c]) =
∞⋂

n=1

f −1([−∞, c + 1
n)),

f −1((c, +∞]) = ( f −1([−∞, −c]))c,

f −1([c, +∞]) =
∞⋂

n=1

f −1((c − 1
n , +∞]),

f −1([−∞, c)) = ( f −1([−c, +∞]))c.

EXAMPLES.

(1) If A = {∅, X}, then only the constant functions are measurable.

(2) If A consists of all subsets ofX, then every function fromX to R∗ is
measurable.

4Manipulations with inverse images of sets are discussed in Section A1 of the appendix.
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(3) If X = R1 andA consists of the Borel sets ofR1, the measurable functions
are often calledBorel measurable. Every continuous function is Borel measur-
able by (i) because the inverse image of every open set is open. Any function
that is 1 on an open or compact set and is 0 off that set is Borel measurable. It is
shown in Problem 11 at the end of the chapter that not every Riemann integrable
function (when set equal to 0 off some bounded interval) is Borel measurable.
However, let us verify that every function that is continuous except at countably
many points is Borel measurable. In fact, letC be the exceptional countable set.
The restriction off to the metric spaceR−C is continuous, and hence the inverse
image inR − C of any open set [−∞, c) is open inR − C. Hence the inverse
image is the countable union of sets(a, b)−C, and these are Borel sets. The full
inverse image inR of [−∞, c) under f is the union of a countable set and this
subset ofR − C and hence is a Borel set.

(4) If X = R1 and ifA consists of the “Lebesgue measurable sets” in a sense
to be defined in Section 5, the measurable functions are often calledLebesgue
measurable. Every Borel measurable function is Lebesgue measurable, and so
is every Riemann integrable function (when set equal to 0 off some bounded
interval).

The next proposition discusses, among other things, functionsf +, f −, and
| f | defined byf +(x) = max{ f (x), 0}, f −(x) = − min{ f (x), 0}, and| f |(x) =
| f (x)|. Then f = f + − f − and| f | = f + + f −.

Proposition 5.6.

(a) Constant functions are always measurable.
(b) If f is measurable, then the inverse image of any interval is measurable.
(c) If f is measurable, then the inverse image of any open set inR∗ is measur-

able.
(d) If f is measurable, then the functionsf +, f −, and| f | are measurable.

PROOF. In (a), the inverse image of a set under a constant function is either∅
or X and in either case is measurable. In (b), the inverse image of an interval is the
intersection of two sets of the kind described in (i) through (iv) above and hence
is measurable. In (c), any open set inR∗ is the countable union of open intervals,
and the measurability of the inverse image follows from (b) and the closure ofA
under countable unions. In (d),( f +)−1((c, +∞)) equalsf −1((c, +∞)) if c ≥ 0
and equalsX if c < 0. The measurability off − and| f | are handled similarly.

Next we deal with measurability of sums and products, allowing for values
+∞ and−∞. Recall from Section I.1 that multiplication is everywhere defined
in R∗ and that the product inR∗ of 0 with anything is 0.
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Proposition 5.7.Let f andg be measurable functions, and leta be inR. Then
a f and f g are measurable, andf +g is measurable provided the sumf (x)+g(x)

is everywhere defined.

PROOF. For f + g, with Q denoting the rationals,

( f + g)−1(c, +∞] =
⋃
r ∈Q

f −1(c + r, +∞] ∩ g−1(−r, +∞].

If a = 0, thena f = 0, and 0 is measurable. Ifa �= 0, then

(a f )−1(c, +∞] =
{

f −1
(

c
a , +∞]

if a > 0,

f −1
[− ∞, c

a

)
if a < 0.

If f andg are measurable and are≥ 0, then

( f g)−1(c, +∞] =
{ ⋃

r ∈Q, r >0 f −1
(

c
r , +∞] ∩ g−1(r, +∞] if c ≥ 0,

X if c < 0.

Hence f g is measurable in this special case. In the general case the formula
f g = f +g+ + f −g− − f +g− − f −g+ exhibits f g as the everywhere-defined
sum of measurable functions.

Proposition 5.8. If { fn} is a sequence of measurable functions, then the
functions

(a) supn fn,
(b) infn fn,
(c) lim supn fn,
(d) lim inf fn,

are all measurable.

PROOF. For (a) and (b), we have(sup fn)−1(c, +∞] = ⋃∞
n=1 f −1

n (c, +∞]
and (inf fn)−1([−∞, c) = ⋃∞

n=1 f −1
n [−∞, c). For (c) and (d), we have

lim supn fn = infn supk≥n fk and lim infn fn = supn infk≥n fk.

Corollary 5.9. The pointwise maximum and the pointwise minimum of a
finite set of measurable functions are both measurable.

PROOF. These are special cases of (a) and (b) in the proposition.

Corollary 5.10. If { fn} is a sequence of measurable functions and iff (x) =
lim fn(x) exists inR∗ at everyx, then f is measurable.

PROOF. This is the special case of (c) and (d) in the proposition in which
lim supn fn = lim infn fn.
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The above results show that the set of measurable functions is closed under
pointwise limits, as well as the arithmetic operations and max and min. Since
the measurable functions will be the ones we attempt to integrate, we can hope
for good limit theorems from Lebesgue integration, as well as the familiar results
about arithmetic operations and ordering properties.

If E is a subset ofX, theindicator function 5 I E of E is the function that is 1
on E and is 0 elsewhere. The set(I E)−1(c, +∞] is ∅ or E or X, depending
on the value ofc. ThereforeI E is a measurable function if and only ifE is a
measurable set.

A simple function s : X → R∗ is a functions with finite image contained
in R. Every simple functions has a unique representation ass = ∑N

n=1 cn IEn ,
where thecn are distinct real numbers and theEn are disjoint nonempty sets with
union X. In fact, the set of numberscn equals the image ofs, and En is the
set wheres takes the valuecn. This expansion ofs will be called thecanonical
expansionof s. The sets−1(c, +∞] is the union of the setsEn such thatc < cn,
and it follows thats is a measurable function if and only if all of the setsEn in
the canonical expansion are measurable sets.

Proposition 5.11.For any functionf : X → [0, +∞], there exists a sequence
of simple functionssn ≥ 0 with the property that for eachx in X, {sn(x)} is a
monotone increasing sequence inR with limit f (x) in R∗. If f is measurable,
then the simple functionss may be taken to be measurable.

PROOF. For 1≤ n < ∞ and 1≤ j ≤ n2n, let

Enj = f −1
[ j − 1

2n
,

j

2n

)
, Fn = f −1[n, +∞), sn =

n2n∑
j =1

j − 1

2n
IEnj + nIFn .

Then{sn} has the required properties.

By convention from now on,simple functions will always be understood to be
measurable.

3. Lebesgue Integral

Throughout this section,(X,A, µ) denotes a measure space. The measurable sets
continue to be those inA. Our objective in this section is to define the Lebesgue

5As noted in Chapter III, indicator functions are called “characteristic functions” by many authors,
but the term “characteristic function” has another meaning in probability theory and is best avoided
as a substitute for “indicator function” in any context where probability might play a role.
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integral. We defer any systematic discussion of properties of the integral to
Section 4.

Just as with the Riemann integral, the Lebesgue integral is defined by means
of an approximation process. In the case of the Riemann integral, the process
is to use upper sums and lower sums, which capture an approximate value of an
integral by adding contributions influenced by proximity in thedomainof the
integrand. The process is qualitatively different for the Lebesgue integral, which
captures an approximate value of an integral by adding contributions based on
what happens in theimageof the integrand.

Let s be a simple function≥ 0. By our convention at the end of the previous
section, we have incorporated measurability into the definition of simple function.
Let E be a measurable set, and lets = ∑N

n=1 cn I An be the canonical expansion of
s. We defineIE(s) = ∑N

n=1 cnµ(An ∩ E). This kind of object will be what we
use as an approximation in the definition of the Lebesgue integral; the formula
shows the sense in whichIE(s) is built from theimageof the integrand.

If f ≥ 0 is a measurable function andE is a measurable set, we define the
Lebesgue integralof f on the setE with respect to the measureµ to be∫

E
f dµ =

∫
E

f (x) dµ(x) = sup
0≤s≤ f,
s simple

IE(s).

This is well-defined as a member ofR∗ without restriction as long asE is a
measurable set and the measurable functionf is ≥ 0 everywhere onX. It is
evident in this case that

∫
E f dµ ≥ 0 and that

∫
E 0dµ = 0.

For a general measurable functionf , not necessarily≥ 0, the integral may or
may not be defined. We writef = f + − f −. The functionsf + and f − are
≥ 0 and are measurable by Proposition 5.6d, and consequently

∫
E f + dµ and∫

E f − dµ are well-defined members ofR∗. If
∫

E f + dµ and
∫

E f − dµ are not
both infinite, then we define∫

E
f dµ =

∫
E

f (x) dµ(x) =
∫

E
f + dµ −

∫
E

f − dµ.

This definition is consistent with the definition in the special casef ≥ 0, since
such anf has f − = 0 and therefore

∫
E f − dµ = 0. We say thatf is integrable

if
∫

E f + dµ and
∫

E f − dµ areboth finite. In this case the subsets ofE where
f is +∞ and wheref is −∞ have measure 0. In fact, ifS is the subset ofE
where f + is +∞, then the inequality

∫
E f + dµ ≥ IE(C IS) = Cµ(S) for every

C > 0 shows thatµ(S) ≤ C−1
∫

E f + dµ for everyC; henceµ(S) = 0. A
similar argument applies to the set wheref − is +∞.

We shall give some examples of integration after showing that the definition
of
∫

E f dµ reduces toIE( f ) if f is nonnegative and simple. The first lemma
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below will make use of the additivity ofµ, and the second lemma will make use
of the fact thatµ is nonnegative.

Lemma 5.12. Let s = ∑N
n=1 cn I An be the canonical expansion of a simple

function≥ 0, and lets = ∑M
m=1 dnI Bm be another expansion in which thedm are

≥ 0 and theBm are disjoint and measurable. ThenIE(s) = ∑M
m=1 dmµ(Bm∩ E).

PROOF. Adjoin the term 0· I(⋃m Bm)c to the second expansion, if necessary, to
make

⋃M
m=1 Bm = X. Without loss of generality, we may assume that noBm

is empty. Then the fact that the setsBm are disjoint and nonempty with union
X implies that the image ofs is {d1, . . . , dM}. Thus we can writedm = cn(m)

for eachm. SinceAn = s−1({cn}), we see thatBm ⊆ An(m). Since theBm are
disjoint with unionX, we obtain

Ak =
⋃

{m | n(m)=k}
Bm

disjointly. The additivity ofµ givesµ(Ak ∩ E) = ∑
{m | n(m)=k} µ(Bm ∩ E), and

thusckµ(Ak ∩ E) = ∑
{m | n(m)=k} dmµ(Bm ∩ E). Summing onk, we obtain the

conclusion of the lemma.

Lemma 5.13. If s andt are nonnegative simple functions and ift ≤ s on E,
thenIE(t) ≤ IE(s).

PROOF. If s = ∑J
j =1 cj I Aj andt = ∑K

k=1 dk I Bk are the canonical expansions
of s andt , then

⋃
j,k (Aj ∩ Bk) = X disjointly. Hence we can write

s =
∑
j,k

cj I Aj ∩Bk and t =
∑
j,k

dk I Aj ∩Bk .

Lemma 5.12 shows that

IE(s) =
∑
j,k

cj µ(Aj ∩ Bk ∩ E) and IE(t) =
∑
j,k

dkµ(Aj ∩ Bk ∩ E).

We now have term-by-term inequality: eitherµ(Aj ∩ Bk ∩ E) = 0 for a term, or
Aj ∩ Bk ∩ E �= ∅ and anyx in Aj ∩ Bk ∩ E hast (x) ≤ s(x) and exhibitsdk ≤ cj .

Proposition 5.14. If s ≥ 0 is a simple function, then
∫

E s dµ = IE(s) for
every measurable setE.

PROOF. If t is a simple function with 0≤ t ≤ s everywhere, then Lemma
5.13 givesIE(t) ≤ IE(s). Hence

∫
E s dµ = sup0≤t≤s IE(t) ≤ IE(s). On

the other hand, we certainly haveIE(s) ≤ sup0≤t≤s IE(t) = ∫
E s dµ, and thus∫

E s dµ = IE(s).
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EXAMPLES.

(1) LetA = {∅, X} andµ(X) = 1. Only the constant functions are measur-
able, and

∫
∅

c dµ = 0 and
∫

X c dµ = c.

(2) Let X be a nonempty countable set, letA consist of all subsets ofX, and
let µ be defined by nonnegative finite weightswi attached to each pointi in X.
If f = { fi } is a real-valued function, then the integral off over X is

∑
fi wi

provided the integrals off + and f − are not both infinite, i.e., provided every
rearrangement of the series

∑
fi wi converges inR∗ to the same sum. By contrast,

f is integrable if and only if the series
∑

fi wi is absolutely convergent. In the
special case that all the weightswi are 1, the theory of the Lebesgue integral over
X reduces to the theory of infinite series for which every rearrangement of the
series converges inR∗ to the same sum. This is a very important special case for
testing the validity of general assertions about Lebesgue integration.

(3) Let(X,A, µ) be the real lineR1 withA consisting of the Borel sets and with
µ equal to Lebesgue measurem. Recall that real-valued continuous functions on
R1 are measurable. For such a functionf , the assertion is that∫

[a,x)

f dm =
∫ x

a
f (t) dt,

the left side being a Lebesgue integral and the right side being a Riemann integral.
Proving this assertion involves using some properties of the Lebesgue integral
that will be proved in the next section. We give the argument now before these
properties have been established, in order to emphasize the importance of each
of these properties: Ifh > 0, then

1

h

[ ∫
[a,x+h)

f dm−
∫

[a,x)

f dm
]

− f (x) = 1

h

∫
[x,x+h)

f dm− f (x)

= 1

h

∫
[x,x+h)

[ f − f (x)] dm.

The absolute value of the left side is then

≤ 1

h

∫
[x,x+h)

| f − f (x)| dm ≤ 1

h
sup

t∈[x,x+h)

| f (t) − f (x)| m([x, x + h))

= sup
t∈[x,x+h)

| f (t) − f (x)|,

and the right side tends to 0 ash decreases to 0, by continuity off atx. If h < 0,
then the argument corresponding to the first display is

1

h

[ ∫
[a,x+h)

f dm−
∫

[a,x)

f dm
]

− f (x) = −1

h

∫
[x−|h|,x)

f dm− f (x)

= 1

|h|
∫

[x−|h|,x)

[ f − f (x)] dm.
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The absolute value of the left side is then≤ supt∈[x−|h|,x) | f (t) − f (x)|, and
this tends to 0 ash increases to 0, by continuity off at x. We conclude that∫

[a,·) f dm is differentiable with derivativef . By the Fundamental Theorem of
Calculus for the Riemann integral, together with a corollary of the Mean Value
Theorem,

∫
[a,x)

f dm = ∫ x
a f (t) dt + c for all x and some constantc. Putting

x = a, we see thatc = 0. Therefore the Riemann and Lebesgue integrals coincide
for continuous functions on bounded intervals [a, b).

4. Properties of the Integral

In this section,(X,A, µ) continues to denote a measure space. Our objective
is to establish basic properties of the Lebesgue integral, including properties
that indicate how Lebesgue integration interacts with passages to the limit. The
properties that we establish will include all remaining properties needed to justify
the argument in Example 3 at the end of the previous section.

Proposition 5.15.The Lebesgue integral has these four properties:

(a) If f is a measurable function andµ(E) = 0, then
∫

E f dµ = 0.
(b) If E andF are measurable sets withF ⊆ E and if f is a measurable func-

tion, then
∫

F f + dµ ≤ ∫
E f + dµ and

∫
F f − dµ ≤ ∫

E f − dµ. Consequently, if∫
E f dµ is defined, then so is

∫
F dµ.

(c) If c is a constant function with its value inR∗, then
∫

E c dµ = cµ(E).
(d) If

∫
E f dµ is defined and ifc is in R, then

∫
E c f dµ is defined and∫

E c f dµ = c
∫

E f dµ. If f is integrable onE, then so isc f .

PROOF. In (a), it is enough to deal withf + and f − separately, and then it is
enough to handles ≥ 0 simple. For such ans, Proposition 5.14 says that the
integral equalsIE(s), and the definition shows that this is 0. In (b), Proposition
5.14 makes it clear that the inequalities are valid for any simple function≥ 0,
and then the general case follows by taking the supremum first for 0≤ s ≤ f +
and then for 0≤ s ≤ f −. In (c), if 0 ≤ c < +∞, thenc is simple, and the
integral equalsIE(c) = cµ(E) by Proposition 5.14. Ifc = +∞, then the case
µ(E) = 0 follows from (a) and the caseµ(E) > 0 is handled by the observations
that

∫
E c dµ ≥ IE(n) = nµ(E) and that the right side tends to+∞ asn tends

to +∞. For c ≤ 0, we have
∫

E c dµ = − ∫
E(−c) dµ by definition, and then

the result follows from the previous cases. In (d), we may assume, without loss
of generality, thatf ≥ 0 andc ≥ 0. Then

∫
E c f dµ = sup0≤s≤c f IE(s) =

sup0≤ct≤c f IE(ct) = csup0≤t≤ f IE(t) = c
∫

E f dµ, and (d) is proved.

Proposition 5.16. If f andg are measurable functions, if their integrals over
E are defined, and iff (x) ≤ g(x) on E, then

∫
E f dµ ≤ ∫

E g dµ.
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REMARK. Observe that the inequalityf (x) ≤ g(x) is assumed only onE,
despite the definitions that take into account values of a function everywhere on
X. This “localization” property of the integral is as one wants it to be.

PROOF. First suppose thatf ≥ 0 andg ≥ 0. If s is any simple function with
0 ≤ s ≤ f , definet to equals on E and to equal 0 offE. Then 0≤ t ≤ g, and
Lemma 5.13 givesIE(s) = IE(t) ≤ ∫

E g dµ. Hence
∫

E f dµ ≤ ∫
E g dµ when

f ≥ 0 andg ≥ 0.
In the general case the inequalityf (x) ≤ g(x) on E implies that f +(x) ≤

g+(x) on E and f −(x) ≥ g−(E) on E. The special case gives
∫

E f + dµ ≤∫
E g+ dµ and

∫
E f − dµ ≥ ∫

E g− dµ. Subtracting these inequalities, we obtain
the desired result.

Corollary 5.17. If f andg are measurable functions that are equal onE and
if
∫

E f dµ is defined, then
∫

E g dµ is defined and
∫

E f dµ = ∫
E g dµ.

PROOF. Apply Proposition 5.16 to the following inequalities onE, and then
sort out the results:f + ≤ g+, f + ≥ g+, f − ≤ g−, and f − ≥ g−.

Corollary 5.18. If f is a measurable function, thenf is integrable onE if
either

(a) there is a functiong integrable onE such that| f (x)| ≤ g(x) on E, or
(b) µ(E) is finite and there is a real numberc such that| f (x)| ≤ c on E.

PROOF. For (a), apply Proposition 5.16 to the inequalitiesf + ≤ g and f − ≤ g
valid onE. For (b), use the formula for

∫
E c dµ in Proposition 5.15c and apply (a).

We turn our attention now to properties that indicate how Lebesgue integration
interacts with passages to the limit. These make essential use of the complete
additivity of the measureµ. We shall bring this hypothesis to bear initially through
the following theorem.

Theorem 5.19.Let f be a fixed measurable function, and suppose that
∫

X f dµ

is defined. Then the set functionρ(E) = ∫
E f dµ is completely additive.

PROOF. We haveρ(∅) = 0 by Proposition 5.15a, sinceµ(∅) = 0. We shall
prove that if f ≥ 0, thenρ is completely additive. The general case follows
from this by applying the result tof + and f − separately and by using the fact
that

∫
X f + dµ and

∫
X f − dµ are not both infinite. Thus we are to show that if

E = ⋃∞
n=1 En disjointly and if f ≥ 0, thenρ(E) = ∑∞

n=1 ρ(En).
For simples ≥ 0 with canonical expansions = ∑N

n=1 cn I An , the identity
IF (s) = ∑N

n=1 cnµ(An ∩ F) and the complete additivity ofµ show thatIF (s) is
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a completely additive function of the setF . Thus fors simple with 0≤ s ≤ f ,
we have

IE(s) =
∞∑

n=1

IEn(s) ≤
∞∑

n=1

ρ(En).

ρ(E) = sup
0≤s≤ f

IE(s) ≤
∞∑

n=1

ρ(En).Hence

We now prove the reverse inequality. By Proposition 5.15b,ρ(E) ≥ ρ(En)

for everyn, since f = f +. Hence ifρ(En) = +∞ for anyn, the desired result
is proved. Thus assume thatρ(En) < +∞ for all n. Let ε > 0 be given, and
choose simple functionst andu that are≥ 0 and are≤ f and have

IE1(t) ≥
∫

E1

f dµ − ε and IE2(u) ≥
∫

E2

f dµ − ε.

Let s be the pointwise maximums = max{t, u}. Thens is simple, and Lemma
5.13 givesIE1(s) ≥ IE1(t) andIE2(s) ≥ IE2(u). Consequently

ρ(E1 ∪ E2) =
∫

E1∪E2

f dµ ≥ IE1∪E2(s) = IE1(s) + IE2(s)

≥ IE1(t) + IE2(u) ≥
∫

E1

f dµ +
∫

E2

f dµ − 2ε

= ρ(E1) + ρ(E2) − 2ε.

Sinceε is arbitrary,ρ(E1 ∪ E2) ≥ ρ(E1) + ρ(E2). By induction, we obtain
ρ(E1 ∪ · · · ∪ En) ≥ ρ(E1) + · · · + ρ(En) for every n, and thusρ(E) ≥
ρ(E1) + · · · + ρ(En) by another application of Proposition 5.15b. Therefore
ρ(E) ≥ ∑∞

n=1 ρ(En), and the reverse inequality has been proved.

We give five corollaries that are consequences of Corollary 5.17 and Theorem
5.19. The first three make use only of additivity, not of complete additivity.

Corollary 5.20. If
∫

E f dµ is defined, then
∫

X IE f dµ is defined and equals∫
E f dµ.

PROOF. It is sufficient to handlef + and f − separately. Then both integrals are
defined, and

∫
E f dµ = ∫

E IE f dµ + ∫
Ec 0dµ = ∫

E IE f dµ + ∫
Ec IE f dµ =∫

X IE f dµ.
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Corollary 5.21. If
∫

E f dµ is defined, then
∣∣ ∫

E f dµ
∣∣ ≤ ∫

E | f | dµ. If f is
integrable onE, so is| f |.

PROOF. Let E1 = E ∩ f −1([0, +∞]) and E2 = E ∩ f −1([−∞, 0)). Then
use of the triangle inequality gives∣∣ ∫

E f dµ
∣∣ = ∣∣ ∫

E1
f + dµ − ∫

E2
f − dµ

∣∣ ≤ ∫
E1

f + dµ + ∫
E2

f − dµ

= ∫
E1

| f | dµ + ∫
E2

| f | dµ = ∫
E | f | dµ.

If f is integrable onE, both
∫

E1
f + dµ and

∫
E2

f − dµ are finite. Their sum is∫
E | f | dµ.

Corollary 5.22. If f is a measurable function andµ(E 	 F) = 0, then∫
E f dµ = ∫

F f dµ, provided one of the integrals exists.

PROOF. Without loss of generality, we may assume thatf ≥ 0. Then both
integrals are defined. SinceE 	 F = (E − F) ∪ (F − E), we haveµ(E − F) =
µ(F − E) = 0. Then Theorem 5.19 and Proposition 5.15a give

∫
E f dµ =∫

E−F f dµ + ∫
E∩F f dµ = 0 + ∫

E∩F f dµ = ∫
F−E f dµ + ∫

E∩F f dµ =∫
F f dµ.

Corollary 5.23. If f is a measurable function and if the setA = {
x
∣∣ f (x) �= 0

}
hasµ(A) = 0, then

∫
X f dµ = 0. Conversely iff is measurable, is≥ 0, and has∫

X f dµ = 0, thenA = {
x
∣∣ f (x) �= 0

}
hasµ(A) = 0.

REMARKS. When a set where some condition fails to hold has measure 0, one
sometimes says that the condition holdsalmost everywhere, ora.e., or atalmost
every point. If there is any ambiguity about what measure is being referred
to, one says “a.e. [dµ].” Thus the conclusion in the converse half of the above
proposition is thatf is zero a.e. [dµ].

PROOF. For the first statement, Corollary 5.20 gives
∫

X f dµ = ∫
X I A f dµ =∫

A f dµ = 0. Conversely letAn = f −1
([

1
n , +∞])

. This is a measurable
set. Sincef is ≥ 0, A = ⋃∞

n=1 An. Proposition 5.1g and complete additivity
of µ give µ(A) ≤ ∑∞

n=1 µ(An). If µ(An) > 0 for somen, then
∫

X f dµ =∫
An

f dµ+∫Ac
n

f dµ ≥ ∫
An

1
n dµ = 1

n µ(An) > 0, and we obtain a contradiction.
We conclude thatµ(An) = 0 for all n and hence thatµ(A) = 0.

Corollary 5.24. If f ≥ 0 is an integrable function onX, then for anyε > 0,
there exists aδ > 0 such that

∫
E f dµ ≤ ε for every measurable setE with

µ(E) ≤ δ.
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PROOF. Let ε > 0 be given. IfN > 0 is an integer, then the setsSN ={
x ∈ X

∣∣ f (x) ≥ N
}

form a decreasing sequence whose intersection isS ={
x ∈ X

∣∣ f (x) = +∞}
. Sincef is integrable,µ(S) = 0 and therefore

∫
S f dµ =

0. The finiteness of
∫

X f dµ, together with Corollary 5.3 and the complete
additivity of E 
→ ∫

E f dµ given in Theorem 5.19, implies that limN
∫

SN
f dµ =

0. ChooseN large enough so that
∫

SN
f dµ ≤ ε/2, and then chooseδ = ε/(2N).

If µ(E) ≤ δ, then∫
E f dµ = ∫

SN∩E f dµ + ∫
Sc

N∩E f dµ

≤ ∫
SN

f dµ + ∫
Sc

N∩E N dµ ≤ ε/2 + Nµ(E) ≤ ε/2 + ε/2 = ε,

and the proof is complete.

In a number of the remaining results in the section, a sequence{ fn} of mea-
surable functions converges pointwise to a functionf . Corollary 5.10 assures
us that f is measurable. Suppose that

∫
E fn dµ exists for eachn. Is it true that∫

E f dµ exists, is it true that limn
∫

E fn dµ exists, and if both exist, are they
equal? Once again we encounter an interchange-of-limits problem, and there
is no surprise from the general fact: all three answers can be “no” in particular
cases. Examples of the failure of the limit of the integral to equal the integral of
the limit are given below. After giving the examples, we shall discuss theorems
that give “yes” answers under additional hypotheses.

EXAMPLES.

(1) Let X be the set of positive integers, letA consist of all subsets ofX, and
let µ be counting measure. A measurable functionf is a sequence{ f (k)} with
values inR∗. Define a sequence{ fn} of measurable functions forn ≥ 1 by taking

fn(k) =
{

1/n if k ≤ n,

0 if k > n.

Then
∫

X fn dµ = 1 for all n, lim fn = 0 pointwise, and∫
X

lim fn dµ < lim
∫

X
fn dµ.

(2) Let the measure space beX = R1 with the Borel sets and Lebesgue measure
m. Define

fn(x) =
{

n for 0 < x < 1/n,

0 otherwise.

Then the same phenomenon results, and everything of interest is taking place
within [0, 1]. So the difficulty in the previous example does not result from the
fact thatX has infinite measure.
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Theorem 5.25(Monotone Convergence Theorem). LetE be a measurable
set, and suppose that{ fn} is a sequence of measurable functions that satisfy

0 ≤ f1(x) ≤ f2(x) ≤ · · · ≤ fn(x) ≤ · · ·
for all x. Put f (x) = limn fn(x), the limit being taken inR∗. Then

∫
E f dµ and

limn
∫

E fn dµ both exist, and∫
E

f dµ = lim
n→∞

∫
E

fn dµ.

REMARKS. This theorem generalizes Corollary 1.14, which is the special case
of the Monotone Convergence Theorem in whichX is the set of positive integers,
every subset is measurable, andµ is counting measure. In the general setting
of the Monotone Convergence Theorem, one of the by-products of the theorem
is that we obtain an easier way of dealing with the definition of

∫
E f dµ for

f ≥ 0. Instead of using the totality of simple functions between 0 andf , we
may use a single increasing sequence with pointwisef , such as the one given by
Proposition 5.11. The proof of Proposition 5.26 below will illustrate how we can
take advantage of this fact.

PROOF. Since f is the pointwise limit of measurable functions and is≥ 0, f
is measurable and

∫
E f dµ exists inR∗. Since{ fn(x)} is monotone increasing

in n, the same is true of
{ ∫

E fn dµ
}
. Therefore limn

∫
E fn dµ exists inR∗. Let

us call this limitk. For eachn,
∫

E fn dµ ≤ ∫
E f dµ becausefn ≤ f . Therefore

k ≤ ∫
E f dµ, and the problem is to prove the reverse inequality.

Let c be any real number with 0< c < 1, to be regarded as close to 1, and let
s be a simple function with 0≤ s ≤ f . Define

En = {
x ∈ E

∣∣ fn(x) ≥ cs(x)
}
.

These sets are measurable, andE1 ⊆ E2 ⊆ E3 ⊆ · · · ⊆ E. Let us see that
E = ⋃∞

n=1 En. If f (x) = 0 for a particularx in E, then fn(x) = 0 for all n
and alsocs(x) = 0. Thusx is in everyEn. If f (x) > 0, then the inequality
f (x) ≥ s(x) forces f (x) > cs(x). Since fn(x) has increasing limitf (x), fn(x)

must be> cs(x) eventually, and thenx is in En. In either casex is in
⋃∞

n=1 En.
ThusE = ⋃∞

n=1 En.
For everyn, we have

k ≥
∫

E
fn dµ ≥

∫
En

fn dµ ≥
∫

En

cs dµ = c
∫

En

s dµ.

Since, by Theorem 5.19, the integral is a completely additive set function, Propo-
sition 5.2 shows that lim

∫
En

s dµ = ∫
E s dµ. Thereforek ≥ c

∫
E s dµ. Since

c is arbitrary with 0< c < 1, k ≥ ∫
E s dµ. Taking the supremum overs with

0 ≤ s ≤ f , we conclude thatk ≥ ∫
E f dµ.
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Proposition 5.26.If f andg are measurable functions, if their sumh = f +g
is everywhere defined, and if

∫
E f dµ + ∫

E g dµ is defined, then
∫

E h dµ is
defined and ∫

E
h dµ =

∫
E

f dµ +
∫

E
g dµ.

REMARK. It may seem surprising that complete additivity plays a role in the
proof of this proposition, since it apparently played no role in the linearity of the
Riemann integral. In fact, although complete additivity is used whenf andg
are unbounded, it can be avoided whenf andg are bounded, as will be observed
in Problems 42–43 at the end of the chapter. The distinction between the two
cases is that the pointwise convergence in Proposition 5.11 is actually uniform if
the given function is bounded, whereas it cannot be uniform for an unbounded
function because the uniform limit of bounded functions is bounded.

PROOF. The sumh is measurable by Proposition 5.7. For the conclusions
about integration, first assume thatf ≥ 0 andg ≥ 0. In the case of simple
functionss = t + u with t ≥ 0 andu ≥ 0, we use Proposition 5.14 and Lemma
5.12. The proposition shows that we are to prove thatIE(s) = IE(t) + IE(u),
and the lemma shows that we can use expansions oft andu into sets on which
t andu are both constant and the conclusion aboutIE(s) is evident. If f and
g are≥ 0 and are not necessarily simple, then we can use Proposition 5.11 to
find increasing sequences{tn} and{un} of simple functions≥ 0 with limits f
and g. If sn = tn + un, thensn is nonnegative simple, and{sn} increases to
h. For eachn, we have just proved that

∫
E sn dµ = ∫

E tn dµ + ∫
E un dµ, and

therefore
∫

E h dµ = ∫
E f dµ+∫E g dµ by the Monotone Convergence Theorem

(Theorem 5.25).
The next case is thatf ≥ 0, g ≤ 0, andh = f + g ≥ 0. Then f =

h + (−g) with h ≥ 0 and(−g) ≥ 0, so that
∫

E f dµ = ∫
E h dµ + ∫

E(−g) dµ.
Hence

∫
E h dµ = ∫

E f dµ + ∫
E g dµ, provided the right side is defined.

For a generalh ≥ 0, we decomposeE into the disjoint union of three sets,
one wheref ≥ 0 andg ≥ 0, one wheref ≥ 0 andg < 0, and one wheref < 0
andg ≥ 0. The additivity of the integral as a set function (Theorem 5.19), in
combination with the cases that we have already proved, then gives the desired
result. Finally for generalh, we have only to writeh = h+ − h− and consider
h+ andh− separately.

Corollary 5.27. Let E be a measurable set, and let{ fn} be a sequence
of measurable functions≥ 0. Put F(x) = ∑∞

n=1 fn(x). Then
∫

E F dµ =∑∞
n=1

∫
E fn dµ.

PROOF. Apply Proposition 5.26 to thenth partial sum of the series, and then
use the Monotone Convergence Theorem (Theorem 5.25).
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The next corollary is given partly to illustrate a standard technique for passing
from integration results about indicator functions to integration results about
general functions. This technique is used again and again in measure theory.

Corollary 5.28. If f ≥ 0 is a measurable function and ifν is the measure
ν(E) = ∫

E f dµ, then
∫

E g dν = ∫
E g f dµ for every measurable functiong for

which at least one side is defined.

REMARKS. The set functionν is a measure by Theorem 5.19. In the situation
of this corollary, we shall writeν = f dµ.

PROOF. By Corollary 5.20 it is enough to prove that∫
X

g dν =
∫

X
g f dµ. (∗)

For g = I E, (∗) is true by hypothesis. Proposition 5.26 shows that (∗) extends to
be valid for simple functionsg ≥ 0. For generalg ≥ 0, Proposition 5.11 produces
an increasing sequence{sn} of simple functions≥ 0 with pointwise limitg. Then
(∗) for this g follows from the result for simple functions in combination with
monotone convergence. For generalg, write g = g+ − g−, apply (∗) for g+ and
g−, and subtract the results using Proposition 5.26.

Theorem 5.29(Fatou’s Lemma). IfE is a measurable set and if{ fn} is a
sequence ofnonnegativemeasurable functions, then∫

E
lim inf

n
fn dµ ≤ lim inf

n

∫
E

fn dµ.

In particular, if f (x) = limn fn(x) exists for allx, then∫
E

f dµ ≤ lim inf
n

∫
E

fn dµ.

REMARK. Fatou’s Lemma applies to both examples that precede the Monotone
Convergence Theorem (Theorem 5.25), and strict inequality holds in both cases.

PROOF. Setgn(x) = infk≥n fk(x). Then limn gn(x) = lim inf fn(x), and the
Monotone Convergence Theorem (Theorem 5.25) gives∫

E
lim inf

n
fn dµ =

∫
E

lim
n

gn dµ = lim
n

∫
E

gn dµ.

But gn(x) ≤ fn(x) pointwise, so that
∫

E gn dµ ≤ ∫
E fn dµ for all n. Thus

lim
∫

E
gn dµ ≤ lim inf

∫
E

fn dµ,

and the theorem follows.
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Theorem 5.30(Dominated Convergence Theorem). LetE be a measurable
set, and suppose that{ fn} is a sequence of measurable functions such that for
someintegrable g, | fn| ≤ g for all n. If f = lim fn exists pointwise, then
limn

∫
E fn dµ exists, f is integrable onE, and∫

E
f dµ = lim

n

∫
E

fn dµ.

PROOF. The set on whichg is infinite has measure 0, sinceg is integrable. If
we redefineg, fn, and f to be 0 on this set, we change no integrals and we affect
the validity of neither the hypotheses nor the conclusion.

By Corollary 5.18, f is integrable onE, and so isfn for everyn. Applying
Fatou’s Lemma (Theorem 5.29) tofn + g ≥ 0, we obtain

∫
E( f + g) dµ ≤

lim inf
∫

E( fn +g) dµ. Sinceg is integrable and everywhere finite, this inequality
becomes ∫

E
f dµ ≤ lim inf

∫
E

fn dµ.

A second application of Fatou’s Lemma, this time tog − fn ≥ 0, gives∫
E(g − f ) dµ ≤ lim inf

∫
E(g − fn) dµ. Thus

−
∫

E
f dµ ≤ lim inf

∫
E
(− fn) dµ∫

E
f dµ ≥ lim sup

∫
E

fn dµ.and

Therefore lim
∫

E fn dµ exists and has the value asserted.

Corollary 5.31. Let E be a set of finite measure, letc ≥ 0 be inR, and suppose
that { fn} is a sequence of measurable functions such that| fn| ≤ c for all n. If
f = lim fn exists pointwise, then lim

∫
E fn dµ exists, f is integrable onE, and∫

E
f dµ = lim

n

∫
E

fn dµ.

PROOF. This is the special caseg = c in Theorem 5.30.

5. Proof of the Extension Theorem

In this section we shall prove the Extension Theorem, Theorem 5.5. After the
end of the proof, we shall fill in one further detail left from Section 1—to show
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that a measure on aσ -ring has a canonical extension to a measure on the smallest
σ -algebra containing the givenσ -ring.

Most of this section will concern the proof of the Extension Theorem in the case
that X is measurable andν(X) is finite. Thus, until further notice, let us assume
that X is a nonempty set,A is an algebra of subsets ofX, andν is a nonnegative
completely additive set function defined onA such thatν(X) < +∞.

In a way, the intuition for the proof is typical of that for many existence-
uniqueness theorems in mathematics: to see how to prove existence, we assume
existence and uniqueness outright, see what necessary conditions each of the
assumptions puts on the object to be constructed, and then begin the proof.

With the present theorem in the case thatν(X) is finite, we shall assign to each
subsetE of X an upper boundµ∗(E) and a lower boundµ∗(E) for the value of
the extended measure on the setE. If the existence half of the theorem is valid,
we must haveµ∗(E) ≤ µ∗(E) for E in the smallestσ -algebra containingA. In
fact, we shall see that this inequality holds forall subsetsE of X. On the other
hand, ifµ∗(E) < µ∗(E) for someE in theσ -algebra of interest and if our upper
and lower bounds are good estimates, we might expect that there is more than one
way to define the extended measure onE, in contradiction to uniqueness. That
thought suggests trying to prove thatµ∗(E) = µ∗(E) for the sets of interest. One
way of doing so is to try to prove that the class of subsets for which this equality
holds is aσ -algebra containingA, and then the common value ofµ∗ andµ∗ is
the desired extension.

This procedure in fact works, and the only subtlety is in the definitions of
µ∗(E) andµ∗(E). We give these definitions after one preliminary lemma that
will make µ∗ andµ∗ well defined. For orientation, think of the setting as the
unit interval [0, 1], with Lebesgue measure to be extended from the elementary
sets to the Borel sets. In this case the familiesU andK in the first lemma contain
all the open sets and all the compact sets, respectively, and may be regarded as
generalizations of these collections of sets.

Lemma 5.32. Let U be the class of all countable unions of sets inA, and let
K be the class of all countable intersections of sets inA. Thenµ∗ andµ∗ are
consistently defined onU andK, respectively, by letting

µ∗(U ) = lim ν(An) and µ∗(K ) = lim ν(Cn)

whenever{An} is an increasing sequence of sets inA with unionU and{Cn} is a
decreasing sequence of sets inA with intersectionK . Moreover,µ∗ andµ∗ have
the following properties:

(a) µ∗ andµ∗ agree withν on sets ofA,
(b) µ∗(U ) ≤ µ∗(V) wheneverU is in U, V is in U, andU ⊆ V ,
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(c) µ∗(K ) ≤ µ∗(L) wheneverK is in K, L is in K, andK ⊆ L,
(d) lim µ∗(Un) = µ∗(U ) whenever{Un} is an increasing sequence of sets in

U with unionU .

PROOF. If {Bn} is another increasing sequence inA with union U , then
Proposition 5.2 and Theorem 1.13 give

lim
m

ν(Am) = lim
m

(
lim

n
ν(Am ∩ Bn)

) = lim
n

(
lim
m

ν(Am ∩ Bn)
) = lim

n
ν(Bn).

Henceµ∗ is consistently defined onU. Similarly if {Dn} decreases toK , then
Corollary 5.3 and Theorem 1.13 give

ν(X) − lim
m

ν(Cm) = ν(X) − lim
m

(
lim

n
ν(Cm ∩ Dn)

)
= ν(X) − lim

n

(
lim
m

ν(Cm ∩ Dn)
) = ν(X) − lim

n
ν(Dn),

and hence limm ν(Cm) = limn ν(Dn). Thusµ∗ is consistently defined onK. The
set functionsµ∗ andµ∗ are defined on all ofU andK because a set that is a
countable union (or intersection) of sets in an algebra is a countable increasing
union (or decreasing intersection).

Of the four properties, (a) is clear, and (b) and (c) follow from the inequalities

µ∗(U ) = sup
A⊆U, A∈A

ν(A) ≤ sup
A⊆V, A∈A

ν(A) = µ∗(V)

µ∗(K ) = inf
A⊇K , A∈A

ν(A) ≤ inf
A⊇L , A∈A

ν(A) = µ∗(L).and

In (d), U is in U, since the countable union of countable unions is again a
countable union, and (b) shows that limµ∗(Un) ≤ µ∗(U ). For eachn, let {A(n)

m }
be an increasing sequence of sets fromA with unionUn. Arrange all theA(n)

m in
a sequence, and letBk denote the union of the firstk members of the sequence.
Then {Bk} is an increasing sequence with unionU . Let ε > 0 be given, and
chooseM large enough so thatµ∗(BM) ≥ µ∗(U )−ε. Since the setsUn increase,
since BM is a finite union of setsA(n)

m , and sinceA(n)
m ⊆ Un, we must have

µ∗(UN) ≥ µ∗(BM) for someN. But then

lim µ∗(Un) ≥ µ∗(UN) ≥ µ∗(BM) ≥ µ∗(U ) − ε.

Sinceε is arbitrary, limµ∗(Un) ≥ µ∗(U ).

For each subsetE of X, we define

µ∗(E) = inf
U⊇E,U∈U

µ∗(U ) and µ∗(E) = sup
K⊆E, K∈K

µ∗(K ).

Conclusions (b) and (c) of Lemma 5.32 show that the new definitions ofµ∗ andµ∗
are consistent with the old ones. The set functionsµ∗ andµ∗ on arbitrary subsets
E of X may be called theouter measureand theinner measureassociated toν.
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Lemma 5.33.If A andB are subsets ofX with A ⊆ B, thenµ∗(A) ≤ µ∗(B)

andµ∗(A) ≤ µ∗(B). In addition,

(a) if E ⊆ ⋃∞
n=1 En, thenµ∗(E) ≤ ∑∞

n=1 µ∗(En),
(b) if F andG are disjoint, thenµ∗(F) + µ∗(G) ≤ µ∗(F ∪ G).

PROOF. Sinceµ∗(A) is an infimum over a larger class of sets thanµ∗(B) is,
we haveµ∗(A) ≤ µ∗(B). Similarly µ∗(A) ≤ µ∗(B).

For (a), letE ⊆ ⋃∞
n=1 En. In the special case in whichEn is in U for all n,

let {F (n)
m } be, for fixedn and varyingm, an increasing sequence of sets inA with

union En. For anyN, we then have
⋃∞

m=1(F (1)
m ∪ · · · ∪ F (N)

m ) = E1 ∪ · · · ∪ EN .
Hence

µ∗(E) ≤ µ∗
( ∞⋃

n=1

En

)
= lim

N
µ∗
( N⋃

n=1

En

)
by Lemma 5.32d

= lim
N

µ∗
( ∞⋃

m=1

(F (1)
m ∪ · · · ∪ F (N)

m )
)

= lim
N

lim
m

ν(F (1)
m ∪ · · · ∪ F (N)

m ) by definition ofµ∗ onU

≤ lim
N

lim
m

N∑
n=1

ν(F (n)
m ) by Proposition 5.1f

= lim
N

N∑
n=1

µ∗(En) =
∞∑

n=1

µ∗(En).

For general subsetsEn of X, chooseUn in U with Un ⊇ En andµ∗(Un) ≤
µ∗(En) + ε/2n. ThenE ⊆ ⋃

n Un, and the special case applied to theUn shows
that

µ∗(E) ≤ µ∗(⋃
n

Un
) ≤

∑
n

µ∗(Un) ≤
∑

n

µ∗(En) + ε.

Henceµ∗(E) ≤ ∑
n µ∗(En), and (a) is proved.

For (b), letF andG be disjoint. In the special case in whichF andG are in
K, let {Fn} and{Gn} be decreasing sequences of sets inA with intersectionsF
andG. Then

µ∗(F ∪ G) = lim ν(Fn ∪ Gn) by definition ofµ∗ onK
= lim

(
ν(Fn) + ν(Gn) − ν(Fn ∩ Gn)

)
by Proposition 5.1b

= µ∗(F) + µ∗(G),

the last step holding by Corollary 5.3, sinceF ∩ G is empty. For general disjoint
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subsetsF andG in X, chooseK andL in K with K ⊆ F , L ⊆ G, µ∗(K ) ≥
µ∗(F) − ε, andµ∗(L) ≥ µ∗(G) − ε. Then

µ∗(F ∪ G) ≥ µ∗(K ∪ L) = µ∗(K ) + µ∗(L) ≥ µ∗(F) + µ∗(G) − 2ε,

the middle step holding by the special case. Henceµ∗(F ∪G) ≥ µ∗(F)+µ∗(G),
and (b) is proved.

Lemma 5.34.For every subsetE of X, µ∗(E) ≤ µ∗(E). Equality holds ifE
is in U orK.

PROOF. The proof is in three steps.
First we prove that ifU is in U and K is in K, thenµ∗(U ) ≤ µ∗(U ) and

µ∗(K ) ≤ µ∗(K ). In fact, chooseC in A with C ⊆ U andµ∗(U ) ≤ ν(C) + ε.
Thenµ∗(U ) ≤ ν(C) + ε ≤ µ∗(U ) + ε by Lemma 5.33 sinceC ⊆ U . Hence
µ∗(U ) ≤ µ∗(U ). Similarly chooseD in A with D ⊇ K andµ∗(K ) ≥ ν(D)− ε.
Thenµ∗(K ) ≥ ν(D) − ε ≥ µ∗(K ) − ε, and henceµ∗(K ) ≥ µ∗(K ).

Second we prove that ifK is in K, thenµ∗(K ) = µ∗(K ). In fact, chooseC
in A with C ⊇ K andν(C) − µ∗(K ) ≤ ε. ThenC − K is in U, and

µ∗(K ) ≤ ν(C) ≤ µ∗(C − K ) + µ∗(K ) by Lemma 5.33a

≤ (
µ∗(C − K ) + µ∗(K )

)− µ∗(K ) + µ∗(K ) by the previous step

≤ ν(C) − µ∗(K ) + µ∗(K ) by Lemma 5.33b

≤ µ∗(K ) + ε by the choice ofC.

Combining this inequality with the previous step, we see thatµ∗(K ) = µ∗(K ).
Third we prove thatµ∗(E) ≤ µ∗(E) for everyE. In fact, findK in K andU

in U with K ⊆ E ⊆ U , µ∗(K ) ≥ µ∗(E) − ε, andµ∗(U ) ≤ µ∗(E) + ε. Then
µ∗(E) ≤ µ∗(K ) + ε = µ∗(K ) + ε ≤ µ∗(U ) + ε ≤ µ∗(E) + 2ε, and the proof
is complete.

Define a subsetE of X to be measurable for purposes of this section if
µ∗(E) = µ∗(E), and letB be the class of measurable subsets ofX. Lemma 5.34
shows thatU andK are both contained inB.

Lemma 5.35.If U is in U andK is in K with K ⊆ U , then

µ∗(U − K ) = µ∗(U ) − µ∗(K ).

If E is measurable, then for anyε > 0, there are setsK in K andU in U with
K ⊆ E ⊆ U and

µ∗(E − K ) ≤ µ∗(U − K ) ≤ ε.



258 V. Lebesgue Measure and Abstract Measure Theory

PROOF. For the first conclusion,U − K is in U and henceµ∗(U − K ) =
µ∗(U − K ) = µ∗(U ) − µ∗(K ) = µ∗(U ) − µ∗(K ) by Lemma 5.34, Lemma
5.33b, and Lemma 5.34 again.

For the second conclusion chooseK in K andU in U with K ⊆ E ⊆ U ,
µ∗(K ) + ε

2 ≥ µ∗(E), andµ∗(E) ≥ µ∗(U ) − ε
2. Sinceµ∗(E) = µ∗(E) by

the assumed measurability, we see thatµ∗(K ) + ε
2 ≥ µ∗(U ) − ε

2, hence that
µ∗(U ) − µ∗(K ) ≤ ε. The result now follows from Lemma 5.33 and the first
conclusion of the present lemma.

Lemma 5.36.The classB of measurable sets is aσ -algebra containingA, and
the restriction ofµ∗ toB is a measure.

PROOF. CertainlyB ⊇ A. The rest of the proof is in three steps.
First we prove that the intersection of two measurable sets is measurable. In

fact, letF andG be inB, and use Lemma 5.35 to chooseK ⊆ F andL ⊆ G with
µ∗(F−K ) ≤ ε andµ∗(G−L) ≤ ε. SinceF∩G ⊆ (F−K )∪(K ∩L)∪(G−L),

µ∗(F ∩ G)

≤ µ∗(F − K ) + µ∗(K ∩ L) + µ∗(G − L) by Lemma 5.33a

≤ µ∗(K ∩ L) + 2ε by definition ofK andL

= µ∗(K ∩ L) + 2ε by Lemma 5.34

≤ µ∗(F ∩ G) + 2ε sinceK ∩ L ⊆ F ∩ G.

Second we prove that the complement of a measurable set is measurable. Let
E be measurable. By Lemma 5.35 chooseK in K andU in U with K ⊆ E ⊆ U
andµ∗(U − K ) ≤ ε. SinceUc ⊆ Ec ⊆ K c andK c − Uc = U − K , we have

µ∗(Ec) ≤ µ∗(K c − Uc) + µ∗(Uc) by Lemma 5.33a

= µ∗(U − K ) + µ∗(Uc) sinceUc is in K
≤ ε + µ∗(Ec).

Thus the complement of a measurable set is measurable, andB is an algebra of
sets.

Third we prove that the countable disjoint union of measurable sets is measur-
able, andµ∗ is a measure onB. In fact, let{En} be a sequence of disjoint sets in
B. Application of Lemma 5.33a, Lemma 5.33b, and Lemma 5.34 gives

µ∗
( ∞⋃

n=1

En

)
≤

∞∑
n=1

µ∗(En) =
∞∑

n=1

µ∗(En) = lim
N

N∑
n=1

µ∗(En)

≤ lim
N

µ∗
( N⋃

n=1

En

)
≤ µ∗

( ∞⋃
n=1

En

)
≤ µ∗

( ∞⋃
n=1

En

)
.
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The end members of this chain of inequalities are equal, and thus equality must
hold throughout:µ∗(

⋃
n En) = µ∗(

⋃
n En) = ∑

µ∗(En). Consequently
⋃

n En

is measurable, andµ∗ is completely additive.

PROOF OFTHEOREM 5.5 UNDER THE SPECIAL HYPOTHESES. We continue to
assume that the given ring of subsets ofX is an algebra and thatν(X) is finite.
DefineB to be the class of measurable sets in the previous construction. Then
Lemma 5.36 shows thatB is a σ -algebra containingA. HenceB contains the
smallestσ -algebraC containingA. Lemma 5.36 shows also that the restriction
of µ∗ toC is a measure extendingν. This proves existence of the extension under
the special hypotheses.

For uniqueness, suppose thatµ′ is an extension ofν to C. Proposition 5.2
and Corollary 5.3 show thatµ′ has to agree withµ∗ onU and withµ∗ onK. If
K ⊆ E ⊆ U with K in K andU in U, then we have

µ∗(K ) = µ′(K ) ≤ µ′(E) ≤ µ′(U ) = µ∗(U ).

Taking the supremum overK and the infimum overU givesµ∗(E) ≤ µ′(E) ≤
µ∗(E). SinceE is in B, µ∗(E) = µ∗(E), and we see thatµ′(E) = µ∗(E).
Thusµ′ coincides with the restriction ofµ∗ to C. This proves uniqueness of the
extension under the special hypotheses.

Now we return to the general hypotheses of Theorem 5.5—thatR is a ring of
subsets ofX, thatν is a nonnegative completely additive set function onR, and
thatν is σ -finite—and we shall complete the proof thatν extends uniquely to a
measure on the smallestσ -ring C containingR.

PROOF OFTHEOREM5.5IN THE GENERAL CASE. If S is an element ofR with
ν(S) finite, defineS∩ R = {

S∩ R
∣∣ R ∈ R

}
. Then(S, S∩ R, ν

∣∣
S∩R) is a set

of data satisfying the special hypotheses of the Extension Theorem considered
above. By the special case, ifCS denotes the smallestσ -algebra of subsets ofS
containingS∩R, thenν

∣∣
S∩R has a unique extension to a measureµS onCS. The

measuresµS have a certain consistency property because of the uniqueness: if
S′ ⊆ S, thenµS

∣∣
S′∩R = µS′ .

Now let {Sn} be a sequence of sets inR with union S in C and withν(Sn)

finite for all n. Possibly replacing each setSn by the difference ofSn and all
previousSk’s, we may assume that the sequence is disjoint. We defineµS on
theσ -algebraS∩ C of subsetsS by µS(E) = ∑

n µSn(E ∩ Sn) for E in S∩ C.
Let us check thatµS is unambiguously defined and is completely additive. If
{Tm} is another sequence of sets inR with union S and withν(Tm) finite for
all m, then the corresponding definition of a set function onS∩ C is µ′

S(E) =∑
m µTm(E ∩ Tm). The consistency property from the previous paragraph gives
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usµSn(E ∩ Sn ∩ Tm) = µTm(E ∩ Sn ∩ Tm). Then Corollary 1.15 allows us to
write

µ′
S(E) =

∑
m

µTm(E ∩ Tm) =
∑

m

∑
n

µTm(E ∩ Sn ∩ Tm)

=
∑

m

∑
n

µSn(E ∩ Sn ∩ Tm) =
∑

n

∑
m

µSn(E ∩ Sn ∩ Tm)

=
∑

n

µSn(E ∩ Sn) = µS(E),

and we see thatµS is unambiguously defined. To check thatµS is completely
additive, letF1, F2, . . . be a disjoint sequence of sets inS∩Cwith unionF . Then
the complete additivity ofµSn , in combination with Corollary 1.15, gives

µS(F) =
∑

n

µSn(F ∩ Sn) =
∑

n

∑
m

µSn(Fm ∩ Sn)

=
∑

m

∑
n

µSn(Fm ∩ Sn) =
∑

m

µS(Fm),

and thusµS is completely additive.
The measuresµS are consistent on their common domains. To see the consis-

tency, let us see thatµS andµT agree on subsets ofS∩ T . Let Sbe the countable
disjoint union of setsSn in R, and letT be the countable disjoint union of setsTm

in R. ThenS∩ T is the countable disjoint union of the setsSn ∩ Tm. If E is in
(S∩ T)∩C, then Corollary 1.15 and the consistency property of the set functions
µR for R in R yield

µS(E) =
∑

n

µSn(E ∩ Sn) =
∑

n

µSn(E ∩ Sn ∩ T)

=
∑

n

∑
m

µSn(E ∩ Sn ∩ Tm) =
∑

n

∑
m

µSn∩Tm(E ∩ Sn ∩ Tm)

=
∑

m

∑
n

µSn∩Tm(E ∩ Sn ∩ Tm) =
∑

m

∑
n

µTm(E ∩ Sn ∩ Tm)

=
∑

m

µTm(E ∩ S∩ Tm) =
∑

m

µTm(E ∩ Tm) = µT (E).

Hence the measuresµS are consistent on their common domains.
If M denotes the set of subsets ofX that are contained in a countable union

of members ofR on whichν is finite, thenM is closed under countable unions
and differences and is thus aσ -ring containingR. It therefore containsC, and we
conclude that every member ofC is contained in a countable union of members of
R on whichν is finite. It follows that we can defineµ on all ofC as follows: ifE
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is inC, thenE is contained in some countable unionSof members ofR on which
ν is finite, and we defineµ(E) = µS(E). We have seen that the measuresµS

are consistently defined, and henceµ(E) is well defined. If a countable disjoint
union E = ⋃∞

N=1 En of sets inC is given, then all the sets in question lie in a
singleS, and we then haveµ(E) = µS(E) = ∑∞

n=1 µS(En) = ∑∞
n=1 µ(En). In

other words,µ is completely additive. This proves existence.
For uniqueness letE be given inC, and suppose thatS is a member ofC

containingE and equal to the countable disjoint union of setsSn in R with ν(Sn)

finite for all n. We have seen that the value ofµ(E ∩ Sn) = µSn(E ∩ Sn) is
determined byν

∣∣
Sn∩R, hence byν onR. By complete additivity ofµ, µ(E) is

determined by the values ofµ(E ∩ Sn) for all n. Thereforeµ onC is determined
by ν onR. This proves uniqueness.

As was promised, we shall now fill in one further detail left from Section 1—to
show that a measure on aσ -ring has a canonical extension to a measure on the
smallestσ -algebra containing the givenσ -ring.

Proposition 5.37. Let R be aσ -ring of subsets of a nonempty setX, let Rc

be the set of complements inX of the members ofR, and letA be the smallest
σ -algebra containingR. Then either

(i) R = Rc = A or
(ii) R ∩ Rc = ∅ andA = R ∪ Rc.

In the latter case any measureµ on R has a canonical extension to a measure
µ1 on A given byµ1(E) = sup

{
µ(F)

∣∣ F ∈ R andF ⊆ E
}

for E in Rc.
This canonical extension has the property that any other extensionµ2 satisfies
µ2 ≥ µ1.

PROOF. If X is in R, thenR is closed under complements, sinceR is closed
under differences; henceR = Rc = A. If X is not inR, thenR ∩ Rc = ∅
because any setE in the intersection hasEc in the intersection and then also
X = E ∪ Ec in the intersection. In this latter case it is plain thatA ⊇ R ∪ Rc.
Thus (ii) will be the only alternative to (i) if it is proved thatB = R ∪ Rc is
a σ -algebra. CertainlyB is closed under complements. To see thatB is closed
under countable unions, we may assume, becauseR is aσ -ring, that we are to
check the union of countably many sets with at least one inRc. Thus let{En}
be a sequence of sets inR, and let{Fn} be a sequence of sets inRc. Then
E = ⋃∞

n=1 En is inR andF = ⋂∞
n=1 Fc

n is inR, sinceR is aσ -ring. The union
of the setsEn and Fn in question isE ∪ Fc = (F − E)c, is exhibited as the
complement of the difference of two sets inR, and is therefore inRc. ThusA is
closed under countable unions and is aσ -algebra.
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In the case of (ii), let us see thatµ1 is a measure onA. If we are to check
the measure of a disjoint sequence of sets inA, there is no problem if all the sets
are inR, sinceµ1

∣∣R = µ is completely additive. There cannot be as many as
two of the sets inRc because no two setsF1 andF2 in Rc are disjoint; in fact,
F1 ∩ F2 = (Fc

1 ∪ Fc
2 )c exhibits the intersection as inRc, and the empty set is

not a member ofRc. Thus we may assume that the disjoint sequence consists
of a sequence{En} of sets inR and a single setF in Rc. If E = ⋃∞

n=1 En,
thenµ1(E) = µ(E) = ∑∞

n=1 µ(En) = ∑∞
n=1 µ1(En). So it is enough to see

that µ1(E ∪ F) = µ(E) + µ1(F). If E′ is a subset ofF that is inR, then
µ1(E ∪ F) ≥ µ(E ∪ E′) = µ(E) + µ(E′). Taking the supremum over all such
E′ shows thatµ1(E ∪ F) ≥ µ(E) + µ1(F). For the reverse inequality letS be
a member ofR contained inE ∪ F . Then the setsE ∩ S andF ∩ S = S− Fc

are inR, and thusµ(S) = µ(E ∩ S) + µ(F ∩ S) ≤ µ(E) + µ1(F). Taking the
supremum overS givesµ1(E ∪ F) ≤ µ(E) + µ1(F). Thusµ1 is completely
additive.

If µ2 is any other extension, any setF inRc hasµ2(F) ≥ µ2(E) = µ(E) for all
subsetsE of F that are inR. Taking the supremum overE givesµ2(F) ≥ µ1(F),
and thusµ2 ≥ µ1 as set functions onA.

6. Completion of a Measure Space

If (X,A, µ) is a measure space, we define thecompletionof this space to be the
measure space(X,A, µ) defined by

A =
{

E 	 Z

∣∣∣∣ E is in A and Z ⊆ Z′ for
someZ′ ∈ A with µ(Z′) = 0

}
,

µ(E 	 Z) = µ(E).

It is necessary to verify that the result is in fact a measure space, and we shall
carry out this step in the proposition below. In the case of Lebesgue measurem
on the line, when initially defined on theσ -algebraA of Borel sets, the sets in
σ -algebraA are said to beLebesgue measurable.

Proposition 5.38. If (X,A, µ) is a measure space, then the completion
(X,A, µ) is a measure space. Specifically

(a) A is aσ -algebra containingA,
(b) the set functionµ is unambiguously defined onA, i.e., if E1 	 Z1 =

E2 	 Z2 as above, thenµ(E1) = µ(E2),
(c) µ is a measure onA, andµ(E) = µ(E) for all setsE in A.



6. Completion of a Measure Space 263

In addition,

(d) if µ̃ is any measure onA such that̃µ(E) = µ(E) for all E in A, then
µ̃ = µ onA,

(e) if µ(X) < +∞ and if for E ⊆ X, µ∗(E) andµ∗(E) are defined by

µ∗(E) = sup
A⊆E, A∈A

µ(A) and µ∗(E) = inf
A⊇E, A∈A

µ(A),

thenE is in A if and only if µ∗(E) = µ∗(E).

PROOF. For (a), certainlyA ⊆ A because we can useZ = Z′ = ∅ in the
definition ofA. Since(E 	 Z)c = (E 	 Z) 	 X = (E 	 X) 	 Z = Ec 	 Z, A
is closed under complements.

To prove closure under countable unions, let us first prove that

A =
{

E ∪ Z

∣∣∣∣ E is in A and Z ⊆ Z′ for
someZ′ ∈ A with µ(Z′) = 0

}
. (∗)

Thus letE ∪ Z be given, withZ ⊆ Z′. ThenE ∪ Z = E 	 (Z 	 (E ∩ Z)) with
Z 	 (E ∩ Z) ⊆ Z′. SoE ∪ Z is inA. Conversely ifE 	 Z is inA, we can write
E 	 Z = (E−Z′)∪((E∩Z′)−Z)∪(Z−E))with ((E∩Z′)−Z)∪(Z−E)) ⊆ Z′,
and then we see thatE 	 Z is of the formE′′ ∪ Z′′ with E′′ in A andZ′′ ⊆ Z′.

Returning to the proof of closure under countable unions, letEn ∪ Zn be given
in A with Zn ⊆ Z′

n andµ(Z′
n) = 0. Then

⋃
n(En ∪ Zn) = (⋃

n En
)∪ (⋃n Zn

)
with

⋃
n Zn ⊆ ⋃

n Z′
n andµ

(⋃
n Z′

n

) = 0. In view of (∗), A is therefore closed
under countable unions.

For (b), we take as given thatE1 	 Z1 = E2 	 Z2 with Z1 ⊆ Z′
1, Z2 ⊆ Z′

2, and
µ(Z′

1) = µ(Z′
2) = 0. Then(E1 	 E2) 	 (Z1 	 Z2) = ∅ and henceE1 	 E2 =

Z1 	 Z2 ⊆ Z′
1∪Z′

2. Thereforeµ(E1−E2) ≤ µ(E1 	 E2) ≤ µ(Z′
1∪Z′

2) = 0 and
similarlyµ(E2 − E1) = 0. It follows thatµ(E1) = µ(E1 − E2)+µ(E1 ∩ E2) =
µ(E1 ∩ E2) = µ(E2 − E1) + µ(E1 ∩ E2) = µ(E2), andµ is unambiguously
defined.

For (c), we see from (∗) thatµ can be defined equivalently byµ(E∪Z) = µ(E)

if Z ⊆ Z′ andµ(Z′) = 0. If a disjoint sequenceEn ∪ Zn is given, then we find
thatµ

(⋃
n(En ∪ Zn)

) = µ
((⋃

n En) ∪ (⋃n Zn
)) = µ

(⋃
n En

) = ∑
µ(En) =∑

µ(En∪ Zn), and complete additivity is proved. TakingZ = ∅ in the definition
µ(E ∪ Z) = µ(E), we obtainµ(E) = µ(E) for E in A.

For (d), we use (∗) as the description of the sets inA. Let E ∪ Z be inA
with E in A, Z ⊆ Z′, andZ′ in A with µ(Z′) = 0. Then Proposition 5.1f gives
µ̃(E ∩ Z) ≤ µ̃(Z) ≤ µ̃(Z′) = µ(Z′) = 0, so that̃µ(E ∩ Z) = µ̃(Z) = 0.
Meanwhile, Proposition 5.1b gives̃µ(E ∪ Z) + µ̃(E ∩ Z) = µ̃(E) + µ̃(Z).
Hencẽµ(E ∪ Z) = µ̃(E) = µ(E).
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For (e), it is immediate thatµ∗(E) ≤ µ∗(E) for every subsetE of X. Let
E = C ∪ Z be inA with C in A, Z ⊆ Z′, andZ′ in A with µ(Z′) = 0. Then
µ(C) ≤ µ∗(E) ≤ µ∗(E) ≤ µ(C ∪ Z′) ≤ µ(C) + µ(Z′) = µ(C). Since the
expressions at the ends are equal, we must have equality throughout, and therefore
µ∗(E) = µ∗(E).

In the converse direction letµ∗(E) = µ∗(E). We can find a sequence of sets
An ∈ A contained inE with lim µ(An) = µ∗(E), and we may assume without
loss of generality that{An} is an increasing sequence. Similarly we can find a
decreasing sequence of setsBn ∈ A containingE with lim µ(Bn) = µ∗(E). Let
A = ⋃

n An andB = ⋂
n Bn. When combined with the equalityµ∗(E) = µ∗(E),

Proposition 5.2 and Corollary 5.3 show thatµ(A) = µ∗(E) = µ∗(E) = µ(B).
SinceA ⊆ E ⊆ B, we haveµ(B− A) = µ(B)−µ(A) = 0 andE = A∪(E− A)

with E − A ⊆ B − A andµ(B − A) = 0. By (∗), E is inA.

A variant of Proposition 5.38e and its proof identifies theσ -algebra on which
the extended measure is constructed in the proof of the Extension Theorem (The-
orem 5.5) in the special case we considered. In the special case of the Extension
Theorem, the given ring of sets is an algebraA, andν(X) is finite. The set
functionν gets extended to a measureµ on aσ -algebraB that contains the smallest
σ -algebraC containingA. The sets ofB are those for whichµ∗(E) = µ∗(E),
where

µ∗(E) = inf
U⊇E,U∈U

µ∗(U ) and µ∗(E) = sup
K⊆E, K∈K

µ∗(K ),

K andU having been defined in terms of countable intersections and countable
unions, respectively, fromA. The variant of Proposition 5.38e is that a subset
E of X hasµ∗(E) = µ∗(E) if and only if E is of the formC ∪ Z with C in C,
Z ⊆ Z′, andZ′ in C with µ(Z′) = 0. In other words,(X,B, µ) is the completion
of (X, C, µ).

The proof is modeled on the proof of Proposition 5.38e. IfE = C ∪ Z is
a set inC with C in C, Z ⊆ Z′, and Z′ in C with µ(Z′) = 0, thenµ(C) ≤
µ∗(E) ≤ µ∗(E) ≤ µ(C ∪ Z′) ≤ µ(C) + µ(Z′) = µ(C). We conclude that
µ∗(E) = µ∗(E).

In the converse direction letµ∗(E) = µ∗(E). We can find an increasing
sequence of setsAn ∈ K ⊆ C contained inE with lim µ(An) = µ∗(E), and
we can find a decreasing sequence of setsBn ∈ U ⊆ C containing E with
lim µ(Bn) = µ∗(E). Let A = ⋃

n An andB = ⋂
n Bn. Arguing as in the proof

of Proposition 5.38e, we haveµ(A) = µ∗(E) = µ∗(E) = µ(B), µ(B − A) =
µ(B)−µ(A) = 0, andE = A∪(E− A) with E− A ⊆ B− Aandµ(B− A) = 0.
ThusE = C ∪ Z with C = A andZ = E − A.

This calculation has the following interesting consequence.
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Proposition 5.39. In R1, the Lebesgue measurable sets of measure 0 are
exactly the subsetsE of R1 with the following property: for anyε > 0, the setE
can be covered by countably many intervals of total length less thanε.

PROOF. Within a bounded interval [a, b], the above remarks apply and show
that the Lebesgue measurable sets of measure 0 are the setsE with µ∗(E) = 0,
whereµ∗(E) = infU⊇E,U∈U µ∗(U ). The setsU definingµ∗(E) are countable
unions of intervals, and the proposition follows for subsets of any bounded interval
[a, b].

For general setsE in R1, if the covering condition holds, then Proposition 5.1g
shows thatE has Lebesgue measure 0. Conversely ifE is Lebesgue measurable
of measure 0, thenE∩ [−N, N] is a bounded set of measure 0 and can be covered
by countably many intervals of arbitrarily small total length. Let us arrange that
the total length is< 2−Nε. Taking the union of these sets of intervals asN varies,
we obtain a cover ofE by countably many intervals of total length less thanε.

7. Fubini’s Theorem for the Lebesgue Integral

Fubini’s Theorem for the Lebesgue integral concerns the interchange of order
of integration of functions of two variables, just as with the Riemann integral
in Section III.9. In the case of Euclidean spaceRn, we could have constructed
Lebesgue measure in each dimension by a procedure similar to the one we used
for R1. Then Fubini’s Theorem relates integration of a function ofm+n variables
over a set by either integrating in all variables at once or integrating in the first
m variables first or integrating in the lastn variables first. In the context of more
general measure spaces, we need to develop the notion of the product of two
measure spaces. This corresponds to knowingRm andRn with their Lebesgue
measures and to constructingRm+n with its Lebesgue measure.

In the theorem as we shall state it, we are given two measures spaces(X,A, µ)

and(Y,B, ν), and we assume that bothµ andν areσ -finite. We shall construct a
product measure space(X × Y,A × B, µ × ν), and the formula in question will
be ∫

X×Y
f d(µ × ν)

?=
∫

X

[ ∫
Y

f (x, y) dν(y)
]

dµ(x)

?=
∫

Y

[ ∫
X

f (x, y) dµ(x)
]

dν(y).

This formula will be valid for f ≥ 0 measurable with respect toA × B.
The technique of proof will be the standard one indicated in connection with

proving Corollary 5.28. We start with indicator functions, extend the result to
simple functions by linearity, and pass to the limit by the Monotone Convergence
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Theorem (Theorem 5.25). It is then apparent that the difficult step is the case that
f is an indicator function. In fact, it is not even clear in this special case that the
inside integral

∫
Y IE(x, y) dν(y) is a measurable function ofX, and this is the

step that requires some work.
We begin by describingA×B, theσ -algebra of measurable sets for the product

X × Y. Recall from Section A1 of the appendix thatX × Y is defined as a set of
ordered pairs. IfA ⊆ X andB ⊆ Y, then the set of ordered pairs that constitute
A × B is a subset ofX × Y, and we callA × B a rectangle6 in X × Y. The sets
A andB are called thesidesof the rectangle.

Proposition 5.40.If A andB are algebras of subsets of nonempty setsX and
Y, then the classC of all finite disjoint unions of rectanglesA × B with A in A
andB inB is an algebra of sets inX ×Y. In particular, a finite union of rectangles
is a finite disjoint union.

PROOF. The intersection of the rectanglesR1 = A1 × B1 andR2 = A2 × B2 is
the rectangleR = (A1 ∩ A2) × (B1 ∩ B2) because bothR1 ∩ R2 andR coincide
with the set

{
(x, y) ∈ X × Y

∣∣ x ∈ A1, x ∈ A2, y ∈ B1, y ∈ B2
}
. Therefore

( m⋃
i =1

(Ai × Bi )
)

∩
( n⋃

j =1

(Cj × Dj )
)

=
⋃
i, j

{
(Ai ∩ Cj ) × (Bi ∩ Dj )

}
,

and the right side is a disjoint union if both
⋃

i (Ai × Bi ) and
⋃

j (Cj × Dj ) are
disjoint unions. Moreover, the right side is inC if both unions on the left are inC.
ThereforeC is closed under finite intersections.

Certainly∅ andX × Y are inC. The identity

(X × Y) − (A × B) = (
(X − A) × B

) ∪ (X × (Y − B)
)

exhibits the complement of a rectangle as a disjoint union of rectangles. Since
the complement of a disjoint union is the intersection of the complements,C is
closed under complementation. ThusC is an algebra of sets, and the proof is
complete.

If A andB areσ -algebras inX andY, then we denote the smallestσ -algebra
containing the algebraC of the above proposition byA × B. The setX × Y,
together with theσ -algebraA × B, is called a product space. Themeasurable
setsof X × Y are the sets ofA × B.

6The word “rectangle” was used with a different meaning in Chapter III, but there will be no
possibility of confusion for now. Starting in Chapter VI, both kinds of rectangles will be in play;
the ones in Chapter III can then be called “geometric rectangles” and the present ones can be called
“abstract rectangles.”
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Let E be any set inX × Y. Thesection Ex of E determined byx in X is
defined by

Ex = {
y
∣∣ (x, y) is in E

}
.

Similarly the sectionEy determined byy in Y is

Ey = {
x
∣∣ (x, y) is in E

}
.

The sectionEx is a subset ofY, and the sectionEy is a subset ofX.

Lemma 5.41.Let {Eα} be a class of subsets ofX × Y, and letx be a point of
X. Then

(a)
(⋃

α Eα

)
x = ⋃

α (Eα)x,
(b)

(⋂
α Eα

)
x = ⋂

α (Eα)x,
(c) (Eα − Eβ)x = (Eα)x − (Eβ)x and, in particular,(Ec

β)x = Y − (Eβ)x.

PROOF. These facts are special cases of the identities at the end of Section A1
of the appendix for inverse images of functions. In this case the function in
question is given byf (y) = (x, y).

Proposition 5.42. Let A andB be σ -algebras inX andY, and letE be a
measurable set inX × Y. Then every sectionEx is a measurable set inY, and
every sectionEy is a measurable set inX.

PROOF. We prove the result for sectionsEx, the proof forEy being completely
analogous. LetE be the class of all subsetsE of X × Y all of whose sectionsEx

are inB. ThenE contains all rectangles with measurable sides, since a section
of a rectangle is either the empty set or one of the sides. By Lemma 5.41a,E
is closed under finite unions. HenceE contains the algebraC of finite disjoint
unions of rectangles with measurable sides. By parts (a) and (c) of Lemma 5.41,
E is closed under countable unions and complements. It is therefore aσ -algebra
containingC and thus containsA × B.

A corollary of Proposition 5.42 is that a rectangle inX × Y is measurable if
and only if its sides are measurable. The sufficiency follows from the fact that
a rectangle with measurable sides is inC, and the necessity follows from the
proposition.

From now on, we shall adhere to the convention that arectangle is always
assumed to be measurable.

We turn to the implementation of the sketch of proof of Fubini’s Theorem
given earlier in this section. The basic question will be the equality of the iterated
integrals in either order when the integrand is an indicator function. IfE is
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a measurable set inX × Y, then we know from Proposition 5.42 thatEx is a
measurable subset ofY. In order to form the iterated integral∫

X

[ ∫
Y

IE(x, y) dν(y)
]

dµ(x),

we compute the inside integral asν(Ex), and we have to be able to form the
outside integral, which is

∫
X ν(Ex) dµ(x). That is, we need to know thatν(Ex)

is a measurable function onX. For the iterated integral in the other order, we
need to know thatµ(Ey) is measurable onY.

The proof of this measurability is the hard step, since the class of setsE for
which ν(Ex) andµ(Ey) are both measurable does not appear to be necessarily
aσ -algebra, even whenµ andν are finite measures. To deal with this difficulty,
we introduce the following terminology: a class of sets is called amonotone
classif it is closed under countable increasing unions and countable decreasing
intersections. It is readily verified that the class of all subsets of a set is a monotone
class and that the intersection of any nonempty family of monotone classes is a
monotone class; hence there is a smallest monotone class containing any given
class of sets.

The proof of the lemma below introduces the notation↑ and ↓ to denote
increasing countable union and decreasing countable intersection, respectively.

Lemma 5.43 (Monotone Class Lemma). The smallest monotone classM
containing an algebraA of sets is identical to the smallestσ -algebraÃ contain-
ingA.

PROOF. We haveM ⊆ Ã becausẽA is a monotone class containingA. To
prove the reverse inclusion, it is sufficient to show thatM is closed under the
operations of finite union and complementation, since a countable union can be
written as the increasing countable union of finite unions. The proof is in three
steps.

First we prove that ifA is in A andM is in M, thenA ∪ M and A ∩ M are
in M. For fixedA in A, letUA be the class of all setsM in M such thatA ∪ M
and A ∩ M are inM. ThenUA ⊇ A. If we show thatUA is a monotone class,
then it will follow thatUA ⊇ M. For this purpose let

Un ↑ U and Vn ↓ V with Un andVn in UA.

By definition ofUA, the setsUn ∪ A, Un ∩ A, Vn ∪ A, andVn ∩ A are inM. But

Un ∪ A ↑ U ∪ A and Un ∩ A ↑ U ∩ A,

Vn ∪ A ↓ V ∪ A and Vn ∩ A ↓ V ∩ A.

ThereforeU andV are inUA, andUA is a monotone class.
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Second we prove thatM is closed under finite unions. For fixedN in M, let
UN be the class of all setsM in M such thatN ∪ M andN ∩ M are inM. Then
UN ⊇ A by the previous step. The same argument as in that step shows thatUN

is a monotone class, and henceUN = M.
Third we prove thatM is closed under complements. LetN be the class of

all sets inM whose complements are inM. ThenN ⊇ A, and it is enough to
show thatN is a monotone class. If

Cn ↑ C and Dn ↓ D with Cn andDn in N,

thenC andD are inM sinceCn andDn are inM. Now

Cc
n ↓ Cc and Dc

n ↑ Dc,

and by definition ofN, Cc
n and Dc

n are inM. ThereforeCc and Dc are inM,
andC andD must be inN. That is,N is a monotone class.

Lemma 5.44. If (X,A, µ) and (Y,B, ν) areσ -finite measure spaces, then
ν(Ex) andµ(Ey) are measurable functions for everyE in A × B.

PROOF IFµ(X) < +∞ AND ν(Y) < +∞. LetM be the class of all setsE
in A × B for which ν(Ex) andµ(Ey) are measurable. We shall show thatM is
a monotone class containing the algebraC of finite disjoint unions of rectangles.
If R = A × B is a rectangle, then

ν(Rx) = ν(B)I A and µ(Ry) = µ(A)I B,

and soR is in M. If E andF are disjoint sets inM, then

ν((E ∪ F)x) = ν(Ex ∪ Fx) = ν(Ex) + ν(Fx)

for eachx, and similarly forµ for eachy. By Proposition 5.7,ν((E ∪ F)x) and
µ((E ∪ F)y) are measurable. HenceE ∪ F is inM, andM containsC. If {En}
and{Fn} are increasing and decreasing sequences of sets inM, then the finiteness
and complete additivity ofν imply that

ν
((⋃

n

En

)
x

)
= ν

(⋃
n

(En)x

)
= lim ν((En)x)

ν
((⋂

n

Fn

)
x

)
= ν

(⋂
n

(Fn)x

)
= lim ν((Fn)x),and

and similarly forµ. Since the limit of measurable functions is measurable
(Corollary 5.10), we conclude thatM is a monotone class. ThereforeM contains
A × B by the Monotone Class Lemma (Lemma 5.43).
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PROOF FORσ -FINITE µ AND ν. Write X = ⋃∞
m=1 Xm andY = ⋃∞

n=1 Yn

disjointly, withµ(Xm) < +∞ andν(Yn) < +∞ for all m andn. DefineAm and
Bn by

Am = {
A ∩ Xm

∣∣ A is in A
}

and Bn = {
B ∩ Yn

∣∣ B is in B
}
,

and defineµm andνn onAm andBn by restriction fromµ andν. Then the triples
(Xm,Am, µm) and(Yn,Bn, νn) are finite measure spaces, and the previous case
applies. IfE is in A × B, thenEmn = E ∩ (Xm × Yn) is in Am × Bn, and so
ν((Emn)x) andµ((Emn)

y) are measurable with respect toAm andBn, hence with
respect toA andB. Thus

ν(Ex) =
∑
m,n

ν((Emn)x) and µ(Ey) =
∑
m,n

µ((Emn)
y)

exhibitν(Ex) andµ(Ey) as countable sums of nonnegative measurable functions.
They are therefore measurable.

The next proposition simultaneously constructs the product measure and es-
tablishes Fubini’s Theorem for indicator functions.

Proposition 5.45. Let (X,A, µ) and (Y,B, ν) be σ -finite measure spaces.
Then there exists a unique measureµ × ν onA × B such that

(µ × ν)(A × B) = µ(A)ν(B)

for every rectangleA × B. The measureµ × ν is σ -finite, and

(µ × ν)(E) =
∫

X
ν(Ex) dµ(x) =

∫
Y

µ(Ey) dν(y)

for every setE in A × B.

PROOF. In view of the measurability ofν(Ex) given in Lemma 5.44, we can
define a set functionρ onA × B by

ρ(E) =
∫

X
ν(Ex) dµ(x).

Thenρ(∅) = 0, andρ is nonnegative. On a rectangleA × B, we have

ρ(A × B) = µ(A)ν(B) (∗)

sinceν((A × B)x) = ν(B)I A. We shall show thatρ is completely additive. If
{En} is a disjoint sequence inA × B, then
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ρ
(⋃

n

En

)
=
∫

X
ν
((⋃

n

En

)
x

)
dµ(x) by definition ofρ

=
∫

X
ν
(⋃

n

(En)x

)
dµ(x) by Lemma 5.41a

=
∫

X

[∑
n

ν((En)x)
]

dµ(x) since the sets(En)x are disjoint
for each fixedx

=
∑

n

∫
X

ν((En)x) dµ(x) by Corollary 5.27

=
∑

n

ρ(En).

Now X × Y = ⋃
m,n (Xm × Yn). Sinceρ has just been shown to be completely

additive and sinceµ andν areσ -finite, (∗) shows thatρ is σ -finite. Also, (∗)
completely determinesρ on the algebraC of finite disjoint unions of rectangles.
By the Extension Theorem (Theorem 5.5),ρ is completely determined on the
smallestσ -algebraA × B containingC.

Definingσ(E) = ∫
Y µ(Ey) dν(y) and arguing in the same way, we see thatσ

is a measure onA × B agreeing withρ on rectangles and determined onA × B
by its values on rectangles. Thus we haveρ = σ on A × B, and can define
µ × ν = ρ = σ to complete the proof.

Lemma 5.46.If f is a measurable function defined on a product spaceX ×Y,
then for eachx in X, y 
→ f (x, y) is a measurable function onY, and for each
y in Y, x 
→ f (x, y) is a measurable function onX.

PROOF. For each fixedx, the formula{
y
∣∣ f (x, y) > c

} = {
(x, y)

∣∣ f (x, y) > c
}

x

exhibits the set on the left as a section of a measurable set, which must be mea-
surable according to Proposition 5.42. The result for fixedy is proved similarly.

Theorem 5.47(Fubini’s Theorem). Let(X,A, µ) and(Y,B, ν) be σ -finite
measure spaces, and let(X × Y,A × B, µ × ν) be the product measure space.
If f is anonnegative measurablefunction onX × Y, then

∫
Y f (x, y) dν(y) and∫

X f (x, y) dµ(x) are measurable, and∫
X×Y

f d(µ × ν) =
∫

X

[ ∫
Y

f (x, y) dν(y)
]

dµ(x)

=
∫

Y

[ ∫
X

f (x, y) dµ(x)
]

dν(y).
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PROOF. Lemma 5.46 shows thatf (x, y) is measurable in each variable sep-
arately and hence that the inside integrals in the conclusion are well defined. If
f is the indicator function of a measurable subsetE of X × Y, then the theorem
reduces to Proposition 5.45. The result immediately extends to the case of a
simple functionf ≥ 0.

Now let f be an arbitrary nonnegative measurable function. Find by Propo-
sition 5.11 an increasing sequence of simple functionssn ≥ 0 with pointwise
limit f . The sequence of functions

∫
Y sn(x, y) dν(y) is an increasing sequence

of nonnegative functions, and each is measurable by what we have already shown
for simple functions. By the Monotone Convergence Theorem (Theorem 5.25),

lim
n

∫
Y

sn(x, y) dν(y) =
∫

Y
lim

n
sn(x, y) dν(y) =

∫
Y

f (x, y) dν(y).

Therefore
∫

Y f (x, y) dν(y) is the pointwise limit of measurable functions and is
measurable. Similarly

∫
X f (x, y) dµ(x) is measurable.

For everyn, the result for simple functions gives∫
X×Y

sn d(µ × ν) =
∫

X

[ ∫
Y

sn(x, y) dν(y)
]

dµ(x).

By a second application of monotone convergence,∫
X×Y

f d(µ× ν) = lim
n

∫
X×Y

sn d(µ× ν) = lim
n

∫
X

[ ∫
Y

sn(x, y) dν(y)
]

dµ(x).

By a third application of monotone convergence,

lim
n

∫
X

[ ∫
Y

sn(x, y) dν(y)
]

dµ(x) =
∫

X

[
lim

n

∫
Y

sn(x, y) dν(y)
]

dµ(x).

Putting our results together, we obtain∫
X×Y

f d(µ × ν) =
∫

X

[ ∫
Y

f (x, y) dν(y)
]

dµ(x).

The other equality of the conclusion follows by interchanging the roles ofX
andY.

Fubini’s Theorem arises surprisingly often in practice. In some applications
the theorem is applied at least in part to prove that an integral with a parameter
is finite or is 0 for almost every value of the parameter. Here is a general result
concerning integral 0.
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Corollary 5.48. Suppose that(X,A, µ) and(Y,B, ν) areσ -finite measure
spaces, and suppose thatE is a measurable subset ofX × Y such that

ν
({

y
∣∣ (x, y) ∈ E

}) = 0

for almost everyx [dµ]. Thenµ
({

x
∣∣ (x, y) ∈ E

}) = 0 for almost everyy [dν].

REMARKS. In words, if thex section ofE hasν measure 0 for almost every
x in X, then they section ofE hasµ measure 0 for almost everyy in Y. For
example, if one-point sets inX andY have measure 0 and if everyx section of
E is a finite subset ofY, then for almost everyy in Y, the y section ofE has
measure 0 inX.

PROOF. Apply Fubini’s Theorem toI E. The iterated integrals are equal, and
the hypothesis makes one of them be 0. Then the other one must be 0, and the
conclusion follows.

When one tries to drop the hypothesis in Fubini’s Theorem that the integrand
is nonnegative, some finiteness condition is needed, and the result in the form of
Theorem 5.47 is often used to establish this finiteness. Specifically suppose that
f is measurable with respect toA × B but is not necessarily nonnegative. The
assumption will be that one of the iterated integrals∫

X

[ ∫
Y

| f (x, y)| dν(y)
]

dµ(x) and
∫

Y

[ ∫
X

| f (x, y)| dµ(x)
]

dν(y)

is finite. Then the conclusions are that

(a) f is integrable with respect toµ × ν;
(b)

∫
Y f (x, y) dν(y) is defined for almost everyx [dµ]; if it is redefined to

be 0 on the exceptional set, then it is measurable and is in fact integrable
[dµ];

(c) a similar conclusion is valid for
∫

X f (x, y) dµ(x);
(d) after the redefinitions in (b) and (c), the double integral equals each

iterated integral, and the two iterated integrals are equal.

These conclusions follow immediately by applying Fubini’s Theorem tof + and
f − separately and subtracting. The redefinitions in (b) and (c) are what make the
subtractions of integrands everywhere defined.

One final remark is in order: The completion ofA × B is not necessarily the
same as the product of the completions ofA andB, and thus the statement of
Fubini’s Theorem requires some modification if completions of measure spaces
are to be used. We shall see in the next chapter that Borel sets in Euclidean space
behave well under the formation of product spaces, but Lebesgue measurable sets
do not. Thus it simplifies matters to stick to integration of Borel-measurable sets
in Euclidean space whenever possible.
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8. Integration of Complex-Valued and Vector-Valued Functions

Fix a measure space(X,A, µ). In this chapter we have worked so far with
measurable functions onX whose values are inR∗, dividing them into two classes
as far as integration is concerned. One class consists of measurable functions with
values in [0,+∞], and we defined the integral of any such function as a member
of [0,+∞]. The other class consists of general measurable functions with values
in R∗. The integral in this case can end up being anything inR∗, and there are
some such functions for which the integral is not defined.

It is important in the theory to be able to integrate functions whose values
are complex numbers or vectors inRm or Cm, and it will not be productive to
allow the same broad treatment of infinities as was done for general functions
with values inR∗. On the other hand, it is desirable to have the flexibility with
nonnegative measurable functions of being able to treat infinite values and infinite
integrals in the same way as finite values and finite integrals. In order to have
two theories, rather than three, once we pass to vector-valued functions, we shall
restrict somewhat the theory we have already developed for general functions
with values inR∗.

Let us label these two theories of integration as the one for scalar-valued non-
negative measurable functions and the one forintegrablevector-valued functions.
The first of these theories has already been established and needs no change. The
second of these theories needs some definitions and comments that in part repeat
steps taken with Riemann integration in Sections I.5, III.3, and III.7 and in part
are new. In applications of this second theory later, if the term “vector-valued”
is not included in a reference to a function either explicitly or by implication, the
convention is that the function is scalar-valued.

In the theory for vector-valued functions, we shall be assuming integrability,
and the integrability will force the function to have meaningful finite values almost
everywhere. Our convention will be that the values are finiteeverywhere. This
will not be a serious restriction for any function that can be considered integrable,
since we can redefine such a function on a certain set of measure 0 to be 0, and
then the condition will be met without any changes in the values of integrals.

Thus let a functionf : X → Cm be given. Since the function can have
its image contained inRm, we will be handlingRm-valued functions at the same
time. Sincemcan be 1, we will be handling complex-valued functions at the same
time. Since the image can be inRm andm can be 1, we will at the same time
be recasting our theory of real-valued functions whose values are not necessarily
nonnegative. We impose the usual Hermitian inner product( · , · ) and norm| · |
onCm.

The function f̄ : X → Cm is the composition off followed by complex
conjugation in each entry ofCm. We can write f = Re f + i Im f , where
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Re f = 1
2( f + f̄ ) and Im f = 1

2i ( f − f̄ ), and then the functions Ref and Im f
take values inRm. Following the convention in Section A7 of the appendix, let
{u1, . . . , um} be the standard basis ofRm.

By a basic open set inCm, we mean a set that is a product inR2m of bounded
open intervals in each coordinate. In symbols, such a set is centered at some
v0 ∈ Cm, and there are positive numbersξj andηj such that the set is{
v ∈ Cm

∣∣ |(Re(v −v0), uj )| < ξj and |(Im(v −v0), uj )| < ηj for 1 ≤ j ≤ m}.

We say thatf : X → Cm is measurableif the inverse image underf of each
basic open set inCm is measurable, i.e., lies inA.

Lemma 5.49.A function f : X → Cm is measurable if and only if the inverse
image underf of each open set inCm is in A.

PROOF. If the stated condition holds, then the inverse image of anybasicopen
set is inA, and hencef is measurable. Conversely supposef is measurable,
and let an open setU in Cm be given. ThenU is the union of a sequence of
basic open setsUn, and the measurability off , in combination with the formula
f −1(U ) = ⋃

n f −1(Un), shows thatf −1(U ) is in A.

Proposition 5.50.A function f : X → Cm is measurable if and only if Ref
and Im f are measurable.

PROOF. In view of Lemma 5.49, we can work with arbitrary open sets in place
of basic open sets. IfU andV are open sets inRm, then the product setU + iV is
open inCm, and f −1(U + iV ) = (Re f )−1(U ) ∩ (Im f )−1(V). It is immediate
that measurability of Ref and Im f implies measurability off . Conversely if we
specialize this formula toV = Rm, then we see that measurability off implies
measurability of Ref . Similarly if we specialize toU = Rm, then we see that
measurability off implies measurability of Imf .

Proposition 5.51. The following conditions on a functionf : X → Cm are
equivalent:

(a) f is measurable,
(b) ( f, v) is measurable for eachv in Cm,
(c) ( f, uj ) is measurable for 1≤ j ≤ m.

REMARKS. When infinite-dimensional ranges are used in more advanced
texts, (a) is summarized by saying thatf is “strongly measurable,” and (b) is
summarized by saying thatf is “weakly measurable.”



276 V. Lebesgue Measure and Abstract Measure Theory

PROOF. Suppose (a) holds. The function in (b) is the composition off followed
by the continuous function( · , v) from Cm to C. The inverse image of an open
set inC is then open inCm, and the inverse image of the latter open set under
f is in A. This proves (b). Condition (b) trivially implies condition (c). If (c)
holds, then Proposition 5.50 shows that(Re f, uj ) and(Im f, uj ) are measurable
from X into R. Thus the inverse image of any open interval under any of these
2m functions onX is inA. The inverse image of a basic open set inCm under f
is the intersection of 2m such sets inA and is therefore inA. Hence (a) holds.

Proposition 5.52.Measurability of vector-valued functions has the following
properties:

(a) If f : X → Cm andg : X → Cm are measurable, then so isf + g as a
function fromX to Cm.

(b) If f : X → Cm is measurable andc is in C, thenc f is measurable as a
function fromX to Cm.

(c) If f : X → Cm is measurable, then so is̄f : X → Cm.
(d) If f : X → C andg : X → C are measurable, then so isf g : X → C.
(e) If f : X → Cm is measurable, then| f | : X → [0, +∞) is measurable.
(f) If { fn} is a sequence of measurable functions fromX into Cm converging

pointwise to a functionf : X → Cm, then f is measurable.

PROOF. Conclusions (a) through (e) may all be proved in the same way. It
will be enough to illustrate the technique with (a). We can write the function
x 
→ f (x) + g(x) as a composition ofx 
→ ( f (x), g(x)) followed by addition
(a, b) 
→ a+b. Let an open set inCm be given. The inverse image under addition
is open inCm × Cm, since addition is continuous (Proposition 2.28). The inverse
image of a productU × V of open sets inCm × Cm underx 
→ ( f (x), g(x)) is
f −1(U ) ∩ g−1(V), which is inA becausef andg are measurable, and therefore
the inverse image of any open set inCm × Cm underx 
→ ( f (x), g(x)) is in A.
This handles (a), and (b) through (e) are similar.

For (f), we apply Proposition 5.50 tof , and then we apply the equivalence
of (a) and (c) of Proposition 5.51 for Ref and Im f . In this way the result is
reduced to the real-valued scalar case, which is known from Corollary 5.10.

If E is a measurable subset ofX, we say that a functionf : X → C is
integrable on E if Re f and Im f are integrable onE, and in this case we define∫

E f dµ = ∫
E Re f dµ + i

∫
E Im f dµ.

Proposition 5.53. Let E be a measurable subset ofX. Integrability onE of
functions fromX to C has the following properties:
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(a) If f andg are functions fromX into C that are integrable onE, then f + g
is integrable onE, and

∫
X ( f + g) dµ = ∫

X f dµ + ∫
X g dµ.

(b) If f is a function fromX into C that is integrable onE and if c is in C,
thenc f is integrable onE, and

∫
E c f dµ = c

∫
E f dµ.

(c) If f is a measurable function fromX into C such that| f | is integrable on
E, then f is integrable onE, and

∣∣ ∫
E f (x) dµ(x)

∣∣ ≤ ∫
E | f (x)| dµ(x).

(d) (Dominated convergence) Letfn be a sequence of measurable functions
from X into C integrable onE and converging pointwise tof . If there is a
measurable functiong : X → [0, +∞] that is integrable onE and has| fn(x)| ≤
g(x) for all x in E, then f is integrable onE, limn

∫
E fn dµ exists inC, and

limn
∫

E fn dµ = ∫
E f dµ.

PROOF. Conclusion (a) is immediate from the definitions, and so is (b) for real
scalars. Taking (a) and (b) into account, we see that (b) holds if it holds forc = i .
We havei f = − Im f + i Re f . If f is integrable, then− Im f and Ref are
integrable, and hencei f is integrable. Then

i
∫

E f dµ = i
( ∫

E Re f dµ + i
∫

E Im f dµ
)

= ∫
E (− Im f ) dµ + ∫

E (i Re f ) dµ = ∫
E i f dµ,

and hence (b) is proved.
In (c), if f : X → C is integrable, choosec with |c| = 1 such thatc

∫
E f dµ

is real and≥ 0. Application of (b) and Proposition 5.16 gives
∣∣ ∫

E f dµ
∣∣ =

c
∫

E f dµ = ∫
E c f dµ = ∫

E Re(c f ) dµ ≤ ∫
E |c f | dµ = ∫

E | f | dµ.
Finally (d) follows by applying the Dominated Convergence Theorem (Theo-

rem 5.30) to Refn and Im fn separately and then combining the results.

We turn now to the matter of integrability of vector-valued functions, together
with the value of the integral. One way of proceeding is to go back and adapt
the theory in Sections 3–4 to work directly with vector-valued functions and
approximations by vector-valued simple functions. This approach is useful if
at some stage one wants systematically to allow infinite-dimensional vectors as
values. Examples of this situation will arise in this book, but there are not enough
examples to justify an abstract treatment. One important example arises in the next
section with functions of the formf (x, y), which can be regarded as functions
of x that take values in a space of functions ofy.

Thus we use an abstract definition of integrability that is appropriate only to
the case of finite-dimensional range. IfE is a measurable subset ofX, we say
that a functionf : X → Cm is integrable on E if the complex-valued functions
( f, uj ) are integrable onE for eachuj in the standard basis, and in this case we
define

∫
E f dµ = ∑n

j =1

( ∫
E ( f, uj ) dµ

)
uj .
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Proposition 5.54.Let E be a measurable subset ofX. Integrability of vector-
valued functions onE satisfies the following properties:

(a) If f andg are functions fromX into Cm that are integrable onE, then
f + g is integrable onE, and

∫
X ( f + g) dµ = ∫

X f dµ + ∫
X g dµ.

(b) If f is a function fromX into Cm that is integrable onE, thenc f is
integrable onE, and

∫
E c f dµ = c

∫
E f dµ.

(c) A function f : X → Cm is integrable onE if and only if Re f and Im f
are integrable onE, and then

∫
X f dµ = ∫

X Re f dµ + i
∫

X Im f dµ.
(d) If f is a function fromX into Cm that is integrable onE and if v is a

member ofCm, thenx 
→ ( f (x), v) is integrable onE and
∫

E( f (x), v) dµ(x) =( ∫
E f (x) dµ(x), v

)
.

(e) If f is a measurable function fromX into Cm such that| f | is integrable on
E, then f is integrable onE, and

∣∣ ∫
E f (x) dµ(x)

∣∣ ≤ ∫
E | f (x)| dµ(x).

(f) (Dominated convergence) Letfn be a sequence of measurable functions
from X into Cm integrable onE and converging pointwise tof . If there is a
measurable functiong : X → [0, +∞] that is integrable onE and has| fn(x)| ≤
g(x) for all x in E, then f is integrable onE, limn

∫
E fn dµ exists inCm, and

limn
∫

E fn dµ = ∫
E f dµ.

PROOF. All of the relevant questions about measurability are addressed by
Propositions 5.50 and 5.52. Conclusions (a), (b), (c), and (f) about integrability
are immediate from Proposition 5.53.

For (d), letv = ∑
cj uj with eachcj in C. Since f is by assumption integrable,

( f, v) = ( f,
∑

cj uj ) = ∑
j c̄j ( f, uj ) exhibits ( f, v) as a linear combination

of functions integrable onE. Therefore( f, v) is integrable onE. To obtain
the formula asserted in (d), we first considerv = ui . Then the definition of∫

E f dµ gives (
∫

E f dµ, ui
) = (∑

j

( ∫
E( f, uj ) dµ

)
uj , ui

) = ∫
E( f, ui ) dµ.

Multiplying by c̄i and adding, we obtain(
∫

E f dµ, v
) = ∫

E( f, v) dµ. This
proves (d).

For (e), let f : X → Cm be integrable onE. The asserted inequality is trivial
if
∫

E f dµ = 0. Otherwise, for everyv in Cm,

∣∣( ∫
E f dµ, v

)∣∣ = ∣∣ ∫
E( f, v) dµ

∣∣ by (d)

≤ ∫
E |( f, v)| dµ by Proposition 5.53c

≤ |v| ∫E | f | dµ by Proposition 5.16 and
the Schwarz inequality.

Takingv = ∫
E f dµ gives

∣∣ ∫
E f dµ|2 ≤ ∣∣ ∫

E f dµ
∣∣ ∫

E | f | dµ. Since
∫

E f dµ

has been assumed nonzero, we can divide by its magnitude, and then (e) follows.
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9. L1, L2, L∞, and Normed Linear Spaces

Let (X,A, µ) be a measure space. In this section we introduce the spacesL1(X),
L2(X), andL∞(X). Roughly speaking, these will be vector spaces of functions on
X with suitable integrability properties. More precisely the actual vector spaces
of functions will form pseudometric spaces, and the spacesL1(X), L2(X), and
L∞(X) will be the corresponding metric spaces obtained from the construction
of Proposition 2.12. They will all turn out to be vector spaces overR or C. It
will matter little whether the scalars for these vector spaces are real or complex.
When we need to refer to operations with scalars, we may use the symbolF to
denoteR or C, and we callF thefield of scalars. We shall make explicit mention
of R or C in any situation in which it is necessary to insist on a particular one of
R or C.

The three spaces we will construct will all be obtained by introducing “pseudo-
norms” in vector spaces of measurable functions. Apseudonormon a vector
spaceV is a function‖ · ‖ from V to [0, +∞) such that7

(i) ‖x‖ ≥ 0 for all x ∈ V ,
(ii) ‖cx‖ = |c|‖x‖ for all scalarsc and allx ∈ V ,

(iii) (triangle inequality) ‖x + y‖ ≤ ‖x‖ + ‖y‖ for all x andy in V .

We encountered pseudonorms earlier in connection with pseudo inner-product
spaces; in Proposition 2.3 we saw how to form a pseudonorm from a pseudo
inner product. However, only the pseudonorm forL2(X) arises from a pseudo
inner product in the construction ofL1, L2, andL∞.

The definitions of the pseudonorms in these three instances are

‖ f ‖1 = ∫
X | f | dµ for L1(X),

‖ f ‖2 = ( ∫
X | f |2 dµ

)1/2
for L2(X),

‖ f ‖∞ = “essential supremum” off for L∞(X).

Once we have defined “essential supremum,” all the above expressions are mean-
ingful for any measurable functionf from X to the scalars, and the vector spaceV
in each of the cases is the space of all measurable functions fromX to the scalars
such that the indicated pseudonorm is finite. In other words,V consists of the
integrable functions onX in the case ofL1(X), the square-integrable functions
on X in the case ofL2(X), and the “essentially bounded” functions onX in the
case ofL∞(X).

We need to check that‖ · ‖1, ‖ · ‖2, and‖ · ‖∞ are indeed pseudonorms and
that the spacesV are vector spaces in each case.

7The word “seminorm” is a second name for a function with these properties and is generally
used in the context of a family of such functions. We shall not use the word “seminorm” in this text.
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For L1(X), properties (i) and (ii) are immediate from the definition. For (iii),
we have| f (x) + g(x)| ≤ | f (x)| + |g(x)| for all x and therefore‖ f + g‖1 =∫

X | f + g| dµ ≤ ∫
X | f | dµ + ∫

X |g| dµ = ‖ f ‖1 + ‖g‖1.
For L2(X), let V be the space of all square-integrable functions onX. The

spaceV is certainly closed under scalar multiplication; let us see that it is closed
under addition. Iff andg are inV , then we have

(| f (x)| + |g(x)|)2 ≤ (
max{| f (x)|, |g(x)|} + max{| f (x)|, |g(x)|})2

= 4 max{| f (x)|2, |g(x)|2} ≤ 4| f (x)|2 + 4|g(x)|2

for everyx in X. Integrating overX, we see thatf + g is in V if f andg are
in V . Also, the left side is≥ 4| f (x)| |g(x)|, and it follows thatf ḡ is integrable
wheneverf andg are inV . Then the definition( f, g)2 = ∫

E f ḡ dµ makesV
into a pseudo inner product-space in the sense of Section II.1. Hence Proposition
2.3 shows that the function‖ · ‖2 with ‖ f ‖2 = ( f, f )

1/2
2 is a pseudonorm onV .

For L∞(X), we say thatf is essentially boundedif there is a real numberM
such that| f (x)| ≤ M almost everywhere [dµ]. Let us call such anM anessential
bound for | f |. When f is essentially bounded, we define‖ f ‖∞ to be the infimum
of all essential bounds for| f |. This infimum is itself an essential bound, since the
countable union of sets of measure 0 is of measure 0. The infimum of the essential
bounds is called theessential supremumof | f |. Certainly‖ · ‖∞ satisfies (i) and
(ii). If | f | is bounded a.e. byM and if |g| is bounded a.e. byN, then| f + g| is
bounded everywhere by| f |+|g|, which is bounded a.e. byM +N. It follows that
f + g is essentially bounded and‖ f + g‖∞ ≤ ‖| f | + |g|‖∞ ≤ ‖ f ‖∞ + ‖g‖∞.
So (iii) holds for‖ · ‖∞.

A real or complex vector space with a pseudonorm is apseudo normed linear
space. Such a spaceV becomes a pseudometric space by the definitiond( f, g) =
‖ f − g‖, according to the proof of Proposition 2.3. Proposition 2.12 shows that
if we define two membersf andg of V to be equivalent wheneverd( f, g) = 0,
then the result is an equivalence relation and the functiond descends to a well-
defined metric on the set of equivalence classes. If we take into account the
vector space structure onV , then we can see that the operations of addition and
scalar multiplication descend to the set of equivalence classes, and the set of
equivalence classes is then also a vector space. The argument for addition is that
if d( f1, f2) = 0 andd(g1, g2) = 0, thend( f1 + g1, f2 + g2) is 0 because

d( f1 + g1, f2 + g2) = ‖( f1 + g1) − ( f2 + g2)‖ = ‖( f1 − f2) + (g1 − g2)‖
≤ ‖ f1 − f2‖ + ‖g1 − g2‖ = d( f1, f2) + d(g1, g2) = 0.

The argument for scalar multiplication is similar, and one readily checks that the
space of equivalence classes is a vector space.
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This construction is to be applied to the spacesV we formed in connection
with integrability, square integrability, and essential boundedness. The spaces of
equivalence classes in the respective cases are calledL1(X), L2(X), andL∞(X).
These spaces of equivalence classes are pseudo normed linear spaces with the
additional property that‖ f ‖ = 0 only for the 0 element of the vector space.
If there is any possibility of confusion, we may writeL1(µ) or L1(X, µ) or
L1(X,A, µ) in place ofL1(X), and similarly forL2 andL∞.

A pseudo normed linear space is called anormed linear spaceif ‖ f ‖ = 0
implies f is the 0 element of the vector space. ThusL1(X), L2(X), andL∞(X)

are normed linear spaces.
In practice, in order to avoid clumsiness, one sometimes relaxes the terminol-

ogy and works with the members ofL1(X), L2(X), andL∞(X) as if they were
functions, saying, “Let the functionf be inL1(X)” or “Let f be anL1 function.”
There is little possibility of ambiguity in using such expressions.

The 1-dimensional vector space consisting of the field of scalarsFwith absolute
value as norm is an example of a normed linear space. Apart from this andFm,
we have encountered one other important normed linear space thus far in the
book. This is the spaceB(S) of bounded functions on a nonempty setS. It
has various vector subspaces of interest, such as the spaceC(S) of bounded
continuous functions in the case thatS is a metric space. The norm forB(S) is
thesupremum norm or theuniform norm defined by

‖ f ‖sup = sup
s∈S

| f (s)|.

The corresponding metric is

d( f, g) = ‖ f − g‖sup = sup
s∈S

| f (s) − g(s)|,

and this agrees with the definition of the metric in the example in Chapter II.
Proposition 2.44 shows that the metric spaceB(S) is complete. Any vector
subspace ofB(S) is a normed linear space under the restriction of the supremum
norm to the subspace.

In working with specific normed linear spaces, we shall often be interested in
seeing whether a particular subset of the space is dense. In checking denseness,
the following proposition about an arbitrary normed linear space is sometimes
helpful. The intersection of vector subspaces ofX is a vector subspace, and the
intersection of closed sets is closed. Therefore it makes sense to speak of the
smallest closed vector subspacecontaining a given subsetSof X.

Proposition 5.55. If X is a normed linear space with norm‖ · ‖ and withF
as field of scalars, then

(a) addition is a continuous function fromX × X to X,
(b) scalar multiplication is a continuous function fromF × X to X,
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(c) the closure of any vector subspace ofX is a vector subspace,
(d) the set of all finite linear combinations of members of a subsetSof X is

dense in the smallest closed vector subspace containingS.

PROOF. The formula‖(x + y) − (x0 + y0)‖ ≤ ‖x − x0‖ + ‖y − y0‖ shows
continuity of addition because it says that ifx is within distanceε/2 of x0 andy is
within distanceε/2 of y0, thenx + y is within distanceε of x0 + y0. Similarly the
formula‖cx−c0x0‖ ≤ ‖c(x − x0)‖+‖(c−c0)x0‖ = |c|‖x − x0‖+|c−c0|‖x0‖
shows that‖cx−c0x0‖ ≤ δ(|c0|+1)+ δ‖x0‖ as soon asδ ≤ 1, |c−c0| ≤ δ, and
‖x−x0‖ ≤ δ. If ε with 0 < ε ≤ 1 is given and if we setδ = (|c0|+1+‖x0‖)−1ε,
then we see that|c− c0| ≤ δ and‖x − x0‖ ≤ δ together imply‖cx − c0x0‖ ≤ ε.
Hence scalar multiplication is continuous. This proves (a) and (b).

From (a) and (b) it follows that ifxn → x andyn → y in X andcn → c in F,
thenxn + yn → x + y andcnxn → cx. This proves (c).

For (d), the smallest closed vector subspaceV1 containingScertainly contains
the closureV2 of the set of all finite linear combinations of members ofS. Part (c)
shows thatV2 is a closed vector subspace, and hence the definition ofV1 implies
thatV1 is contained inV2. ThereforeV1 = V2, and (d) is proved.

Proposition 5.56.Let (X,A, µ) be a measure space, and letp = 1 or p = 2.
Then every indicator function of a set of finite measure is inL p(X), and the
smallest closed subspace ofL p(X) containing all such indicator functions is
L p(X) itself.

REMARK. Proposition 5.55d allows us to conclude from this that the the set of
simple functions built from sets of finite measure lies in bothL1(X) andL2(X)

and is dense in each. It of course lies inL∞(X) as well, but it is dense inL∞(X)

if and only if µ(X) is finite.

PROOF. If E is a set of finite measure, then the equality
∫

X (I E)p dµ = µ(E)

shows thatI E is in L p for p = 1 andp = 2.
In the reverse direction letV be the smallest closed vector subspace ofL p

containing all indicator functions of sets of finite measure. Suppose thats =∑
k ck IEk is the canonical expansion of a simple functions ≥ 0 in L p and that

ck > 0. The inequalities 0≤ ck IEk ≤ s imply thatck IEk is in L p. HenceI Ek is in
L p, andµ(Ek) is finite. Thus every nonnegative simple function inL p lies in V .

Let f ≥ 0 be inL p, and letsn be an increasing sequence of simple functions
≥ 0 with pointwise limit f . Since 0≤ sn ≤ f , eachsn is in L p. Since| f − sn|p

has pointwise limit 0 and is dominated pointwise for everyn by the integrable
function | f |p, dominated convergence gives lim

∫
X | f − sn|p dµ = 0. Hence

sn tends to f in L p. Combining this conclusion with the result of the previous
paragraph, we see that every nonnegativeL p function is inV . Any L p function
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is a finite linear combination of nonnegativeL p functions, and hence everyL p

function lies inV .

Let us digress briefly once more from our study ofL1, L2, andL∞ to obtain
two more results about general normed linear spaces. A linear function between
two normed linear spaces is often called alinear operator. A linear function
whose range space is the field of scalars is called alinear functional . The
following equivalence of properties is fundamental and is often used without
specific reference.

Proposition 5.57. Let X andY be normed linear spaces that are both real or
both complex, and let their respective norms be‖ · ‖X and‖ · ‖Y. Then the
following conditions on a linear operatorL : X → Y are equivalent:

(a) L is uniformly continuous onX,
(b) L is continuous onX,
(c) L is continuous at 0,
(d) L is bounded in the sense that there exists a constantM such that

‖L(x)‖Y ≤ M‖x‖X

for all x in X.

PROOF. If L is uniformly continuous onX, thenL is certainly continuous on
X. If L is continuous onX, thenL is certainly continuous at 0. Thus (a) implies
(b), and (b) implies (c).

If L is continuous at 0, findδ > 0 for ε = 1 such that‖x − 0‖X ≤ δ

implies ‖L(x) − L(0)‖Y ≤ 1. HereL(0) = 0. If a generalx �= 0 is given,
then‖x‖X �= 0, and the properties of the norm give‖(δ/‖x‖X)x‖X = δ. Thus
‖L((δ

/‖x‖X)x)‖Y ≤ 1. By the linearity ofL and the properties of the norm,
(δ
/‖x‖X)‖L(x)‖Y ≤ 1. Therefore‖L(x)‖Y ≤ δ−1‖x‖X, andL is bounded with

M = δ−1. Thus (c) implies (d).
If L is bounded with constantM and if ε > 0 is given, letδ = ε/M . Then

‖x1 − x2‖X ≤ δ implies

‖L(x1) − L(x2)‖Y = ‖L(x1 − x2)‖Y ≤ M‖x1 − x2‖X ≤ δM = ε.

Thus (d) implies (a).

If L : X → Y is a bounded linear operator, then the infimum of all constants
M such that‖L(x)‖Y ≤ M‖x‖X for all x in X is again such a constant, and it is
called theoperator norm ‖L‖ of L. Thus it in particular satisfies

‖L(x)‖Y ≤ ‖L‖‖x‖X for all x in X.



284 V. Lebesgue Measure and Abstract Measure Theory

As a consequence of the way thatL and the norms inX andY interact with scalar
multiplication, the operator norm is given by the formulas

‖L‖ = sup
‖x‖X≤1

‖L(x)‖Y = sup
‖x‖X=1

‖L(x)‖Y

except in the uninteresting caseX = 0. It is easy to check that the bounded linear
operators fromX into Y form a vector space, and the operator norm makes this
vector space into a normed linear space that we denote byB(X, Y). When the
domain and range are the same spaceX, we refer to the members ofB(X, X)

as bounded linear operatorson X. The normed linear spaceB(X, X) has a
multiplication operation given by composition.

WhenY is the field of scalarsF, the spaceB(X, F) reduces to the space of con-
tinuous linear functionals onX. This is called thedual spaceof X and is denoted
by X∗. For example, ifX = L1(µ), then every memberg of L∞(µ) defines a
memberx∗

g of X∗ by x∗
g( f ) = ∫

f g dµ for f in L1(µ); the linear functionalx∗
g

has‖x∗
g‖ ≤ ‖g‖∞. We shall be interested in two kinds of convergence inX∗.

One isnorm convergence, in which a sequence{x∗
n} converges to an elementx∗

in X∗ if ‖x∗
n − x∗‖ tends to 0. The other isweak-star convergence, in which

{x∗
n} converges tox∗ weak-star againstX if lim n x∗

n(x) = x∗(x) for eachx in X.

Theorem 5.58(Alaoglu’s Theorem, preliminary form). IfX is a separable
normed linear space, then any sequence inX∗ that is bounded in normhas a
subsequence that converges weak-star againstX.

REMARKS. In Chapter VI we shall see thatL1 andL2 are separable in the case
of Lebesgue measure onR1 and in the case of many generalizations of Lebesgue
measure toN-dimensional Euclidean space.

PROOF. Let a sequence{x∗
n}∞n=1 be given with‖x∗

n‖ ≤ M , and let{xk} be a
countable dense set inX. For eachk, we have|x∗

n(xk)| ≤ ‖x∗
n‖‖xk‖ ≤ M‖xk‖,

and hence the sequence{x∗
n(xk)}∞n=1 of scalars is bounded for each fixedk. By the

Bolzano–Weierstrass Theorem,{x∗
n(xk)}∞n=1 has a convergent subsequence. Since

we can pass to a convergent subsequence of any subsequence for any particulark,
we can use a diagonal process to pass to a single convergent subsequence{x∗

nl
}∞l=1

such that liml x∗
nl
(xk) exists for allk.

Now let x0 be arbitrary inX, let ε > 0 be given, and choosexk in the dense
set with‖xk − x0‖ < ε. Then

|x∗
nl
(x0) − x∗

nl ′ (x0)| ≤ |x∗
nl
(x0 − xk)| + |x∗

nl
(xk) − x∗

nl ′ (xk)| + |x∗
nl ′ (xk − x0)|

≤ M‖x0 − xk‖ + |x∗
nl
(xk) − x∗

nl ′ (xk)| + M‖xk − x0‖
≤ 2Mε + |x∗

nl
(xk) − x∗

nl ′ (xk)|.
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Thus lim sup
l ,l ′→∞

|x∗
nl
(x0) − x∗

nl ′ (x0)| ≤ 2Mε. Sinceε is arbitrary, we conclude that

{x∗
nl
(x0)}∞l=1 is a Cauchy sequence of scalars. It is therefore convergent. Denote

the limit by x∗(x0), so that liml x∗
nl
(x0) = x∗(x0) for all x0 in X. Since limits

respect addition and multiplication of scalars,x∗ is a linear functional onX. The
computation|x∗(x0)| = | liml x∗

nl
(x0)| = liml |x∗

nl
(x0)| ≤ lim supl ‖x∗

l ‖‖x0‖ ≤
M‖x0‖ shows thatx∗ is bounded. Hence{x∗

nl
}∞l=1 converges tox∗ weak-star

againstX.

Now, as promised, we return toL1, L2, andL∞. The completeness asserted
in the next theorem will turn out to be one of the key advantages of Lebesgue
integration over Riemann integration.

Theorem 5.59. Let (X,A, µ) be any measure space, and letp be 1, 2,
or ∞. Any Cauchy sequence{ fk} in L p has a subsequence{ fkn} such that
‖ fkn − fkm‖p ≤ Cmin{m,n} with

∑
n Cn < +∞. A subsequence{ fkn} with this

property is necessarily Cauchy pointwise almost everywhere. Iff denotes the
almost-everywhere limit of{ fnk}, then the original sequence{ fk} converges tof
in L p. Consequently these three spacesL p, when regarded as metric spaces, are
complete in the sense that every Cauchy sequence converges.

REMARKS. The broad sweep of the theorem is that the spacesL1, L2, and
L∞ are complete. But the detail is important, too. First of all, the detail
allows us to conclude that a sequence convergent in one of these spaces has
an almost-everywhere convergent subsequence. Second of all, the detail allows
us to conclude that if a sequence of functions is convergent inL p1 and in L p2,
then the limit functions in the two spaces are equal almost everywhere.

PROOF. Let{ fn}be aCauchysequence inL p. Inductively choose integersnk by
definingn0 = 1 and takingnk to be any integer> nk−1 such that‖ fm − fnk‖p ≤
2−k for m ≥ nk; we can do so since the given sequence is Cauchy. Then the
subsequence{ fkn} has the property that‖ fm − fn‖p ≤ 2− min{m,n} for all m ≥ 1
andn ≥ 1. This proves the first conclusion of the theorem.

Now suppose that we have a sequence{ fn} in L p such that‖ fn − fm‖p ≤
Cmin{m,n} with

∑
n Cn = C < +∞. We shall prove that{ fn} is Cauchy pointwise

almost everywhere and that iff is its almost-everywhere limit, thenfn tends to
f in L p.

First suppose thatp < ∞. Let gn be the function fromX to [0,+∞] given by

gn = | f1| +
n∑

k=2

| fk − fk−1|, (∗)
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and defineg(x) = lim gn(x) pointwise. Then

( ∫
X gn dµ

)1/p = ‖gn‖p ≤ ‖ f1‖p +
n∑

k=2

‖ fk − fk−1‖p

≤ ‖ f1‖p +
n∑

k=2

Ck−1 ≤ ‖ f1‖p + C.

By monotone convergence, we deduce that
( ∫

X g dµ
)1/p = ‖g‖p is finite. Thus

g is finite a.e., and consequently the series

∞∑
k=2

| fk(x) − fk−1(x)| converges inR for a.e.x [dµ]. (∗∗)

By redefining the functionsfk on a set ofµ measure 0, we may assume that the
series (∗∗) converges pointwise to a limit inR for everyx. Consequently the
series ∞∑

k=2

( fk(x) − fk−1(x))

is absolutely convergent for allx and must be convergent for allx. The partial
sums for the series without the absolute value signs arefn(x)− f1(x), and hence
f (x) = lim fn(x) exists inR for everyx. For everyn,

| f − fn| ≤
∞∑

k=n+1

| fk − fk−1| ≤ g, (†)

and we have seen thatgp is integrable. By dominated convergence, we conclude
that limn

∫
X | f − fn|p dµ = ∫

X limn | f (x)− fn(x)|p dµ(x) = 0. In other words,
limn ‖ f − fn‖p = 0. Thereforefn tends tof in L p(µ).

Next suppose thatp = ∞. Let { fn} be any Cauchy sequence inL∞. For each
m andn, let Emn be the subset ofX where| fm − fn| > ‖ fm − fn‖∞, and put
E = ⋃

m,n Emn. This set has measure 0. Redefine all functions to be 0 onE.
The redefined functions are then uniformly Cauchy, hence uniformly convergent
to some functionf , and thenfn tends tof in L∞(X).

For any p, we have shown that the original Cauchy sequence{ fn} has a
convergent subsequence{ fnk} in L p. Let f be theL p limit of the subsequence.
Givenε > 0, chooseN such thatn ≥ m ≥ N implies‖ fn − fm‖p ≤ ε, and then
chooseK such that‖ fnk − f ‖p ≤ ε for k ≥ K . Fix k ≥ K with nk ≥ N. Taking
m = nk, we see that‖ fn − f ‖p ≤ ‖ fn − fnk‖p + ‖ fnk − f ‖p ≤ 2ε whenever
n ≥ nk. Thus{ fn} converges tof . This completes the proof of the theorem.
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In Section 9 we introduced integration of functions with values inRm or Cm.
The definitions ofL1, L2, andL∞ may be extended to include such functions,
and we writeL1(X, Cm), for example, to indicate that the functions in question
take values inCm. In the definitions any expression| f (x)| or | f | that arises in
the definition and refers to absolute value in the scalar-valued case is now to be
understood as referring to the norm on the vector space where the functions take
their values. The vector-valuedL1, L2, andL∞ spaces are further normed linear
spaces, and one readily checks that Theorem 5.59 with the above proof applies
to them because the range spaces are complete.

The triangle inequality for a pseudo normed linear space says that the norm
of the sum of two elements is less than or equal to the sum of the norms, and of
course the inequality instantly extends to a sum of any finite number of elements.
But what about an integral of elements? In the case that the linear space is one
of the precursor spaces “V” for L1, L2, or L∞, the setting is that of functions
of two variables. One of the variables corresponds to the measure space under
study, and the other corresponds to the indexing set for the integral of the norms.
Thus we could, if we wanted, force the situation into the mold of vector-valued
functions whose values are in a space of functions. But it is not necessary to do
so, and we do not. Here is the theorem.

Theorem 5.60 (Minkowski’s inequality for integrals). Let(X,A, µ) and
(Y,B, ν) beσ -finite measure spaces, and putp = 1, 2, or∞. If f is measurable
on X × Y, then∥∥∥ ∫

X
f (x, y) dµ(x)

∥∥∥
p,dν(y)

≤
∫

X
‖ f (x, y)‖p,dν(y) dµ(x)

in the following sense: The integrand on the right side is measurable. If the
integral on the right is finite, then for almost everyy [dν] the integral on the left
is defined; when it is redefined to be 0 for the exceptionaly’s, then the formula
holds.

REMARK. An extension of this theorem to values ofp other than 1, 2, ∞ will
be given in Chapter IX, and that result will have the same name.

PROOF. The right side of the integral formula is unchanged if we replacef by
| f |, and thus we may assume thatf ≥ 0 without loss of generality. Ifp = 1,
then the formula forf ≥ 0 reads∫

Y

[ ∫
X f (x, y) dµ(x)

]
dν(y)

?≤ ∫
X

[ ∫
Y f (x, y) dν(y)

]
dµ(x).

In fact, equality holds, and the result just amounts to Fubini’s Theorem (Theorem
5.47).
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Let p = 2. We have

‖ f (x, y)‖2
2,dν(y) =

∫
Y

| f (x, y)|2 dν(y),

and this is measurable by Fubini’s Theorem. Hence‖ f (x, y)‖2,dν(y) is measur-
able. The idea for proving the inequality in the statement of the theorem is to
imitate the argument that derives the triangle inequality forL2 from the Schwarz
inequality. That earlier argument is

‖g + h‖2
2 = ‖g‖2

2 + 2 Re(g, h) + ‖h‖2
2 ≤ ‖g‖2

2 + 2‖g‖2‖h‖2 + ‖h‖2
2.

The adapted argument is∥∥ ∫
X f (x, y) dµ(x)

∥∥2
2,dν(y)

= ∫
Y

∫
x∈X f (x, y) dµ(x)

∫
x′∈X f (x′, y) dµ(x′) dν(y)

= ∫
X×X

[ ∫
Y f (x, y) f (x′, y)dν(y)

]
dµ(x) dµ(x′)

≤ ∫
X×X ‖ f (x, y)‖2,dν(y)‖ f (x′, y)‖2,dν(y) dµ(x) dµ(x′)

= [ ∫
X ‖ f (x, y)‖2,dν(y) dµ(x)

]2
,

the second and third lines following from Fubini’s Theorem and the Schwarz
inequality.

Let p = ∞. This is the hard case of the proof. We proceed in three steps. The
first step is to prove the asserted measurability of‖ f (x, y)‖∞,dν(y), and we do so

by first handling simple functions and then passing to the limit. Ifs = ∑N
n=1 cn IEn

is the canonical expansion of a simple functions ≥ 0 on X × Y and if x is fixed,
then‖s(x, y)‖∞,dν(y) = max

{
cn

∣∣ν((En)x) > 0
}
. In other words, ifkn is the indi-

cator function of the set
{
x ∈ X

∣∣ ν((En)x) > 0
}
, thens = max{c1k1, . . . , cNkN}.

Each functioncnkn is measurable by Lemma 5.44, and the pointwise maximums is
measurable by Corollary 5.9. Returning to our functionf ≥ 0, we use Proposition
5.11 to choose an increasing sequence{sn} of nonnegative simple functions with
pointwise limit f . We prove that‖sn(x, y)‖∞,dν(y) increases to‖ f (x, y)‖∞,dν(y)

for eachx, and then the measurability follows from Corollary 5.10. Sincex is fixed
in this step, let us drop it and consider an increasing sequence{sn} of nonnegative
measurable functions onY with limit f on Y; we are to show that‖ f ‖∞ =
lim ‖sn‖∞. The numbers‖sn‖∞ are monotone increasing and are≤ ‖ f ‖∞. Thus
lim ‖sn‖∞ ≤ ‖ f ‖∞. Arguing by contradiction, suppose that equality fails and
that lim‖sn‖∞ ≤ M < M+ε < ‖ f ‖∞. Then

{
y
∣∣ sn(y) ≥ M+ε

}
has measure 0

for everyn, and so does
⋃

n

{
y
∣∣ sn(y) ≥ M + ε

}
, by complete additivity. On

the other hand,
{
y
∣∣ f (y) > M + ε

}
is a subset of this union, and it has positive

measure sinceM + ε < ‖ f ‖∞. Thus we have a contradiction and conclude that
lim ‖sn‖∞ = ‖ f ‖∞. Consequently‖ f (x, y)‖∞,dν(y) is measurable, as asserted.
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The second step is to prove that any measurable functionF ≥ 0 on Y has
‖F‖∞ = supg

∣∣ ∫
Y Fg dν

∣∣, where the supremum is taken over allg ≥ 0 with
‖g‖1 ≤ 1. Certainly any suchg has

∣∣ ∫
Y Fg dν

∣∣ ≤ ‖F‖∞
∫

Y g dν = ‖F‖∞,
and therefore supg

∣∣ ∫
Y Fg dν

∣∣ ≤ ‖F‖∞. For the reverse inequality, letI E be the
indicator function of a set of finite positive measure, and putg = ν(E)−1I E. Then∫

Y Fg dν = ν(E)−1
∫

E F dν ≥ infE(F). If m is less than‖F‖∞, then the setE
whereF is ≥ m has positive measure, and the inequality readsm ≤ ∫

Y Fg dν

for the associatedg. Hencem ≤ supg

∫
Y Fg dν. Taking the supremum of such

m’s, we obtain‖F‖∞ ≤ supg

∣∣ ∫
Y Fg dν

∣∣, and the reverse inequality is proved.
The third step is to use the previous two steps to prove the inequality in the

statement of the theorem forf ≥ 0. Letg be any nonnegative function onY with∫
Y g dν ≤ 1. Then Fubini’s Theorem, the result of the first step above, and the

result in the easy direction of the second step above give∫
Y g(y)

[ ∫
X f (x, y) dµ(x)

]
dν(y) = ∫

X

[ ∫
Y f (x, y)g(y) dν(y)

]
dµ(x)

≤ ∫
X

[‖ f (x, y)‖∞,dν(y)

]
dµ(x).

Taking the supremum overg and using the result in the hard direction of the
second step, we obtain the inequality in the statement of the theorem.

10. Problems

1. Let X be a finite set ofn > 0 elements.
(a) If A is an algebra of subsets, what are the possible numbers of sets inA?
(b) Show that symmetric differenceA	 B = (A − B) ∪ (B − A) is an abelian

group operation on the set of all subsets ofX and that every nontrivial
element has order 2.

(c) If B is a class of subsets containing∅ and X and closed under symmetric
difference, what are the possible numbers of sets inB?

(d) Prove or disprove: The class of sets in (c) is necessarily an algebra of sets.
(e) Show that intersection and symmetric difference satisfy the distributive law

A ∩ (B 	 C) = (A ∩ B) 	 (A ∩ C).

2. Exhibit a completely additive set functionρ on aσ -algebra and two setsA and
B such thatρ(A) < 0 andρ(B) < 0 butρ(A ∪ B) > 0.

3. Let{En} be a sequence of subsets ofX, and put

A =
∞⋂

n=1

∞⋃
k=n

Ek and B =
∞⋃

n=1

∞⋂
k=n

Ek.
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Prove that the indicator functions ofEk, A, andB satisfy

I A = lim sup
n

IEn and I B = lim inf
n

IEn .

4. Suppose thatµ is a finite measure defined on aσ -algebra and{En} is a sequence
of measurable sets with

∞⋂
n=1

∞⋃
k=n

Ek =
∞⋃

n=1

∞⋂
k=n

Ek.

Call the set on the two sides of this equationE. Prove that limn µ(En) exists and
equalsµ(E).

5. Let X be the set of rational numbers, and letR be the ring of all finite disjoint
unions of bounded intervals inX, with or without endpoints. For each setE in
R, let µ(E) be its length.
(a) Show thatµ is nonnegative additive.
(b) Show thatµ is not completely additive.

6. Prove that ifE is a Lebesgue measurable subset of [0, 1] of Lebesgue measure 0,
then the complement ofE is dense in [0, 1].

7. Let µ be a measure defined on aσ -algebra. Prove that if the complement of
every set of measure+∞ is of finite measure, then supµ(A)<+∞ µ(A) is finite
and there is a setB with µ(B) = supµ(A)<+∞ µ(A).

8. If f is a measurable function, prove thatf −1(E) is measurable wheneverE is a
Borel subset of the real line.

9. For the measure space(X,A, µ) in which X is the positive integers,A consists
of all subsets ofX, andµ is the counting measure, the theory of Lebesgue
integration becomes a theory of infinite series. Restate Fatou’s Lemma and the
Dominated Convergence Theorem in this context.

10. Suppose on a finite measure space that{ fn} is a sequence of real-valued integrable
functions tending uniformly tof . Prove that limn

∫
X fn dµ = ∫

X f dµ.

11. This problem involves a Cantor setC in [0, 1] built using fractionsrn as in Section
II.9.
(a) Show thatC has Lebesgue measure

∏∞
n=1 (1 − rn).

(b) Prove that the indicator functionIC is discontinuous at every point ofC
and only there. Thus the set of discontinuities ofIC is not of measure 0 if∏∞

n=1 (1 − rn) > 0.
(c) Show that if the result of redefiningIC on a set of Lebesgue measure 0 is a

function f , then the only possible points of continuity off are those where
f is 0.

(d) Conclude that there exists a Lebesgue measurable function on [0, 1] that is
not Riemann integrable and cannot be redefined on a set of measure 0 so as
to be Riemann integrable.
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12. Let(X,A, µ) be any measure space, and let(X,A, µ) be its completion. Prove
that if f is a function measurable with respect toA, then f can be redefined on
a set ofµ-measure 0 so as to be measurable with respect toA.

13. Let X be an uncountable set, and letA be the set of all countable subsets ofX
and their complements. Prove that the diagonal

{
(x, x)

∣∣ x ∈ X
}

is not a member
of theσ -algebraA × A, the smallestσ -algebra containing all rectangles with
sides inA.

14. Let(R1,B, m) be the real line with Lebesgue measure on the Borel sets, and let
(X,A, µ) be aσ -finite measure space. Iff ≥ 0 is a measurable function onX,
prove that the “region under the graph off ,” defined by

R = {
(x, y)

∣∣ 0 ≤ y < f (x)
}
,

is a measurable subset ofX × R1 and that its measure relative toµ × m is∫
X f (x) dµ(x).

15. LetAbe aσ -algebra of subsets of a nonempty setX, letF : Cn1×· · ·×Cnk → CN

be continuous, and letf j : X → Cnj be measurable with respect toA for
1 ≤ j ≤ k. Prove thatx 
→ F( f1(x), . . . , fk(x)) is measurable with respect
toA.

16. This problem complements the proof in Theorem 5.59 thatL1 is a complete
metric space. Forn ≥ 1, suppose that 0< an < 1 and

∑∞
n=1 an = +∞. Find a

measure space(X,A, µ) and a sequence of functionsfn with ‖ fn‖1 = an and
{ fn(x)} convergent for nox.

17. (Egoroff’s Theorem) Let (X,A, µ) be a finite measure space. Suppose that
fn and f are measurable functions with values inR such that limfn(x) = f (x)

pointwise. The objective of this problem is to prove that limfn = f “almost
uniformly.” By considering the sets

EM N = {
x ∈ X

∣∣ | fn(x) − f (x)| < 1/M for n ≥ N
}

for M fixed andN varying, prove that ifε > 0 is given, then there exists a
measurable subsetE of X with µ(E) < ε such that limfn(x) = f (x) uniformly
for x in Ec.

18. (a) Derive the Dominated Convergence Theorem for a space of finite measure
from Egoroff’s Theorem (Problem 17) and Corollary 5.24.

(b) Derive the Dominated Convergence Theorem for a space of infinite measure
from the Dominated Convergence Theorem for a space of finite measure.

Problems 19–21 use Egoroff’s Theorem (Problem 17) to show how close pointwise
convergence is toL1 convergence on a measure space(X,A, µ) of finite measure.
Theorem 5.59 shows that if a sequence converges inL1(X), then a subsequence
converges almost everywhere. These problems address the converse direction in a
way different from Problem 16. Suppose thatfn and f are integrable functions with
values inR such that limfn(x) = f (x) pointwise.
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19. Suppose thatfn ≥ 0 for all n and that lim
∫

X fn dµ = ∫
X f dµ. Prove that

limn
∫

E fn dµ = ∫
E f dµ for every measurable setE.

20. Suppose thatfn ≥ 0 for alln and that lim
∫

X fn dµ = ∫
X f dµ. Use the previous

problem and Egoroff’s Theorem to prove that lim
∫

X | fn − f | dµ = 0.

21. A sequence{gn} of nonnegative integrable functions is calleduniformly
integrable if for any ε > 0, there is anN such that

∫
{x | fn(x)≥N} gn dµ < ε

for all n. Suppose that the members of the given convergent sequence{ fn} are
nonnegative. Using Egoroff’s Theorem in one direction and the previous problem
in the converse direction, prove that limn

∫
X fn dµ = ∫

X f dµ if and only if the
fn are uniformly integrable.

Problems 22–24 concern the extension of measures beyond what is given in Theorem
5.5 and Proposition 5.37. Letµ be a finite measure on aσ -algebraA of subsets ofX,
and defineµ∗ andµ∗ on all subsets ofX as in Lemma 5.32 and immediately after it.
Let E be a subset ofX that is not inA, and letB be the smallestσ -algebra containing
E and the members ofA.

22. Show that there exist two setsK andU in A such thatK ⊆ E ⊆ U , µ∗(E) =
µ(K ), andµ∗(E) = µ(U ). Show thatK andU have the further properties that
Uc ⊆ Ec ⊆ K c, µ∗(Ec) = µ(Uc), andµ∗(Ec) = µ(K c).

23. Show that the setsK andU of the previous problem satisfyµ∗(A∩E) = µ(A∩K )

andµ∗(A ∩ E) = µ(A ∩ U ) for everyA in A.

24. Fix t in [0, 1]. Show that the set functionσ defined forA andB in A by

σ [(A ∩ E) ∪ (B ∩ Ec)]

= tµ∗(A ∩ E) + (1 − t)µ∗(A ∩ E) + tµ∗(B ∩ Ec) + (1 − t)µ∗(B ∩ Ec)

is defined on all ofB, is a measure, agrees withµ on A, and assigns measure
tµ∗(E) + (1 − t)µ∗(E) to the setE.

Problems 25–33 concern a construction by “transfinite induction” of all sets in the
smallestσ -algebra containing an algebra of sets. In particular, it describes how to
obtain all Borel sets of the interval [0, 1] of the line from the elementary sets in that
interval. Later problems in the set apply the construction in various ways. This set of
problems makes use of partial orderings as described in Section A9 of the appendix,
but they do not use Zorn’s Lemma. The set ofcountable ordinalsis an uncountable
partially ordered set�, under a partial ordering≤, with the following properties:

(i) � has the property thatx ≤ y andy ≤ x together implyx = y,
(ii) � is “totally ordered” in the sense that anyx and y in the set have either

x ≤ y or y ≤ x,
(iii) � is “well ordered” in the sense that any nonempty subset has a least element,
(iv) for anyx in �, the set of elements≤ x is at most countable.

Take as known that such a set� exists.
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25. Prove that any countable subset of� has a least upper bound.

26. This problem asks for a proof of the validity oftransfinite induction as applied
to �. Let 1 be the least element of�, and let “<” mean “≤ but not=.” Suppose
that somep(ω) is specified for eachω in �. Suppose further thatp(1) is true
and that if for eachω > 1, p(ω′) is true for allω′ < ω, thenp(ω) is true. Prove
that p(ω) is true for allω in �.

27. Let X be a nonempty set, letA be an algebra of subsets ofX, and letB be the
smallestσ -algebra containingA. This problem uses� to describe “construc-
tively” B in terms ofA. We define by transfinite induction two successively
larger classes of setsUα andKα for each countable ordinalα ≥ 1. LetU1 be
the set of all countable increasing unions of members ofA, letKα for α ≥ 1 be
the set of all countable decreasing intersections of members ofUα, and letUα for
α > 1 be the set of all countable increasing unions of members of previousKβ ’s.
(a) Prove at each stageα thatUα andKα are both closed under finite unions and

finite intersections.
(b) Prove thatB is the union of allKα for α in �.

28. For the case thatν(X) < +∞, prove the uniqueness half of the Extension
Theorem (Theorem 5.5) by using the transfinite construction of Problem 27.
[Educational note: It is not known how to prove the existence half of the Extension
Theorem in this “constructive” way.]

29. Prove the Monotone Class Lemma (Lemma 5.43) by making use of the transfinite
construction of Problem 27.

30. Devise a transfinite construction of all finite-valued Borel measurable functions
on R1 that starts from continuous functions and alternately allows pointwise
increasing limits and pointwise decreasing limits. The construction is to be in
the spirit of Problem 27. Show that all finite-valued Borel measurable functions
are obtained in this way if the indexing is done with�.

31. This problem “counts” the number of Borel sets of the real line, using Problem 27.
It uses the material on cardinality in Section A10 of the appendix.
(a) Prove that

(i) � has the same cardinality as some subset ofR,
(ii) the set of all sequences of members ofR has the same cardinality

asR,
(iii) if A ⊆ B ⊆ C and if A andC have the same cardinality asR, then

so doesB,
(iv) if a set A has the same cardinality asR and if for eachα in A, Bα

is a set with the same cardinality asR, then
⋃

α∈A Bα has the same
cardinality asR.

(b) Deduce that the set of all Borel sets ofR has the same cardinality asR itself.
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32. The standard Cantor setC in [0, 1], built using fractionsrn = 1/3 as in Section
II.9, is a Borel set of Lebesgue measure 0 by Problem 11. Prove thatC has the
same cardinality asR. Conclude that the cardinality of the set of all Lebesgue
measurable sets equals the cardinality of the set of all subsets ofR. [Educational
note: From this and Problem 31 it follows that there exists a Lebesgue measurable
set in [0, 1] that is not a Borel set.]

33. For the standard Cantor setC as in the previous problem, show that the indicator
function IC′ of any subsetC′ of C is continuous onCc. Conclude that the cardi-
nality of the set of Riemann integrable functions on [0, 1] equals the cardinality
of the set of all subsets ofR. [Educational note: From this and Problems 30–31,
it follows that there exists a Riemann integrable function on [0, 1] that is not
Borel measurable.]

Problems 34–41 show how to produce nontrivial nonnegative additive set functions on
the set of all subsets of an infinite set from Zorn’s Lemma (Section A9 of the appendix).
A filter F on a nonempty setX is a nonempty class of subsets ofX such that

(i) if E is in F andF ⊇ E, thenF is in F, i.e.,F is closed under the operation
of forming supersets,

(ii) if E andF are inF, so isE ∩ F ,
(iii) ∅ is not inF.

An ultrafilter is a filter that is not properly contained in any larger filter.

34. Verify the following:
(a) {X} is a filter.
(b) Any filter is closed under finite intersections.
(c) A one-point set and all of its supersets form an ultrafilter. (Such an ultrafilter

is called atrivial ultrafilter .)
(d) If X is infinite, then the setF of all subsets whose complements are finite

sets is a filter.

35. Use Zorn’s Lemma to show that every filter is contained in some ultrafilter.

36. Show that ifC is a nonempty class of subsets ofX, then there is a filter containing
C if and only if no finite intersection of members ofC is empty.

37. Prove that a filterF is an ultrafilter if and only ifA ∪ B in F implies that either
A is in F or B is in F.

38. Prove that a filterF is an ultrafilter if and only if for everyA ⊆ X, eitherA is in
F or Ac is in F.

39. Prove that the nonzero additive set functions defined on the set ofall subsets
of a setX and having image{0, 1} stand in one-one correspondence with the
ultrafilters onX, the correspondence being that the sets in the ultrafilter are
exactly the sets on which the set function is 1. Prove that the set function is
a measure if and only if the corresponding ultrafilter is closed under countable
intersections.
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40. Let X be any infinite set. Prove thatX has a nontrivial ultrafilter, hence thatX
has a nonnegative additive set functionµ that assumes only the values 0 and 1
and is not a point mass.

41. Prove that the setZ+ of positive integers has no nontrivial ultrafilter closed under
countable intersections, i.e., that the set functionµ in the previous problem is
not a measure.

Problems 42–43 concern a theory of integration in which complete additivity is
dropped as an assumption. An example is given in Problems 39–41 of a nonnegative
additive set function on the set of all subsets of an infinite set that is not completely
additive. For the present set of problems, letX be a nonempty set, letA be a
σ -algebra of subsets, and letµ be a nonnegative additive set function onA such that
µ(X) < +∞. Imagine an integration theory for

∫
E f dµ with the definitions just

as in the case thatµ is a measure. All the properties of the integral proved in the
text before the Monotone Convergence Theorem would still be valid, except that the
integral

∫
E f dµ as a function ofE would be merely additive, rather than completely

additive, and hence we would have to drop Corollary 5.24 and the converse half of
Corollary 5.23.

42. Let f be≥ 0, and letsn be the standard pointwise increasing sequence of simple
functions with limit f , as in Proposition 5.11. Show that the convergence ofsn

to f is uniform if f is bounded.

43. Use the result of the previous problem to show in this theory that
∫

E ( f +g) dµ =∫
E f dµ + ∫

E g dµ if f andg are bounded and measurable.



CHAPTER VI

Measure Theory for Euclidean Space

Abstract. This chapter mines some of the powerful consequences of the basic measure theory in
Chapter V.

Sections 1–3 establish properties of Lebesgue measure and other Borel measures on Euclidean
space and on open subsets of Euclidean space. The main general property is the regularity of all
such measures—that the measure of any Borel set can be approximated by the measure of compact
sets from within and open sets from without. Lebesgue measure in all of Euclidean space has an
additional property, translation invariance, which allows for the notion of the convolution of two
functions. Convolution gives a kind of moving average of the translates of one function weighted
by the other function. Convolution with the dilates of a fixed integrable function provides a handy
kind of approximate identity.

Section 4 gives the final form of the comparison of the Riemann and Lebesgue integrals, a
preliminary form having been given in Chapter III.

Section 5 gives the final form of the change-of-variables theorem for integration, starting from
the preliminary form of the theorem in Chapter III and taking advantage of the ease with which
limits can be handled by the Lebesgue integral. Sard’s Theorem allows one to disregard sets of
lower dimension in establishing such changes of variables, thereby giving results in their expected
form rather than in a form dictated by technicalities.

Section 6 concerns the Hardy–Littlewood Maximal Theorem inN dimensions. In dimension 1,
this theorem implies that the derivative of a 1-dimensional Lebesgue integral with respect to Lebesgue
measure recovers the integrand almost everywhere. The theorem in the general case implies that
certain averages of a function over small sets about a point tend to the function almost everywhere. But
the theorem can be regarded as saying also that a particular approximate identity formed by dilations
applies to problems of almost-everywhere convergence, as well as to problems of norm convergence
and uniform convergence. A corollary of the theorem is that many approximate identities formed
by dilations yield almost-everywhere convergence theorems.

Section 7 redevelops the beginnings of the subject of Fourier series using the Lebesgue integral,
the theory having been developed with the Riemann integral in Section I.10. With the Lebesgue
integral and its accompanying tools, Fourier series are meaningful for more functions than before,
Dini’s test applies even to a wider class of Riemann integrable functions than before, and Fej´er’s
Theorem and Parseval’s Theorem become easier and more general than before. A completely new
result with the Lebesgue integral is the Riesz–Fischer Theorem, which characterizes the trigonometric
series that are Fourier series of square-integrable functions.

Sections 8–10 deal with Stieltjes measures, which are Borel measures on the line, and their
application to Fourier series. Such measures are characterized in terms of a class of monotone
functions on the line, and they lead to a handy generalization of the integration-by-parts formula.
This formula allows one to bound the size of the Fourier coefficients of functions of bounded variation,
which are differences of monotone functions. In combination with earlier results, this bound yields

296
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the Dirichlet–Jordan Theorem, which says that the Fourier series of a function of bounded variation
converges pointwise everywhere, the convergence being uniform on any compact set on which the
function is continuous. Section 10 is a short section on computation of integrals.

1. Lebesgue Measure and Other Borel Measures

Lebesgue measure onR1 was constructed in Section V.1 on the ring of
“elementary” sets—the finite disjoint unions of bounded intervals—and extended
from there to theσ -algebra of Borel sets by the Extension Theorem (Theorem
5.5), which was proved in Section V.5. Fubini’s Theorem (Theorem 5.47) would
have allowed us to build Lebesgue measure inRN as an iterated product of
1-dimensional Lebesgue measure, but we postponed the construction inRN

until the present chapter in order to show that it can be carried out in a fashion
independent of how we group 1-dimensional factors.

The Borel sets ofR1 are, by definition, the sets in the smallestσ -algebra
containing the elementary sets, and we saw readily that every set that is open
or compact is a Borel set. We writeB1 for this σ -algebra. In fact,B1 may
be described as the smallestσ -algebra containing the open sets ofR1 or as the
smallestσ -algebra containing the compact sets. The reason that the open sets
generateB1 is that every open interval is an open set, and every interval is a
countable intersection of open intervals. Similarly the compact sets generateB1

because every closed bounded interval is a compact set, and every interval is the
countable union of closed bounded intervals.

Now let us turn our attention toRN . We have already used the word “rectangle”
in two different senses in connection with integration—in Chapter III to mean an
N-fold product along coordinate directions of open or closed bounded intervals,
and in Chapter V to mean a product of measurable sets. For clarity let us refer to
any product of bounded intervals as ageometric rectangleand to any product of
measurable sets as anabstract rectangleor an abstract rectangle in the sense of
Fubini’s Theorem. InRN , every geometric rectangle under our definition is an
abstract rectangle, but not conversely.

Define theBorel setsof RN to be the members of the smallestσ -algebraBN

containing all compact sets inRN . It is equivalent to letBN be the smallest
σ -algebra containing all open sets. In fact, every open geometric rectangle is the
countable union of compact geometric rectangles, and every open set in turn is
the countable union of open geometric rectangles; thus the open sets are in the
smallestσ -algebra containing the compact sets. In the reverse direction every
closed set is the complement of an open set, and every compact set is closed; thus
the compact sets are in the smallestσ -algebra containing the open sets.

Functions onRN measurable with respect toBN are calledBorel measurable
functions or Borel functions. Any continuous real-valued functionf on RN
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is Borel measurable because the inverse imagef −1((c, +∞]) of the open set
(c, +∞] has to be open and therefore has to be a Borel set.

Proposition 6.1. If m andn are integers≥ 1, thenBm × Bn = Bm+n within
the product setRm × Rn = Rm+n.

PROOF. If U is open isRm andV is open inRn, thenU × V is open inRm+n,
and it follows thatBm × Bn ⊆ Bm+n. For the reverse inclusion, letW be open
in Rm+n. ThenW is the countable union of open geometric rectangles, and each
of these is of the formU × V with U open inRm and V open inRn. Since
each suchU × V is in Bm × Bn, so isW. Thus we obtain the reverse inclusion
Bm+n ⊆ Bm × Bn.

Lebesgue measure onRN will, at least initially, be a measure defined on the
σ -algebraBN . Proposition 6.1 tells us that theσ -algebra on which the measure is
to be defined is independent of the grouping of variables used in Fubini’s Theorem.
It will be quite believable that different constructions of Lebesgue measure by
using different iterated product decompositions ofRN , such as(R1 × R1) × R1

andR1 × (R1 ×R1), will lead to the same measure, but we shall give two abstract
characterizations of the result that will ensure uniqueness without any act of
faith. These characterizations will take some moments to establish, but we shall
obtain useful additional results along the way. The procedure will be to state the
constructions of the measure via Fubini’s Theorem, then to consider a wider class
of measures onBN known as the “Borel measures,” and finally to establish the
two characterizations of Lebesgue measure among all Borel measures onRN .

It is customary to writedx in place ofdm(x) for Lebesgue measure onR1, and
we shall do so except when there is some special need for the symbolm. Then the
notation for the measure normally becomes an expression likedx or dy instead
of m. To construct Lebesgue measuredx on RN , we can proceed inductively,
adding one variable at a time. Fubini’s Theorem allows us to construct the product
of Lebesgue measure onRN−1 and Lebesgue measure onR1, and Proposition
6.1 shows that the result is defined on the Borel sets ofRN . Let us take this
particular construction as an inductive definition ofLebesgue measureon RN .
It is apparent from the construction that the measure of a geometric rectangle is
the product of the lengths of the sides.

Alternatively, we could construct Lebesgue measure onRN inductively by
groupingRN as some otherRm × RN−m and using the product measure from
versions of the Lebesgue measures onRm andRN−m. Again the result has the
property that the measure of a geometric rectangle is the product of the lengths of
the sides. It is believable that this condition determines completely the measure
onRN , and we shall give a proof of this uniqueness shortly.
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A Borel measureon RN is a measure on theσ -algebraBN of Borel sets of
RN that is finite on every compact set. A key property of Borel measures onRN

is their regularity as expressed in Theorem 6.2 below. The theorem makes use of
two simple properties ofRN :

(i) there exists a sequence{Fn}∞n=1 of compact sets with union the whole
space such thatFn ⊆ Fo

n+1 for all n,
(ii) for any compact setK , there exists a decreasing sequence of open sets

Un with compact closure such that
⋂∞

n=1 Un = K .

For (i), we can takeFn to be the closed ball of radiusn centered at the origin.
For (ii), we can takeUn = {

x
∣∣ D(x, K ) < 1/n

}
if K �= ∅, and we can take all

Un = ∅ if K = ∅.

Theorem 6.2.Every Borel measureµ on RN is regular in the sense that the
value ofµ on any Borel setE is given by

µ(E) = sup
K⊆E,

K compact

µ(K ) = inf
U⊇E,
U open

µ(U ).

REMARK. This conclusion is new for us even forR1. Although regularity of
1-dimensional Lebesgue measure was introduced before Proposition 5.4, it was
established only for the elementary sets at that time.

PROOF. We shall begin by showing for each Borel setE and for anyε > 0 that

there exist closedC and openU such that
C ⊆ E ⊆ U andµ(U − C) < ε.

(∗)

LetA be the set of Borel setsE for which (∗) holds for allε > 0.
If E is compact, then we can takeC = E andU = Un as in (ii) for a suitable

n in order to prove (∗); Corollary 5.3 gives us limn µ(Un − C) = 0, since the
compact closure ofUn forcesµ(U1) to be finite. ThereforeA contains all compact
sets.

To see thatA is closed under complements, supposeE is in A. Let ε > 0
be given and choose, by (∗) for E, a closed setC and an open setU such that
C ⊆ E ⊆ U andµ(U − C) < ε. Taking complements, we haveUc ⊆ Ec ⊆ Cc

andµ(Cc − Uc) = µ(U − C) < ε. ThusEc is in A.
Let us see thatA is closed under finite unions. Suppose thatE1 and E2 are

in A. Let ε > 0 be given and choose, by (∗) for E1 andE2, two closed setsC1

andC2 and two open setsU1 andU2 such thatC1 ⊆ E1 ⊆ U1, µ(U1 − C1) < ε,
C2 ⊆ E2 ⊆ U2, andµ(U2 − C2) < ε. ThenC1 ∪ C2 ⊆ E1 ∪ E2 ⊆ U1 ∪ U2

andµ((U1 ∪ U2) − (C1 ∪ C2)) ≤ µ(U1 − C1) + µ(U2 − C2) < 2ε. Sinceε is
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arbitrary,E1 ∪ E2 is in A. HenceA is closed under finite unions, andA is an
algebra of sets.

The proof thatA is closed under countable unions takes two steps. For the
first step we let a sequence of setsEn in A be given with unionE, and first
assume that allEn lie in one of the setsFM in (i) above. Letε > 0 be given
and choose, by (∗) for eachEn, closed setsCn and open setsUn such thatCn ⊆
En ⊆ Un andµ(Un − Cn) < ε/2n. Possibly by intersectingUn with Fo

M+1, we
may assume that allUn lie in the compact setFM+1. SetU = ⋃∞

n=1 Un and
C = ⋃∞

n=1 Cn. ThenC ⊆ E ⊆ U with U open butC not necessarily closed.
Nevertheless, we haveU − C ⊆ ⋃∞

n=1 (Un − Cn), and Proposition 5.1g gives
µ(U − C) ≤ ∑∞

n=1 µ(Un − Cn) < ε. The setsSm = U − ⋃m
n=1 Cn form a

decreasing sequence withinFM+1 with intersectionU − C. Sinceµ(FM+1) is
finite, Corollary 5.3 shows thatµ(Sm) decreases toµ(U − C), which is< ε.
Thus there is somem = m0 with µ(Sm0) < ε. The setC′ = ⋃m0

n=1 Cn is closed,
and we haveC′ ⊆ E ⊆ U andµ(U − C′) = µ(Sm0) < ε. ThereforeE is in A.

For the second step we let the setsEn be general members ofA. SinceA is an
algebra,En ∩ (Fm+1− Fm) is inA for everyn andm. Applying the previous step,
we see thatE′

m = E ∩ (Fm+1 − Fm) is inA for everym. The setsE′
m have union

E, andE′
m is contained inFm+1−Fn. Changing notation, we may assume that the

given setsEn all haveEn ⊆ Fn+1 − Fn. If ε > 0 is given, constructUn open and
Cn closed as in the previous paragraph except thatUn is not constrained to lie in a
particularFM . Again letU = ⋃∞

n=1 Un andC = ⋃∞
n=1 Cn, so thatC ⊆ E ⊆ U

andµ(U − C) < ε. The setU is open, and this time we can prove that the setC
is closed. In fact, let{xk} be a sequence inC convergent to some limit pointx0

of C. The pointx0 is in someFM since the setsFM have union the whole space.
SinceFM ⊆ Fo

M+1 andFo
M+1 is open, the sequence is eventually inF0

M+1. The
inclusionCn ⊆ En ⊆ Fn+1 − Fn shows thatCn ∩ FM+1 = ∅ for n ≥ M + 1.
Thus no term of the sequence after some point lies inCM+1, CM+2, . . . , i.e., all
the terms of the sequence after some point lie in

⋃M
n=1 Cn. This is a closed set,

and the limitx0 must lie in it. Thereforex0 lies inC, andC is closed. This proves
that E is in A. HenceA is aσ -algebra and must contain all Borel sets.

From (∗) for all Borel sets, it follows that every Borel setE satisfies

µ(E) = sup
C⊆E,

C closed

µ(C) = inf
U⊇E,
U open

µ(U ). (∗∗)

Proposition 5.2 shows that the setsFn of (i) have the property thatµ(C) =
supµ(C∩Fn) for every Borel setC. WhenC is closed, the setsC∩Fn are compact,
and thus (∗∗) implies the equality asserted in the statement of the theorem. This
completes the proof.

Recall from Section III.10 that thesupport of a scalar-valued function on a
metric space is the closure of the set where it is nonzero. LetCcom(RN) be the
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space of continuous scalar-valued functions onRN of compact support. If there
is no special mention of the scalars, the scalars may be either real or complex.

If K is a compact set and the open setsUn are as in (ii) before Theorem 6.2,
Proposition 2.30e gives us continuous functionsfn : RN → [0, 1] such thatfn
is 1 onK and is 0 onUc

n . The support of the functionfn is then contained inU cl
n ,

which is compact. By replacing the functionsfn by gn = min{ f1, . . . , fn}, we
may assume that they are pointwise decreasing. Consequently

(iii) there exists a decreasing sequence of real-valued members ofCcom(RN)

with pointwise limit the indicator function ofK .

Corollary 6.3. If µ andν are Borel measures onRN such that
∫

RN f dµ =∫
RN f dν for all continuous functions onRN of compact support, thenµ = ν.

PROOF. Let K be a compact subset ofRN , and use (iii) to choose a decreasing
sequence{ fn} of real-valued members ofCcom(RN) with pointwise limit the
indicator functionIK . Since f1 is integrable, dominated convergence allows us
to deduce

∫
RN IK dµ = ∫

RN IK dν from the equality
∫

RN fn dµ = ∫
RN fn dν for

all n. Thusµ(K ) = ν(K ) for every compact setK . Applying Theorem 6.2, we
obtainµ(E) = ν(E) for every Borel setE.

Corollary 6.4. Let p = 1 or p = 2. If µ is a Borel measure onRN , then

(a) Ccom(RN) is dense inL p(RN, µ),
(b) the smallest closed subspace ofL p(RN, µ) containing all indicator func-

tions of compact sets inRN is L p(RN, µ) itself.

REMARK. The scalars are assumed to be the same forCcom(RN) as for
L1(RN, µ) and L2(RN, µ); the corollary is valid both for real scalars and for
complex scalars.

PROOF. If E is a Borel set of finiteµ measure and ifε is given, Theorem 6.2
allows us to choose a compact setK with K ⊆ E andµ(E − K ) < ε. Then∫

RN |I E − IK |p dµ = µ(E− K ) < ε, and consequently the closure inL p(RN) of
the set of all indicator functions of compact sets contains all indicator functions
of Borel sets of finiteµ measure. Proposition 5.56 shows consequently that the
smallest closed subspace ofL p(RN) containing all indicator functions of compact
sets isL p(RN) itself. This proves (b).

For (a), let K be compact, and use (iii) to choose a decreasing sequence
{ fn} of real-valued members ofCcom(RN) with pointwise limit IK . Since f p

1 is
integrable, dominated convergence yields limn

∫
RN | fn − IK |p dµ = 0. Hence

the closure ofCcom(RN) in L p(RN) contains all indicator functions of compact
sets. By Proposition 5.55d this closure contains the smallest closed subspace of
L p(RN) containing all indicator functions of compact sets. Conclusion (b) shows
that the latter subspace isL p(RN) itself. This proves (a).
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Fix an integern ≥ 0, and let(a1, . . . , aN) be ann-tuple of integers. Thediadic
cube Qn(a1, . . . , aN) in RN of side 2−n is defined to be the geometric rectangle

Qn(a1, . . . , aN) = {
(x1, . . . , xN)

∣∣ 2−naj < xj ≤ 2−n(aj + 1) for 1 ≤ j ≤ N
}
.

LetQn be the set of all diadic cubes of side 2−n. The members ofQn are disjoint
and have unionRN . Thus we can associate uniquely to eachx in RN a sequence
{Qn} of diadic cubes such thatx is in Qn and Qn is in Qn. Since for eachn,
the members ofQn+1 are obtained by subdividing each member ofQn into 2N

disjoint smaller diadic cubes, the diadic cubesQn associated tox must have the
property thatQn ⊇ Qn+1 for all n ≥ 0.

Lemma 6.5. Any open set inRN is the countable disjoint union of diadic
cubes.

PROOF. Let an open setU be given. We may assume thatU �= RN , so that
Uc �= ∅. We describe which diadic cubes to include in a collectionA so thatA
has the required properties. Ifx is in U , thenD(x,Uc) = d is positive sinceUc

is closed and nonempty. Let{Qn} be the sequence of diadic cubes associated to
x. The distance between any two points ofQn is≤ 2−n

√
N, and this is< d if n is

sufficiently large. HenceQn is contained inU for n sufficiently large. The cube
in A that containsx is to be theQn with n as small as possible so thatQn ⊆ U .

The construction has been arranged so that the union of the diadic cubes inA
is exactlyU . Suppose thatQ andQ′ are members ofA obtained from respective
points x and x′ in U . If Q ∩ Q′ �= ∅, let x′′ be in the intersection. ThenQ
andQ′ are two of the diadic cubes in the sequence associated tox′′, and one has
to contain the other. Without loss of generality, suppose thatQ ⊇ Q′. Thenx′
lies in Q as well asQ′, and we should have selectedQ for x′ rather thanQ′ if
Q �= Q′. We conclude thatQ = Q′, and thus the members ofA are disjoint.
Each collectionQn is countable, and therefore the collectionA is countable.

Proposition 6.6.Any Borel measure onRN is determined by its values on all
the diadic cubes.

REMARK. We shall apply this result in the present section in connection with
Lebesgue measure onRN and in Section 8 in connection with general Borel
measures onR1.

PROOF. The values on the diadic cubes determine the values on all open sets
by Lemma 6.5, and the values on all open sets determine the values on all Borel
sets by Theorem 6.2.
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Corollary 6.7. There exists a unique Borel measure onRN for which the
measure of each geometric rectangle is the product of the lengths of the sides.
The measure is theN-fold product of 1-dimensional Lebesgue measure.

REMARKS. The uniqueness is immediate from Proposition 6.6. The first
version of Lebesgue measure that we constructed has the property stated in the
corollary and therefore proves existence. All the other versions ofLebesgue
measurewe constructed have the same property, and so all such versions are
equal. The corollary therefore allows us to use Fubini’s Theorem for any decom-
positionRN = Rm × Rn with m + n = N. As in the 1-dimensional case, we
shall often writedx for Lebesgue measure.

Corollary 6.7 gives one characterization of Lebesgue measure. We shall use
Proposition 6.6 to give a second characterization, which will be in terms of
translation invariance.

Proposition 6.8. Under a Borel functionF : RN → RN ′
, F−1(E) is in BN

wheneverE is in BN ′ . In particular, this conclusion is valid ifF is continuous.

PROOF. The set ofE’s for which F−1(E) is inBN is aσ -algebra, and the result
will follow if this set of E’s contains the open geometric rectangles ofRN ′

. If Fj

denotes thej th component ofF , thenFj : RN → R1 is Borel measurable and
Proposition 5.6c shows thatFj

−1(Uj ) is a Borel set inRN if Uj is open inR1.

ThenF−1(U1 × · · · × UN ′) = ⋂N ′
j =1 Fj

−1(Uj ) is a Borel set inRN .

Corollary 6.9. Any homeomorphism ofRN carriesBN toBN .

Corollary 6.9 is a special case of Proposition 6.8. The particular homeomor-
phisms of interest at the moment aretranslations anddilations. Translation by
x0 is the homeomorphismτx0(x) = x + x0. Its operation on a setE is given by
τx0(E) = {τx0(x) | x ∈ E} = {x + x0 | x ∈ E} = E + x0, and its operation on a
function f onRN is given byτx0( f )(x) = f (τ−1

x0
(x)) = f (x−x0). Its operation

on an indicator functionI E is τx0(I E)(x) = I E(x − x0) = I E+x0(x) = Iτx0(E)(x).
Because of Corollary 6.9, translations operate on measures, the formula being
τx0(µ)(E) = µ(τ−1

x0
(E)); since homeomorphisms carry compact sets to compact

sets, the right side is a Borel measure ifµ is a Borel measure. The actions ofτx0

on functions and measures are related by integration. Iff ≥ 0 is a Borel function,
then so isτx0( f ), and

∫
RN f d(τx0µ) = ∫

RN τ−1
x0

( f ) dµ; this formula is verified
by checking it for indicator functions and then passing to simple functions≥ 0
by linearity and to Borel functionsf ≥ 0 by monotone convergence.

Dilation δc by a nonzero realc is given on members ofRN by δc(x) = cx, and
the operations on sets, functions, indicator functions, and measures are analogous
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to the corresponding operations for translations. Although dilations will play a
recurring role in this book, the notationδc will be used only in the present section.

Theorem 6.10. Lebesgue measurem on RN is translation invariant in the
sense thatτx0(m) = m for every x0 in RN . In fact, Lebesgue measure is the
unique translation-invariant Borel measure onRN that assigns measure 1 to the
diadic cubeQ0(0, . . . , 0). The effect of dilations on Lebesgue measure is that
δc(m) = |c|−Nm, i.e.,

∫
RN f (cx) dx = |c|−N

∫
RN f (x) dx for every nonnegative

Borel function f .

REMARKS. From one point of view, translation and dilation are examples
of bounded linear operators on eachL p(RN, dx), with translation preserving
norms and with dilation multiplying norms by a constant depending onp and
the particular dilation. From another point of view, translation and dilation are
especially simple examples of changes of variables. Operationally the theorem
allows us to writedy = dx wheny = τx0(x) anddz = |c|N dx whenz = cx.
These effects of translations and dilations on integration with respect to Lebesgue
measure are special cases of the general change-of-variables formula to be proved
in Section 5.

PROOF. For anyx0 in RN , m andτx0(m) assign the product of the lengths of
the sides as measure to any diadic cube. From Proposition 6.6 we conclude that
m = τx0(m). The assertion about the effect of dilations on Lebesgue measure is
proved similarly.

We still have to prove the uniqueness. Letµ be a translation-invariant Borel
measure. The members ofQn are translates of one another and hence have equal
µ measure. The members ofQn+1 are obtained by partitioning each member
of Qn into 2N members ofQn+1 that are translates of one another. Thus theµ

measure of any member ofQn+1 is 2−N times theµ measure of any member of
Qn. Consequently theµ measure of any diadic cube is completely determined
by the value ofµ on Q0(0, . . . , 0), which is a member ofQ0. The uniqueness
then follows by another application of Proposition 6.6.

For a continuous function on a closed bounded interval, it was shown at the
end of Section V.3 that the Riemann integral equals the Lebesgue integral. The
next proposition gives anN-dimensional analog. A general comparison of the
Riemann and Lebesgue integrals will be given in Section 4.

Proposition 6.11.For a continuous function on a compact geometric rectangle,
the Riemann integral equals the Lebesgue integral.

PROOF. The two are equal in the 1-dimensional case, and theN-dimensional
cases of each may be computed by iterated 1-dimensional integrals—as a result of
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Corollary 3.33 in the case of the Riemann integral and as a result of the definition
of Lebesgue measure as a product and the use of Fubini’s Theorem (Theorem
5.47) in the case of the Lebesgue integral.

So far, we have worked in this section only with Lebesgue measure on the
Borel sets. TheLebesgue measurable setsare those sets that occur when
Lebesgue measure is completed. The Lebesgue measurable sets of measure 0
are of particular interest. In Section III.8 we defined an ostensibly different
notion of measure 0 by saying that a set inRN is of measure 0 if for anyε > 0,
it can be covered by a countable set of open geometric rectangles of total volume
less thanε, and Theorem 3.29 characterized the Riemann integrable functions on
a compact geometric rectangle as those functions whose discontinuities form a
set of measure 0 in this sense. Later, Proposition 5.39 showed forR1 that a set
has measure 0 in this sense if and only if it is Lebesgue measurable of Lebesgue
measure 0. This equivalence extends toRN , as the next proposition shows.

Proposition 6.12. In RN , the Lebesgue measurable sets of measure 0 are
exactly the subsetsE of RN with the following property: for anyε > 0, the set
E can be covered by countably many geometric rectangles of total volume less
thanε.

PROOF. Let m be Lebesgue measure onRN . If E has the stated property, let
En be the union of the given countable collection of geometric rectangles of total
volume< 1/n used to coverE. Proposition 5.1g shows thatm(En) < 1/n, and
hence the Borel setE′ = ⋂

k Ek hasm(E′) < 1/n for every n. Therefore
m(E′) = 0. SinceE ⊆ E′, E is Lebesgue measurable and has Lebesgue
measure 0.

Conversely ifE is Lebesgue measurable of Lebesgue measure 0 and ifε > 0
is given, we are to find a union of open geometric rectangles containingE and
having total volume< ε. Find a setE′ in BN with E ⊆ E′ andm(E′) = 0. It is
enough to handleE′. Writing RN as the union of compact geometric cubesCn

of side 2n centered at the origin and coveringE′ ∩ Cn up toε/2n, we see that we
may assume thatE′ is bounded, being contained in some cubeCn.

Within R1 ∩ [−n, n], we know that the set of finite unions of intervals is an
algebraA(n)

1 of sets such thatB(n)
1 = B1 ∩ [−n, n] is the smallestσ -algebra

containingA(n)
1 . Applying Proposition 5.40 inductively, we see that the set of

finite disjoint unions ofN-fold products of members ofA(n)
1 is an algebraA(n)

N ,
and then Proposition 6.1 shows that the smallestσ -algebra containingA(n)

N is
B(n)

N = BN ∩ Cn. Proposition 5.38 shows that the measurem onB(n)
N is given by

m∗, wherem∗(A) is the infimum of countable unions of members ofA(n)
N that

cover A. Consequently the subsetE′ of Cn can be covered by countably many
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geometric rectangles of total volume< ε. Doubling these rectangles about their
centers and discarding their edges, we obtain a covering ofE′ by open rectangles
of total volume< 2Nε, and we have the required covering.

Borel measurable sets have two distinct advantages over Lebesgue measurable
sets. One advantage is that Borel measurable sets are independent of the particular
Borel measure in question, whereas the sets in the completion of aσ -algebra
relative to a Borel measure very much depend on the particular measure. The other
advantage is that Fubini’s Theorem applies in a tidy fashion to Borel measurable
functions as a consequence of the identityBm ×Bn = Bm+n given in Proposition
6.1. By contrast, there are Lebesgue measurable sets forRN that are not in the
product of theσ -algebras of Lebesgue measurable sets fromRm andRN−m. For
example, take a setE in R1 that is not Lebesgue measurable; such a set is produced
in Problem 1 at the end of the present chapter. ThenE × {0} in R2 is a subset
of the Borel setR1 × {0}, and hence it is Lebesgue measurable of measure 0.
However,E ×{0} is not in the productσ -algebra, because a section of a function
measurable with respect to the product has to be measurable with respect to the
appropriate factor (Lemma 5.46).

On the other hand, Lebesgue measurable functions are sometimes unavoidable.
An example occurs with Riemann integrability: In view of Proposition 6.12,
Theorem 3.29 says that the Riemann integrable functions on a compact geometric
rectangle are exactly the functions whose discontinuities form a Lebesgue mea-
surable set of Lebesgue measure 0, and Problems 31–33 at the end of Chapter V
produced such a function in the 1-dimensional case that is not a Borel measurable
function.

The upshot is that a little care is needed when using Fubini’s Theorem and
Lebesgue measurable sets at the same time, and there are times when one wants
to do so. The situation is a little messy but not intractable. Problem 12 at the
end of Chapter V showed that a Lebesgue measurable function can be adjusted
on a set of Lebesgue measure 0 so as to become Borel measurable. Using this
fact, one can write down a form of Fubini’s Theorem for Lebesgue measurable
functions that is usable even if inelegant.

2. Convolution

Convolution is an important operation available for functions onRN . On a formal
level, theconvolution f ∗ g of two functions f andg is

( f ∗ g)(x) =
∫

RN
f (x − y)g(y) dy.
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One place convolution arises is as a limit of a linear combination of translates:
We shall see in Proposition 6.13 that the convolution atx may be written also
as
∫

RN f (y)g(x − y) dy. If f is fixed and if finite sets of translation operators
τyi and of weightsf (yi ) are given, then the value atx of the linear combination∑

i f (yi )τyi applied tog and evaluated atx is
∑

i f (yi )g(x − yi ). Corollary 6.17
will show a sense in which we can think of

∫
RN f (y)g(x − y) dy as a limit of

such expressions.
To make mathematical sense out off ∗g, let us begin with the case thatf andg

are nonnegative Borel functions onRN . The assertion is thatf ∗ g is meaningful
as a Borel function≥ 0. In fact, (x, y) 
→ f (x − y) is the composition of
the continuous functionF : R2N → RN given by F(x, y) = x − y, followed
by the Borel function f : RN → [0, +∞]. If U is open in [0,+∞], then
f −1(U ) is inBN , and Proposition 6.8 shows that( f ◦ F)−1(U ) = F−1( f −1(U ))

is in B2N . Then the product(x, y) 
→ f (x − y)g(y) is a Borel function, and
Fubini’s Theorem (Theorem 5.47) and Proposition 6.1 combine to show that
x 
→ ( f ∗ g)(x) is a Borel function≥ 0.

Proposition 6.13.For nonnegative Borel functions onRN ,

(a) f ∗ g = g ∗ f ,
(b) f ∗ (g ∗ h) = ( f ∗ g) ∗ h.

PROOF. We use Theorem 6.10 for both parts and also Fubini’s Theorem for
(b). For (a), the changes of variablesy 
→ y + x and theny 
→ −y give∫

RN f (x − y)g(y) dy = ∫
RN f (−y)g(y + x) dx = ∫

RN f (y)g(x − y) dy. For
(b), the computation is

( f ∗ (g ∗ h))(x) = ∫
RN f (x − y)(g ∗ h)(y) dy

= ∫
RN

[ ∫
RN f (x − y)g(y − z)h(z) dz

]
dy

= ∫
RN

[ ∫
RN f (x − y)g(y − z)h(z) dy

]
dz

= ∫
RN

[ ∫
RN f (x − z − y)g(y)h(z) dy

]
dz

= ∫
RN ( f ∗ g)(x − z)h(z) dz = (( f ∗ g) ∗ h)(x),

the change of variablesy 
→ y + z being used for the fourth equality.

In order to have a well-defined expression forf ∗ g when f andg are not
necessarily≥ 0, we need conditions under which the nonnegative case leads to
something finite. The conditions we use ensure finiteness of(| f | ∗ |g|)(x) for
almost everyx. For real-valuedf andg, we then definef ∗ g(x) by subtraction
at the points where(| f | ∗ |g|)(x) is finite, and we define it to be 0 elsewhere.
For complex-valuedf andg, we define( f ∗ g)(x) as a linear combination of the
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appropriate parts where(| f | ∗ |g|)(x) is finite, and we define it to be 0 elsewhere.
When we proceed this way, the commutativity and associativity properties in
Proposition 6.13 will be valid even thoughf andg are not necessarily≥ 0.

Proposition 6.14. For nonnegative Borel functionsf andg on RN , convo-
lution is finite almost everywhere in the following cases, and then the indicated
inequalities of norms are satisfied:

(a) for f in L1(RN) andg in L1(RN), and then‖ f ∗ g‖1 ≤ ‖ f ‖1‖g‖1,
(b) for f in L1(RN) andg in L2(RN), and then‖ f ∗ g‖2 ≤ ‖ f ‖1‖g‖2,

for f in L2(RN) andg in L1(RN), and then‖ f ∗ g‖2 ≤ ‖ f ‖2‖g‖1,
(c) for f in L1(RN) andg in L∞(RN), and then‖ f ∗ g‖∞ ≤ ‖ f ‖1‖g‖∞,

for f in L∞(RN) andg in L1(RN), and then‖ f ∗ g‖∞ ≤ ‖ f ‖∞‖g‖1,
(d) for f in L2(RN) andg in L2(RN), and then‖ f ∗ g‖∞ ≤ ‖ f ‖2‖g‖2.

Consequentlyf ∗ g is defined in the above situations even if the scalar-valued
functions f andg are not necessarily≥ 0, and the estimates on the norm off ∗ g
are still valid.

PROOF. For (a) and the first conclusions in (b) and (c), letp be 1, 2, or∞ as
appropriate. By Minkowski’s inequality for integrals (Theorem 5.60),

‖ f ∗ g‖p = ∥∥ ∫
RN f (y)g(x − y) dy

∥∥
p,x ≤ ∫

RN ‖ f (y)g(x − y)‖p,x dy

= ∫
RN | f (y)| ‖g(x − y)‖p,x dy = ∫

RN | f (y)| ‖g‖p dy = ‖ f ‖1‖g‖p,

the next-to-last equality following from the translation invariance ofdx. The
second conclusions in (b) and (c) require only notational changes.

For (d), we have

sup
x

|( f ∗ g)(x)| = supx

∣∣ ∫
RN f (y)g(x − y) dy

∣∣
≤ supx ‖ f ‖2‖g(x − y)‖2,y = ‖ f ‖2‖g‖2,

the inequality following from the Schwarz inequality and the last step following
from translation invariance ofdy and invariance undery 
→ −y.

Going over these arguments, we see that we may use them even iff andg are
not necessarily≥ 0. Then the last statement of the proposition follows.

Next let us relate the translation operators of Section 1 to convolution. The
formula for the effect of a translation operator on a function isτt ( f )(x) = f (x−t).

Proposition 6.15. Convolution commutes with translations in the sense that
τt ( f ∗ g) = (τt f ) ∗ g = f ∗ τt g.

PROOF. It is enough to treat functions≥ 0. Then we haveτt ( f ∗ g)(x) =
( f ∗g)(x−t) = ∫

RN f (x−t−y)g(y) dy, which equals
∫

RN (τt f )(x−y)g(y) dy =
((τt f )∗g)(x) on the one hand and, because of translation invariance of Lebesgue
measure, equals

∫
RN f (x − y)g(y − t) dy = ( f ∗ τt g)(x) on the other hand.
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Proposition 6.16. If p = 1 or p = 2, then translation of a function is
continuous in the translation parameter inL p(RN, dx). In other words, iff is in
L p relative to Lebesgue measure, then limh→0 ‖τt+h f − τt f ‖p = 0 for all t .

REMARK. However, continuity fails onL∞. In this case, there is a substitute
result, and we take that up in a moment.

PROOF. Let f be in L p. By translation invariance of Lebesgue measure,
‖τt+h f − τt f ‖p = ‖τh f − f ‖p. If g is in Ccom(RN), then‖τhg − g‖p

p =∫
RN |g(x−h)−g(x)|p dx, and dominated convergence shows that this tends to 0

ash tends to 0. Letε > 0 and f be given. By Corollary 6.4a,Ccom(RN) is dense
in L p(RN, dx), and thus we can chooseg in Ccom(RN) with ‖ f −g‖p < ε. Then

‖τh f − f ‖p ≤ ‖τh f − τhg‖p + ‖τhg − g‖p + ‖g − f ‖p

= 2‖ f − g‖p + ‖τhg − g‖p ≤ 2ε + ‖τhg − g‖p.

If h is close enough to 0, the term‖τhg− g‖p is < ε, and then‖τh f − f ‖p < 3ε.

Corollary 6.17. Let p = 1 or p = 2, and letg1, . . . , gr be finitely many
functions inL p(RN). If a positive numberε and a functionf in L1(RN) are
given, then there exist finitely many membersyj of RN , 1 ≤ j ≤ n, and constants
cj such that

∥∥ f ∗ gk −∑n
j =1 cj τyj gk

∥∥
p < ε for 1 ≤ k ≤ r .

REMARK. In the caser = 1, the corollary says that any convolutionf ∗ g can
be approximated inL p by a linear combination of translates ofg. The result will
be used in Chapter VIII withr > 1.

PROOF. Let V be the set of functionsf in L1(RN) for which this kind of
approximation is possible for everyε > 0. The main step is to show thatV
contains the indicator functions of the compact sets inRN . Let K be compact,
and let IK be its indicator function. Proposition 6.16 shows that the functions
y 
→ τygk are continuous fromK into L p(RN) for 1 ≤ k ≤ r , and therefore
these functions are uniformly continuous. Fixε > 0, and letδ > 0 be such that
‖τygk − τy′ gk‖p < ε for all k whenever|y − y′| < δ andy andy′ are inK . For
eachy in K , form the open ballB(δ; y) in RN . These balls coverK , and finitely
many suffice; let their centers bey1, . . . , yn. Define setsS1, . . . , Sn inductively
as follows: Sj is the subset ofK where|y − yj | < δ but |y − yi | ≥ δ for i < j .
ThenK = ⋃n

j =1 Sj disjointly. By the choice ofδ, we have‖τygk − τyj gk‖p < ε

for all y in Sj and allk. Using Minkowski’s inequality for integrals (Theorem
5.60), and writingm for Lebesgue measure, we have∥∥ISj ∗ gk − m(Sj )τyj gk

∥∥
p = ∥∥ ∫

Sj
(gk(x − y) − gk(x − yj )) dy

∥∥
p

≤ ∫
Sj

‖gk(x − y) − gk(x − yj )‖p,x dy

≤ εm(Sj ).
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Summing overj gives∥∥IK ∗ gk −∑n
j =1 m(Sj )τyj gk

∥∥
p ≤ εm(K ).

Sinceε is arbitrary,IK lies in V .
If f1 and f2 are inV and if g1, . . . , gr are given, then we may assume, by

taking the union of the sets of membersyj of RN and by setting any unnecessary
constantscj equal to 0, that the translates used forf1 and f2 with the same
ε > 0 are the same. Thus we can write

∥∥ f1 ∗ gk −∑n
j =1 cj τyj gk

∥∥
p < ε/2 and∥∥ f2 ∗ gk − ∑n

j =1 dj τyj gk

∥∥
p < ε/2 for suitableyj ’s andcj ’s, and the triangle

inequality gives
∥∥( f1 + f2) ∗ gk − ∑n

j =1(cj + dj )τyj gk

∥∥
p < ε. HenceV is

closed under addition. SimilarlyV is closed under scalar multiplication. If
fl → f in L1 with fl in V and if ε > 0 is given, choosel large enough so that
‖ f − fl ‖1 < ε

/
(2 max‖gk‖p). If

∥∥ fl ∗ gk −∑n
j =1 c(l )

j τy(l )
j

gk

∥∥
p < ε/2, then the

inequality‖ f ∗ gk − fl ∗ gk‖p ≤ ‖ f − fl ‖1‖gk‖p and the triangle inequality

together give
∥∥ f ∗gk −∑n

j =1 c(l )
j τy(l )

j
gk

∥∥
p < ε. Hencef is in V , andV is closed.

By Corollary 6.4b,V = L1(RN), and the proof is complete.

In some cases withL∞(RN), results have more content when phrased in terms
of the supremum norm‖ f ‖sup = supx∈RN | f (x)| defined in Section V.9. For a
continuous functionf , the two norms agree because the set where| f (x)| > M
is open and therefore has positive measure if it is nonempty. For a bounded
function f , the condition limh→0 ‖τh f − f ‖sup = 0 is equivalent to uniform
continuity of f , basically by definition. The functionsf in L∞ for which
limh→0 ‖τh f − f ‖∞ = 0 are not much more general than the bounded uniformly
continuous functions; we shall see shortly that they can be adjusted on a set of
measure 0 so as to be bounded and uniformly continuous.

Proposition 6.18. In RN with Lebesgue measure, the convolution ofL1 with
L∞, or of L∞ with L1, or of L2 with L2 results in an everywhere-defined bounded
uniformly continuous function, not just anL∞ function. Moreover,

‖ f ∗g‖sup ≤ ‖ f ‖1‖g‖∞, ‖ f ∗g‖sup ≤ ‖ f ‖∞‖g‖1, or ‖ f ∗g‖sup ≤ ‖ f ‖2‖g‖2

in the various cases.

PROOF. We give the proof whenf is in L1 andg is in L∞, the other cases
being handled similarly. The bound follows from the computation‖ f ∗ g‖sup =
supx

∣∣ ∫
RN f (x − y)g(y) dy

∣∣ ≤ supx ‖g‖∞
∫

RN | f (x − y)| dy = ‖ f ‖1‖g‖∞.
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For uniform continuity we use Proposition 6.15 and the bound‖ f ∗ g‖sup ≤
‖ f ‖1‖g‖∞ to make the estimate

‖τh( f ∗ g) − ( f ∗ g)‖sup = ‖(τh f ) ∗ g − f ∗ g‖sup

= ‖(τh f − f ) ∗ g‖sup ≤ ‖τh f − f ‖1‖g‖∞,

and then we apply Proposition 6.16 to see that the right side tends to 0 ash tends
to 0.

A corollary of Proposition 6.18 gives a first look at how differentiability
interacts with convolution.

Corollary 6.19. Suppose thatf is a compactly supported function of class
Cn onRN and thatg is in L p(RN, dx) with p equal to 1, 2, or∞. Then f ∗ g is
of classCn, andD( f ∗ g) = (D f ) ∗ g for any iterated partial derivative of order
≤ n.

PROOF. First suppose thatn = 1. Fix j with 1 ≤ j ≤ N, and putDj = ∂/∂xj .
The function(Dj f ) ∗ g is continuous by Proposition 6.18. If we can prove that
Dj ( f ∗ g)(x) exists and equals((Dj f ) ∗ g)(x) for eachx, then it will follow that
Dj ( f ∗ g) is continuous. This fact for allj implies that f ∗ g is of classC1,
by Theorem 3.7, and the result forn = 1 will have been proved. The result for
highern can then be obtained by iterating the result forn = 1.

Thus we are to prove thatDj ( f ∗ g)(x) exists and equals((Dj f ) ∗ g)(x) for
eachx. In the respective casesp = 1, 2, ∞, put p′ = ∞, 2, 1. Letej be the j th

standard basis vector ofRN and leth be real with|h| ≤ 1. Proposition 6.15 gives

h−1(( f ∗ g)(x + hej ) − ( f ∗ g)(x)
) = (

(h−1(τ−hej f − f )) ∗ g
)
(x). (∗)

Proposition 3.28a shows thath−1(τ−hej f − f ) converges uniformly, ash → 0, to
Dj f on any compact set; since the support is compact,h−1(τ−hej f − f ) converges
uniformly to Dj f on RN . Hence the convergence occurs inL∞, and dominated
convergence shows that it occurs inL1 andL2 also. Combining Proposition 6.18
and (∗), we see that

|h−1(( f ∗g)(x+hej )−( f ∗g)(x)
)−(Dj f )(x)| ≤ ‖h−1(τ−hej f−f )−Dj f ‖p′‖g‖p.

The right side tends to 0 ash → 0, and thus indeedDj ( f ∗ g)(x) exists and
equals((Dj f ) ∗ g)(x).
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Twice in Chapter I we made use of an “approximate identity” inR1, a system of
functions peaking at the origin such that convolution by these functions acts more
and more like the identity operator on some class of functions. The first occasion
of this kind was in Section I.9 in connection with the Weierstrass Approximation
Theorem, where the functions in the system wereϕn(x) = cn(1−x2)n on [−1, 1]
with the constantscn chosen to make the total integral be 1. The polynomialsϕn

had the properties

(i) ϕn(x) ≥ 0,
(ii)

∫ 1
−1 ϕn(x) dx = 1,

(iii) for any δ > 0, supδ≤|x|≤1 ϕn(x) tends to 0 asn tends to infinity,

and the convolutions were with continuous functionsf such thatf (0) = f (1) =
0 and f vanishes outside [0, 1]. The second occasion was in Section I.10
in connection with Fej´er’s Theorem, where the functions in the system were
trigonometric polynomialsKN(x) such that

(i) KN(x) ≥ 0,
(ii) 1

2π

∫ π

−π
KN(x) dx = 1,

(iii) for any δ > 0, supδ≤|x|≤π KN(x) tends to 0 asn tends to infinity.

In this case the convolutions were with periodic functions of period 2π over an
interval of length 2π , and the integrations involved12π

dx instead ofdx.
Now we shall use the dilations of a single function in order to produce a more

robust kind of approximate identity, this time onRN . One sense in which con-
volution by this system acts more and more like the identity appears in Theorem
6.20 below, and a sample application appears in Corollary 6.21. The corollary
will illustrate how one can use an approximate identity to pass from conclusions
about nice functions in some class to conclusions about all functions in the class.

Theorem 6.20.Let ϕ be inL1(RN, dx), not necessarily≥ 0. Define

ϕε(x) = ε−Nϕ(ε−1x) for ε > 0,

and putc = ∫
RN ϕ(x) dx. Then the following hold:

(a) if p = 1 or p = 2 and if f is in L p(RN, dx), then

lim
ε↓0

‖ϕε ∗ f − c f ‖p = 0,

(b) the conclusion in (a) is valid forp = ∞ if f is in L∞(RN, dx) and
limt→0 ‖τt f − f ‖∞ = 0,

(c) if f is bounded onRN and is continuous atx, then limε↓0(ϕε ∗ f )(x) =
c f (x),

(d) the convergence in (c) is uniform for any setE of x’s such that f is
uniformly continuous at the points ofE.
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Corollary 6.21. If f in L∞(RN, dx) satisfies limt→0 ‖τt f − f ‖∞ = 0, then
f can be adjusted on a set of measure 0 so as to be uniformly continuous.

PROOF. Let ϕ be a member ofCcom(RN) such that
∫

RN ϕ(x) dx = 1. Fix a
sequence{εn} decreasing to 0 inR1. Proposition 6.18 shows that eachϕεn ∗ f
is bounded and uniformly continuous for everyn, and Theorem 6.20 shows that
{ϕεn ∗ f } is Cauchy inL∞. Since theL∞ and supremum norms coincide for
continuous functions,{ϕεn ∗ f } is uniformly Cauchy and must therefore be uni-
formly convergent. Letg be the limit function, which is necessarily bounded and
uniformly continuous. Then‖ f −g‖∞ ≤ ‖ f −ϕεn ∗ f ‖∞ +‖ϕεn ∗ f −g‖∞, and
both terms on the right tend to 0 asn tends to infinity. Consequently‖ f −g‖∞ = 0,
andg is a bounded uniformly continuous function that differs fromf only on a
set of measure 0.

3. Borel Measures on Open Sets

A number of results in Sections 1–2 about Borel measures onRN extend to
suitably defined Borel measures on arbitrary nonempty open subsetsV of RN ,
and we shall collect some of these results here in order to do two things: to prepare
for the proof in Section 5 of the change-of-variables formula for the Lebesgue
integral inRN and to provide motivation for the treatment in Chapter XI of Borel
measures on locally compact Hausdorff spaces.

Throughout this section, letV be a nonempty open subset ofRN . We shall
make use of the following lemma that generalizes toV three properties (i–iii)
listed forRN before Theorem 6.2 and Corollary 6.3. LetCcom(V) be the vector
space of scalar-valued continuous functions onV of compact support inV . If
nothing is said to the contrary, the scalars may be either real or complex.

Lemma 6.22.

(a) There exists a sequence{Fn}∞n=1 of compact subsets ofV with union V
such thatFn ⊆ Fo

n+1 for all n.
(b) For any compact subsetK of V , there exists a decreasing sequence of open

setsUn with compact closure inV such that
⋂∞

n=1 Un = K .
(c) For any compact subsetK of V , there exists a decreasing sequence of

functions inCcom(V) with values in [0, 1] and with pointwise limit the indicator
function of K .

PROOF. In (a), the caseV = RN was handled by (i) before Theorem 6.2. For
V �= RN , we can takeFn = {

x ∈ V
∣∣ D(x, Vc) ≥ 1/n and|x| ≤ n

}
as long

asn is ≥ some suitablen0. We complete the definition of theFn’s by taking
F1 = · · · = Fn0−1 = Fn0.
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In (b), the caseV = RN was handled by (ii) before Theorem 6.2. ForV �= RN ,
every x in K has D(x, Vc) > 0 sinceVc is closed and is disjoint fromK .
The functionD( · , Vc) is continuous and therefore has a positive minimum on
K . Choosen0 such thatD(x, Vc) ≥ 1/n0 for x in K , i.e., |x − y| ≥ 1/n0

for all x ∈ K and y ∈ Vc. Then D(y, K ) ≥ 1/n0 if y is not in V . Let
Un = {

y ∈ RN
∣∣ D(y, K ) < 1/n

}
for n > n0. This is an open set containing

K , and its closure inRN is contained in the set whereD(y, K ) ≤ 1/n, which in
turn is contained inV . The set whereD(y, K ) ≤ 1/n is closed and bounded in
RN and hence is compact. ThereforeU cl

n is contained in a compact subset ofV .
We complete the definition of theUn’s by lettingU1, . . . ,Un0 all equalUn0+1.

For (c), we argue as with (iii) before Corollary 6.3. Choose open setsUn as in
(b) that decrease and have intersectionK , and apply Proposition 2.30e to obtain
continuous functionsfn : RN → [0, 1] such thatfn is 1 onK and is 0 onUc

n .
The support of the functionfn is then contained inU cl

n , which is compact. By
replacing the functionsfn by gn = min{ f1, . . . , fn}, we may assume that they
are pointwise decreasing. Then (c) follows.

TheBorel setsin the open setV are the sets in theσ -algebra

BN(V) = BN ∩ V = {E ∩ V | E ∈ BN}

of subsets ofV . We can regardV as a metric space by restricting the distance
function onRN , and becauseV is open, the open sets ofV are the open sets of
RN that are subsets ofV . We shall prove the following proposition about these
Borel sets after first proving a lemma.

Proposition 6.23. The σ -algebraBN(V) is the smallestσ -algebra forV
containing the open sets ofV , and it is the smallestσ -algebra forV containing
the compact sets ofV .

Lemma 6.24.Let X be a nonempty set, letU be a family of subsets ofX, let
B be the smallestσ -ring of subsets ofX containingU, and letE be a member of
B. ThenB ∩ E is the smallestσ -ring containingU ∩ E.

PROOF OFLEMMA 6.24. LetA be the smallestσ -ring containingU∩ E, and let
A′ be the smallestσ -ring containingU∩Ec. SinceB∩E is aσ -ring of subsets ofX
containingU∩ E,A is contained inB∩ E. SimilarlyA′ ⊆ B∩ Ec. Thus the set of
unionsA∪ A′ with A ∈ A andA′ ∈ A′ is contained inB, containsU, and is closed
under countable unions. To see that it is closed under differences, letA1∪ A′

1 and
A2 ∪ A′

2 be such unions. Then(A1 ∪ A′
1)− (A2 ∪ A′

2) = (A1 − A2)∪ (A′
1 − A′

2)

exhibits the difference of the given sets as such a union. Hence the set of such
unions is aσ -ring and must equalB.
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PROOF OFPROPOSITION6.23. The statement about open sets follows from
Lemma 6.24 by takingX to beRN , U to be the set of open sets inRN , andE to
beV . The setU ∩ E is the set of open subsets ofV , and the lemma says that the
smallestσ -ring containingU ∩ E is BN(V). This is aσ -algebra of subsets ofV
sinceV itself is inU ∩ V .

Let {Fn} be the sequence of compact subsets ofV produced by Lemma 6.22a.
SinceV = ⋃∞

n=1 Fn, V is a member of the smallestσ -ring of subsets containing
the compact subsets ofV . If F is a relatively closed subset ofV , then eachF ∩ Fn

is compact, and the countable unionF is therefore in thisσ -algebra. Taking
complements, we see that every open subset ofV is in the smallestσ -algebra of
subsets ofV containing the compact sets. ThereforeBN(V) is contained in this
σ -algebra and must equal thisσ -algebra.

A Borel function on V is a scalar-valued function measurable with respect to
BN(V). A Borel measureon V is a measure onBN(V) that is finite on every
compact set inV .

Theorem 6.25. Every Borel measureµ on the nonempty open subsetV of
RN is regular in the sense that the value ofµ on any Borel setE in V is given by

µ(E) = sup
K⊆E,

K compact inV

µ(K ) = inf
U⊇E,

U open inV

µ(U ).

REMARK. If µ is a Borel measure onV and if we defineν(E) = µ(E ∩ V) for
Borel setsE of RN , thenν is a measure on the Borel sets ofRN , butν need not
be finite on compact sets. Thus Theorem 6.25 is not a special case of Theorem
6.2.

PROOF. This is proved from parts (a) and (b) of Lemma 6.22 in exactly the
same way that Theorem 6.2 is proved from items (i) and (ii) before the statement
of that theorem.

Corollary 6.26. If µ andν are Borel measures onV such that
∫

V f dµ =∫
V f dν for all f in Ccom(V), thenµ = ν.

PROOF. This is proved from Theorem 6.25 and Lemma 6.22c in the same way
that Corollary 6.3 is proved from Theorem 6.2 and item (iii) before the statement
of that corollary.

Corollary 6.27. Let p = 1 or p = 2. If µ is a Borel measure onV , then

(a) Ccom(V) is dense inL p(V, µ),
(b) the smallest closed subspace ofL p(V, µ) containing all indicator func-

tions of compact subsets ofV is L p(V, µ) itself,
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(c) Ccom(V), as a normed linear space under the supremum norm, is separa-
ble,

(d) L p(V, µ) is separable.

PROOF. Conclusions (a) and (b) are proved from Lemma 6.22c with the aid of
Propositions 5.56 and 5.55d in the same way that Corollary 6.4 is proved from
item (iii) before Corollary 6.3 with the aid of those propositions.

For (c), Lemma 6.22a produces a sequence{Fn}∞n=1 of compact subsets ofV
with unionV such thatFn ⊆ Fo

n+1 for all n. Since the open setsFo
n coverV , they

cover any compact subsetK of V , andK must be contained in someFo
n . Let us

put that observation aside for a moment. For eachn, we can identify the vector
subspace ofCcom(V) of functions supported inFo

n with a vector subspace of
C(Fn). The latter is separable by Corollary 2.59, and hence the vector subspace
of Ccom(V) of functions supported inFo

n is separable. If we form the union on
n of these countable dense sets of certain vector subspaces and if we take into
account that the functions supported in any compact subset ofV have compact
support within someFo

n , we see thatCcom(V) is separable.
For (d), we apply (a) and (c) withV replaced byFo

n and take into account
thatµ(Fn) < ∞. Let f be arbitrary inL p(Fo

n , µ
∣∣
Fo

n
). If ε > 0 is given, choose

g in Ccom(Fo
n ) with ‖ f − g‖p ≤ ε. Then chooseh in the countable dense set

Dn of Ccom(Fo
n ) such that‖g − h‖sup ≤ ε. Since‖ f − h‖p ≤ ‖ f − g‖p +

‖g − h‖p and‖g − h‖p
p = ∫

Fo
n
|g(x) = h(x)|p dµ(x) ≤ ε pµ(Fn), we obtain

‖ f − h‖p ≤ ε + εµ(Fn)
1/p. Hence the closure inL p(V, µ) of the countable set

D = ⋃∞
n=1 Dn contains f . In particular,Dcl is a vector subspace containing all

indicator functions of compact subsets ofV . By (b), Dcl = L p(V, µ).

Proposition 6.28.With V still open inRN , letV ′ be an open set inRN ′
. Under

a continuous function or even a Borel measurable functionF : V → V ′, F−1(E)

is in BN(V) wheneverE is in BN ′(V ′).

PROOF. The set ofE’s for which F−1(E) is inBN(V) is aσ -algebra, and this
σ -algebra contains the open geometric rectangles ofRN ′

by the same argument
as for Proposition 6.8. Thus it containsBN ′(V ′).

Corollary 6.29. If V ′ is a second nonempty open subset inRN besidesV ,
then any homeomorphism ofV ontoV ′ carriesBN(V) toBN(V ′).

If K is a nonempty compact subset ofRN , it will be convenient to be able to
speak of the Borel sets inK , just as we can speak of the Borel sets in an open
subsetV of RN . The theory forK is easier than the theory forV , partly because
Borel measures onK can all be obtained by restriction from Borel measures on
RN .
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TheBorel setsin K are the sets inBN(K ) = BN ∩ K . Using Lemma 6.24, we
readily see thatBN(K ) is the smallestσ -algebra forK containing the compact
subsets ofK ; the argument is simpler than the corresponding proof for Proposition
6.23 in that it is not necessary to produce some sequence of sets by means of
Lemma 6.22.

A Borel function on the compact setK is a scalar-valued function measurable
with respect toBN(K ). A Borel measureon K is a measure onBN(K ) that is
finite on compact subsets ofK . In this situation regularity is a consequence of
the regularity of Borel measures onRN , and no separate argument is needed. In
fact, if µ is a Borel measure onK , we can defineν(E) = µ(E ∩ K ) for each
Borel subsetE on RN , and then the finiteness ofµ(K ) implies thatν is a Borel
measure onRN . Borel measures onRN are regular, and therefore we have

ν(E) = sup
K ′⊆E,

K ′ compact inRN

ν(K ′) = inf
U⊇E,

U open inRN

ν(U ).

ReplacingE by E ∩ K and substituting from the definition ofν, we obtain the
following proposition.

Proposition 6.30. Every Borel measureµ on a compact nonempty setK in
RN is regular in the sense that the value ofµ on any Borel setE in K is given by

µ(E) = sup
K⊆E,

K ′ compact inK

µ(K ′) = inf
U⊇E,

U relatively
open inK

µ(U ).

4. Comparison of Riemann and Lebesgue Integrals

This section contains the definitive theorem about the relationship between the
Riemann integral and the Lebesgue integral inRN . The Riemann integral is
defined in Section III.7, the Lebesgue integral is defined in Section V.3, and
Lebesgue measure inRN is defined in Section 1 of the present chapter. In order
to have a notational distinction between the Riemann and Lebesgue integrals,
we write in this sectionR

∫
A f dx for the Riemann integral of a bounded real-

valued function on a compact geometric rectangleA, and we write
∫

A f dx for
the Lebesgue integral.

Theorem 6.31.Suppose thatf is a bounded real-valued function on a compact
geometric rectangleA in RN . Then f is Riemann integrable onA if and only if
f is continuous except on a Lebesgue measurable set of Lebesgue measure 0. In
this case,f is Lebesgue measurable, andR

∫
A f dx = ∫

A f dx.



4. Comparison of Riemann and Lebesgue Integrals 319

PROOF. Proposition 6.12 shows that a set inRN has “measure 0” in the sense
of Chapter III if and only if it is Lebesgue measurable of measure 0, and Theorem
3.29 shows thatf is Riemann integrable onA if and only if f is continuous
except on a set of measure 0. This proves the first conclusion of the theorem.

For the second conclusion, suppose thatR
∫

A f dx exists. Lemma 3.23 shows
that there exists a sequence of partitionsP(k) of A, each refining the previous one,
such that the lower Riemann sumsL(P(k), f ) increase toR

∫
A f dx and the upper

Riemann sumsU (P(k), f ) decrease toR
∫

A f dx. For eachk, we define Borel
functionsLk andUk on A as follows: Ifx is an interior point of some component
(closed) rectangleS of P(k), we defineLk(x) = mS( f ), wheremS( f ) is the
infimum of f on S; otherwise we letLk(x) = 0. If we write|S| for the volume of
S, then the Lebesgue integral ofLk overS is given by

∫
S Lk(x) dx = mS( f )|S|.

Consequently ∫
A

Lk(x) dx =
∑

S

mS( f )|S| = L(P(k), f ).

We defineUk(x) similarly, using the supremumMS( f ) of f on S instead of the
infimum, and then∫

A
Uk(x) =

∑
S

MS( f )|S| = U (P(k), f ).

Let E be the subset of pointsx in A such thatx is in the interior of a component
rectangle ofP(k) for all k. The setA − E is a Borel set of Lebesgue measure 0.
SinceP(k+1) is a refinement ofP(k) for everyk, we haveLk(x) ≤ Lk+1(x) and
Uk(x) ≥ Uk+1(x) for all x in E and allk. ThereforeL(x) = lim Lk(x) and
U (x) = lim Uk(x) exist forx in E. SinceLk(x) ≤ f (x) ≤ Uk(x) for x in E, we
see that

L(x) ≤ f (x) ≤ U (x) for all x in E.

Define L(x) = U (x) = 0 on A − E. ThenL andU are Borel functions with
L(x) ≤ U (x) everywhere onA. On E, we have dominated convergence, and
thus∫

E
L(x) dx = lim

k

∫
E

Lk(x) dx and
∫

E
U (x) dx = lim

k

∫
E

Uk(x) dx.

The setA− E has Lebesgue measure 0, and therefore these equations imply that∫
A

L(x) dx = lim
k

∫
A

Lk(x) dx and
∫

A
U (x) dx = lim

k

∫
A

Uk(x) dx.
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Consequently∫
A

L(x) dx = lim
k

∫
A

Lk(x) dx = lim
k

L(P(k), f ) = R
∫

A
f dx

= lim
k

U (P(k), f ) = lim
k

∫
A

Uk(x) dx =
∫

A
U (x) dx.

SinceL(x) ≤ U (x)onA, Corollary 5.23 shows that the setF whereL(x) = U (x)

is a Borel set such thatA − F has Lebesgue measure 0. Since the inequalities
L(x) ≤ f (x) ≤ U (x) are valid forx in E, f (x) equalsL(x) at least onE ∩ F .
The setE∩ F is a Borel set, andL is Borel measurable; hence the restriction off
to E∩ F is Borel measurable. The setA−(E∩ F) is a Borel set of measure 0, and
the restriction off to this set is Lebesgue measurable no matter what valuesf
assumes on this set. Thusf is Lebesgue measurable. Then the Lebesgue integral∫

A f dx is defined, and we have∫
A

f (x) dx =
∫

E∩F
f (x) dx =

∫
E∩F

L(x) dx =
∫

A
L(x) dx = R

∫
A

f dx.

5. Change of Variables for the Lebesgue Integral

A general-looking change-of-variables formula for the Riemann integral was
proved in Section III.10. On closer examination of the theorem, we found that
the result did not fully handle even as ostensibly simple a case as the change from
Cartesian coordinates inR2 to polar coordinates. Lebesgue integration gives us
methods that deal with all the unpleasantness that was concealed by the earlier
formula.

Theorem 6.32(change-of-variables formula). Letϕ be a one-one function of
classC1 from an open subsetU of RN onto an open subsetϕ(U ) of RN such that
detϕ′(x) is nowhere 0. Then∫

ϕ(U )

f (y) dy =
∫

U
f (ϕ(x))| detϕ′(x)| dx

for every nonnegative Borel functionf defined onϕ(U ).

REMARK. The σ -algebra onϕ(U ) is understood to beBN ∩ ϕ(U ), the set
of intersections of Borel sets inRN with the open setϕ(U ). If f is extended
from ϕ(U ) to RN by defining it to be 0 offϕ(U ), then measurability off with
respect to thisσ -algebra is the same as measurability of the extended function
with respect toBN .
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PROOF. Theorem 3.34 gives us the change-of-variables formula, as an equality
of Riemann integrals, for everyf in Ccom(ϕ(U )). In this case the integrands on
both sides, when extended to be 0 outside the regions of integration, are continuous
on all ofRN , and the integrations can be viewed as involving continuous functions
on compact geometric rectangles. Proposition 6.11 (or Theorem 6.31 if one
prefers) allows us to reinterpret the equality as an equality of Lebesgue integrals.

In the extension of this identity to all nonnegative Borel functions, measur-
ability will not be an issue. The functionf is to be measurable with respect
to BN(ϕ(U )), and Corollary 6.29 shows that suchf ’s correspond exactly to
functions f ◦ ϕ measurable with respect toBN(U ).

Using Theorem 5.19, define a measureµ onBN(U ) by

µ(E) =
∫

E
| detϕ′(x)| dx.

Corollary 5.28 implies thatµ satisfies∫
U

g dµ =
∫

U
g(x) | detϕ′(x)| dx (∗)

for every nonnegativeg on U measurable with respect toBN(U ). Next define
another set functionν onBN(U ) by

ν(E) = m(ϕ(E)),

wherem is Lebesgue measure. It is immediate thatν is a measure, and we have∫
ϕ(U )

I E(ϕ−1(y)) dy = ∫
ϕ(U )

Iϕ(E) dy = m(ϕ(E)) = ν(E) = ∫
U IE dν. Passing

to simple functions≥ 0 and then using monotone convergence, we obtain∫
ϕ(U )

g ◦ ϕ−1 dy =
∫

U
g dν (∗∗)

for every nonnegativeg onU measurable with respect toBN(U ).
If in (∗∗) and (∗) we takeg = f ◦ ϕ with f in Ccom(ϕ(U )) and we substitute

into the change-of-variables formula as it is given forf in Ccom(ϕ(U )), we obtain
the identity ∫

U
g dν =

∫
U

g dµ (†)

for all g in Ccom(U ). From Corollary 6.26 we conclude thatµ = ν. Hence
(†) holds for every nonnegativeg on U measurable with respect toBN(U ). We
unwind (†) using (∗∗) and (∗) with g = f ◦ ϕ but now taking f to be any
nonnegative function onϕ(U ) measurable with respect toBN(ϕ(U )), and we
obtain the conclusion of the theorem.
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Let us return to the example of polar coordinates inR2, first considered in
Section III.10. The data in the theorem are

U = {( r
θ

) ∣∣ 0 < r < +∞ and 0< θ < 2π
}
,(

x
y

)
= ϕ

( r
θ

) =
(

r cosθ
r sinθ

)
,

and we have
ϕ(U ) = R2 − {( x

0

) ∣∣ x ≥ 0
}
.

Since detϕ′ ( r
θ

) = r , Theorem 6.32 gives∫
ϕ(U )

f (x, y) dx dy=
∫

0<r <∞, 0<θ<2π

f (r cosθ, r sinθ) r dr dθ

for every nonnegative Borel functionf onϕ(U ). The set of integrationϕ(U ) on
the left side is not quite the whole plane; it omits the part of thex axis where
x ≥ 0. But this is a harmless defect: this subset of thex axis is contained in the
entirex axis, which is an abstract rectangle in the sense of Fubini’s Theorem and
has measure 0. Thus the formula can be changed to read∫

R2
f (x, y) dx dy=

∫
0≤r <∞, 0≤θ<2π

f (r cosθ, r sinθ) r dr dθ

for every nonnegative Borel functionf on R2. Here is an application of this
formula that we shall use in proving the Fourier Inversion Formula in Chapter VIII.

Proposition 6.33.
∫ ∞

−∞
e−πx2

dx = 1.

REMARK. Since we now know from Theorem 6.31 that there is no discrepancy
between the Riemann integral and the Lebesgue integral with respect to Lebesgue
measure, there will be no harm in the future in writing limits of integration in the
usual way for integrals with respect to 1-dimensional Lebesgue measure.

PROOF. We use polar coordinates and Fubini’s Theorem to compute the square
of the integral in question:( ∫

R
e−πx2

dx
)2 = ∫

R2 e−πx2
e−πy2

dx dy= ∫
R2 e−π(x2+y2) dx dy

= ∫∞
0

∫ 2π

0 e−πr 2
r dθ dr = 2π

∫∞
0 re−πr 2

dr

= 2π limN
∫ N

0 re−πr 2
dr = limN

[− e−πr 2]N
0 = 1.

Since the integral in question is certainly> 0, the proposition follows.
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Proposition 6.33 is closely related to properties of the “gamma function,” a
certain function of a complex variable that reduces essentially to the factorial
function on the positive integers. The definition of the gamma function makes
use of the expressionts defined for 0< t < +∞ ands in C by ts = es log t .

Fix s ∈ C with Res > 0. The functiont 
→ ts−1e−t is continuous on
(0, +∞) and hence Borel measurable. Let us see that it is integrable with respect
to Lebesgue measure. Since|ts−1e−t | = tRes−1e−t , we may assume thats is real
(and positive) in showing the integrability. Integrability on(0, 1] is no problem,
since we know that

∫ 1
0 ts−1 dt < ∞ for s > 0. To handle [1, +∞), let n be

an integer≥ s − 1. Thents−1 ≤ tn = 2nn!
(

1
n!

(
t
2

)n) ≤ 2nn!
∑∞

k=0
1
k!

(
t
2

)k =
2nn!et/2. Hencets−1e−t ≤ 2nn!e−t/2, and the integrability on [1, +∞) follows.

With this integrability in place, we define thegamma functionby

�(s) =
∫ ∞

0
ts−1e−t dt for Res > 0.

Proposition 6.34.The gamma function has the properties that

(a) �(s + 1) = s�(s) for Res > 0,
(b) �(1) = 1 and�(n + 1) = n! for integersn > 0,
(c) �

(
1
2

) = √
π .

PROOF. Part (a) follows from integration by parts, which needs to be done on
an interval [ε, M ] and followed by passages to the limitε → 0 andM → ∞. In
(b), the formula�(1) = 1 just amounts to the elementary integral

∫∞
0 e−t dt = 1,

and then the formula�(n + 1) = n! for integersn > 0 follows by iterating (a).
For (c), the change of variablest = πx2 gives

�
(

1
2

) = ∫∞
0 t−1/2e−t dt = ∫∞

0 (πx2)−1/2e−πx2
2πx dx = 2

√
π
∫∞

0 e−πx2
dx.

Since
∫∞

0 e−πx2
dx = 1

2

∫∞
−∞ e−πx2

dx, Proposition 6.33 allows us to conclude

that 2
∫∞

0 e−πx2
dx = 1. Hence�

(
1
2

) = √
π .

It is often true in applications of the change-of-variables formula that the set
ϕ(U ) does not exhaust the set that one might hope to have as region of integration.
For polar coordinates the exceptional set was the part of thex axis with x ≥ 0,
and an easy argument showed that the exceptional set had measure 0. In a more
complicated example, that easy argument will not ordinarily apply, but still the
exceptional set has a certain “lower-dimensional” quality to it. A general result
saying that certain lower-dimensional sets have measure 0 will be given as a
corollary of Sard’s Theorem, which we prove now.

Let ψ : V → RN be a smooth map defined on an open subsetV of RN . A
critical point x of ψ is a point whereψ ′(x) has rank< N. In this case,ψ(x) is
called acritical value.
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Theorem 6.35(Sard’s Theorem). Ifψ : V → RN is a smooth map defined
on an open subsetV of RN , then the set of critical values ofψ is a Borel set of
Lebesgue measure 0 inRN .

PROOF. The set whereψ ′(x) has rank≤ N − 1 is relatively closed inV and
hence is the union of countably many compact sets. The set of critical values is
then the union of the compact images of these sets and consequently is a Borel set.
Let us see that this Borel set has Lebesgue measure 0. SinceV is the countable
union of compact geometric rectangles and since the countable union of sets of
measure 0 is of measure 0, it is enough to prove the theorem for the restriction of
ψ to a compact geometric rectangleR.

For pointsx = (x1, . . . , xN) and x′ = (x′
1, . . . , x′

N) in R, the Mean Value
Theorem gives

ψi (x
′) − ψi (x) =

N∑
j =1

∂ψi

∂xj
(zi )(x

′
j − xj ), (∗)

wherezi is a point on the line segment fromx to x′. Since the∂ψi
∂xj

are bounded
on R, we see as a consequence that

|ψ(x′) − ψ(x)| ≤ a|x′ − x| (∗∗)

with a independent ofx andx′. Let Lx(x′) = (Lx,1(x′), . . . , Lx,N(x′)) be the
best first-order approximation toψ aboutx, namely

Lx,i (x
′) = ψi (x) +

N∑
j =1

∂ψi

∂xj
(x)(x′

j − xj ).

Subtracting this equation from (∗), we obtain

ψi (x
′) − Lx,i (x

′) =
N∑

j =1

(
∂ψi

∂xj
(zi ) − ∂ψi

∂xj
(x)

)
(x′

j − xj ).

Since∂ψi
∂xj

is smooth and|zi − x| ≤ |x′ − x|, we deduce that

|ψ(x′) − Lx(x
′)| ≤ b|x′ − x|2 (†)

with b independent ofx andx′.
If x is a critical point, let us bound the image of the set ofx′ with |x′ − x| ≤ c.

The determinant of the linear part ofLx is 0, and henceLx has image in a
hyperplane, not necessarily a coordinate hyperplane. By (†),ψ(x′) has distance
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≤ bc2 from this hyperplane. In each of theN − 1 perpendicular directions,
(∗∗) shows thatψ(x′) andψ(x) are at distance≤ ac from each other. Thus
ψ(x′) is contained in a box1 centered atψ(x) with volume 2N(ac)N−1(bc2) =
2NaN−1bcN+1.

We subdivideR into M N smaller compact geometric rectangles whose dimen-
sions are 1/M times those ofR. If d is the diameter ofR and if one of these
smaller geometric rectanglesR′ contains a critical pointx, then any pointx′ in R′
has|x′ −x| ≤ d/M . By the result of the previous paragraph,ψ of R′ is contained
in a box of volume 2NaN−1b(d/M)N+1. The union of these boxes, taken over all
of the smaller geometric rectangles containing critical points, contains the critical
values. Since there are at mostM N of the smaller geometric rectangles, the outer
measurem∗ of the set of critical values, wherem refers to Lebesgue measure, is
≤ 2NaN−1bdN+1M−1. This estimate is valid for allM , and hence the setS of
critical values hasm∗(S) = 0. Therefore the Borel setShas Lebesgue measure 0.

Corollary 6.36. If ψ : V → RN is a smooth map defined on an open subset
V of RM with M < N, then the image ofψ is a Borel set of Lebesgue measure 0
in RN .

PROOF. Sard’s Theorem (Theorem 6.35) applies to the composition of the
projectionRN → RM followed by ψ . Every point of the domain is a critical
point, and hence every point of the image is a critical value. The result follows.

We define alower-dimensional set in RN to be any set contained in the
countable union of smooth images of open sets in Euclidean spaces of dimension
< N. The following result is immediate from Corollary 6.36.

Corollary 6.37. Any lower-dimensional set inRN is Lebesgue measurable of
Lebesgue measure 0.

The N-dimensional generalization of polar coordinates inR2 is spherical
coordinatesin RN . In the notation of Theorem 6.32, we have

U =

⎧⎪⎨⎪⎩
⎛⎜⎝

r
θ1

...
θN−1

⎞⎟⎠ ∣∣∣∣∣ 0 < r < +∞,

0 < θj < π for 1 ≤ j ≤ N − 2,

0 < θN−1 < 2π

⎫⎪⎬⎪⎭
( x1

...
xN

)
= ϕ

⎛⎜⎝
r
θ1

...
θN−1

⎞⎟⎠ =

⎛⎜⎜⎝
r cosθ1

r sinθ1 cosθ2

...
r sinθ1··· sinθN−2 cosθN−1

r sinθ1··· sinθN−2 sinθN−1

⎞⎟⎟⎠ .and

1This box need not have its faces parallel to the coordinate hyperplanes.
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Problem 2 at the end of the chapter asks for three things to be checked:

(i) the determinant factor in the change-of-variables formula is given by

| detϕ′| = r N−1 sinN−2 θ1 sinN−3 θ2 · · · sinθN−2,

(ii) ϕ is one-one onU ,
(iii) the complement ofϕ(U ) in RN is a lower-dimensional set.

Then it follows that the change-of-variables formula applies and that the integra-
tion overϕ(U ) can be extended overRN . We can write the result as∫

RN
f (x) dx =

∫ ∞

r =0

∫ π

θ1=0
· · ·
∫ π

θN−2=0

∫ 2π

θN−1=0
f (r cosθ1, . . . )

× r N−1 sinN−2 θ1 · · · sinθN−2 dθN−1 · · · dθ1 dr.

The expression sinN−2 θ1 · · · sinθN−2 dθN−1 · · · dθ1 we abbreviate asdω. Geo-
metrically it is the contribution to Lebesgue measure onRN from the sphereSN−1

of radius 1 centered at the origin. In Chapter XI we shall speak of Borel sets in
any compact metric space. The sphereSN−1 is a compact metric space, and we
shall note thatdω refers to a rotation-invariant Borel measure onSN−1. We write

�N−1 =
∫

SN−1
dω

for the “area” of the sphereSN−1. This constant is evaluated in Problem 12 at the
end of the present chapter with the aid of Proposition 6.33. In terms ofdω, the
change-of-variables formula for spherical coordinates is∫

RN
f (x) dx =

∫ ∞

r =0

∫
ω∈SN−1

f (r ω) r N−1 dω dr.

This formula allows us quickly to check the integrability of powers of|x| near
the origin and near∞. In fact, we have∫

|x|≤1
|x|q dx = �N−1

∫ 1

0
r q+N−1 dr∫

|x|≥1
|x|q dx = �N−1

∫ ∞

1
r q+N−1 dr,and

from which we see that

|x|q is integrable near

{
0 for q > −N,

∞ for q < −N.
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6. Hardy–Littlewood Maximal Theorem

This section takes a first look at the theory of almost-everywhere convergence.
The theory developed historically out of Lebesgue’s work on an extension of the
Fundamental Theorem of Calculus to general integrable functions on intervals of
the line, work that we address largely in the next chapter. We shall see gradually
that the theory applies to a broader range of problems than the ones immediately
generalizing Lebesgue’s work, and one can make a case that nowadays the theory
in this section is of considerably greater significance in real analysis than one
might expect from Lebesgue’s work on the Fundamental Theorem.

The theory brings together two threads. The first thread is the observation that
an effort to differentiate integrals of general integrable functions on an interval
of the line can be reinterpreted as a problem of almost-everywhere convergence
in connection with an approximate identity of the kind in Theorem 6.20. In
explaining this assertion, let us denote Lebesgue measure bym as necessary.
To differentiateF(x) = ∫ x

a f (t) dt, one forms the usual difference quotient
h−1[F(x + h) − F(x)], which can be written forh > 0 as

1

m([−h, 0])

∫
[−h,0]

f (x − y) dy =
∫

R1
f (x − y) m([−h, 0])−1I [−h,0](y) dy

or as f ∗ϕh(x), whereϕ(y) = m([−1, 0])−1I [−1,0](y). Hereϕ has integral 1, and
ϕh is the normalized dilated function defined in Section 2 byϕh(y) = h−1ϕ(h−1y)

in the 1-dimensional case. Theorem 6.20 says forp = 1 and p = 2 that ash
decreases to 0,f ∗ ϕh converges tof in L p if f is in L p. Also, f ∗ ϕh converges
uniformly to f if f is bounded and uniformly continuous, andf ∗ϕh(x) converges
to f (x) at the pointx if f is bounded and is continuous atx. The problem about
differentiation of integrals asks about convergence almost everywhere.

We shall want to have a theorem inRN , and for this purpose anN-dimensional
version ofI [−1,0] does not seem attractive for generalizing. Instead, let us general-
ize from I [−1,1], taking theN-dimensional problem to involve a ballB of radius 1
centered at the origin; there is some flexibility in choosing the setB, and a cube
centered at the origin would work as well. We writer B for the set of dilates of
the members ofB by the scalarr . Thus we investigate

m(r B)−1
∫

r B
f (x − y) dy

asr decreases to 0; equivalently we investigate

f ∗ ϕr (x), where ϕ(y) = m(B)−1I B(y).
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The second thread comes from making a simple observation and then trying
to prove the converse in specific settings, as improbable as it sounds. The
observation is that if some sequence of nonnegative functions indexed byn
is to converge almost everywhere, its supremum onn must be finite almost
everywhere. A converse would say that a finite supremum almost everywhere
implies convergence almost everywhere. Banach succeeded in proving an abstract
such converse in a 1926 paper, making use of the completeness of the space of
functions he was studying. In a celebrated 1930 paper, Hardy and Littlewood
proved a concrete such converse in connection with differentiation of integrals;
they obtained a quantitative estimate about the supremum, and then the almost
everywhere convergence followed from that estimate and from the fact that the
convergence certainly takes place for nice functions. Here is anN-dimensional
version of the basic theorem in that direction.

Theorem 6.38(Hardy–Littlewood Maximal Theorem). Iff is in L1(RN),
then

m
{
x
∣∣ f ∗(x) > ξ

} ≤ 5N‖ f ‖1

ξ

for everyξ > 0, where

f ∗(x) = sup
0<r <∞

m(r B)−1
∫

r B
| f (x − y)| dy.

Before examining the statement of the theorem more closely and then proving
the theorem, let us see how to derive a correspondingN-dimensional convergence
result from it, and let us see how the first part of Lebesgue’s version of the
Fundamental Theorem of Calculus, the part about differentiation of integrals,
follows as well.

Corollary 6.39. If f is integrable on every bounded subset ofRN , then

lim
r ↓0

m(r B)−1
∫

r B
f (x − y) dy = f (x) a.e.

PROOF. Since the convergence for a particularx depends on the behavior of
the function only nearx, we may assume thatf is identically 0 off some bounded
set. The effect of this assumption for our purposes is thatf then has to be in
L1(RN). Define

Tr ( f ) = m(r B)−1
∫

r B
f (x − y) dy,

bearing in mind thatf ∗(x) = supr >0 Tr (| f |)(x). If g is continuous of compact
support, then limr ↓0 Tr g(x) = g(x) everywhere by Theorem 6.20c. Letε > 0 be
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given, and choose by Corollary 6.4 a functiong in Ccom(RN) with ‖ f − g‖1 < ε.
Then

lim sup
r ↓0

|Tr f (x) − f (x)|

≤ lim sup
r ↓0

|Tr ( f − g)(x)| + lim sup
r ↓0

|Tr g(x) − g(x)| + |g(x) − f (x)|

≤ sup
r >0

|Tr ( f − g)(x)| + |g(x) − f (x)|
≤ sup

r >0
Tr (| f − g|)(x) + |g(x) − f (x)|.

If the left side is> ξ , at least one of the terms on the right side is> ξ/2. Hence{
x
∣∣ lim sup|Tr f (x) − f (x)| > ξ

}
⊆ {

x
∣∣ ( f − g)∗(x) > ξ/2

} ∪ {x ∣∣ | f (x) − g(x)| > ξ/2
}
.

By Theorem 6.38 and the inequalityα m
{
x
∣∣ |F(x)| > α

} ≤ ‖F‖1, the Lebesgue
measure of the right side is

≤ 2 · 5N‖ f − g‖1

ξ
+ 2‖ f − g‖1

ξ
≤ ε

2(5N + 1)

ξ
.

Sinceε is arbitrary,S(ξ) = {
x
∣∣ lim sup|Tr f (x) − f (x)| > ξ

}
has measure 0.

Letting ξ tend to 0 through the values 1/n, we see thatS(0) has measure 0, i.e.,
that limr ↓0 Tr f (x) = f (x) almost everywhere.

Corollary 6.40 (first part of Lebesgue’s form of the Fundamental Theorem of
Calculus). If f is integrable on every bounded subset ofR1, then

∫ x
a f (y) dy is

differentiable almost everywhere and

d

dx

∫ x

a
f (y) dy = f (x) a.e.

PROOF. For f in L1(R1), let f ∗ be as in Theorem 6.38, and define

f ∗∗
r (x) = sup

h>0

1

h

∫ h

0
| f (x + t)| dt and f ∗∗

l (x) = sup
h>0

1

h

∫ 0

−h
| f (x + t)| dt.

Then

f ∗∗
r (x) ≤ sup

h>0

1

h

∫ h

−h
| f (x + t)| dt = 2 f ∗(x),
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and similarly f ∗∗
l (x) ≤ 2 f ∗(x). From Theorem 6.38 it follows that

m
{
x
∣∣ f ∗∗

r (x) > ξ
} ≤ 10‖ f ‖1

/
ξ

m
{
x
∣∣ f ∗∗

l (x) > ξ
} ≤ 10‖ f ‖1

/
ξ.and

The same argument as for Corollary 6.39 allows us to conclude, for anyf
integrable on every bounded subset ofR1, that limh↓0

1
h

∫ h
0 f (x + t) dt = f (x)

a.e. and limh↓0
1
h

∫ 0
−h f (x + t) dt = f (x) a.e. Henced

dx

∫ x
a f (t) dt = f (x)

almost everywhere for suchf .

Let us return to Theorem 6.38. The functionf ∗(x) is called theHardy–
Littlewood maximal function of f . It is measurable because the supremum
over rationalr gives the same value off ∗(x) for eachx. If we let ξ tend to∞ in
the inequalitym

{
x
∣∣ f ∗(x) > ξ

} ≤ 5N
∥∥ f
∥∥

1

/
ξ , we see immediately thatf ∗(x)

is finite almost everywhere, i.e., that the supremum in question is actually finite
almost everywhere. The inequality is a quantitative version of that qualitative
conclusion.

For any situation in which it is desired to prove an almost-everywhere conver-
gence theorem, there is an associatedmaximal function in modern terminology,
which can be taken as the supremum of the absolute value of the quantity for
which one is trying to prove almost-everywhere convergence. In the above case
we used the supremum for| f | instead, which in principle could be larger.

There is no hope that the Hardy–Littlewood maximal functionf ∗ is actually in
L1 if f is not a.e. the 0 function because the occurrence of large values ofr in the
supremum already rules outL1 behavior: in fact,f ∗(x) is necessarily≥ a positive
multiple of |x|−N for large|x|, and thusf ∗ cannot be integrable. On the other
hand, f ∗ is close to integrable: We shall see in Section 10 that the integral of any
nonnegative functiong can be computed in terms of the functionm

{
x
∣∣ g(x) > ξ

}
of ξ , the formula being

∫
RN g(x) dx = ∫∞

0 m
{
x
∣∣ g(x) > ξ

}
dξ . Theorem 6.38

shows that the integrand in the case off ∗ is ≤ a multiple of 1/ξ , and 1/ξ is
close to being integrable on(0, +∞). This is a better qualitative conclusion than
merely finiteness almost everywhere, and Theorem 6.38 is a quantitative version
of just how closef ∗ is to being integrable.

The particular property off ∗ that is isolated in Theorem 6.38 arises fairly
often. If g ≥ 0 is integrable andS is the set whereg > ξ , then g ≥ ξ IS

everywhere; hence‖g‖1 ≥ ξ m(S) andm(S) ≤ ‖g‖1
/
ξ . A functiong is said to

be inweak L1 if
m
{
x
∣∣ |g(x)| > ξ

} ≤ C
/
ξ

for some constantC and for allξ > 0. Theorem 6.38 says that the nonlinear
operatorf 
→ f ∗ carriesL1 to weakL1 with C bounded by a multiple of theL1
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norm of f , and an operator of this kind that satisfies also a certain sublinearity
property is said to be ofweak type (1, 1). We return to this matter, with the
definition in a clearer context, in Chapter IX.

Now let us prove Theorem 6.38. One modern proof uses the following covering
lemma, which takes into account the geometry ofRN in a surprisingly subtle way.
Once the lemma is in hand, the rest is easy.

Lemma 6.41(Wiener’s Covering Lemma). LetE ⊆ RN be a Borel set, and
suppose that to eachx in E there is associated some ballB(r ; x) with r perhaps
depending onx. If the radii r = r (x) are bounded, then there is a finite or
countabledisjoint collection of these balls, sayB(r1; x1), B(r2; x2), . . . , such
that either the collection is infinite and inf1≤ j <∞ r j �= 0 or

E ⊆
∞⋃

j =1

B(5r j ; xj ).

In either case,

m(E) ≤ 5N
∞∑

j =1

m(B(r j ; xj )).

REMARK. The shape of the sets ofB(r ; x) is not very important. What is
important is that there be some neighborhoodB of the origin that is closed under
the operation of multiplying all its members by−1 and by any positive number
r ≤ 1. The other sets are obtained fromB by dilation and translation.

PROOF. Let

A1 = {
all setsB(r ; x) in question

}
R1 = sup

{
r
∣∣ B(r ; x) is in A1 for somex

}
.and

By hypothesis,R1 is finite. Pick someB(r1; x1) with r1 ≥ 1
2 R1, and let

A2 = {
members ofA1 disjoint fromB(r1; x1)

}
.

If A2 is empty, let all furtherRj ’s be 0 and let all furtherB(r j ; xj )’s be empty. If
A2 is nonempty, let

R2 = sup
{
r
∣∣ B(r ; x) is in A2 for somex

}
.

Pick B(r2; x2) in A2 with r2 ≥ 1
2 R2. Let

A3 = {
members ofA2 disjoint fromB(r2; x2)

}
,
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and proceed inductively to constructR3, B(r3; x3), A4, etc.
The numbersRj are monotone decreasing. We may assume that limRj = 0,

since otherwise infj r j �= 0 and
∑

m(B(r j ; xj )) = +∞. Let

Vj = union of all sets inAj − Aj +1 for j ≥ 1

V0 = union of all sets inA1.and

ThenV0 = ⋃∞
j =1 Vj ; in fact, if B(r ; x) is in A1, then the equality limRj = 0

forces there to be a last indexj such thatB(r ; x) is in Aj , and this j has the
property thatB(r ; x) is in Aj and notAj +1.

SinceE ⊆ ⋃
x∈E B(r ; x) = V0 = ⋃∞

j =1 Vj , the proof will be complete if we
show that

Vj ⊆ B(5r j ; xj ). (∗)

Thus letB(r ; x) be inAj − Aj +1. Thenr ≤ Rj ,

B(r ; x) ∩ B(r j ; xj ) �= ∅,

andr j ≥ 1
2 Rj . Consequentlyr ≤ 2r j and

B(r ; x−xj ) ∩ B(r j ; 0) �= ∅.

This condition means that there is somep in B(r j ; 0) with |x − xj − p| < r . If
q is any member ofB(r ; x), then

|q − xj | ≤ |q − x| + |x − xj − p| + |p| < r + r + r j = 2r + r j .

Thusq is in B(2r +r j ; xj ) ⊆ B(5r j ; xj ), and (∗) follows.

PROOF OFTHEOREM 6.38. Let E = {
x
∣∣ f ∗(x) > ξ

}
. If x is in E, then

m(B(r ; 0))−1
∫

B(r ;x)
| f (y)| dy > ξ for somer > 0. Associate thisr to x in

applying Lemma 6.41. Since

ξ < m(B(r ; 0))−1
∫

B(r ;x)

| f (y)| dy ≤ r −Nm(B(1; 0))−1‖ f ‖1,

we see thatr N ≤ ξ−1m(B(1; 0))−1‖ f ‖1. Hence the numbersr are bounded.
Thus the lemma applies, and we obtain

m(E) ≤ 5N
∑

j

m(B(r j ; xj )) ≤ 5Nξ−1
∑

j

∫
B(r j ;xj )

| f (y)| dy ≤ 5Nξ−1‖ f ‖1,

the last inequality holding because of the disjointness of the setsB(r j ; xj ).
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Let us return to the theme of almost-everywhere convergence in connection
with approximate identities. Theorem 6.38 has the following consequence of just
that kind.

Corollary 6.42. Let ϕ ≥ 0 be a continuous integrable function onRN of the
form ϕ(x) = ϕ0(|x|), whereϕ0 is a decreasingC1 function on [0, ∞), and define
ϕε(x) = ε−Nϕ(ε−1x) for ε > 0. Then there is a constantCϕ such that

sup
ε>0

|(ϕε ∗ f )(x)| ≤ Cϕ f ∗(x)

for all x in RN and for all f in L1(RN). Consequently if
∫

RN ϕ(x) dx = 1, then

lim
ε↓0

(ϕε ∗ f )(x) = f (x)

almost everywhere for eachf in L1(RN).

PROOF. Putψ(r ) = −ϕ′
0(r ) ≥ 0, so thatϕ0(r ) − ϕ0(R) = ∫ R

r ψ(s) ds. The
integrability ofϕ and the fact thatϕ0 is decreasing force limR→∞ ϕ0(R) = 0, and
we obtainϕ0(r ) = ∫∞

r ψ(s) ds andϕ(x) = ∫∞
|x| ψ(r ) dr . Meanwhile, the inte-

grability of ϕ, together with the formula for integrating in spherical coordinates,
shows that

∫∞
0 ϕ0(r ) r N−1 dr = C < +∞. Integrating by parts on the interval

[0, M ] gives

C ≥ ∫ M
0 ϕ0(r ) r N−1 dr = 1

N

[
ϕ0(r ) r N

]M
0 + 1

N

∫ M
0 ψ(r ) r N dr,

and thus
1
N

∫∞
0 ψ(r ) r N dr ≤ C < +∞.

The form ofϕ implies that

ϕε(x) = ε−N
∫∞
ε−1|x| ψ(r ) dr.

If, as in the statement of Theorem 6.38, we letB be the ball of radius 1 centered
at the origin, we obtain

|(ϕε ∗ f )(x)| ≤ ∫
RN ϕε(y)| f (x − y)| dy

= ∫
y∈RN ε−N

∫∞
r =ε−1|y| ψ(r )| f (x − y)| dr dy

= ∫∞
r =0 ψ(r )

[
ε−N

∫
|y|≤εr | f (x − y)| dy

]
dr

= ∫∞
r =0 m(B)ψ(r ) r N

[
m(εr B)−1

∫
|y|≤εr | f (x − y)| dy

]
dr

≤ m(B)
[ ∫∞

r =0 ψ(r ) r N dr
]

f ∗(x).

The right side is≤ Cϕ f ∗(x) with Cϕ = C Nm(B). Applying Theorem 6.38,
we see that the operatorf 
→ supε>0 |(ϕε ∗ f )(x)| is of weak type (1,1). Since
ϕε ∗ f converges pointwise (and in fact uniformly) tof when f is in Ccom(RN),
the same argument as for Corollary 6.39 shows that limε↓0(ϕε ∗ f )(x) = f (x)

almost everywhere for eachf in L1(RN).
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EXAMPLE. An example of a functionϕ as in Corollary 6.42 isP(x) = 1

1 + x2

in R1. We shall see in Chapter VIII that the functionh(x, y) = (Py ∗ f )(x) for
thisϕ is the natural function on the half planey > 0 in R2 that isharmonic, i.e.,

has
∂2h

∂x2
+ ∂2h

∂y2
= 0, and has boundary valuef . Corollary 6.42 says thath(x, y)

has f (x) as boundary values almost everywhere iff is in L1(R1).

7. Fourier Series and the Riesz–Fischer Theorem

As mentioned at the beginning of Chapter V, the use of the Riemann integral
imposes some limitations on the subject of Fourier series that no longer apply
when one uses the Lebesgue integral. In this section we shall redo the elementary
theory of Fourier series of Section I.10 with the Lebesgue integral in place, with
particular attention to the improved theorems that we obtain. It will be assumed
that the reader knows the theory of that section.

The underlying measure space with be [−π, π ] with the σ -algebra of Borel
sets and with the measure12π

dx, wheredx is 1-dimensional Lebesgue measure.
The complex-valued functions under consideration will be periodic of period 2π ,
thus assuming the same value atπ as at−π . The spacesL1, L2, andL∞ will refer
to this measure space when no other parameters are given. Since the measure
of the whole space is finite, these spaces satisfy the inclusionsL∞ ⊆ L2 ⊆ L1.
The functions inL∞ being essentially bounded, they are certainly integrable and
square integrable. The inclusionL2 ⊆ L1 follows from the Schwarz inequality:
1

2π

∫ π

−π
| f | 1dx ≤ (

1
2π

∫ π

−π
| f |2 dx

)1/2( 1
2π

∫ π

−π
1dx

)1/2
.

There is another way of viewing this measure space that will be especially
helpful in relating convolution to the theory. Namely, a periodic function on the
line of period 2π may be viewed as a function on the unit circle ofC with the angle
as parameter. In fact, convolution is a construction that combines group theory
with measure theory when the measure is invariant under the group, and that is
why convolution appears more natural on the circle than on [−π, π ]. The limits
of integration do not have to be written differently from the way they are written
on the line, but we must remember that functions are to be extended periodically
when we interpret integrands. The factor1

2π
in front of the measure means that

all convolutions of functions are to contain this factor. Thus the definition of
convolution for nonnegativef andg is

( f ∗ g)(x) = 1

2π

∫ π

−π

f (x − y)g(y) dy.

Convolution is commutative and associative on the circle just as in Proposition
6.13, and the various norm estimates of Section 2 are valid in the setting of the
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circle. The use of dilations has no analog for the circle, and thus the circle has
no approximate identities of the formϕε.

If f is in L1, the trigonometric series

∞∑
n=−∞

cneinx with ck = 1

2π

∫ π

−π

f (x)e−ikx dx

is called theFourier seriesof f . This time we regard the integral as a Lebesgue
integral. We write

f (x) ∼
∞∑

n=−∞
cneinx and sN( f ; x) =

N∑
n=−N

cneinx.

A Fourier series can be written also with cosines and sines, and the coefficients
an andbn are unchanged from Section I.10.

Theorem 6.43. Let f be in L2. Among all choices ofd−N, . . . , dN , the
expression

1

2π

∫ π

−π

∣∣∣ f (x) −
N∑

n=−N

dneinx
∣∣∣2 dx

is minimized uniquely by choosingdn, for all n with |n| ≤ N, to be the Fourier
coefficientcn = 1

2π

∫ π

−π
f (x)e−inx dx. The minimum value is

1

2π

∫ π

−π

| f (x)|2 dx −
N∑

n=−N

|cn|2.

PROOF. The proof is the same as for Theorem 1.53.

Corollary 6.44 (Bessel’s inequality). Iff is in L2 with f (x)∼∑∞
n=−∞ cneinx,

then ∞∑
n=−∞

|cn|2 ≤ 1

2π

∫ π

−π

| f (x)|2 dx.

In particular,
∑∞

n=−∞ |cn|2 is finite.

PROOF. The proof is the same as for Corollary 1.54.

Corollary 6.45 (Riemann–Lebesgue Lemma). Iff is in L1 and has Fourier
coefficients{cn}∞n=−∞, then lim|n|→∞ cn = 0.

REMARK. SinceL2 is properly contained inL1, this corollary is not a special
case of Corollary 6.44, unlike the situation with the Riemann integral.
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PROOF. The result is immediate from Corollary 6.44 in the case ofL2 func-
tions and in particular in the case of continuous functions. Writecn(h) for the
nth Fourier coefficient of any functionh. Let ε > 0 be given. Choose by
Corollary 6.27a a continuousg with ‖ f − g‖1 ≤ ε/2. Then chooseN such that
|n| ≥ N implies|cn(g)| ≤ ε/2. Then|cn( f )| ≤ |cn( f − g)| + |cn(g)| ≤ ε since
|cn( f − g)| ≤ 1

2π

∫ π

−π
| f − g||e−inx| dx = ‖ f − g‖1 ≤ ε/2.

Theorem 6.46(Dini’s test). Let f be inL1, and fixx in [−π, π ]. If there is a
constantδ > 0 such that∫

|t |<δ

| f (x + t) − f (x)|
|t | dt < ∞,

then limN sn( f ; x) = f (x).

REMARK. The condition in the corresponding result for the Riemann integral,
namely Theorem 1.57, was that| f (x + t) − f (x)| ≤ M |t | for |t | < δ and some
constantM . The condition in the present theorem is satisfied byf (x) = √|x| at
x = 0, and the condition in the earlier theorem is not.

PROOF. The proof is the same as for Theorem 1.57 except that we need to
appeal to the improved version of the Riemann–Lebesgue Lemma in Corollary
6.45.

Now we work toward a proof of Parseval’s Theorem for all ofL2. We need to
know about Fourier coefficients of convolutions.

Proposition 6.47.If f (x) ∼ ∑∞
n=−∞ cneinx andg(x) ∼ ∑∞

n=−∞ dneinx, then
( f ∗ g)(x) ∼ ∑∞

n=−∞ cndneinx.

PROOF. This is a consequence of Fubini’s Theorem and the translation invari-
ance of Lebesgue measure:

1

2π

∫ π

−π

( f ∗ g)(x)e−inx dx = 1

2π

∫ π

−π

[ 1

2π

∫ π

−π

f (x − y)g(y)e−inx dy
]

dx

=
( 1

2π

)2
∫ π

−π

[ ∫ π

−π

f (x − y)g(y)e−inx dx
]

dy

=
( 1

2π

)2
∫ π

−π

[ ∫ π

−π

f (x)g(y)e−in(x+y) dx
]

dy

=
( 1

2π

∫ π

−π

f (x)e−inx dx
)( 1

2π

∫ π

−π

g(y)e−iny dy
)
.
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The proof of the version of Parseval’s Theorem for all ofL2 will make use of
the Fejér kernelKN(t) introduced in Section I.10. We do not need to recall the
exact formula forKN , only the fact that it is a trigonometric polynomial of degree
N with the following three properties:

(i) KN(x) ≥ 0,
(ii) 1

2π

∫ π

−π
KN(x) dx = 1,

(iii) for any δ > 0, supδ≤|x|≤π KN(x) tends to 0 asn tends to infinity.

These three properties identifiedKN as an approximate identity in the setting of
periodic functions, and Fej´er’s Theorem in the form of Theorem 1.59 gave the
consequence for convergence at points of continuity off . With the Lebesgue
integral, we get also results about norm convergence inL1 andL2.

Theorem 6.48(Fejér’s Theorem). Letf be inL1. Then

(a) limN ‖KN ∗ f − f ‖1 = 0 with no additional hypotheses onf ,
(b) limN ‖KN ∗ f − f ‖2 = 0 if f is also inL2,
(c) limN(KN ∗ f )(x0) = f (x0) if f is bounded on [−π, π ] and is continuous

at x0,
(d) the convergence in (c) is uniform forx0 in E if f is bounded on [−π, π ]

and is uniformly continuous at the points ofE,
(e) limN(KN ∗ f )(x0) = 1

2

(
f (x0+) + f (x0−)

)
if f is bounded on [−π, π ]

and has right and left limitsf (x0+) and f (x0−) at x0.

PROOF. For (a) and (b), letp = 1 or p = 2 as appropriate. Then

‖Kn∗ f − f ‖p

=
∥∥∥ 1

2π

∫ π

−π

KN(t)[ f (x − t) − f (x)] dt
∥∥∥

p,x
by (ii)

≤ 1

2π

∫ π

−π

KN(t)‖ f (x − t) − f (x)‖p,x dt by (i) and
Theorem 5.60

≤ sup
|t |≤δ

‖ f (x − t) − f (x)‖p,x + 2 [ sup
δ≤|t |≤π

KN(t)] ‖ f ‖p.

Given ε > 0, chooseδ by Proposition 6.16 to make the first term of the final
bound be< ε/2, and then chooseN0 by (iii) to make the second term of the final
bound be< ε/2 for N ≥ N0. Then the final bound is< ε for N ≥ N0.

Parts (c) and (d) are proved exactly as in Theorem 1.59. For (e), we may
assume without loss of generality thatx0 = 0 because convolution commutes with
translations. If we can prove (e) for a single functiong with a jump discontinuity
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at x = 0 equal to the jump forf , then we can apply (c) tof − g and deduce (e)
for f . Let us see that such a functiong may be taken as a multiple of

h(x) =
{ 1

2(π − x) for 0 < x ≤ π

1
2(−π − x) for − π ≤ x < 0.

In fact, a computation at the beginning of Section I.10 shows explicitly that the
series

∑∞
n=1(sinnx)/n converges toh(x) for x �= 0, but we do not need this fact.

All that we need is that the series
∑∞

n=1(sinnx)/n is the Fourier series ofh, a
fact that we can readily check from the definition. The sum of this series atx = 0
is manifestly 0, and this sum matches the average of the jumps1

2

(
π
2 + −π

2

)
. The

Cesàro sums of the series
∑∞

n=1(sinnx)/n must have the same limit 0, according
to Theorem 1.47, and (e) is proved.

Theorem 6.49(Parseval’s Theorem). Iff is a function inL2 with f (x) ∼∑∞
n=−∞ cneinx, then

lim
N→∞

1

2π

∫ π

−π

| f (x) − sN( f ; x)|2 dx = 0

and
1

2π

∫ π

−π

| f (x)|2 dx =
∞∑

n=−∞
|cn|2.

PROOF. From the first conclusion of Theorem 6.43, we obtain 0≤ ‖ f −sN‖2
2 ≤

‖ f − (KN ∗ f )‖2
2, and we know from Theorem 6.48b that‖ f − (KN ∗ f )‖2

2 tends
to 0. This proves the first formula, and the second formula follows by passing to
the limit in the second conclusion of Theorem 6.43.

Corollary 6.50 (uniqueness theorem). Iff is in L1 and has all Fourier
coefficients 0, thenf is the 0 element inL1.

PROOF. Proposition 6.47 shows that the Fourier coefficients ofKN ∗ f are
cn(KN ∗ F) = cn(KN)cn( f ), and this is 0 for alln. By Proposition 6.18,KN ∗ f
is continuous, and thusKN ∗ f = 0 by Corollary 1.60. SinceKN ∗ f tends tof
in L1 according to Theorem 6.48a, we conclude thatf is the 0 element inL1.

Now we come to the Riesz–Fischer Theorem, which historically was a great
triumph for the Lebesgue integral over the Riemann integral. The result uses the
completeness ofL2 and has no counterpart with Riemann integration.

Theorem 6.51(Riesz–Fischer Theorem). If{cn} is a given doubly infinite
sequence of complex numbers with

∑∞
n=−∞ |cn|2 < ∞, then there exists anf in

L2 whose Fourier series is
∑∞

n=−∞ cneinx.
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PROOF. Define FN(x) = ∑
|n|≤N cneinx. For M ≥ N, Parseval’s Theorem

(Theorem 6.49) gives‖ fM − fN‖2
2 = ∑

N+1≤|n|≤M |cn|2, and the right side tends
to 0 asM and N tend to infinity because of the convergence of

∑∞
n=−∞ |cn|2.

Thus{ fN} is a Cauchy sequence inL2. By Theorem 5.59,L2 is complete as a
metric space, and thus{ fN} converges inL2. Let f be (a function representing)
the limit element inL2. The inner product inL2 is a continuous function of the
L2 function in the first variable, and therefore the Fourier coefficients off satisfy

cn( f ) = (
f, einx) = lim

N

(
fN, einx).

As soon asN gets to be≥ |n|, ( fN, einx
)

equalscn. Thuscn( f ) = cn for all n,
and f has the required properties.

8. Stieltjes Measures on the Line

A Stieltjes measure2 is a Borel measure onR1. Lebesgue measuredx is
an example, as is any measuref (x) dx in which f is nonnegative and Borel
measurable and is integrable on every bounded interval. A completely different
kind of Stieltjes measure is one that attaches nonnegative weights to countably
many points in such a way that the sum of the weights in any bounded interval
is finite. In this section we shall see that the Stieltjes measures stand in one-one
correspondence with a class of monotone functions on the line that we describe
shortly. We shall also obtain an integration-by-parts formula in which a Stieltjes
measure plays the role of the derivative of its corresponding monotone function.

If a Stieltjes measureµ is given, we associate toµ the functionF : R1 → R1

defined by

F(x) =
{ −µ(x, 0] if x ≤ 0,

µ(0, x] if x ≥ 0.

The functionF is called thedistribution function of µ. It has the following
properties:3

(i) F is nondecreasing, i.e., ismonotone increasing,
(ii) F is continuous from the right in the sense thatF(x0) = limx↓x0 F(x)

for every x0 in R1, i.e., limn F(xn) = F(x0) whenever{xn}n≥1 is a
sequence tending tox0 such thatxn > x0 for all n ≥ 1,

(iii) F(0) = 0.

2Many books, this one included, take Stieltjes measures by definition to occur on the line.
However, there is a theory, albeit a somewhat unsatisfactory one, of “Stieltjes measures” in higher-
dimensional Euclidean space. It is of interest chiefly in probability theory.

3An alternative definition saysF(x) equals−µ[x, 0) andµ[0, x) in the two cases, and then
property (ii) says thatF iscontinuous from the left. The choice made here between these alternatives
is governed by keeping technicalities to a minimum in Section 10.
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Properties (i) and (iii) are immediate from the definition. With (ii), there are two
cases according as the limitx0 is ≤ 0 or > 0, and both cases are settled by the
complete additivity ofµ.

The measureµ is completely determined by its distribution functionF . In
fact, the definition ofF forcesµ((a, b]) = F(b) − F(a), and Proposition 6.6
implies thatµ is determined as a Borel measure by this formula.

Theorem 6.52. The Stieltjes measuresµ stand in one-one correspondence
with the functionsF : R1 → R1 satisfying (i), (ii), and (iii), the correspondence
being thatF is the distribution function ofµ.

PROOF. We have seen that eachµ leads to anF and thatF uniquely determines
µ. We need to see that everyF satisfying (i), (ii), and (iii) arises from someµ.
If such a functionF is given, we define a set functionµ on bounded intervals by

µ((a, b]) = F(b) − F(a),

µ((a, b)) = lim
n

F(b − 1
n) − F(a),

µ([a, b]) = F(b) − lim
n

F(a − 1
n),

µ([a, b)) = lim
n

F(b − 1
n) − lim

n
F(a − 1

n).

We extendµ to the ringR of elementary subsets ofR1, i.e., the ring of all finite
disjoint unions of bounded intervals, by settingµ of a finite disjoint union of
bounded intervals equal to the sum of the values ofµ on each of the intervals,
just as with Lebesgue measure in Example 4 at the end of Section V.1.

To see thatµ is unambiguously defined and is additive onR, we readily
reduce matters, just as with Lebesgue measure, to showing that if an interval is
decomposed into the union of two smaller intervals, thenµ of the union is the
sum ofµ of the components. Thus leta ≤ b ≤ c, and let an intervalI from a
to c be the union of an interval froma to b and an interval fromb to c. If the
interval I from a to c is (a, c), then the two possible cases are handled by

µ((a, b)) + µ([b, c)) = lim
n

F(b − 1
n) − F(a) + lim

n
F(c − 1

n) − lim
n

F(b − 1
n)

= µ((a, c))

µ((a, b]) + µ((b, c)) = F(b) − F(a) + lim
n

F(c − 1
n) − F(b) = µ((a, c)).

and

If the intervalI froma tochas one or both endpoints present, then the computation
is the same except thatF(a) is replaced by limn F(a − 1

n) if a is in I and
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limn F(c− 1
n) is replaced byF(c) if c is in I . Thusµ is unambiguously defined,

and it is nonnegative and additive.
The next step is to prove, just as with Lebesgue measure in Section V.1, that

µ is regular onR in the sense that for eachE in R andε > 0, we can find a
compactK in R and an openU in R such thatK ⊆ E ⊆ U , m(K ) ≥ m(E)− ε,
andm(U ) ≤ m(E) + ε. As with Lebesgue measure, the proof comes down to
the case thatE is a single interval, and this time there are four subcases. Choose
n large enough so that2n < ε, and then

for [a, b), takeK = [a, b − 1
n ] and U = (a − 1

n , b),

for [a, b], takeK = [a, b] and U = (a − 1
n , b + 1

n),

for (a, b], takeK = [a + 1
n , b] and U = (a, b + 1

n),

for (a, b), takeK = [a + 1
n , b − 1

n ] and U = (a, b).

An exception occurs in the definition ofK if the listed left endpoint ofK exceeds
the listed right endpoint ofK , and thenK is defined to be empty. Each of these
definitions contains a parametern; if we write Kn andUn for the corresponding
setsK andU , then we can check from the definitions and property (ii) of the
function F that limn µ(Kn) = µ(E) and limn µ(Un) = µ(E). The regularity
condition forE follows from these limit relations.

The next step is to prove thatµ is completely additive onR by imitating
the proof for Lebesgue measure. In fact, the proof of Proposition 5.4 applies
word-for-word except thatm has to be changed toµ throughout and the word
“proposition” in the last sentence of the proof should be changed to “complete
additivity.”

Thenµ extends to a measure on the Borel sets by Theorem 5.5. The extended
measure isσ -finite onR1 becauseR1 is the countable union of bounded intervals
andµ is finite on every bounded interval.

Finally we need to show that the distribution functionG of µ is equal toF .
Our definitions make

G(x) =
{ −µ((x, 0]) = −(F(0) − F(x)) = F(x) if x ≤ 0,

µ((0, x]) = F(x) − F(0) = F(x) if x ≥ 0.

ThusG = F .

EXAMPLES.

(1) Let F be any continuous distribution function that has a continuous de-
rivative f except possibly at finitely many points. Ifx is a point of conti-
nuity of f , then the Fundamental Theorem of Calculus (Theorem 1.32) gives
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d
dx

∫ x
0 f (t) dt = f (x). Put

G(x) =
{ − ∫ 0

x f (t) dt if x ≤ 0,∫ x
0 f (t) dt if x ≥ 0.

ThenG is a continuous distribution function, and the formula for the derivative of
the integral shows thatF ′(x) = G′(x) except at finitely many points. Recursive
application of the Mean Value Theorem, starting fromx = 0, to F − G on
intervals havingF ′ − G′ = 0 in their interiors, shows thatF = G everywhere.
The Stieltjes measureµ associated toF , by the uniqueness in Theorem 6.52, is
given by

µ(E) =
∫

E
f (t) dt.

The special case withF(x) identically equal tox has f identically equal to 1,
and the measure is just Lebesgue measure.

(2) The functionF with

F(x) =
{

0 for x ≥ 0,

−1 for x < 0,

has the three properties of a distribution function, and the associated measureµ

is a point mass assigning weight 1 tox = 0. The measureµ takes the value 1
on every Borel set containing 0 and takes the value 0 on every Borel set not
containing 0. This measure is sometimes called thedelta measureat 0 or “delta
mass” at 0. Whenever a Stieltjes measureν hasν({p}) > 0 for somep in R1,
we say thatν contains apoint massat p of weightν({p}). Thenν is the sum of
a point mass atp of weightν({p}) and a Stieltjes measure containing no point
mass atp.

(3) Let {xn} be a sequence inR. For example,{xn} could be an enumeration
of the rationals. Let{wn} be a sequence of positive numbers with

∑
wn < ∞,

and define

F(x) =

⎧⎪⎪⎨⎪⎪⎩
∑

{n | 0<xn≤x}
wn for x ≥ 0,

−
∑

{n | x<xn≤0}
wn for x < 0.

ThenF satisfies (i), (ii), and (iii), and henceF is the distribution function of some
Stieltjes measureµ. The measure is given by

µ((a, b]) =
∑

{n | a<xn≤b}
wn.

It is a countable sum of point masses. The functionF , though monotone increas-
ing, is discontinuous at everyxn, and this set is allowed to be dense.
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(4) This example will be a nonzero Stieltjes measure that is carried on a Borel
set of Lebesgue measure 0 and yet has a continuous distribution function. We start
from the standard Cantor setC in [0, 1] described in detail in Section II.9. This set
is compact and is obtained as the intersection of a sequence{Cn} of sets with each
Cn consisting of the finite union of closed bounded intervals. The setC0 is [0, 1],
andCn+1 is obtained fromCn by removing the open middle third of each of the
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FIGURE 6.1. Construction of a Cantor functionF . Graphs of
approximationsF1, F2, F3, F4 to F .

constituent closed intervals ofCn. The Lebesgue measure ofCn is (2/3)n, and
thusC has Lebesgue measure limn(2/3)n = 0. The measureµ we construct will
haveµ(C) = 1 andµ(Cc) = 0, yet it will assign 0 measure to every one-point
set. The properties that are needed of the corresponding distribution functionF
so thatµ has these properties are thatF is continuous,F is 0 for x ≤ 0, F is 1
for x ≥ 1, andF is constant on every open intervalI of [0, 1] − C, i.e., on every
open interval of every [0, 1] − Cn. This condition will makeµ(I ) = 0 for all
suchI . Since the metric space [0, 1] − C has a countable base, it is the union of
countably many such open intervalsI , and thusµ([0, 1] − C) = 0. SinceF is
constant forx ≤ 0 and forx ≥ 1, µ is 0 on(−∞, 0) and(1, +∞) as well, and
thusµ(Cc) = 0. To obtain the distribution functionF , we construct a sequence
of approximating functionsFn and show that the sequence is uniformly Cauchy.
The setCc

n ∩ [0, 1] is the union of 2n − 1 disjoint open intervals. On thekth such
interval we defineFn to bek2−n. We let Fn(x) = 0 for x ≤ 0 andF(x) = 1
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for x ≥ 1. On the complementary closed intervals, defineFn in any fashion that
makesFn monotone increasing and continuous. Graphs ofF1 throughF4 are
shown in Figure 6.1 with the interpolation in the graphs done by straight lines.
The result is that

|Fn(x) − Fn+k(x)| ≤ 2−n

for all x. Hence{Fn} is uniformly Cauchy and therefore uniformly convergent.
Let F be the limit function. The functionF continuous by Theorem 1.21, and
it is monotone increasing, satisfiesF(0) = 0, and is constant on every open
interval contained inCc. According to Problem 15 at the end of the chapter, it
is independent of the method of interpolation used in constructing theFn’s. The
function F is called theCantor function corresponding to the standard Cantor
set.

The most general monotone increasing functionF on R1 is not far from
being the distribution function of some Stieltjes measure. In the first place the
monotonicity ofF implies thatF has left and right limits at every point, and
consequently its only discontinuities are jumps. There can be only countably
many such jumps: in fact, if there were uncountably many jump discontinuities,
there would be uncountably many in some bounded interval, and that interval
would contain uncountably many of magnitude at least 1/n for some integern;
henceF would have to be unbounded on that bounded interval. Let us define
a functionF1 by F1(x) = limt↓x F(t). This is well defined, sinceF has right
limits at every point, and we haveF(x) = F1(x) except on a countable set. If we
defineF2(x) = F1(x) − F1(0), thenF2 satisfies the three defining properties (i),
(ii), (iii) of a distribution function. Ifµ is the Stieltjes measure corresponding to
F2 under Theorem 6.52, we callµ theassociated Stieltjes measurefor F .

Theorem 6.53(integration by parts). Leta < b, let F be a monotone increas-
ing function onR1 that is continuous from the right ata andb, and letµ be the
associated Stieltjes measure. IfG is aC1 complex-valued function on [a, b] with
derivativeg, then∫ b

a
F(x)g(x) dx = G(b)F(b) − G(a)F(a) −

∫
(a,b]

G dµ.

PROOF. Without loss of generality, we may assume thatG is real-valued. Let
F2 be the distribution function ofµ. By construction ofF2, there is a constantc
such thatF − F2 = c except possibly at points of discontinuity ofF , and the set
S of such pointsS within [a, b] is countable. This exceptional countable setS
does not containa or b, sinceF andF2 are continuous from the right ata andb.
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We have ∫ b
a (F − F2)g dx = ∫

S(F − F2)g dx+ ∫ b
a cg(x) dx

= c
∫ b

a g(x) dx = c(G(b) − G(a))

and also

G(b)(F(b)−F2(b))−G(a)(F(a)−F2(a)) = G(b)c−G(a)c = c(G(b)−G(a)).

Thus ∫ b
a (F − F2)g dx = G(b)(F(b) − F2(b)) − G(a)(F(a) − F2(a)).

Comparing this formula with the formula in the statement of the theorem, we see
that if the theorem holds forF2, then it holds forF . Changing notation, we may
therefore assume thatF is the distribution function ofµ.

Let P be a partitiona = x0 < x1 < · · · < xn−1 < xn = b of [a, b] with
mesh to be specified. For 1≤ i ≤ n, we use the Mean Value Theorem to choose
ti ∈ (xi −1, xi ) with G(xi ) − G(xi −1) = g(ti )(xi − xi −1). We can do so since we
have assumed thatG is real valued. Then we have

F(xi )g(ti )(xi − xi −1) = F(xi )G(xi ) − F(xi )G(xi −1)

and

n∑
i =1

F(xi )g(ti )(xi − xi −1)

= F(xn)G(xn) +
n∑

i =2
F(xi −1)G(xi −1) −

n∑
i =1

F(xi )G(xi −1)

= F(xn)G(xn) − F(x0)G(x0) −
n∑

i =1
G(xi −1)(F(xi ) − F(xi −1))

= F(b)G(b) − F(a)G(a) −
n∑

i =1
G(xi −1)(F(xi ) − F(xi −1)).

We shall show for small enough mesh that
∑n

i =1 F(xi )g(ti )(xi − xi −1) is close to∫ b
a F(x)g(x) dx and that

∑n
i =1 G(xi −1)(F(xi )− F(xi −1)) is close to

∫
(a,b] G dµ.

Let M be an upper bound for|g| and|F | on [a, b], and letε > 0 be given.
Choose a numberδ > 0 by uniform continuity ofG andg such that|x − x′| < δ

implies |G(x) − G(x′)| < ε/M and|g(x) − g(x′)| < ε/(M(b − a)), as well as
another condition to be specified. If the mesh of the partition is< δ, then
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i =1

G(xi −1)(F(xi ) − F(xi −1)) − ∫
(a,b] G dµ

∣∣∣
=
∣∣∣ n∑

i =1

∫
(xi −1,xi ]

[G(xi −1) − G(x)] dµ

∣∣∣
≤

n∑
i =1

∫
(xi −1,xi ]

|G(xi −1) − G(x)| dµ

≤
n∑

i =1

∫
(xi −1,xi ]

(ε/M) dµ

= (ε/M)(F(b) − F(a))

≤ 2ε since|F | ≤ M.

Also,∣∣∣ n∑
i =1

F(xi )g(ti )(xi − xi −1) − ∫ b
a F(x)g(x) dx

∣∣∣
=
∣∣∣ n∑

i =1

∫
(xi −1,xi ]

(
F(xi )(g(ti ) − g(x)) + (F(xi ) − F(x))g(x)

)
dx
∣∣∣

≤
n∑

i =1

∫
(xi −1,xi ]

|F(xi )| |g(ti ) − g(x)| dx +
n∑

i =1

∫
(xi −1,xi ]

|F(xi ) − F(x)| |g(x)| dx

≤
n∑

i =1

∫
(xi −1,xi ]

M(ε/(M(b − a))) dx +
n∑

i =1
|F(xi ) − F(xi −1)|Mδ

= ε + (F(b) − F(a))Mδ by monotonicity ofF

≤ ε + 2M2δ.

Thus if δ satisfies the additional condition thatδ < ε/(2M2), then the absolute
value of the difference of the two sides in the formula of the theorem is< 2ε+2ε =
4ε. This completes the proof.

9. Fourier Series and the Dirichlet–Jordan Theorem

A real-valued functionf on a bounded interval [a, b] is said to be ofbounded
variation on [a, b] if there is a constantM such that every partition

P : a = x0 < x1 < · · · < xn−1 < xn = b

has

sup
P

n∑
i =1

| f (xi ) − f (xi −1)| ≤ M.
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Let us write‖ f ‖BV for the leastM such that this inequality holds. The set of
functions f of bounded variation on [a, b] is a pseudo normed linear space in the
sense of Section V.9, the pseudonorm being‖ · ‖BV. The only functionsf with
‖ f ‖BV = 0 are the constants.

Examples of functions of bounded variation are furnished by arbitrary bounded
monotone functions and by any function with a continuous derivative. In fact,
if f is monotone increasing, thenf is of bounded variation with‖ f ‖BV =
f (b) − f (a). If f has f ′ continuous, then the Mean Value Theorem gives

n∑
i =1

| f (xi ) − f (xi −1)| =
n∑

i =1

| f ′(ti )|(xi − xi −1) with xi −1 < ti < xi

≤ ‖ f ′‖sup

n∑
i =1

(xi − xi −1)

= ‖ f ′‖sup(b − a),

and we see thatf is of bounded variation with‖ f ‖BV ≤ ‖ f ′‖sup(b − a).
Let us associate two functions on [a, b] to f if f is of bounded variation. For a

real numberr , definer + = max{r, 0} andr − = − min{r, 0}, so thatr = r + − r −
and|r | = r + + r −. The functions are thepositiveandnegative variationsof f ,
given by

V+( f )(x) = sup
P with x0=a

andxn=x

n∑
i =1

(
f (xi ) − f (xi −1)

)+
,

V−( f )(x) = sup
P with x0=a

andxn=x

n∑
i =1

(
f (xi ) − f (xi −1)

)−
,

the supremum in each case being taken over all partitions of [a, x].

Proposition 6.54. If f is of bounded variation on [a, b], then V+( f ) and
V−( f ) are monotone increasing functions such that

f (x) = f (a) + V+( f )(x) − V−( f )(x)

for all x in [a, b]. In particular, f is the difference of two monotone increasing
functions.

REMARK. Since monotone functions have left and right limits at each point,
it follows that every functionf of bounded variation has left and right limits at
each point. We denote these byf (x−) and f (x+), respectively. The functionf
is continuous from the left atx if and only if f (x−) = f (x), and it is continuous
from the right atx if and only if f (x) = f (x+).
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PROOF. It is evident from the definitions thatV+( f ) andV−( f ) are monotone
increasing. Fixx, and letP be a partition of [a, x]. Then

f (x) − f (a) =
n∑

i =1

(
f (xi ) − f (xi −1)

)
=

n∑
i =1

(
f (xi ) − f (xi −1)

)+ −
n∑

i =1

(
f (xi ) − f (xi −1)

)−
.

Hence

n∑
i =1

(
f (xi ) − f (xi −1)

)+ =
n∑

i =1

(
f (xi ) − f (xi −1)

)− + (
f (x) − f (a)

)
≤ V−( f )(x) + (

f (x) − f (a)
)
,

and
V+( f )(x) ≤ V−( f )(x) + (

f (x) − f (a)
)
.

Also,

n∑
i =1

(
f (xi ) − f (xi −1)

)− =
n∑

i =1

(
f (xi ) − f (xi −1)

)+ − (
f (x) − f (a)

)
≤ V+( f )(x) − (

f (x) − f (a)
)
,

and
V−( f )(x) ≤ V+( f )(x) − (

f (x) − f (a)
)
.

Therefore
f (x) − f (a) = V+( f )(x) − V−( f )(x),

and the proof is complete.

Theorem 6.55(Dirichlet–Jordan Theorem). Iff is a function of bounded
variation on [−π, π ], then the Fourier series off converges at each point to
1
2

(
f (x−) + f (x+)

)
and it converges uniformly tof (x) on any compact set on

which the periodic extension off is continuous.

By way of preparation, it will be convenient to extend the definition of Fourier
series to allow integrable functions to be replaced by more general Borel measures.
If µ is a Borel measure on [−π, π ], we want to be able to regardµ as periodic.
One way to proceed would be to insist thatµ really be a measure on the circle
group, hence be defined on(−π, π ]. Alternatively, we could insist that any point
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mass contributing toµ at −π be matched by an equal point mass forµ at π .
A way of avoiding point masses contributing at the endpoints is to change the
interval [−π, π ] to a suitable [c−π, c+π ]; we can find a numberc with no point
masses at the ends because only countably many point masses can contribute toµ

and still haveµ be a finite measure. In any event, we define theFourier–Stieltjes
seriesof µ to be the series

∞∑
n=−∞

cneinx with cn =
∫

(−π,π ]
e−inx dµ(x).

The usual factor of12π
is dropped because we identify an integrable functionf ≥ 0

with the measure1
2π

f dx when making the generalization. From the definition
of the Fourier–Stieltjes coefficients, we see immediately that|cn| ≤ µ((−π, π ]);
hence the coefficients are bounded.

PROOF OFTHEOREM 6.55. We take the given functionf to be periodic of
period 2π . On some closed interval [a, b] containing [−π, π ] in its interior, let
us decomposef according to Proposition 6.54 asf = f (a) + V+( f ) − V−( f ).
It is then enough to prove the theorem for the monotone increasing functions
f (a) + V+( f ) andV−( f ) separately. These functions need to be extended to
all of R1, and we may make that extension by taking them to be constant to the
left of [a, b] and to the right of [a, b].

Changing notation in the theorem, we may assume from the outset thatf is
monotone and bounded, though no longer periodic. Neither the Fourier coeffi-
cients of f nor the hoped-for values of the sum of the Fourier series are changed
if we adjust f on a subset of the countable set wheref is discontinuous. Thus
we may assume without loss of generality thatf is continuous from the right at
every point. Letf (x) ∼ ∑∞

n=−∞ cneinx be its Fourier series.
Let µ be the Stieltjes measure associated tof . Applying integration by parts

(Theorem 6.53) on the interval [−π, π ] with G(x) = e−inx andg(x) = −ine−inx,
we obtain∫ π

−π
f (x)(−in)e−inx dx = e−inπ f (π) − e−in(−π) f (−π) − ∫

(−π,π ]e
−inx dµ(x).

The left side is−2π incn, and the right side is the sum of two bounded terms
and the negative of a Fourier–Stieltjes coefficient ofµ. These Fourier–Stieltjes
coefficients are bounded, and hence|cn| ≤ C/|n| for some constantC.

Let sN(x) = ∑N
n=−N cneinx be the N th partial sum of the Fourier series

of f , and letσN(x) = 1
N+1

∑N
k=0 sk(x) be the N th Cesàro sum. We know

that σN(x) = (KN ∗ f )(x), whereKN is the Fejér kernel. Fej´er’s Theorem
(Theorem 6.48) shows that limN σN(x) = 1

2

(
f (x−) + f (x+)

)
for all x and
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that limN σN(x) = f (x) uniformly on any compact set of points wheref
is continuous. The Tauberian theorem stated as Proposition 1.50 allows us to
conclude thatsN(x) converges and has the same limit asσN(x) if it is shown that
the sequencen(cneinx + c−ne−inx) is bounded forn > 0. But this boundedness
is immediate from the estimate|cn| ≤ C/|n| for the Fourier coefficients off .

10. Distribution Functions

This section concerns the computation of integrals. A measure space(X,A, ρ)

will be fixed throughout. A need to estimate integrals arises in two quite dis-
tinct situations, and the emphasis is different for the two situations. One is in
connection with problems in Fourier analysis and differential equations, and the
underlying measure space typically hasX equal toRN , A equal to theσ -algebra
of Borel sets, andρ equal to Lebesgue measure. The other is in connection with
probability theory, and the underlying measure space is typically a complicated
space withρ(X) = 1. Although the word “distribution” acquires multiple
meanings in the process, the theory can begin at the same point in the two cases.

Let f : X → R be a measurable function. We define a measureµ f on the
Borel sets ofR and a functionλ f : (0, +∞) → [0, +∞] by

µ f (E) = ρ( f −1(E)) = ρ
({

x ∈ X
∣∣ f (x) ∈ E

})
for each Borel setE,

λ f (ξ) = ρ(| f |−1((ξ, +∞))) = ρ
({

x ∈ X
∣∣ | f (x)| > ξ

})
.

Proposition 6.56.If f : X → R is a measurable function, then

(a)
∫

X �( f (x)) dρ(x) = ∫
R

�(t) dµ f (t) for every nonnegative Borel mea-
surable function� : R → R,

(b)
∫

X �(| f (x)|) dρ(x) = ∫∞
0 λ f (ξ)ϕ(ξ) dξ wheneverϕ(ξ) dξ is a Stieltjes

measure onR1 and� is its distribution function.

PROOF. In (a), when� is an indicator functionI E, the two sides of the identity
areρ( f −1(E)) andµ f (E), and these are equal by definition ofµ f . We can
pass to nonnegative simple functions by linearity and then to general nonnegative
Borel measurable functions� by monotone convergence.

In (b), when f is a nonnegative simple functions, let s = ∑n
k=1 ck IEk be the

canonical expansion ofs as a linear combination of indicator functions, with the
cj ’s arranged so thatc1 > c2 > · · · > cn ≥ 0. Putcn+1 = 0. Then we have∫∞

0 λ f (ξ)ϕ(ξ) dξ = ∑n
k=1

∫ ck

ck+1
ρ
(⋃k

j =1 Ej
)
ϕ(ξ) dξ

= ∑n
k=1 ρ

(⋃k
j =1 Ej

)
[�(ck) − �(ck+1)]

= ∑n
k=1

∑k
j =1 ρ(Ej )[�(ck) − �(ck+1)]
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= ∑n
j =1

∑n
k= j ρ(Ej )[�(ck) − �(ck+1)]

= ∑n
j =1 ρ(Ej )�(cj ) since�(0) = 0

= ∑n
j =1

∫
Ej

�(s(x)) dρ(x)

= ∫
X �(s(x)) dρ(x).

This proves (b) for nonnegative simple functionsf . For a general measurable
| f | on X, choose an increasing sequence of nonnegative simple functionssn

with pointwise limit | f |. The definition of� in terms ofϕ makes� monotone
increasing and continuous, and thus�(sn(x)) increases to�(| f (x)|). Also, the
set

{
x ∈ X

∣∣ | f (x)| > ξ
}
, for each fixedξ , is the increasing union of the sets{

x ∈ X
∣∣ sn(x) > ξ

}
, and thusλsn(ξ) = ρ

({
x ∈ X

∣∣ sn(x) > ξ
})

increases to
λ f (ξ) = ρ

({
x ∈ X

∣∣ | f (x)| > ξ
})

for eachξ . Hence we can pass to the limit in
the identity for eachsn and obtain the identity for| f | by monotone convergence.
This proves (b) for a general measurable| f |.

For applications to Fourier analysis and differential equations, it is (b) that is
important, and the function� of most interest is�(t) = t p with 0 < p < +∞.
The formula in this case is∫

X
| f (x)|p dρ(x) = p

∫ ∞

0
λ f (ξ)ξ p−1 dξ.

Somewhat unfortunately, the functionλ f is called thedistribution function of
f ; the term does not conflict with the notion of the “distribution function” of a
Stieltjes measure as long as one does not make any associations between functions
and measures.

A special case of the displayed formula is thatX isRN , ρ is Lebesgue measure,
andp is 1. In this case the formula simplifies to

∫
RN | f (x)| dx = ∫∞

0 λ f (ξ) dξ, a
formula that was mentioned after the statement of the Hardy–Littlewood Maximal
Theorem (Theorem 6.38).

The displayed formula shows that
∫

X | f |p dρ can be computed from the func-
tion λ f , and it is apparent that the integral cannot be finite ifλ f (ξ) is everywhere
≥ some positive multiple ofξ−p. This observation can be improved upon without
the aid of Proposition 6.56 in the following way. We have

∫
X | f (x)|p dρ(x) ≥∫

{x∈X | | f (x)|>ξ} | f (x)|p dρ(x) ≥ ξ pρ
({

x ∈ X
∣∣ | f (x)| > ξ

}
. Thus we obtain

ρ
({

x ∈ X
∣∣ | f (x)| > ξ

} ≤
∫

X | f |p dρ

ξ p
,

an inequality that goes under the nameChebyshev’s inequality.
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11. Problems

1. Let S1 be the unit circle ofC, let T be the subgroup of elements of finite order,
and letE be a subset ofS1 that contains exactly one element of each coset in
S1/T . (Such a setE exists by the Axiom of Choice.) Prove thatE is not a
Lebesgue measurable subset of the circle and therefore that the corresponding
subset of(−π, π ] is not Lebesgue measurable onR1.

2. Letϕ be the mapping given explicitly in Section 5 that allows one to substitute
in an expression in Cartesian coordinates and obtain an expression in spherical
coordinates. LetU be the domain ofϕ. Prove that
(a) the determinant factor in the change-of-variables formula is given by

| detϕ′| = r N−1 sinN−2 θ1 sinN−3 θ2 · · · sinθN−2,

(b) ϕ is one-one onU ,
(c) the complement ofϕ(U ) in RN is a lower-dimensional set.

3. Let L be a nonsingularN-by-N real matrix. Prove that∫
RN

f (Lx) dx = | detL|−1
∫

RN

f (x) dx

for every nonnegative Borel measurable functionf .

4. LetMN denote theN2-dimensional Euclidean space of all realN-by-N matrices,
and letdx refer to its Lebesgue measure. Prove that∫

MN

f (yx)
dx

| detx|N
=
∫

MN

f (x)
dx

| detx|N

for each nonsingular matrixy and Borel measurable functionf ≥ 0. In the
formula,yx is the matrix product ofy andx.

5. Fix α with 0 < α < 1. Supposef : R → C is periodic of period 2π , is
smooth except at multiples of 2π , and satisfies the inequalities| f (x)| ≤ C|x|α,
| f ′(x)| ≤ C|x|α−1, and| f ′′(x)| ≤ C|x|α−2 for |x| ≤ 1.
(a) By breaking the integral at|x| = 1/|n|, prove that the Fourier coefficients

cn of f satisfy|cn| ≤ K/|n|1+α.
(b) How can one conclude from (a) that the Fourier series off converges

uniformly? Why is the limit equal tof ?
(c) Prove or disprove: The real and imaginary parts of the functionf are of

bounded variation on every bounded interval.

6. Let µ be a nonzero measure on theσ -algebra of all subsets ofR1 assigning to
each set either measure 0 or measure 1. Prove thatµ is a point mass.
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7. Determine all Stieltjes measuresν �= 0 on the line with∫
R1

f g dν =
( ∫

R1

f dν
)( ∫

R1
g dν

)
for all continuous nonnegative functionsf andg.

Problems 8–10 make use of Fubini’s Theorem in unexpected ways.

8. (a) Show that the complement of any Lebesgue measurable set of Lebesgue
measure 0 inRN is dense.

(b) Let µ be a Stieltjes measure on the line, and letE be a Borel set inR1

with Lebesgue measure 0. Prove thatµ(E + t) = 0 for almost everyt with
respect to Lebesgue measure.

(c) Suppose that a Stieltjes measureµ on the line satisfies limt→0 µ(E + t) =
µ(E) for each bounded Borel setE in R1. Prove thatµ(E) = 0 for every
Borel setE of Lebesgue measure 0.

9. In potential theory a positive charge onR3 is by definition any finite Borel measure
µ, and its potentialh is the functionh(x) = ∫

R3
dµ(y)

|x−y| . Prove that the potential

is finite almost everywhere with respect to Lebesgue measure.

10. Let P(x1, . . . , xn) be a real-valued polynomial onRn that is not identically 0.
Prove by induction that the set inRn whereP = 0 has Lebesgue measure 0.

Problems 11–14 concern the gamma function and some associated changes of vari-
ables.

11. Prove that ∫ 1

0
t x−1(1 − t)y−1 dt = �(x)�(y)

�(x + y)

by starting from the product of�(x+y) and the left side, substituting for�(x+y),
making a change of variables, using Fubini’s Theorem, and making another
change of variables.

12. By evaluating the integral
∫

RN e−π |x|2 dx first in Cartesian coordinates by means
of Proposition 6.33 and then in spherical coordinates by means of the change-
of-variables formula for multiple integrals, obtain an expression for the area
�N−1 = ∫

SN−1 dω of the sphereSN−1. Express the answer in terms of a value of
the gamma function.

13. Let I be the “cube” of allu = (u1, . . . , un) in Rn with 0 < ui < 1 for all i , and
let S be the “simplex” of allx = (x1, . . . , xn) in Rn with xi > 0 for all i and∑n

i =1 xi < 1. Definex = ϕ(u) by
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x1 = u1,

x2 = (1 − u1)u2,

...

xn = (1 − u1) · · · (1 − un−1)un.

(a) Prove that
∑n

i =1 xi = 1 −∏n
i =1 (1 − ui ).

(b) Prove thatϕ mapsI one-one ontoS, with inverse given by

ui = xi

1 − x1 − · · · − xi −1
.

(c) Prove that| detϕ′(u)| = (1 − u1)
n−1(1 − u2)

n−2 · · · (1 − un−1) and that

| det(ϕ−1)′(x)| = [(1 − x1)(1 − x1 − x2) · · · (1 − x1 − · · · − xn−1)]
−1.

14. Using Problems 11 and 13, prove for the simplexS in Problem 13 that∫
S

xa1−1
1 xa2−1

2 · · · xan−1
n dx = �(a1)�(a2) · · · �(an)

�(a1 + · · · + an + 1)

whenaj > 0 for all j .

Problems 15–17 concern the Cantor function for the standard Cantor set.

15. Prove that the values of the Cantor functionF for the standard Cantor set
are independent of the method of defining the approximating functionsFn on
the complementary closed intervals as long asFn is monotone increasing and
continuous.

16. Compute
∫ 1

0 F(x) dx if F is the Cantor function for the standard Cantor set.

17. The Stieltjes measureµ corresponding to the Cantor function for the standard
Cantor setC is called theCantor measure. The setC consists of the members
of [0, 1] that can be expanded in the digits 0, 1, 2 of base 3 without using any 1’s.
Show, for eachn-tuple of 0’s and 2’s, thatµ attaches measure 2−n to the subset
of C whose base 3 expansion begins with thatn-tuple.

Problems 18–20 introduce thePoisson integral formulafor the unit disk inR2. The
Poisson kernel was the subject of Problems 27–29 at the end of Chapter I and is given
by

Pr (θ) =
∞∑

n=−∞
r |n|einθ = 1 − r 2

1 − 2r cosθ + r 2
.

Harmonic functions in the unit disk were the subject of Problems 14–15 at the end
of Chapter III and also Problems 10–13 at the end of Chapter IV. The present set of
problems begins to relate the Poisson kernel to harmonic functions via convolution.
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18. If f is in L1
(
[−π, π ], 1

2π
dθ
)
, then thePoisson integralof f is the function in

the unit disk defined in polar coordinates by

u(r, θ) = 1

2π

∫ π

−π

f (ϕ)Pr (θ − ϕ) dϕ.

If cn is thenth Fourier coefficient off , prove thatu(r, θ) = ∑∞
n=−∞ cnr |n|einθ ,

and conclude thatu is harmonic in the open unit disk.

19. If p equals 1 or 2 and iff is in L p
(
[−π, π ], 1

2π
dθ
)
, prove that the Poisson

integralu(r, θ) of f has the properties that‖u(r, · )‖p ≤ ‖ f ‖p for 0 ≤ r < 1
and thatu(r, · ) tends tof in L p in the sense that limr ↑1 ‖u(r, · ) − f ‖p = 0.

20. Suppose thatf is in L∞([−π, π ], 1
2π

dθ
)

and thatu(r, θ) is the Poisson integral
of f .
(a) Prove that limr ↑1 u(r, θ) = f (θ) uniformly on any set ofθ ’s where f is

uniformly continuous.
(b) For f of classC2, prove that the Poisson integral off is the only harmonic

functionu(r, θ) in the disk such that limr ↑1 u(r, θ) = f (θ) uniformly in θ .
(c) Prove thatu(r, · ) tends tof weak-star inL∞ relative toL1 in the sense that

limr ↑1
∫ π

−π
u(r, θ)g(θ) dθ = ∫ π

−π
f (θ)g(θ) dθ for all g in L1. (Weak-star

convergence was defined in Section V.9.)

Problems 21–25 concern functions of bounded variation. For such a functionf , the
positive and negative variations off were defined in Section 9, and their values atx
were denoted byV+( f )(x) andV−( f )(x).

21. Prove that the product of two functions of bounded variation on [a, b] is of
bounded variation.

22. This problem concerns a certain minimality property of the decomposition
f (x) = f (a) + V+( f )(x) − V−( f )(x) of a function f of bounded variation on
[a, b]. Prove that ifg1 andg2 are any two nonnegative monotone increasing func-
tions such thatf (x) = f (a) + g1(x) − g2(x) for all x, thenV+( f )(x) ≤ g1(x)

andV−( f )(x) ≤ g2(x).

23. Prove that iff is of bounded variation on [a, b] and is continuous at a pointx in
(a, b), then bothV+( f ) andV−( f ) are continuous atx.

24. If f is of bounded variation on [a, b], define thetotal variation of f as the
function given by

V( f )(x) = sup
P with x0=a

andxn=x

n∑
i =1

∣∣ f (xi ) − f (xi −1)
∣∣,

the supremum being taken over all partitions of [a, x]. Prove thatV( f )(x) =
V+( f )(x) + V−( f )(x) for all x.
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25. Prove that the functionf on [−1, 1] given by

f (x) =
{

x sin(1/x) for x �= 0,

0 for x = 0,

is not of bounded variation. Prove or disprove that the functiong on [−1, 1]
given by

g(x) =
{

x2 sin(1/x) for x �= 0,

0 for x = 0,

is of bounded variation.



CHAPTER VII

Differentiation of Lebesgue Integrals on the Line

Abstract. This chapter concerns the Fundamental Theorem of Calculus for the Lebesgue integral,
viewed from Lebesgue’s perspective but slightly updated.

Section 1 contains Lebesgue’s main tool, a theorem saying that monotone functions on the line
are differentiable almost everywhere. A relatively easy consequence is Fubini’s theorem that an
absolutely convergent series of monotone increasing functions may be differentiated term by term.
The result that the indefinite integral

∫ x
a f (t) dt of a locally integrable functionf is differentiable

almost everywhere with derivativef follows readily.
Section 2 addresses the converse question of what functionsF have the property for a particularf

that the integral
∫ b

a f (t) dt can be evaluated asF(b)−F(a) for all a andb. The development involves
a decomposition theorem for monotone increasing functions and a corresponding decomposition
theorem for Stieltjes measures. The answer to the converse question whenf ≥ 0 andF ′ = f
almost everywhere is thatF is “absolutely continuous” in a sense defined in the section.

1. Differentiation of Monotone Functions

The generalization of the Fundamental Theorem of Calculus to the Lebesgue
integral was the crowning achievement of Lebesgue’s book. We have already
stated and proved a particular result in that direction as Corollary 6.40, using a
more recent method that is of continual applicability in analysis. The statement
of the part of the Fundamental Theorem in that corollary is that

∫ x
a f (t) dt is

differentiable almost everywhere with derivativef (x) if f is a Borel function on
the line that is integrable on every bounded interval.

In this chapter we shall develop that and allied results using something closer to
Lebesgue’s original method. These allied results are chiefly of historical interest,
no longer being of great importance as analytic tools. However, their beauty
is undeniable and by itself justifies their inclusion in this book. In addition,
these allied results motivate some results in Chapter IX, particularly the Radon–
Nikodym Theorem, that might seem strange indeed if the historical background
were omitted.

The starting point is the almost-everywhere differentiability of monotone func-
tions on the line, given in Theorem 7.2 below. Since monotone functions include
the distribution functions of Stieltjes measures, this differentiability shows at

357
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once that functions of the form
∫ x

a f (t) dt with f ≥ 0 are differentiable almost
everywhere, and then we are well on our way toward a more traditional proof of the
Fundamental Theorem for the Lebesgue integral. The advantage of starting with
all monotone functions is that one can address at the same time the differentiability
of all distribution functions of Stieltjes measures, not just those of measures
f (t) dt. From this fact one can attack the question of how close the derivative
f (t) is to determining the function of which it is the derivative almost everywhere.
This is the second aspect of the traditional Fundamental Theorem of Calculus as
in Theorem 1.32: for the case of continuousf , any two functions with derivative
f everywhereon an interval differ by a constant.

There is a certain formal similarity between the theory of differentiation of
monotone functions and the theory of the Hardy–Littlewood Maximal Theorem
as in Chapter VI. Wiener’s Covering Lemma captured the geometric core of the
theorem in Chapter VI, and another covering lemma captures the geometric core
here. This is the Rising Sun Lemma, which will be given as Lemma 7.1.

By way of preliminaries, any open subsetU of R1 is uniquely the union of
countably many disjoint open intervals, the open interval containing a pointx in
U being the union of all connected subsets ofU containingx. These sets give
the required decomposition ofU by Propositions 2.48 and 2.51. An open subset
of an interval(a, b) is necessarily open inR1, and hence it too is uniquely the
countable union of disjoint open intervals.

Lemma 7.1 (Rising Sun Lemma).1 Let g : [a, b] → R be continuous, and
define

E = {
x ∈ (a, b)

∣∣ there existsξ ∈ (a, b) with ξ > x andg(ξ) > g(x)
}
.

The setE is open in(a, b). If E is written as the disjoint union of open intervals
with endpointsak andbk, theng(ak) ≤ g(bk) for eachk.

FIGURE 7.1. Rising Sun Lemma. Graph showing three open intervals
produced by the lemma.

1Some authors call this result Riesz’s Lemma.
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REMARK. The Rising Sun Lemma is so named because of the situation in
Figure 7.1. The sun rises in the east, viewed as the direction of the positivex
axis. It casts shadows within the graph ofg, and the content of the lemma is the
nature of those shadows. Although the conclusion of the lemma is thatg(ak) ≤
g(bk) for all k, the reader can observe in the figure thatg(ak) = g(bk) for the
open intervals that are shown. This observation is valid in general except possibly
whenak = a, but the observation is not needed in the proof of Theorem 7.2 below.

PROOF. If x0 ∈ E andξ ∈ (a, b) haveξ > x0 andg(ξ) > g(x0), then everyx
in (a, ξ) with |g(x) − g(x0)| < 1

2(g(ξ) − g(x0)) lies in E. HenceE is open.
Let E be the disjoint union of intervals(ak, bk). Fix attention on one such

interval(ak, bk). We make critical use of the fact that the pointbk is not in E. If
x0 satisfiesak < x0 < bk, we prove thatg(x0) ≤ g(bk). Once we do so, we can
let x0 decrease toak and use continuity to obtain the assertiong(ak) ≤ g(bk) of
the lemma.

Arguing by contradiction, suppose thatg(x0) > g(bk). Sincex0 is in E,
there existsx1 > x0 with g(x1) > g(x0). If x1 > bk, then the inequality
g(x1) > g(x0) > g(bk) forcesbk to be inE. Sincebk is not in E, we conclude
that x1 ≤ bk. The set of allx with x1 ≤ x ≤ bk andg(x) ≥ g(x1) is closed,
bounded, and nonempty, and we letx2 be its largest element, so thatx2 ≤ bk.

Sinceg(x2) ≥ g(x1) > g(x0) > g(bk), we must havex2 < bk; in fact,
x2 = bk would yield the contradictiong(bk) > g(bk). Fromak < x0 < x2 < bk

and (ak, bk) ⊆ E, we see thatx2 is in E. Hence there is someξ > x2 with
g(ξ) > g(x2). Then the conditionsg(ξ) > g(bk) andbk /∈ E together forceξ to
be≤ bk. Sox2 < ξ ≤ bk with g(ξ) ≥ g(x1), in contradiction to the maximality
of x2. This contradiction allows us to conclude thatg(x0) ≤ g(bk), and the proof
is complete.

Theorem 7.2 (Lebesgue). IfF is a monotone increasing function on an
interval, thenF is differentiable almost everywhere in this sense: the set where
F fails to be differentiable is a Lebesgue measurable set of Lebesgue measure 0.
In addition, if the definition ofF ′ is extended so thatF ′(x) = 0 at every point
whereF is not differentiable, thenF ′ is Lebesgue measurable.

REMARK. Recall that any monotone increasing functionF can have only
countably many discontinuities, and these are all given by jumps. In other words,
F has, at each pointx, left and right limitsF(x−) and F(x+), and the only
possible discontinuities occur when one or both of the equalitiesF(x−) = F(x)

andF(x) = F(x+) fail.

PROOF. The second statement is a consequence of the first. In fact, ifE is
the Lebesgue measurable set of measure 0 whereF is nondifferentiable and ifB
is a Borel set of measure 0 containingE, then the sequence of Borel functions
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Gn(x) = 1
1/n(F(x + 1/n) − F(x)) converges everywhere onBc to a function

G. If G is extended to the domain ofF by defining it to be 0 onB, thenG is a
Borel function that equalsF ′ except on a subset ofB, and henceF ′ is Lebesgue
measurable.

Let us come to the conclusion about differentiability. Possibly by taking the
union of countably many sets, we may assume that the domain ofF is a bounded
interval [a, b]. For a < x < b, define

Ur (x) = lim sup
h↓0

1
h(F(x + h) − F(x))

Lr (x) = lim inf
h↓0

1
h(F(x + h) − F(x)),and

Ul (x) = lim sup
h↑0

1
h(F(x + h) − F(x))

Ll (x) = lim inf
h↑0

1
h(F(x + h) − F(x)).and

We shall prove that

Ur (x) < +∞
Ur (x) ≤ Ll (x)and

almost everywhere. If the latter inequality is applied to−F(−x), we obtain also

Ul (x) ≤ Lr (x)

almost everywhere. Putting these inequalities together, we haveUl (x) ≤ Lr (x) ≤
Ur (x) ≤ Ll (x) ≤ Ul (x) almost everywhere, and equality must hold throughout,
almost everywhere. The points where equality holds throughout and alsoUr (x) <

+∞ are the points whereF is differentiable, and hence the two inequalities
Ur (x) < +∞ andUr (x) ≤ Ll (x) prove the theorem.

For most of the proof, we shall assume thatF is continuous. At the end we
return and show how to modify the proof to handle discontinuousF . First we
consider the inequalityUr (x) < +∞. The subsetE of (a, b)where this inequality
fails is, for each positive integern, contained in the set whereUr (x) > n. If

Ur (x) > n, then
F(ξ) − F(x)

ξ − x
> n for someξ > x. That is,g(ξ) > g(x) for

the continuous functiong(x) = F(x) − nx. In the notation of Lemma 7.1,E is
covered by a system of disjoint open intervals(ak, bk) such thatg(ak) ≤ g(bk)

for each such interval. Thusn(bk − ak) ≤ F(bk) − F(ak) for each. Summing
on k givesn

∑
k (bk − ak) ≤ ∑

k (F(bk) − F(ak)) ≤ F(b) − F(a). Thus the
exceptional setE can be covered by a system of open intervals of total measure
≤ 1

n(F(b)−F(a)). Sincen is arbitrary, Proposition 5.39 shows thatE is Lebesgue
measurable of Lebesgue measure 0.
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Next we prove thatUr (x) ≤ Ll (x) almost everywhere on(a, b). If 0 ≤ p < q
are rational numbers, we prove that the setEpq where

Ll (x) < p < q < Ur (x)

has Lebesgue measure 0. The countable union of such sets is the exceptional set
in question, and thus we will have proved that the exceptional set has measure 0.

If Ll (x) < p, then there existsξ ∈ (a, b) with ξ < x and
F(ξ) − F(x)

ξ − x
< p,

hence withpξ − F(ξ) < px − F(x). Defineg(z) = pz + F(−z) for z in
[−b, −a]. If y = −x andη = −ξ , then pη + F(−η) > py + F(−y) and
henceg(η) > g(y) with η > y. Applying Lemma 7.1 tog on the interval
[−b, −a], we obtain a disjoint system of open intervals(−bi , −ai ) covering the
set ofy’s whereLl (−y) < p and havingg(−bi ) ≤ g(−ai ) in each case. Thus
−pbi + F(bi ) ≤ −pai + F(ai ). In other words, the set ofx’s whereLl (x) < p
is covered by a disjoint system of open intervals(ai , bi ) such that

F(bi ) − F(ai ) ≤ p(bi − ai ) (∗)

for each such interval. Applying the lemma togp(x) = F(x)−qx on the interval
[ai , bi ], we obtain a disjoint system of open intervals(ai j , bi j ) indexed byj and
havinggp(ai j ) ≤ gp(bi j ). Thus (∗) and

q(bi j − ai j ) ≤ F(bi j ) − F(ai j ) (∗∗)

hold in each case. Summing (∗∗) over j , we obtain

q
∑

j

(bi j − ai j ) ≤
∑

j

(F(bi j ) − F(ai j )) ≤ F(bi ) − F(ai ) ≤ p(bi − ai ). (†)

Summing this inequality overi and dividing byq gives

m(Epq) ≤
∑
i, j

(bi j − ai j ) ≤ (p/q)(b − a).

If we repeat this argument with [ai j , bi j ] in place of [a, b], we obtain intervals
(ai juv, bi juv) and an inequality

m(Epq) ≤
∑

i, j,u,v

(bi juv − ai juv) ≤ (p/q)
∑
i, j

(bi j − ai j ) ≤ (p/q)2(b − a).

Iteration givesm(Epq) ≤ (p/q)n(b− a) for everyn, and thereforem(Epq) = 0.
This completes the proof in the case thatF is continuous.
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If F is possibly discontinuous, we modify Lemma 7.1 and the present proof
as follows. Each functiong that arises has right and left limitsg(x+) andg(x−)

at each pointx, and we letG(x) be the largest ofg(x−), g(x), and g(x+).
A modified Lemma 7.1 says that the set ofx in (a, b) for which there is some
ξ ∈ (a, b) with ξ > x andg(ξ) > G(x) is an open set whose component intervals
(ak, bk) haveg(ak+) ≤ G(bk) for eachk. Going over the proof of Lemma 7.1
carefully and changingg to G as necessary, we obtain a proof of the modified
Lemma 7.1.

The modifications necessary to the present proof are as follows. In the proof
that Ur (x) < +∞ almost everywhere, the setE is to be taken to be the set
whereF is continuous and this inequality fails. The inequality that results from
applying the modified Lemma 7.1 isn(bk − ak) ≤ F(bk+) − F(ak+), and this
inequality can be summed onk without any further change. Similarly in the proof
thatUr (x) ≤ Ll (x) almost everywhere, the setEpq is to be taken to be the set
whereF is continuous andLl (x) < p < q < Ur (x). Inequality (∗) becomes
F(bi −)− F(ai +) ≤ p(bi −ai ). When we consider the interval [ai , bi ], the value
of F(bi +) is not relevant, and the value ofF(bi ) can be adjusted to equalF(bi −)

for purposes of understandingF betweenai andbi . With that understanding,
inequality (∗∗) becomesq(bi j − ai j ) ≤ F(bi j +) − F(ai j +), and step (†) is
replaced by

q
∑

j

(bi j −ai j ) ≤
∑

j

(F(bi j +)− F(ai j +)) ≤ F(bi −)− F(ai +) ≤ p(bi −ai ).

The two inequalities at the ends have come about from (∗) and (∗∗), and the critical
observation is that the conventionF(bi ) = F(bi −) makes the middle inequality
hold. The rest of the argument proceeds as in the case thatF is continuous, and
then the theorem is completely proved.

Theorem 7.3(Fubini’s theorem on the differentiation of series of monotone
functions). If F = ∑

Fn is an absolutely convergent sequence of monotone
increasing functions on [a, b], thenF ′(x) = ∑∞

n=1 F ′
n(x) almost everywhere.

PROOF. Without loss of generality, we may assume thatFn(a) = 0 for all n.
Then Fn(x) ≥ 0 for all n andx. Possibly by lumping terms, we may assume
also thatF(b) −∑n

k=1 Fk(b) ≤ 2−n. SinceF(x) −∑n
k=1 Fk(x) is a monotone

increasing function that is 0 forx = a, we have

0 ≤ F(x) −
n∑

k=1

Fk(x) ≤ 2−n (∗)

for a ≤ x ≤ b. The decompositionF(x) = ∑n
k=1 Fk(x) + (∑∞

k=n+1 Fk(x)
)

exhibitsF as the sum ofn + 1 monotone increasing functions, and thus we have
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k=1 F ′

k(x) ≤ F ′(x) at all points where all the derivatives exist. In view of
Theorem 7.2, this inequality holds almost everywhere. Consequently

0 ≤
∞∑

k=1

F ′(k) ≤ F ′(x) (∗∗)

almost everywhere. Now consider the series

G(x) =
∞∑

n=1

(
F(x) −

n∑
k=1

Fk(x)
)
.

Then

0 ≤ G(x) −
N∑

n=1

(
F(x) −

n∑
k=1

Fk(x)
)

≤
∞∑

n=N+1

2−n = 2−N .

ThusG satisfies the same kind of inequality thatF did in (∗), and we can conclude
thatG satisfies the analog of (∗∗), namely

0 ≤
∞∑

n=1

(
F ′(x) −

n∑
k=1

F ′
k(x)

)
≤ G′(x).

The right side is finite almost everywhere by Theorem 7.2, and thus the individual
terms F ′(x) − ∑n

k=1 F ′
k(x) of the series tend to 0 almost everywhere. This

completes the proof.

From Theorems 7.2 and 7.3, we can derive the first part of Lebesgue’s form of
the Fundamental Theorem of Calculus. This same result was stated as Corollary
6.40 and was proved in Chapter VI by using the Hardy–Littlewood Maximal
Theorem.

Corollary 7.4 (first part of Lebesgue’s form of the Fundamental Theorem of
Calculus). If f is integrable on every bounded subset ofR1, then

∫ x
a f (y) dy is

differentiable almost everywhere and

d

dx

∫ x

a
f (t) dt = f (x) almost everywhere.

PROOF. It is enough to prove the theorem for functions vanishing off an interval
[a, b]. Let A be the set of all Borel setsE ⊆ [a, b] such that d

dx

∫ x
a IE(t) dt =

I E(x) almost everywhere. ThenA contains the elementary sets within [a, b],
and A is closed under complements within [a, b]. If {En} is an increasing
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sequence of sets inA with E0 = ∅ and with unionE, let us write I E =∑∞
n=1 (I En − I En−1). This is a series of nonnegative functions. PuttingF(x) =∫ x

a IE(t) dt andFn(x) = ∫ x
a (I En(t) − I En−1(t)) dt and applying Corollary 5.27,

we obtainF(x) = ∑∞
n=1 Fn(x). Then Theorem 7.3 givesF ′(x) =∑∞

n=1 F ′
n(x) =

limN
∑N

n=1 F ′
n(x) = limN

∑N
n=1 (I En(x) − I En−1(x)) = limN IEN (x) = I E(x)

almost everywhere. ThusE is in A, andA is closed under increasing count-
able unions. SinceA is closed under complements as well,A is closed under
decreasing countable intersections. Then the Monotone Class Lemma (Lemma
5.43) shows thatA contains all Borel sets.

Now consider the setF of all integrable Borel functionsf for which the
almost-everywhere equalityddx

∫ x
a f (t) dt = f (x) holds. We have just seen that

F contains all indicator functions of Borel subsets of [a, b]. By linearity, F
contains all nonnegative simple functions vanishing off [a, b]. Let f ≥ 0 be an
integrable function on [a, b], and let{sn} be an increasing sequence of nonnegative
simple functions with pointwise limitf . The functionssn are inF. Puts0 = 0,
and letF(x) = ∫ x

a f (t) dt andFn(x) = ∫ x
a (sn(t)−sn−1(t)) dt. Sincesn ≥ sn−1,

eachFn is monotone increasing. Corollary 5.27 shows thatF(x) = ∑∞
n=1 Fn(x),

and Theorem 7.3 then shows thatF ′(x) = ∑∞
n=1 F ′

n(x) = limN
∑N

n=1 F ′
n(x) =

limN
∑N

n=1 (sn(x)− sn−1(x)) = limN sn(x) = f (x) almost everywhere. ThusF
contains all nonnegative integrable Borel functions, and by linearity it contains
all integrable Borel functions.

2. Absolute Continuity, Singular Measures, and Lebesgue Decomposition

In this section we address questions about the Lebesgue integral raised by the
second part of the Fundamental Theorem of Calculus in Theorem 1.32. For
continuous integrandsf , the result is a kind of uniqueness statement, asserting
that any function with derivativef differs from

∫ x
a f (t) dt by a constant function.

From a practical point of view, this is the really important part of the theorem for
calculus, since it provides a technique for evaluating definite integrals: find any
function whose derivative is the given function, evaluate it at the endpoints, and
subtract the results. With the Lebesgue integral and equality of derivatives only
almost everywhere, the uniqueness result is not as sharp. The practical aspect of
a uniqueness theorem is largely lost, and the resulting theory ends up having to
be appreciated only as an end in itself. We begin at the following point.

Proposition 7.5. Every monotone increasing function onR1 is uniquely the
sum of an indefinite integralG(x) = ∫ x

0 f (t) dt, where f ≥ 0 is integrable
on every bounded interval, and a monotone increasing functionH such that
H ′(x) = 0 almost everywhere.
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PROOF. Let F be a given monotone increasing function onR1. If F =
G + H with G as in the statement of the proposition and withH ′(x) = 0
almost everywhere, Corollary 7.4 shows that we must havef = F ′. This proves
uniqueness.

For existence we takef = F ′. Regardh as a positive number tending to 0
through some sequence, so thath−1(F(t + h) − F(t)) tends to f ′(t) for almost
everyt . If a < b, then∫ b

a

F(t + h) − F(t)

h
dt = 1

h

∫ b+h

a+h
F(t) dt − 1

h

∫ b

a
F(t) dt

= 1

h

∫ b+h

b
F(t) dt − 1

h

∫ a+h

a
F(t) dt.

The right side tends toF(b) − F(a) if a andb are points of continuity ofF .
By Fatou’s Lemma (Theorem 5.29),

∫ b
a f (t) dt ≤ F(b) − F(a) if a andb are

points of continuity ofF . The points of continuity ofF are dense, and thus for
generala andb, we can find sequences of points of continuity decreasing toa
and increasing tob. Passing to the limit, we obtain∫ b

a
f (t) dt ≤ F(b−) − F(a+) ≤ F(b) − F(a) (∗)

for all a andb. Hence f is integrable. WithG(x) as in the statement of the
proposition, (∗) givesG(b)−G(a) ≤ F(b)−F(a). Equivalently,F(a)−G(a) ≤
F(b) − G(b). Thus the functionH(x) = F(x) − G(x) is monotone increasing
with F = G + H . SinceF andG have derivativef almost everywhere,H has
derivative 0 almost everywhere.

Thus we want to identify all monotone increasing functions with derivative zero
almost everywhere. The first step is to see that the question of discontinuities of
a monotone function can be completely eliminated from the problem.

Proposition 7.6. Let c be a real number. If{xn} is a sequence in [a, b] and if
{cn} and{dn} are sequences of positive real numbers with

∑
cn finite and

∑
dn

finite, then the function

F(x) = c +
∑

n with
xn≤x

cn +
∑

n with
xn<x

dn

is a monotone increasing function on [a, b] with F ′(x) = 0 almost everywhere.
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PROOF. The functionF is certainly monotone increasing. It is the convergent
sum of the constant functionc and monotone increasing functions of the form

Fn(x) =
⎧⎨⎩

0 for x < xn,

cn for x = xn,

cn + dn for x > xn,

and the functionFn has derivative 0 except at the pointxn. Thus the proposition
follows immediately from Theorem 7.3.

A monotone increasing function on the line whose restriction to every closed
bounded interval is of the form in Proposition 7.6 is called asaltus function; the
name comes from the Latin word for “jump.” SinceR1 is the countable union
of closed bounded intervals, it follows from Proposition 7.6 that every saltus
function has derivative 0 almost everywhere.

Proposition 7.7. Any monotone increasing functionF on R1 is uniquely the
sumF = G + Sof a continuous monotone increasing functionG with G(0) = 0
and a saltus functionS.

PROOF. For existence, it is enough to obtain the decomposition without
insisting on the normalizationG(0) = 0, since the sum of a saltus function
and a constant is a saltus function. Letx0 be a point of continuity ofF , and
enumerate the points of discontinuity ofF asxn, n ≥ 1. For eachn ≥ 1, define
cn = F(xn) − F(xn−) anddn = F(xn+) − F(xn). Let Sbe the saltus function

S(x) =
{ ∑

x0≤xn≤x cn +∑
x0≤xn<x dn if x ≥ 0,

−∑
x<xn≤x0

cn −∑
x≤xn<x≤x0

dn if x ≤ 0,

and putG = F −S. ThenG is continuous everywhere. To see thatG is monotone
increasing, leta < bbe points of continuity ofF andS. We start from the equality
S(xn+) − S(xn−) = F(xn+) − F(xn−) and sum forxn with a < xn < b to
obtain

S(b) − S(a) =
∑

a<xn<b

(S(xn+) − S(xn−))

=
∑

a<xn<b

(F(xn+) − F(xn−))

≤ F(b) − F(a).

HenceF(a) − S(a) ≤ F(b) − S(b), and we conclude thatG(a) ≤ G(b) at
all points of continuitya < b of F and S. These points are dense, andG
is continuous everywhere. HenceG(a) ≤ G(b) whenevera < b, and G is
monotone increasing. This proves existence. Uniqueness follows from the fact
thatS(b−) − S(a+) = ∑

a<xn<b (F(xn+) − F(xn−)) whenevera < b, and the
proof is complete.
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Consequently we need to understand the continuous monotone increasing
functionsF on the line withF ′(x) = 0 almost everywhere. The Cantor function
for the standard Cantor set, constructed as in Section VI.8, is an example. For
such a function,F − F(0) satisfies the defining properties of the distribution
function of a Stieltjes measureµ onR1. The continuity ofF is equivalent to the
fact thatµ contains no point masses. The following property isolates the meaning
of having derivative zero almost everywhere.

Proposition 7.8. Suppose thatµ is a Stieltjes measure with no point masses.
If the distribution functionF of µ hasF ′(x) = 0 at every point of a Borel setE,
thenµ(E) = 0.

REMARK. The proof will use the Rising Sun Lemma (Lemma 7.1). Problem 3
at the end of the chapter asks for an alternative proof by means of Wiener’s
Covering Lemma (Lemma 6.41). A proof using Wiener’s Covering Lemma does
not make use of the continuity ofF , and therefore it is not necessary to assume
in the proposition thatµ has no point masses.

PROOF. We may confine our attention to an interval [a, b], taking E to be a
subset of [a, b]. Sinceµ has no point masses, we may discarda andb from E.
Fix a positive integern. For every pointx in E, we haveF ′(x) < 1

n . Therefore
to each suchx, we can associate someξ > x with ξ in (a, b) such that

F(ξ) − F(x)

ξ − x
<

1

n
.

This inequality says that1n ξ − F(ξ) > 1
n x − F(x), hence that the continuous

function g with g(x) = 1
n x − F(x) hasg(ξ) > g(x). The Rising Sun Lemma

(Lemma 7.1) applies and shows thatE is covered by countably many disjoint
open intervals(ak, bk) with g(ak) ≤ g(bk). Thus 1

n ak − F(ak) ≤ 1
n bk − F(bk)

for eachk. Adding, we obtain

µ(E) ≤
∑

k

µ((ak, bk)) =
∑

k

F(bk) − F(ak)) ≤ 1
n

∑
k

(bk − ak) ≤ 1
n(b − a).

Sincen is arbitrary,µ(E) = 0.

Again consider a continuous monotone functionF with derivative zero almost
everywhere. The functionF − F(0) is the distribution function of some Stieltjes
measureµ with no point masses, and Proposition 7.8 shows that there is a Borel
set E such thatµ(E) = 0 andm(Ec) = 0, wherem is Lebesgue measure. In
other words,µ is concentrated completely on the setEc of Lebesgue measure 0.
A Stieltjes measureµ for which there is a Borel setF with µ(Fc) = 0 and
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m(F) = 0 is called asingular Stieltjes measure or a “Stieltjes measure singular
with respect to Lebesgue measure.” If also it contains no point masses, it is said to
becontinuous singular. The Stieltjes measure associated to the Cantor function
for the standard Cantor set is an example. We can summarize matters either in
terms of decompositions of monotone functions or in terms of decompositions of
Stieltjes measures. The result in the case of monotone functions is a first answer
to the question of uniqueness in the Fundamental Theorem of Calculus for the
Lebesgue integral; the result in the case of Stieltjes measures gives theLebesgue
decompositionof Stieltjes measures.

Theorem 7.9. Every monotone increasing functionF on R1 decomposes
uniquely as the sumF = G + H + S, whereG is the indefinite integralG(x) =∫ x

0 f (t) dt of a function f ≥ 0 integrable on every bounded interval,H is the
distribution function of a continuous singular measure, andS is a saltus function.
The function f is the derivative ofF .

PROOF. Proposition 7.7 allows us to writeF = P + S uniquely, whereS
is a saltus function andP is continuous and monotone increasing withP(0) =
0. Proposition 7.5 says thatP = G + H uniquely, whereG is an indefinite
integral G(x) = ∫ x

0 f (t) dt and H is monotone increasing withH ′(x) = 0
almost everywhere. The functionf is the derivative ofF . The functionH has
H(0) = 0 and is continuous becauseP andG have these properties, and therefore
H is the distribution function of a Stieltjes measureµ containing no point masses.
SinceH ′(x) = 0 almost everywhere, Proposition 7.8 shows thatµ is singular.

Corollary 7.10 (Lebesgue decomposition). Every Stieltjes measureµ decom-
poses uniquely as the sumµ = f dx + µs + µd, where f ≥ 0 is a function
integrable on every bounded interval,µs is a continuous singular measure, and
µd is a countable sum of point masses such that the sum of the weights on any
bounded interval is finite.

PROOF. This follows by applying Theorem 7.9 to the distribution function
of µ.

The final question that we address in this section is how to recognize the
particular monotone functionG(x) = ∫ x

0 f (t) dt from among all the monotone
functionsF = G + H + Sdescribed in Theorem 7.9.

Proposition 7.11. With m denoting Lebesgue measure, the following condi-
tions on a Stieltjes measureµa are equivalent:

(a) µa is of the formµa = f dx for some functionf ≥ 0 that is integrable
on every bounded interval,
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(b) for each bounded interval [a, b] and numberε > 0, there exists a number
δ > 0 such thatµa(E) < ε wheneverE is a Borel subset of [a, b] with
m(E) < δ,

(c) µa(E) = 0 wheneverE is a Borel subset ofR1 with m(E) = 0.

REMARK. A Stieltjes measureµa satisfying the equivalent conditions in this
proposition is said to beabsolutely continuousor “absolutely continuous with
respect to Lebesgue measure.” From any of these defining conditions, we see
right away that an absolutely continuous measure contains no point masses.

PROOF. Corollary 5.24 shows immediately that (a) implies (b). To see that (b)
implies (c), letE be a Borel setE in R1 with m(E) = 0. Applying (b) toE∩[a, b]
givesµa(E ∩ [a, b]) < ε for every positiveε, and henceµa(E ∩ [a, b]) = 0.
Since [a, b] is arbitrary andµa is completely additive,µa(E) = 0.

To see that (c) implies (a), we appeal to Corollary 7.10 to decomposeµa

according to the Lebesgue decomposition as

µa = f dx + µs + µd, (∗)

whereµs is continuous singular andµd is discrete. The measuresµs andµd

have the property that there is a Borel setE with m(E) = 0 such thatµs(Ec) =
µd(Ec) = 0. Condition (c) shows thatµa(E) = 0. Evaluating (∗) at E, we
obtain 0= µa(E) = 0 + µs(E) + µd(E). Thereforeµs(E) = µd(E) = 0.
Sinceµs(Ec) = µd(Ec) = 0 also, we must haveµs = µd = 0, and then (∗)
shows thatµa = f dx.

In Chapter IX the implication (c) implies (a) will be generalized to a result in
abstract measure theory known as the Radon–Nikodym Theorem. Meanwhile, it
is conditions (b) and (c) that we can translate into a condition on the corresponding
distribution function, and then we shall have our second and final answer to the
question of uniqueness in the Fundamental Theorem of Calculus for the Lebesgue
integral. A monotone increasing functionF on the line is said to beabsolutely
continuous if for each bounded interval [a, b] and numberε > 0, there exists a
δ > 0 such that on any countable disjoint union

⋃
k (ak, bk) of intervals within

[a, b] having total length< δ, the variation
∑

k (F(bk) − F(ak)) of F on that
union of intervals is< ε.

Proposition 7.12.A Stieltjes measure is absolutely continuous if and only if
its distribution function is absolutely continuous.

PROOF. Let µ be a Stieltjes measure with distribution functionF . Suppose
thatµ is absolutely continuous. Fix an interval [a, b], let ε > 0 be given, and
chooseδ > 0 by (b) in Proposition 7.11 such thatm(E) < δ impliesµ(E) < ε.
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If the setA = ⋃
k (ak, bk) is a countable disjoint union of intervals within [a, b]

having total length< δ, then m(A) < δ, and henceµ(A) < ε. Therefore∑
k (F(bk) − F(ak)) = ∑

k µ((bk − ak)) = µ(A) < ε, and we conclude thatF
is absolutely continuous.

Conversely suppose thatF is absolutely continuous, and suppose thatE is a
Borel set withm(E) = 0. Fix an interval [a, b], and letε > 0 be given. By
absolute continuity ofF , there exists aδ > 0 such that on any countable disjoint
union

⋃
k (ak, bk) of intervals within [a, b] having total length< δ, the variation∑

k (F(bk) − F(ak)) of F on that union of intervals is< ε. With δ defined in
this way, we can find a countable disjoint union of intervals

⋃
k (ak, bk) covering

E ∩ [a, b] and having total length< δ. Thenµ(E ∩ [a, b]) ≤ µ
(⋃

k (ak, bk)
) =∑

k µ((ak, bk)) = ∑
k ((F(bk)−F(ak)) < ε. Sinceε is arbitrary,µ(E∩[a, b]) =

0. Since [a, b] is arbitrary,µ(E) = 0. Thereforeµ satisfies (c) in Proposition
7.11 and is absolutely continuous.

Corollary 7.13 (second part of Lebesgue’s form of the Fundamental Theorem
of Calculus). LetF be a monotone increasing function onR1, and let f be its
almost-everywhere derivative. Then

∫ b
a f (t) dt = F(b)− F(a) whenevera < b

if and only if F is absolutely continuous.

PROOF. By Theorem 7.9 we can writeF(x) = ∫ x
0 f (t) dt + H(x) + S(x),

whereH is the distribution function of a continuous singular measure andS is a
saltus function. Fora < b, we then have

F(b) − F(a) =
∫ b

a
f (t) dt + (H(b) − H(a)) + (S(b) − S(a)).

If F(b)− F(a) = ∫ b
a f (t) dt whenevera < b, then the monotonicity ofH andS

forcesH andSto be constant functions, say withH(0)+ S(0) = c. Substituting,
we see thatF(x) = ∫ x

0 f (t) dt+c for all x. The function
∫ x

0 f (t) dt is absolutely
continuous by Proposition 7.12, and the additive constantc does not hurt matters.
ThusF is absolutely continuous.

Conversely ifF is absolutely continuous, then it is continuous, and its mono-
tonicity forcesF − F(0) to be a distribution function of some Stieltjes measure
µ. Proposition 7.12 shows that the measureµ is absolutely continuous, and
Proposition 7.11 shows thatµ is of the formµ = g dx. ThereforeF(x)−F(0) =∫ x

0 g(t) dt. By Corollary 7.4,g = F ′ = f . HenceF(b) − F(a) = ∫ b
a f (t) dt

whenevera < b.

3. Problems

1. In the Rising Sun Lemma (Lemma 7.1), show thatg(ak) = g(bk) if ak �= a.
Give an example of a continuousg for which one of the intervals(ak, bk) has
ak = a andg(ak) < g(bk).
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2. Letm be Lebesgue measure. Does there exist a Lebesgue measurable setE such
thatm(E ∩ I ) = 1

2m(I ) for every bounded intervalI ? Why or why not?

3. Prove Proposition 7.8 using Wiener’s Covering Lemma (Lemma 6.41) instead
of the Rising Sun Lemma (Lemma 7.1).

4. Find all continuous monotone increasing functions onR1 with derivative 0 at all
but countably many points.

5. Cantor sets within [0, 1] were introduced in Section II.9. Each is associated to
a sequence{rn}n≥1 of numbers with 0< rn < 1, the standard Cantor set being
obtained whenrn = 1/3 for everyn. Section VI.8 showed how to associate a
distribution function to the standard Cantor set, and in similar fashion one can
associate a distribution function to any Cantor set. LetC be a Cantor set, let
F be the associated distribution function, and letµ be the associated Stieltjes
measure. The Lebesgue measure ofC is the numberP = ∏∞

n=1 (1− rn). Prove
that
(a) µ is singular ifP = 0,
(b) µ is absolutely continuous ifP > 0, being of the formP−1IC(x) dx.

Problems 6–7 concern theLebesgue setof an integrable functionf on an interval
[a, b]. This is the set whereddx

∫ x
a | f (t)− f (x)| dt exists and equals 0. Many almost-

everywhere convergence results involvingf are valid ateverypoint of the Lebesgue
set. Such results may be regarded as relatively straightforward consequences of
Corollary 7.4. Conversely an almost-everywhere convergence theorem that fails to
hold at some point of the Lebesgue set might well be expected to involve some new
idea.

6. For f integrable on [a, b], prove that almost every point of(a, b) is in the
Lebesgue set off by showing that the Lebesgue set off is the same as the set
where d

dx

∫ x
a | f (t) − r | dt �= | f (x) − r | for some rationalr .

7. The Fejér kernel, which was defined in Section I.10 and studied further in
Section VI.7, is the periodic function defined fort in [−π, π ] by KN(t) =

1
N+1

1−cos(N+1)t
1−cost . Let f be integrable on [−π, π ], regard f as periodic, and letx

be in the Lebesgue set off . Prove that limN(KN ∗ f )(x) = f (x) by following
these steps:
(a) Check that the estimatesKN(t) ≤ N + 1 andKN(t) ≤ c/(Nt2) are valid

for all N and for|t | ≤ π .
(b) Check that the problem is to show that

∫
|t |≤π

KN(t)| f (x − t) − f (x)| dt

tends to 0 asN tends to infinity.
(c) Break the integral in (b) into pieces where|t | ≤ 1/N, where 2k−1/N ≤

|t | ≤ 2k/N for 1 ≤ k ≤ log2(N3/4), and where 1/N1/4 ≤ |t | ≤ π . Using
the better of the bounds in (a) in each piece, prove the statement that (b) says
needs to be shown.
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Problems 8–12 concern singular Stieltjes measures, which for notational convenience
we assume are continuous singular. In all these problems it is assumed thatµ is a
continuous singular measure andm is Lebesgue measure. Among other things these
problems prove that the indefinite integral ofµ has derivative 0 almost everywhere
with respect to Lebesgue measure, i.e.,d

dx

∫ x
0 dµ(t) = 0 a.e. [dx], with the tools of

Chapter VI and without Theorem 7.2.

8. If ε > 0 is given, prove by consideringm + µ that there exists an open setU in
R1 such thatµ(U ) < ε andm(Uc) = 0.

9. If U is an open subset ofR1 andν is a Stieltjes measure withν(U ) = 0, prove
that limh↓0 (2h)−1ν((x − h, x + h)) = 0 for all x in U .

10. Letν be any finite Stieltjes measure, and define

ν∗(x) = sup
h>0

(2h)−1ν((x − h, x + h)).

Prove for eachξ > 0 thatm
{
x
∣∣ ν∗(x) > ξ

} ≤ 5ν(R1)/ξ by imitating the proof
of Theorem 6.38.

11. For the singular measureµ, assume thatµ(R1) is finite. Letε > 0 be given,
and choose an open setU as in Problem 8. Define Stieltjes measuresµ1 andµ2

by µ1(A) = µ(A ∩ U ) andµ2(A) = µ(A − U ). Use Problem 9 to prove that
limh↓0 (2h)−1µ2((x − h, x + h)) = 0 a.e. [dx], and use Problem 10 to prove for
all ξ > 0 that

m
{
x
∣∣ lim sup

h↓0
(2h)−1µ1((x − h, x + h)) > ξ

} ≤ 5ε/ξ.

12. Deduce from Problem 11 that limh↓0 (2h)−1µ((x −h, x +h)) = 0 a.e. [dx]. By
reviewing the proof of Corollary 6.40, show how the argument in Problems 8–11
can be adjusted to yield the better conclusion thatd

dx

∫ x
0 dµ(t) = 0 a.e. [dx].



CHAPTER VIII

Fourier Transform in Euclidean Space

Abstract. This chapter develops some of the theory of theRN Fourier transform as an operator that
carries certain spaces of complex-valued functions onRN to other spaces of such functions.

Sections 1–3 give the indispensable parts of the theory, beginning in Section 1 with the defi-
nition, the fact that integrable functions are mapped to bounded continuous functions, and various
transformation rules. In Section 2 the main results concernL1, chiefly the vanishing of the Fourier
transforms of integrable functions at infinity, the fact that the Fourier transform is one-one, and
the all-important Fourier inversion formula. The third section builds on these results to establish a
theory forL2. The Fourier transform carries functions inL1 ∩ L2 to functions inL2, preserving the
L2 norm; this is the Plancherel formula. The Fourier transform therefore extends by continuity to
all of L2, and the Riesz–Fischer Theorem says that this extended mapping is ontoL2. These results
allow one to construct bounded linear operators onL2 commuting with translations by multiplying
by L∞ functions on the Fourier transform side and then using Fourier inversion; a converse theorem
is proved in the next section.

Section 4 discusses the Fourier transform on the Schwartz space, the subspace ofL1 consisting of
smooth functions with the property that the product of any iterated partial derivative of the function
with any polynomial is bounded. The Fourier transform carries the Schwartz space in one-one
fashion onto itself, and this fact leads to the proof of the converse theorem mentioned above.

Section 5 applies the Schwartz space inR1 to obtain the Poisson Summation Formula, which
relates Fourier series and the Fourier transform. A particular instance of this formula allows one to
prove the functional equation of the Riemann zeta function.

Section 6 develops the Poisson integral formula, which transforms functions onRN into harmonic
functions on a half space inRN+1. A function onRN can be recovered as boundary values of its
Poisson integral in various ways.

Section 7 specializes the theory of the previous section toR1, where one can associate a “con-
jugate” harmonic function to any harmonic function in the upper half plane. There is an associated
conjugate Poisson kernel that maps a boundary function to a harmonic function conjugate to the
Poisson integral. The boundary values of the harmonic function and its conjugate are related by the
Hilbert transform, which implements a “90◦ phase shift” on functions. The Hilbert transform is a
bounded linear operator onL2 and is of weak type(1, 1).

1. Elementary Properties

Although the Fourier transform in the one-variable case dates from the early
nineteenth century, it was not until the introduction of the Lebesgue integral
early in the twentieth century that the theory could advance very far. Fourier
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series in one variable have a standard physical interpretation as representing
a resolution into component frequencies of a periodic signal that is given as
a function of time. In the presence of the Riesz–Fischer Theorem, they are
especially handy at analyzing time-independent operators on signals, such as
those given by filters. An operator of this kind takes a functionf with Fourier
series f (x) ∼ ∑∞

n=−∞ cneinx into the expression
∑∞

n=−∞ mncneinx, where the
constantsmn depend only on the filter. If the original functionf is in L2 and if
the constantsmn are bounded, the Riesz–Fischer Theorem allows one to interpret
the new series as the Fourier series of a newL2 functionT( f ), and thus the effect
of the filter is to carryf to T( f ).

If one imagines that the period is allowed to increase without limit, one can
hope to obtain convergence of some sort to a transform that handles aperiodic
signals, and this was once a common attitude about how to view the Fourier
transform. In the twentieth century the Fourier transform began to be developed
as an object in its own right, and soon the theory was extended from one variable
to several variables.

The Fourier transform in Euclidean spaceRN is a mapping of suitable kinds
of functions onRN to other functions onRN . The functions will in all cases
now be assumed to be complex valued. The underlyingRN is usually regarded
as space, rather than time, and the Fourier transform is of great importance in
studying operators that commute with translations, i.e., spatially homogeneous
operators. One example of such an operator is a linear partial differential operator
with constant coefficients, and another is convolution with a fixed function. In
the latter case ifF denotes the Fourier transform andh is a fixed function, the
relevant formula isF(h ∗ f ) = F(h)F( f ), the product on the right side being
the pointwise product of two functions. Thus convolution can be understood in
terms of the simpler operation of pointwise multiplication if we understand what
F does and we understand how to invertF.

In the actual definition of the Fourier transform, factors of 2π invariably pop
up here and there, and there is no universally accepted place to put these factors.
This ambiguity is not unlike the distinction between radians and cycles in con-
nection with frequencies in physics; again the distinction is a factor of 2π . The
definition that we shall use occurs quite commonly these days, namely

f̂ (y) = F f (y) =
∫

RN
f (x)e−2π i x ·y dx,

with x·y referring to the dot product and with the 2π in the exponent. The formula
for F−1 will turn out to be similar looking, except that the minus sign is changed
to plus in the exponent. Some authors drop the 2π from the exponent, and then
a factor of(2π)−N is needed in the inversion formula. Other authors who drop
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the 2π from the exponent also include a factor of(2π)−N in front of the integral;
then the inversion formula requires no such factor. Still other authors who drop
the 2π from the exponent insert a factor of(2π)−N/2 in the formula for bothF
and its inverse. In all cases, there is a certain utility in adjusting the definition
of convolution by an appropriate power of 2π so that the Fourier transform of
a convolution is indeed the pointwise product of the Fourier transforms. The
relationships among these alternative formulas are examined in Problem 1 at the
end of the chapter.

At any rate, in this book we take the boxed formula above as the definition of
the Fourier transform of a functionf in L1(RN, dx). Convolution was defined in
Section VI.2. Although there are many elementary functions for which one can
compute the Fourier transform explicitly, there are precious few for which one
can make the pair of calculations that compute the Fourier transform and verify
the inversion formula. One example ise−π |x|2, which will be examined in the
next section.

Recall from Section VI.1 that the translateτx0 f is defined byτx0 f (x) =
f (x − x0).

Proposition 8.1.The Fourier transform onL1(RN) has these properties:

(a) f in L1 implies thatf̂ is bounded and uniformly continuous with‖ f̂ ‖sup≤
‖ f ‖1,

(b) f in L1 implies that the translateτx0 f and the productf (x)e−2π i x ·y0 have
(τx0 f )̂(y) = e−2π i x0·y f̂ (y) andF( f (x)e2π i x ·y0)(y) = (τy0 f̂ )(y),

(c) f andg in L1 implies f̂ ∗ g = f̂ ĝ,

(d) f in L1 implies f̂ ∗ = f̂ , where f ∗(x) = f (−x),
(e) (multiplication formula) f andϕ in L1 implies

∫
RN f ϕ̂ dx=∫

RN f̂ ϕ dx,

(f) f in L1 and 2π i xj f in L1 implies that ∂ f̂
∂yj

exists in the ordinary sense

everywhere and satisfies∂ f̂
∂yj

= F(−2π i xj f ),

(g) f in L1 and ∂ f
∂xj

existing in theL1 sense, i.e., limh→0 h−1(τ−hej f − f )

existing inL1, impliesF
(

∂ f
∂xj

)
(y) = 2π iyj f̂ (y). This formula holds also

when f is in L1 ∩C1, the ordinary∂ f
∂xj

is in L1, and f vanishes at infinity.

PROOF. All the integrals will be overRN , and we dropRN from the notation.
For (a), we have| f̂ (y)| ≤ ∫ | f (x)| dx = ‖ f ‖1, and hence‖ f̂ ‖sup ≤ ‖ f ‖1. Also,

| f̂ (y1) − f̂ (y2)| ≤ ∫ | f (x)| |e−2π i x ·y1 − e−2π i x ·y2| dx

= ∫ | f (x)| |e−2π i x ·(y1−y2) − 1| dx.
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On the right side the second factor of the integrand is bounded by 2 and tends
to 0 for eachx asy1 − y2 tends to 0. Thus the right side tends to 0 by dominated
convergence at a rate depending only ony1 − y2.

For (b), (τx0 f )̂(y) = ∫
f (x − x0)e−2π i x ·y dx = ∫

f (x)e−2π i (x+x0)·y dx =
e−2π i x0·y f̂ (y) and

F( f (x)e2π i x ·y0)(y) = ∫
f (x)e2π i x ·y0e−2π i x ·y dx

= ∫
f (x)e−2π i x ·(y−y0) dx = (τy0 f̂ )(y).

For (c), we use Fubini’s Theorem. The standard technique for verifying the
theorem’s applicability was mentioned near the end of Section V.7. Let us see
the technique in context this once. The procedure is to write out the computation,
blindly making the interchange, and then to check the validity of the interchange
by imagining that absolute value signs have been put in place. What needs to
be verified is that the double or iterated integrals with the absolute value signs in
place are finite. The computation here is

f̂ ∗ g(y) = ∫∫
f (x − t)g(t)e−2π i x ·y dt dx = ∫∫

f (x − t)g(t)e−2π i x ·y dx dt

= ∫∫
f (x)g(t)e−2π i (x+t)·y dx dt = f̂ (y)ĝ(y).

The steps with absolute value signs in place around the integrands are∫∫ | f (x − t)g(t)e−2π i x ·y| dt dx = ∫∫ | f (x − t)g(t)e−2π i x ·y| dx dt

= ∫∫ | f (x)g(t)e−2π i (x+t)·y| dx dt.

The first interchange is valid, but the first and second integrals are not so clearly
finite. What is clear, becausef andg are integrable, is that we have finiteness
for the third integral, and the second and third integrals are equal by a translation
in the inner integration. Thus the computation of̂f ∗ g(y) is justified.

For (d), we havêf ∗(y) = ∫
f (−x)e−2π i x ·y dx = ∫

f (x)e−2π i x ·y dx = f̂ (y).
For (e), we use Fubini’s Theorem, justifying the details in the same way as in

(c). We obtain∫
f ϕ̂ dx = ∫∫

f (x)ϕ(y)e−2π iy·x dy dx

= ∫∫
f (x)ϕ(y)e−2π iy·x dx dy= ∫

f̂ ϕ dy,

and the interchange is valid becausef andϕ have been assumed integrable.
For (f), we apply (b) and obtain

h−1
(

f̂ (y + hej ) − f̂ (y)
) = F

(
f (x) h−1(e−2π ihej ·x − 1)

)
(y).
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Application of the Mean Value Theorem to the real and imaginary parts of
h−1(e−2π ihej ·x − 1) shows for|h| ≤ 1 that∣∣Re(h−1(e−2π ihej ·x − 1))

∣∣ = |h−1(1 − cos 2πhxj )| ≤ 2π |xj |∣∣ Im(h−1(e−2π ihej ·x − 1))
∣∣ = |h−1 sin 2πhxj | ≤ 2π |xj |,and ∣∣h−1(e−2π ihej ·x − 1)| ≤ 4π |xj |.hence that

Since xj f (x) is assumed integrable, we have dominated convergence in the
computation of the limit ofF

(
f (x) h−1(e−2π ihej ·x − 1)

)
(y) as h tends to 0,

and we getF
(− 2π i xj f

)
(y) = ∂ f̂

∂yj
(y).

For the first part of (g), the assumptions and (a) give∣∣F(h−1(τ−hej f − f ))(y) − F
(

∂ f
∂xj

)
(y)
∣∣ ≤ ∥∥h−1(τ−hej f − f ) − ∂ f

∂xj

∥∥
1 → 0.

The left side equals
∣∣ f̂ (y)(h−1(e2π ihej ·y −1))−F

(
∂ f
∂xj

)
(y)
∣∣ by (b), and this tends

to
∣∣ f̂ (y)2π iyj − F

(
∂ f
∂xj

)
(y)
∣∣. HenceF

(
∂ f
∂xj

)
(y) = 2π iyj f̂ (y).

For the second part of (g), letx′
j denote the tuple of theN − 1 variables other

thanxj . Then integration by parts in the variablexj gives

F
(

∂ f
∂xj

)
(y) = ∫

RN−1

∫∞
−∞

∂ f
∂xj

(x)e−2π i x ·y dxj dx′
j

= ∫
RN−1 limn

∫ n
−n

∂ f
∂xj

(x)e−2π i x ·y dxj dx′
j

= ∫
RN−1 limn

[
f (x)e−2π i x ·y]n

xj =−n dx′
j

− ∫
RN−1 limn

∫ n
−n f (x)(−2π iyj )e−2π i x ·y dxj dx′

j

= 0 + 2π iyj f̂ (y),

as asserted.

2. Fourier Transform on L1, Inversion Formula

The main theorem of this section is the Fourier inversion formula forL1(RN).
The Fourier transform forR1 is the analog for the line of the mapping that carries a
function f on the circle to its doubly infinite sequence{ck} of Fourier coefficients.
The inversion problem for the circle amounts to recoveringf from theck’s. We
know that the procedure is to form the partial sumssn(x) = ∑n

k=−n ckeikx and to
look for a sense in which{sn} converges tof . There is no problem for the case
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that f is itself a trigonometric polynomial; thensn will be equal to f for large
enoughn, and no passage to the limit is necessary.

The situation with the Fourier transform is different. There is no readily
available nonzero integrable function on the line analogous to an exponential on
the circle for which we know an inversion formula with all constants in place. In
order to obtain such an inversion formula for the Fourier transform onL1, it is
necessary to be able to invert the Fourier transform of some particular nonzero
function explicitly. This step is carried out in Proposition 8.2 below, and then
we can address the inversion problem ofL1(RN) in general. The analog for the
circle of what we shall prove for the line is a rather modest result: It would say
that if

∑ |ck| is finite, then the sequence of partial sums converges uniformly
to a function that equalsf almost everywhere. The uniform convergence is a
relatively trivial conclusion, being an immediate consequence of the Weierstrass
M test; but the conclusion that we recoverf lies deeper and incorporates a version
of the uniqueness theorem.

Proposition 8.2.F
(
e−π |x|2) = e−π |y|2.

REMARKS. Readers who know about the Cauchy Integral Theorem from
complex-variable theory or else Green’s Theorem in the theory of line integrals
will recognize that the calculation below amounts to an application of one or the
other of these theorems to the functione−πz2

over a long thin geometric rectangle
next to thex axis in C. However, the present application of either of these
theorems is so simple that we can without difficulty substitute a proof of one of
these theorems in the special case of interest, and hence neither of these other
theorems needs to be assumed. As the proof below will show, matters come down
to the Fundamental Theorem of Calculus in its traditional form (Theorem 1.32).

PROOF. The question is whether∫
RN

e−π(x2
1+···+x2

N)e−2π i (x1y1+···+xN yN) dx1 · · · dxN
?= e−π(y2

1+···+y2
N),

and the integral on the left is the product ofN integrals in one variable. Thus the
question is whether ∫ ∞

−∞
e−π(x2+2i xy) dx

?= e−πy2
.

We start by observing that∫ ∞

−∞
e−π(x2+2i xy) dx = e−πy2

∫ ∞

−∞
e−π(x+iy)2

dx. (∗)

Write

e−π(x+iy)2 = u(x, y) + i v(x, y) = e−π(x2−y2) cos 2πxy − ie−π(x2−y2) sin 2πxy.
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Direct calculation gives1

∂u

∂x
= ∂v

∂y
and

∂u

∂y
= −∂v

∂x
. (∗∗)

Regardn as positive and large. Then∫ n
−n u(s, 0) ds− ∫ n

−n u(s, y) ds

= − ∫ n
−n

∫ y
0

∂u
∂y (s, t) dt ds by Theorem 1.32

= + ∫ n
−n

∫ y
0

∂v
∂x (s, t) dt ds by (∗∗)

= ∫ y
0

∫ n
−n

∂v
∂x (s, t) ds dt by Fubini’s Theorem

= ∫ y
0 v(n, t) dt − ∫ y

0 v(−n, t) dt by Theorem 1.32.

With y fixed we letn tend to infinity. Thenv(n, t)andv(−n, t) tend to 0 uniformly
for t between 0 andy by inspection ofv, and hence the right side of our expression
tends to 0. Thus ∫∞

−∞ u(s, 0) ds = ∫∞
−∞ u(s, y) ds,

which says that

Re
∫ ∞

−∞
e−πx2

dx = Re
∫ ∞

−∞
e−π(x+iy)2

dx. (†)

Similarly we calculate∫ n
−n v(s, 0) ds− ∫ n

−n v(s, y) ds = − ∫ n
−n

∫ y
0

∂v
∂y (s, t) dt ds

= − ∫ n
−n

∫ y
0

∂u
∂x (s, t) dt ds by (∗∗)

= − ∫ y
0

∫ n
−n

∂u
∂x (s, t) ds dt

= − ∫ y
0 u(n, t) dt + ∫ y

0 u(−n, t) dt.

Again we can see that the right side tends to 0, and thus∫∞
−∞ v(s, 0) ds = ∫∞

−∞ v(s, y) ds,

which says that

Im
∫ ∞

−∞
e−πx2

dx = Im
∫ ∞

−∞
e−π(x+iy)2

dx. (††)

Taking (∗) into account and combining (†) and (††), we obtain∫ ∞

−∞
e−π(x2+2i xy) dx = e−πy2

∫ ∞

−∞
e−π(x+iy)2

dx = e−πy2
∫ ∞

−∞
e−πx2

dx,

and the proposition follows from the formula
∫∞
−∞ e−πx2

dx = 1 given in Propo-
sition 6.33.

1The equations (∗∗) are called theCauchy–Riemann equations. They occur again in Section 7.
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We shall use dilations to create an approximate identity out ofe−π |x|2 in the
style of Section VI.2. Putϕ(x) = e−π |x|2 and defineϕε(x) = ε−Nϕ(ε−1x) for
ε > 0. Wheneverϕ in an integrable function andϕε is formed in this way, we
have

ϕ̂ε(y) = ∫
RN ϕε(x)e−2π i x ·y dx = ε−N

∫
RN ϕ(ε−1x)e−2π i x ·y dx

= ∫
RN ϕ(x)e−2π i x ·εy dx = ϕ̂(εy),

the next-to-last equality following from the change of variablesε−1x 
→ x.
For the particular functionϕ(x) = e−π |x|2, this calculation shows that̂ϕε(y) =

e−πε2|y|2. In particular,ϕ̂ε is ≥ 0 and vanishes at∞ for each fixedε > 0. As ε

decreases to 0,̂ϕε increases pointwise to the constant function 1. The constant
c in Theorem 6.20 for thisϕ is c = ∫

RN ϕ(x) dx = 1 by Proposition 6.33. That
theorem gives various convergence results forϕε ∗ f , one of which is thatϕε ∗ f
converges tof in L1 if f is in L1.

Theorem 8.3 (Riemann–Lebesgue Lemma). Iff is in L1(RN), then the
continuous function̂f vanishes at infinity.

PROOF. The continuity of f̂ is by Proposition 8.1a. Putϕ(x) = e−π |x|2 and
form ϕε. Then parts (c) and (a) of Proposition 8.1 give

‖ϕ̂ε f̂ − f̂ ‖sup = ‖ϕ̂ε ∗ f − f̂ ‖sup ≤ ‖ϕε ∗ f − f ‖1,

and Theorem 6.20 shows that the right side tends to 0 asε decreases to 0. Hence
e−πε2|y|2 f̂ (y) tends to f̂ (y) uniformly in y. Since f̂ is bounded (Proposition
8.1a),e−πε2|y|2 f̂ (y) vanishes at infinity. The uniform limit of functions vanishing
at infinity vanishes at infinity, and the theorem follows.

Theorem 8.4 (Fourier inversion formula). Iff is in L1(RN) and f̂ is in
L1(RN), then f can be redefined on a set of measure 0 so as to be continuous.
After this adjustment,

f (x) =
∫

RN
f̂ (y)e2π i x ·y dy.

PROOF. By way of preliminaries, recall from Proposition 8.1e that the multipli-
cation formula gives

∫
f ĝ dx = ∫

f̂ g dxwheneverf andg are both integrable.
With ε fixed for the moment, let us apply this formula withg(x) = e−πε2|x|2. The
remarks before Theorem 8.3 about how the Fourier transform interacts with dila-
tions show that̂g(y) = ε−Ne−πε−2|y|2. In other words, if we takeϕ(x) = e−π |x|2,
then ∫

RN
f (x)ϕε(x) dx =

∫
RN

f̂ (y)e−πε2|y|2 dy. (∗)
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To prove the theorem, consider first the special case thatf is bounded and
continuous. If we letε decrease to 0 in (∗), the left side tends tof (0) by Theorem
6.20c, and the right side tends to

∫
RN f̂ (y) dy by dominated convergence since

f̂ is assumed integrable. Thusf (0) = ∫
RN f̂ (y) dy. Applying this conclusion

to the translateτ−x f and using Proposition 8.1b, we obtain

f (x) = (τ−x f )(0) = ∫
(τ−x f )̂(y) dy = ∫

f̂ (y)e2π i x ·y dy,

as required.
Without the special assumption onf , we adjust the above argument a little.

Using the equalityϕε(−y) = ϕε(y), we apply (∗) to the translateτ−x f of f to
get ∫

f̂ (y)e2π i x ·ye−πε2|y|2 dy = ∫
f (x + y)ϕε(y) dy

= ∫
f (x − y)ϕε(y) dy = (ϕε ∗ f )(x).

Asε decreases to 0, the left side tends pointwise to
∫

f̂ (y)e2π i x ·y dyby dominated
convergence, and the result is a continuous function ofx, by a version of Propo-
sition 8.1a. The right side tends tof in L1 by Theorem 6.20, and hence Theorem
5.59 shows that a subsequence ofϕε ∗ f tends to f almost everywhere. Thus
f (x) = ∫

RN f̂ (y)e2π i x ·y dy almost everywhere, with the right side continuous.

Corollary 8.5. The Fourier transform is one-one onL1(RN).

PROOF. If f is in L1 and f̂ is identically 0, then̂f is in L1, and the inversion
formula (Theorem 8.4) applies. Hencef is 0 almost everywhere.

3. Fourier Transform on L2, Plancherel Formula

We mentioned in Section 1 that the Fourier transform is of great importance in
analyzing operators that commute with translations. The initial analysis of such
operators is done onL2(RN), and this section describes some of how that analysis
comes about. The first result is the theorem forRN that is the analog of Parseval’s
Theorem for the circle.

Theorem 8.6(Plancherel formula). Iff is in L1(RN)∩L2(RN), then‖ f̂ ‖2 =
‖ f ‖2.

REMARKS. There is a formal computation that is almost a proof, namely∫ | f (x)|2 dx = ∫
f ∗(−x) f (x) dx = ( f ∗ ∗ f )(0)

= ∫
f̂ ∗ ∗ f (y) dy = ∫

f̂ ∗(y) f̂ (y) dy = ∫ | f̂ (y)|2 dy,
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the middle equality using the Fourier inversion formula (Theorem 8.4). What is
needed in order to make this computation into a proof is a verification that the
Fourier inversion formula actually applies. We know thatf ∗ ∗ f is in L1 since f ∗
and f are inL1, and we know from Proposition 6.18 thatf ∗ ∗ f is continuous,
being inL2 ∗ L2. But it is not immediately obvious that the Fourier transform
to which the inversion formula is to be applied, namelŷf ∗ ∗ f = | f̂ |2, is in L1.
We handle this question by proving a lemma that is a little more general than
necessary.

Lemma 8.7. Supposef is in L1(RN), is bounded onRN , and is continuous
at 0. If f̂ (y) ≥ 0 for all y, then f̂ is in L1(RN).

PROOF. Put ϕ(x) = e−π |x|2 andϕε(x) = ε−Nϕ(ε−1x). Then the function
ϕε ∗ f is continuous by Proposition 6.18 sinceϕε is in L∞ and f is in L1, and

lim
ε↓0

(ϕε ∗ f )(0) = f (0)

by Theorem 6.20c. The function̂ϕε is in L1, and f̂ is bounded. Hencêϕε ∗ f =
ϕ̂ε f̂ is in L1. By the Fourier inversion formula (Theorem 8.4),

(ϕε ∗ f )(0) =
∫

RN
f̂ (y)e−πε2|y|2 dy.

Letting ε decrease to 0 and taking into account the monotone convergence, we
obtain f (0) = ∫

RN f̂ (y) dy. Therefore f̂ is integrable.

PROOF OFTHEOREM8.6. The remarks after the statement of the theorem prove
everything except that the Fourier transform̂f ∗ ∗ f = | f̂ |2 is in L1, and this step
is carried out by Lemma 8.7.

Abstract linear operators between normed linear spaces were introduced in
Section V.9, and Proposition 5.57 showed that boundedness is equivalent to
uniform continuity. Let us make use of such operators now.

Theorem 8.6 allows us to extend the Fourier transform forRN from L1 ∩ L2 to
L2. In fact, Proposition 5.56 shows thatL1 ∩ L2 is dense inL2. The conclusion
of Theorem 8.6 implies that the linear operatorF is bounded relative to the
L2 norms on domain and range, and hence it is uniformly continuous. Since
the range spaceL2 is complete (Theorem 5.59), Proposition 2.47 shows thatF
extends to a continuous mapF : L2 → L2. This extended map, also calledF,
is readily checked to be linear and then is a bounded linear operator satisfying
‖F f ‖2 = ‖ f ‖2 for all f in L2.
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If f is in L2(RN), we can use any approximating sequence fromL1 ∩ L2 to
obtain a formula forF f . One such isf I B(R;0), asR increases to infinity through
some sequence. Thus

F f (y) = lim
(in L2 sense)

R→∞

∫
|x|<R

f (x)e−2π i x ·y dx.

Corollary 8.8. If f is in L1(RN) and g is in L2(RN), thenF( f ∗ g) =
F( f )F(g) andF(g∗) = F(g).

PROOF. Setgn = gIB(n;0), so thatgn is in L1 ∩ L2 for all n andgn → g in
L2. Then f ∗ gn → f ∗ g in L2 since‖ f ∗ gn − f ∗ g‖2 = ‖ f ∗ (gn − g)‖2 ≤
‖ f ‖1‖gn − g‖2. ThereforeF( f )F(gn) = F( f ∗ gn) → F( f ∗ g) in L2. Since
F( f ) is a bounded function andF(gn) → F(g) in L2, we see thatF( f )F(gn) →
F( f )F(g) in L2. HenceF( f ∗ g) = F( f )F(g). The identityF(g∗) = F(g) is
proved similarly.

Theorem 8.9(Riesz–Fischer Theorem). The Fourier transform operatorF
carriesL2(RN) ontoL2(RN).

PROOF. The operatorF is built from the integral
∫

RN f (x)e−2π i x ·y dx. In
a similar fashion, build an operatorI from

∫
RN f (x)e2π i x ·y dx, or equivalently

defineI f (y) = F f (−y). Then‖I f ‖2 = ‖ f ‖2 for f in L2. It is sufficient to
prove thatFI = 1 on L2, since for anyf in L2, the equationFI = 1 implies
that I f is a member ofL2 carried toL2 by F. Moreover,FI is continuous,
being bounded. It is therefore enough to prove thatFI f = f for f in a dense
subspace ofL2. We shall do so for the dense subspaceL1 ∩ L2.

For a functionf in L1∩L2 with the additional property that̂f is in L1 (and also
L2 by Theorem 8.6), Theorem 8.4 forI (or Theorem 8.4 applied to the function
f (−x)) shows thatFI f = f .

For a generalf in L1 ∩ L2, form ϕε ∗ f , whereϕ(x) = e−π |x|2. Then
ϕ̂ε ∗ f = ϕ̂ε f̂ is in L1 ∩ L2; in fact, it is in L2 by Proposition 6.14 and Theorem
8.6, and it is inL1 becausêf is bounded and̂ϕε is in L1. By the special case just
proved,FI(ϕε ∗ f ) = ϕε ∗ f . SinceFI is continuous andϕε ∗ f → f in L2

by Theorem 6.20a,FI f = f . ThusFI f = f on the dense subspaceL1 ∩ L2,
and the proof is complete.

We shall be interested especially in bounded linear operatorsA on L2(RN)

that commute with translations, i.e., that satisfyA(τx f ) = τx(A f ) for all x in RN

and all f in L2. Recall that the operator norm‖A‖ of a bounded linear operator
on L2 is the leastC such that‖A f ‖2 ≤ C‖ f ‖2 for all f in L2.



384 VIII. Fourier Transform in Euclidean Space

EXAMPLES.

(1) The translationτx0 is an example of a bounded linear operator onL2

that commutes with translations; the commutativity in question follows from the
commutativity ofRN as an additive group, and the equality‖τx0 f ‖2 = ‖ f ‖2
shows thatτx0 is bounded with‖τx0‖ = 1. In terms of Fourier transforms,
Proposition 8.1 shows that(τx0 f )̂(y) = e−2π i x0·y f̂ (y).

(2) Another example of a bounded linear operator onL2 that commutes with
translations is the operatorAg = f ∗ g for fixed f in L1. This commutes
with translations by Proposition 6.15, and it is bounded with‖A‖ ≤ ‖ f ‖1 by
Proposition 6.14. Proposition 8.1 shows that̂Ag = f̂ ĝ.

(3) Let M(y) be anyL∞ function onRN , and for f in L2, define A f by
Â f = M f̂ . The function f̂ is in L2 by the Plancherel Theorem,M f̂ is in L2

sinceM is essentially bounded, andM f̂ is the Fourier transform of someL2

function by the Riesz–Fischer Theorem. We take thisL2 function to beA f . The
brief formula isA f = F−1(MF f ). From the inequalities‖A f ‖2 = ‖MF f ‖2 ≤
‖M‖∞‖F f ‖2 = ‖M‖∞‖ f ‖2, we see thatA is bounded with‖A‖ ≤ ‖M‖∞. The
bounded linear operatorA commutes with translations, since

F(A(τx f ))(y) = F(F−1MFτx f )(y) = MFτx f (y) = M(y)e−2π i x ·yF f (y)

F(τx(A f ))(y) = e−2π i x ·yF(A f )(y) = e−2π i x ·yM(y)F f (y).and

One speaks of the functionM as amultiplier on L2. The previous two exam-
ples are instances of this construction. Example 1 hasM(y) = e−2π i x0·y, and
Example 2 hasM(y) = f̂ (y). We shall see in Theorem 8.14 in the next section
thateverybounded linear operatorA on L2 commuting with translations arises
from some such essentially boundedM and that‖A‖ = ‖M‖∞; for this reason a
bounded linear operator onL2 that commutes with translations is often called a
“multiplier operator” or a “bounded multiplier operator” onL2.

4. Schwartz Space

This section introduces the spaceS(RN) of Schwartz functions onRN . This
space is a vector subspace ofL1(RN), so that the Fourier transform is given on it
by the usual concrete formula;S(RN) will turn out to be another space besidesL2

that is carried onto itself by the Fourier transform. Working withS(RN) provides
a convenient way for using the Fourier transform and derivatives together, as
becomes clearer when one studies partial differential equations.

If Q is a complex-valued polynomial onRN , defineQ(D) to be the partial
differential operator with constant coefficients obtained by substituting, for each
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j with 1 ≤ j ≤ N, the operatorDj = ∂
∂xj

for xj . A Schwartz function onRN is
a smooth function such thatP(x)Q(D) f is bounded for each pair of polynomials
P andQ. An example is the functione−π |x|2, since its iterated partial derivatives
are all of the formR(x)e−π |x|2 for some polynomialR. The Schwartz space
S = S(RN) is the set of all Schwartz functions.

The Schwartz spaceS is evidently a vector space, and it is closed under
partial differentiation and under multiplication by polynomials. Closure under
partial differentiation is in effect built into the definition. To see closure under
multiplication by polynomials, it is enough to check closure under multipli-
cation by each monomialxj . This closure follows readily from the formula
Q(D)(xj f ) = Q#(D) f + xj Q(D) f , whereQ# is 0 or is a polynomial having
degree strictly lower thanQ has.

If f is a Schwartz function, thenP(x)Q(D) f is actually integrable, as well as
bounded, for each pair of polynomialsP andQ. In fact,(1+|x|2)N P(x)Q(D) f
is bounded, and thereforeP(x)Q(D) f is ≤ a multiple of the integrable function
(1 + |x|2)−N . In particular,S is contained inL1, L2, andL∞.

Finally the Fourier transformF carriesS into itself. In fact, parts (f) and (g)
of Proposition 8.1 give

P(x)Q(D) f̂ = P(x)F(Q(−2π i x) f ) = F(P((2π i )−1D)Q(−2π i x) f ),

and the right side is the Fourier transform of anL1 function and therefore is
bounded.

Proposition 8.10. The Fourier transformF is one-one fromS(RN) onto
S(RN), and the Fourier inversion formula holds onS(RN).

PROOF. SinceS ⊆ L1, F is one-one onS as a consequence of Corollary 8.5.
SinceF(S) ⊆ S ⊆ L1, Theorem 8.4 shows that the Fourier inversion formula
holds onS. Let (I f )(x) = (F f )(−x) for f in L1. ThenI(S) ⊆ S. The
Riesz–Fischer Theorem (Theorem 8.9) shows thatFI = 1 on L1 ∩ L2, and
henceFI = 1 onS as well. Therefore iff is in S, theng = I f is a member of
S such thatFg = f , and we conclude thatF carriesS ontoS.

To make effective use of Proposition 8.10, we need to know thatS(RN) is quite
large, large enough so that we can shape functions suitably when we need them.
For U open inRN , let C∞

com(U ) denote the vector space of smooth complex-
valued functions onU whose support is a compact subset ofU . It is apparent
thatC∞

com(U ) is closed under pointwise multiplication and that every member of
C∞

com(U ) extends to a member ofC∞
com(RN) when set equal to 0 offU . But it is

not apparent thatC∞
com(U ) contains nonzero functions. We shall construct some.
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Lemma 8.11.If δ1 andδ2 are given positive numbers withδ1 < δ2, then there
existsψ in C∞

com(RN) such thatψ(x) depends only on|x|, ψ is nonincreasing in
|x|, ψ takes values in [0, 1], ψ(x) = 1 for |x| ≤ δ1, andψ(x) = 0 for |x| ≥ δ2.

PROOF. We begin from the statement in Section I.7 that the functionf : R → R
with f (t) equal toe−1/t2

for t > 0 and equal to 0 fort ≤ 0 is smooth everywhere,
including att = 0. (The verification thatf is smooth occurs in Problems 20–22
at the end of Chapter I.) Ifδ > 0, then it follows that the functiongδ(t) =
f (δ + t) f (δ − t) is smooth. Consequently the functionhδ(t) = ∫ t

−∞ gδ(s) ds is
smooth, is nondecreasing, is 0 fort ≤ −δ, is some positive constant fort ≥ δ,
and takes only values between 0 and that positive constant. Forming the function
hδ,r (t) = hδ(r + t)hδ(r − t) with r at least 3δ and dilating it suitably, we obtain a
smooth even functionψ0(t) with values in [0, c], the function being identically 0
for |t | ≥ δ2 and being identicallyc for |t | ≤ δ1. Puttingψ(x) = c−1ψ0(|x|), we
obtain the desired function.

Proposition 8.12. If K andU are subsets ofRN with K compact,U open,
andK ⊆ U , then there existsϕ ∈ C∞

com(U ) with values in [0, 1] such thatϕ is
identically 1 onK .

PROOF. There is no loss of generality in assuming thatK is nonempty andU
is bounded. The continuous distance functionD(x,Uc) is everywhere positive
on the compact setK and hence assumes a positive minimumc. DefineK ′ to
be the set{x ∈ RN | D(x, K ) ≤ 1

4c}. This set is compact, containsK , and
has nonempty interior. Since the interior is nonempty,K ′ has positive Lebesgue
measure|K ′|. Applying Lemma 8.11, leth be a nonnegative smooth function
that vanishes identically for|x| ≥ 1

4c and has total integral 1.
Defineϕ = h ∗ IK ′ , whereIK ′ is the indicator function ofK ′. Corollary 6.19

shows thatϕ is smooth. The functionϕ is≥ 0 and has sup|ϕ|≤‖h‖1‖IK ′‖∞ = 1.
We haveϕ(x) = ∫

RN h(x − y)IK ′(y) dy. If x is in K andh(x − y) is nonzero,
then |x − y| ≤ 1

4c. Then D(y, K ) ≤ |x − y| ≤ 1
4c, and y is in K ′. Hence

IK ′(y) = 1, andϕ(x) = ∫
RN h(x − y) dy = 1.

Next, supposeD(x,Uc) ≤ 1
4c andh(x− y) is nonzero, so that again|x− y| ≤

1
4c. The claim is thaty is not in K ′, i.e., thatD(y, K ) > 1

4c. Assuming the
contrary, we can find, because of the compactness ofK , somek ∈ K with
|y − k| ≤ 1

4c. Then everyuc ∈ Uc satisfiesc ≤ |uc − k| ≤ |uc − x|+
|x − y| + |y − k| ≤ |uc − x| + 1

4c+ 1
4c, and we obtain|uc − x| ≥ 1

2c. Taking the
infimum overuc, we obtainD(x,Uc) ≥ 1

2c, and this is a contradiction. Thusy
is not in K ′, and the integrand is identically 0 wheneverD(x,Uc) ≤ 1

4c. Hence
ϕ(x) = 0 if D(x,Uc) ≤ 1

4c, and the support ofϕ is a compact subset ofU . This
completes the proof.
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Every function inC∞
com(RN) is the Fourier transform of some Schwartz function

by Proposition 8.10, and there are many such functions by Proposition 8.12. With
this fact in hand, we can prove the theorem about operators commuting with
translations that was promised in the previous section. We begin with a lemma.

Lemma 8.13. If A is a bounded linear operator onL2(RN) commuting with
translations, thenA commutes with convolution by anyL1 function.

PROOF. We are to show thatA( f ∗g) = f ∗(Ag) if f is in L1 andg is in L2. Let
ε > 0 be given. Corollary 6.17, withg1 = g andg2 = Ag, shows that there exist
y1, . . . , yn in RN and constantsc1, . . . , cn such that

∥∥ f ∗ g−∑n
j =1 cj τyj g

∥∥
2 < ε

and
∥∥ f ∗ Ag−∑n

j =1 cj τyj Ag
∥∥

2 < ε. Then we have

‖A( f ∗ g) − f ∗ Ag‖2 ≤ ∥∥A
(

f ∗ g −∑n
j =1 cj τyj g

)∥∥
2

+ ∥∥A
(∑n

j =1 cj τyj g
)−∑n

j =1 cj τyj Ag
∥∥

2

+ ∥∥∑n
j =1 cj τyj Ag− f ∗ Ag

∥∥
2.

The first term on the right side is≤ ‖A‖ ∥∥ f ∗ g − ∑n
j =1 cj τyj g

∥∥ ≤ ε‖A‖, the
second term is 0 sinceA commutes with translations, and the third term is< ε

by construction.

Theorem 8.14.If A is a bounded linear operator onL2(RN) commuting with
translations, then there exists anL∞ functionM such thatA f = F−1(MF f ) for
all f in L2. As a member ofL∞, M is unique and satisfies‖M‖∞ = ‖A‖.

REMARKS. The idea of the proof comes from the corresponding result forL2 of
the circle, where it is easy to defineM . Call the operatorT in the case of the circle.
Each functioneikx is in L2, and the given operatorT satisfiesτx0(T(eikx)) =
T(τx0(e

ikx)) = T(eik(x−x0)) = e−ikx0T(eikx). If we write f for the L2 function
T(eikx) and form the Fourier series expansionf (x) ∼ ∑

cneinx, thenτx0 f has
Fourier seriesτx0 f (x) ∼ ∑

cne−inx0einx by linearity and boundedness ofτx0.
Since we have just seen thatτx0 f = e−ikx0 f , we conclude that

∑
cne−inx0einx =∑

cne−ikx0einx. If cn �= 0 for somen unequal tok, then we do not have the
term-by-term match required by the uniqueness theorem. Hence onlyck can
be nonzero, and we haveT(eikx) = ckeikx. The numberck is the value of the
multiplier M at the integerk. In the actual setting of the theorem, the circle is
replaced byRN , and individual exponential functions are not inL2. Thus this
easy process for obtainingM is not available, and we are led to constructM by
successive approximations.

PROOF. Choose, by Proposition 8.12, functions�k ∈ C∞
com(RN) with

(i) 0 ≤ �k(y) ≤ 1 for all y,
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(ii) �k(y) = 0 for |y| ≥ k + 1,
(iii) �k(y) = 1 for |y| ≤ k.

Then �j �k = �min( j,k) if j �= k, and�k is in C∞
com(RN) and hence in the

Schwartz spaceS(RN). Putϕk = F−1(�k). Proposition 8.10 shows thatϕk is in
S, and thereforeϕk is in L1 ∩ L2. Since the Fourier transform carries convolution
into pointwise product, we haveϕj ∗ ϕk = ϕmin( j,k) if j �= k. Define

Mk = F(Aϕk)

as anL2 function. Lemma 8.13 shows thatA commutes with convolution by an
L1 function, and thusϕk ∗ Aϕk+1 = A(ϕk ∗ ϕk+1) = Aϕk = A(ϕk ∗ ϕk+2) =
ϕk ∗ Aϕk+2. Consequently

�kMk+1 = �kMk+2

Mk+1(y) = Mk+2(y) for |y| ≤ k.and

This equation shows that if we put

M(y) = Mk+1(y) for |y| ≤ k,

thenM is consistently defined and is locally inL2.
Let S0 = F−1(C∞

com(RN)) ⊆ S(RN). If a member f of S0 has f̂ (y) = 0
for |y| ≥ k, then f̂ �k+1 = f̂ and hencef ∗ ϕk+1 = f . Application of A gives
A f = A( f ∗ ϕk+1) = f ∗ Aϕk+1. If we take theL2 Fourier transform of both
sides and use Corollary 8.8, we obtainF(A f ) = Mk+1 f̂ . The right side equals
M f̂ since f̂ (y) = 0 for |y| ≥ k, and thus

F(A f ) = M f̂

wheneverf is in S0 and f̂ (y) = 0 for |y| ≥ k.
The subspaceC∞

com(RN) of L2 is dense by Corollary 6.19 and Theorem 6.20a.
Since theL2 Fourier transform carriesL2 ontoL2 and preserves norms (Theorems
8.6 and 8.9),S0 is dense inL2. Let a generalf in L2 be given, and choose a
sequence{ f j } in S0 with f j → f in L2. ThenF(A fj ) → F(A f ) in L2. By
Theorem 5.59 we can pass to a subsequence, still written as{ f j }, so thatf j → f
andF(A fj ) → F(A f ) almost everywhere. Consequently

F(A f )(y) = lim F(A fj )(y) = lim M(y)F( f j )(y)

= M(y) lim F( f j )(y) = M(y)F( f )(y)

almost everywhere.
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To see thatM is in L∞, suppose that|M(y)| ≥ C occurs at least on a setE of
positive finite measure. ThenI E is in L2. If we put f = F−1(I E), then we have
‖A‖‖ f ‖2 ≥ ‖A f ‖2=‖F(A f )‖2=‖MF( f )‖2=‖M IE‖2 ≥ C‖I E‖2 = C‖ f ‖2,
and hence‖A‖ ≥ C. Therefore‖A‖ ≥ ‖M‖∞. In particular,M is in L∞.

In the reverse direction we have‖A f ‖2 = ‖F(A f )‖2 = ‖MF( f )‖2 ≤
‖M‖∞‖F( f )‖2 = ‖M‖∞‖ f ‖2 for all f in L2, and thus‖A‖ ≤ ‖M‖∞. We
conclude that‖M‖∞ = ‖A‖. This completes the proof of existence.

If we have two candidates for the multiplier, sayM andM1, then subtraction
of the equationsF(A f ) = MF( f ) andF(A f ) = M1F( f ) shows that 0=
(M − M1)F( f ) for all f in L2. ThereforeM = M1 almost everywhere. This
proves uniqueness.

5. Poisson Summation Formula

The Poisson Summation Formula is a result combining Fourier series and the
Fourier transform in a way that has remarkable applications, both pure and applied.
Nowadays the formula is expressed as a result about Schwartz functions and
therefore fits at this particular spot in the discussion of the Fourier transform.

Part of the power of the formula comes about because it applies to more settings
than originally envisioned. The Euclidean version applies to the additive group
RN , the discrete subgroup of points with integer coordinates, and the quotient
group equal to the product of circle groups. In this section we shall takeN = 1
simply because a theory of Fourier series has been developed in this book only
in one variable.

We begin by stating and proving the 1-dimensional version of the theorem.

Theorem 8.15(Poisson Summation Formula). Iff is in the Schwartz space
S(R1), then

∞∑
n=−∞

f (x + n) =
∞∑

n=−∞
f̂ (n)e2π inx.

PROOF. DefineF(x) = ∑∞
n=−∞ f (x + n). From the definition ofS, it is easy

to check that this series is uniformly convergent on any bounded interval and
also the series ofkth derivatives is uniformly convergent on any bounded interval
for eachk. Consequently the functionF is well defined and smooth, and it is
periodic of period one. We form its Fourier series, taking into consideration that
the period is 1 rather than 2π ; the relevant formulas for Fourier series when the
period isL rather than 2π are

f (x) ∼
∞∑

n=−∞
cne2π inx/L with cn = 1

2L

∫ L

−L
f (t)e−2π int/L dt.
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A smooth periodic function is the sum of its Fourier series, and thus

F(x) = ∑∞
n=−∞

( ∫ 1
0 F(t)e−2π int dt

)
e2π inx. (∗)

The Fourier coefficient in parentheses in(∗) is∫ 1
0 F(t)e−2π int dt = ∫ 1

0

∑∞
k=−∞ f (t + k)e−2π int dt

= ∑∞
k=−∞

∫ 1
0 f (t + k)e−2π int dt

= ∑∞
k=−∞

∫ k+1
k f (t)e−2π int dt

= ∫∞
−∞ f (t)e−2π int dt

= f̂ (n),

and the theorem follows by substituting this equality into (∗).

Corollary 8.16.
∑∞

n=−∞ e−πr −2n2 = r
∑∞

n=−∞ e−πr 2n2
for anyr > 0.

PROOF. The remarks before Theorem 8.3 show that it we defineϕ(x) = e−πx2

andϕε(x) = ε−1ϕ(ε−1x), then ϕ̂ε(y) = ϕ̂(εy). If we put f (x) = r ϕr (x) =
e−πr −2x2

, then it follows thatf̂ (y) = re−πr 2x2
. Applying Theorem 8.15 to thisf

and settingx = 0 gives the asserted equality.

In one especially significant application of the 1-dimensional Euclidean version
of the Poisson Summation Formula to pure mathematics, the remarkable identity
in Corollary 8.16 can be combined with some complex-variable theory to obtain
a functional equation for theRiemann zeta function, which is initially defined
for complexs with Res > 1 by

ζ(s) =
∞∑

n=1

1

ns
=

∏
p prime

(
1 − 1

ps

)−1
.

The functional equation relatesζ(s) to ζ(1−s). More precisely the functionζ(s)
extends to be defined in a natural way2 for all s in C − {1}, and the functional
equation is

�(1 − s) = �(s), where�(s) = ζ(s)�
(

1
2s
)
π− 1

2s.

This implication is just the beginning of a deep theory in which Fourier analysis,
complex-variable theory, algebraic number theory, and algebraic geometry come

2The natural way is as an analytic function inC − {1}. The function has a simple pole ats = 1.
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together to yield a vast array of surprising results about prime numbers. The
derivation of the functional equation of the Riemann zeta function uses some
complex-variable theory, and we shall not give it.

In real-world applications the 1-dimensional Fourier transform is of great
significance because of its interpretation in signal processing. A given function
f (t) on R1 is interpreted as the voltage of some signal, written as a function
of time, and the Fourier transform̂f (ω) gives the components of the signal at
each frequencyω. The Plancherel formula states the comforting fact that energy
can be computed either by summing the contributions over time or by summing
the contributions over frequency, and the result is the same. Convolutions are
of special significance in the theory because they represent the effects of time-
independent operations on the signal—such as the passage of the signal through
a filter.

To make numerical computations, one takes some discretized version of the
signal, obtained for example by rapid sampling over a long interval of time. The
discrete signal, which may well be obtained at 2n points for somen, is then
regarded as periodic. In other words, the signal is really a function on a cyclic
group of order 2n. Computing a convolution involves multiplying each translate
of one function by the other function at 2n points, adding, and assembling the
results. The number of steps is on the order of 22n. Alternatively, a convolution
can be computed using Fourier transforms: One computes the Fourier transform
of each function, does a pointwise multiplication of the new functions, and then
computes an inverse Fourier transform. The pointwise multiplication involves
only 2n steps, which is relatively trivial compared with 22n steps. How many
steps are involved in the computation of a Fourier transform? Naively it would
seem that an exponential depending ony has to be multiplied by the value of
the function at each pointx and the results added, hence 22n steps. However,
the mechanism of the Poisson Summation Formula contains a better way of
carrying out the computation of the Fourier transform that involves only about
n2n steps. The algorithm in question is known as thefast Fourier transform
and is discussed in more detail in Problems 13–18 at the end of the chapter. The
upshot is that the Poisson Summation Formula leads to a practical device that
cuts down enormously on the cost of analyzing signals mathematically.

Although the Poisson Summation Formula as stated in this section relates the
real line, the subgroup of integers, and the quotient circle group, the fast Fourier
transform iterates versions of the formula for settings that are different from this.
The groups in question are cyclic of order 2k with k ≤ n. We can take the
subgroup to have order 2, and the quotient group then has order 2k−1. A still
more general version of the Poisson Summation Formula applies to any “locally
compact” abelian group with a discrete subgroup having compact quotient. This
more general version of the formula is used in the full-fledged application to pure
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mathematics that combines Fourier analysis, complex-variable theory, algebraic
number theory, and algebraic geometry.

6. Poisson Integral Formula

Let RN+1
+ be the open half space

{
(x, t)

∣∣ x ∈ RN andt > 0
}
. We view the

boundary
{
(x, 0)

∣∣ x ∈ RN
}

asRN . For a functionf in L p(RN) for p equal to 1,
2, or∞, we consider the problem of findingu(x, t) that is defined onRN+1

+ , has
f as boundary value in a suitable sense, and isharmonic in the sense of being a
C2 function satisfying theLaplace equation	u = 0, where	 is theLaplacian

	 = ∂2

∂x2
1

+ · · · + ∂2

∂x2
N

.

We studied the corresponding problem for the unit disk in a sequence of
problems at the ends of Chapters I, III, IV, and VI. In that situation the open
disk played the role of the open half space, and the circle played the role of the
Euclidean-space boundary. We were able to see that the unique possible answer,
at least if f is of classC2, is given by the Poisson integral formula for the unit
disk:

u(r, θ) = 1

2π

∫ π

−π

f (θ − ϕ)Pr (ϕ) dϕ,

wherePr (θ) = 1−r 2

1−2r cosθ+r 2 = ∑∞
n=−∞ r |n|einθ .

The situation withRN+1
+ is different. One complication is that the boundary

is not compact, and a discrete sum can no longer be expected. Another is that the
harmonic function with given boundary values need not be unique; in fact, the
functionu(x, t) = t is a nonzero harmonic function with boundary values given
by f = 0, and thus we cannot expect to get a unique solution to a boundary-value
problem unless we impose some further condition onu. In effect, the condition
we impose will amount to a growth condition on the behavior ofu at infinity. A
partial compensation for these two complications is that the boundary is now the
Euclidean spaceRN , and dilations are available as a tool.

Let us make a heuristic calculation to look for a harmonic function with given
boundary values. Supposeu(x, t) is the solution we seek that corresponds to
f . Then we expect that the translateτx0u(x, t) is the solution corresponding to
τx0 f (x). We might further expect that the mappingf 
→ u( · , t) is bounded on
L2(RN). By Theorem 8.14 we would therefore have

û(y, t) = mt (y) f̂ (y),
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for some multipliermt (y); the Fourier transform is to be understood as occurring
in thex variable only. Ift1 > 0 is fixed, thenu(x, t+t1) is harmonic with boundary
valueu(x, t1), and sôu(y, t + t1) = mt (y)̂u(y, t1) = mt (y)mt1(y) f̂ (y). The left
side equalsmt+t1(y) f̂ (y), and therefore

mt+t1(y) = mt (y)mt1(y).

Since this is only a heuristic calculation anyway, we might as well assume thatm
is jointly measurable. Then we deduce that

mt (y) = etg(y)

for someL∞ function g. To computeg, we use the condition	u = 0 more
explicitly. Formally, as a result of the Fourier inversion formula,u(x, t) is given
as∫

RN
û(y, t)e2π i x ·y dy =

∫
RN

mt (y) f̂ (y)e2π i x ·y dy =
∫

RN
etg(y) f̂ (y)e2π i x ·y dy.

Without regard to the validity of the interchange of limits, we differentiate under
the integral sign to obtain

∂2

∂x2
j

u(x, t) = −4π2
∫

RN
y2

j etg(y) f̂ (y)e2π i x ·y dy

∂2

∂t2
u(x, t) =

∫
RN

g(y)2etg(y) f̂ (y)e2π i x ·y dy.and

Summing the derivatives and taking into account thatf̂ (y) is rather arbitrary, we
conclude thatg(y)2 = 4π2|y|2. Sincemt (y) is anL∞ function, we expect that
the negative square root is to be used for ally. Thusg(y) = −2π |y|. Therefore
our guess for the multiplier is

mt (y) = e−2π t |y|.

This is anL1 function, and we begin our investigation of the validity of this
answer by computing its “inverse Fourier transform,” to see what to expect for
the form of the bounded linear operatorf 
→ u( · , t).

Lemma 8.17.For t > 0,∫
RN

e−2π t |y|e2π i x ·y dy = cN t

(t2 + |x|2) 1
2 (N+1)

,

wherecN = π− 1
2 (N+1)�

(
N+1

2

)
.



394 VIII. Fourier Transform in Euclidean Space

REMARK. The idea is to handlet = 1 first and then to derive the formula for
other t ’s by taking dilations into account. Fort = 1, we expresse−2π |y| as an
integral of dilates ofe−π |y|2, and then the integral in question will be computable
in terms of the known inverse Fourier transforms of dilates ofe−π |y|2.

PROOF. In one dimension, direct calculation using calculus methods on the
intervals [0, +∞) and(−∞, 0] separately gives∫ ∞

−∞
e−2π |u|e−2π iuv du = 1

π

1

1 + v2
.

Since(1+v2)−1 is integrable, the Fourier inversion formula inR1 (Theorem 8.4)
then shows that

1

π

∫ ∞

−∞

1

1 + v2
e2π iuv dv = e−2π |u|.

Puttingu = |y| with y in RN yields

e−2π |y| = 1

π

∫ ∞

−∞
e2π i v|y| (1 + v2)−1 dv. (∗)

Any β > 0 hasβ−1 = ∫∞
0 e−βs ds, and hence(1+ v2)−1 = π

∫∞
0 e−(1+v2)πs ds.

Substitution for(1+ v2)−1 in (∗), interchange of integrals by Fubini’s Theorem,
and use of the formula inR1 for the inverse Fourier transform of a dilate ofe−πv2

gives

e−2π |y| =
∫ ∞

0
e−πs

[ ∫ ∞

−∞
e2π i v|y|e−πv2s dv

]
ds =

∫ ∞

0
e−πss−1/2e−π |y|2/s ds,

and this is our formula fore−2π |y| as an integral of dilates ofe−π |y|2.
We multiply both sides bye2π i x ·y, integrate, interchange the order of integra-

tion, use the formula inRN for the inverse Fourier transform of a dilate ofe−π |y|2,
and make a change of variablesπs(1 + |x|2) → s. The result is∫

RN
e−2π |y|e2π i x ·y dy =

∫ ∞

0
e−πss−1/2

[ ∫
RN

e−π |y|2/se2π i x ·y dy
]

ds

=
∫ ∞

0
e−πss

1
2 (N−1)e−πs|x|2 ds

=
∫ ∞

0
e−πs(1+|x|2)s

1
2 (N−1) ds

= π− 1
2 (N−1)(1 + |x|2)− 1

2 (N−1)π−1(1 + |x|2)−1
∫ ∞

0
e−ss

1
2 (N−1) ds

= π− 1
2 (N+1)�

(
N+1

2

)
(1 + |x|2)− 1

2 (N+1).
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The proof is completed by making use of the effect of the Fourier transform
on dilations. We have just seen that the functionϕ(x) = (1 + |x|2)− 1

2 (N+1)

is integrable with Fourier transformc−1
N ϕ̂(y) = c−1

N e−2π |y|. Then ϕt (x) =
t−Nϕ(t−1x) = t (t2+|x|2)− 1

2 (N+1) has Fourier transformc−1
N ϕ̂(ty) = c−1

N e−2π t |y|.

We define
P(x, t) = Pt (x) = cN t

(t2 + |x|2) 1
2 (N+1)

,

for t > 0, with cN as in Lemma 8.17, to be thePoisson kernelfor RN+1
+ . The

Poisson integral formulafor RN+1
+ is u(x, t) = (Pt ∗ f )(x), and the functionu

is called thePoisson integralof f .

Proposition 8.18.The Poisson kernel forRN+1
+ has the following properties:

(a) Pt (x) = t−n P1(t−1x),
(b) Pt is integrable witĥPt (y) = e−2π t |y|,
(c) Pt ≥ 0 and

∫
RN Pt (x) dx = 1,

(d) Pt ∗ Pt ′ = Pt+t ′ ,
(e) P(x, t) is harmonic inN + 1 variables.

PROOF. Conclusion (a) is by inspection. For (b), the formula forPt shows
that Pt , for fixed t , is continuous and is of order|y|−(N+1) asy tends to infinity.
ThereforePt is integrable. The formula for̂Pt then follows from Lemma 8.17
and the Fourier inversion formula (Theorem 8.4). In (c), the first conclusion is by
inspection of the formula, and the second conclusion follows from (b) by setting
y = 0. Conclusion (d) follows from the corresponding formula on the Fourier
transform side, namelŷPt P̂′

t = P̂t+t ′ , and conclusion (e) may be verified by a
routine computation.

Theorem 8.19. Let p be 1, 2, or∞, let f be in L p(RN), and letu(x, t) =
(Pt ∗ f )(x) be the Poisson integral off . Then

(a) u is harmonic inN + 1 variables,
(b) ‖u( · , t)‖p ≤ ‖ f ‖p,
(c) u( · , t) converges tof in L p ast decreases to 0 providedp < ∞,
(d) u(x, t) converges tof (x) uniformly forx in E ast decreases to 0 provided

f is in L∞ and f is uniformly continuous at the points ofE,
(e) the maximal functionf ∗∗(x) = supt>0 |(Pt ∗ f )(x)| satisfies an inequality

m
({

x
∣∣ f ∗∗(x) > ξ

}) ≤ C‖ f ‖1

/
ξ with C independent off andξ ,

(f) (Fatou’s Theorem)u(x, t) converges tof (x) for almost everyx in RN .

REMARKS. The theorem says thatu is harmonic and has boundary valuef in
various senses. The hypothesis for (f) is really thatf is the sum of anL1 function
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and anL∞ function, and everyL2 function has this property, as will be observed
in the proof below.

PROOF. Let us leave aside (a) for the moment. Conclusion (b) is immediate
from Proposition 6.14 and parts (a) and (c) of Proposition 8.18. Conclusions (c)
and (d) follow from parts (a) and (c) of Theorem 6.20. Conclusion (e) follows from
Corollary 6.42 and the Hardy–Littlewood Maximal Theorem (Theorem 6.38), and
conclusion (f) forL1 functions f is part of Corollary 6.42. Now suppose thatf
is anL∞ function. Fix a bounded interval [a, b] and write f = f1 + f2 with f1
equal to 0 off [a, b] and f2 equal to 0 on [a, b]. Then Pt ∗ f1 converges almost
everywhere tof1 since f1 is integrable, andPt ∗ f2 converges to 0 everywhere on
(a, b) by (d). HencePt ∗ f converges almost everywhere on(a, b); since(a, b)

is arbitrary,Pt ∗ f converges almost everywhere. This proves (f).
Now we return to (a). SinceP(x, t) is harmonic, conclusion (a) represents

an interchange of differentiation and convolution. The prototype of the tool we
need is Corollary 6.19, but that result does not apply here becausePt does not
have compact support. If we break a functionf into two pieces, one where| f |
is > 1 and one where| f | is ≤ 1, we see that anyL2 function is the sum of anL1

function and anL∞ function. Thus it is enough to prove (a) whenf is in L1 or
L∞.

Letϕ beP or one ofP’s iterated partial derivatives of some order, let 1≤ j ≤
N + 1, and defineDj to be∂/∂xj if j ≤ N or ∂/∂t if j = N + 1. It is sufficient
to check that

h−1((ϕ ∗ f )((x, t) + hej ) − (ϕ ∗ f )(x, t)
)− ((Dj ϕ) ∗ f )(x, t)

tends to 0 pointwise ash tends to 0. Taking Proposition 6.15 into account, we
see that we are to check that(

h−1(ϕ(( · , t) + hej ) − ϕ( · , t)
)− (Dj ϕ)( · , t)

)
∗ f (x)

tends to 0 ash tends to 0. Proposition 6.18 shows that it is enough to have

h−1(ϕ((x, t) + hej ) − ϕ(x, t)
)− (Dj ϕ)(x, t)

tend to 0 inL∞ of the x variable for each fixedt if f is in L1, or in L1 of the
x variable for fixedt if f is in L∞. The Mean Value Theorem shows that this
expression is equal to

(Dj ϕ)((x, t) + h′ej ) − (Dj ϕ)(x, t)

for someh′ between 0 andh, with h′ depending onx and t , and a second
application of the Mean Value Theorem shows that the expression is equal to

h′(D2
j ϕ)((x, t) + h′′ej ).
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We are to show that this tends to 0, for fixedt , uniformly in x and inL1 of thex
variable ash tends to 0. It is enough to show for each fixedt that

(D2
j ϕ)((x, t) + hej ) (∗)

is dominated in absolute value by a fixed bounded function ofx and a fixedL1

function ofx whenh satisfies|h| ≤ 1
2 min{1, t}.

An easy induction on the degree shows that anydth-order partial derivative of
P(x, t) is of the formQ(x, t)(t2 + |x|2)− 1

2 (N+1)−d, whereQ(x, t) is a homoge-
neous polynomial in(x, t) of degreed + 1. Since any monomial of degree 1 is
bounded by a multiple of(t2+|x|2)1/2, thedth-order partial derivative is bounded
by a multiple of

(t2 + |x|2)− 1
2 (N+1)− 1

2 (d−1). (∗∗)

Thus the desired properties of the expression (∗) will follow if it is shown that
(∗∗) has these properties. This is a routine matter ford ≥ 1, and the proof of (a)
is complete.

7. Hilbert Transform

This section concerns theHilbert transform , the bounded linear operatorH on
L2(RN) given by

F(H f )(y) = −i (sgny)(F f )(y).

Formally this operator has the effect, fory > 0, of mapping exponentials by

e2π i x ·y 
→ −ie2π i x ·y and e−2π i x ·y 
→ ie−2π i x ·y,

and hence of mapping cosines and sines by

cos(2πx · y) 
→ sin(2πx · y) and sin(2πx · y) 
→ − cos(2πx · y).

For this reason, engineers sometimes call the Hilbert transform a “90◦ phase
shift.” The notion is of such importance that there is even a piece of hardware
called a “Hilbert transformer” that takes an input signal and produces some kind
of approximation to the Hilbert transform of the signal.3

We shall do some Fourier analysis in order to identifyH more directly. To
get an idea whatH is, we begin by computing the effect onL2 of composing
the Hilbert transform and convolution with the Poisson kernelPε(x). Then we
examine what happens whenε decreases to 0.

3The delay in time that a Hilbert transformer requires in producing its output imposes a built-in
theoretical limit for how good the approximation to the Hilbert transform can be. An exact result
would require an infinite time delay.
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Lemma 8.20.For ε > 0,
∫

R1
(−i sgnt)e−2πε|t |e2π i x ·t dt = 1

π

x

ε2 + x2
.

PROOF. This result follows by direct calculation, using calculus methods on
the intervals [0, +∞) and(−∞, 0] separately.

If we defineQ(x) = 1

π

x

1 + x2
for x in R1, then Qε(x) = ε−1Q(ε−1x) =

1

π

x

ε2 + x2
is the function in the statement of Lemma 8.20. We define

Q(x, ε) = Qε(x) = 1

π

x

ε2 + x2
,

for ε > 0, to be theconjugate Poisson kernelonR2
+. The functionQε is not in

L1(R1). However, it is inL2(R1), and therefore the convolution ofQε and any
L2 function is a well-defined bounded uniformly continuous function. Forf in
L2, the functionv(x, ε) = (Qε ∗ f )(x) is called theconjugate Poisson integral
of f .

Proposition 8.21. The conjugate Poisson kernel forR2
+ has the following

properties:

(a) the functionv(x, y) = Qy(x) is harmonic inR2
+, and the pair of functions

u andv with u(x, y) = Py(x) satisfies theCauchy–Riemann equations

∂u

∂x
= ∂v

∂y
and

∂u

∂y
= −∂v

∂x
,

(b) theL2 Fourier transformF(Qε)(y) equals−i (sgny)e−2πε|y|,
(c) Qε ∗ Pε′ = Qε+ε′ .

REMARKS. A fundamental result of complex-variable theory is that ifu and
v are C1 functions on an open subset ofC satisfying the Cauchy–Riemann
equations, thenf (z) = u(x, y) + i v(x, y) is an “analytic” function in the sense
that in any open disk about any point in the open set,f (z) equals the sum of a
power series convergent in that disk. We shall not make use of this fact, but the
analyticity ofu + i v is the starting point for a great deal of analysis that will not
be treated in this book. In the special case of the Poisson kernel and the conjugate
Poisson kernel, the functionf is f (z) = i /(πz).

PROOF. Part (a) is a routine calculation.
For (b), we know thatQε is in L2 and has anL2 Fourier transformg = F(Qε).

The inverse Fourier transformF−1 on L2 satisfiesF−1(g) = Qε, and (b) will
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follow if we show thatF−1( f ) = Qε, where f (t) = −i (sgnt)e−2πε|t |. For each
integern > 0, let fn(t) be f (t) for |t | ≤ n and 0 for|t | > n. Then fn → f in L2

by dominated convergence, and henceF−1( fn) → F−1( f ) in L2. By Theorem
5.59 a subsequence ofF−1( fn) converges almost everywhere toF−1( f ). Since
f is in L1, Lemma 8.20 shows thatF−1( fn)(t) = ∫ n

−n f (t)e2π i xt dt converges
pointwise toQε(x), and thereforeF−1( f ) = Qε.

For (c), Corollary 8.8 shows thatF(Qε ∗ Pε′) = F(Qε)F(Pε′). In combi-
nation with Proposition 8.18b, conclusion (b) of the present proposition gives
F(Qε)(y)F(Pε′)(y) = −i (sgny)e−2π(ε+ε′)|y| a.e., and this isF(Qε+ε′)(y) a.e.
by a second application of (b).

Theorem 8.22. Let f be in L2(R1), and letu(x, y) = (Py ∗ f )(x) and
v(x, y) = (Qy ∗ f )(x) be the Poisson integral and conjugate Poisson integral of
f . Then

(a) the functionv is harmonic inR2
+, and the pair of functionsu andv satisfies

the Cauchy–Riemann equations,
(b) the functionQε ∗ f is in L2(R1) for everyε > 0, and itsL2 Fourier

transform isF(Qε ∗ f )(y) = −i (sgny)e−2πε|y|F( f )(y),
(c) ‖Qε ∗ f ‖2 = ‖Pε ∗ f ‖2 ≤ ‖ f ‖2 for everyε > 0,
(d) Qε ∗ f → H( f ) in L2 asε decreases to 0.

PROOF. Conclusion (a) is handled just like Theorem 8.19a. In the proof of
Theorem 8.19a, the integrability ofPε did not play a role; it was the integrability
of the iterated partial derivatives ofPε (i.e., the cased > 0) that was important.
The estimates involving such derivatives here are the same as in that case.

For (b), putg = F(Qε)F( f ). This is anL2 function sinceF(Qε) is in
L∞ by inspection and sinceF( f ) is in L2 by the Plancherel formula. Define
fn = I B(n;0) f , so that eachfn is in L1 ∩ L2 and alsofn → f in L2. SinceF(Qε)

is in L∞, the Plancherel formula shows thatgn = F(Qε)F( fn) is in L2 for each
n and converges tog in L2. Since fn is in L1 andQε is in L2, Corollary 8.8 gives
F(Qε ∗ fn) = F(Qε)F( fn) = gn for all n. ThusQε ∗ fn = F−1(gn). We now
let n tend to infinity. We know that‖Qε ∗ fn − Qε ∗ f ‖sup ≤ ‖Qε‖2‖ fn − f ‖2.
SinceQε is in L2 and fn → f in L2, Qε ∗ fn converges uniformly toQε ∗ f . On
the other hand,F−1(gn) converges toF−1(g) in L2, and Theorem 5.59 shows
that a subsequence converges almost everywhere. ThereforeF−1(g) = Qε ∗ f .
ConsequentlyF(Qε ∗ f ) = g = F(Qε)F( f ), and we obtainF(Qε ∗ f )(y) =
−i (sgny)e−2πε|y|F( f )(y).

Conclusions (c) and (d) follow by takingL2 Fourier transforms and using (b),
Proposition 8.18b, and the Plancherel Theorem. This completes the proof.
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To get a more direct formula for the Hilbert transform, we introduce the
functions

h(x) =
{ 1

πx for |x| ≥ 1,

0 for |x| < 1,

hε(x) = ε−1h(ε−1x) =
{ 1

πx for |x| ≥ ε,

0 for |x| < ε.
and

Let ψ(x) = Q(x) − h(x), so thatψε(x) = ε−1ψ(ε−1x) = Qε(x) − hε(x).

Lemma 8.23.The functionψ onR1 is integrable, and
∫∞
−∞ ψ(x) dx = 0.

PROOF. For |x| < 1, we haveψ(x) = Q(x) = π−1x
/
(1 + x2). This is a

continuous odd function, and therefore it is integrable on [−1, 1] with integral 0.
For |x| ≥ 1, we haveψ(x) = π−1

(
x

1+x2 − 1
x

) = −π−1
(

1
x(1+x2)

)
. This is an

integrable function for|x| ≥ 1; since it is an odd function, its integral is 0.

Theorem 8.24.Let hε be defined as above. Iff is in L2(R1), thenhε ∗ f is
in L2(R1) for everyε > 0, andhε ∗ f → H( f ) in L2 asε decreases to 0.

REMARKS. More concretely the limit relation in the theorem is that

H f (x) = lim
(in L2 sense)

ε↓0

1

π

∫
|t |≥ε

f (x − t)

t
dt.

The integrand on the right side is the product of twoL2 functions on the set where
|t | ≥ ε, and it is integrable by the Schwarz inequality.

PROOF. We havehε ∗ f = Qε ∗ f − ψε ∗ f . The termQε ∗ f is in L2 by
Theorem 8.22b, and the termψε ∗ f is in L2 by Lemma 8.23 and Proposition
6.14. Asε decreases to 0,Qε ∗ f tends toH f in L2 by Theorem 8.22d, and
ψε ∗ f tends to 0 inL2 by Theorem 6.20a. This completes the proof.

Now that we have the concrete formula of Theorem 8.24 for the Hilbert trans-
form onL2 functions, we can ask whether the Hilbert transform is meaningful on
other kinds of functions. For example, we could ask, If we have some other vector
spaceV of functions andV ∩ L2(R1) is dense inV , can we extendH to V? The
answer forV = L1(R1) is unfortunately negative. In fact, iff is in L1 ∩ L2, then
the Fourier transform̂f will be continuous and the Fourier transform ofH f will
have to be−i (sgny) f̂ . If f̂ (0) is nonzero, then−i (sgny) f̂ is not continuous
and cannot be the Fourier transform of anL1 function.
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However, in Chapter IX we shall introduceL p spaces for 1≤ p ≤ ∞, thereby
extending the definitions we have already made forpequal to 1, 2, and∞. Toward
the end of the chapter, we shall see that the Hilbert transform makes sense as a
bounded linear operator onL p(R1) for 1 < p < ∞. This boundedness is an
indication that the Hilbert transform is not a completely wild transformation, and
the result in question will be used in the problems at the end of Chapter IX to
prove that the partial sums of the Fourier series of anL p function on the circle
converge to the function inL p as long as 1< p < ∞.

Actually, this boundedness onL p will be a consequence of a substitute result
aboutL1 that we shall prove now. Although the Hilbert transform is not a bounded
linear operator onL1, its approximations in the statement of Theorem 8.24 are
of weak type(1, 1), in the same sense that the passage from a function to its
Hardy–Littlewood maximal function in Chapter VI was of weak type(1, 1).

Theorem 8.25.Let h1 be the function onR1 equal to 1/(πx) for |x| ≥ 1 and
equal to 0 for|x| < 1. For f in L1(R1) + L2(R1), define

H1 f (x) = h1 ∗ f (x) = 1

π

∫
|t |≥1

f (x − t)

t
dt

as the convolution of the fixed functionh1 in L2 with a function f that is the sum
of anL1 function and anL2 function. Then

‖H1 f ‖2 ≤ A‖ f ‖2,

with the constantA independent off , and

m
{
x ∈ R1

∣∣ |H1 f (x)| > ξ
} ≤ C‖ f ‖1

ξ

for everyξ > 0, with the constantC independent ofξ and f .

REMARK. This result about the approximationH1 to H on L1 andL2 will be
enough for now. The result forL1 is much more difficult than the result forL2.
In the next chapter we shall derive from Theorem 8.25 a boundedness theorem
for all the other approximationsHε = hε ∗ ( · ) on L p(R1) for 1 < p < ∞, with a
bound independent ofε, and then it will be an easy matter to get the boundedness
of the Hilbert transformH itself onL p for these values ofp.

PROOF. A preliminary fact is needed that involves a computation with the
functionh1. We need to know that∫

|x|≥2r |h1(x + r ′) − h1(x)| dx ≤ 6 (∗)
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whenever 0< |r ′| ≤ r . To see this, we break the region of integration into four
sets—one where|x| ≥ 2r , |x| ≥ 1, and|x + r ′| ≥ 1; a second where|x| ≥ 2r ,
|x| < 1, and|x + r ′| ≥ 1; a third where|x| ≥ 2r , |x| ≥ 1, and|x + r ′| < 1; and a
fourth where|x| ≥ 2r , |x| < 1, and|x+r ′| < 1. For the fourth piece the integrand
is 0. For the second and third pieces, the integrand is≤ 1 in absolute value, and
the set has measure≤ 2; hence each of these pieces contributes at most 2. For the
first piece the absolute value of the integrand is|r ′|/|x(x + r ′)| ≤ 2r/x2; thus
the absolute value of the integral is≤ ∫

|x|≥2r 2r/x2 dx = 2. This proves (∗).

It is an easy matter to prove thatH1 is a bounded linear operator onL2. In
fact,h1 = Q1 − ψ , andψ is in L1 by Lemma 8.23. Thus Theorem 8.22c gives
‖H1 f ‖2 ≤ ‖Q1 ∗ f ‖2 + ‖ψ ∗ f ‖2 ≤ ‖ f ‖2 + ‖ψ‖1‖ f ‖2. In other words,H1 is
bounded onL2 with ‖H1‖ ≤ 1 + ‖ψ‖1. Put A = 1 + ‖ψ‖1.

The heart of the proof is the observation that ifF is in L1, vanishes off a bounded
interval I with centery0 and double4 I ∗, and has total integral

∫
R1 F(y) dy equal

to 0, then
‖H1F‖L1(R−I ∗) ≤ 6‖F‖1. (∗∗)

To see this, we use the fact that the total integral ofF is 0 to write

H1F(x) = ∫
I h1(x − y)F(y) dy = ∫

I [h1(x − y) − h(x − y0)]F(y) dy.

Taking the absolute value of both sides and integrating overR − I ∗, we obtain∫
x/∈I ∗ |H1F(x)| dx ≤ ∫

x/∈I ∗
∫

y∈I |h1(x − y) − h(x − y0)| |F(y)| dy dx

= ∫
y∈I

[ ∫
x/∈I ∗ |h1(x − y) − h(x − y0)| dx

] |F(y)| dy

≤ 6
∫

y∈I |F(y)| dy,

the last step holding by (∗). This proves (∗∗).
Let the L1 function f be given. Fixξ > 0. We shall decompose theL1

function f into the sumf = g+b of a “good” functiong and a “bad” functionb,
in a manner dependent onξ . The good function will be inL∞ and hence will be
in L1 ∩ L∞ ⊆ L2; the effect of applyingH1 to it will be controlled by the bound
of H1 on L2. The bad function will be nonzero on a set of rather small measure,
and we shall be able to control the effect ofH1 on it by means of (∗∗).

We begin by constructing a disjoint countable system of bounded open intervals
Ik such that

(i)
∑

k m(Ik) ≤ 5‖ f ‖1

/
ξ ,

(ii) | f (x)| ≤ ξ almost everywhere off
⋃

k Ik,
(iii) 1

m(Ik)

∫
Ik

| f (y)| dy ≤ 2ξ for eachn.

4The “double” of a bounded intervalI is an interval of twice the length ofI and the same center.
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Namely, let f ∗(x) = suph>0
1

2h

∫
[x−h,x+h] | f (t)| dt be the Hardy–Littlewood

maximal function of f , and letE be the set wheref ∗(x) > ξ . The setE is
open. In fact, if f ∗(x) > ξ , then 1

2h

∫
[x−h,x+h] | f (t)| dt ≥ ξ + ε for some

ε > 0. Forδ > 0, the inequality 1
2h

∫
[x−h,x+h+2δ] | f (t)| dt ≥ ξ + ε shows that

f ∗(x+δ) ≥ h
h+δ

(ξ +ε). Hencef ∗(x+δ) > ξ for δ sufficiently small. Similarly
f ∗(x − δ) > ξ for δ sufficiently small.

Since E is open,E is uniquely the disjoint union of countably many open
intervals, and these intervals will be the setsIk. The disjointness of theIk’s and
the Hardy–Littlewood Maximal Theorem (Theorem 6.38) together give∑

k

m(Ik) ≤ m(E) ≤ 5‖ f ‖1

/
ξ,

and this proves (i) and the boundedness of the intervals. The a.e. differentiability
of integrals (Corollary 6.39) shows that| f (x)| ≤ f ∗(x) a.e., and therefore
| f (x)| ≤ ξ a.e. offE = ⋃

k Ik. This proves (ii). IfI = (a, b) is one of theIk’s,
thena is not in E, and we must have 1

2(b−a)

∫
[b−2(b−a),b] | f (t)| dt ≤ f ∗(a) ≤ ξ .

Therefore 1
b−a

∫
[a,b] | f (t)| dt ≤ 2ξ . This proves (iii).

With the open intervalsIk in hand, we define the decompositionf = g+b by

g(x) =
⎧⎨⎩

1

m(Ik)

∫
Ik

f (y) dy for x ∈ Ik,

f (x) for x /∈ ⋃k Ik,

b(x) =
⎧⎨⎩ f (x) − 1

m(Ik)

∫
Ik

f (y) dy for x ∈ Ik,

0 for x /∈ ⋃k Ik.

Since
{
x
∣∣ |H1 f (x)| > ξ

} ⊆ {
x
∣∣ |H1g(x)| > ξ/2

}∪ {x ∣∣ |H1b(x)| > ξ/2
}
, it is

enough to prove

• m
({

x
∣∣ |H1g(x)| > ξ/2

}) ≤ C′‖ f ‖1

/
ξ and

• m
({

x
∣∣ |H1b(x)| > ξ/2

}) ≤ C′‖ f ‖1

/
ξ

for some constantC′ independent ofξ and f .
The definition ofg shows that

∫
Ik

|g(x)| dx ≤ ∫
Ik

| f (x)| dx for all k and
that |g(x)| = | f (x)| for x /∈ ⋃

k Ik; therefore
∫

R
|g(x) dx ≤ ∫

R
| f (x)| dx.

Also, properties (ii) and (iii) of theIk’s show that|g(x)| ≤ 2ξ a.e. These two
inequalities, together with the bound‖H1g‖2 ≤ A‖g‖2, give∫

R
|H1g(x)|2 dx ≤ A2

∫
R1 |g(x)|2 dx ≤ 2ξ A2

∫
R

|g(x)| dx ≤ 2ξ A2
∫

R
| f (x)| dx.
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Combining this result with Chebyshev’s inequalitym
({

x
∣∣ |F(x)| > β

}) ≤
β−2

∫
R

|F(x)|2 dx for the functionF = H1g and the numberβ = ξ/2, we obtain

m
({

x
∣∣ |H1g(x)| > ξ/2

}) ≤ 4

ξ2
2ξ A2

∫
R

| f (x)| dx = 8A2‖ f ‖1

ξ
.

This proves the bulleted item aboutg.
For b, let bk be the product ofb with the indicator function ofIk. Then we

haveb = ∑
k bk with the sum convergent inL1. SinceH1 is convolution by the

L2 functionh1, H1b = ∑
k H1bk with the sum convergent inL2. Lumping terms

via Theorem 5.59 if necessary, we may assume that the convergence takes place
a.e. Therefore|H1b(x)| ≤ ∑

k |H1bk(x)| a.e. Using monotone convergence and
(∗∗), we conclude that

‖H1b‖
L1
(
R−⋃

k I ∗
k

) ≤
∑

k

‖H1bk‖L1
(
R−⋃

j I ∗
j

)
≤
∑

k

‖H1bk‖L1(R−I ∗
k ) ≤ 6‖bk‖1 = 6‖b‖1 ≤ 6‖ f ‖1.

Thus m
({

x ∈ R −⋃
k I ∗

k

∣∣ |H1b(x)| > ξ/2
}) ≤ 6‖ f ‖1

/
(ξ/2) = 12‖ f ‖1/ξ.

Sincem
({

x ∈ ⋃k I ∗
k

}) ≤ 5‖ f ‖1

/
ξ by (i), we obtainm

({
x
∣∣ |H1b(x)| > ξ/2}) ≤

17‖ f ‖1

/
ξ , and the bulleted item aboutb follows.

8. Problems

1. For each of the following alternative definitions of the Fourier transform inRN ,
find a constantα such that the Fourier inversion formula is as indicated, and find
a constantβ such that when convolution is defined by

f ∗ g(x) = β
∫

RN f (x − t)g(t) dt,

then the Fourier transform of the convolution is the product of the Fourier
transforms.
(a) Fourier transform̂f (y) = ∫

RN f (x)e−i x ·y dy and inverse Fourier transform
f (x) = α

∫
RN f̂ (y)eix ·y dy.

(b) Fourier transformf̂ (y) = (2π)−N
∫

RN f (x)e−i x ·y dy and inverse Fourier
transform f (x) = α

∫
RN f̂ (y)eix ·y dy.

(c) Fourier transform̂f (y) = (2π)−N/2
∫

RN f (x)e−i x ·y dy and inverse Fourier
transform f (x) = α

∫
RN f̂ (y)eix ·y dy.
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2. Let (u, v)2 = ∫
RN u(x)v(x) dx if u andv are inL2(RN), and letF denote the

Fourier transform onL2(RN). Prove for every pair of functionsf andg in L2

that( f, g)2 = (F( f ),F(g))2.

3. Prove that the Poisson kernelP and the conjugate Poisson kernelQ for R2
+

satisfy the identityQε ∗ Qε′ = Pε+ε′ .

4. This problem is an analog for the Fourier transform of Problem 20c of Chapter VI
concerning Fourier series and weak-star convergence. Weak-star convergence
was defined in Section V.9.
(a) If f is in L∞(RN) andPt is the Poisson kernel, prove thatPt ∗ f converges

to f weak-star againstL1(RN) ast decreases to 0. In other words, prove
that limt↓0

∫
RN (Pt ∗ f )(x)g(x) dx = ∫

RN f (x)g(x) dx for everyg in L1.
(b) Theorem 8.19b shows that‖Pt ∗ f ‖∞ ≤ ‖ f ‖∞ if f is in L∞(RN). Prove

that limt↓0 ‖Pt ∗ f ‖∞ = ‖ f ‖∞.

5. Let M+(RN) be the space of finite Borel measures onRN . This problem
introduces convolution and the Poisson integral formula forM+(RN). Each
finite Borel measure onRN defines, by means of integration, a bounded linear
functional on the normed linear spaceCcom(RN) equipped with the supremum
norm, and thus it is meaningful to speak of weak-star convergence of such
measures againstCcom(RN).
(a) The convolution of a finite Borel measureµ on RN with an integrable

function f is defined by( f ∗ µ)(x) = ∫
RN f (x − y) dµ(y). Define

the convolution µ = µ1 ∗ µ2 of two members ofM+(RN) by µ(E) =∫
RN µ1(E − x) dµ2(x) for all Borel setsE. Check that the result is a Borel

measure and that the definition forf dx ∗ µ, i.e., for the situation in which
µ1 andµ2 are specialized so thatµ1 = f dx andµ2 = µ, is consistent with
the definition in the special case.

(b) With convolution of finite Borel measures onRN defined as in (a), prove
that

∫
RN g d(µ1∗µ2) = ∫

RN

∫
RN g(x+ y) dµ1(x) dµ2(y) for every bounded

Borel functiong onRN .
(c) Verify that‖Pt ∗µ‖1 ≤ µ(RN) if µ is inM+(RN). Prove the limit formula

limt↓0 ‖Pt ∗ µ‖1 = µ(RN).
(d) If µ is in M+(RN), prove that the measures(Pt ∗ µ)(x) dx converge toµ

weak-star againstCcom(RN) ast decreases to 0. In other words, prove that
limt↓0

∫
RN (Pt ∗ µ)(x)g(x) dx = ∫

RN g(x) dµ(x) for everyg in Ccom(RN).

Problems 6–12 examine the Fourier transform of a measure inM+(RN), ultimately
proving “Bochner’s theorem” characterizing the “positive definite functions” onRN .
They take for granted theHelly–Bray Theorem, i.e., the statement that if{µn}
is a sequence inM+(RN) with µn(RN) bounded, then there is a subsequence{µnk}
convergent to some memberµ ofM+(RN) weak-star againstCcom(RN). The Helly–
Bray Theorem will be proved in something like this form in Chapter XI.
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6. If µ is in M+(RN), theFourier transform of µ is defined to be the function
µ̂(y) = ∫

RN e−2π i x ·y dµ(x).
(a) Prove that̂µ is bounded and continuous.
(b) Prove that the Fourier transform of the delta measure at 0 does not vanish at

infinity.
(c) Prove thatµ̂1 ∗ µ2 = µ̂1µ̂2 when convolution of finite measures is defined

as in Problem 5.
(d) By formingϕε ∗ µ, prove that̂µ can equal 0 for someµ in M+(RN) only

if µ = 0.

7. A continuous functionF : RN → C is calledpositive definite if for each
finite set of pointsx1, . . . , xk in RN and corresponding system of complex
numbersξ1, . . . , ξk, the inequality

∑
i, j F(xi − xj )ξi ξj ≥ 0 holds. Prove that

the continuous functionF is positive definite if and only if the inequality∫
RN

∫
RN F(x − y)g(x)g(y) dx dy≥ 0 holds for each memberg of Ccom(RN).

8. Prove that the Fourier transform of any memberµ of M+(RN) is a positive
definite function.

9. Using sets of one and then two elementsxi in the definition of positive definite,
prove that a positive definite functionF must haveF(0) ≥ 0 and|F(x)| ≤ F(0)

for all x.

10. Suppose thatF is positive definite, thatϕ ≥ 0 is in L1(RN), and that�(x) =∫
RN e2π i x ·yϕ(y) dy. Prove thatF(x)�(x) is positive definite.

11. Suppose thatF is positive definite. Letε > 0, and letϕ be as in Problem 10, so

thatϕ(x) = ε−Ne−πε−2|x|2 and�(x) = e−πε2|x|2.
(a) The functionF0(x) = F(x)�(x) is positive definite by Problem 10. Prove

that it is integrable.
(b) Using Problem 2 and the alternative definition of positive definite in Prob-

lem 7, prove that
∫

RN F̂0(y)|̂g(y)|2 dy ≥ 0 for every functiong in Ccom(RN).
(c) Deduce from (b) that the functionf0 = F̂0 is ≥ 0.
(d) Conclude from (c) thatf0 is integrable with

∫
RN f0 dy = F(0), hence that

f0(y) dy is a finite Borel measure.

12. (Bochner’s Theorem) By combining the results of the previous problems with
the Helly–Bray Theorem, prove that each positive definite function onRN is the
Fourier transform of a finite Borel measure.

Problems 13–18 concern a version of the Fourier transform for finite abelian groups,
along with the Poisson Summation Formula in that setting. They show for a cyclic
group of orderm = pq that the use of the idea behind the Poisson Summation
Formula makes it possible to compute a Fourier transform in aboutpq(p + q) steps
rather than the expectedm2 = p2q2 steps. This savings may be iterated in the case
of a cyclic group of order 2n so that the Fourier transform is computed in aboutn2n
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steps rather than the expected 22n steps. An organized algorithm to implement this
method of computation is known as thefast Fourier transform .

13. LetG be a finite abelian group. Amultiplicative character χ of G is a homo-
morphism ofG into the circle group{ei θ }. If f andg are two complex-valued
functions onG, their L2 inner product is defined to be

∑
t∈G f (t)g(t).

(a) Prove that the set of multiplicative characters ofG forms an abelian group
under pointwise multiplication, the identity element being the constant func-
tion 1 and the inverse ofχ beingχ . This groupĜ is called thedual group
of G.

(b) Prove that distinct multiplicative characters are orthogonal and hence that
the members of̂G form a linearly independent set.

(c) Let Jm be the cyclic group{0, 1, 2, . . . , m−1} of integers modulom under
addition, and letζm = e2π i /m. Fork in Jm define a multiplicative characterχn

of Jm byχn(k) = (ζ n
m)k. Prove that the resultingm multiplicative characters

exhaust̂Jm and thatχnχn′ = χn+n′ . ThereforêJm is isomorphic toJm. For
Problems 16–18 below, it will be convenient to identifyχn with χn(1) = ζ n

m.
(d) If G is a direct sum of cyclic groups of ordersm1, . . . , mr , use (c) to exhibit∏r

j =1 mj distinct members of̂G. Using (b) and the theorem that every finite
abelian group is the direct sum of cyclic groups, conclude for any finite
abelian groupG that these members of̂G exhaustĜ and form a basis of
L2(G).

14. Let G be a finite abelian group, and let̂G be its dual group. TheFourier
transform of a function f in L2(G) is the function f̂ on Ĝ given by f̂ (χ) =∑

t∈G f (t)χ(t). Prove that the Fourier transform mapping carriesL2(G) one-
one ontoL2(Ĝ) and that the correct analog of the Fourier inversion formula is
f (t) = |G|−1∑

χ∈Ĝ f̂ (χ)χ(t), where|G| is the order ofG.

15. LetG be a finite abelian group, letH be a subgroup, and letG/H be the quotient

group. Ift is in G, write
.
t for the coset oft in G/H . Let f be inL2(G) and define

F(
.
t) = ∑

h∈H f (t + h) as a function onG/H . Suppose thatχ is a member of

Ĝ that is identically 1 onH , so thatχ descends to a member
.
χ of Ĝ/H . By

imitating steps in the proof of Theorem 8.15, prove thatf̂ (χ) = F̂(
.
χ).

16. Now suppose thatG = Jm with m = pq; herep andq need not be relatively
prime. LetH = {0, q, 2q, . . . , (p−1)q} be the subgroup ofG isomorphic toJp,
so thatG/H = {0, 1, 2, . . . , q−1} is isomorphic toJq. Prove that the characters

χ of G identified as in Problem 13c withζ 0
m, ζ

p
m, ζ

2p
m , . . . , ζ

(q−1)p
m are the ones

that are identically 1 onH and therefore descend to characters ofG/H . Verify
that the descended characters

.
χ are the ones identified withζ 0

q , ζ 1
q , ζ 2

q , . . . , ζ
q−1
q .

Consequently the formulâf (χ) = F̂(
.
χ) of the previous problem provides a way

of computing f̂ at ζ 0
m, ζ

p
m, ζ

2p
m , . . . , ζ

(q−1)p
m from the values of̂F . Show that if
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F̂ is computed from the definition of Fourier transform in Problem 14, then the
number of steps involved in its computation is aboutq2, apart from a constant
factor. Show therefore that the total number of steps in computingf̂ at these
special values ofχ is therefore on the order ofq2 + pq.

17. In the previous problem show for eachk with 0 ≤ k ≤ p−1 that the value of̂f at

ζ k
m, ζ

p+k
m , ζ

2p+k
m , . . . , ζ

(q−1)p+k
m can be handled in the same way with a different

F by replacingf by a suitable variant off . Doing so for eachk requiresp times
the number of steps detected in the previous problem, and therefore all off̂ can
be computed in aboutp(q2 + pq) = pq(p + q) steps.

18. Show how iteration of this process to compute the Fourier transform of eachF ,
together with further iteration of this process, allows one to compute a Fourier
transform forJm1m2···mr in aboutm1m2 · · · mr (m1 + m2 + · · · + mr ) steps.



CHAPTER IX

L p Spaces

Abstract. This chapter extends the theory of the spacesL1, L2, andL∞ to include a whole family
of spacesL p, 1 ≤ p ≤ ∞, in order to be able to capture finer quantitative facts about the size of
measurable functions and the effect of linear operators on such functions.

Sections 1–2 give the basics aboutL p. For general measure spaces these consist of H¨older’s
inequality, Minkowski’s inequality, a completeness theorem, and related results. For Euclidean
space they include also facts about convolution.

Sections 3–4 develop some tools that at first may seem quite unrelated toL p spaces but play
a significant role in Section 5. These are the Radon–Nikodym Theorem and two decomposition
theorems for additive set functions. The Radon–Nikodym Theorem gives a sufficient condition for
writing a measure as a function times another measure.

Section 5 identifies the space of continuous linear functionals onL p for 1 ≤ p < ∞ when
the underlying measure isσ -finite. For one thing this identification makes Alaoglu’s Theorem in
Chapter V concrete enough so as to be quite useful.

Section 6 discusses the Marcinkiewicz Interpolation Theorem, which allows one to reinterpret
suitably bounded operators between two pairs ofL p spaces as bounded between intermediate pairs
of L p spaces as well. The theorem has immediate corollaries for the Hardy–Littlewood maximal
function and an approximation to the Hilbert transform, and Section 6 goes on to use each of these
corollaries to derive interesting consequences.

1. Inequalities and Completeness

In the context of any measure space, we introduced in Section V.9 the spacesL1,
L2, andL∞. Since then, we have used these three spaces to capture quantitative
facts about the size of measurable functions. The construction in each case
involved introducing a certain pseudonorm in a vector space of functions, thereby
making the vector space into a pseudo normed linear space and in particular a
pseudometric space. The corresponding metric space obtained from the construc-
tion of Proposition 2.12 wasL1, L2, or L∞ in the respective cases. For each of
the three, the vector-space structure for the pseudometric space yielded a vector-
space structure for the metric space, andL1, L2, and L∞ were normed linear
spaces. As was true in Chapters V and VI, it continues in the present chapter
to be largely a matter of indifference whether the functions in question are real
valued or complex valued, hence whether the scalars for these vector spaces are
real or complex.

409
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Now we shall enlarge the family consisting ofL1, L2, L∞ to a family L p for
1 ≤ p ≤ ∞ in order to be able to capture finer quantitative facts about the size
of measurable functions. Enlarging the family in this way makes it possible to
get better insight into the behavior of specific operators and to make more helpful
estimates with partial differential equations.

Let (X,A, µ) be a measure space. We have already dealt withp = ∞. For
1 ≤ p < ∞, we consider the setV = Vp of measurable functionsf onX such that∫

X | f |p dµ is finite. This integral is well defined; in fact,f measurable implies
| f | measurable, and also, forc > 0, (| f |p)−1(c, +∞) = | f |−1(c1/p, +∞). The
setV is in fact a vector space of functions. It is certainly closed under scalar
multiplication; let us see that it is closed under addition. Iff andg are inV , then
we have

(| f (x)| + |g(x)|)p ≤ (
max{| f (x)|, |g(x)|} + max{| f (x)|, |g(x)|})p

= 2p max{| f (x)|p, |g(x)|p} ≤ 2p| f (x)|p + 2p|g(x)|p

for everyx in X. Integrating overX, we see thatf + g is in V if f andg are
in V .

Following the construction of the prototypesL1 and L2 in Section V.9, we
introduce the expression‖ f ‖p = ( ∫

X | f |p dµ
)1/p

for f in Vp. We would like
‖ · ‖p to be a pseudonorm in the sense of satisfying

(i) ‖x‖p ≥ 0 for all x ∈ V ,
(ii) ‖cx‖p = |c|‖x‖p for all scalarsc and allx ∈ V ,

(iii) ‖x + y‖p ≤ ‖x‖p + ‖y‖p for all x andy in V .

Properties (i) and (ii) are certainly satisfied, but a little argument is needed to
verify (iii). We return to this matter in a moment. Once the function‖ · ‖p on the
vector spaceVp is known to be a pseudonorm,Vp meets the conditions of being
a pseudo normed linear space in the sense of Section V.9.

We can pass to the set of equivalence classes just as in that section, and this set
is defined to beL p or L p(X) or L p(X, µ). The equivalence class of 0 is again
the set of all functions vanishing almost everywhere. The function‖ · ‖p is well
defined onL p, andL p is a normed linear space. In particular, it has the structure
of a metric space. This handles 1≤ p < ∞, and the spaceL∞ was constructed
in Section V.9.

As is true withL1, L2, andL∞, one sometimes relaxes the terminology and
works with the members ofL p(X) as if they were functions, saying, “Let the
function f be inL p(X)” or “Let f be anL p function.” There is little possibility
of ambiguity in using such expressions.

Let us return to property (iii) above. This will be proved as Minkowski’s
inequality below. But first we prove a numerical lemma and then “H¨older’s
inequality,” which is a version forL p of the Schwarz inequality forL2. Hölder’s
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inequality makes use of thedual index p′ to p, defined by the equality
1

p
+ 1

p′ = 1.

The dual index to 1 is∞, and vice versa. The index 2 is its own dual.

Lemma 9.1. If s, t , α, andβ are real numbers≥ 0 with α + β = 1, then

sαtβ ≤ αs + βt.

PROOF. If any of s, t, α, β is 0, the result is certainly true. If all are nonzero,
consider the function

f (x) = αxα−1 + (1 − α)xα,

defined forx > 0. The derivativef ′(x) = (1 − α)αxα−2(x − 1) is < 0 for
0 < x < 1, is= 0 for x = 1, and is> 0 for x > 1. Thereforef (x) assumes its
absolute minimum value forx = 1. Since f (1) = 1, we have

1 ≤ αxα−1 + (1 − α)xα = αx−β + βxα

for all x > 0. The lemma follows by puttingx = t/s in this inequality and by
multiplying both sides bysαtβ .

REMARK. Alternatively, this lemma can be proved by Lagrange multipliers in
the same way that Problem 20 at the end of Chapter III suggested using for the
arithmetic-geometric mean inequality.

Theorem 9.2(Hölder’s inequality). Let(X,A, µ) be any measure space, let
1 ≤ p ≤ ∞, and letp′ be the dual index top. If f is in L p andg is in L p′

, then
f g is in L1, and

‖ f g‖1 ≤ ‖ f ‖p‖g‖p′ .

REMARK. The inequality holds trivially if‖ f ‖p = +∞ or ‖g‖p′ = +∞.

PROOF. We already know the result ifp = 1 andp′ = ∞ or the other way
around. Thus suppose thatp > 1 andp′ > 1. We may assume that neitherf
nor g is 0 almost everywhere. Then we can apply Lemma 9.1 withα = p−1,
β = p′−1,

s = | f (x)|p∫
X | f |p dµ

, and t = |g(x)|p′∫
X |g|p′ dµ

,

getting
| f (x)g(x)|
‖ f ‖p‖g‖p′

≤ | f (x)|p

p
∫

X | f |p dµ
+ |g(x)|p′

p′ ∫
X |g|p′ dµ

.

Integrating, we obtain ∫
X | f g| dµ

‖ f ‖p‖g‖p′
≤ 1

p
+ 1

p′ = 1,

and the conclusions of the theorem follow.
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Theorem 9.3(Minkowski’s inequality). Let(X,A, µ) be any measure space,
and let 1≤ p ≤ ∞. If f andg are inL p, then f + g is in L p and

‖ f + g‖p ≤ ‖ f ‖p + ‖g‖p.

REMARK. The theorem assumes the usual convention thatf + g is made to
be 0 at any pointx where f (x) + g(x) is not defined. The set where this change
occurs is of measure 0 sincef andg have to be finite almost everywhere to be in
L p.

PROOF. We have already seen thatf + g is in L p, and we know the inequality
for p = 1 and p = ∞ from Section V.9. For 1< p < ∞, let p′ be the dual
index. We apply H¨older’s inequality (Theorem 9.2) tof and| f + g|p−1 and to
g and| f + g|p−1 to obtain∫

X | f + g|p dµ ≤ ∫
X | f + g| | f + g|p−1 dµ

≤ ∫
X | f | | f + g|p−1 dµ + ∫

X |g| | f + g|p−1 dµ

≤ ‖ f ‖p

( ∫ | f +g|(p−1)p′
dµ
)1/p′+‖g‖p

( ∫ | f +g|(p−1)p′
dµ
)1/p′

= ( ∫
X | f + g|p dµ

)1/p′
(‖ f ‖p + ‖g‖p),

the last step holding because(p − 1)p′ = p. If ‖ f + g‖p = 0, the inequality of
the theorem is certainly true. Otherwise the inequality of the theorem follows

after dividing the inequality of the display by
( ∫

X | f + g|p dµ
)1/p′

, which we
know to be finite, and using the fact that 1− 1

p′ = 1
p .

ThusL p is a normed linear space for 1≤ p ≤ ∞. Let us derive some of its
properties.

Proposition 9.4.Let (X,A, µ) be a measure space, and let 1≤ p < ∞. Then
every indicator function of a set of finite measure is inL p(X), and the smallest
closed subspace ofL p(X) containing all such indicator functions isL p(X) itself.
Consequently

(a) the set of simple functions built from sets of finite measure lies in every
L p(X) for 1 ≤ p ≤ ∞ and is dense inL p(X) if 1 ≤ p < ∞,

(b) 1 ≤ p1 ≤ p ≤ p2 ≤ ∞ andp < ∞ together imply thatL p1(X)∩L p2(X)

is dense inL p(X).

In addition,

(c) 1 ≤ p1 ≤ p ≤ p2 ≤ ∞ implies thatL p(X) ⊆ L p1(X) + L p2(X).
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PROOF. The conclusion in the second sentence of the proposition is proved by
the same argument as for Proposition 5.56. Part (a) then follows from Proposition
5.55d. Part (b) follows by combining these two results once it is known that
L p1(X)∩ L p2(X) ⊆ L p(X). For this inclusion letf be inL p1(X)∩ L p2(X). We
may assume thatp < ∞. If p2 < ∞, then∫

X | f |p dµ = ∫
{| f |>1} | f |p dµ + ∫

{| f |≤1} | f |p dµ

≤ ∫
{| f |>1} | f |p2 dµ + ∫

{| f |≤1} | f |p1 dµ < +∞,

and hencef is in L p(X). If p2 = ∞, then{| f | > 1} has finite measure sincef
is in L p1 and p1 < ∞. Thus∫

X | f |p dµ = ∫
{| f |>1} | f |p dµ + ∫

{| f |≤1} | f |p dµ

≤ ‖ f ‖p
∞ µ({| f | > 1}) + ∫

{| f |≤1} | f |p1 dµ < +∞,

and againf is in L p(X). This completes the proof of (b).
For (c), let f be inL p, and write f = f1 + f2, where

f1(x) =
{

f (x) if | f (x)| > 1

0 otherwise

}
and f2(x) =

{
f (x) if | f (x)| ≤ 1

0 otherwise

}
.

Then ∫
X

| f1|p1 dµ =
∫

{| f |>1}
| f |p1 dµ ≤

∫
{| f |>1}

| f |p dµ < ∞

shows thatf1 is in L p1(X). It is apparent thatf2 is in L∞(X), and thusf2 is
certainly inL p2(X) if p2 = ∞. If p2 < ∞, then∫

X
| f2|p2 dµ =

∫
{| f |≤1}

| f |p2 dµ ≤
∫

{| f |≤1}
| f |p dµ < ∞

shows thatf2 is in L p2(X). This proves (c).

Hölder’s inequality allows us to prove the following supplement to the con-
clusions of Proposition 9.4.

Proposition 9.5.Let (X,A, µ) be any measure space. Let 1≤ p1 < p < p2,
and definet with 0 ≤ t ≤ 1 by 1

p = 1−t
p1

+ t
p2

. Then

‖ f ‖p ≤ ‖ f ‖1−t
p1

‖ f ‖t
p2

.

PROOF. First suppose thatp2 < ∞. Since 1
p > 1−t

p1
, we can findb with

1 < b < +∞ such that 1
bp = 1−t

p1
. If b′ denotes the dual index, then1b′ p =
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1
p − 1

bp = 1
p − 1−t

p1
= t

p2
. Definea by the equationab = p1. Then(p − a)b′ =(

p − p1
b

) p2
tp = p2

(
1
t − p1

btp

) = p2
(

1
t − 1−t

t

) = p2.
We write| f |p = | f |a| f |p−a. Application of Hölder’s inequality with indexb

and dual indexb′ gives
∫ | f |p dµ ≤ ( ∫ | f |ab dµ

)1/b( ∫ | f |(p−a)b′
dµ
)1/b′

, and
hence

‖ f ‖p ≤ ( ∫ | f |ab dµ
)1/(bp)( ∫ | f |(p−a)b′

dµ
)1/(b′ p)

.

We have seen thatab = p1, 1/(bp) = (1− t)/p1, (p−a)b′ = p2, and 1/(b′ p) =
t/p2. Thus the inequality reads‖ f ‖p ≤ ‖ f ‖1−t

p1
‖ f ‖t

p2
, and the proof is complete

when p2 < ∞.
When p2 = ∞, we write | f |p = | f |p1| f |p−p1. Replacing| f |p−p1 by its

essential supremum gives
∫ | f |p dµ ≤ ‖ f ‖p−p1∞

∫ | f |p1 dµ and hence‖ f ‖p is

≤( ∫ | f |p1 dµ
)1/p‖ f ‖(p−p1)/p

∞ =( ∫ | f |p1 dµ
)(1−t)/p1‖ f ‖1−p1/p

∞ =‖ f ‖1−t
p1

‖ f ‖t
∞.

This completes the proof whenp2 = ∞.

We have already made serious use of the completeness ofL p for p equal to 1,
2, and∞ as proved in Theorem 5.58. As might be expected, this result extends
to be valid for the other values ofp.

Theorem 9.6. Let (X,A, µ) be any measure space, and let 1≤ p ≤ ∞.
Any Cauchy sequence{ fk} in L p has a subsequence{ fkn} such that‖ fkn − fkm‖p

≤ Cmin{m,n} with
∑

n Cn < +∞. A subsequence{ fkn} with this property is
necessarily Cauchy pointwise almost everywhere. Iff denotes the almost-
everywhere limit of{ fnk}, then the original sequence{ fk} converges tof in
L p. Consequently the spaceL p, when regarded as a metric space, is complete in
the sense that every Cauchy sequence converges.

REMARK. As in the case withp equal to 1, 2, and∞, the detail is important.
The detailed statement of the theorem allows us to conclude, among other things,
that if a sequence of functions is convergent inL p1 and in L p2, then the limit
functions in the two spaces are equal almost everywhere.

PROOF. We may assume thatp < ∞, the casep = ∞ having been handled
in Theorem 5.58. The argument for 1≤ p < ∞ is word-for-word the same as in
the proof forp = 1 andp = 2 of Theorem 5.58.

In Section V.9 the inequality‖ f + g‖p ≤ ‖ f ‖p + ‖g‖p for p equal to 1, 2,
or ∞ says in words that “the norm of a sum is≤ the sum of the norms.” In that
section we obtained a generalization for those values ofp, saying that “the norm
of an integral is≤ the integral of the norms.” The generalization continues to be
valid for the otherp’s under study; the proof amounts to a direct derivation from
Hölder’s inequality.
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Theorem 9.7 (Minkowski’s inequality for integrals). Let(X,A, µ) and
(Y,B, ν) beσ -finite measure spaces, and let 1≤ p ≤ ∞. If f is measurable on
X × Y, then∥∥∥ ∫

X
f (x, y) dµ(x)

∥∥∥
p,dν(y)

≤
∫

X
‖ f (x, y)‖p,dν(y) dµ(x)

in the following sense: The integrand on the right side is measurable. If the
integral on the right is finite, then for almost everyy [dν] the integral on the left
is defined; when it is redefined to be 0 for the exceptionaly’s, then the formula
holds.

PROOF. Theorem 5.60 handlesp = 1 andp = ∞, and we may assume that
1 < p < ∞. The measurability question is handled for 1< p < ∞ in the same
way as in Theorem 5.60 forp = 2. In proving the inequality, we may assume
without loss of generality thatf ≥ 0. The generalization of the computation in
the proof of Theorem 9.3 makes use of Fubini’s Theorem and proceeds as follows:∫

Y

∣∣ ∫
X f (x, y) dµ(x)

∣∣p dν(y)

= ∫
Y

∣∣ ∫
X f (x, y) dµ(x)

∣∣∣∣ ∫
X f (x′, y) dµ(x′)

∣∣p−1
dν(y)

= ∫
X

{ ∫
Y f (x, y)

∣∣ ∫
X f (x′, y) dµ(x′)

∣∣p−1
dν(y)

}
dµ(x)

≤ ∫
X

( ∫
Y | f (x, y)|p dν(y)

)1/p

× ( ∫
Y

∣∣ ∫
X f (x′, y) dµ(x′)

∣∣(p−1)p′
dν(y)

)1/p′
dµ(x)

= ( ∫
X ‖ f (x, y)‖p,dν(y) dµ(x)

) ( ∫
Y

∣∣ ∫
X f (x′, y) dµ(x′)

∣∣p dν(y)
)1/p′

.

The next-to-last step uses H¨older’s inequality (Theorem 9.2), and the last step
uses the fact that(p − 1)p′ = p.

In order to complete the proof, we need to be able to divide by the factor( ∫
Y

∣∣ ∫
X f (x′, y) dµ(x′)

∣∣p dν(y)
)1/p′

. There is no problem with the theorem if
this factor is 0, since then the left side of the inequality of the theorem is 0. A
problem occurs if this factor is infinite. Instead of trying to prove directly that this
factor is finite (and hence the division is allowable), let us retreat to the special
case thatf is bounded and is equal to 0 off an abstract rectangle of finiteµ × ν

measure. Then the factor in question is certainly finite, the division is allowable,
and we obtain the inequality of the theorem. To handle general measurablef ≥ 0,
we do not attempt to justify this division. Instead, we observe that the validity
of the inequality in the theorem whenf is bounded and is equal to 0 off a set of
finite µ× ν measure implies the validity of the inequality in general, by a routine
application of monotone convergence. This completes the proof.
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The last basic fact aboutL p spaces is the identification of continuous linear
functionals onL p, at least whenp is finite. Deriving the necessary tools for this
analysis will require a digression, and we shall return to this topic in Section 5.
Meanwhile, we can easily obtain one part of the identification of continuous linear
functionals, as in Proposition 9.8 below. It amounts to a combination of H¨older’s
inequality and a converse, and it gives a way of computingL p norms by starting
with computations that are linear.

Proposition 9.8. Let (X,A, µ) be any measure space, let 1≤ p ≤ ∞, and
let p′ be the dual index. Ifp < ∞, then

‖ f ‖p = sup
g∈L p′

,

‖g‖p′≤1

∣∣∣∣ ∫
X

f g dµ

∣∣∣∣,
and this equality remains valid forp = ∞ if µ is σ -finite.

REMARK. The equality can fail whenp = ∞ andµ is notσ -finite. Problem 4
at the end of the chapter gives an example.

PROOF. With 1 ≤ p ≤ ∞, if g is in L p′
with ‖g‖p′ ≤1, then Hölder’s inequality

gives
∣∣∫ f g dµ

∣∣ ≤ ∫ | f g| dµ ≤ ‖ f ‖p‖g‖p′ ≤ ‖ f ‖p. Taking the supremum over
g with ‖g‖p′ ≤ 1 shows that supg

∣∣ ∫ f g dµ
∣∣ ≤ ‖ f ‖p.

For the reverse inequality we may assume that‖ f ‖p �= 0. First suppose that
1 < p < ∞. Defineg(x) by

g(x) =
{ ‖ f ‖−(p−1)

p f (x) | f (x)|p−2 if f (x) �= 0,

0 if f (x) = 0.

Then
∫ |g(x)|p′

dµ = ‖ f ‖−(p−1)p′
p

∫ | f (x)|(p−1)p′
dµ = ‖ f ‖−p

p
∫ | f (x)|p dµ =

1. For thisg, we have
∣∣ ∫ f g dµ

∣∣ = ‖ f ‖−(p−1)
p

∫ | f |p dµ = ‖ f ‖p. Thus the
supremum over the relevantg’s of

∣∣ ∫ f g dµ
∣∣ is ≥ ‖ f ‖p.

Next suppose thatp = 1. If we defineg(x) to be f (x)/| f (x)| when f (x) �= 0
and to be 0 whenf (x) = 0, then‖g‖∞ = 1 and

∣∣ ∫ f g dµ
∣∣ = ∫ | f |2/| f | dµ =

‖ f ‖1, and the supremum overg of
∣∣ ∫ f g dµ

∣∣ is ≥ ‖ f ‖1.
Finally suppose thatp = ∞. Letε > 0 be given withε ≤ ‖ f ‖∞, and letE be

the set where| f (x)| ≥ ‖ f ‖∞ − ε. Sinceµ is σ -finite, there must exist a subset
of E with nonzero finite measure. IfF is such a subset and ifg(x) is defined to be
µ(F)−1 f (x)/| f (x)| whenx is in F and to be 0 whenx is in Fc, then‖g‖1 = 1
and

∣∣ ∫
X f g dµ

∣∣ = µ(F)−1
∫

F | f | dµ ≥ ‖ f ‖∞ − ε. Thus the supremum over
g of

∣∣ ∫
X f g dµ

∣∣ is ≥ ‖ f ‖∞ − ε. Sinceε is arbitrary, the supremum overg of∣∣ ∫
X f g dµ

∣∣ is ≥ ‖ f ‖∞.
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2. Convolution Involving L p

In this section we collect results aboutL p spaces that extend facts proved about
L1, L2, andL∞ in the first three sections of Chapter VI.

Proposition 9.9. If µ is a Borel measure on a nonempty open setV in RN and
if 1 ≤ p < ∞, then

(a) Ccom(V) is dense inL p(V, µ),
(b) the smallest closed subspace ofL p(V, µ) containing all indicator func-

tions of compact subsets ofV is L p(V, µ) itself,
(c) L p(V, µ) is separable.

PROOF. Parts (a) and (b) are proved from Lemma 6.22c, the regularity of
µ (Theorem 6.25), Proposition 9.4, and Proposition 5.56 by the same kind of
argument as for Corollary 6.4. Part (c) is obtained as a consequence in the same
way that Corollary 6.27d follows from the other parts of that corollary.

The remaining results in this section concern Lebesgue measure inRN , and
theL p spaces are understood to beL p(RN, {Borel sets}, dx).

Proposition 9.10.Let 1 < p < ∞, and letp′ be the dual index. Convolution
is defined in the following additional cases beyond those listed in Proposition
6.14, and the indicated inequalities hold:

(e) for f in L1(RN, dx)andg in L p(RN, dx), and then‖ f ∗g‖p ≤‖ f ‖1‖g‖p,
for f in L p(RN, dx)andg in L1(RN, dx), and then‖ f ∗g‖p ≤‖ f ‖p‖g‖1,

(f) for f in L p(RN, dx) and g in L p′
(RN, dx), and then‖ f ∗ g‖∞ ≤

‖ f ‖p‖g‖p′ ,

for f in L p′
(RN, dx) and g in L p(RN, dx), and then‖ f ∗ g‖∞ ≤

‖ f ‖p′‖g‖p.

PROOF. The two conclusions in (e) follow from Minkowski’s inequality for
integrals (Theorem 9.7) in the same way that the special case ofp = 2 was
proved in Proposition 6.14 from Theorem 5.60. The two conclusions in (f)
follow from Hölder’s inequality (Theorem 9.2) in the same way that the special
casep = p′ = 2 was proved in Proposition 6.14 from the Schwarz inequality.

Proposition 9.11.If 1 ≤ p < ∞, then translation of a function is continuous
in the translation parameter inL p(RN, dx). In other words, iff is in L p(RN, dx),
then limh→0 ‖τt+h f − τt‖p = 0 for all t .

PROOF. This follows from the denseness ofCcom(RN) in L p(RN, dx) (Propo-
sition 9.9a) and is proved in the same way that Proposition 6.16 is derived from
Corollary 6.4a.
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Proposition 9.12.Let 1 ≤ p ≤ ∞, and letp′ be the dual index. Then the con-
volution of anL p function with anL p′

function results in an everywhere-defined
bounded uniformly continuous function, not just anL∞ function. Moreover,

‖ f ∗ g‖sup ≤ ‖ f ‖p‖g‖p′ .

PROOF. This extends Proposition 6.18 and is derived for 1< p < ∞ from
Propositions 9.10 and 9.11 in the same way that Proposition 6.18 is derived for
p = 2 from Propositions 6.14 and 6.16.

Theorem 9.13.Let ϕ be inL1(RN, dx), define

ϕε(x) = ε−Nϕ(ε−1x) for ε > 0,

and putc = ∫
RN ϕ(x) dx. If f is in L p(RN, dx) with 1 ≤ p < ∞, then

lim
ε↓0

‖ϕε ∗ f − c f ‖p = 0.

PROOF. This is derived from Minkowski’s inequality for integrals (Theorem
9.7) and the continuity of translation inL p (Proposition 9.11) in the same way
that Theorem 6.20a is derived forp = 2 from Theorem 5.60 and Proposition
6.16.

3. Jordan and Hahn Decompositions

Now we digress before returning in Section 5 to the subject of continuous linear
functionals onL p spaces. The subject of the present section is decompositions of
additive and completely additive real-valued set functions into positive and nega-
tive parts. This material will be applied in Section 4 to obtain the Radon–Nikodym
Theorem, an abstract generalization of some consequences of Lebesgue’s theory
of differentiation of integrals. In turn, we shall use the Radon–Nikodym Theorem
in Section 5 to address the subject of continuous linear functionals onL p spaces.

A real-valued additive set functionν on an algebra of sets is said to bebounded
if |ν(E)| ≤ C for all E in the algebra. A real-valued completely additive set
function on aσ -algebra of sets is said to be asigned measure.

Theorem 9.14 (Jordan decomposition). Letν be a bounded additive set
function on an algebraA of sets, and define set functionsν+ and ν− on A
by

ν+(E) = sup
F⊆E,
F∈A

ν(F) and ν−(E) = − inf
F⊆E,
F∈A

ν(F).
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Thenν+ andν− are nonnegative bounded additive set functions onA such that
ν = ν+ − ν−. They are completely additive ifν is completely additive. In any
event, the decompositionν = ν+ − ν− is minimal in the sense that an equality
ν = µ+−µ− in whichµ+ andµ− are nonnegative bounded additive set functions
must haveν+ ≤ µ+ andν− ≤ µ−.

PROOF. First let us see thatν+ is additive always. In fact, letE1 and E2 be
disjoint members ofA. If F ⊆ E1 ∪ E2, then the additivity ofν implies that
ν(F) = ν(F ∩ E1) + ν(F ∩ E2) ≤ ν+(E1) + ν+(E2). Hence

ν+(E1 ∪ E2) ≤ ν+(E1) + ν+(E2).

On the other hand, ifF1 ⊆ E1 andF2 ⊆ E2, thenν(F1)+ ν(F2) = ν(F1 ∪ F2) ≤
ν+(E1 ∪ E2). Taking the supremum overF1 and then overF2 gives

ν+(E1) + ν+(E2) ≤ ν+(E1 ∪ E2).

Thusν+ is additive.
Second let us see thatν+ is completely additive ifν is completely additive.

Let En be a disjoint sequence of sets inA whose unionE is inA. If F ⊆ E, then
the complete additivity ofν implies thatν(F) = ∑

n ν(F ∩ En) ≤ ∑
n ν+(En).

Henceν+(E) ≤ ∑∞
n=1 ν+(En). On the other hand, the fact thatν+ is nonnegative

additive implies for everyN that
∑N

n=1 ν+(En) = ν+(E1 ∪ · · · ∪ EN) ≤ ν+(E).
Thus

∑∞
n=1 ν+(En) ≤ ν+(E). Thereforeν+ is completely additive.

Third let us see thatν = ν+ − ν−. This equality will imply also thatν−
is additive and thatν− is completely additive ifν is completely additive. Form
ν(E)+ν−(E) = ν(E)+supF⊆E{−ν(F)}; we are to show that this equalsν+(E).
For anyF ⊆ E, we haveν(E) + (−ν(F)) = ν(E − F) ≤ ν+(E). Taking the
supremum overF gives ν(E) + ν−(E) ≤ ν+(E). In the reverse direction,
F ⊆ E implies thatν(F) = ν(E) − ν(E − F) ≤ ν(E) + supG⊆E{−ν(G)} =
ν(E) + ν−(E). Taking the supremum overF givesν+(E) ≤ ν(E) + ν−(E).
This proves the decompositionν = ν+ − ν−.

Finally we prove the minimality of the decomposition. Letν = µ+ − µ−
with µ+ andµ− nonnegative additive. IfF ⊆ E, then we can writeν(F) =
µ+(F) − µ−(F) ≤ µ+(F) ≤ µ+(E). Taking the supremum overF gives
ν+(E) ≤ µ+(E). Similarly ν− ≤ µ−.

Theorem 9.15(Hahn decomposition). Ifν is a bounded signed measure on a
σ -algebraA of subsets ofX, then there exist disjoint measurable setsP andN
in A with X = P ∪ N such thatν(E) ≥ 0 for all setsE ⊆ P andν(E) ≤ 0 for
all setsE ⊆ N.
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PROOF. Write ν = ν+ − ν− as in Theorem 9.14. Ifε > 0 is given, chooseA
in A with ν(A) ≥ ν+(X) − ε. Then

ν−(A) = ν+(A) − ν(A) ≤ ν+(A) − ν+(X) + ε ≤ ε

ν+(Ac) = ν+(X) − ν+(A) ≤ ν(A) + ε − ν+(A) ≤ ε.and

By taking P0 = A and N0 = Ac, we see that for anyε > 0 we can write
X = P0 ∪ N0 disjointly with ν+(N0) ≤ ε andν−(P0) ≤ ε.

For n ≥ 1, write X = Pn ∪ Nn disjointly with ν+(Nn) ≤ 2−n andν−(Pn) ≤
2−n. Define

P = ⋃∞
n=1

⋂∞
m=n Pm and N = Pc = ⋂∞

n=1

⋃∞
m=n Nm.

These sets are inA sinceA is a σ -algebra. Theorem 9.14 shows thatν− is
completely additive, and henceν−(P) ≤ ∑∞

n=1 ν−(⋂∞
m=n Pm

)
. The right side

is 0 sinceν−(⋂∞
m=n Pm

) ≤ ν−(Pn+k) ≤ 2−(n+k) for all k ≥ 0, and there-
fore ν−(P) = 0. In addition, everyn hasν+(N) ≤ ν+(⋃∞

m=n ν+(Nm)
) ≤∑∞

m=n ν+(Nm) ≤ ∑∞
m=n 2−m = 2−n+1, and thereforeν+(N) = 0.

4. Radon–Nikodym Theorem

The Lebesgue decomposition of Chapter VII says that any Stieltjes measureµ on
the line decomposes asµ(E) = ∫

E f dx + µs with µs concentrated on a Borel
set of Lebesgue measure 0. The functionf is obtained in that chapter as the
derivative almost everywhere of the distribution function ofµ, hence as the limit
of µ(I )/m(I ) as intervalsI shrink to a point; herem is Lebesgue measure. In
this formulation of the result, the geometry of the line plays an essential role, and
attempts to generalize to abstract settings the construction off from limits of
µ(I )/m(I ) have not been fruitful.

Nevertheless, the Lebesgue decomposition itself turns out to be a general
measure-theory theorem, valid for any two measures in place ofµ anddx, as
long as suitable finiteness conditions are satisfied. For a reinterpretation of the
results of Chapter VII, the heart of the matter is that one can tell in advance which
µ’s haveµ(E) = ∫

E f dx with the singular termµs absent. The answer is given
by the equivalent conditions of Proposition 7.11, which are taken in that chapter as
a definition of “absolute continuity” ofµ with respect todx. The remarkable fact
is that those conditions continue to be equivalent when any two finite measures
replaceµ anddx. This is the content of the Radon–Nikodym Theorem, which
we shall prove in this section, and then a version of the Lebesgue decomposition
will follow as a consequence.

Let X be a nonempty set, and letA be aσ -algebra of subsets ofX. If µ andν

are measures defined onA, we say thatν is absolutely continuouswith respect
to µ, writtenν � µ, if ν(E) = 0 wheneverµ(E) = 0.
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Theorem 9.16(Radon–Nikodym Theorem). Let(X,A, µ) be aσ -finite mea-
sure space, and letν be aσ -finite measure onA with ν � µ. Then there exists a
measurablef ≥ 0 such thatν(E) = ∫

E f dµ for all E in A, and f is unique up
to a set ofµ measure 0.

The Radon–Nikodym Theorem has two chief initial applications. One is to
the identification of continuous linear functionals onL p for 1 ≤ p < ∞, and the
other is to the construction of “conditional expectation” in probability theory. The
application toL p will be given in Section 5, and the application to conditional
expectation appears in Problems 23–26 at the end of the chapter.

In both applications one needs a version of the theorem in which the completely
additive set functionν is complex-valued but not necessarily≥ 0. We take up
this extension of the theorem later in this section.

Most of the effort in the proof goes into showing existence whenµ andν

are both finite measures, as we shall see. In this setting we can quickly use the
Hahn decomposition (Theorem 9.15) to get an idea how to constructf : Imagine
thatν(E) = ∫

E f dµ for all E. Fix c andd, and letS be the set ofx’s where
c ≤ f (x) < d. On any subsetE of S, we then havecµ(E) ≤ ν(E) ≤ dµ(E).
In other words, the bounded signed measureν − cµ is ≥ 0 on every subset of
S, and the bounded signed measureν − dµ is ≤ 0 on every subset ofS. Let
X = Pc ∪ Nc andX = Pd ∪ Nd be Hahn decompositions ofν − cµ andν − dµ

with respect toµ. Then it is reasonable to expectS to bePc ∩ Nd. In particular,c
is a good lower bound for the values off on S. It is easy to imagine that we can
use this process repeatedly to obtain a monotone sequence of functionsfn ≥ 0
tending to the desired functionf .

Actually, this argument can be pushed through, but handling the details is a
good deal more complicated than one might at first suppose. The reason is that
a Hahn decomposition is not necessarily unique. Sets of measure 0 account for
the nonuniqueness, and the particular measures yielding these sets of measure 0
are constantly changing. The complication is that one has to adjust all the Hahn
decompositions to satisfy various compatibility conditions. We shall not pursue
this idea because a simpler proof is available.

PROOF OF UNIQUENESS INTHEOREM 9.16. Suppose thatf and g are non-
negative measurable functions with

∫
E f dµ = ∫

E g dµ for every measurable
E. If F is a set where the equal integrals

∫
F f dµ and

∫
F g dµ are finite, then∫

E∩F ( f − g) dµ = 0 for every measurable subsetE ∩ F of F . If E is taken
as the set wheref > g, then Corollary 5.23 shows thatf = g a.e. onE ∩ F .
Similarly f = g a.e. on the setEc ∩ F , where f ≤ g. Thus f = g a.e. onF . By
σ -finiteness ofµ andν, we can writeX = ⋃∞

n=1 Xn disjointly with µ(Xn) and
ν(Xn) finite for all n. TakingF equal to eachXn in turn, we see thatf = g a.e.
on eachXn, and we conclude thatf = g a.e. onX.
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PROOF OF EXISTENCE INTHEOREM9.16WHEN µ AND ν ARE FINITE. LetF(ν)

be the set of allf ≥ 0 in L1(X, µ) such that
∫

E f dµ ≤ ν(E) for all setsE in
A. The zero function is inF(ν), and thus it makes sense to define

C = sup
f ∈F(ν)

∫
X

f dµ.

Let { fn} be a sequence inF(ν) with limn
∫

X fn dµ = C.
Let us show that there is no loss of generality in assuming that thefn satisfy

f1 ≤ f2 ≤ · · · . To show this, it is enough to show thatg andh in F(ν) implies
that max{g, h} is in F(ν). We have∫

E max{g, h} dµ = ∫
E∩{g≥h} g dµ + ∫

E∩{g<h} h dµ

≤ ν(E ∩ {g ≥ h}) + ν(E ∩ {g < h}) = ν(E),

and hence max{g, h} is indeed inF(ν).
With the fn’s now increasing withn, put f (x) = limn f (x). Monotone

convergence shows thatf is in F(ν) and
∫

X f dµ = C. Define

ν0(E) = ν(E) −
∫

E
f dµ.

Thenν0 is a measure,ν0 � µ, and the classF(ν0) for ν0 consists of 0 alone. We
shall complete this part of the proof by showing thatν0 = 0.

If ν0 �= 0, choosen large enough so thatν0(X) − 1
n µ(X) > 0, and put

ν ′
0 = ν0 − 1

n µ. Let X = P ∪ N be a Hahn decomposition forν ′
0 as in Theorem

9.15, and defineg = 1
n I P. Then the calculation∫

E
1
n I P dµ = 1

n µ(P ∩ E) = ν0(P ∩ E) − ν ′
0(P ∩ E) ≤ ν0(P ∩ E) ≤ ν0(E)

shows thatg is in F(ν0). Henceg = 0 a.e. [dµ], andµ(P) = 0. Sinceν0 � µ,
we obtainν0(P) = 0 and therefore alsoν ′

0(P) = 0. Thenν ′
0 ≤ 0, and we must

haveν0(X) − 1
nµ(X) ≤ 0. This contradicts the choice ofn, and the proof of

existence is complete whenµ andν are finite.

PROOF OF EXISTENCE INTHEOREM 9.16WHEN µ AND ν ARE σ -FINITE. Write
X as the countable disjoint union of setsXn such thatµ(Xn) andν(Xn) are both
finite. If we putµn(E) = µ(E∩ Xn) andνn(E) = ν(E∩ Xn), thenµn andνn are
finite measures such thatνn � µn, and the above special case produces functions
fn ≥ 0 such thatνn(E) = ∫

E fn dµn for all E. Sinceνn(Xc
n) = 0, we may

assume thatfn(x) = 0 for x /∈ Xn. Let f ≥ 0 be the measurable function that
equals fn on Xn for eachn. Then our formula readsν(E ∩ Xn) = ∫

E∩Xn
f dµ

for all n and for allE. Summing onn, we obtainν(E) = ∫
E f dµ for all E in A.
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Corollary 9.17. Let (X,A, µ) be a finite measure space, and letν be a (real-
valued) bounded signed measure onA with ν � µ in the sense thatµ(E) = 0
impliesν(E) = 0. Then there exists a functionf in L1(X, µ) such thatν(E) =∫

E f dµ for all E in A, and f is unique up to a set ofµ measure 0.

PROOF. Letν = ν+−ν− be the Jordan decomposition ofν as in Theorem 9.14,
and letX = P ∪ N be a Hahn decomposition ofν as in Theorem 9.15. Suppose
µ(E) = 0. Sinceµ is nonnegative, we obtainµ(E ∩ P) = 0 andµ(E ∩ N) = 0,
and the assumptionν � µ forces

0 = ν(E ∩ P) = ν+(E ∩ P) = ν+(E)

0 = ν(E ∩ N) = −ν−(E ∩ N) = −ν−(E).and

Thereforeν+ � µ andν− � µ, and the corollary follows by applying Theorem
9.16 toν+ andν− separately.

Corollary 9.18. Let (X,A, µ) be aσ -finite measure space, and letν be a
σ -finite measure onA. Then there exist a measurablef ≥ 0 and a setS in A
with µ(S) = 0 such thatν = f dµ+ νs, whereνs(E) = ν(E ∩ S). The measure
νs is unique, and the functionf is unique up to a set ofµ measure 0.

REMARK. The measureνs, being carried on a set ofµ measure 0, is said to be
singular with respect toµ. The measuref dµ is, of course, absolutely continuous
with respect toµ. The decomposition ofν into the sum of an absolutely continuous
part and a singular part is called theLebesgue decompositionof ν with respect to
µ. The corollary asserts that this decomposition of measures exists and is unique.

PROOF. As in the proof of Theorem 9.16, we can reduce matters to the case
that ν andµ are both finite, and it is therefore enough to handle this special
case. Among all setsE in A with µ(E) = 0, let C be the supremum ofν(E).
The numberC is finite, being≤ ν(X). Choose a sequence of setsEn in A with
µ(En) = 0 andν(En) increasing toC. Without loss of generality, we may assume
that E1 ⊆ E2 ⊆ · · · . PutS = ⋃

n En. Proposition 5.2 shows thatµ(S) = 0 and
ν(S) = C. Defineνa(E) = ν(E ∩ Sc) andνs(E) = ν(E ∩ S). Thenνa andνs

are measures, andν = νa + νs.
Certainly νs is singular with respect toµ, being carried on the setS of µ

measure 0. Let us see thatνa is absolutely continuous. Thus suppose thatµ(E) =
0. Thenµ(S∪ E) ≤ µ(S) + µ(E) = 0, and the construction ofC shows that
ν(S∪ E) ≤ C = ν(S). Thereforeν(S∪ E)−ν(S) ≤ 0 andν(S∪ E)−ν(S) = 0.
Hence 0= ν(S∪ E)−ν(S) = ν(E − S) = ν(E ∩ Sc) = νa(E), andνa is indeed
absolutely continuous. Applying the Radon–Nikodym Theorem (Theorem 9.16),
we obtainν = νa + νs = f dµ + νs. This proves existence.
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For uniqueness, suppose that we haveν = f dµ + νs = f # dµ + ν#
s with νs

andν#
s carried on respective setsSandS# of µ measure 0. The functionsf and f #

are integrable with respect toµ, and we have
∫

E( f − f #) dµ = ν#
s(E) − νs(E).

Taking E to be any subsetT in A of S∪ S#, we see that 0= ν#
s(T) − νs(T).

Thereforeν#
s(T) = νs(T) wheneverT ⊆ S ∪ S#. On (S ∪ S#)c, we have

ν#
s((S ∪ S#)c) = νs((S ∪ S#)c) = 0. Thereforeν#

s = νs. The uniqueness of
the function part follows from the uniqueness in the Radon–Nikodym Theorem,
which is part of the statement of that theorem (Theorem 9.16).

5. Continuous Linear Functionals onL p

We return to the question of identifying the continuous linear functionals onL p

spaces. Let(X,A, µ) be a fixedσ -finite measure space. The spaceL p(X, µ)

is a normed linear space and, as such, is both a vector space and a metric space.
The scalars may be real or complex.

Recall from Section V.9 that a linear functional onL p(X, µ) is a linear function
from L p(X, µ) into the scalars. Proposition 5.57 shows that a linear functional
x∗ is continuous if and only if it is bounded in the sense that|x∗( f )| ≤ C‖ f ‖p

for some constantC and all f in L p. The inequality|x∗( f )| ≤ C‖ f ‖p holds for
all f in L p if and only if it holds for all f with ‖ f ‖p ≤ 1, if and only if it holds
for all f with ‖ f ‖p = 1. If there is such a constantC, then the finite number

‖x∗‖ = sup
‖ f ‖p≤1

|x∗( f )| = sup
‖ f ‖p=1

|x∗( f )|

is the least such constantC and is called thenorm of x∗. Since‖x∗‖ is one such
constantC, we have

|x∗( f )| ≤ ‖x‖∗‖ f ‖p.

Let p be the dual index top, defined by 1
p + 1

p′ = 1. Each memberg

of L p′
(X, µ) provides an example of a continuous linear functional onL p by

the formulax∗( f ) = ∫
X f g dµ. The linear functionalx∗ is bounded, hence

continuous, as a consequence of H¨older’s inequality:
∣∣ ∫

X f g dµ
∣∣ ≤ ‖g‖p′‖ f ‖p.

This inequality shows that‖x∗‖ ≤ ‖g‖p′ . Proposition 9.8 shows that equality
‖x∗‖ = ‖g‖p′ holds ifµ is σ -finite.

Theorem 9.19 gives a converse when 1≤ p < ∞, saying that there are no
other examples of continuous linear functionals ifµ isσ -finite. By contrast, there
canbe other examples in the case ofL∞(X, µ). For example, for the situation
in which X is the set of positive integers andA consists of all subsets ofX and
µ is the counting measure, Problems 39–43 at the end of Chapter V show how
to construct a bounded additive set function onA that is not completely additive,
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and they show how this set function leads to a notion of integration (hence a linear
functional) on thisL∞ space; this linear functional is not given by anL1 function.

Theorem 9.19(Riesz Representation Theorem forL p). Let (X,A, µ) be a
σ -finite measure space, let 1≤ p < ∞, and letp′ be the dual index top. If x∗ is
a continuous linear functional onL p(X, µ), then there exists a unique memberg
of L p′

(X, µ) such that

x∗( f ) =
∫

X
f g dµ

for all f in L p. For this functiong, ‖x∗‖ = ‖g‖p′ .

REMARKS. For 1≤ p < ∞, Proposition 9.9 shows thatL p(V, µ) is separable
if µ is a Borel measure on an open subset ofRN . For this or any other setting
in which any of theseL p spaces is separable, Alaoglu’s Theorem (Theorem
5.58) says that any bounded sequence inL p(V, µ)∗ has a weak-star convergent
subsequence. Because of Theorem 9.19 we know what the members of the dual
space are. Thus any bounded sequence inL p′

has a subsequence that is convergent
weak-star againstL p. In effect we obtain a nonconstructive way of producing
members ofL p′

. Problem 8 at the end of the chapter will illustrate the usefulness
of this technique.

PROOF OF UNIQUENESS. Write X = ⋃∞
n=1 Xn disjointly with µ(Xn) finite

for all n. If
∫

X f g dµ = 0 for all f in L p, then
∫

X I A∩Xn g dµ = 0 for every
measurable subsetA of X. Taking A successively to be each of the sets where
Reg or Img is ≥ 0 or is ≤ 0 and applying Corollary 5.23, we see thatg is 0
almost everywhere onXn for eachn. Henceg is 0 almost everywhere.

PROOF OF EXISTENCE IFµ(X) IS FINITE. Temporarily let us suppose that the
underlying scalars are real. Define a set functionν onA by ν(E) = x∗(I E); ν is
well defined because everyI E is in L p, andν is additive becausex∗ is linear. If
En is an increasing sequence of measurable sets with unionE, then limn IEn = I E

pointwise, and hence limn |I E− I En |p = 0 pointwise. By dominated convergence,
limn ‖I E − I En‖p = 0. Thus

|ν(E) − ν(En)| = |x∗(I E − I En)| ≤ ‖x∗‖‖I E − I En‖p,

and the right side has limit 0. By Proposition 5.2,ν is completely additive.
The set functionν is bounded because|ν(E)| = |x∗(I E)| ≤ ‖x∗‖‖I E‖p =
‖x∗‖(µ(E))1/p ≤ ‖x∗‖(µ(X))1/p, and it satisfiesν � µ because ifµ(E) = 0,
then I E is the 0 function ofL p and thusν(E) = x∗(I E) = x∗(0) = 0. By the
Radon–Nikodym Theorem in the form of Corollary 9.17, there exists an integrable
real-valued functiong such thatν(E) = ∫

E g dµ for all E, i.e.,

x∗(I E) =
∫

X
IEg dµ for every measurable setE.
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By linearity, this equality extends to show thatx∗(s) = ∫
X sg dµ for every

simple functions. Let f ≥ 0 be in L p, and choose an increasing sequence
{sn} of simple functions≥ 0 with pointwise limit f . We shall show thatf g
is integrable andx∗( f ) = ∫

f g dµ. In fact, let A be the set whereg(x) ≥ 0.
Then limn | f I A − sn I A|p = 0 pointwise, and hence limn ‖ f I A − sn I A‖p = 0 by
dominated convergence. Since

|x∗( f I A) − x∗(sn I A)| ≤ ‖x∗‖‖ f I A − sn I A‖p

and since the right side tends to 0, the set{x∗(sn I A)} of numbers is bounded.
Thus the set

{ ∫
X sn I Ag dµ

}
of equal numbers is bounded. Sinceg ≥ 0 on A, the

functionssn I Ag increase tof I Ag, and thus
∫

X f I Ag dµ is finite by monotone
convergence. In other words,f g+ is integrable. Similarlyf g− is integrable, and
thus f g is integrable. Since limn x∗(sn I A) = x∗( f I A) and limn

∫
X sn I Ag dµ =∫

X f I Ag dµ and since a similar result holds forg−, we conclude that

x∗( f ) =
∫

X
f g dµ for all f ≥ 0 in L p.

This conclusion, now proved forf ≥ 0, immediately extends by linearity to all
f in L p and completes the verification thatx∗( f ) = ∫

X f g dµ in the case that
the scalars are real.

If the scalars are complex, we apply the above argument to the restrictions of
Rex∗ and Imx∗ to the real-valued functions inL p, obtaining real-valued functions
g1 andg2 in L p′

with Rex∗( f ) = ∫
X f g1 dµ and Imx∗( f ) = ∫

X f g2 dµ for all
real-valued f . Thenx∗( f ) = ∫

X f (g1 + ig2) dµ for all real-valued f , and it
follows that this same equality is valid for all complex-valuedf . Sinceg1 andg2

are inL p, so isg1 + ig2. This completes the verification thatx∗( f ) = ∫
X f g dµ

for a suitableg in the case that the scalars are complex.
Finally Proposition 9.8 shows that‖x∗‖ = ‖g‖p′ and completes the proof of

the theorem under the assumption thatµ(X) is finite.

PROOF OF EXISTENCE IFµ(X) IS σ -FINITE. Again we temporarily suppose
that the underlying scalars are real. Sinceµ is σ -finite, we can writeX as the
increasing union of setsEn of finite measure. LetL p

n be the set of members ofL p

that vanish offEn, and letx∗
n be the restriction ofx∗ to L p

n . Find, by the special
case just completed, a functiongn for eachn such thatx∗

n( fn) = ∫
En

fngn dµ for
all fn in L p

n . The already proved uniqueness result implies that the restriction of
gn+1 to En equalsgn almost everywhere [dµ]. Let g be the measurable function
equal tog1 on E1 and equal togn on En − En−1 if n ≥ 2. Let A be the set where
g(x) ≥ 0, and letf ≥ 0 be inL p. Then f I En∩A increases tof I A, and dominated
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convergence implies that limn ‖ f I En∩A − f I A‖p = 0. Since f I En∩Ag increases
pointwise to f I Ag, monotone convergence gives∫

X f I Ag dµ = limn
∫

X f IEn∩Ag dµ = limn
∫

X f IEn∩Agn dµ

= limn x∗
n( f I En∩A) = limn x∗( f I En∩A) = x∗( f I A),

the last equality holding since‖ f I En∩A − f I A‖p tends to 0. Hencef g+ is
integrable. By proceeding similarly with the set whereg(x) < 0 and by writing
a generalf as f = f + − f −, we conclude thatf g is integrable for everyf in
L p andx∗( f ) = ∫

X f g dµ, provided the scalars are real.
Again there is no difficulty in extending the argument to the case that the scalars

are complex, and Proposition 9.8 shows that‖x∗‖ = ‖g‖p′ .

6. Marcinkiewicz Interpolation Theorem

This section concerns linear functions and some almost-linear functions between
L p spaces. We saw evidence in Proposition 9.5 that theL p spaces behave
collectively like a well-behaved family of spaces. That result specifically gave
an upper bound for‖ f ‖p in terms of‖ f ‖p1

and‖ f ‖p2
when p1 ≤ p ≤ p2. It

turns out that linear functions between pairs ofL p spaces satisfy inequalities of
a similar sort.

There are two classes of results in this direction. Results of the first kind use
methods of complex analysis, address bounded linear operators only, and give
estimates for a one-parameter family of operators that are sharp at the ends. The
main result of this kind is the “Riesz1 Convexity Theorem,” whose precise general
statement and proof we omit. The thrust of the theorem is that if a linear operator
T satisfies the two estimates‖T( f )‖q1

≤ M1‖ f ‖p1
and‖T( f )‖q2

≤ M2‖ f ‖p2
,

thenT satisfies also an estimate‖T( f )‖q ≤ M‖ f ‖p for all pairs(p, q) such that(
1
p, 1

q

)
lies on the line segment in the

(
1
p, 1

q

)
plane from

(
1
p1

, 1
q1

)
to
(

1
p2

, 1
q2

)
. The

conclusion gives also some specific information aboutM .
The existence of someM in the Riesz theorem can be obtained in most cases

of interest by a corresponding real-analysis result known as the “Marcinkiewicz
Interpolation Theorem.” We include below a statement of the Marcinkiewicz
theorem in general and the proof in a special case of exceptional interest. The
Marcinkiewicz theorem imposes some restrictions on the pairs(p1, q1) and
(p2, q2) that are not needed in the Riesz theorem, but situations that do not

1The person in question here is Marcel Riesz, whose name is associated also with convergence
of the partial sums of the Fourier series of anL p function inL p for 1 < p < ∞. The other mentions
of the name “Riesz” in this book, namely in connection with the Rising Sun Lemma of Section VII.1
and various results known as the Riesz Representation Theorem, refer to Frigyes Riesz.
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satisfy these restrictions are of comparatively little interest in applications. In
any event, in the situations where the Marcinkiewicz theorem applies, it is only
the specific information aboutM in the Riesz theorem that does not come out of
the real-analysis proof of the Marcinkiewicz theorem.

Let us mention without proof two consequences of the Riesz Convexity
Theorem—the Hausdorff–Young Theorem and Young’s inequality.

The linear operatorT in the Hausdorff–Young Theorem is the Fourier trans-
form F, and the instances of the theorem that we knew previously are when
(p, p′) equals(1, ∞) or (2, 2). The numerology that allows the Riesz Convexity
Theorem to apply is that

1

p
= 1 − t

1
+ t

2
and

1

p′ = 1 − t

∞ + t

2

for the samet :

HAUSDORFF–YOUNG THEOREM. If 1 ≤ p ≤ 2 and if p′ is the dual
index, then the Fourier transformF, initially defined on the dense
subspaceL1(RN) ∩ L2(RN) of L p(RN), satisfies

‖F( f )‖p′ ≤ ‖ f ‖p

for such f and therefore extends to all ofL p(RN) in such a way that
this same inequality holds.

If one tries to derive the Hausdorff–Young Theorem from the Marcinkiewicz
Interpolation Theorem, one gets only the conclusion‖F( f )‖p′ ≤ M‖ f ‖p without
the improvement on the bound:M ≤ 1.

The linear operatorT in Young’s inequality can be taken to beg 
→ f ∗g with
f fixed in L p. The instances of the inequality that we knew previously are when
(q, r ) equals(1, p) or (p′, ∞). The relevant numerology is that

1

q
= 1 − t

1
+ t

p′ and
1

r
= 1 − t

p′ + t

∞
for the samet :

YOUNG’S INEQUALITY. Let p, q, andr be three indices≥ 1 and≤ ∞
such that1r = 1

p + 1
q − 1. Then convolutionf ∗ g is well defined for

f in L p(RN) andg in Lq(RN), and it satisfies

‖ f ∗ g‖r ≤ ‖ f ‖p‖g‖q.
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By way of preparation for the statement of the Marcinkiewicz theorem, let
(X,A, µ) and(Y,B, ν) beσ -finite measure spaces, and letT be a function from
a vector subspace of measurable functions onX, modulo sets2 of µ measure 0,
into measurable functions onY, modulo sets ofν measure 0. We say thatT is a
sublinear operator if|T( f +g)| ≤ |T( f )|+|T(g)| for all f andg in the domain
of T .

The two examples ofT to keep in mind are the sublinear operatorf 
→ f ∗ in
RN of passing to the Hardy–Littlewood maximal function, as in Section VI.6, and
the linear operatorf 
→ H1 f in R1 of forming a certain approximationH1 to the
Hilbert transform, as in Section VIII.7. More specifically the Hardy–Littlewood
maximal function of a locally integrable functionf onRN is defined as

f ∗(x) = sup
0<r <∞

m(Br )
−1
∫

Br

| f (x − y)| dy, whereBr = B(r ; 0) in RN,

and the sublinear operatorT is T f = f ∗. The approximationH1 to the Hilbert
transform is defined forf in L1 + L2 by

H1 f (x) = h1 ∗ f (x) = 1

π

∫
|t |≥1

f (x − t)

t
dt

as the convolution with a fixedL2 function.
Let 1 ≤ p, q ≤ ∞. We generalize the notion of boundedness of a linear

operator betweenL p(X) andLq(Y) so that we can work with sublinear operators
as well as linear ones. A sublinear operatorT is said to be oftype (p, q) or
strong type(p, q) if ‖T f ‖q ≤ M‖ f ‖p with M finite and independent off . The
leastM for which this inequality holds is called thenorm or operator norm of
T . If q < ∞, then Chebyshev’s inequality from Section VI.10 gives

ν
({

y ∈ Y
∣∣ |T f (y)| > ξ

} ≤
∫

Y |T f |q dν

ξq
,

and for anyM such that‖T f ‖q ≤ M‖ f ‖p for all f , it follows that

ν
({

y ∈ Y
∣∣ |T f (y)| > ξ

} ≤
(

M‖ f ‖p

ξ

)q

.

If q < ∞, a sublinear operatorT is said to be ofweak type(p, q) if it satisfies

ν
({

y ∈ Y
∣∣ |T f (y)| > ξ

} ≤
(

M‖ f ‖p

ξ

)q

2This condition means that the domain ofT is to be regarded as a vector subspace of measurable
functions, except that two functions are identified if they differ only on a set of measure 0.
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for someM . In this case the least suchM is called theweak-type normof T . We
already encountered the definition of weak type(1, 1) in Section VI.6. Ifq = ∞,
the convention is that weak type(p, ∞) is the same as strong type(p, ∞).

Consider our two examples. The operationT( f ) = f ∗ of passing to the
Hardy–Littlewood maximal function inRN is of weak type(1, 1) by the Hardy–
Littlewood Maximal Theorem (Theorem 6.38), and the evident inequality∥∥∥ sup

0<r <∞
m(Br )

−1
∫

Br

| f (x − y)| dy
∥∥∥

∞
≤ ‖ f ‖∞

shows thatf 
→ f ∗ is of type(∞, ∞) as well. The linear operatorT( f ) = H1 f
of passing to the approximationH1 to the Hilbert transform inR1 is of weak type
(1, 1) and type(2, 2) by Theorem 8.25.

Theorem 9.20(Marcinkiewicz Interpolation Theorem). Let(X,A, µ) and
(Y,B, ν) beσ -finite measure spaces, and let(p1, q1) and(p2, q2) be two pairs of
indices between 1 and∞. Suppose that 1≤ p1 ≤ q1 ≤ ∞, 1 ≤ p2 ≤ q2 ≤ ∞,
and p1 �= p2. Let T be a sublinear operator fromL p1(X, µ) + L p2(X, µ) to the
space of measurable functions onY modulo sets ofν measure 0, and suppose
that T is of weak types(p1, q1) and(p2, q2) with respective weak-type norms
M1 andM2. Fix t with 0 < t < 1, and define(p, q) by

1

p
= 1 − t

p1
+ t

p2
and

1

q
= 1 − t

q1
+ t

q2
.

ThenT is of strong type(p, q) with

‖T f ‖q ≤ C‖ f ‖p for all f ∈ L p(X, µ),

with the constantC depending only ont, M1, M2, p1, q1, p2, q2 and with C
bounded as a function oft as long ast is bounded away from 0 and 1.

Before discussing the proof, let us apply the theorem to our two examples,
the Hardy–Littlewood maximal function and the approximationH1 to the Hilbert
transform. Then let us draw some consequences of these applications. As was
said before the statement of Theorem 9.20, the sublinear operatorf 
→ f ∗ is
of weak type(1, 1) and strong type(2, 2). The theorem immediately gives the
following corollary.

Corollary 9.21. If 1 < p ≤ ∞, then there exists a constantAp such that the
Hardy–Littlewood maximal function satisfies

‖ f ∗‖p ≤ Ap‖ f ‖p

for all f in L p(RN).
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The case of this result in one dimension implies something inN dimensions
that we have not obtained earlier. Iff is locally integrable onRN , one says that
strong differentiation holds for f at x if

lim
diam(R)→0,

R=geometric rectangle
centered atx

1

m(R)

∫
R

f (y) dy = f (x).

A consequence of Corollary 9.21 is that strong differentiation holds almost ev-
erywhere for eachf in L p(RN) for p > 1. The proof is outlined in Problems
13–15 at the end of the chapter. By contrast, it is known that there are functions
in L1(RN) for which strong differentiation fails everywhere.

In the second example the operatorH1 that approximates the Hilbert transform
is of weak type(1, 1) and strong type(2, 2), and Theorem 9.20 allows us to
conclude that it is of strong type(p, p) for 1 < p ≤ 2. But we can do better.
The operatorH1 is convolution by the functionh1 with h1(x) = 1/(πx) for
|x| ≥ 1 andh1(x) = 0 for |x| < 1. The functionh1 is in L p for all p > 1,
and Proposition 9.10f shows thath1 ∗ f is well defined as a bounded continuous
function wheneverf is in someLq with 1 ≤ q < ∞. Thus H1 is defined on
all L p classes for 1< p < ∞, and a general result that we prove below as
Lemma 9.22 shows that an inequality‖H1 f ‖p ≤ Ap‖ f ‖p for all f in L p implies

‖H1g‖p′ ≤ Ap‖g‖p′ for all g in L p′
, provided p′ is the dual index top and

1 < p < ∞. Thus the boundedness result forH1 on L p extends to 1< p < ∞.
Next, we define the dilatehε(x) = ε−1h1(x) in the usual way and putHε f =

hε ∗ f . We shall see for everyε > 0 that‖Hε f ‖p ≤ Ap‖ f ‖p with the same
constantAp, and finally we shall see that we can letε decrease to 0 and obtain
the Hilbert transformH as a well-defined linear operator on allL p classes for
1 < p < ∞; the estimate is‖H f ‖p ≤ Ap‖ f ‖p, again for the sameAp. Problems
20–22 at the end of the chapter indicate how to use this boundedness to prove
that the Fourier series of anyL p function on [−π, π ] converges to the function
in L p if 1 < p < ∞.

Lemma 9.22. Fix p with 1 < p < ∞, let p′ be the dual index, and suppose
thath is in L p(RN)∩ L p′

(RN). If ‖h∗ f ‖p ≤ Ap‖ f ‖p for all f in L p(RN), then

‖h ∗ g‖p′ ≤ Ap‖g‖p′ for all g in L p′
.

REMARKS. Sinceh is in L p′
, h ∗ f is in L∞ when f is in L p. Thush ∗ f is

well defined, and it is meaningful to say thath ∗ f is actually inL p. Whenh ∗ f
is in L p, the integral

∫
(h ∗ f )g dx is well defined forg in L p′

. A little care is
required in working with this integral in the proof because

∫
(|h| ∗ f )g dx need

not be well defined and Fubini’s Theorem may not directly applicable.
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PROOF. For any functionF on RN , defineF#(x) = F(−x) and observe that
‖F#‖r = ‖F‖r for 1 ≤ r ≤ ∞. If g is an integrable simple function, then
(h#∗g)(x) = ∫

h(y−x)g(y) dy = ∫
h(−y−x)g#(y) dy = (h∗g#)(−x). Thus

this g and an integrable simple functionf together satisfy∫
(h ∗ f #)(x)g(x) dx = ∫∫

h(x − y) f (−y)g(x) dy dx

= ∫∫
h(x + y) f (y)g(x) dy dx∫

(h ∗ g#)(y) f (y) dy = ∫
(h# ∗ g)(−y) f (y) dyand

= ∫∫
h#(−y − x)g(x) f (y) dx dy

= ∫∫
h(x + y)g(x) f (y) dx dy.

Becausef andg are in everyLr class, the right sides of these two displays are
finite when absolute value signs are inserted in the integrands. Thus Fubini’s
Theorem applies and shows that the two right sides are equal. Combining this
fact with Hölder’s inequality and the hypothesis abouth, we obtain∣∣ ∫ (h ∗ g#)(y) f (y) dy

∣∣ = ∣∣ ∫ (h ∗ f #)(x)g(x) dx
∣∣

≤ ‖h ∗ f #‖p‖g‖p′ ≤ Ap‖ f #‖p‖g‖p′ = Ap‖ f ‖p‖g‖p′

wheneverf andg are integrable simple functions. If a generalf0 in L p is given,
we can find a sequencefn of integrable simple functions such that‖ fn− f0‖p → 0,
and we apply this inequality to eachfn. Then the left side of the inequality tends
to
∣∣ ∫ (h ∗ g#)(y) f0(y) dy

∣∣, and the right side tends toAp‖ f0‖p‖g‖p′ . Taking the
supremum over allf0 with ‖ f0‖p ≤ 1 and applying Proposition 9.8, we find that
‖h ∗ g#‖p′ ≤ Ap‖g‖p′ = Ap‖g#‖p′ . In other words,

‖h ∗ gn‖p′ ≤ Ap‖gn‖p′

for every integrable simple functiongn. For a generalg in L p′
, choose a sequence

of integrable simple functionsgn with ‖gn−g‖p′ → 0. Sinceh is in L p, it follows
from Proposition 9.10f thath ∗ gn converges toh ∗ g uniformly. On the other
hand, the inequality‖h ∗ (gm − gn)‖p′ ≤ Ap‖gm − gn‖p′ shows that{h ∗ gn} is

Cauchy inL p′
. By Theorem 5.58,{h∗ gn} converges to some function inL p′

and
has an almost-everywhere convergent subsequence to this function. Sinceh ∗ gn

converges uniformly toh ∗ g, we conclude thath ∗ gn converges toh ∗ g in L p′
.

Therefore‖h ∗ g‖p′ ≤ Ap‖g‖p′ , and the proof is complete.

Again let h1 be the function onR1 equal to 1/(πx) for |x| ≥ 1 and equal
to 0 for |x| < 1. This is in Lr (R1) for everyr > 1. Our operator giving an
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approximation to the Hilbert transform isH1 f = h1 ∗ f . Using our results from
Chapter VIII along with the Marcinkiewicz Interpolation Theorem, we saw earlier
in this section thatH1 satisfies‖H1 f ‖p ≤ Ap‖ f ‖p for 1 < p ≤ 2 and all f in
L p(R1). Lemma 9.22 shows that this inequality remains valid for 1< p < ∞.
From this result we can extend the Hilbert transform toL p(R1) for all p with
1 < p < ∞, as follows.

Theorem 9.23.Let 1 < p < ∞, let

hε(x) = ε−1h1(ε
−1x) =

{
1/(πx) for |x| ≥ ε,

0 for |x| < ε,

and defineHε f = hε ∗ f for f in L p andε > 0. Then

(a) there exists a constantAp independent ofε such that‖Hε f ‖p ≤ Ap‖ f ‖p
for all f in L p,

(b) the limit

H f (x) = lim
ε↓0

1

π

∫
|t |≥ε

f (x − t) dt

t

exists inL p for every f in L p,
(c) the operatorH satisfies‖H f ‖p ≤ Ap‖ f ‖p for every f in L p.

PROOF. Convolution withhε is well defined onL p becausehε is in L p′
, p′

being the dual index forp. The three computations

Hε f (x) = ( f ∗ hε)(x) = ∫
f (x − y)ε−1h1(ε

−1y) dy = ∫
f (x − εy)h1(y) dy

= ∫
ε−1 fε−1(ε−1x − y)h1(y) dy = ε−1(H1 fε−1)(ε−1x),∫ |(Hε f )(x)|p dx = ε−p

∫ |(H1 fε−1)(ε−1x)|p dx = ε1−p
∫ |(H1 fε−1)(x)|p dx,∫ |gε−1(x)|p dx = εp

∫ |g(εx)|p dx = ε−1+p
∫ |g(x)|p dxand

allow us to write

‖Hε f ‖p
p = ε1−p‖H1 fε−1‖p

p ≤ Ap
p ε1−p‖ fε−1‖p

p = Ap
p‖ f ‖p

p.

This proves (a), the constantAp being any constant that works forH1.
In Lemma 9.24 below we show by a direct computation that (b) holds for the

dense subset ofC1 functions f of compact support. Let us deduce (b) for general
f in L p from this fact and (a). In fact, if we are givenf , we choose a sequence
fn in the dense set withfn → f in L p. Then

‖Hε f − Hε′ f ‖p ≤ ‖Hε( f − fn)‖p + ‖Hε fn − Hε′ fn‖p + ‖Hε′( fn − f )‖p

≤ Ap‖ fn − f ‖p + ‖Hε fn − Hε′ fn‖p + Ap‖ fn − f ‖p.
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Choosen to make the first and third terms small on the right, and then chooseε

andε′ sufficiently close to 0 so that the second term on the right is small. The
result is thatHεn f is Cauchy inL p along any sequenceεn tending to 0. This
proves (b), apart from the direct computation for the dense subset.

In (b), we proved thatHε f → H f in L p. Then (a) gives‖H f ‖p =
limε↓0 ‖Hε f ‖p ≤ lim supε↓0 Ap‖ f ‖p = Ap‖ f ‖p. This proves (c) and completes
the proof of Theorem 9.23 except for the following lemma.

Lemma 9.24.If f is aC1 function of compact support onR1, then

lim
ε↓0

1

π

∫
|t |≥ε

f (x − t) dt

t

exists uniformly and inL p for every p > 1.

PROOF. Let ‖ · ‖ denote the supremum norm or theL p norm. By the Cauchy
criterion it is enough to show that∥∥∥ ∫

ε1≤|t |≤ε2

f (x − t) dt

t

∥∥∥
tends to 0 for the above interpretations of‖ · ‖ asε1 andε2 tend to 0. Since
| f ′(u)| ≤ M , use of the Mean Value Theorem on Ref and Im f shows that
| f (x − t)− f (x)| ≤ 2M |t |. Suppose that 0< ε1 ≤ ε2 ≤ 1. If E is a compact set
containing the sum of any member of the support off and anyx with |x| ≤ 1,
then it follows that∥∥∥ ∫

ε1≤|t |≤ε2

f (x − t) dt

t

∥∥∥ =
∥∥∥ ∫

ε1≤|t |≤ε2

[ f (x − t) − f (x)] dt

t

∥∥∥
≤
∫

ε1≤|t |≤ε2

‖ f (x − t) − f (x)‖x dt

|t |
≤
∫

ε1≤|t |≤ε2

2M |t |‖I E‖ dt

|t |
= 4M‖I E‖(ε2 − ε1).

The right side tends to 0 asε1 andε2 tend to 0, and the proof of the lemma is
complete.

Having now completely proved Theorem 9.23, let us return to a discussion of
the proof of the Marcinkiewicz theorem, Theorem 9.20. The proof is considerably
simplified by assuming thatq1 = p1 andq2 = p2, which happens to be the special
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case of most interest to us, and we shall give a proof only under this additional
hypothesis. The idea in the special case will be to estimate integrals of powers
of functions by using Proposition 6.56b to reduce the estimates to facts about
distribution functions.

The proof in general has the same flavor as the argument we give, but it involves
also a subtler decomposition off into two parts, a nonobvious application of
Hölder’s inequality, and a clever use of Proposition 9.8.

PROOF OFTHEOREM 9.20WHEN p1 = q1 < p2 = q2. We divide matters into
two cases, the first whenp2 < ∞ and the second whenp2 = ∞.

We begin with the case withp2 < ∞. Let

λ(ξ) = λT f (ξ) = ν
({

y
∣∣ |T f (y)| > ξ

}
be the distribution function ofT f as in Section VI.10. Proposition 6.56b shows
that

‖T f ‖p
p = p

∫ ∞

0
ξ p−1λ(ξ) dξ = 2p p

∫ ∞

0
ξ p−1λ(2ξ) dξ. (∗)

With ξ > 0 fixed, we shall estimateλ(2ξ). We decomposef as f = f1 + f2
with

f1(x) =
{

f (x) if | f (x)| > ξ

0 otherwise

}
and f2(x) =

{
f (x) if | f (x)| ≤ ξ

0 otherwise

}
.

Just as in the proof of Proposition 9.4c,f1 is in L p1(X, µ) and f2 is in L p2(X, µ).
Becausef = f1 + f2, sublinearity ofT gives|T f | ≤ |T f1| + |T f2|. If λ1 and
λ2 are the distribution functions ofT f1 andT f2 and ifα > 0 is given, then

λ(2α) ≤ λ1(α) + λ2(α)

because|T f | can be> 2α only if at least one of|T f1| and |T f2| is > α. For
everyα > 0, the assumption thatT is of weak types(p1, p1) and(p2, p2) gives
us

λ1(α) ≤
(

M1‖ f1‖p1

α

)p1

and λ2(α) ≤
(

M2‖ f2‖p2

α

)p2

.

Forα = ξ , we therefore obtain

λ(2ξ) ≤ λ1(ξ) + λ2(ξ) ≤ M p1
1 ξ−p1

∫
X

| f1|p1 dµ + M p2
2 ξ−p2

∫
X

| f2|p2 dµ

= M p1
1 ξ−p1

∫
{| f |>ξ}

| f |p1 dµ + M p2
2 ξ−p2

∫
{| f |≤ξ}

| f |p2 dµ. (∗∗)
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With the estimate forλ(2ξ) in hand, we can now letξ vary and estimate‖T f ‖p
p.

From (∗) and (∗∗) we obtain‖T f ‖p
p ≤ I1 + I2, where

I1 = 2p pMp1
1

∫ ∞

0
ξ p−p1−1

∫
{| f (x)|>ξ}

| f (x)|p1 dµ(x) dξ

I2 = 2p pMp2
2

∫ ∞

0
ξ p−p2−1

∫
{| f (x)|≤ξ}

| f (x)|p2 dµ(x) dξ.and

Fubini’s Theorem gives

I1 = 2p pMp1
1

∫
X

| f |p1

[ ∫ | f |

0
ξ p−p1−1 dξ

]
dµ = 2p pMp1

1

p − p1

∫
X

| f |p dµ.

Similarly

I2 = 2p pMp2
2

p2 − p

∫
X

| f |p dµ,

and thus‖T f ‖p
p ≤ Cp‖ f ‖p

p as required.
The remaining case to handle hasp2 = ∞. The general line of the argument

is the same as above, but there are small differences. Withξ fixed, the definitions
of f1 and f2 are adjusted to be

f1(x) =
{

f (x) if | f (x)| > ξ/‖T‖∞,

0 otherwise,

and f2 = f − f1. Then‖ f2‖∞ ≤ ξ
/‖T‖∞, ‖T f2‖∞ ≤ ξ , andλ2(ξ) = 0. Hence

λ(2ξ) ≤ λ1(ξ) + λ2(ξ) = λ1(ξ) ≤ M p1
1 ξ−p1

∫
{| f |>ξ/‖T‖∞}

| f |p1 dµ,

and then the proof can proceed along the lines above.

7. Problems

1. For a measure space of finite measure, prove thatL p ⊆ Lq wheneverp ≥ q ≥ 1.
More particularly prove, for the case that the total measure is 1, that‖ f ‖q ≤ ‖ f ‖p

wheneverp ≥ q ≥ 1.

2. Let p, q, r be real numbers in [1, +∞] with 1
p + 1

q + 1
r = 1. Using the equality

r ′
p + r ′

q = 1 and Hölder’s inequality, prove that
∫

X | f gh| dµ ≤ ‖ f ‖p‖g‖q‖h‖r .
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3. For a measure space of finite measure, let{ fn} be a sequence of measurable
functions converging pointwise tof . Suppose that 1≤ q < p < ∞, and suppose
that the sequence of numbers{‖ f ‖p} is bounded. Using Egoroff’s Theorem
(Problem 17, Chapter V) or uniform integrability (Problem 21, Chapter V),
prove thatfn → f in Lq.

4. This problem produces an example of a measure space in which two distinct
members ofL∞ act as the same linear functional onL1. The measure space
(X,A, µ) hasX consisting of a single pointp, A = {∅, X}, andµ(X) = +∞.
(a) Show that dimL1(X) = 0 and dimL∞(X) = 1.
(b) Proposition 9.8 assumedσ -finiteness to ensure its conclusion whenp = ∞.

Show that the conclusion of Proposition 9.8 fails forp = ∞ in this example.

5. If f is real-valued and integrable on the measure space(X,A, µ), what are all
the Hahn decompositions for the signed measureν(E) = ∫

E f dµ?

6. Provide examples of each of the following. Each example can be produced on
one of the following three algebras of subsets of a setX: the finite subsets of
a X and their complements, all subsets of a countable setX, the Borel sets of
X = [0, 1].
(a) An additive set functionν on an algebra of sets with|ν(X)| < ∞ but with

supE |ν(E)| = ∞.
(b) A counterexample to the Hahn decomposition if the assumption “σ -algebra”

is relaxed to “algebra” but the other assumptions are left in place.
(c) A finite measureν and a nonσ -finite measureµ, both defined on aσ -algebra,

such thatν � µ butν is not given by an integral with respect toµ.

Problems 7–8 concern harmonic functions and the Poisson integral formula for the
unit disk in R2. These matters were the subject of Problems 27–29 at the end of
Chapter I, Problems 14–15 at the end of Chapter III, Problems 10–13 at the end of
Chapter IV, and Problems 18–20 at the end of Chapter VI. Problem 7 updates the
results from Chapter VI so that they apply for 1≤ p < ∞, and Problem 8 uses
weak-star convergence to establish a converse result.

7. If 1 ≤ p < ∞ and if f is in L p
(
[−π, π ], 1

2π
dθ
)
, prove that the Poisson integral

u(r, θ) of f has the properties that‖u(r, · )‖p ≤ ‖ f ‖p for 0 ≤ r < 1 and that
u(r, · ) tends tof in L p in the sense that limr ↑1 ‖u(r, · ) − f ‖p = 0.

8. Suppose that 1< p′ ≤ ∞ and thatu(r, θ) is a harmonic function on the open
unit disk such that sup0≤r <1 ‖u(r, · )‖p′ is finite. By using Problem 13 at the end
of Chapter IV and taking a weak-star limit of a suitable sequence of functions
u(rn, θ) with {rn} increasing to 1, prove thatu(r, θ) is the Poisson integral of a
function inL p′(

[−π, π ], 1
2π

dθ
)
.

Problems 9–12 concern decomposing any bounded nonnegative additive set function
on an algebra into a completely additive part and a “purely finitely additive” part. They
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make use of Zorn’s Lemma (Section A9 of the appendix). A bounded nonnegative
additive set functionµ will be calledpurely finitely additive if there is no nonzero
completely additive set functionν such that 0≤ ν(E) ≤ µ(E) for all E.

9. Suppose thatµ is an additive set function on theσ -algebra of all subsets of
the integers such thatµ has image{0, 1} andµ({n}) = 0 for every integern.
Prove thatµ is purely finitely additive. (Such aµ was constructed by means of
a nontrivial ultrafilter in Problems 39–41 at the end of Chapter V.)

10. Use Zorn’s Lemma to show that any bounded nonnegative additive set function
is the sum of a nonnegative completely additive set function and a purely finitely
additive set function.

11. Prove that ifν is a bounded nonnegative completely additive set function and if
µ is bounded nonnegative and purely finitely additive with 0≤ µ(E) ≤ ν(E)

for all E, thenµ = 0.

12. Deduce from the previous problem and the Jordan Decomposition Theorem that
the decomposition of Problem 10 is unique.

Problems 13–15 prove the theorem, for the case ofR2, of Jessen–Marcinkiewicz–
Zygmund concerning strong differentiation of integrals ofL p functions almost ev-
erywhere whenp > 1. Strong differentiation holds at(x, y) for the locally integrable
function f onR2 if

lim
diam(R)→0,

R=geometric rectangle
centered at(x,y)

1

m(R)

∫
R

f (u, v) dv du = f (x, y).

Let f ∗∗ be the associated maximal function, given by

f ∗∗(x, y) = sup
diam(R)→0,

R=geometric rectangle
centered at(x,y)

1

m(R)

∫
R

| f (u, v)| dv du.

13. Let f1(x, y) be the value of the one-dimensional Hardy–Littlewood maximal
function of y 
→ f (x, y), and let f2(x, y) be the value of the one-dimensional
Hardy–Littlewood maximal function ofx 
→ f1(x, y). Prove thatf ∗∗(x, y) ≤
f2(x, y).

14. Using Corollary 9.21 and the previous problem, prove that‖ f ∗∗‖p ≤ A2
p‖ f ‖p if

1 < p ≤ ∞.

15. Conclude that strong differentiation holds almost everywhere for eachf in
L p(R2) if 1 < p ≤ ∞.

Problems 16–19 concern the Hilbert transformH defined in Section VIII.7 and
Theorem 9.23. The operatorH is defined onL p(R1) for 1 < p < ∞. Recall
the functionshε, Qε, andψε onR1 satisfyingQε = hε + ψε. Let f be inL p, and let
f ∗ be the Hardy–Littlewood maximal function off .
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16. Prove that there exists a continuous integrable function� ≥ 0 onR1 of the form
�(x) = �0(|x|), where�0 is a decreasingC1 function on [0, ∞), such that the
functionψε for ε = 1 satisfies|ψ1| ≤ �.

17. Deduce from the previous problem and Corollary 6.42 that supε>0 |(ψε∗ f )(x)| ≤
C f ∗(x). How does it follow that limε↓0(ψε ∗ f )(x) = 0 almost everywhere for
all f in L p, 1 ≤ p ≤ ∞?

18. Prove thatQε ∗ f = Pε ∗ (H f ) for f ∈ L p with 1 < p < ∞, wherePε(x) =
P(x, ε) is the Poisson kernel.

19. Deduce from the previous two problems that the limit in the equality

H f (x) = lim
ε↓0

1

π

∫
|t |≥ε

f (x − t) dt

t

of Theorem 9.23 may be interpreted as an almost-everywhere limit iff is in
L p(R1) and 1< p < ∞.

Problems 20–22 prove the theorem of M. Riesz that the partial sums of the Fourier
series of a function inL p([−π, π ]) converge to the function inL p if 1 < p < ∞.
Recall from Sections I.10 and VI.7 that iff is integrable on [−π, π ], then thenth

partial sum of the Fourier series off is given by(Sn f )(x) = (Dn ∗ f )(x), where

Dn is the Dirichlet kernelDn(t) = sin(n+ 1
2 )t

sin 1
2 t

and the convolution is taken relative to
1

2π
dt.

20. Suppose it can be proved that‖Sn f ‖p ≤ Ap‖ f ‖p for 1 < p < ∞ with Ap

independent ofn and f . Prove thatSn f → f in L p for all f in L p, provided
1 < p < ∞.

21. DefineEn(t) = 2 sin(n+ 1
2 )t

t for 1
2n+1 ≤ |t | ≤ π and En(t) = 0 for |t | < 1

2n+1.
Then extendEn(t) periodically. Show thatDn − En = ϕn is integrable on
[−π, π ] with ‖ϕn‖1 ≤ C independently ofn, and say why it is therefore enough
to prove that the operatorsTn with Tn f = En ∗ f satisfy‖Tn f ‖p ≤ Bp‖ f ‖p for
1 < p < ∞ with Bp independent ofn and f .

22. In En(t), write sin(n + 1
2)t as a linear combination of two exponentialseikt ,

rewrite each exponential ase−ik(x−t)eikx, and decompose the operatorTn as the
corresponding sum of two operators. By relating these two operators separately
to the operatorsHε in Theorem 9.23, prove that theTn’s satisfy the desired
estimate‖Tn f ‖p ≤ Bp‖ f ‖p.

Problems 23–26 develop a kind of function-valued integration known asconditional
expectationin probability theory. They make use of the Radon–Nikodym Theorem
(Theorem 9.16). Let(X,A, µ) be a measure space withµ(X) = 1.



440 IX. L p Spaces

23. If f is integrable and ifB is aσ -algebra contained inA, prove that there exists
a functionE[ f |B] that

(i) is measurable with respect toB and
(ii) has

∫
B f dµ = ∫

B E[ f |B] dµ for all B in B.

Show further thatE[ f |B] is unique in this sense: any two functions satisfying
(i) and (ii) differ only on a set inB of µ measure 0.

24. Suppose thatX is a countable disjoint union of setsXn in A and thatB consists
of all possible unions of theXn’s. Give an explicit formula forE[ f |B].

25. Show that ifB = A, thenE[ f |B] = f almost everywhere.

26. LetB andC beσ -algebras withC ⊆ B ⊆ A. Prove the following:
(a) E[E[ f |B] | C] = E[ f |C] almost everywhere.
(b) If f andg are integrable and everywhere finite, then

E[ f +g | B] = E[ f |B] + E[g|B]
almost everywhere.

(c) If g is measurable with respect toB and if f and f g are integrable, then
E[ f g | B] = gE[ f |B] almost everywhere.

(d) If f andg are inL2(X,A, µ), then
∫

X f E[g|B] dµ = ∫
X E[ f |B] g dµ.



CHAPTER X

Topological Spaces

Abstract. This chapter extends considerably the framework for discussing convergence, limits, and
continuity that was developed in Chapter II: topological spaces replace metric spaces.

Section 1 makes various definitions, including definitions for the terms topology, open set, closed
set, continuous function, base for a topology, separable, and subspace. It introduces two general
kinds of constructions useful in analysis and other fields for forming new topological spaces out of
old ones—weak topologies and quotient topologies. The section gives several examples of each.

Sections 2–3 develop standard facts, mostly elementary, about how certain combinations of
properties of topological spaces imply others. Examples show some limitations to such implications.
Properties that are studied include Hausdorff, regular, normal, dense, compact, locally compact,
Lindelöf, andσ -compact.

Section 4 discusses product topologies on arbitrary product spaces, an example of a weak
topology. The main theorem, the Tychonoff Product Theorem, says that the product of compact
spaces is compact.

Section 5 introduces nets, a generalization of sequences. Sequences by themselves are inadequate
for detecting convergence in general topological spaces, and nets are a substitute. The use of nets in
many cases provides an easier way of establishing properties of subsets of a topological space than
direct arguments with open and closed sets.

Section 6 elaborates on quotient topologies as introduced in Section 1. Conditions under which
a quotient space is Hausdorff are of particular interest.

Sections 7–8 prove and apply Urysohn’s Lemma, which says that any two disjoint closed sets
in a normal topological space may be separated by a real-valued continuous function. This result
is fundamental to serious uses of topological spaces in analysis. One application is to showing that
every separable Hausdorff regular topology arises from a metric.

Section 9 extends Ascoli’s Theorem and the Stone–Weierstrass Theorem from their settings in
compact metric spaces in Chapter II to the wider setting of compact Hausdorff spaces.

1. Open Sets and Constructions of Topologies

In applications involving metric spaces, we have seen several times that the
explicit form of a metric may not at all be one of objects of interest for the space.
Instead, we may be interested in the open sets, or in convergence, or in continuity,
or in some other aspect of the space. The same open sets, convergence, and

441
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continuity may come from two different metrics, and we have even encountered
notions of convergence that are not associated with any metric at all. We saw in
Section II.5, for example, that we could associate three different natural-looking
metrics to the productX × Y of two metric spaces, and the three metrics led to
the same open sets, the same convergence of sequences, and the same continuous
functions. On the other hand, the notions in Chapter V of pointwise convergence,
convergence almost everywhere, and weak-star convergence were defined without
reference to a metric, and depending on the details of the situation, there need
not be metrics yielding these notions of convergence. We have brushed against
further, more subtle situations with one or the other of these phenomena—no
special distinguished metric or no metric at all—but there is no need to produce
a complete list. The present chapter introduces and studies an abstract gener-
alization of the notion of a metric space, namely a “topology,” that makes it
unnecessary to have the kind of explicit formula demanded by the definition of
metric space.

The framework for a “topological space” consists of a nonempty set and a
collection of “open sets” satisfying the conditions of Proposition 2.5. Thus letX
be a nonempty set. A setT of subsets ofX is called atopology for X if

(i) X and∅ are inT,
(ii) any union of members ofT is a member ofT,

(iii) any finite intersection of members ofT is a member ofT.

The members ofT are calledopen sets, and(X, T ) is called atopological space.
When there is no chance for ambiguity, we may refer toX itself as a topological
space.

Every metric space furnishes an example of a topological space by virtue of
Proposition 2.5; we refer to the topology in question as themetric topology for
the space. Two other examples of general constructions leading to topological
spaces will be given later in this section, and some specific examples of other
kinds will be given in Section 2.

Neighborhoods, open neighborhoods, interior, closed sets, limit points, and
closure may be defined in the same way as in Section II.2. As remarked after
Corollary 2.11, the proofs of certain results relating these notions depended only
on the definitions and the three properties of open sets listed above. These
results are Proposition 2.6 and Corollary 2.7 characterizing interior, Proposition
2.8 giving properties of the family of all closed sets, Proposition 2.9 relating
closed sets to limit points, and Proposition 2.10 and Corollary 2.11 characterizing
closure. Thus we may take all those results as known for general topological
spaces, and it is not necessary to repeat their statements here.

The notion of continuity extends to topological spaces in straightforward
fashion. Specifically the definition of continuity at a point is extracted from
the statement of Proposition 2.13: ifX andY are topological spaces, a function
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X → Y is continuous at a point x ∈ X if for any open neighborhoodV of
f (x) in Y, there is a neighborhoodU of x such thatf (U ) ⊆ V . Then Corollary
2.14 is immediately available, saying that iff : X → Y is continuous atx and
g : Y → Z is continuous atf (x), then the compositiong ◦ f is continuous atx.

Proposition 2.15 and its proof are available also, saying that the function
f : X → Y is continuous at every point ofX if and only if the inverse image
under f of every open set inY is open inX, if and only if the inverse image under
f of every closed set inY is closed inX. We say thatf : X → Y is continuous
if these equivalent conditions are satisfied. The functionf : X → Y is said to be
ahomeomorphismif f is continuous,f is one-one and onto, andf −1 : Y → X
is continuous. The relation “is homeomorphic to” is an equivalence relation.

Now let us come to the two general constructions of topological spaces, known
as “weak topologies” and “quotient topologies.” Both of these have many appli-
cations in real analysis.

The notion of “weak topology” starts from the fact that the intersection of a
nonempty collection of topologies for a set is a topology; this fact is evident from
the very definition. The prototype of a weak topology is the “product topology”
for the product of a nonempty set of topological spaces. In the terminology of
Section A1 of the appendix, ifS is a nonempty set and ifXs is a nonempty set for
eachs in S, then the Cartesian productX = ×s∈SXs is the set of all functionsf
from S into

⋃
s∈S Xs such thatf (s) is in Xs for all s ∈ S. Now suppose that each

Xs is a topological space, and letps : X → Xs be thesth coordinate function,
given byps( f ) = f (s). If X is given thediscrete topologyD, in which every sub-
set ofX is open, then eachps is continuous; in fact, the inverse image of an open set
in Xs is some subset ofX, and every subset ofX is inD. Form the collection of all
topologiesTα on X such that eachps : X → Xs is continuous relative toTα. The
collection is nonempty sinceD is one. LetT be their intersection. The inverse im-
age of any open set inXs underps lies inTα for eachα and hence lies inT. There-
fore eachps is continuous relative toT. We speak ofT as the “weakest topology”
on X such that allps are continuous, and this topology forX is called theproduct
topology for X. We shall study product topologies in more detail in Section 4.

More generally letX be a nonempty set, letS be a nonempty set, letXs be
a topological space for eachs in S, and suppose that we are given a function
fs : X → Xs for eachs in S. If X is given the discrete topology, then everyfs
is continuous. Arguing as in the previous paragraph, we see that there exists a
smallest topology forX making all the functionsfs continuous. This is called
theweak topology for X determined by { fs}s∈S.

EXAMPLES.
(1) Let (X, d) be a metric space. Then the weak topology forX determined

by all functionsx 
→ d(x, y) asy varies throughX is the usual metric topology
on X, as we readily check from the definitions.
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(2) Let X be a normed linear space with field of scalarsF, such as anL p space
for 1 ≤ p ≤ ∞, and letX∗ be the vector space of continuous linear functionals
on X, as introduced in Section V.9. (ForX = L p with 1 ≤ p < ∞ and with the
assumption that the underlying measure isσ -finite, Theorem 9.19 identifiedX∗

explicitly asL p′
, wherep′ is the dual index top.) Each memberx of X defines

a function fx : X∗ → F by the formula fx(x∗) = x∗(x). The weak topology
on X∗ determined byX is called theweak-star topologyon X∗ relative toX.
The words “relative toX” are included in the terminology because two normed
linear spacesX might have the same setX∗ of continuous linear functionals.
In Section V.9 we introduced a notion of weak-star convergence but no metric
associated to it. In problems at the ends of Chapters VI, VIII, and IX, this kind
of convergence became a powerful tool for working with harmonic functions,
Poisson integrals, and positive definite functions. Later in the present chapter
we shall relate topologies to convergence of sequences,1 and it will be apparent
that weak-star convergence as defined in Section V.9 is the appropriate notion of
convergence for the newly defined weak-star topology.

(3) The construction in Example 2 can be transposed to other situations in
which a topology is to be imposed on a vector space. For example, letX be a
normed linear space with field of scalarsF equal toR or C, and letX∗ be the
vector space of continuous linear functionals onX. Then X∗ indexes a set of
functionsx∗ : X → F. The weak topology onX determined byX∗ is known as
theweak topologyon X. This topology arises in some advanced situations, but
we shall not have occasion to make use of it in the present volume.

(4) We have encountered three vector spaces of scalar-valued smooth functions
on open sets of Euclidean space—in Section III.2 the spaceC∞(U ) of all smooth
functions onU , in Section VIII.4 the spaceC∞

com(U ) of all smooth functions onU
with compact support contained inU , and in Section VIII.4 the spaceS(RN) of
Schwartz functions defined onRN . The subject of partial differential equations
makes extensive use of functions of all three of these kinds, and it is necessary to
be able to discuss convergence for them. The easiest convergence to describe is for
C∞(U ), where convergence is to mean uniform convergence of the function and
all of its partial derivatives on each compact subset ofU . Uniform convergence
by itself is captured by the supremum norm, and somehow we want to work here
with the supremum norms of the function and each of its partial derivatives on
each compact subset. The appropriate topology turns out to be the weak topology
determined by all the functionsf 
→ ‖ f − g‖, where‖ · ‖ is the supremum of
some iterated partial derivative on some compact subset ofU . This construction
is carried out in detail in the companion volumeAdvanced Real Analysis. A
topology for the Schwartz spaceS(RN) is obtained in a qualitatively similar way.

1And to “nets,” which are a generalization of sequences.
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A topology forC∞
com(U ) is more subtle, and it too is constructed in the companion

volume.

The second general construction of topological spaces is the “quotient topol-
ogy” for the set of equivalence classes onX whenX is a topological space and
some equivalence relation2 has been specified onX. If the relation is written as∼,
the set of equivalence classes may be written asX/∼, and thequotient map, i.e.,
passage from each member ofX to its equivalence class, is a well-defined function
q : X → X/∼. With a topology in place onX, define a subsetU of X/∼ to be
open ifq−1(U ) is open. Since inverse images of functions preserve set-theoretic
operations, it is immediate that the resulting collection of open subsets ofX/∼
is a topology forX/∼ and that this topology makesq continuous. This topology
is called thequotient topology for X/∼. In any other topologyT ′ on X/∼, any
subsetV of X/∼ that is open inT ′ but not open in the quotient topology must
have the property thatq−1(V) is not open; this condition implies thatq is not
continuous whenT ′ is the topology onX/ ∼. Therefore the quotient topology
is thefinest topologyon X/∼ that makes the quotient map continuous—in the
sense that it contains all topologies makingq continuous.

EXAMPLES.

(1) Let(X, d) be a pseudometric space such as the set of all integrable functions
on some measure space(S,A, µ) with d(g, h) = ∫

S |g − h| dµ. The pseudo-
metric onX givesX a topology. Forx andy in X, definex ∼ y if d(x, y) = 0.
The result is an equivalence relation, and we know from Proposition 2.12 that the
pseudometricd descends to be a metric on the setX/∼ of equivalence classes.
The quotient topology onX/∼ coincides with the topology defined by this metric.

(2) Let X be the interval [−π, π ] with its usual topology from the metric onR,
let S1 be the unit circle inC with its usual topology from the metric onC, and let
q : X → S1 be given byq(x) = eix . We can considerS1 as the set of equivalence
classes ofX under the relation that lets−π andπ be the only nontrivial pair of
elements ofX that are equivalent. The functionq is continuous, and it carries
compact sets to compact sets. In Problem 11 at the end of the chapter, we shall
see thatq exhibitsS1 as having the quotient topology.

(3) Let X be the lineR with its usual metric, letS1 be the unit circle as in the
previous example, and letq : X → S1 be given byq(x) = eix . The domainX
is a group, and the functionq identifiesS1 set-theoretically as the quotient group
R/2πZ, whereZ is the subgroup of integers. This example illustrates the natural

2Equivalence relations and their connection with equivalence classes are discussed in Section A6
of the appendix.
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topology to impose on any quotient of a group when the group has a topology for
which all translations are homeomorphisms.3

In many situations the problem of describing what sets are to be open sets in a
topological space is simplified by the notion of a base for a topology. By abase
B for the topologyT on X is meant a subfamily of members ofT such that every
member ofT is a union of sets inB. In Chapter II the topology for a metric space
was really introduced by specifying that the family of all open balls is to be a
base. Arguing as with Proposition 2.31, we obtain the following result.

Proposition 10.1. A family B of subsets of a nonempty setX is a base for
some topologyT on X if and only if

(a) X = ⋃
B∈B B and

(b) wheneverU andV are inB andx is in U ∩ V , then there is aB in B such
thatx is in B andB ⊆ U ∩ V .

In this case the topologyT is necessarily the set of all unions of members of
B, and henceT is determined byB. A family B of subsets ofX is a base for a
particular given topologyT0 on X if and only if (a) holds and

(b′) for eachx ∈ X and memberU of T0 containingx, there is some member
B of B such thatx is in B andB is contained inU .

REMARK. Condition (b) is satisfied ifB is closed under finite intersections.
Thus any family of subsets ofX that is closed under finite intersections and has
union X is a base for some topology onX.

A topological space(X, T ) is said to beseparableif T has a base consisting
of only countably many sets.4 A separable metric space has a countable base
consisting entirely of open balls.

As with metric spaces, there is a natural definition of subspaces for general
topological spaces. If(X, T ) is a topological space and ifA is a nonempty subset
of X, then therelative topology for A is the family of all setsU ∩ A with U in
T. We can writeT ∩ A for this family. It is a simple matter to check thatT ∩ A is
indeed a topology forA, and we say that(A, T ∩ A) is a topological subspace
of (X, T ). If there is no possibility of confusion and if the relative topology is
understood, we may say that “A is a subspace ofX.”

3The definition of “topological group,” which is given in the companion volumeAdvanced Real
Analysis, imposes further conditions beyond the fact that every translation is a homeomorphism.

4Some authors use the word “separable” to mean thatX has a countable dense set, but the
meaning in the text here is becoming more and more common. The existence of a countable dense
set is not a particularly useful property for a general topological space.
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Proposition 10.2. If A and B are subspaces of a topological spaceX with
B ⊆ A ⊆ X, then the relative topology ofB considered as a subspace ofX is
identical to the relative topology ofB considered as a subspace ofA.

PROOF. The relative topology ofB considered as a subspace ofX consists of
all setsU ∩ B with U open inX, and the relative topology ofB considered as a
subspace ofA consists of all sets(U ∩ A) ∩ B with U open inX. Thus the result
follows from the identity(U ∩ A) ∩ B = U ∩ (A ∩ B) = U ∩ B.

The next two propositions are proved in the same way as Proposition 2.26 and
Corollary 2.27.

Proposition 10.3.If A is a subspace of a topological spaceX, then the closed
sets ofA are all setsF ∩ A, whereF is closed inX. ConsequentlyB is closed
in A if and only if B = Bcl ∩ A.

Proposition 10.4. If X and Y are topological spaces andf : X → Y is
continuous at a pointa of a subspaceA of X, then the restrictionf

∣∣
A : A → Y

is continuous ata. Also, f is continuous ata if and only if the function
f0 : X → f (X) obtained by redefining the range to be the image is continuous
ata.

2. Properties of Topological Spaces

Proposition 2.30 listed certain properties of metric spaces as “separation prop-
erties.” These properties are not shared by all topological spaces, and instead
we list them in this section as definitions. After giving the definitions, we shall
examine implications among them and some roles that they play. The disproofs of
certain implications provide an opportunity to introduce some further examples
of topological spaces beyond those obtained from the constructions in Section 1.

Let (X, T ) be a topological space. We say that

(i) X is aT1 spaceif every one-point set inX is closed,
(ii) X is Hausdorff if for any two distinct pointsx and y of X, there are

disjoint open setsU andV with x ∈ U andy ∈ V ,
(iii) X is regular if for any point x ∈ X and any closed setF ⊆ X with

x /∈ F , there are disjoint open setsU andV with x ∈ U andF ⊆ V ,
(iv) X is normal if for any two disjoint closed subsetsE andF of X, there

are disjoint open setsU andV such thatE ⊆ U andF ⊆ V .
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Proposition 2.30 listed one further property of an arbitrary metric spaceX, namely
that any two disjoint closed sets can be separated by a continuous function from
X into [0, 1]. Urysohn’s Lemma in Section 7 will establish this property for any
normal topological space.

Proposition 10.5.If (X, T ) is a topological space, then

(a) X is T1 if and only if for any pair of distinct pointsx and y, there are
open setsU andV such thatx ∈ U , y /∈ U , x /∈ V , andy ∈ V ,

(b) X is regular if and only if for any pointx and any closed setF with x /∈ F ,
there is an open setU such thatx ∈ U andU cl ∩ F = ∅,

(c) X is normal if and only if for any pair of disjoint closed setsE and F ,
there is an open setU such thatE ⊆ U andU cl ∩ F = ∅.

PROOF. If X is T1 and if x and y are given, we can chooseU = {y}c and
V = {x}c. In the reverse direction, ifx is given, choose, for eachy �= x, an open
setVy such thatx /∈ Vy andy ∈ Vy; then{x}c = ⋃

y Vy is open, and hence{x}
is closed.

If X is regular and ifx andF are given, we can choose disjoint open setsU and
V with x ∈ U andF ⊆ V . Then the closed setVc hasVc ⊇ U andVc ∩ F = ∅;
therefore alsoVc ⊇ U cl andU cl ∩ F = ∅. In the reverse direction, suppose
thatx andF are given and thatU is an open set withx ∈ U andU cl ∩ F = ∅;
choosingV = (U cl)c, we see thatx ∈ U , F ⊆ V , andU ∩ V = ∅.

If X is normal and ifE andF are given, we can choose disjoint open setsU and
V with E ⊆ U andF ⊆ V . Then the closed setVc hasVc ⊇ U andVc∩ F = ∅;
therefore alsoVc ⊇ U cl andU cl ∩ F = ∅. In the reverse direction, suppose that
E and F are given and thatU is an open set withE ⊆ U andU cl ∩ F = ∅;
choosingV = (U cl)c, we see thatE ⊆ U , F ⊆ V , andU ∩ V = ∅.

Proposition 10.6.If (X, T ) is a topological space and

(a) if X is T1 and normal, thenX is regular,
(b) if X is T1 and regular, thenX is Hausdorff,
(c) if X is Hausdorff, thenX is T1.

PROOF. In (a), if x and a disjoint closed setF are given, then{x} is closed, and
the fact thatX is normal implies that we can separate the closed sets{x} andF
by disjoint open sets. In (b), ifx andy are distinct points inX, then{y} is closed
and the fact thatX is regular implies that we can separate the pointx and the
disjoint closed set{y} by disjoint open sets. In (c), the fact thatX is Hausdorff
means that for any two distinct pointsx andy, there are disjoint open setsU and
V with x ∈ U andy ∈ V . ThenX satisfies the condition in Proposition 10.5a
that was shown to be equivalent to theT1 property.
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EXAMPLES.

(1) A space that is notT1, regular, or normal. LetX = {a, b, c}, and let
T = {∅, {a}, {a, b}, {a, c}, {a, b, c}}.

(2) A space that isT1 but not Hausdorff. LetX be an infinite set, and letT
consist of the empty set and all complements of finite sets.

(3) A Hausdorff space that is not regular. LetX be the real line. A subsetU
of X is to be inT if for each pointx of U , there is an open intervalIx containing
x such that every rational number inIx is in U . Then every open interval is in
T, and henceX is certainly Hausdorff. On the other hand, the set of rationals is
open in this topology, and therefore the set of irrationals is closed. The set of
irrationals cannot be separated from the point 0 by disjoint open sets.

(4) A Hausdorff regular space that is not normal. LetX be the closed upper
half plane{Im z ≥ 0} in C. A base forT consists of all open disks inX that do
not meet thex axis, together with all open disks inX that are tangent to thex
axis; the latter sets are to include the point of tangency. It is easy to see thatX is
Hausdorff, but a little argument is needed to see thatX is regular. To begin with,
every open set in the usual metric topology forX is in T, and hence every closed
set in the usual metric topology forX is closed relative toT. Let p be a point in
X, and letF be aT closed subset ofX not containingp. There is no difficulty in
separatingp andF by disjoint open sets ifp hasy coordinate positive, and we
therefore assume thatp lies on thex axis. SinceF is closed, Proposition 10.1
produces a basic open setU tangent to thex axis at p such thatU ∩ F = ∅.
If D denotes a strictly smaller basic open set tangent to thex axis at p, then
the only point of the ordinary boundary ofU that lies inDcl is p itself. Thus
F ∩ Dcl = ∅, and it follows thatD and(Dcl)c are disjoint open sets separating
p and F . ConsequentlyX is regular. We postpone the argument thatX is not
normal until Section 7, when Urysohn’s Lemma will be available.

(5) A normal space that is not regular. LetX = {a, b}, and letT consist of∅,
{a}, and{a, b}.

We shall see in Section 5 that the Hausdorff property is exactly the right condi-
tion to make limits be unique, hence to allow a reasonable notion of convergence.
Also, in the construction of a quotient space, it is often a subtle matter to decide
whether the quotient space is Hausdorff; we shall obtain sufficient conditions in
Section 6.

The property of regularity makes possible a generalization of the passage from
a pseudometric space of points to a metric space of equivalence classes. The
point of departure is the following proposition; we shall examine the resulting
quotient space further in Section 6.
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Proposition 10.7.Let X be a regular topological space. For pointsx andy in
X, definex ∼ y if x is in {y}c. Then∼ is an equivalence relation.

PROOF. Certainlyx lies in {x}cl, and if x lies in {y}cl andy lies in {z}cl, then
x lies in {z}cl. For the symmetry property, we argue by contradiction and use the
regularity ofX. Suppose thatx lies in{y}cl but y does not lie in{x}cl. Regularity
allows us to find disjoint open setsU andV such thaty ∈ U and{x}cl ⊆ V .
Then the closed setVc containsy and hence also{y}cl. Sincex lies in {y}cl, x
lies inVc. But this relationship contradicts the fact thatx lies inV . We conclude
that∼ is symmetric and is therefore an equivalence relation.

Subspaces of topological spaces inherit certain properties if the original space
has them. Among these areT1, Hausdorff, and separable. A subspace of a
normal space need not be normal, as is seen by takingX = {a, b, c, d}, andT =
{∅, {a}, {a, b}, {a, c}, {a, b, c, d}}, the subspace being{a, b, c} and the relatively
closed subsets of interest being{b} and{c}. Let us state the result for regularity
as a proposition.

Proposition 10.8.A subspace of a regular topological space is regular.

PROOF. Within a subspaceA of X, let F be a relatively closed set, and letx
be a point ofA not in F . By Proposition 10.3 we haveF = Fcl ∩ A, the closure
being taken inX. Sincex is in A but notF , x is not in Fcl. SinceX is regular,
we can find disjoint open setsU andV in X with x ∈ U and Fcl ⊆ V . Then
U ∩ A andV ∩ A are disjoint relatively open sets containingx andF .

As with metric spaces, a subsetD of a topological spaceX is dense inA if
Dcl ⊇ A; D is denseif D is dense inX. A set D is dense if and only if there
is some point ofD in each nonempty open set ofX. If X is separable, thenX
has a countable dense set; we have only to select one point from each nonempty
member of the base.

The properties of bases of a topological spaceX become more transparent
with the aid of the notion of a local base. A setUx of open neighborhoods ofx is
a local baseatx if each open set containingx contains some member ofUx. If B
is a base, then the members ofB containingx form a local base atx. Conversely
if Ux is a local base for eachx, then the union of all theUx ’s is a base. We say that
X has acountable local baseat each point5 if a countable suchUx can be chosen
for eachx in X. Metric spaces have this property; the open balls of rational radii
centered at a point form a local base at the point.

5Some authors say instead that “X satisfies the first axiom of countability” or “X is first countable”
if this condition holds. In the same kind of terminology, one says that “X satisfies the second axiom
of countability” or “X is second countable” ifX is separable in the sense of Section 1.
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EXAMPLE 4, CONTINUED. A space that has a countable dense set and has a
countable local base at each point and yet is not separable. As in Example 4
earlier in this section, letX be the closed upper half plane{Im z ≥ 0} in C. A
base forT consists of all open disks inX that do not meet thex axis, together
with all open disks inX that are tangent to thex axis; the latter sets are to include
the point of tangency. For a pointp on thex axis, the open disks of rational
radii with point of tangencyp form a countable local base, and for a pointp
off the x axis, the open disks within the open upper half plane having centerp
and rational radius form a countable local base. A countable dense set consists
of all points with rational coordinates and withy coordinate positive. We shall
see in Corollary 10.10 in the next section that a separable regular space has to be
normal, and thisX is not normal, according to the statement in Example 4 and
the proof to be given in Section 7. ThusX cannot be separable.

3. Compactness and Local Compactness

Let X be a topological space. In this section we carry over to a general topological
spaceX some definitions made in Section II.7 for metric spaces. A collectionU
of open sets is anopen coverof X if its union is X. An open subcoverof U is a
subset ofU that is itself an open cover.

We begin with a new term, saying that the topological spaceX is aLindel öf
spaceif every open cover ofX has a countable subcover. Proposition 2.32 showed
that a metric spaceX is separable if and only ifX is a Lindelöf space. For general
topological spaces it is still true that any separableX is a Lindelöf space, by the
same argument as for the implication that condition (a) implies condition (b) in
Proposition 2.32. In fact, every subspace of a separable space is separable, and
hence every subspace of a separable space is Lindel¨of. However, a Lindel¨of space
need not be separable, as the following example shows rather emphatically.

EXAMPLE. We construct a topological space(X, T ) that is Hausdorff and
normal, has a countable dense set, has a countable local base at each point, is
Lindelöf, yet is not separable. TakeX as a set to be the real line. The intersection
of any two bounded intervals of the form [a, b) is an interval of the same kind,
and the union of all such intervals is the whole line. Hence the bounded intervals
[a, b) form a base for some topology on the line, and this topology we take to
beT. It is called thehalf-open interval topology for the real line. Since every
ordinary open interval of the line is the union of intervals [a, b), any open set in
the usual metric topology is open in the half-open interval topology. Any two
distinct points ofX may be separated by ordinary disjoint open intervals, and
thereforeX is Hausdorff. To see thatX is regular, let a pointx and a closed set
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F with x not in F be given. Sincex is in the open setFc, some [x, x + ε) is
disjoint from F . ThenU = [x, x + ε) andV = (−∞, x) ∪ [x + ε, +∞) are
disjoint open sets separatingx andF , and we conclude thatX is regular. Once
we prove thatX is Lindelöf, it will follow from Proposition 10.9 below thatX
is normal. The rationals form a countable dense subset ofX, and the set of all
intervals

[
x, x + 1

n

)
is a countable local base atx. The spaceX is not separable.

In fact, if B is any base, we can find, for eachx, some open neighborhoodBx of
x that is inB and is contained in [x, x + 1). If x < y, thenx cannot lie inBy and
henceBx �= By; thereforeB has to be uncountable. Finally let us see thatX is
Lindelöf. Let an open coverU of X be given, and fix a negative real numberx0.
Consider the setS(x0) of all real numbersx such that some countable collection
of members ofU covers [x0, x]. Sincex0 is covered by some member ofU, the
setS(x0) containsx0. If the set contains an elementx1, then the member of the
countable collection that coversx1 must contain [x1, x1 + ε) for someε > 0.
Thusx1 + ε

2 is in S(x0), andS(x0) contains no largest element. We shall show
that S(x0) = [x0, +∞). If the contrary is true, thenS(x0) must be bounded. In
this case, letc be the least upper bound. For large enoughn, c − 1

n is in S(x0).
Taking the union of the countable collections that cover

[
x0, c− 1

n

]
, together with

one more set to coverc, we obtain a countable collection that covers [x0, c], and
we see thatc is in S(x0). Thusc is in S(x0), and we have a contradiction to the
fact thatS(x0) contains no largest element. We conclude that some countable
subcollection ofU covers [x0, +∞), no matter whatx0 is. Taking the union of
the countable subcollections corresponding to each negative integer, we obtain a
countable subcollection ofU covering(−∞, +∞). ThusX is Lindelöf.

It is not always so obvious when a topological space is normal. The next result
provides one sufficient condition.

Proposition 10.9 (Tychonoff’s Lemma). Every regular Lindel¨of space is
normal.

PROOF. Let X be regular and Lindel¨of, and let disjoint closed subsetsE andF
of X be given. By regularity and Proposition 10.5b each point ofE has an open
neighborhood whose closure is disjoint fromF . Therefore the classU of open
sets with closures disjoint fromF coversE. Similarly the classV of open sets
with closures disjoint fromE coversF . ThusU∪ V∪ {X − (E ∪ F)} is an open
cover ofX. SinceX is Lindelöf, there exist sequences of setsUn in U andVn in
V such thatE ⊆ ⋃∞

n=1 Un andF ⊆ ⋃∞
n=1 Vn. Put

U ′
n = Un −

⋃
k≤n

Vcl
k and V ′

n = Vn −
⋃
k≤n

U cl
k .
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Whenm ≤ n, we haveVm ⊆ ⋃
k≤n Vcl

k . ThenU ′
n ∩ Vm = ∅, and hence the

smaller setU ′
n ∩ V ′

m is empty. Reversing the roles of theU ’s and theV ’s shows
thatU ′

n ∩V ′
m is empty form ≥ n. ThereforeU ′

n ∩V ′
m = ∅ for all n andm. Define

U =
∞⋃

n=1

U ′
n and V =

∞⋃
m=1

V ′
m.

ThenU ∩ V = ⋃
n,m (U ′

n ∩ V ′
m) = ∅. Also,

E∩U = E∩
∞⋃

n=1

(
Un−

⋃
k≤n

Vcl
k

)
⊇ E∩

∞⋃
n=1

(
Un−

∞⋃
k=1

Vcl
k

)
= E∩

(
X−

∞⋃
k=1

Vcl
k

)
,

the last equality holding since{Un} coversE. The right side here equalsE since
Vcl

k ⊆ X − E for all k, and thereforeE ⊆ U . Similarly F ⊆ V . The proof is
complete.

Corollary 10.10. Every regular separable space is normal.

PROOF. A separable space is automatically Lindel¨of, and thus the corollary
follows from Proposition 10.9.

Let us return to the concluding example in Section 2, in whichX as a set is
the closed upper half plane{Im z ≥ 0} but in which the topology is nonstandard
near the real axis. It was shown in Section 2 that this particularX is regular, and
it was stated that Urysohn’s Lemma would be used in Section 7 to show thatX
is not normal. By Corollary 10.10,X cannot be separable. This completes the
argument thatX has a countable dense set and has a countable local base at each
point yet is not separable.

We can now proceed with carrying over some definitions from Section II.7,
valid there for metric spaces, to a general topological spaceX. We callX compact
if every open cover ofX has a finite subcover. A subsetE of X is compactif it is
compact as a subspace ofX, i.e., if every collection of open sets inX whose union
containsE has a finite subcollection whose union containsE. It is immediate
from the definition that the union of two compact subsets is compact.

This definition generalizes the property of closed bounded sets ofRn given
by the Heine–Borel Theorem. We shall see that the Heine–Borel property, rather
than the Bolzano–Weierstrass property for sequences, is the useful property to
carry over to more general situations in real analysis. In fact, in several places in
this book, we have combined an iterated application of the Bolzano–Weierstrass
property with the Cantor diagonal process to obtain some conclusion. This
construction is tantamount to proving that the product of countably many compact
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metric spaces, which is a metric space essentially by Proposition 10.28 below, is
compact. There will be situations for which we want to consider an uncountable
product of compact metric spaces, and then arguments with sequences are not
decisive. Instead, it is the Heine–Borel property that is relevant. The Tychonoff
Product Theorem of Section 4 will be the substitute for the Cantor diagonal
process, and the use of nets, considered in Section 5, will be analogous to the use
of sequences.

A number of the simpler results in Section II.7 generalize easily from compact
metric spaces to all compact topological spaces or at least to all compact Hausdorff
spaces. We list those now. A consequence of Proposition 10.12 below is that
compactness is preserved under homeomorphisms.

A set of subsets of a nonempty set is said to have thefinite-intersection
property if each intersection of finitely many of the subsets is nonempty.

Proposition 10.11. A topological spaceX is compact if and only if each
set of closed subsets ofX with the finite-intersection property has nonempty
intersection.

PROOF. Closed sets with the finite-intersection property have complements
that are open sets, no finite subcollection of which is an open cover.

Proposition 10.12. Let X andY be topological spaces withX compact. If
f : X → Y is continuous, thenf (X) is a compact subset ofY.

PROOF. If {Uα} is an open cover off (X), then{ f −1(Uα)} is an open cover of
X. Let { f −1(Uj )}n

j =1 be a finite subcover. Then{Uj }n
j =1 is a finite subcover of

f (X).

Corollary 10.13. Let X be a compact topological space, and letf : X → R
be a continuous function. Thenf attains its maximum and minimum values.

PROOF. By Proposition 10.12,f (X) is a compact subset ofR. Arguing as in
the proof of Corollary 2.39, we see thatf (X) has a finite supremum and a finite
infimum and that both of these must lie inf (X).

Proposition 10.14.A closed subset of a compact topological space is compact.

PROOF. Let E be a closed subset of the compact spaceX, and letU be an open
cover ofE. ThenU ∪ {Ec} is an open cover ofX. Passing to a finite subcover
and discardingEc, we obtain a finite subcover ofE. ThusE is compact.

Lemma 10.15.Let K andE be subsets of a topological spaceX, and letK be
compact. Suppose that to each pointx of K there are disjoint open setsUx and
Vx such thatx is in Ux andE ⊆ Vx. Then there exist disjoint open setsU andV
such thatK ⊆ U andE ⊆ V .
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PROOF. As x varies throughK , the open setsUx form an open cover ofK . By
compactness, a finite subcollection of theUx ’s is a cover, sayUx1, . . . ,Uxn . Put
U = ⋃n

k=1 Uxk andV = ⋂n
k=1 Vxk . ThenK ⊆ U andE ⊆ V . Also, U ∩ V =(⋃n

k=1 Uxk

)∩(⋂n
k=1 Vxk

) = ⋃n
k=1

(
Uxk ∩

(⋂n
l=1 Vxl

)) ⊆ ⋃n
k=1(Uxk ∩Vxk) = ∅,

and thusU andV have the required properties.

Proposition 10.16.Every compact Hausdorff space is regular and normal.

PROOF. Let X be compact Hausdorff. If a pointx and a closed setF with x /∈ F
are given, we observe by Proposition 10.14 thatF is compact. The Hausdorff
property ofX allows us to takeE = {x} andK = F in Lemma 10.15, and we
obtain disjoint open setsU andV such thatx is in V and F ⊆ U . Thus X is
regular.

If disjoint closed setsE and F are given, thenF is compact by Proposition
10.14. The fact thatX has been shown to be regular allows us to takeK = F in
Lemma 10.15, and we obtain disjoint open setsU andV such thatE ⊆ V and
F ⊆ U . ThusX is normal.

Proposition 10.17.In a Hausdorff space every compact set is closed.

PROOF. Let X be a Hausdorff space, and letK be a compact subset ofX. Fix x
in K c. The Hausdorff property ofX allows us to takeE = {x} in Lemma 10.15,
and we obtain disjoint open setsUx andVx such thatx is in Vx and K ⊆ Ux.
Letting x now vary, we see thatK c = ⋃

x∈K c Vx. HenceK c is open andK is
closed.

Corollary 10.18. Let X andY be topological spaces withX compact and
with Y Hausdorff. If f : X → Y is continuous, one-one, and onto, thenf is a
homeomorphism.

PROOF. We are to show thatf −1 : Y → X is continuous. LetE be a closed
subset ofX, and consider( f −1)−1(E) = f (E). The setE is compact inX by
Proposition 10.14,f (E) is compact by Proposition 10.12, andf (E) is closed by
Proposition 10.17. Since the inverse image underf −1 of any closed set is closed,
f −1 is continuous.

A topological space islocally compact if every point has a compact neigh-
borhood. Compact spaces are locally compact, but the real line with its usual
topology is locally compact and not compact. In a sense to be made precise in
the next two propositions, locally compact Hausdorff spaces are just one point
away from being compact Hausdorff.

Let (X, T ) be an arbitrary topological space. Define a new setX∗ by X∗ =
X ∪ {∞}, where∞ is not already a member ofX, and defineT ∗ to be the union
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of T and the set of all complements inX∗ of closed compact subsets ofX. We
shall verify in Proposition 10.19 thatT ∗ is a topology forX∗. The topological
space(X∗, T ∗) is called theone-point compactificationof (X, T ). By way of
examples, the one-point compactification ofR may be visualized as a circle and
the one-point compactification ofR2 may be visualized as a sphere.

Proposition 10.19. If (X, T ) is a topological space, then(X∗, T ∗) is a
compact topological space,X is an open subset ofX∗, and the relative topology
for X in X∗ is T.

PROOF. To see thatT ∗ is a topology, we observe first that∅ andX∗ are inT ∗.
If U andV are inT ∗, there are three cases in checking thatU ∩ V is in T ∗: If U
andV are both inT, thenU ∩V is inT sinceT is closed under finite intersections.
If U is in T andV is not, thenVc is closed compact inX, andX − Vc is thus
open inX; sinceT is closed under finite intersections,U ∩ V = U ∩ (X − Vc) is
in T. If U andV are not inT, then the complementsUc andVc in X∗ are closed
compact subsets ofX; so is their union(U ∩ V)c, and henceU ∩ V is in T ∗.

We still have to check closure ofT ∗ under arbitrary unions. Suppose thatUα

is in T for α in an index setA and Vβ has closed compact complement forβ

in an index setB. Then
⋃

α∈A Uα is in T, and if B is nonempty,
⋂

β∈B Vc
β is a

closed subset of oneVc
β and hence is compact; in this case,

(⋃
β∈B Vβ

)c
is closed

compact inX, and hence
⋃

β∈B Vβ is in T ∗. Thus we have only to check that
U ∪ V is in T ∗ if U is in T andVc is closed compact inX. As the intersection of
two closed sets, one of which is compact,(X − U ) ∩ Vc = (X − U ) ∩ (X − V)

is closed and compact inX, and thusU ∪ V = ((X − U ) ∩ Vc)c is in T ∗. Thus
T ∗ is a topology.

To see thatX∗ is compact, letU be an open cover ofX∗. Find someV in U
containing the point∞. The members ofU ∩ T cover the compact subsetVc of
X, and there is a finite subcollectionV that coversVc. ThenV ∪ {V} is a finite
subcollection ofU that coversX∗.

The setX is in T and is therefore inT ∗. ThusX is open inX∗. To complete
the proof, we are to show thatT ∗ ∩ X = T. We know thatT ∗ ∩ X ⊇ T. If V is
a member ofT ∗ that does not lie inT, thenVc is closed compact inX, and its
complementX − Vc = V ∩ X in X is open inX. HenceV ∩ X is in T.

Proposition 10.20. If X∗ is the one-point compactification of a topological
spaceX, then X∗ is Hausdorff if and only ifX is both locally compact and
Hausdorff.

PROOF. Suppose thatX is locally compact and Hausdorff. SinceX is Haus-
dorff, any two points ofX can be separated by disjoint open sets inX, and these
sets will be open inX∗. To separate a pointx in X from ∞, let C be a compact
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neighborhood ofx in X. SinceX is Hausdorff,C is closed inX. ThusCc is in
T ∗. ThenCo andCc are disjoint open sets inX∗ such thatx is in Co and∞ is in
Cc, andX∗ is Hausdorff.

Conversely suppose thatX∗ is Hausdorff. Proposition 10.19 shows thatX is
a subspace ofX∗. Since any subspace of a Hausdorff space is Hausdorff,X is
Hausdorff. To see thatX is locally compact, letx be in X, and find disjoint open
setsU andV in X∗ such thatx is in U and∞ is in V . ThenU must be inT, and
Vc must be closed compact inX. SinceU ∩ V = ∅, U ⊆ Vc. This inclusion
exhibitsVc as a compact neighborhood ofx, and thusX is locally compact.

Corollary 10.21. Every locally compact Hausdorff space is regular.

PROOF. If X is locally compact Hausdorff, Propositions 10.19 and 10.20 show
that the one-point compactificationX∗ is compact Hausdorff and allow us to
regardX as a subspace ofX∗. Proposition 10.16 shows thatX∗ is regular, and
Proposition 10.8 shows thatX is therefore regular.

A locally compact Hausdorff space need not be normal; an example is given
in Problem 5 at the end of the chapter. The remainder of this section concerns
senses in which a locally compact Hausdorff space is almost normal.

Corollary 10.22. If K and F are disjoint closed sets in a locally compact
Hausdorff space and ifK is compact, then there exist disjoint open setsU andV
such thatK ⊆ U andF ⊆ V .

PROOF. This is immediate from Lemma 10.15 and Corollary 10.21.

Corollary 10.23. If K is a compact set in a locally compact Hausdorff space,
then there is a compact setL such thatK ⊆ Lo.

PROOF. Let X be locally compact Hausdorff, and form the one-point compact-
ification X∗. SinceX∗ is compact Hausdorff by Proposition 10.20, Proposition
10.17 shows thatK is closed inX∗ and Proposition 10.16 shows thatX∗ is regular.
Thus Proposition 10.5b shows that we can find an open setU in X∗ such that∞
is in U andU cl ∩ K = ∅. ThenK ⊆ X∗ − U cl ⊆ X∗ − U . By definition of
the topology ofX∗, the setL = X∗ − U is compact inX. Its subsetX∗ − U cl is
open and is therefore contained inLo. ThusK ⊆ Lo ⊆ L with L compact.

A topological space is calledσ -compactif there is a sequence of compact sets
with union the whole space. The real line with its usual topology isσ -compact.
For that matter, so is the subspace of rationals since each finite subset is compact.
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Proposition 10.24.A locally compact topological space isσ -compact if and
only if it is Lindelöf. Consequently everyσ -compact locally compact Hausdorff
space is normal.

PROOF. If X is σ -compact, writeX = ⋃∞
n=1 Kn with Kn compact. IfU is an

open cover ofX, thenU is an open cover of eachKn, and there is a finite subcover
Un of Kn. Then

⋃∞
n=1Un is a countable subcover ofU, andX is Lindelöf.

Conversely ifX is locally compact and Lindel¨of, choose, for eachx in X, a
compact neighborhoodKx of x, and letUx be the interior ofKx. As x varies, the
Ux form an open cover ofX. SinceX is Lindelöf, there is a countable subcover
{Uxn}∞n=1. Since we haveUxn ⊆ Kxn for all n, {Kxn}∞n=1 is a sequence of compact
sets with unionX. HenceX is σ -compact.

Finally if X is locally compact Hausdorff andσ -compact, hence also Lin-
delöf, then Corollary 10.21 shows thatX is regular, and Tychonoff’s Lemma
(Proposition 10.9) shows thatX is normal.

Proposition 10.25. In a σ -compact locally compact Hausdorff space, there
exists an increasing sequence{Kn} of compact sets with union the whole space
and withKn ⊆ K o

n+1 for all n.

PROOF. Let X be a locally compact Hausdorff space such thatX = ⋃∞
n=1 Ln

with Ln compact. ReplacingLn by the union of the previous members of the
sequence, we may assume thatLn ⊆ Ln+1 for all n ≥ 1. PutL0 = K0 = ∅. Use
Corollary 10.23 to chooseK1 compact withL1 ⊆ K 0

1.
Inductively suppose thatn > 0 and that for allk with 0 < k ≤ n, a compact

setKk has been defined such thatLk ∪ Kk−1 ⊆ K o
k . Applying Corollary 10.23,

we can find a compact setKn+1 such that the compact setLn+1 ∪ Kn is contained
in K o

n+1. ThenKk−1 ⊆ K o
k for all k ≥ 1 as required, andX = ⋃∞

n=1 Kn since
Kn ⊆ Ln and

⋃∞
n=1 Ln = X.

4. Product Spaces and the Tychonoff Product Theorem

Theproduct topology for the product of topological spaces was discussed briefly
in Section 1. IfS is a nonempty set and ifXs is a topological space for eachs in
S, then the Cartesian productX = ×s∈SXs, as a set, is the set of all functionsf
from S into

⋃
s∈S Xs such thatf (s) is in Xs for all s ∈ S. The topology that is

imposed onX is, by definition, the weakest topology that makes thesth coordinate
function ps : X → Xs be continuous for everys.

Let us investigate what sets have to be open in this topology, and then we can
look at examples and see better what the topology is. IfUs is any open subset
of Xs, then p−1

s (Us) has to be open inX sinceps is continuous. For example,
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if S = {1, 2}, we are consideringX = X1 × X2. A set p−1
1 (U1) is of the form

U1 × X2, and a setp−1
2 (U2) is of the formX1 × U2. These have to be open if

U1 is open inX1 andU2 is open inX2. The intersection of any two such sets,
which is of the formU1 × U2, has to be open inX, as well. We do not need to
intersect these sets further, sincep−1

1 (U1) ∩ p−1
1 (V1) = p−1

1 (U1 ∩ V1). By the
remark with Proposition 10.1, the setsp−1

1 (U1) ∩ p−1
2 (U2) with U1 open inX1

andU2 open inX2 form a base for some topology onX = X1 × X2. These sets
have to be open in the product topology, andp1 andp2 are indeed continuous in
this topology. Therefore the product topology onX = X1 × X2 has{

p−1
1 (U1) ∩ p−1

2 (U2)
∣∣ U1 open inX1, U2 open inX2

}
as a base. More generally the product topology onX = X1 × · · · × Xn has{ n⋂

k=1

p−1
k (Uk)

∣∣∣ Uk open inXk for eachk
}

as a base.
When the index setSis the set of positive integers, the productX = ×n∈SXn,

as a set, is the set of sequences{ f (n)}n∈S. Again any setp−1
n (Un) with Un open

in Xn has to be open inX. Hence any finite intersection of such sets asn varies
has to be open. But there is no need for infinite intersections of such sets to be
open, and a base for the product topology in fact consists of allfinite intersections
of setsp−1

n (Un) with Un open inXn.
The use of finite intersections, and not infinite intersections, persists for allS

and gives us a description of a base for the product topology in general. When
S = [0, 1] and all Xs are [0, 1], the description of the product topology has a
helpful geometric interpretation. The setX consists of all functions from the
closed unit interval to itself, and we can visualize these in terms of their graphs.
A basic open set of such functions imposes restrictions at finitely many values of
s, i.e., at finitely many points of the domain. At such values ofs, the graph of a
function in the basic open set is to pass through a certain windowUs depending
ons. At all other values ofs, the function is unrestricted.

Proposition 10.26.The topological product of Hausdorff topological spaces
is Hausdorff.

PROOF. Let a productX = ×n∈SXn be given, letps : X → Xs be the
sth coordinate function, and let two distinct membersf and g of X be given.
Members ofX are functions of a certain kind, and these two functions, being
distinct, havef (s) �= g(s) for somes ∈ S. SinceXs is Hausdorff, we can choose
disjoint open setsUs andVs in Xs such thatf (s) is in Us andg(s) is in Vs. Then
p−1

s (Us) andp−1
s (Vs) are disjoint open sets inX such thatf is in p−1

s (Us) andg
is in p−1

s (Vs).
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Theorem 10.27(Tychonoff Product Theorem). The topological product of
compact topological spaces is compact.

REMARKS. This theorem is a fundamental tool in real analysis. We shall give
the proof and then discuss how the theorem can be regarded as a generalization of
the Cantor diagonal process used in the proofs earlier of the fact that any totally
bounded complete metric space is compact (Theorem 2.46), the Helly Selection
Principle (Problem 10 at the end of Chapter I), Ascoli’s Theorem (Theorems
1.22 and 2.56), and, by implication, the Cauchy–Peano Existence Theorem for
differential equations (Problems 24–29 at the end of Chapter IV). The proof
will make use of Zorn’s Lemma (Section A9 of the appendix), which is one
formulation of the Axiom of Choice. Actually, the Axiom of Choice arises in two
more transparent ways in the proof as well. One is simply in the statement that
the topological product is a topological space; for this to be the case, the product
has to be nonempty, and that is the content of the Axiom of Choice. The other
is the construction of a particular elementx in the product that occurs near the
beginning of the proof below.

PROOF. LetX =×s∈SXs be given with eachXs compact, and letps : X → Xs

be thesth coordinate function. We are to prove that any open cover ofX has a
finite subcover, and we begin by proving a special case. LetS be the family of all
setsp−1

s (Us) asUs varies through all open sets ofXs and ass varies. We know
that finite intersections of members ofS form a base for the product topology on
X. For the special case letU be an open cover ofX by members ofS; we shall
produce a finite subcover. For eachs, letBs be the family of all open setsUs in
Xs such thatp−1

s (Us) is inU. We may assume for eachs that no finite subfamily
of Bs coversX, since otherwise the corresponding finitely many setsp−1

s (Us)

would coverX. By compactness ofXs, Bs does not coverXs; say thatxs is not
covered. The pointx of X whosesth coordinate isxs then belongs to no member
of U, andU cannot be a cover. This contradiction shows that the specialU has a
finite subcover.

Now letU be any open cover ofX, and suppose that no finite subfamily ofU
coversX. LetC be the system of all open coversV of X such thatU ⊆ V and such
that no finite subfamily ofV coversX. The setC is partially ordered by inclusion
upward and is nonempty, havingU as a member. If{Vα} is a chain inC, then we
shall show thatV = ⋃

α Vα is in C and hence is an upper bound inC for the chain
{Vα}. In fact,V is certainly an open cover. If it has a finite subcover, then each
member of the finite subcover lies in one of the covers, sayVαj . Since{Vα} is a
chain, all members of the finite subcover lie in the largest of thoseVαj ’s. Thus
one of theVαj ’s fails to be inC, and we arrive at a contradiction. We conclude
that every chain inC has an upper bound inC. By Zorn’s Lemma letU ∗ be a
maximal cover fromC of X.
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The familyS ∩ U ∗ of all members ofU ∗ that are in the familyS of the first
paragraph of the proof has the property that no finite subfamily is a cover ofX.
By the result of the first paragraph,S ∩ U ∗ cannot be a cover ofX. Hence we
shall have arrived at a contradiction if we show that the union of the members
of U ∗ is contained in the union of the members ofS ∩ U ∗. Let U be a member
of U ∗, and fix a pointx in U . Since finite intersections of members ofS form a
base, Proposition 10.1 shows that there are membersS1 ∩ · · · ∩ Sn of S such that
x is in S1 ∩ · · · ∩ Sn andS1 ∩ · · · ∩ Sn ⊆ U . We shall show that one of the sets
Sj is in U ∗, hence inU ∗ ∩ S, and then the proof will be complete.

If S1 is in U ∗, we are finished. Otherwise, by the maximality ofU ∗, there are
finitely many open setsC1, . . . , Ck of U ∗ such thatX = S1 ∪ C1 ∪ · · · ∪ Ck.
Again by the maximality, no open set containingS1 can belong toU ∗, since the
union of that set withC1 ∪· · ·∪Ck would beX. Proceeding inductively, suppose
we have shown that no open set containingS1 ∩ · · · ∩ Si is in U ∗ and that there
are open setsD1, . . . , Dm in U ∗ with

X = (S1 ∩ · · · ∩ Si ) ∪ (D1 ∪ · · · ∪ Dm).

If, as we may assume,Si +1 is not inU ∗, then by maximality ofU ∗, there are open
setsE1, . . . , Er in U ∗ such thatX = Si +1 ∪ E1 ∪ · · · ∪ Er . Then

X − Si +1 ⊆ E1 ∪ · · · ∪ Er ,

Si +1 = (S1 ∩ · · · ∩ Si +1) ∪ (Si +1 ∩ (D1 ∪ · · · ∪ Dm))and

⊆ (S1 ∩ · · · ∩ Si +1) ∪ (D1 ∪ · · · ∪ Dm).

Hence

X = Si +1∪ (X − Si +1) ⊆ (
(S1∩· · ·∩ Si +1)∪ (D1∪· · ·∪ Dm)

)∪(E1∪· · ·∪ Er
)
.

That is,

X = (S1 ∩ · · · ∩ Si +1) ∪ (D1 ∪ · · · ∪ Dm ∪ E1 ∪ · · · ∪ Er ).

Therefore, once again by maximality ofU ∗, no open set containingS1∩· · ·∩Si +1

can be inU ∗, and the induction is complete. In particular,U , which is an open
set containingS1 ∩ · · · ∩ Sn, is not inU ∗. This contradiction concludes the proof.

As announced above, the Tychonoff Product Theorem is a generalization of
the Cantor diagonal process. In fact, let us see how that diagonal process may be
used to show directly that the product of a sequence of copies of [0, 1] is compact.
Denote the product as a set byX = ×∞

n=1 [0, 1]. A member ofX is a sequence
{xn} with termsxn. Let us impose onX the Hilbert-cube metric of Example 11
in Section II.1:
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d({xn}, {yn}) =
∑

n

2−n|xn − yn|.

We show below in Corollary 10.29 that this metric onX yields the product
topology. By Theorem 2.36 the spaceX will then be compact if every sequence
in X has a convergent subsequence. A sequence inX means a system{x(m)

n } in
which thenth term of themth sequence isx(m)

n . Convergence is term-by-term
convergence. To produce a convergent subsequence of sequences, we iterate use
of the Bolzano–Weierstrass property of [0, 1]. Remembering thatm tells which
sequence we are dealing with, we find first a subcollectionmk of the indicesm
such that we have convergence along themk’s for n = 1, then a subcollection
mkl of that such that we have convergence along themkl ’s for n = 2, and so on.
Since the intersection of all these sequences may be empty, we instead obtain
a convergent subsequence of our sequences by requiring that thekth term of
the desired subsequence be thekth term of thekth subsequence. This “diagonal
process” thus shows that any sequence inX has a convergent subsequence. Hence
X, being a metric space, is compact.

The general Tychonoff Product Theorem may thus be viewed as a topological
generalization of the diagonal process to product spaces with an uncountable
number of factors.

Here is one way in which the Tychonoff Product Theorem is used in real
analysis. For the situation in which we have a setY and a system of functions
fs : Y → C for s in some setS, the first section of this chapter introduced
theweak topology for Y determined by { fs}s∈S. This is the weakest topology
making all the functionsfs continuous. Often in analysis a setY and a system
of functions fs of this kind arise in a construction, and then this weak topology
is imposed onY. In favorable cases it turns out that each functionfs is bounded
on Y. In this case if there are enough functionsfs to separate pointsof Y
(i.e., enough so that for eachx and y there is somes with fs(x) �= fs(y)),
thenY is a candidate for a compact Hausdorff space. To see what is needed for
compactness, letXs be a compact subset ofC containing the image offs, and let
X = ×s∈SXs. Define a functionF : Y → X by “F(y) is the function whosesth

coordinate isfs(y).” It is readily verified thatF is a homeomorphism ofY onto
a subspace of the compact Hausdorff spaceX. ThusY is compact if and only if
F(Y) is closed inX. Checking that a set is closed is much easier than checking
compactness directly, and it is especially easy if one uses “nets,” which are the
objects introduced in the next section as a useful generalization of sequences.

To complete our discussion, we still need to prove that the Hilbert-cube metric
on X = ×∞

n=1 [0, 1] yields the product topology. It will be helpful to prove the
following more general result and to obtain the statement about the Hilbert cube
as a special case.
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Proposition 10.28.Suppose thatX is a nonempty set and{dn}n≥1 is a sequence
of pseudometrics onX such thatdn(x, y) ≤ 1 for all n and for allx andy in X.
Thend(x, y) = ∑∞

n=1 2−ndn(x, y) is a pseudometric. If the open balls relative
to dn are denoted byBn(r ; x) and the open balls relative tod are denoted by
B(r ; x), then theBn’s andB’s are related as follows:

(a) whenever someBn(rn; x) is given withrn > 0, there exists someB(r ; x)

with r > 0 such thatB(r ; x) ⊆ Bn(rn; x),
(b) wheneverB(r ; x) is given withr > 0, there exist finitely manyrn > 0,

say forn ≤ K , such that
⋂K

n=1 Bn(rn; x) ⊆ B(r ; x).

PROOF. For (a), chooser = 2−nrn. If d(x, y) < r , then 2−mdm(x, y) < r for
all m and in particulardn(x, y) < 2nr = rn.

For (b), chooseK large enough so that 2−K < r/2, and putrn = r/2 for
n ≤ K . If y is in

⋂K
n=1 Bn(rn; x), then dn(x, y) < rn = r/2 for n ≤ K .

Henced(x, y) ≤ ∑K
n=1 2−ndn(x, y) +∑∞

n=K+1 2−n <
∑K

n=1 2−nr/2 + 2−K <

r/2 + r/2 = r . Thereforey is in B(r ; x).

Corollary 10.29. The Hilbert-cube metric onX = ×∞
n=1 [0, 1] yields the

product topology.

PROOF. Proposition 10.28a implies that any basic open neighborhood ofx
in the product topology contains a basic open neighborhood in the Hilbert-cube
metric topology. Proposition 10.28b shows that any basic open neighborhood of
x in the Hilbert-cube metric topology contains a basic open neighborhood in the
product topology.

5. Sequences and Nets

Sequences are of limited interest in general topological spaces. Nets, which are
generalized sequences of a certain kind, are a useful substitute, and we introduce
them in this section. Using nets, we shall be able to see that product topologies are
appropriate for detecting pointwise convergence in the same way that the metric
topology obtained from the supremum norm is appropriate for detecting uniform
convergence.

We begin with two examples that illustrate some of the difficulties with using
sequences in general topological spaces. We use the natural definition suggested
by Section II.4—that a sequence{xn} in X convergesto x0 if for each neigh-
borhood ofx0, there is someN depending on the neighborhood such thatxn is
in the neighborhood forn ≥ N. We say that the sequence iseventually in the
neighborhood. The pointx0 is a limit of the sequence.
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EXAMPLES.

(1) Let X be the set of positive integers, and let a topology forX consist of
the empty set and all sets whose complements are finite. Ifxn = 2n, then the
sequence{xn} converges to every point ofX and hence does not have a unique
limit. The spaceX is T1 and has a countable local base at each point, butX is
not Hausdorff.

(2) Let X be the set of points(m, n) in the plane withm andn integers≥ 0.
Define a topology forX as follows. Any set not containing(0, 0) is to be open. If
a setU contains(0, 0), thenU is defined to be open if there are only finitely many
columnsCm = {(m, n) | n = 0, 1, 2 . . . } such thatCm − (U ∩ Cm) is infinite.
EnumerateX, and definexn to be thenth point in the enumeration. It is easy to
check that the image of the sequence{xn} has(0, 0) as a limit point and that no
subsequence of{xn} converges to(0, 0). The spaceX is Hausdorff but does not
have a countable local base at(0, 0).

Thus the elementary results in Section II.4 do not generalize to all topological
spaces. But Proposition 2.20 (the uniqueness of the limit of any sequence)
is still valid if X is Hausdorff, and Proposition 2.22 and Corollary 2.23 (the
characterization of limit points and of closed sets in terms of sequences) are still
valid if X has a countable local base at each point. Nets will cure the problem
about characterizing limit points and closed sets without countable local bases
but not the problem about nonuniqueness of limits, and thus we shall be able to
work well with nets in all Hausdorff spaces. In particular we shall be able to use
nets in uncountable products of Hausdorff spaces, which arise frequently in real
analysis and tend not to have a countable local base at each point.

Before defining nets, let us give one positive result whose statement mixes
topological spaces and metric spaces. IfS is any nonempty set, we have made
B(S), the vector space of all bounded scalar-valued functions onS, into a normed
linear space—and hence a metric space—by means of the supremum norm. If
S is a topological space, letC(S) be the subset of continuous members ofB(S);
this is a vector subspace and hence is itself a normed linear space.

Proposition 10.30.If S is a topological space and{ fn} is a sequence of scalar-
valued functions continuous ats0 and converging uniformly to a functionf , then
f is continuous atx0. Consequently the subspaceC(S) of B(S) is a closed
subspace, andC(S) is complete as a metric space.

PROOF. Givenε > 0, chooseN such thatn ≥ N implies‖ fn − f ‖sup < ε.
For anys, we then have
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| f (s) − f (s0)| ≤ | f (s) − fN(s)| + | fN(s) − fN(s0)| + | fN(s0) − f (s0)|
≤ ‖ fN − f ‖sup+ | fN(s) − fN(s0)| + ‖ fN − f ‖sup

< 2ε + | fN(s) − fN(s0)|.

Since fN is continuous ats0, there exists a neighborhood ofs0 such that the right
side is< 3ε for s in that neighborhood. Thusf is continuous ats0.

If { fn} is a sequence inC(S) converging uniformly tof in B(S), then f is in
C(S), by the result of the previous paragraph. Since convergence of sequences
in B(S) is the same as uniform convergence, Corollary 2.23 shows thatC(S)

is a closed subset ofB(S). Propositions 2.43 and 2.44 then show thatC(S) is
complete as a metric space.

Now we turn our attention to nets. In the indexing for a net, the set of positive
integers is replaced by a “directed set,” which we define first. LetD be a partially
ordered set in the sense of Section A9 of the appendix, the partial ordering being
denoted by≤. We say that(D, ≤) is adirected setif for any α andβ in D, there
is someγ in D with α ≤ γ andβ ≤ γ .

EXAMPLES.

(1) TakeD to be the set of positive integers, and let≤ have the usual meaning.

(2) Let Sbe a nonempty set, takeD to be the set of all finite subsets ofS, and
let α ≤ β mean that the inclusionα ⊆ β holds.

(3) Let X be a topological space, letx be a point inX, takeD to be the set of
all neighborhoods ofx, and letα ≤ β mean thatα ⊇ β.

(4) Let(D1, ≤1) and(D2, ≤2) be two directed sets, takeD to beD1 × D2, and
let (α1, α2) ≤ (β1, β2) mean thatα1 ≤1 β1 andα2 ≤2 β2.

If X is a nonempty set, anet in X is a function from a directed setD into X.
If D needs to be specified to avoid confusion, we speak of a “net fromD to X.”
The function will often be writtenα 
→ xα or {xα}. If E is a subset ofX, the net
is eventually in E if there is someα0 in D such thatα0 ≤ α implies thatxα is in
E. The net isfrequently in E if for any α in D, there is aβ in D with α ≤ β

such thatxβ is in E. It is important to observe that the negation of “the net is
eventually inE” is that “the net is frequently in the complement ofE.”

The directedness of the setD plays an important role in the theory by allowing
us to work simultaneously with finitely many conditions on a net. For example,
if {xα} is eventually inE1 and eventually inE2, then it is eventually inE1 ∩ E2.
In fact, the given conditions say that there are membersα1 andα2 of D such that
xα is in E1 for α1 ≤ α andxα in E2 for α2 ≤ α. The directedness implies that
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α1 ≤ α0 andα2 ≤ α0 for someα0 in D. Then{xα} is in E1 ∩ E2 for α0 ≤ α.
This kind of argument will be used often without mention of the details.

If X is a topological space, a net{xα} in X convergesto x0 in X if {xα} is
eventually in each neighborhood ofx0. In this case we writexα → x0, and we
say thatx0 is a limit of {xα}. Because of the availability of Examples 3 and 4
above, it is an easy matter to characterize the terms “Hausdorff,” “limit point,”
“closed set,” and “continuous at a point” in terms of convergence of nets.

Proposition 10.31. A topological spaceX is Hausdorff if and only if every
convergent net inX has only one limit.

PROOF. Suppose thatX is Hausdorff and thatxα → x0 andxα → y0 with
x0 �= y0. Choose disjoint open setsU andV with x0 in U andy0 in V . By the
assumed convergence,{xα} is in U eventually and is inV eventually. Then it is
in U ∩ V = ∅ eventually, and we have a contradiction.

Suppose thatX is not Hausdorff. Find distinct pointsx0 andy0 such that every
pair of neighborhoodsU of x0 andV of y0 has nonempty intersection. For any
such pair(U, V), definexU,V to be some point in the intersection. Combining
Examples 3 and 4 above, we see that(U, V) 
→ xU,V is a net inX converging to
bothx0 andy0.

Proposition 10.32.If X is a topological space, then

(a) for any subsetA of X and limit pointx0 of A, there exists a net inA−{x0}
converging tox0,

(b) any convergent net{xα} in X with limit x0 in X either hasx0 as a limit
point of the image of the net or else is eventually constantly equal tox0.

PROOF. For (a), the definition of limit point implies that for each neighborhood
U of x0, the setU∩(A−{x0}) is nonempty. IfxU denotes a point in the intersection,
thenU 
→ xU is a net inA − {x0} converging tox0.

For (b), suppose thatx0 is not a limit point of the image of the net. Then there
exists a neighborhoodU of x0 such thatU − {x0} is disjoint from the image of
the net. Since the convergence implies that the net is eventually inU , it must be
true thatxα = x0 eventually.

Corollary 10.33. If X is a topological space, then a subsetF of X is closed if
and only if every convergent net inF has its limit inF .

PROOF. Suppose thatF is closed and that{xα} is a convergent net inF with
limit x0. By Proposition 10.32b, eitherx0 is in the image of the net orx0 is a limit
point of the image of the net. In the latter case,x0 is a limit point of the larger set
F . In either case,x0 is in F ; thus the limit of any convergent net inF is in F .
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Conversely suppose every convergent net inF has its limit inF . If x0 is a limit
point of F , then Proposition 10.32a produces a net inF − {x0} converging tox0.
By assumption, the limitx0 is in F . ThereforeF contains all its limit points and
is closed.

Proposition 10.34.Let f : X → Y be a function between topological spaces.
Then f is continuous at a pointx0 in X if and only if whenever{xα} is a convergent
net in X with limit x0, then{ f (xα)} is convergent inY with limit f (x0).

REMARKS. This result needs to be used with caution ifY is not known to be
Hausdorff. For example, letX andY both be the set{a, b}. Let the topology
for X be discrete and the topology forY be indiscrete, consisting only of∅
and the whole space. Every functionf : X → Y is continuous. Suppose that
f (a) = f (b) = a. Takex0 = b andxα = b for all α. Then{ f (xα)} converges
to botha andb. Hence we cannot evaluatef (x0) as just any limit of{ f (xα)}; we
have to pick the right limit.

PROOF. Suppose thatf is continuous atx0 and that{xα} is a convergent net in
X with limit x0. Let V be any open neighborhood off (x0). By continuity, there
exists an open neighborhoodU of x0 such thatf (U ) ⊆ V . Sincexα → x0, the
membersxα of the net are eventually inU . Then f (xα) is in f (U ) ⊆ V for the
sameα’s, hence eventually. Therefore{ f (xα)} converges tof (x0).

Conversely suppose thatxα → x0 always impliesf (xα) → f (x0). We are to
show that f is continuous. IfV is an arbitrary open neighborhood off (x0), we
seek some open neighborhood ofx0 that maps intoV under f . Assuming that
there is no such neighborhood for someV , we can find, for each neighborhood
U of x0, somexU in U such thatf (xU ) is not inV . ThenxU → x0, but f (xU )

does not have limitf (x0) becausef (xU ) is never inV . This is a contradiction,
and we conclude that someU maps intoV under f ; thus f is continuous.

Proposition 10.35. Let X = ×s∈SXs be the product of topological spaces
Xs, and let ps : X → Xs be thesth coordinate function. Then a net{xα} in
X converges to somex0 in X if and only if the net{ps(xα)} in Xs converges to
ps(x0) for eachs in S.

REMARK. This is the sense in which the product topology is the topology of
pointwise convergence. In combination with Corollary 10.33, this proposition
simplifies the problem of deciding when a subset of a product space is closed in
the product topology.

PROOF. If {xα} converges tox0, then Proposition 10.34 and the continuity of
ps together imply that{ps(xα)} converges tops(x0).
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Conversely suppose that{ps(xα)} converges tops(x0) for all s. Fix s. If Us is
an open neighborhood ofps(x0) in Xs, then{ps(xα)} is eventually inUs. Hence
there is someα0 such thatps(xα) is in Us wheneverα0 ≤ α. For the same values
of α, {xα} is in p−1

s (Us). Thus{xα} is eventually inp−1
s (Us).

Any neighborhoodN of x0 in X contains some basic open neighborhood of
the form U = p−1

s1
(Us1) ∩ · · · ∩ p−1

sn
(Usn). It follows from the result of the

previous paragraph that{xα} is eventually in eachp−1
s (Us), hence is eventually in

the intersectionU , and hence is eventually inN. Therefore{xα} converges tox0.

One can express also the notion of compactness in terms of nets, the idea
being that compactness ofX is equivalent to the fact that every net inX has a
convergent subnet, for an appropriate definition of “subnet.” The remainder of
this section will deal with this question. Carrying out the details of this equiv-
alence is harder than what we have done so far with nets. Actually, the main
benefit of the equivalence is the resulting simplification to proofs of compactness,
especially to the proof of the Tychonoff Product Theorem. Since we have already
proved the Tychonoff Product Theorem without nets, the material in the remainder
of this section will be used only in minor ways in the rest of the book.6

Let D andE be directed sets. A function fromE to D, writtenµ 
→ αµ, is
cofinal7 if for any β in D, there is aν in E such thatβ ≤ αµ wheneverν ≤ µ.
If µ 
→ αµ is cofinal and ifα 
→ xα is a net fromD to X, then the composition
µ 
→ xαµ

is a net fromE to X and is called asubnetof the netα 
→ xα.
The prototype of a subnet is a subsequence. In this case,D and E are both

the set of positive integers, and the function fromE to D is k 
→ nk. If the
sequence is{an}, then the subnet/subsequence is{ank}. For a general subnet one
might expect that it would suffice always to takeE to be a subset ofD and to
let the function fromE to D be inclusion. However, this definition of subnet is
insufficient to prove the desired characterization of compactness in terms of nets
and subnets.

A net from a directed setD to a nonempty setX is calleduniversal if for any
subsetA of X, the net is eventually inA or eventually inAc. It of course cannot
be eventually in both, since otherwise it would eventually be in the intersection,
namely the empty set.

Proposition 10.36.Each net in a nonempty setX has a universal subnet.

REMARK. The proof will use Zorn’s Lemma. Apart from this one use, the only
other uses of the Axiom of Choice in the remainder of this section are transparent
ones.

6Nets play a more significant role in the companion volumeAdvanced Real Analysis.
7This definition is not the standard one given in Kelley’sGeneral Topology, but it leads to the

standard definition of “subnet.”
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PROOF. Let D be a directed set, and letα 
→ xα be a net fromD to X. Consider
all familiesCβ of subsets ofX that are closed under finite intersections and have
the property, for eachA in Cβ , that the net is frequently inA. There exists such a
family, the singleton family{X} being one. Partially order the set of such families
by inclusion upward, saying thatCβ ≤ Cβ ′ whenCβ ⊆ Cβ ′ . In any chain ofCβ ’s,
let Cγ be the union of the sets in the various members of the chain. Since closure
under intersection depends only on two sets at a time and since the other property
of a Cβ depends only on one set at a time,Cγ is again a family of this kind. By
Zorn’s Lemma letC be a maximal such family.

Let us prove for each subsetA of X that eitherA or Ac is in C. In fact, if for
everyB in C, the net is frequently inA∩ B, thenC∪ {A} is a family containingC
and satisfying the two defining properties of one of our families. By maximality,
C ∪ {A} = C. HenceA is in C. Assuming thatA is not inC, we obtain a setB in
C such that the net fails to be frequently inA∩ B. ThenB is a member ofC such
that the net is eventually in(A ∩ B)c.

Similarly if we assume thatAc is not inC, we obtain a setB′ in C such that
the net is eventually in(Ac ∩ B′)c. If neither A nor Ac is in C, then the net is
eventually in

(A ∩ B)c ∩ (Ac ∩ B′)c = (Ac ∪ Bc) ∩ (A ∪ B′c)

= (Ac ∩ (A ∪ B′c)) ∪ (Bc ∩ (A ∪ B′c))

= (Ac ∩ B′c) ∪ (Bc ∩ (A ∪ B′c))

⊆ B′c ∪ Bc = (B ∩ B′)c,

and it cannot be frequently inB ∩ B′. This contradicts the fact thatB ∩ B′ is
in C becauseC is closed under finite intersections. This completes the proof that
eitherA or Ac has to be inC.

The members ofC form a directed set under inclusion downward, i.e., with
partial orderingA ≤ B if A ⊇ B. Form C × D as a directed set under the
definition in Example 4 at the beginning of this section. We construct a subnet as
follows. For each ordered pair(A, β) in C× D, letα(A,β) be an element ofD with
β ≤ α(A,β) and withxα(A,β)

in A; this choice is possible sinceD is directed and the
given net is frequently inA. The function(A, β) 
→ α(A,β) is cofinal because for
anyβ ∈ D, the domain value(A, β) hasβ ≤ α(B,γ ) whenever(A, β) ≤ (B, γ ).
Thus(A, β) 
→ xα(A,β) is a subnet.

To complete the proof, we show that this subnet is universal. For any subsetA
of X, we have seen that eitherA or Ac has to be inC. Without loss of generality,
assume thatA is in C. For any fixedβ, the inequality(A, β) ≤ (B, γ ) implies
thatxα(B,γ )

is in the subsetB of A, and hence the subnet is eventually inA.

Proposition 10.37.The following three statements about a topological space
X are equivalent:
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(a) X is compact,
(b) every universal net inX is convergent,
(c) every net inX has a convergent subnet.

PROOF. To prove that (a) implies (b), let{xα} be a universal net inX, and
suppose that{xα} is not convergent. For eachx in X, there is then an open
neighborhoodUx of x such that{xα} is not eventually inUx. Since the net is
universal, it is eventually in(Ux)

c for eachx. The open setsUx cover X. By
compactness, let{Ux1, . . . ,Uxn} be a finite subcover. The net is eventually in
each(Uxj )

c and hence is eventually in their intersection. But their intersection is
empty sinceX = ⋃n

j =1 Uxj . We have arrived at a contradiction, and thus{xα}
must be convergent.

Statement (b) implies statement (c) since every net has a universal subnet, by
Proposition 10.36.

To prove that (c) implies (a), suppose thatX is noncompact. We shall produce
a net with no convergent subnet. IfU is an open cover ofX with no finite subcover,
we shall useU to define a directed set. LetF be the set of all finite subcollections
of members ofU. This is directed under inclusion upward:α ≤ β if α ⊆ β. For
eachα in F, the setX −⋃

U∈α U is not empty sinceU has no finite subcover, and
we let xα be an element ofX −⋃

U∈α U . Thenα 
→ xα is a net. Suppose that
{xα} has a convergent subnet, with somex0 as limit. For any neighborhoodN of
x0, {xα} is frequently inN. SinceU is a covering, there is someU in U with x0

in U . By construction,{xα} is not inU as soon asα has{U } ≤ α. We conclude
that no subnet of{xα} converges.

Proposition 10.37 gives the statement about general topological spaces that
extends the equivalence of the Bolzano–Weierstrass property and the Heine–
Borel property of closed bounded subsets of Euclidean space. To illustrate the
power of nets, we can now use them to give a second proof of the Tychonoff
Product Theorem (Theorem 10.27).

SECOND PROOF OFTYCHONOFF PRODUCT THEOREM. Let X = ×s∈SXs be
given with eachXs compact, letps : X → Xs be thesth coordinate function,
and let{xα} be a universal net inX. Fix s, and let As be any subset ofXs.
Since the net is universal, it is eventually inp−1

s (As) or in (p−1
s (As))

c. Since
(p−1

s (As))
c = p−1

s ((As)
c), the net{ps(xα)} is eventually inAs or in (As)

c. Thus
{ps(xα)} is a universal net inXs. By Proposition 10.37 and the compactness of
Xs, {ps(xα)} converges to some memberxs of Xs. Now lets vary. Forming the
memberx of X with ps(x) = xs for all s and applying Proposition 10.35, we see
thatxα → x. By Proposition 10.37,X is compact.
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6. Quotient Spaces

If X is a topological space and∼ is an equivalence relation onX, then we saw
in Section 1 that the setX/∼ of equivalence classes inherits a natural topology
known as the “quotient topology.” Ifq : X → X/∼ is thequotient map, then
a subsetU of X/∼ is defined to be open in thequotient topology if q−1(U ) is
open inX. The quotient topology is then the finest topology onX/∼ that makes
the quotient map continuous.

Without some assumption that relates the equivalence relation to the topology
of X, we cannot expect much from general quotient spaces. In this section
we shall investigate situations in which the quotient space does have reasonable
properties. Ultimately our interest will be in four situations, some of which are
hinted at in Section 1:

(i) the passage from a regular topological space to the quotient when the
equivalence relation is thatx ∼ y if x is in {y}cl (Proposition 10.7),

(ii) the passage from a compact Hausdorff spaceX to the quotient when the
equivalence relation is closed as a subset ofX × X (to be discussed in
Problem 11 at the end of the chapter),

(iii) the passage from a “topological vector space” or “topological group” to
a coset space (to be discussed in the companion volumeAdvanced Real
Analysis),

(iv) the piecing together of a “manifold,” or a “vector bundle,” or a “cov-
ering space” from local data (to be discussed in the companion volume
Advanced Real Analysis).

We begin with some general facts. The first is a kind of “universal mapping
property” for all quotient spaces. Its corollary describes a situation in which we
can recognize a given space as a quotient even if it was not constructed that way:
we say that a functionF : X → Y is open if F carries open sets to open sets.

Proposition 10.38.

(a) Let F : X → Y be a continuous function between topological spaces, let
∼ be an equivalence relation onX, and letq : X → X/∼ be the quotient map.
Suppose thatF has the property thatF(x1) = F(x2) wheneverx1 ∼ x2, so that
there exists a well-defined functionf : X/∼ → Y such thatF = f ◦ q. Then
f is continuous.

(b) The quotientX/∼ is characterized by the property in (a) in the following
sense. Suppose thatq′ : X → Z is any continuous function ofX onto a
topological spaceZ such that

(i) x1 ∼ x2 impliesq′(x1) = q′(x2),
(ii) wheneverF : X → Y is a continuous function such thatx1 ∼ x2



472 X. Topological Spaces

impliesF(x1) = F(x2), there exists a continuous functionf ′ : Z → Y
with F = f ′ ◦ q′.

ThenZ is canonically homeomorphic toX/∼.

PROOF. In (a), we want to know thatf −1(U ) is open inX/∼ wheneverU is
open inY. By definition of the quotient topology,f −1(U ) is open inX/∼ if and
only if q−1( f −1(U )) is open inX. This set isF−1(U ), which is open sinceF is
assumed continuous.

In (b), supposeZ andq′ are such thatq′ : X → Z has the stated properties.
We apply the result of (a) withF taken to beq : X → X/∼, and the property of
Z gives us a continuous functionf ′ : Z → X/∼ such thatq = f ′ ◦ q′. Then
we apply the result of (a) withF taken to beq′ : X → Z, and (a) shows that the
function f : X/ ∼ → Z with q′ = f ◦ q is continuous. Combining these two
equations gives usq = f ′ ◦ f ◦q andq′ = f ◦ f ′ ◦q′. Thus f ′ ◦ f is the identity
on the image ofq, and f ◦ f ′ is the identity on the image ofq′. Sinceq is onto
X/∼ andq′ is ontoZ, f : X/∼ → Z is a homeomorphism.

Corollary 10.39. Let F : X → Y be a continuous function from one
topological space onto another, and definex1 ∼ x2 if F(x1) = F(x2). Let
q : X → X/ ∼ be the quotient map, and letf : X/ ∼ → Y be the continuous
map such thatF = f ◦ q. If F is open, thenf is a homeomorphism and hence
Y can be regarded as a quotient ofX.

REMARK. The continuity of f is the conclusion of Proposition 10.38a.

PROOF. The function f : X/ ∼ → Y is continuous, one-one, and onto. To
see thatf is open and hence is a homeomorphism, let an open setU in X/∼ be
given. ThenF(q−1(U )) is open becauseq is continuous andF is open. Since
F(q−1(U )) = f (q(q−1(U ))) = f (U ), we see thatf (U ) is open. Hencef is
open.

EXAMPLE. Let X = ×s∈SXs be a product of topological spaces, fixs in S,
and let ps : X → Xs be thesth coordinate function. We shall show thatps is
open, so thatXs can be regarded as the quotient ofX by the relation thatx1 ∼ x2

if ps′(x1) = ps′(x2) for all s′ �= s. If U is an open set inX andx is in U , then we
can find a basic open setVx = p−1

s1
(U1)∩· · ·∩ p−1

sn
(Un) aboutx that is contained

in U . Then ps(Vx) equalsUj if s = sj , and it equalsXs if s is not equal to any
sj . In either case,ps(Vx) is open. Thusps(U ) contains a neighborhood of each
of its points and must be an open set. Sops is open.

A key desirable property of a quotient space is that it is Hausdorff. The
Hausdorff property is what makes limits unique, after all, and it therefore paves
the way to doing some analysis with the space. The next proposition gives a
useful necessary condition and a useful sufficient condition.
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Proposition 10.40. Let X be a topological space, let∼ be an equivalence
relation onX, and letR be the subset{(x1, x2) | x1 ∼ x2} of X × X. If the
quotient topology onX/ ∼ is Hausdorff, thenR is a closed subset ofX × X.
Conversely ifR is a closed subset ofX×X and if the quotient mapq : X → X/∼
is open, thenX/∼ is Hausdorff.

PROOF. Suppose thatX/∼ is Hausdorff. If(x, y) is not in R, thenq(x) and
q(y) are distinct points inX/∼. Find disjoint open setsU andV in X/∼ such
thatq(x) is in U andq(y) is in V . Thenq−1(U ) andq−1(V) are open sets in
X with the property that no member ofq−1(U ) is equivalent to any member of
q−1(V). Thusq−1(U )×q−1(V) is an open neighborhood of(x, y) that does not
meetR. HenceR is closed.

Conversely ifR is closed and(x, y) is not in R, then there exists a basic open
setU × V of X × X containing(x, y) that does not meetR. The setsq(U ) and
q(V) are open inX/∼ sinceq is open, they are disjoint since no member ofU
is equivalent to a member ofV , and they are neighborhoods ofq(x) andq(y),
respectively. ThusX/∼ is Hausdorff.

A special case is the situation with a pseudometric space in which the equiv-
alence relation is thatx ∼ y if x and y are at distance 0 from one another. A
generalization of this relation was given in Proposition 10.7, which said that in
a regular topological space the relationx ∼ y if x is in {y}cl is an equivalence
relation. The corollary to follow gives properties of the quotient space when this
equivalence relation is used.

Corollary 10.41. Let X be a regular topological space, let∼ be the equivalence
relation defined by saying thatx ∼ y if x is in {y}cl, and letq : X → X/∼ be
the quotient map. Then

(a) q is open, and every open set inX is the union of equivalence classes,
(b) X/∼ is regular and Hausdorff,
(c) X normal impliesX/∼ normal,
(d) X separable impliesX/∼ separable.

PROOF. First we show that every open set is a union of equivalence classes.
Suppose thatx is in an open setU in X. Let x ∼ y. If y were not inU , theny
would be in the closed setUc and hence{y}cl would be contained inUc. Since
x ∼ y, x is in {y}cl, and we are led to the contradiction thatx would be inUc,
hence inU ∩ Uc = ∅. SoU is a union of equivalence classes. Then it follows
thatq−1(q(U )) = U , and the setq(U ) has the property that its inverse image is
open inX. By definition of the quotient topology,q(U ) is open. Thereforeq is
an open map. This proves (a).
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To prove the Hausdorff property in (b), we shall apply Proposition 10.40. Since
(a) shows thatq is open, it is enough to show that the subsetR = {(x, y) | x ∼ y}
of X × X is closed. If(x, y) is not in R, thenx is not in{y}cl. By regularity of
X, choose disjoint open setsU andV in X such thatx is in U and{y}cl ⊆ V .
SinceU andV are unions of equivalence classes and are disjoint, no member of
U is equivalent to any member ofV . Therefore(U × V) ∩ R = ∅, and every
point of Rc has an open neighborhood lying inRc. HenceR is closed.

As a result of (a), the open sets inX are in one-one correspondence viaq with
the open sets inX/∼, and the same thing is true for the closed sets. Under this
correspondence disjoint sets correspond to disjoint sets. Then regularity in (b),
as well as conclusions (c) and (d), follow immediately.

7. Urysohn’s Lemma

According to Proposition 10.31, a Hausdorff topological space has unique limits
for convergent sequences and nets. Corollary 10.41 shows that regularity of a
space makes it possible to pass to a natural quotient space that is regular and
Hausdorff. The following theorem exhibits a special role for the condition that a
space be normal.

Theorem 10.42.(Urysohn’s Lemma). IfE andF are disjoint closed sets in
a normal topological spaceX, then there exists a continuous functionf from X
into [0, 1] that is 0 onE and is 1 onF .

PROOF. Proposition 10.5c shows in a normal space that between a closed
set and a larger open set we can always interpolate an open set and its closure.
Starting fromE ⊆ Fc, we find an open setU1/2 with

E ⊆ U1/2 ⊆ (U1/2)
cl ⊆ Fc.

Then we can find open setsU1/4 andU3/4 with

E ⊆ U1/4 ⊆ (U1/4)
cl ⊆ U1/2 ⊆ (U1/2)

cl ⊆ U3/4 ⊆ (U3/4)
cl ⊆ Fc.

Proceeding inductively onn, we obtain, for each diadic rational numberr = m/2n

with 0 < r < 1, an open setUr betweenE and Fc such thatr < s implies
(Ur )

cl ⊆ Us. Put U1 = X. For eachx in X, define f (x) to be the greatest
lower bound of allr such thatx is in Ur . Then f is 0 onE, is 1 onF , and has
values in [0, 1]. To see thatf is continuous, letx be given, letr ands be diadic
rationals in(0, 1) with r < f (x) < s, and choose diadic rationalsr ′ ands′ with
r < r ′ < f (x) < s′ < s. (If f (x) = 0, we omitr andr ′; if f (x) = 1, we omits
ands′.) We are to produce an open neighborhoodU of x with f (U ) ⊆ (r, s). If
U = Us′ − (Ur ′)cl, thenU is open withr ′ ≤ f (U ) ≤ s′. Thusr < f (U ) < s as
required. We conclude thatf is continuous.
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EXAMPLE. In Example 4 of Section 2, we produced a certain Hausdorff regular
spaceX that is not normal, but we deferred the proof thatX is not normal until we
had Urysohn’s Lemma in hand. We can now give that missing proof. As a set,X
is the closed upper half plane{Im z ≥ 0} in C. A base for the topology in question
consists of all open disks inX that do not meet thex axis, together with all open
disks inX that are tangent to thex axis; the latter sets are to include the point of
tangency. For a pointp on thex axis, the open disks of rational radii with point of
tangencyp form a countable local base. Arguing by contradiction, suppose that
X is normal. Any subset of thex axis inX is closed inX, and we takeE to be the
set of rationals on the axis andF to be the set of irrationals on the axis. Urysohn’s
Lemma (Theorem 10.42) supplies a continuous functionf : X → [0, 1] such
that f (E) = 0 and f (F) = 1. Define a sequence of functionsfn : R → [0, 1]
by fn(x) = f

(
x, 1

n

)
, the notation(x, y) indicating a point in the(x, y) plane.

The functionsfn are continuous in the ordinary topology onR since the topology
on X is the ordinary topology of the half plane as long as we stay away from the
x axis. At any point(x, 0) of thex axis, the sets

Um = {x, 0} ∪ B
(

1
m; (x, 1

m

))
form a local base at(x, 0), and

(
x, 1

n

)
is in Um for n ≥ m. The continuity of f

therefore yields limn f
(
x, 1

n

) = f (x, 0). In other words, limn fn exists pointwise
onR and equals the indicator function of the set of irrationals. The sequence{ fn}
is therefore a sequence of continuous real-valued functions onR whose pointwise
limit is everywhere discontinuous. However, Theorem 2.54 implies that the set
of discontinuities of the limit function is of first category inR, and the Baire
Category Theorem (Theorem 2.53) implies thatR is not of first category in itself.
Thus we have a contradiction, and we conclude thatX cannot be normal.

Corollary 10.43. If E andF are disjoint closed sets in a compact Hausdorff
spaceX, then there exists a continuous functionf : X → [0, 1] that is 0 onE
and is 1 onF .

PROOF. This follows by combining Proposition 10.16 and Theorem 10.42.

Corollary 10.44. If K and F are disjoint closed sets in a locally compact
Hausdorff spaceX and if K is compact, then there exists a continuous function
f : X → [0, 1] that is 1 onK , is 0 onF , and has compact support.

PROOF. Using Proposition 10.19, regardX as an open subset of the one-point
compactificationX∗. Proposition 10.20 shows that the compact spaceX∗ is
Hausdorff. Choose disjoint open setsU and V in X by Corollary 10.22 such
that K ⊆ U and F ⊆ V . ChooseL compact inX by Corollary 10.23 such
that K ⊆ Lo. ThenM = L ∩ (X − V) is compact inX by Proposition 10.14,
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and K ⊆ Lo ∩ U ⊆ Lo ∩ (X − V)o ⊆ (L ∩ (X − V))o = Mo. Hence
K and X∗ − Mo are disjoint compact sets inX∗. Corollary 10.43 produces a
continuousg : X∗ → [0, 1] such thatg is 1 onK and is 0 onX∗ − Mo. Since
F ⊆ V ⊆ (X − L)∪ V = X − (L ∩ (X − V)) = X − M ⊆ X − Mo ⊆ X∗ − Mo,
the function f = g

∣∣
X has the required properties.

8. Metrization in the Separable Case

A problem about topological spaces, now completely solved, is to characterize
those topologies that arise from metric spaces. Such a space is said to bemetriz-
able. We consider only the separable case and prove the following theorem.

Theorem 10.45(Urysohn Metrization Theorem). Any separable regular Haus-
dorff spaceX is homeomorphic to a subspace of the Hilbert cubeC = ×∞

n=1[0, 1]
and is therefore metrizable.

PROOF. The Hilbert cubeC is seen as a metric space in Example 11 in Section
II.1, Corollary 10.29 identifies it as a product space, and the Tychonoff Product
Theorem (Theorem 10.27) shows that it is compact. Letpn : X → [0, 1] be the
nth coordinate function.

By Corollary 10.10,X is normal. Fix a countable baseB for the open sets.
Enumerate the countable set of pairs(U, V) of members ofB such thatU cl ⊆ V .
To thenth pair, associate by Urysohn’s Lemma (Theorem 10.42) a continuous
function fn : X → [0, 1] such thatfn is 1 onU cl and is 0 onVc. Let F : X → C
be defined by “F(x) is the sequence whosenth term is fn(x).” We are to show
that F is continuous, is one-one, and is open as a function ontoF(X).

The continuity ofpn ◦ F = fn for eachn means thatF−1 p−1
n of any open set

in [0, 1] is open inC. SinceF−1 of a basic open set inC is the finite intersection
of the variousF−1 p−1

n ’s of open sets,F is continuous.
To see thatF is one-one, letx andy be distinct points ofx. By Proposition

10.6c, X Hausdorff implies that{y} is closed and hence that{y}c is an open
neighborhood ofx. Choose a basic open setV containingx and contained in
{y}c. By Proposition 10.5b and the regularity ofX, choose a basic open set
U containingx such thatU cl ⊆ V . Then(U, V) is one of our pairs, and the
corresponding functionfn has fn(x) = 1 and fn(y) = 0. HenceF(x) �= F(y),
andF is one-one.

To see thatF carries open sets ofX to open sets inF(X), let W be open in
X, and fixx in W. Arguing as in the previous paragraph, we can find basic open
setsU andV such thatx is in U andU cl ⊆ V ⊆ W. The correspondingfn then
has fn(x) = 1 and fn(Vc) = 0. Hencefn(Wc) = 0. The setNx of y’s such that
fn(y) > 0 is open inX and containsx. The product(0, 1]n × (×k �=n[0, 1]k

)
is
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open inC, and its intersection withF(X) is the same asF(Nx) ∩ F(X). Thus
F(Nx) ∩ F(X) is relatively open inF(X). ThenF(x) lies in this relatively open
set, which in turn lies inF(W), and it follows thatF(W) is a relatively open
neighborhood of each of its members.

Corollary 10.46. Every separable compact Hausdorff space is metrizable.

PROOF. This is immediate from Proposition 10.16 and Theorem 10.45.

9. Ascoli–Arzelà and Stone–Weierstrass Theorems

In Section II.10 we studied Ascoli’s Theorem (Theorem 2.56) and the Stone–
Weierstrass Theorem (Theorem 2.58) as tools for working with continuous func-
tions on compact metric spaces. In turn, these theorems were illuminating
generalizations of results about continuous functions on closed bounded intervals
of the line, particularly the classical version of Ascoli’s Theorem (Theorem 1.22)
and the Weierstrass Approximation Theorem (Theorem 1.52). In this section
we shall extend these results to the setting of continuous functions on compact
Hausdorff spaces. The proof of the extended Ascoli theorem will be our first
example of how the Cantor diagonal process gets replaced by an application
of the Tychonoff Product Theorem (Theorem 10.27) when one is dealing with
an uncountable number of limiting situations at once. The Stone–Weierstrass
Theorem in the more general setting becomes in part a tool for dealing with large
abstract compact Hausdorff spaces that arise in functional analysis. The starting
point for this investigation is the general form of Alaoglu’s Theorem,8 which says
that the closed unit ball in the dualX∗ of a normed linear spaceX is compact in
the weak-star topology; closed subsets of this space play a foundational role in
the theory of Banach algebras.

We work in this section with a compact Hausdorff spaceX and with the algebra
C(X) of bounded continuous scalar-valued functions onX. The scalars may be
real or complex. Corollary 10.13 shows that iff is a continuous scalar-valued
function on X, then | f | attains its maximum value onX. The setC(X) is a
subspace of the normed linear spaceB(X) of bounded scalar-valued functions
on X, the norm being‖ f ‖sup = supx∈X | f (x)|. Convergence inB(X) is uniform
convergence. Proposition 10.30 shows thatC(X) is a closed subspace ofB(X)

and is complete as a metric space.
We begin with the extended Ascoli theorem. LetF = { fα} be a set of

scalar-valued functions on the compact Hausdorff spaceX. We say thatF is
equicontinuousat x in X if for eachε > 0, there is an open neighborhoodUx,ε

8A preliminary form of this theorem was given as Theorem 5.58. The general form appears in
the companion volumeAdvanced Real Analysis.
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of x such that| fα(y) − fα(x)| < ε for all y in Ux,ε and all fα in F. We say
that F is equicontinuous if it is equicontinuous at each point. Not having a
metric to compare different points ofX, we no longer define a notion of “uniform
equicontinuity.”

It is immediate from the definition that any subset of an equicontinuous family
is equicontinuous. The definition of equicontinuity atx reduces to the defini-
tion of continuity ifF has just one member, and therefore every member of an
equicontinuous family is continuous.

As in Section II.10 the setF is uniformly bounded on X if it is pointwise
bounded at eachx ∈ X and if the bound for the values| f (x)| with f ∈ F can be
taken independent ofx.

Lemma 10.47.If F = { fα} is equicontinuous atx in X, then the closureF cl

of F in the product topology onCX is equicontinuous atx.

REMARK. Consequently every member ofF cl is continuous atx.

PROOF. Let Ux,ε be as in the definition of equicontinuity ofF at x. For each
ε > 0, the set of functionsf ∈ CX such that

| f (y) − f (x)| ≤ ε

for a particulary in X is a closed subset ofCX. Thus the set of functionsf ∈ CX

such that this inequality holds for ally in Ux,ε , being an intersection of closed sets,
is closed, and it containsF. In turn, the intersectionG of these sets taken over
all ε > 0 is closed inCX and containsF. For eachε > 0, eachg in this closure
G satisfies the inequality|g(y) − g(x)| < 2ε whenevery is in Ux,ε . Therefore
G is equicontinuous atx, and so is its subsetF cl.

Theorem 10.48(Ascoli–Arzelà Theorem). If{ fn} is an equicontinuous family
of scalar-valued functions defined on a compact Hausdorff spaceX and if { fn}
has the property that{ fn(x)} is bounded for eachx, then{ fn} has a uniformly
convergent subsequence.

PROOF. We may assume that there are infinitely many distinct functionsfn,
since otherwise the assertion is trivial. Let| fn(x)| ≤ cx for all n, and form the
product spaceC = ×x∈X

{
z ∈ C

∣∣ |z| ≤ cx
}
. The spaceC is compact by the

Tychonoff Product Theorem (Theorem 10.27), and we are now assuming that
there are infinitely many members of the sequence{ fn} in the space. LetSbe the
image of the sequence as a subset ofC. If S were to contain all its limit points,
then eachfn would have an open neighborhood inC disjoint from the rest ofS;
these open sets andSc would form an open cover ofC with no finite subcover,
in contradiction to compactness ofC. ThusS has a limit point f not in S. By
Lemma 10.47 and the remarks before it, the familyS∪ { f } is equicontinuous.
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Let ε > 0. We shall complete the proof by producing anfN in S such that
| fN(x) − f (x)| < ε for all x. By equicontinuity find an open neighborhoodUx

for eachx such thaty ∈ Ux implies

| fn(y) − fn(x)| < ε/3 for all n

| f (y) − f (x)| < ε/3.and

The open setsUx cover X, and finitely many of them suffice to cover, by the
compactness ofX. Thus there are finitely many pointsx1, . . . , xk in X with the
property that for eachy in X, there is somexj with 1 ≤ j ≤ k such that

| fn(y) − fn(xj )| < ε/3 and | f (y) − f (xj )| < ε/3

for all n. Since f is a limit point ofS, chooseN such that

| fN(xj ) − f (xj )| < ε/3 for 1 ≤ j ≤ k.

Then for everyy in X, there is anxj such that

| fN(y) − f (y)| ≤ | fN(y) − fN(xj )| + | fN(xj ) − f (xj )| + | f (xj ) − f (y)| < ε.

Thus fN is within distanceε of f , as asserted.

Corollary 10.49. If X is a compact Hausdorff space, then a subsetF = { fα}
of C(X) is compact if and only if

(a) F is closed inC(X),
(b) the set{ fα} is pointwise bounded at each point inX, and
(c) F is equicontinuous.

In this case,F is uniformly bounded.

PROOF. Suppose that the three conditions hold. Being a subset ofC(X), F is
a metric space under the restriction of the metric. By Theorem 2.36,F will be
compact if we prove that every sequence has a convergent subsequence. Because
of (b) and (c), Theorem 10.48 shows that every sequence inF has a uniformly
Cauchy subsequence. By (a) and the completeness ofC(X) given in Proposition
10.30,F is complete as a metric space. Hence the Cauchy subsequence converges
to an element ofF.

Conversely suppose thatF is compact. Property (a) follows since compact
sets are closed in any metric space. For (b) and the stronger conclusion that
F is uniformly bounded, the functionf 
→ ‖ f ‖sup is a continuous function
on the compact setF, and Corollary 10.13 shows that it is bounded. For the
equicontinuity in (c), letε > 0 andx be given. Theorem 2.46 shows thatF
is totally bounded as a metric space. Hence we can find a finite setf1, . . . , fl
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in F such that each memberf of F has supy∈S | f (y) − f j (y)| < ε for some
j . By continuity of eachfi , choose an open neighborhoodUx,ε of x such that
| fi (x) − fi (y)| < ε for 1 ≤ i ≤ l for all y in Ux,ε . If f is some member ofF
and if f j is the member of the finite set associated withf , theny ∈ Ux,ε implies

| f (y) − f (x)| ≤ | f (y) − f j (y)| + | f j (y) − f j (x)| + | f j (x) − f (x)| < 3ε.

HenceF is equicontinuous at eachx in X.

Now we come to the extended Stone–Weierstrass Theorem. We are interested
in showing that certain subalgebras of the algebraC(X) of continuous scalar-
valued functions on a compact Hausdorff spaceX are dense inC(X). Except for
the dropping of the assumption thatX is metric, the assumptions and notation
are the same as in Section II.10. In particular the scalars for the subalgebra and
for C(X) may be real or complex, and the statement of the theorem is slightly
different in the two cases.

Theorem 10.50(Stone–Weierstrass Theorem). LetX be a compact Hausdorff
space.

(a) If A is a real subalgebra of real-valued members ofC(X) that separates
points and contains the constant functions, thenA is dense in the algebra
of real-valued members ofC(X) in the uniform metric.

(b) If A is a complex subalgebra ofC(X) that separates points, contains the
constant functions, and is closed under complex conjugation, thenA is
dense inC(X) in the uniform metric.

REMARKS. Curiously, Urysohn’s Lemma (Corollary 10.43) does not play a
role in the proof. Instead, the role of Urysohn’s Lemma is to ensure thatC(X)

is large in applications, and then the present theorem has serious content. The
actual proof of Theorem 10.50 is word-for-word the same as for Theorem 2.58,
and there is no need to repeat it.

10. Problems

1. Let f andg be continuous functions from a topological space into a Hausdorff
spaceY.
(a) Prove that the set of all pointsx in X for which f (x) = g(x) is closed.
(b) Prove that iff (x) = g(x) for all x in a dense subset ofX, then f = g.

2. (Dini’s Theorem) Let X be a compact Hausdorff space. Suppose that the
function fn : X → R is continuous, thatf1 ≤ f2 ≤ f3 ≤ · · · , and that
f (x) = lim fn(x) is continuous and is nowhere+∞. Use the defining property
of compactness to prove that{ fn} converges tof uniformly on X.
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3. (Baire Category Theorem)Prove that a locally compact Hausdorff space cannot
be the countable union of closed nowhere dense sets.

4. Prove that a locally compact dense subset of a Hausdorff space is open.

5. This problem produces a locally compact Hausdorff space that is not normal.
Verify the details of the construction. LetX be a countably infinite discrete
space, and letY be an uncountable discrete space. LetX∗ and Y∗ be their
one-point compactifications, with the added points denoted byx∞ andy∞. The
locally compact Hausdorff space isZ = X∗ × Y∗ − {(x∞, y∞)} with the relative
topology. Two closed subsets that cannot be separated by disjoint open sets are
A = ({x∞} × Y∗) − {(x∞, y∞)} andB = (X∗ × {y∞}) − {(x∞, y∞)}.

6. If X is compact, prove that each infinite subset ofX has a limit point.

7. Let U be the family of subsets ofR consisting of all sets{x ∈ R | x < a},
together with∅ andR.
(a) Prove thatU is a topology forR and that it is not Hausdorff. (It is called the

upper topologyof R.)
(b) If {tn}n∈D is a net inR, define lim supn tn to be the infimum overn of

supm∈D, m≥n. Prove that a net{tn}n∈D in R converges tot relative toU if and
only if lim supn tn ≥ t .

8. Let(X, T ) be a topological space, and letU be the upper topology ofR as in the
previous problem. A functionf : X → R is said to beupper semicontinuous
if it is continuous with respect toT andU.
(a) Prove that upper semicontinuity off : X → R is equivalent to the condition

that lim supf (xn) ≤ f (x) wheneverxn → x in X.
(b) Prove that the functionf : R → R that is 1 atx = 0 and is 0 elsewhere is

upper semicontinuous.
(c) Prove that if f andg are upper semicontinuous functions onX and if c is

nonnegative real, thenf + g andc f are upper semicontinuous.
(d) Prove that if{ fs}s∈S is a nonempty set of upper semicontinuous functions

on X such that infs∈S f (x) > −∞ for all x ∈ X, then infs∈S fs is upper
semicontinuous.

(e) Prove that iff is a bounded real-valued function onX, then there exists a
unique smallest upper semicontinuous functionf − with f −(x) ≥ f (x) for
all x.

9. Let (X, T ) be a topological space. A functionf : X → R is lower semi-
continuous if − f is upper semicontinuous. In this case iff is bounded, let
f− = −(− f )−, with the right side defined as in the previous problem. Let the
oscillation Qf of f be defined byQf (x) = f −(x) − f−(x) for x in X.
(a) Why isQf upper semicontinuous?
(b) Prove that this definition agrees with the one in Section II.9.
(c) Prove thatf is continuous if and only ifQf is identically 0.
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10. LetX be a Hausdorff topological space in which there are two disjoint nonempty
closed setsA andB. Let∼ be the equivalence relation that identifies all elements
of A with each other, identifies all elements ofB with each other, and otherwise
identifies no distinct points ofX.
(a) Prove that the subset of pairs(x, y) in X × X with x ∼ y is closed.
(b) Give an example of this kind in whichX/∼ is not Hausdorff.

11. Let X be a compact Hausdorff space, and let∼ be an equivalence relation on
X such that the subsetR ⊆ X × X of pairs(x, y) with x ∼ y is closed. Let
q : X → X/∼ be the quotient map.
(a) Prove for eachx ∈ X thatq−1q(x) is a closed subset ofX.
(b) If U ⊆ X is open, prove thatV = {x ∈ X | q−1q(x) ⊆ U } is open by

first proving thatVc = p2((Uc × X) ∩ R), wherep2 : X × X → X is the
projection to the second coordinate.

(c) Prove that the compact quotientX/∼ is Hausdorff.
(d) Prove that the quotient map isclosed, i.e., that closed sets map to closed sets.
(e) Is the quotient map necessarily open?
(f) As in one of the examples in Section 1, letX be the interval [−π, π ], and

let S1 be the unit circle inC. Let∼ be the equivalence relation that lets−π

andπ be the only nontrivial pair of elements ofX that are equivalent, and
form X/ ∼. Prove thatX/ ∼ is homeomorphic toS1 and that under this
identification the quotient map may be taken to be the functionp : X → S1

given by p(x) = eix .

Problems 12–15 concern connectedness and connected components. Most of the
definitions and proofs in the first three are rather similar to those in Chapter II (§II.8
and Problems 11–13) for the special case of metric spaces. A topological spaceX is
connectedif X cannot be written asX = U ∪ V with U andV open, disjoint, and
nonempty. A subsetE of X is connectedif E is connected as a subspace ofX, i.e.,
if E cannot be written as a disjoint union(E ∩ U ) ∪ (E ∩ V) with U andV open in
X and withE ∩ U andE ∩ V both nonempty.
12. (a) Prove that a continuous function between topological spaces carries con-

nected sets to connected sets.
(b) A path in a topological spaceX is a continuous function from a closed

bounded interval [a, b] into X. Why is the image of a path necessarily
connected?

13. (a) If X is a topological space and{Eα} is a system of connected subsets ofX
with a pointx0 in common, prove that

⋃
α Eα is connected.

(b) If X is a topological space andE is a connected subset ofX, prove that the
closureEcl is connected.

14. (a) A topological spaceX is pathwise connectedif for any two pointsx1 and
x2 in X, there is some continuousp : [a, b] → X with p(a) = x1 and
p(b) = x2. Why is a pathwise-connected spaceX necessarily connected?
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(b) A topological spaceX is calledlocally pathwise connectedif each point
has arbitrarily small open neighborhoods that are pathwise connected. Prove
that if X is connected and locally pathwise connected, then it is pathwise
connected.

15. In a topological spaceX, define two points to be equivalent if they lie in a
connected subset ofX.
(a) Show that this notion of equivalence is indeed an equivalence relation. The

equivalence classes are called theconnected componentsof X.
(b) Prove that the connected components ofX are closed sets.
(c) Prove that the connected components ofX are open sets ifX is locally

connected, i.e., if each point has arbitrarily small connected neighborhoods.

Problems 16–17 concern partitions of unity, which were introduced in Section III.5.
An open coverU of a topological space is said to belocally finite if each point ofx
has a neighborhood that lies in only finitely many members ofU.
16. Suppose thatU is a locally finite open cover of a normal spaceX. By applying

Zorn’s Lemma to the class of all functionsF defined on subfamilies ofU such
that F(U ), for eachU in the domain ofF , is an open set withF(U )cl ⊆ U and( ⋃

U∈domain(F)

F(U )
) ∪ ( ⋃

V∈U,
V /∈domain(F)

V
) = X,

prove that it is possible to select, for eachU in U, an open setVU such that
Vcl

U ⊆ U and such that{VU | U ∈ U } is an open cover ofX.

17. Prove that ifU is a locally finite open cover of a normal spaceX, then it is possible
to select, for eachU in U, a continuous functionfU : X → [0, 1] such thatfU
is 0 outsideU and such that

∑
U∈U fU (x) = 1 for all x ∈ X.

Problems 18–20 establish the Tietze Extension Theorem. LetX be a normal topolog-
ical space, and letC be a closed subset ofX. Suppose thatf is a bounded real-valued
continuous function defined onC. The theorem is that there exists a continuous
function F : X → R such thatF

∣∣
C

= f and supx∈X |F(x)| = supx∈C | f (x)|.
18. Let g0 = f , c0 = supx∈C |g0(x)|, P0 = {x ∈ C | g0(x) ≥ c0/3}, andN0 =

{x ∈ C | g0(x) ≤ −c0/3}. Show that there is a continuous functionF0 from X
into [−c0/3, c0/3] that isc0/3 on P0 and−c0/3 on N0.

19. In the previous problem, putg1 = g0 − F0 on C, and letc1 = supx∈C |g1(x)|.
Show thatc1 ≤ 2

3c0. When the result of the previous problem is applied tog1 in
order to produce a functionF1, what properties doesF1 have?

20. Show that iteration of the above results produces a sequence of continuous
functionsFn : X → R such that the series

∑∞
n=0 Fn(x) is uniformly convergent

on X and such that the sumF(x) = ∑∞
n=0 Fn(x) is continuous. Show also that

F hasF
∣∣
C

= f and satisfies supx∈X |F(x)| = supx∈C | f (x)|.
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Problems 21–28 concern order topologies. Suppose thatX is a set with at least two
elements and having atotal ordering , i.e., a partial ordering≤ such that

(i) x ≤ y andy ≤ x together implyx = y,
(ii) anyx andy in the set have eitherx ≤ y or y ≤ x.

Definex < y to mean thatx ≤ y andx �= y. Theorder topologyonX is the topology
for which a base consists of all sets{x | x < b}, {x | a < x}, and{x | a < x < b}.
For a nonempty subsetY of X, the terms “lower bound,” “upper bound,” “greatest
lower bound,” and “least upper bound” are defined in the expected way. Examples
are given by the real lineR with its usual topology, the set� of countable ordinals
(as defined in Problems 25–33 at the end of Chapter V) with its order topology, and
other examples given below.

21. Prove that every open interval{x | a < x < b} in X is open and every closed
interval{x | a ≤ x ≤ b} is closed.

22. Prove thatX is Hausdorff and regular in its order topology.

23. Prove that every nonempty subset with an upper bound has a least upper bound if
and only if every every nonempty subset with a lower bound has a greatest lower
bound. In this case,X is said to beorder complete.

24. Suppose thatX is order complete.
(a) Prove that a nonempty subsetY of X is compact if and only ifY is closed

and has a lower bound and an upper bound.
(b) Prove thatX is locally compact.

25. (a) Prove that if there exista andb in X with a < b and with noc such that
a < c < b, thenX is not connected, in the sense of Problems 12–15. Let us
say thatX has agapwhen sucha andb exist.

(b) Prove that ifX is order complete and has no gaps, thenX is connected.

26. The setX = [0, 1) ∪ [2, 3) is totally ordered. Prove that thisX is connected
in its order topology, and conclude that the order topology is different from the
relative topology forX as a subspace ofR.

27. The setX = [0, 1) ∪ (1, 2] is totally ordered. Prove that thisX is not connected
in its order topology but has no gaps.

28. Let X and Y be two totally ordered sets with at least two elements apiece.
Define thelexicographic ordering on X × Y to be the total ordering given by
(x1, y1) ≤ (x2, y2) if x1 < x2 or elsex1 = x2 andy1 ≤ y2.
(a) Prove that the lexicographic ordering on [0, 1] × [0, 1] makes the space

compact connected but not separable.
(b) Thelong line is defined to be the product� × [0, 1) with the lexicographic

ordering, where� is the set of countable ordinals as defined in Problems
25–33 at the end of Chapter V. Prove that the long line is locally compact
and connected but not separable.



CHAPTER XI

Integration on Locally Compact Spaces

Abstract. This chapter deals with the special features of measure theory when the setting is a
locally compact Hausdorff space and when the measurable sets are the Borel sets, those generated
by the compact sets.

Sections 1–2 establish the basic theorem, the Riesz Representation Theorem, which says that any
positive linear functional on the spaceCcom(X) of continuous scalar-valued functions of compact
support on the underlying spaceX is given by integration with respect to a unique Borel measure
having a property called regularity. The steps in the construction of the measure run completely
parallel to those for Lebesgue measure if one regards the geometric information about lengths of
intervals as being encoded in the Riemann integral. The Extension Theorem of Chapter V is the
main technical tool.

Section 3 studies more closely the nature of regularity of Borel measures. One direct general-
ization of a Euclidean theorem is that the space of continuous functions of compact support in an
open set is dense in everyL p space on that open set for 1≤ p < ∞. A new result is the Helly–Bray
Theorem—that any sequence of Borel measures of bounded total measure in a locally compact
separable metric space has a weak-star convergent subsequence whose limit is a Borel measure.

Section 4 regardsCcom(X) as a normed linear space under the supremum norm and identifies the
space of continuous linear functionals, with its norm, as a space of signed or complex Borel measures
with a regularity property, the norm being the total-variation norm for the signed or complex Borel
measure.

1. Setting

This chapter brings together the measure theory of Chapters V–VI and the theory
of topological spaces of Chapter X in a way that takes many of our earlier most
interesting examples into account. Specifically we shall study the special features
of measure theory when the underlying space is a locally compact Hausdorff
space. Our primary example from earlier is that of Lebesgue measure, first on
R1 and then inRN . In R1 we considered also the class of all Stieltjes measures
and showed how they are classified by monotone functions satisfying certain
properties. We introduced Borel measures inRN but did not attempt to classify
them.

Along the way we saw glimpses of some other examples: The unit circle ofC
can be regarded as [−π, π ] if we identify −π andπ , and we obtained Lebesgue
measure on the circle. As we saw, any open set or any compact set inRN has

485
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a theory of Borel measures associated with it. Most of our concrete examples
of such measures whenN > 1 came about as a consequence of the change-
of-variables formula for multiple integrals. Of particular interest is what we
anticipated in Section VI.5 would ultimately come to be regarded as a “rotation-
invariant measure on the sphere,” the sphereSN−1 being a compact metric space.
This measure corresponds to the expressiondω when Lebesgue measuredx on
RN is written in spherical coordinates and the factorr N−1 dr is dropped. In the
concrete case ofR3, in whichr is the radius,θ1 is the latitude from the north pole,
andθ2 is the longitude, Lebesgue measure is given bydx = r 2 sinθ1 dθ2 dθ1 dr
and we havedω = sinθ1 dθ2 dθ1. The change-of-variables formula in theN-
variable case then reads∫

RN
f (x) dx =

∫ ∞

r =0

∫
ω∈SN−1

f (r ω) r N−1 dω dr

for every Borel measurable functionf ≥ 0 onRN . We shall be making sense of
dω as a genuine measure onSN−1 in the course of the present chapter.

In the opposite direction it is important not to get the idea that all important
measure-theoretic examples in mathematics arise from locally compact Hausdorff
spaces. Examples that arise from probability theory need not fit this pattern. This
fact becomes clearer after one encounters some specific measure spaces that arise
in the theory.1

Let us turn to the setting of this chapter, a locally compact Hausdorff spaceX.
In order that the measure theory have some connection with the topological-space
structure, we shall build ourσ -algebra out of topologically significant sets. There
will be a choice for how to do so, and we come to that point in a moment.

We shall follow as much as possible the pattern of the development of Lebesgue
measure on an interval ofR1 or on all ofR1, as occurred in Chapter V, in order
to construct measures onX. The thing that is missing for generalX occurs right
at the start: it is the kind of geometric information that goes into regarding the
length of an interval as a quantity worthy of study. That is where an ingenious idea
comes into play, that of studying linear functionals on the vector spaceCcom(X)

of continuous scalar-valued functions onX that vanish off a compact subset ofX.
As in earlier chapters, it will not be important whether the scalars forCcom(X)

are real or complex, and the reader may fix attention on either of these.
On an interval [a, b], we thus consider the spaceC([a, b]) of scalar-valued

continuous functions on the interval. The particular linear functional of interest
is the Riemann integral�( f ) = R

∫ b
a f (x) dx, the notation with theR being as

in Section VI.4. This kind of integral is a fairly simple object analytically; it was

1The measure-theoretic foundations of probability theory are discussed in the companion volume
Advanced Real Analysis.
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quickly shown to make sense in Theorem 1.26. Our point of view will be that the
Riemann integral encodes information about the lengths of all intervals.

Why might one consider linear functionals? In the subject of linear algebra,
linear functionals play an important role. Two important ways of realizing subsets
of Euclidean space are parametric form and implicit form. In the case of a vector
subspace ofRn, the idea of parametric form leads us to represent the subspace
as all linear combinations of members of a spanning set. If we use implicit form
instead, the subspace is realized as all vectors satisfying a set of homogeneous
linear equations, thus as the kernel of some linear function. The most primitive
case of the latter is that there is just one nontrivial equation. Then the linear
function has range the scalars, and the linear function is a linear functional. When
there are several equations, the subspace is in effect described as the intersection
of the kernels of several linear functionals.

Thus linear functionals in linear algebra arise in describing vector subspaces,
specifically in describing subspaces by limiting their size from the outside. In
analysis we have occasionally needed this kind of control of a subspace in proving
theorems by an approximation argument. Two nontrivial examples were the
proofs in Chapter VI of differentiation of integrals and the proof in Chapter IX of
the boundedness of the Hilbert transform. In each case we proved a theorem for
“nice” functions, and we obtained some estimate for all functions of interest. To
connect the one conclusion with the other, we needed to know that the subspace
of “nice” functions is dense. Corollary 6.4 was a result of this kind, saying that
Ccom(RN) is dense inL1(RN) and inL2(RN). The proof given for Corollary 6.4
was more like an argument using spanning sets, showing that we can pass from
Ccom(RN) to simple functions and then recalling that simple functions are dense
as a consequence of basic properties of the Lebesgue integral.

However, we can visualize another argument of this kind, one with continuous
linear functionals. If one could prove, for any proper closed vector subspace of
our total space of functions (L1 or L2 or something else), that there is a nonzero
continuous linear functional on the total space vanishing on the closed subspace,
then we could test whether a given vector subspace is dense by examining the
effect of continuous linear functionals when restricted to the subspace. Histor-
ically this idea began to be applied in analysis in the early part of the twentieth
century at about the same time that people began thinking frequently about spaces
of functions and not just individual functions. The key general existence tool for
such continuous linear functionals was the Hahn–Banach Theorem, which we
shall take up in Chapter XII.

In any event, out of this confluence of ideas arose the idea of considering
continuous linear functionals onCcom(X) as capturing enough information about
X to make measure theory possible. The continuity of a linear functional will
actually be somewhat concealed in what we do for most of this chapter, and
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instead we impose on the linear functional the natural condition that it needs to
satisfy in order to provide a notion of integration—that it be≥ 0 on functions
≥ 0.

Let us be more precise about the definitions. LetX be a locally compact
Hausdorff space, and letCcom(X) be the vector space of scalar-valued functions
on X that vanish outside some compact set. For a specific functionf , thesupport
of f is the closure of the set wheref is not zero. The members ofCcom(X) are then
the continuous scalar-valued functions onX having compact support. A linear
functional� on Ccom(X) is said to bepositive if �( f ) ≥ 0 wheneverf ≥ 0.
The Riesz Representation Theorem, to be stated formally in Section 2 with all
details in place, will say that to any such� corresponds a measureµ on a certain
σ -algebra of “topologically significant” sets such that

�( f ) =
∫

X
f dµ for all f ∈ Ccom(X).

The “topologically significant” sets have to include the sets necessary to make
each f in Ccom(X) measurable. At first glance it might seem that the smallest
σ -algebra containing the open sets is the right object. But in fact thisσ -algebra
is unnecessarily large. In an uncountable discrete space, we do not need to have
every subset measurable in order to have all the functions of compact support be
measurable. Accordingly we define theσ -algebraB(X) of Borel setsof X to be
the smallestσ -algebra containing all compact subsets ofX.

The plan of attack now follows the steps in the construction of Lebesgue
measure. We take the compact subsets ofX to be the analog of the bounded
intervals inR1, and we thus define the “elementary sets” inX to be the sets in the
smallest ringK(X) containing all the compact sets. In the case ofR1, every set
in the ring generated by the bounded intervals is a finite disjoint union of sets that
are the difference of two bounded intervals. We shall prove forX in Section 2
that every member ofK(X) is a finite disjoint union of sets that are the difference
of two compact sets.

For R1, we defined the measure of the difference of two bounded intervals to
be the difference of their lengths as soon as the second interval is contained in
the first; this was no loss of generality because the intersection of two bounded
intervals is a bounded interval. The measure of a finite disjoint union was defined
as the sum of the measures. We showed that this was well defined, and then we
had a finite-valued nonnegative additive set function on a ring of sets.

For X, we define the measure of a compact setK by the natural formula

µ(K ) = inf
f ∈Ccom(X),

0≤ f ≤IK

�( f ),

whereIK as usual is the indicator function ofK . The intersection of two compact
sets is compact, and thus we can define the measure ofK1 − K2 for K1 andK2
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compact, to beµ(K1)−µ(K1∩ K2). We define the measure of the disjoint union
of such setsK1 − K2 to be the sum of the measures. We have to prove that this is
well defined, and then we have a finite-valued nonnegative additive set function
µ on the ringK(X).

The next step forR1 was to prove complete additivity on the ring generated
by the bounded intervals. WithX, the problem is the same; we are to prove
complete additivity on the ringK(X). Suppose that this has been done. Since
µ is everywhere finite-valued onK(X), we can apply the Extension Theorem
(Theorem 5.5) to extendµ to the generatedσ -ring. Either thisσ -ring is already
the generatedσ -algebraB(X), or Proposition 5.37 supplies a canonical extension
to a measure on the generatedσ -algebraB(X). This completes the construction
of the measureµ on B(X). It is then a fairly easy matter to see that�( f ) is
recovered as the integral off if f is in Ccom(X): In the case ofR1, we carried
out this step by first establishing the Fundamental Theorem of Calculus for the
Lebesgue integral of a continuous function; the argument appears at the end of
Section V.3. A more direct argument would have been possible, and that direct
argument works for generalX.

Thus the problem comes down to proving that the set function, as defined on
the ring of sets, is actually completely additive on that ring. In the case ofR1, that
complete additivity was an easy consequence of “regularity” of Lebesgue measure
on the ring generated by the bounded intervals; in other words, the measure of
any set in the ring could be approximated from within by the measure of compact
sets in the ring and from without by the measure of open sets in the ring. Exactly
the same approach works for generalX, but the regularity has to be established.

Quantitatively the construction of the measure comes down to definingµ(K )

for K compact as above and then proving three identities:

(i) µ(K1)+µ(K2) = µ(K1 ∪ K2)+µ(K1 ∩ K2) if K1 andK2 are compact,
(ii) sup

f ∈Ccom(X),
0≤ f ≤IU

�( f ) = µ(K ) − µ(K − U ) if U is any open set contained in

some compact setK ,
(iii) sup

K⊆U,
K compact

µ(K ) = sup
f ∈Ccom(X),
0≤ f ≤IU

�( f ) if U is open and has compact closure.

Identity (i) and an elementary but lengthy computation in elementary set theory
together allow us to prove thatµ is well defined on the ringK(X) under the
definitions above. Onceµ has been so extended, the right side of (ii) is justµ(U )

if U is open with compact closure. Thus (iii) says thatµ(U ) is the supremum of
µ(K ) over compact setsK contained inU , providedU is open and has compact
closure. Sinceµ(U ) is trivially the infimum ofµ(V) for open setsV in K(X)

containingU , this is the regularity conclusion forU . It is easy to see that the
subclass ofK(X) for which regularity holds is a ring and contains the compact



490 XI. Integration on Locally Compact Spaces

sets, and hence regularity is established forK(X).
When the locally compact Hausdorff spaceX is a metric space, the three

identities above are fairly easy to prove. WhenX is metric, any indicator function
IK for K compact is the pointwise decreasing limit of members ofCcom(X) that are
≥ 0. In fact, if D( · , K ) is the distance toK , then the sequence{ fn} with fn(x) =
max{0, 1−nD(x, K )} has the required properties. A little trick proves in this case
thatµ(K ) = limn �( fn). To prove (i), we choose such sequences{ fn} and{gn}
for K1 andK2. If ϕ is a member ofCcom(X) that is identically 1 on the union of the
supports off1 andg1, then fn + gn = min{ fn + gn, ϕ}+ (

max{ fn + gn, ϕ}−ϕ
)

decomposesfn + gn into the sum of such sequences forK1 ∪ K2 andK1 ∩ K2,
and identity (i) follows from linearity of� and a passage to the limit. Identities
(ii) and (iii) follow from equally simple arguments.

The difficulty for a general locally compact Hausdorff spaceX is that the
indicator function of a compact set need not be a pointwise decreasing limit of a
sequence of continuous functions. The technicalities introduced by this fact have
the effect of making the proofs of (i), (ii), and (iii) be more complicated, but these
complications need not obscure the line of argument that is so clear in the metric
case.

2. Riesz Representation Theorem

Throughout this section we fix the locally compact Hausdorff spaceX. We
continue to letCcom(X) be the space of continuous functions of compact support,
K(X) be the ring of elementary sets, andB(X) be theσ -algebra of Borel sets.

A subsetE of X is said to bebounded if it is contained in a compact set,
hence ifEcl is compact; it isσ -bounded if it is contained in the countable union
of compact sets. The class of allσ -bounded Borel sets is aσ -ring containing
K(X), and it is therefore the smallestσ -ring containingK(X).

A measure on the Borel sets ofX is called aBorel measureif it is finite on
every compact set. A Borel measureµ is said to beregular if it satisfies

µ(E) = sup
K⊆E,

K compact

µ(K ) for every setE in B(X)

µ(E) = inf
U⊇E,

U openσ -bounded

µ(U ) for everyσ -bounded setE in B(X).

Theorem 11.1(Riesz Representation Theorem). If� is a positive linear func-
tional onCcom(X), then there exists a unique regular Borel measureµ on X such
that

�( f ) =
∫

X
f dµ for all f ∈ Ccom(X).
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EXAMPLES.

(1) If X is the line R1 and � is given by Riemann integrationl ( f ) =
R
∫ b

a f (x) dx whenever [a, b] contains the support off , then� is a positive
linear functional onCcom(R1) and the correspondingµ is Lebesgue measure.

(2) If X = S2 is the unit sphere inR3, parametrized by latitudeθ1 from 0 toπ

and by longitudeθ2 from 0 to 2π , then�( f ) = R
∫ π

0

∫ 2π

0 f (θ1, θ2) sinθ1 dθ2 dθ1

is a positive linear functional onC(S2), and the corresponding measure, which is
writtendω in the same way that Lebesgue measure is written asdx, is a rotation-
invariant measure on the sphere such that

∫
R3 F(x) dx = ∫∞

0

∫
S2 F(r ω)r 2 dω dr

for every nonnegative Borel function onRN . The proof of this identity and of the
rotation invariance will be indicated in Problem 5 at the end of the chapter.

(3) If X is general and ifµ is a regular Borel measure onX, then�( f ) =∫
X f dµ is a positive linear functional onCcom(X).

The proof of Theorem 11.1 will occupy the remainder of this section. We begin
with some lemmas clarifying the nature of the ringK(X), the linear functional
�, and general compact and open subsets ofX. Then we recall the definition of
µ(K ) for compact sets and establish the identities (i), (ii), and (iii) in Section 1.
Finally we give the details of how the three identities imply the theorem.

We begin with information about the ringK(X).

Lemma 11.2. The members of the ringK(X) are exactly all finite disjoint
unions of subsets ofV of the formK −L with K andL compact andL ⊆ K ⊆ V .
The ringK(X) may be characterized also as the smallest ring containing all
bounded open subsets ofX.

PROOF. If K1 − L1 and K2 − L2 are two sets of the same kind asV in the
statement of the lemma, then the identity

(K1 − L1) ∪ (K2 − L2)

= ((K1∪ K2)− (L1∪ L2))∪ ((K2∩ L1)− (L1∩ L2))∪ ((K1∩ L2)− (L1∩ L2))

shows that a union of two such sets is a disjoint union, and the identity

(K1 − L1) − (K2 − L2) = ((K1 ∩ L2) − (L1 ∩ L2)) ∪ (K1 − (L1 ∪ (K1 ∩ K2)))

shows that the difference of two such sets is such a set. Therefore the collection of
all such sets is a ring of subsets ofX. This ring contains all compact sets because
any compact setK is of the formK − ∅, and hence this ring equalsK(X).

Any open bounded setU is the difference of the compact setsU cl andU cl −U ,
and hence it lies inK(X). In the reverse direction Corollary 10.23 shows that any
compact setK is contained in the interiorLo of some compact setL. ThusK is
the difference of the bounded open setsLo andLo − K , andK(X) is contained
in the smallest ring containing all bounded open sets.
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Next we observe some properties of the linear functional�. It is to be under-
stood throughout the section that� is a positive linear functional onCcom(X). The
positivity implies that�( f − g) ≥ 0 if f − g ≥ 0; the linearity therefore gives
�( f ) ≥ �(g) for f ≥ g. The linear functional has a kind of continuity property,
according to the following lemma.

Lemma 11.3.Let K be a compact set, and let{ fn} be a sequence inCcom(X)

converging uniformly to a memberf of Ccom(X) in such a way that support( fn) ⊆
K for all n. Then limn �( fn) exists and equals�( f ).

PROOF. Corollaries 10.23 and 10.44 show that there exists a functionF in
Ccom(X) such thatF takes values in [0, 1] and is 1 onK . Since fn − f ≤ | fn − f |
and−( fn − f ) ≤ | fn − f |, we have

|�( fn) − �( f )| = |�( fn − f )| ≤ �(| fn − f |) ≤ �(cnF) = cn�(F),

wherecn = ‖ fn − f ‖sup. The assumed uniform convergence means thatcn

tends to 0. Since�(F) is some fixed constant, the asserted convergence of�( fn)
follows.

Lemma 11.4(Dini’s Theorem). If{ fn} is a sequence of functions inCcom(X)

decreasing pointwise to 0, then{ fn} converges uniformly to 0.

PROOF. Because of the pointwise decrease to 0, all the functionsfn have
support contained in the compact setK = support( f1). Let ε > 0 be given, and
let Un be the open set where the continuous functionfn is < ε. The pointwise
decrease implies that theUn are increasing withn, and the limit of 0 implies that
eachx in K is in someUn. Thus the open setsUn form an open cover ofK . By
compactness, there is a finite subcover. Since the setsUn are increasing, some
particularUN coversK . Then‖ fn‖sup ≤ ε for n ≥ N.

The final step of preparation is to observe some properties of compact and open
sets. A bounded subset ofX is said to be aGδ if it is the countable intersection of
bounded open sets. It is said to be anFσ if it is the countable union of compact
sets. We shall be especially interested in compactGδ ’s and in open boundedFσ ’s.

Lemma 11.5.Let f be a member ofCcom(X) with values in [0, 1]. If r > 0,
then the set wheref is ≥ r is a compactGδ. If r ≥ 0, then the set wheref is
> r is a bounded openFσ .

PROOF. The set wheref is ≥ r is closed because of continuity, and this closed
set is a subset of the compact support. Hence the set is compact. Similarly the
set wheref is > r is open because of continuity, and this open set is a subset of
the compact support. Hence the set is bounded.
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Whenr ≥ 0, the set wheref is > r is the union, forn ≥ 1, of the sets where
f is ≥ r + 1

n . For r > 0 whenN is large enough so thatr − 1
N > 0, the set

where f is ≥ r is the intersection, forn ≥ N, of the sets wheref is > r − 1
n .

The lemma follows.

Lemma 11.6.

(a) If K is a compactGδ, then there exists a decreasing sequence of bounded
open setsUn such thatUn ⊇ U cl

n+1 for all n and∩∞
n=1Un = K .

(b) If U is a bounded openFσ , then there exists an increasing sequence of
compact setsKn such thatKn ⊆ K o

n+1 for all n and∪∞
n=1Kn = U .

PROOF. For (a), let{Vn} be a sequence of bounded open sets with intersection
K . This is possible sinceK is aGδ. Without loss of generality we may assume
that theVn decrease withn. We define the sequence{Un} inductively onn. Put
U1 = V1. If Un has been constructed, use Corollary 10.22 to find an open setV ′

n
such thatK ⊆ V ′

n andV ′
n

cl ⊆ Un, and then defineUn+1 = V ′
n ∩ Vn+1. Then the

setsUn have the required properties.
For (b), let{Ln} be a sequence of compact sets with unionU . This is possible

sinceU is anFσ . Without loss of generality we may assume that theLn increase
with n. We define the sequence{Kn} inductively onn. PutK1 = L1. If Kn has
been constructed, use Corollary 10.23 to find an open setV ′

n such thatU ⊇ V ′
n

cl

and V ′
n ⊇ Kn. The compact setL ′

n = V ′
n

cl has(L ′
n)

o ⊇ V ′
n. If we define

Kn+1 = L ′
n ∪ Ln+1, then the setsKn have the required properties.

Lemma 11.7.

(a) If K is a compactGδ, then there exists a decreasing sequence of functions
fn in Ccom(X) with values in [0, 1] such that eachfn is 1 on some neighborhood
of K and lim fn = IK pointwise.

(b) If U is a bounded openFσ , then there exists an increasing sequence of
functions fn in Ccom(X) with values in [0, 1] such that eachfn has compact
support contained inU and lim fn = IU pointwise.

PROOF. For (a), apply Lemma 11.6a to choose a sequence of bounded open
setsUn with intersectionK such thatUn ⊇ U cl

n+1 for all n. Using Corollary
10.44, letgn be a member ofCcom(X) with values in [0, 1] such thatgn is 1 on
U cl

n+1 and is 0 offUn, and put fn = min{g1, . . . , gn}. Then the functionsfn have
the required properties.

For (b), apply Lemma 11.6b to choose a sequence of compact setsKn with
union U such thatKn ⊆ K o

n+1 for all n. Using Corollary 10.44, letgn be a
member ofCcom(X) with values in [0, 1] such thatgn is 1 on Kn and is 0 off
K o

n+1, and put fn = max{g1, . . . , gn}. Then the functionsfn have the required
properties.
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Now we begin the proofs of the three identities in Section 1. IfK is compact,
let

µ(K ) = inf �( f ),

the infimum being taken over allf in Ccom(X) such that f ≥ IK . Since
�(min{ f, 1}) ≤ �( f ), there is no harm in considering only thosef ’s taking
values in [0, 1]. It is immediate from this definition and the positivity of� thatµ
is nonnegative andmonotonein the sense thatK ′ ⊆ K impliesµ(K ′) ≤ µ(K ).
The next lemma is the key to being able to prove the three identities in Section 1.

Lemma 11.8. If K is a compact subset ofX, then the infimum of�( f ) over
all f in Ccom(X) such that f ≥ IK equals the infimum of�( f ) over all f in
Ccom(X) with values in [0, 1] such thatf ≥ IN for some neighborhoodN of K
depending onf .

REMARK. In particular,µ(K )can be computed by using only functionsf ≥ IK

that are equal to 1 in some neighborhood ofK .

PROOF. The problem is to show that the first infimumI1 is not less than the
second infimumI2. Let ε > 0 be given. Choosef in Ccom(X) with values in
[0, 1] such that f ≥ IK and�( f ) ≤ I1 + ε, and letL be the set wheref is
≥ 1. Lemma 11.5 shows thatL is a compactGδ, and Lemma 11.7a produces a
decreasing sequence of functionsfn in Ccom(X) with values in [0, 1] such that
each fn is 1 on some neighborhood ofL and lim fn = I L pointwise. Then the
sequence{max{ fn, f }} is pointwise decreasing with limit max{I L , f } = f , and
hence{max{ fn, f } − f } is a pointwise decreasing sequence inCcom(X) with
limit 0. By Dini’s Theorem (Lemma 11.4), the sequence{max{ fn, f } − f }
converges uniformly to 0, and hence�(max{ fn, f }) decreases to�( f ). For some
sufficiently largen0, we therefore have�(max{ fn0, f }) ≤ I1 + 2ε. The function
max{ fn0, f } is one of the functions that figures intoI2, and thusI2 ≤ I1 + 2ε.
Sinceε is arbitrary,I2 ≤ I1.

Lemma 11.8 puts us in a position to prove identity (i) in Section 1 and to deduce
thatµ extends in a well-defined fashion to a nonnegative additive set function on
K(X). We make use of the formulaa + b = min{a, b} + max{a, b}, from which
it follows thata = min{a, b} + (max{a, b} − b).

Lemma 11.9.If K1 andK2 are any two compact subsets ofX, then

µ(K1) + µ(K2) = µ(K1 ∪ K2) + µ(K1 ∩ K2).

REMARK. The argument in Lemma 11.8 adapts to give a quick proof of the
present lemma whenX is a metric space. In the metric case we can find a
decreasing sequence{ fn} of functions≤ 1 inCcom(X) with pointwise limitIK1. If
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f ≥ IK1, then the proof of Lemma 11.8 shows thatfn f converges uniformly
to f and hence�( fn f ) decreases to�( f ). It follows that �( fn) decreases to
µ(K1) whenever fn decreases toIK1. If we similarly choose{gn} decreasing
to IK2 and choose, by Corollary 10.44, a functionϕ ∈ Ccom(X) with values in
[0, 1] that is identically 1 on the support off1 + g1, then the formula stated just
above shows thatfn + gn = min{ fn + gn, ϕ} + (

max{ fn + gn, ϕ} − ϕ
)
. The

first term on the right side decreases pointwise toIK1∪K2, and the second term
decreases toIK1∩K2. Thus a passage to the limit in the formula�( fn) + �(gn) =
�(min{ fn + gn, ϕ}) + �

((
max{ fn + gn, ϕ} − ϕ

))
immediately yields the result

of the present lemma.

PROOF. Let f andg be functions inCcom(X) with values in [0, 1] such that
f ≥ IK1 and g ≥ IK2, and choose, by Corollary 10.44,ϕ ∈ Ccom(X) with
values in [0, 1] that is identically 1 on the support off + g. Then we have
f + g = min{ f + g, ϕ} + (max{ f + g, ϕ} − ϕ). The first term on the right side
is ≥ IK1∪K2, and the second term is≥ IK1∩K2. Therefore

�( f ) + �(g) = �(min{ f + g, ϕ}) + �((max{ f + g, ϕ} − ϕ))

≥ µ(K1 ∪ K2) + µ(K1 ∩ K2).

Taking the infimum overf and then overg, we obtain

µ(K1) + µ(K2) ≥ µ(K1 ∪ K2) + µ(K1 ∩ K2).

For the reverse direction letF be a member ofCcom(X) with values in [0, 1]
that is≥ IK1∪K2 and is equal to 1 at least on some open setU containingK1 ∪ K2.
Similarly let G be a member ofCcom(X) with values in [0, 1] that is≥ IK1∩K2

and is equal to 1 at least on some open setV containingK1 ∩ K2. Lemma 11.8
shows thatF and G are the most general functions of a kind needed for the
computation ofµ(K1 ∪ K2) andµ(K1 ∩ K2). The setsU andV have compact
closure inX since they are subsets of the supports ofF and G. Choose, by
Corollary 10.44,ϕ ∈ Ccom(X) with values in [0, 1] that is identically 1 on the
support ofF + G. Let V0 be an open set withK1 ∩ K2 ⊆ V0 ⊆ Vcl

0 ⊆ V . Then
(K2 − V0) ∩ K1 = K2 ∩ Vc

0 ∩ K1 ⊆ V0 ∩ Vc
0 = ∅. So there exists an open set

W such thatK2 − V0 ⊆ W ⊆ Wcl ⊆ K c
1.

We define f andg to be members ofCcom(X) having compact support con-
tained inU and having with values in [0, 1] such that

f =
{

1 on K1,

0 onWcl,

g =
{

1 on K2,

0 on support( f ) − V.
and
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The functionsf andg exist by Corollary 10.44 if it is shown that the closed sets
K1 andWcl are disjoint and the closed setsK2 and support( f ) − V are disjoint.
The setsK1 andWcl are disjoint sinceWcl ⊆ K c

1. For K2 and support( f ) − V ,
we observe that support( f ) ⊆ ((Wcl)c)cl ⊆ (Wc)cl = Wc ⊆ (K2 − V0)

c =
V0 ∪ K c

2 ⊆ V ∪ K c
2. Therefore

(support( f ) − V) ∩ K2 ⊆ (V ∪ K c
2) ∩ Vc ∩ K2

= (V ∩ Vc ∩ K2) ∪ (K c
2 ∩ Vc ∩ K2) = ∅.

We conclude thatf andg exist.
By inspection,f ≥ IK1 andg ≥ IK2, from which f + g ≥ IK1 + IK2. Then

min{ f + g, ϕ} is 1 onK1 ∪ K2 and is 0 offU . SinceF is 1 onU , we obtain

min{ f + g, ϕ} ≤ F. (∗)

Since f + g ≥ IK1 + IK2 = IK1∪K2 + IK1∩K2, the function max{ f + g, ϕ} − ϕ

equalsf + g − 1 onK1 ∪ K2, and this in turn is≤ 1 everywhere. Let us see that

max{ f + g, ϕ} − ϕ ≤ G (∗∗)

everywhere. The only pointsx at which (∗∗) could possibly fail are those where
G(x) < 1, hence points ofVc. At such points the definition ofg shows that
f (x) + g(x) ≤ 1. If also x is in U , thenϕ(x) = 1 and we compute that
max{ f (x) + g(x), ϕ(x)} − ϕ(x) = 1 − 1 = 0. Thus (∗∗) holds at points of
U ∩ Vc. At points of Uc ∩ Vc, the equality f (x) = g(x) = 0 implies that
max{ f (x) + g(x), ϕ(x)} − ϕ(x) = ϕ(x) − ϕ(x) = 0. Thus again (∗∗) holds,
and hence (∗∗) holds at every point ofVc, therefore everywhere.

Addition of (∗) and (∗∗) gives f + g ≤ F + G everywhere. Therefore

�(F) + �(G) = �(F + G) ≥ �( f + g) = �( f ) + �(g) ≥ µ(K1) + µ(K2).

Taking the infimum overF and then overG givesµ(K1 ∪ K2) + µ(K1 ∩ K2) ≥
µ(K1) + µ(K2) and completes the proof of the lemma.

Lemma 11.9 yields by iteration a corresponding formula with the sum ofn
terms on each side. This extension of Lemma 11.9 is a computation in Boolean
algebra involving no analysis at all—only the fact that the collection of compact
sets is closed under finite unions and intersections. The details are carried out in
the next lemma.
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Lemma 11.10.If K1 . . . , Kn are compact subsets ofX, then
n∑

l=1

µ(Kl ) =
n∑

k=1

µ
( ⋃

1≤i1<···<i k≤n

( k⋂
j =1

Ki j

))
.

PROOF. The argument is by induction onn, the base case of the induction being
the casen = 2 that was settled by Lemma 11.9. Thus letn > 2, and assume the
identity for the casen − 1. The inductive hypothesis gives

n∑
l=1

µ(Kl ) =
n−1∑
k=1

µ
( ⋃

1≤i1<···<i k<n

( k⋂
j =1

Ki j

))
+ µ(Kn). (∗)

We shall prove by induction onr ≥ 1 that
n∑

l=1

µ(Kl ) =
r −1∑
k=1

µ
( ⋃

1≤i1<···<i k≤n

( k⋂
j =1

Ki j

))
+ µ

( ⋃
1≤i1<···<i r =n

( r⋂
j =1

Ki j

))
+

n−1∑
k=r

µ
( ⋃

1≤i1<···<i k<n

( k⋂
j =1

Ki j

))
,

the base case of this induction beingr = 1, where this identity reduces to (∗). The
proof for the caser = n will complete the inductive step for the outer induction
and thereby will complete the proof of the lemma. To pass fromr to r + 1 in the
inner induction, the question is whether

µ
( ⋃

1≤i1<···<i r =n

( r⋂
j =1

Ki j

))
+ µ

( ⋃
1≤i1<···<i r <n

( r⋂
j =1

Ki j

))
?= µ

( ⋃
1≤i1<···<i r ≤n

( r⋂
j =1

Ki j

))
+ µ

( ⋃
1≤i1<···<i r +1=n

( r +1⋂
j =1

Ki j

))
.

The union of the two sets on the left here is the first set on the right side. In view
of Lemma 11.9, this formula will follow if it is shown that the second set on the
right side is the intersection of the two sets on the left. The intersection of the
two sets on the left side is equal to⋃

1≤i1<···<i r =n,
1≤i ′

1<···<i ′
r <n

(( r⋂
j =1

Ki j

)
∩
( r⋂

j =1

Ki ′
j

))
. (∗∗)

A term in the union in this expression is an intersection of at leastr +1 of the sets
K1, . . . , Kn, the last of which isKn, namely the ones corresponding to indices
i ′
1, . . . , i ′

r andi r = n. Every intersection of exactlyr + 1 of the setsK1, . . . , Kn

occurs if the last one isKn because we can takei1 = i ′
1, . . . , i r −1 = i ′

r −1. Any
intersection of more thanr + 1 sets is contained in one with exactlyr + 1 sets,

and thus (∗∗) equals
⋃

1≤i1<···<i r +1=n

(⋂r +1
j =1 Ki j

)
, as asserted.
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A further formality is the derivation from these results thatµ extends in a well-
defined fashion to a nonnegative additive set function on the ringK(X). Again
no analysis is involved, only the one additional fact that the intersection of two
sets of the formK − L with K andL compact is again of this form, specifically
that(K − L) ∩ (K ′ − L ′) = (K ∩ K ′) − (L ∪ L ′).

Lemma 11.11. The set functionµ extends in a well-defined fashion to a
nonnegative additive set function onK(X) under the definition

µ
( n⋃

j =1

(Kj − L j )
)

=
n∑

j =1

(
µ(Kj ) − µ(L j )

)
wheneverKj andL j are compact withL j ⊆ Kj for each j with 1 ≤ j ≤ n and
the setsK1 − L1, . . . , Kn − Ln are pairwise disjoint.

REMARKS. Lemma 11.2 assures us that every member ofK(X) is of the form
in this lemma. The subtlety of the lemma arises from the fact that the setsKj

need not be disjoint.

PROOF. First let us see thatµ is well defined in the casej = 1, i.e., that
K ′ − L ′ = K − L with L ′ ⊆ K ′ and L ⊆ K implies µ(K ′) − µ(L ′) =
µ(K )−µ(L). We are to show thatµ(K ′)+µ(L) = µ(K )+µ(L ′), and Lemma
11.9 shows that it is enough to show thatK ′ ∪ L = K ∪ L ′ andK ′ ∩ L = K ∩ L ′.
Supposex is in K ′ ∪ L. If x is in L, thenx is in K , hence inK ∪ L ′. If x is in K ′
instead, then eitherx has to be inL ′ in the case thatx is not in K ′ − L ′ or x has
to be inK in the case thatx is in K ′ − L ′ = K − L. SoK ′ ∪ L ⊆ K ∪ L ′. If x
is in K ′ ∩ L, thenx is not in K − L and must be inL ′ in order to avoid being in
K ′ − L ′. Sox is in L ∪ L ′ ⊆ K ∪ L ′. Reversing the roles ofK ′ − L ′ andK − L,
we see thatK ′ ∪ L = K ∪ L ′ andK ′ ∩ L = K ∩ L ′.

Next suppose thatK ′ − L ′ = ⋃n
j =1 (Kj − L j ) with L ′ ⊆ K ′, L j ⊆ Kj for

each j , and the setsKj − L j disjoint. We are to show thatµ(K ′) − µ(L ′) =∑n
j =1 (µ(Kj )−µ(L j )), i.e., thatµ(K ′)+∑n

j =1 µ(L j ) = µ(L ′)+∑n
j =1 µ(Kj ).

The argument will generalize that in the previous paragraph: The setK ′ − L ′ has
complementL ′ ∪ K ′c, and therefore the given condition of disjointness means
that

X = (L ′ ∪ K ′c) ∪
n⋃

j =1

(Kj − L j ) (∗)

disjointly. PutLn+1 = K ′ andKn+1 = L ′, so that we are asking whether

n+1∑
j =1

µ(L j )
?=

n+1∑
j =1

µ(Kj ).
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In view of Lemma 11.10, it would be enough to show that⋃
1≤i1<···<i k+1≤n+1

( k⋂
j =1

Li j

) =
⋃

1≤i1<···<i k+1≤n+1

( k⋂
j =1

Ki j

)
for 1 ≤ k ≤ n + 1. The left side is the set ofx lying in at leastk of the sets
Li , and the right side is the corresponding set for theKi ’s. Thus it is enough to
prove that the set ofx lying in exactlyr setsKi is contained in the set ofx lying
in exactlyr setsLi , for 1 ≤ r ≤ n + 1.

We check this condition separately for the three casesx ∈ L ′, x /∈ K ′, and
x ∈ K ′ − L ′. From (∗) we see thatx in L ′ ∪ K ′c implies thatx is not in any
Kj − L j for 1 ≤ j ≤ n. Hence for the first two cases,x is in L j with 1 ≤ j ≤ n
if and only if x is in Kj .

Case 1. x ∈ L ′. Forx to be inr of the setsK1, . . . , Kn+1, x must be inr − 1
of the setsK1, . . . , Kn, hence inr − 1 of the setsL1, . . . , Ln. Sincex is in L ′, it
is in K ′ = Ln+1. Thereforex is in r of the setsL1, . . . , Ln+1.

Case 2. x /∈ K ′. For x to be inr of the setsK1, . . . , Kn+1, x must be inr of
the setsK1, . . . , Kn, hence inr of the setsL1, . . . , Ln. Sincex is not in K ′, it is
not in Ln+1. Thereforex is in r of the setsL1, . . . , Ln+1.

Case 3. x ∈ K ′ − L ′. Sincex is not inL ′ ∪ K ′c, (∗) shows thatx is in exactly
oneKj − L j with 1 ≤ j ≤ n. For x to be inr of the setsK1, . . . , Kn+1, x must
be inr of the setsK1, . . . , Kn, hence inr − 1 of the setsL1, . . . , Ln. Sincex is
in K ′ = Ln+1, it is in r of the setsL1, . . . , Ln+1.

For the general case, suppose that
⋃m

j =1 (K ′
j − L ′

j ) = ⋃n
j =1 (Kj − L j ). Inter-

secting both sides withK ′
i − L ′

i , we obtain

K ′
i − L ′

i =
n⋃

j =1

((Kj ∩ K ′
i ) − ((L j ∪ L ′

i ) ∩ (Kj ∩ K ′
i ))).

The case just proved shows that

µ(K ′
i − L ′

i ) =
n∑

j =1

(
µ(Kj ∩ K ′

i ) − µ((L j ∪ L ′
i ) ∩ (Kj ∩ K ′

i ))
)

and hence
m∑

i =1

µ(K ′
i − L ′

i ) =
m∑

i =1

n∑
j =1

(
µ(Kj ∩ K ′

i ) − µ((L j ∪ L ′
i ) ∩ (Kj ∩ K ′

i ))
)
.

Similarly
n∑

j =1

µ(Kj − L j ) =
n∑

j =1

m∑
i =1

(
µ(Kj ∩ K ′

i ) − µ((L j ∪ L ′
i ) ∩ (Kj ∩ K ′

i ))
)
.

Therefore
∑m

i =1 µ(K ′
i − L ′

i ) = ∑n
j =1 µ(Kj − L j ), and the proof is complete.
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In short order, we can now prove identities (ii) and (iii). Lemma 11.12 will
prove (iii), and Lemma 11.13 will prove (ii).

Lemma 11.12.If U is any bounded open subset ofX, then

sup
g∈Ccom(X),

0≤g≤IU ,

supportg⊆U

�(g) = sup
K⊆U,

K compact

µ(K ) = sup
f ∈Ccom(X),

0≤ f ≤IU

�( f ).

PROOF. Let S1, S2, S3 be the three suprema in question. We first check that
S1 ≤ S2 ≤ S3. If g contributes toS1, theng ≤ Isupportg ≤ IU . If h ∈ Ccom(X)

hasIsupportg ≤ h, theng ≤ h and hence�(g) ≤ �(h). Taking the infimum over
all suchh, we obtain�(g) ≤ µ(supportg) ≤ S2. Taking the supremum over all
g therefore givesS1 ≤ S2. Next if K is compact withK ⊆ U , Corollary 10.44
allows us to findf ∈ Ccom(X) with values in [0, 1] such thatf is equal to 1 onK
and equal to 0 onUc. ThenIK ≤ f ≤ IU . The definitions ofµ(K ) andS3 yield
µ(K ) ≤ �( f ) ≤ S3. Taking the supremum over allK therefore givesS2 ≤ S3.

To complete the proof, we show thatS1 ≥ S3. Let ε > 0 be given. Choose
f in Ccom(X) such that 0≤ f ≤ IU and�( f ) ≥ S3 − ε, and letV be the set
where f is > 0. Lemma 11.5 shows thatV is a bounded openFσ , and Lemma
11.7b produces an increasing sequence of functionsfn in Ccom(X) with values
in [0, 1], each with support some compact subset ofV , such that limfn = IV

pointwise. Then the sequence{min{ fn, f }} is pointwise increasing with limit
min{IV , f }. If x is a point whereIV (x) < f (x), then f (x) > 0, x is in V ,
and IV (x) = 1, contradiction. So there is no such point, and min{IV , f } = f .
Therefore the sequence{ f − min{ fn, f }} is a pointwise decreasing sequence
in Ccom(X) with limit 0. By Dini’s Theorem (Lemma 11.4), the sequence
{ f −min{ fn, f }} converges uniformly to 0, and hence�(min{ fn, f }) increases to
�( f ). For some sufficiently largen0, we therefore have�(min{ fn0, f }) ≥ S3−2ε.
The function min{ fn0, f } is one of the functions that figures intoS1, and thus
S1 ≥ �(min{ fn0, f }) ≥ S3 − 2ε. Sinceε is arbitrary,S1 ≥ S3.

Lemma 11.13. Let µ be extended to a nonnegative additive set function on
K(X) as in Lemma 11.11. IfU is a bounded open subset ofX, thenµ(U ) =
supK⊆U, K compactµ(K ).

PROOF. For the bounded open setU , let S1, S2, S3 be the three equal suprema
of Lemma 11.12. By definition,µ(U ) = µ(L) − µ(L − U ) for any compact
set L containingU , and we are to prove thatµ(U ) = S2. If K is a compact
subset ofU , thenK ∪ (L − U ) is a disjoint union contained inL, and we have
µ(K ) + µ(L − U ) = µ(K ∪ (L − U )) ≤ µ(L). Taking the supremum over all
suchK , we obtainS2 + µ(L − U ) ≤ µ(L), i.e.,S2 ≤ µ(U ).
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Let h be any member ofCcom(X) with values in [0, 1] such thath ≥ I L−U and
such thath is 1 on an open neighborhoodN of L − U . ThenL ⊆ N ∪ U . For
each pointx of U , find an open neighborhoodUx of x with U cl

x ⊆ U . ThenN
and theUx ’s form an open cover ofL, and there is a finite subcover. Let us say
thatL ⊆ N ∪ Ux1 ∪ · · · ∪ Uxn . The setK = U cl

x1
∪ · · · ∪ U cl

xn
is a compact subset

of U , andL ⊆ N ∪ K . Choose, by Corollary 10.44, a functionf ∈ Ccom(X)

with values in [0, 1] such that f is 1 on K and is 0 offU . This function has
0 ≤ f ≤ IU . Since f is 1 on K andh is 1 on N, h + f is ≥ 1 on L. Hence
µ(L) ≤ �(h + f ) = �(h) + �( f ) ≤ �(h) + S3. Thusµ(L) ≤ µ(L − U ) + S3

andµ(U ) ≤ S3. SinceS3 = S2 by Lemma 11.12,µ(U ) = S2 as required.

PROOF OF EXISTENCE INTHEOREM11.1. IfK is compact, we defineµ(K ), just
as we did earlier in this section, to be the infimum of�( f ) over all f in Ccom(X)

such thatf ≥ IK . Lemma 11.11 shows thatµ extends, necessarily in a unique
fashion, to a well-defined nonnegative additive set function onK(X).

Consider the setCof all membersE ofK(X) satisfying the following regularity
property: for eachε > 0, there exist compactK and open boundedU with
K ⊆ E ⊆ U andµ(U − K ) < ε. Lemma 11.13 shows that every open bounded
set is inC. We show closure ofC under finite unions. IfE1 andE2 are inC, then
we can chooseK1 andK2 compact andU1 andU2 bounded open such thatK1 ⊆
E1 ⊆ U1, K2 ⊆ E2 ⊆ U2, µ(U1 − K1) < ε/2, andµ(U2 − K2) < ε/2. Then
K1∪K2 ⊆ E1∪E2 ⊆ U1∪U2 and(U1∪U2)−(K1∪K2) ⊆ (U1−K1)∪(U2−K2).
It follows thatµ((U1 ∪U2)− (K1 ∪ K2)) ≤ µ((U1 − K1))+µ((U2 − K2)) < ε,
andC is closed under finite unions.

We show closure ofC under differences. IfE1 andE2 are inC, then we again
chooseK1 andK2 compact andU1 andU2 bounded open such thatK1 ⊆ E1 ⊆ U1,
K2 ⊆ E2 ⊆ U2, µ(U1 − K1) < ε/2, andµ(U2 − K2) < ε/2. ThenK1 − U2 ⊆
E1 − E2 ⊆ U1 − K2, and(U1 − K2) − (K1 − U2) ⊆ (U1 − K1) ∪ (U2 − K2).
Henceµ((U1 − K2) − (K1 − U2)) ≤ µ(U1 − K1) + µ(U2 − K2) < ε, andC
is closed under differences. By Lemma 11.2,C equalsK(X). Thus every set in
K(X) satisfies the regularity property.

Next let us see thatµ is completely additive onC. Let En be a disjoint sequence
of sets inK(X) with union E in K(X). For everyN, we have

∑N
n=1 µ(En) =

µ(E1 ∪ · · · ∪ EN) ≤ µ(E). Hence
∑∞

n=1 µ(En) ≤ µ(E). For the reverse
inequality, letε > 0 be given. Choose, by the regularity property,K compact and
Un open bounded withK ⊆ E, En ⊆ Un,µ(E−K ) < ε, andµ(Un−En) < ε/2n.
ThenK ⊆ E = ⋃∞

n=1 En ⊆ ⋃∞
n=1 Un. In other words, the setsUn form an open

cover of the compact setK . Some finite subcollection is a cover, and thus
K ⊆ U1 ∪ · · · ∪ UN for someN. Then we have

µ(E) = µ(E − K ) + µ(K ) ≤ ε + µ(U1 ∪ · · · ∪ UN)

≤ ε +∑N
n=1 µ(Un) ≤ ε +∑N

n=1 (µ(En) + ε/2n) ≤ ∑∞
n=1 µ(En) + 2ε.
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Sinceε is arbitrary,µ(E) ≤ ∑∞
n=1 µ(En). Thereforeµ(E) = ∑∞

n=1 µ(En), and
µ is completely additive onK(X).

The Extension Theorem (Theorem 5.5) shows thatµ extends uniquely to a
measure on the smallestσ -ring containingK(X), i.e., theσ -ring of σ -bounded
Borel sets. Proposition 5.37 shows further thatµ extends canonically to a measure
on theσ -algebra of all Borel sets under the definition

µ(E) = sup
F⊆E, F∈B(X),

F σ -bounded

µ(F).

This definesµ on B(X). We are left with showing thatµ is regular and that
�( f ) = ∫

X f dµ for every f ∈ Ccom(X).
In showing that�( f ) = ∫

X f dµ for every f ∈ Ccom(X), it is enough to handle
an arbitrary f ≥ 0. Fix ε > 0, and fix an integerN such that‖ f ‖sup < Nε.
For 0 ≤ n ≤ N, define fn = min{ f, nε}. Each fn is in Ccom(X), the function
f0 is 0, and the functionfN is f . For 0 ≤ n < N, definegn = fn+1 − fn.
We can recoverf from the gn’s as f = ∑N−1

n=0 gn. For n ≥ 1, defineKn =
{x | f (x) ≥ nε}, and letK0 = support( f ). All the setsKn are compact, and
they decrease in size withn. In this notation the formula forgn is

gn(x) =
⎧⎨⎩

0 if x /∈ Kn,

f (x) − nε if x ∈ Kn − Kn+1,

ε if x ∈ Kn+1.

Consequently ε IKn+1 ≤ gn ≤ ε IKn . (∗)

Integration therefore gives

εµ(Kn+1) ≤ ∫
X gn dµ ≤ εµ(Kn). (†)

The inequality given asIKn+1 ≤ ε−1gn in (∗) implies thatµ(Kn+1) ≤ ε−1�(gn).
The other inequalityε−1gn ≤ IKn in (∗) says that anyh ∈ Ccom(X) with IKn ≤ h
hasε−1gn ≤ h. Taking the infimum overh yieldsε−1�(gn) ≤ µ(Kn). Thus we
have

εµ(Kn+1) ≤ �(gn) ≤ εµ(Kn). (††)

Subtracting (†) and (††), we obtain

−ε(µ(Kn) − µ(Kn+1)) ≤ ∫
X gn dµ − �(gn) ≤ ε(µ(Kn) − µ(Kn+1)).

Since f = ∑N−1
n=0 gn, summing fromn = 0 ton = N − 1 gives∣∣ ∫

X f dµ − �( f )
∣∣ ≤ ε

∑N−1
n=0 (µ(Kn) − µ(Kn+1)) = εµ(support( f )).
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Sinceε is arbitrary,
∣∣ ∫

X f dµ − �( f )
∣∣ = 0. Thus�( f ) = ∫

x f dµ.
Fix a compact subsetK0 of X, form theσ -ring B(X) ∩ K0, and letA(K0)

be the collection of membersE of B(X) ∩ K0 such thatµ(E) is the supremum
of µ(K ) over all compact subsetsK of E andµ(E) is the infimum ofµ(U )

over all bounded open sets inX that containE; the open sets in question need
not lie within K0. Since the sets inA(K0) all have finite measure, the regularity
condition onE is that there exist, for eachε > 0, K compact andU bounded open
with K ⊆ E ⊆ U andµ(U −K ) < ε. The same arguments as at the beginning of
the present proof show thatA(K0) is closed under finite unions and differences.
To see closure under countable disjoint unions, let{En} be a disjoint sequence
in A(K0) with union E, let ε be given, and chooseKn compact andUn bounded
open withKn ⊆ En ⊆ Un andµ(Un − Kn) < ε/2n. Applying Corollary 10.23,
let L be a compact subset ofX with K0 ⊆ Lo. The setsKn are disjoint, and
thus

∑∞
n=1 µ(Kn) converges. ChooseN such that

∑∞
n=N+1 µ(Kn) < ε. Define

U = Lo ∩ ⋃∞
n=1 Un, K = ⋃N

n=1 Kn, K∞ = ⋃∞
n=1 Kn, andF = ⋃∞

n=N+1 Kn.
ThenK is compact,U is bounded open, andK ⊆ E ⊆ U . SinceK∞ = K ∪ F ,
we have

µ(U − K ) ≤ µ(U − K∞) + µ(F) ≤ µ
( ∞⋃

n=1

(Un − Kn)
)

+ µ
( ∞⋃

n=N+1

Kn

)
≤

∞∑
n=1

µ(Un − Kn) +
∞∑

n=N+1

µ(Kn) ≤
∞∑

n=1

ε/2n + ε = 2ε.

ThusA(K0) is closed under countable disjoint unions and is aσ -ring. Since the
compact subsets ofK0 are inA(K0), we conclude thatA(K0) = B(K0).

This proves regularity for all bounded sets. IfE is σ -bounded, we can choose
an increasing sequence{Ln} of compact sets whose union containsE. PutEn =
E ∩ Ln. Givenε > 0, we apply the previous step to chooseKn compact and
Un bounded open such thatKn ⊆ En ⊆ Un andµ(Un − Kn) < ε/2n. Taking
U = ⋃∞

n=1 Un andK∞ = ⋃∞
n=1 Kn, we haveK∞ ⊆ E ⊆ U andµ(U−K∞) < ε.

Thusµ(U ) ≤ µ(E)+ ε, andµ(E) ≤ µ(K∞)+ ε. The first of these inequalities,
being possible for anyε, shows thatµ(E) is the infimum of the measures of open
σ -bounded sets containingE. Sinceµ(K∞) = limN µ

(⋃N
n=1 Kn

)
by complete

additivity, the second of these inequalities, being possible for anyε, shows that
µ(E) is the supremum of the measures of compact sets contained inE.

This proves regularity for allσ -bounded sets. IfE is a Borel set that is not
σ -bounded, we know thatµ(E) is the supremum of the measures ofµ(F) for
σ -bounded Borel subsetsF of E, and we know thatµ(F) is the supremum of the
measures ofµ(K ) for compact subsetsK of F . Thereforeµ(E) is the supremum
of the measures ofµ(K ) for compact subsetsK of E. This completes the proof
of regularity ofµ.
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PROOF OF UNIQUENESS INTHEOREM11.1. Letµ be the constructed measure,
and letν be a second measure satisfying the properties of the theorem. The
assumed regularity ofν implies that it is enough to prove thatν(K ) = µ(K ) for
every compact subsetK of X. Fix K , and letα be the infimum definingµ(K ),
namely the infimum of�( f ) over all f ∈ Ccom(X) with values in [0, 1] such that
IK ≤ f . Integrating this inequality with respect toν, we see thatν(K ) ≤ ∫

X f dν

and thereforeν(K ) ≤ α. Suppose thatν(K ) < α. By Corollary 10.23 and the
assumed regularity ofν, we can find a bounded open setU with U ⊇ K and
ν(U ) < α. By Corollary 10.44 we can find a functiong ∈ Ccom(X) with values
in [0, 1] such thatg is 1 on K and is 0 offU . Then IK ≤ g ≤ IU . Hence
�(g) = ∫

X g dµ = ∫
X g dν ≤ ∫

X IU dν = ν(U ) < α ≤ �(g), and we obtain a
contradiction. We conclude thatν(K ) = α = µ(K ), and the uniqueness follows.

3. Regular Borel Measures

The fact that compact sets for a general locally compact HausdorffX need not be
countable intersections of open sets suggests a look at the ring of sets generated
by the compact sets that are indeed such intersections, as well as the associated
σ -algebra. The sets in thisσ -algebra are known as “Baire sets,” and it turns
out that the members ofCcom(X) are measurable with respect to thisσ -algebra.
Theσ -algebra of Baire sets can be strictly smaller than theσ -algebra of Borel
sets, and thus one can make a case for limiting oneself to Baire sets all along.
This would be a fine point, one not worth pursuing here, but for one fact: the
σ -algebra of Baire sets forX×Y is a correctσ -algebra to use in Fubini’s Theorem
for changing iterated integrals overX andY to a double integral—and this may
not be true when Borel sets are used.

This fact about Fubini’s Theorem might seem to be a telling argument for
replacing Borel sets by Baire sets everywhere in the theory. The difficulty is that
it is a little tedious to check constantly whether sets are Baire sets—for example,
whether one-point sets are Baire sets. Thus the normal practice is to work with
Borel sets and to resort to Baire sets only when Fubini’s Theorem comes into play
in a way that makes the distinction important. The most frequent case that arises
in applications of Fubini’s Theorem in this theory is that a function onX × Y
is continuous with compact support, in which case only Baire sets are involved
anyway.

Thus let X be a locally compact Hausdorff space. The sets in the smallest
σ -algebraB(X) containing the compact sets are theBorel sets, and the sets in
the smallestσ -algebraB0(X) containing the compactGδ ’s are theBaire sets.
Measurable functions in the first case will be calledBorel measurable functions
or Borel functions, and measurable functions in the second case will be called
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Baire measurable functionsor Baire functions. We shall observe in Corollary
11.16 below that every member ofCcom(X) is a Baire function.

If the locally compact Hausdorff spaceX is a metric space, then any closed
setF is the intersection of the setsUn = {x | D(x, F) < 1

n}, whereD( · , F) is
the distance to the setF . Consequently every compact subset ofX is aGδ, and
every Borel set is a Baire set.

Proposition 11.14. If K andU are subsets ofX with K compact,U open,
and K ⊆ U , then there exist a compactGδ, sayK0, and an open boundedFσ ,
sayU0, such thatK ⊆ U0 ⊆ K0 ⊆ U .

PROOF. Choose by Corollary 10.44 a memberf of Ccom(X) with values in
[0, 1] such thatf is 1 onK and is 0 onUc. If K0 is the set wheref is ≥ 1

2 and
U0 is the set wheref is > 1

2, then Lemma 11.5 shows thatK0 andU0 have the
required properties.

Corollary 11.15. Any σ -compact open subset ofX is a Baire set.

PROOF. If U = ⋃∞
n=1 Kn is open with eachKn compact, we can apply

Proposition 11.14 to the inclusionKn ⊆ U and find a set(Kn)0 that is a compact
Gδ and hasKn ⊆ (Kn)0 ⊆ U . ThenU = ⋃∞

n=1(Kn)0 exhibitsU as the countable
union of compactGδ ’s, hence as a Baire set.

Corollary 11.16. Every member ofCcom(X) is a Baire function.

PROOF. This is immediate from Lemma 11.5 and Corollary 11.15.

Proposition 11.17.If X andY areσ -compact, then the productσ -algebra for
X × Y obtained from the Baire sets ofX andY is theσ -algebra of Baire sets of
X × Y.

PROOF. If KX andKY are compactGδ ’s in X andY, thenKX ×KY is a compact
Gδ in X × Y, and it follows thatB0(X) × B0(Y) ⊆ B0(X × Y). For the reverse
inclusion letK be a compactGδ in X × Y, and writeK asK = ⋂∞

n=1 Un with
eachUn open. We construct open setsSn in B0(X) ×B0(Y) with K ⊆ Sn ⊆ Un,
and then it follows thatK = ⋂∞

n=1 Sn andK is a Baire set.
To do so, it is enough to show that ifK ⊆ W with W open, then there is an

open setS in B0(X) ×B0(Y) with K ⊆ S ⊆ W. For each(x, y) in K , find open
neighborhoodsUx of x andVy of y such thatUx × Vy ⊆ W. Proposition 11.14,
applied to the inclusion{x} ⊆ Ux and then to the inclusion{y} ⊆ Vy, shows that
we may assume thatUx andVy are openFσ ’s. In view of Corollary 11.15, they
are then Baire sets. HenceUx × Vy is in B0(X) × B0(Y). As (x, y) varies, the
setsUx × Vy form an open cover ofK , and there is a finite subcover. We can
takeS to be the union of the elements in the finite subcover, and thenS has the
required properties.
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Now we turn our attention to measures. ABaire measureon X is a measure
on the Baire sets that is finite on every compactGδ. The restriction of a Borel
measure to the Baire sets is a Baire measure. We are going to prove that Baire
measures are automatically regular in the same sense that Borel measures inRN

are automatically regular.

Proposition 11.18.Every Baire measureµ is regular in the following sense:

µ(E) = sup
K⊆E,

K compactGδ

µ(K ) for every setE in B0(X),

µ(E) = inf
U⊇E,

U openFσ

µ(U ) for everyσ -bounded setE in B0(X).

REMARK. Since Baire sets and Borel sets are the same in a metric space,
this proposition generalizes the known regularity of Borel measures on any open
subset ofRn, as given in Theorem 6.25.

PROOF. If L is a compactGδ, thenµ(L) is certainly the supremum ofµ(K )

for the compactGδ ’s contained inL. Suppose thatU is σ -bounded open with
L ⊆ U . Proposition 11.14 produces a bounded open setU0 that is anFσ and has
L ⊆ U0 ⊆ U . Consequentlyµ(L) is the infimum ofµ(U0) for the openFσ ’s
containingL. Thus every compactGδ satisfies the stated regularity condition.

The remainder of the proof runs parallel to the proof of regularity at the end
of the proof of existence for Theorem 11.1, and we shall be brief. Fix a compact
Gδ in X, sayK0. Form theσ -ringB0(X) ∩ K0, and letA0(K0) be the collection
of membersE of B0(X) ∩ K0 such thatµ(E) is the supremum ofµ(K ) over all
compact subsetsK of E that areGδ ’s andµ(E) is the infimum ofµ(U ) over all
open supersetsU of E that areFσ ’s; the open sets in question need not lie within
K0. Since the sets inA0(K0) all have finite measure, the regularity condition on
E is that there exist, for eachε > 0, K compact andU open of the correct kind
with K ⊆ E ⊆ U andµ(U − K ) < ε. The same arguments as earlier show that
A0(K0) is closed first under finite unions and differences, then under countable
disjoint unions. ThusA0(K0) is aσ -ring containing all compactGδ ’s, and we
conclude thatA(K0) = B(K0).

This proves regularity for all bounded Baire sets. If the Baire setE is
σ -bounded, we can choose an increasing sequence{Ln} of compactGδ ’s whose
union containsE. Put En = E ∩ Ln. Then the same argument as earlier, using
the setsEn, shows that the regularity condition holds forE.

Finally if E is a Baire set that is notσ -bounded, we know thatµ(E) is the
supremum of the measures ofµ(F) for σ -bounded Baire subsetsF of E, and we
know thatµ(F) is the supremum of the measures ofµ(K ) for compact subsets
K of F that areGδ ’s. Thereforeµ(E) is the supremum of the measures ofµ(K )

for compact subsetsK of E that areGδ ’s.
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Proposition 11.19. If ν is a Baire measure onX, then there is one and only
one regular Borel measureµ on X whose restriction to the Baire sets isµ.

PROOF. Since the members ofCcom(X) are Baire functions (Corollary 11.16),
we can define a positive linear functional� onCcom(X) by �( f ) = ∫

X f dν. The
uniqueness of the extendingµ follows from the uniqueness part of Theorem 11.1.
For existence we takeµ to be the regular Borel measure given by the existence part
of Theorem 11.1. We are to prove thatµ andν agree on Baire sets. The measures
µ andν agree on compactGδ ’s by Lemma 11.7a and dominated convergence.
By regularity of Baire measures (Proposition 11.18),µ andν agree on all Baire
sets.

Proposition 11.20. Suppose thatX is compact and thatµ andν are Borel
measures onX with µ regular. Ifν is absolutely continuous with respect toµ,
thenν is regular.

PROOF. Let ε > 0 be given. The Radon–Nikodym Theorem (Theorem 9.16)
and Corollary 5.24 together show that there existsδ > 0 such that any Borel
set A with µ(A) < δ hasν(A) < ε. Let E be a Borel set to be tested for
regularity underν. Sinceµ is regular, we can chooseK compact andU open
with K ⊆ E ⊆ U andµ(U − K ) < δ. Thenν(U − K ) < ε, and it follows that
ν(E) is approximated withinε by ν(K ) andν(U ).

Proposition 11.21.If µ is a regular Borel measure onX and if 1≤ p < ∞,
then

(a) Ccom(X) is dense inL p(X, µ),
(b) the smallest closed subspace ofL p(X, µ) containing all indicator func-

tions of compactGδ ’s in X is L p(X, µ) itself.

REMARK. This generalizes conclusions (a) and (b) of Proposition 9.9 from
open subsets ofRN to all locally compact Hausdorff spaces.

PROOF. If E is a Borel set of finiteµ measure and ifε is given, the regularity
of µ allows us to choose a compact setK with K ⊆ E andµ(E − K ) < ε.
Then we can find a bounded open setU with K ⊆ U andµ(U − K ) < ε, and
Proposition 11.14 gives us a compactGδ setK0 such thatK ⊆ K0 ⊆ U . We have∫

RN |I E − IK |p dµ = µ(E − K ) < ε,
∫

RN |IU − IK |p dµ = µ(U − K ) < ε,
and

∫
RN |IU − IK0|p dµ = µ(U − K0) < ε. Consequently we see in succession

that the closure inL p(X, µ) of the set of all indicator functions of compact sets
contains all indicator functions of Borel sets of finiteµ measure, the closure in
L p(X, µ) of the set of all indicator functions of bounded open sets contains all
indicator functions of Borel sets of finiteµ measure, and the closure inL p(X, µ)

of the set of all indicator functions of compactGδ ’s contains all indicator functions
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of Borel sets of finiteµ measure. Proposition 5.56 shows consequently that
the smallest closed subspace ofL p(X, µ) containing all indicator functions of
compact Baire sets isL p(X, µ) itself. This proves (b).

For (a), letK0 be a compactGδ, and use Lemma 11.7a to choose a decreasing
sequence{ fn} of real-valued members ofCcom(RN) with pointwise limit IK0.
Since f p

1 is integrable, dominated convergence yields limn
∫

RN | fn − IK0|p dµ =
0. Hence the closure ofCcom(X) in L p(X, µ) contains all indicator functions
of compactGδ ’s. By Proposition 5.55d this closure contains the smallest closed
subspace ofL p(X, µ) containing all indicator functions of compactGδ ’s. Con-
clusion (b) shows that the latter subspace isL p(X, µ) itself. This proves (a).

Corollary 11.22. Suppose thatX is a locally compact separable metric space.
If µ is a Borel measure onX and if 1≤ p < ∞, then

(a) Ccom(X), as a normed linear space under the supremum norm, is separa-
ble,

(b) L p(X, µ) is separable.

REMARK. This generalizes Corollary 6.27c and Proposition 9.9c from open
subsets ofRN to all locally compact separable metric spaces. The measure
µ is automatically regular by Proposition 11.8 since Baire measures and Borel
measures coincide in any locally compact metric space.

PROOF. Part (a) is proved by the same argument as for Corollary 6.27c. What
is required is a substitute for Lemma 6.22a in order to obtain a sequence{Fn}∞n=1
of compact subsets ofX with union X such thatFn ⊆ Fo

n+1 for all n. It was
observed at the beginning of Section X.3 that separable implies Lindel¨of, and it
follows from Proposition 10.24 thatX is consequentlyσ -compact. Application
of Proposition 10.25 then gives the sequence{Fn}∞n=1. Corollary 2.59 is still to
be applied toC(Fn); sinceFn is a compact metric space, the corollary shows that
C(Fn) is separable, and the argument goes through.

Part (b) follows from (a) and Proposition 11.21a in the same way that Corollary
6.27d follows from parts (a) and (c) of that corollary. The sequence{Fn}∞n=1 of
the previous paragraph is to be used in the argument.

Theorem 11.23(Helly–Bray Theorem). LetX be a locally compact separable
metric space. If{µn} is a sequence of Borel measures onX with {µn(X)}bounded,
say byM , then there exist a Borel measureµ on X and a subsequence{µnk} such
thatµ(X) ≤ M and limn

∫
X f dµnk = ∫

X f dµ for all f in Ccom(X).

REMARKS. In the terminology of Section V.9, the measuresµn are continuous
linear functionals on the normed linear spaceCcom(X), and the norm of the
linear functional corresponding toµn is µn(X). The convergence is weak-star
convergence, and the limiting linear functional is given by a Borel measureµ
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with µ(X) ≤ M . The theorem amounts to an application of the preliminary
form of Alaoglu’s Theorem (Theorem 5.58) and the identification of the limit as
a measure.

PROOF. The proof consists of filling in the details in the remarks above.
We regardY = Ccom(X) as a normed linear space with the supremum norm.
Any Borel measureν on X defines by integration a linear functional onY with
norm given by‖ν‖ = supf ∈Ccom(X), ‖ f ‖≤1

∣∣ ∫
X f dν

∣∣. The right side is certainly
≤ ‖ f ‖supν(X). In the reverse direction, let{Kn} be an increasing sequence
of compact subsets ofX with union X, so that limn ν(Kn) = ν(X). Choose
functions fn : X → [0, 1] in Ccom(X) by Corollary 10.44 such thatfn is 1 on
Kn. Then‖ fn‖sup ≤ 1 for all n, and

∫
X fn dν ≥ ∫

Kn
dν = ν(Kn). Hence

‖ν‖ ≥ lim supn ν(Kn) = ν(X), and we conclude that‖ν‖ = ν(X).
Thus the given sequence{µn} corresponds to a sequence inY∗ with ‖µn‖ ≤ M

for all n. Corollary 11.22 shows thatY is separable. Theorem 5.58 therefore
applies and yields a subsequence{µnk} and a member� of Y∗ with ‖�‖ ≤ M
such that limk

∫
X f dµnk = �( f ) for all f in Ccom(X). If f ≥ 0, limk

∫
X f dµnk

is certainly≥ 0, and thus� is a positive linear functional onCcom(X). The Riesz
Representation Theorem (Theorem 11.1) produces a Borel measureµ on X with
�( f ) = ∫

X f dµ for all f in Ccom(X). Since‖�‖ ≤ M , we haveµ(X) ≤ M .

4. Dual to Space of Finite Signed Measures

We continue in this section withX as a locally compact Hausdorff space. We
now change the point of view a little and regardCcom(X) as a normed linear space
under the supremum norm‖ f ‖sup = supx∈X | f (x)|. The problem is to identify
all continuous linear functionals on this normed linear space. We shall see shortly
that it is enough to handle the case thatX is compact.

If X∗ is the one-point compactification ofX, then two spaces to be considered
in conjunction withCcom(X) areC(X∗), the space of continuous scalar-valued
functions onX∗, andC0(X), the space of continuous scalar-valued functions on
X that “vanish at infinity.” When applied to a functionf , the termvanishes at
infinity means that for anyε > 0, there is some compact set with the property
that| f (x)| ≤ ε outside that set. It is equivalent to say thatf extends to a member
of C(X∗) that is 0 at∞.

The three spacesCcom(X), C0(X), andC(X∗) are related. In the first place,
Ccom(X) is dense inC0(X). In fact, if f is inC0(X) and ifε > 0 is given, we find
K compact with| f (x)| ≤ ε outsideK . Corollary 10.44 supplies a memberg of
Ccom(X) with values in [0, 1] that is 1 onK . Then the productf g is in Ccom(X),
and ‖ f − f g‖sup ≤ ε. Thus Ccom(X) is dense inC0(X). Any continuous
linear functional onCcom(X) is uniformly continuous by Proposition 5.57, and
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Proposition 2.47 shows that it extends uniquely to a continuous linear functional
on C0(X). Thus the continuous linear functionals onC0(X) andCcom(X) are in
one-one correspondence by restriction.

If we identify C0(X) as the subspace ofC(X∗) of functions equal to 0 at∞,
then every continuous linear functional onC(X∗) restricts to a continuous linear
functional onC0(X). In the reverse direction every continuous linear functional
on C0(X) extends (nonuniquely) to a continuous linear functional onC(X∗). In
fact, let�0 be a continuous linear functional onC0(X), and fix a memberf0 of
C(X∗) with f0(∞) = 1. If f is any member ofC(X∗), then f − f (∞) f0 is in
C0(X) and it makes sense to define�( f ) = �0( f − f (∞) f0). Since

|�( f )| = |�0( f − f (∞) f0)| ≤ ‖�0‖‖ f − f (∞) f0‖sup

≤ ‖�0‖(‖ f ‖sup+ | f (∞)|‖ f0‖sup) ≤ ‖�0‖(1 + ‖ f0‖sup)‖ f ‖sup,

� is bounded onC(X∗) and is therefore continuous. Thus the study of continuous
linear functionals onCcom(X) reduces to the case thatX is compact.

The first result below shows that any continuous linear functional onC(X) with
X compact is a finite linear combination of positive linear functionals. In view of
Theorem 11.1, it is therefore given as a finite linear combination of integrations
with respect to regular Borel measures. The remainder of the section will be
devoted to making this result look tidier and seeing what happens to various
norms under the correspondence.

Proposition 11.24. Let X be a compact Hausdorff space, and let� be a
continuous linear functional onC(X). If � takes real values on real-valued
functions, define, forf ≥ 0 in C(X),

�+( f ) = sup
0≤g≤ f

�(g) and �−( f ) = �+( f ) − �( f );

then�+ and�− extend to positive linear functionals onC(X)such that� = �+−�−.
If � does not necessarily take real values on real-valued functions, then� is a
complex linear combination of positive linear functionals onC(X).

PROOF. The functionsf andg in this argument will all be inC(X). For general

� not necessarily taking real values on real-valued functions, define�̄( f ) = �( f̄ ).
We readily check that̄� is a continuous linear functional onC(X), that �R =
1
2(� + �̄) and�I = 1

2i (� − �̄) are continuous linear functionals onC(X) taking
real values on real-valued functions, and that� = �R + i �I exhibits � as a
complex linear combination of continuous linear functionals taking real values
on real-valued functions. This reduces the proposition to the case that� takes real
values on real-valued functions.
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In this case, forf ≥ 0, inspection gives the following:�( f ) = �+( f )−�−( f ),
�+(0) = �−(0) = 0, �+(c f ) = c�+( f ) for c ≥ 0, and�−(c f ) = c�−( f ) for
c ≥ 0. In addition,�+( f ) ≥ 0 for f ≥ 0 because

�+( f ) = sup
0≤g≤ f

�(g) ≥ f (0) = 0,

and�−( f ) ≥ 0 for f ≥ 0 because

�−( f ) = �+( f ) − �( f ) = sup
0≤g≤ f

�(g) − �( f ) ≥ �( f ) − �( f ) = 0.

To complete the proof, all that we have to do is show that�+( f1 + f2) =
�+( f1) + �+( f2) wheneverf1 ≥ 0 and f2 ≥ 0. The argument for≥ is that

�+( f1 + f2) = sup
0≤g≤ f1+ f2

�(g) ≥ sup
g1,g2,

0≤g1≤ f1,
0≤g2≤ f2

�(g1 + g2)

= sup
0≤g1≤ f1

�(g1) + sup
0≤g2≤ f2

�(g2) = �+( f1) + �+( f2).

For the reverse direction, letg be arbitrary with 0≤ g ≤ f1 + f2, and set
g1 = min{g, f1} andg2 = g − g1. Certainly 0≤ g1 ≤ f1. Let us show that
0 ≤ g2 ≤ f2. In fact,

g2 = g − g1 = (g + f1) − ( f1 + g1) = max{g, f1} + min{g, f1} − ( f1 + g1)

= max{g, f1} + g1 − ( f1 + g1) = max{g, f1} − f1.

Thusg2 is certainly≥ 0. In addition, the computation

g2 = max{g, f1} − f1 ≤ max{ f1 + f2, f1} − f1 = ( f1 + f2) − f1 = f2

shows thatg2 is≤ f2. Thus anyg with 0 ≤ g ≤ f1+ f2 gives us a corresponding
decomposition

�(g) = �(g1 + g2) = �(g1) + �(g2)

≤ sup
0≤g1≤ f1

�(g1) + sup
0≤g2≤ f2

�(g2) = �+( f1) + �+( f2).

Taking the supremum overg, we obtain�+( f1 + f2) ≤ �+( f1)+ �+( f2), and the
proof is complete.
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Let us reinterpret matters in terms of Borel measures. We begin with the real-
valued case. Recall from Section IX.3 that a real-valued completely additive set
functionρ on aσ -algebra is called a signed measure. It is bounded if|ρ(E)| ≤ C
for all E in the algebra. In this case Theorem 9.14 shows that it has a Jordan
decompositionρ = ρ+ − ρ−, whereρ+ andρ− are uniquely determined finite
measures such that any decompositionρ = ν+ − ν− as the difference of finite
measures hasρ+ ≤ ν+ andρ− ≤ ν−. We say that a bounded signed measureρ

on the Borel sets of the compact Hausdorff spaceX is a regular Borel signed
measure if its Jordan decomposition is into regular Borel measures. Ifρ =
ν+ − ν− is any decomposition of a bounded signed measureρ on the Borel sets
as the difference of regular Borel measures, then the equalitiesρ+ ≤ ν+ and
ρ− ≤ ν− that compare the decomposition with the Jordan decomposition force
ρ+ andρ− to be regular, in view of Proposition 11.20. Henceρ is a regular Borel
signed measure.

The regular Borel signed measures form a real vector spaceM(X, R). To
see closure under vector space operations, we observe from the definition of
regularity that the sum of two (nonnegative) regular Borel measures is a regular
Borel measure. From this fact we can see that the sum of two regular Borel signed
measures is regular and hence thatM(X, R) is closed under addition: in fact, if
ρ = ρ+ − ρ− andσ = σ+ − σ− are given in their Jordan decompositions, then
the formula(ρ +σ)+ − (ρ +σ)− = (ρ+ +σ+)− (ρ− +σ−) shows thatρ +σ is
the difference of two regular Borel measures and hence is regular. ThusM(X, R)

is a real vector space.

Proposition 11.25. The real vector spaceM(X, R) becomes a real normed
linear space under the definition‖ρ‖ = ρ+(X) + ρ−(X), whereρ = ρ+ − ρ− is
the Jordan decomposition ofρ.

PROOF. Certainly‖ρ‖ ≥ 0 with equality if and only ifρ = 0. Also, if ρ

has the Jordan decompositionρ = ρ+ − ρ−, then−ρ = ρ− − ρ+ is the Jordan
decomposition of−ρ, and it follows that‖cρ‖ = |c|‖ρ‖ for any real scalarc.

Finally consider‖ρ + σ‖. If ρ = ρ+ − ρ− andσ = σ+ − σ− are Jordan
decompositions, then the formula(ρ+σ)+−(ρ+σ)− = (ρ++σ+)−(ρ−+σ−)

shows that(ρ + σ)+ ≤ ρ+ + σ+ and hence(ρ + σ)+(X) ≤ ρ+(X) + σ+(X).
Similarly (ρ + σ)−(X) ≤ ρ−X) + σ−(X). Adding these inequalities, we obtain
‖ρ + σ‖ ≤ ‖ρ‖ + ‖σ‖.

Returning to the statement of Proposition 11.24, let us writeC(X, R) or
C(X, C) for the space of continuous scalar-valued functions when the field of
scalars is important, reserving the expressionC(X) for situations in which the
scalars do not matter. Suppose that� is a continuous linear function onC(X) that
takes real values on real-valued functions. The proposition shows that� is the
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difference of two positive linear functionals. By Theorem 11.1,� operates as the
difference of two integrations:�( f ) = ∫

X f dν+ − ∫
X f dν−, whereν+ andν−

are the regular Borel measures corresponding to�+ and�−. Then� corresponds
to a regular Borel signed measureρ and is given by integration:�( f ) = ∫

X f dρ,
the integral with respect to the signed measure being interpreted as the difference
of two integrals with respect to measures. Conversely any regular Borel signed
measureρ yields a continuous linear functional� on C(X) by the definition
�( f ) = ∫

X f dρ.
In particular the passage to integration gives us a real-linear mapping of

M(X, R) onto the spaceC(X, R)∗ of continuous linear functionals on the real
vector spaceC(X, R). Both of these spaces are normed linear spaces, and the
theorem is that the map is one-one and that the norms match.

Theorem 11.26. The real-linear map ofM(X, R) onto C(X, R)∗ given by
ρ 
→ � with �( f ) = ∫

X f dρ is one-one and norm preserving.

REMARK. As in Section V.9 the norm‖�‖ of � is the least constantC such that
|�( f )| ≤ C‖ f ‖sup for all f . The constantC equals the supremum of|�( f )| over
all f with ‖ f ‖sup ≤ 1.

PROOF. To see that the map is one-one, suppose that
∫

X f dρ = 0 for all f in
C(X, R). Then

∫
X f dρ+ = ∫

X f dρ−, and the uniqueness part of Theorem 11.1
shows thatρ+ = ρ−. Henceρ = ρ+ − ρ− = 0.

Now suppose that� andρ correspond. Then we have

|�( f )| = ∣∣ ∫
X f dρ+ − ∫

X f dρ−∣∣
≤ ∫

X | f | dρ+ + ∫
X | f | dρ−

≤ ρ+(X)‖ f ‖sup+ ρ−(X)‖ f ‖sup.

Taking the supremum over allf with ‖ f ‖sup ≤ 1, we obtain

‖�‖ ≤ ρ+(X) + ρ−(X) = ‖ρ‖.
For the inequality in the reverse direction, letε > 0 be given, and letX = P∪N

be a Hahn decomposition (Theorem 9.15) forρ. By regularity ofρ+ on P
andρ− on N, choose compact subsetsK P and KN with K P ⊆ P, KN ⊆ N,
ρ+(P − K P) < ε, andρ−(N − KN) < ε. Sinceρ+(N) = 0 andρ−(P) = 0,

ρ+(X − K P) < ε and ρ−(X − KN) < ε. (∗)

By Urysohn’s Lemma (Corollary 10.43), we can find a continuous function
f : X → [−1, 1] such thatf is 1 onK P and is−1 on KN . Then∣∣�( f ) − ‖ρ‖∣∣ ≤ ∣∣ ∫

K P
f dρ − ‖ρ+‖∣∣+ ∣∣ ∫

KN
f dρ − ‖ρ−‖∣∣+ ∣∣ ∫

K c
P∩K c

N
f dρ|

≤ ∣∣ρ+(K P) − ρ+(X)
∣∣+ ∣∣ρ−(KN) − ρ−(X)

∣∣+ ∣∣ ∫
K c

P∩K c
N

f dρ|.
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By (∗) the first two terms on the right side are each< ε. Sinceρ+(K c
P ∩ K c

N) =
ρ+(P− K P) < ε andρ−(K c

P ∩ K c
N) = ρ−(N − KN) < ε, and since‖ f ‖sup ≤ 1,

the third term on the right side is≤ 2ε. Therefore
∣∣�( f )−‖ρ‖∣∣ < 4ε, and our

function f has the property that|�( f )| ≥ (‖ρ‖ − 4ε)‖ f ‖sup. In other words,
‖�‖ ≥ ‖ρ‖ − 4ε. Sinceε is arbitrary,‖�‖ ≥ ‖ρ‖. This completes the proof.

Now let us consider the case in which the values are complex. Aregular
Borel complex measureon the compact Hausdorff spaceX is an expression
ρ = ρR + iρI in which ρR andρI are regular Borel signed measures. In other
words, it is a complex-valued set function whose real and imaginary parts are
regular Borel signed measures. The spaceM(X, C) of these is a complex vector
space, and we shall make it into a normed linear space shortly. Meanwhile,
the spaceC(X, C)∗ of continuous linear functionals onC(X, C) is a complex
normed linear space. Extending the definition of

∫
X f dρ to handle members of

M(X, C), we see from Proposition 11.24 that the complex-linear map ofM(X, C)

into C(X, C)∗ given byρ 
→ � with �( f ) = ∫
X f dρ is one-one and onto.

To have a theorem in this case that parallels Theorem 11.26, we need to define
the norm onM(X, C). Doing so on an elementρ is not just a matter of combining
the norms of the real and imaginary parts ofρ any more than writing the norm of
a complex-valuedL1 function can be done in terms of theL1 norms of the real
and imaginary parts. A more subtle definition is needed.

We define thetotal variation |ρ| of a memberρ of M(X, C) to be the non-
negative set function whose value on a Borel setE is the supremum of all finite
sums

∑n
j =1 |ρ(Ej )| with E = ⋃n

j =1 Ej disjointly. Thetotal-variation norm of
the memberρ of M(X, C) is defined to be‖ρ‖ = |ρ|(X). It is a simple matter
to verify that the total-variation norm is indeed a norm.

Proposition 11.27. The total variation|ρ| of a memberρ of M(X, C) is a
regular Borel measure, there exists a Borel functionh with ‖h‖sup ≤ 1 such
thatρ = h d|ρ|, and the total-variation norm onM(X, C) makesM(X, C) into
a normed linear space in such a way that

∣∣ ∫
X f dρ

∣∣ ≤ ‖ρ‖‖ f ‖sup for every
bounded Borel functionf . Moreover,|ρ| equalsρ+ + ρ− if ρ is real valued and
hasρ = ρ+ − ρ− as its Jordan decomposition.

REMARK. It follows that if ρ is real valued and ifX = P ∪ N is a Hahn
decomposition (Theorem 9.15) forρ, then the corresponding functionh may be
taken to be+1 on P and−N on N.

PROOF. To see that|ρ| is additive, letE and F be disjoint Borel sets. If
E = ⋃m

i =1 Ei disjointly and F = ⋃n
j =1 Fj disjointly, then E ∪ F =(⋃m

i =1 Ei
) ∪ (⋃n

j =1 Fj
)

disjointly, and hence
∑m

i =1 |ρ(Ei )| + ∑n
j =1 |ρ(Fj )| ≤

|ρ|(E ∪ F). Taking the supremum over systems{Ei } and then over systems



4. Dual to Space of Finite Signed Measures 515

{Fj }, we obtain|ρ|(E) + |ρ|(F) ≤ |ρ|(E ∪ F). In the reverse direction let
E ∪ F = ⋃p

k=1 Gk disjointly. Then E = ⋃p
k=1(E ∩ Gk) disjointly, and

F = ⋃p
k=1(F ∩ Gk) disjointly. Hence

p∑
k=1

|ρ(Gk)|

=
p∑

k=1
|ρ(E ∩ Gk) + ρ(F ∩ Gk)| ≤

p∑
k=1

|ρ(E ∩ Gk)| +
p∑

k=1
|ρ(F ∩ Gk)|,

and this is≤ |ρ|(E) + |ρ|(F). Taking the supremum over systems{Gk}, we
obtain|ρ|(E ∪ F) ≤ |ρ|(E) + |ρ|(F). Thus|ρ| is additive.

To prove that|ρ| is completely additive, letE = ⋃∞
n=1 En disjointly. For every

N,
∑N

n=1 |ρ|(En) = |ρ|(E1 ∪ · · · ∪ EN) ≤ |ρ|(E), and hence
∑∞

n=1 |ρ|(En) ≤
|ρ|(E). For the reverse inequality let{Gk}p

k=1 be a finite collection of disjoint
Borel sets with unionE. ThenEn = ⋃p

k=1(En ∩ Gk) disjointly, and hence

p∑
k=1

|ρ(Gk)| =
p∑

k=1
|ρ(E ∩ Gk)| =

p∑
k=1

∣∣∣ ∞∑
n=1

ρ(En ∩ Gk)

∣∣∣
≤

p∑
k=1

∞∑
n=1

|ρ(En ∩ Gk)| =
∞∑

n=1

p∑
k=1

|ρ(En ∩ Gk)| ≤
∞∑

n=1
|ρ|(En).

Thus|ρ|(E) ≤ ∑∞
n=1 |ρ|(En), and|ρ| is completely additive.

The measure|ρ| is certainly finite onX and hence on all compact sets. To see
regularity, we writeρ = ρR + iρI = ρ+

R − ρ−
R + iρ+

I − iρ−
I . Writing a setE as

the disjoint union ofn setsEi and writing outρ(Ei ) according to this expansion
of ρ, we see that|ρ|(E) ≤ (ρ+

R +ρ−
R +ρ+

I +ρ−
I )(E). Each measure on the right

side is regular, and Proposition 11.20 therefore shows that|ρ| is regular.
For the existence ofh, let us writeρ in terms of its real and imaginary parts

as ρ = ρR + iρI . If E is a Borel set, then the definitions give|ρ|(E) ≥
|ρ(E)| ≥ |ρR(E)| and similarly |ρ|(E) ≥ |ρI (E)|. HenceρR � |ρ| and
ρI � |ρ|. By the Radon–Nikodym Theorem (Corollary 9.17), there exist
functionshR andhI integrable [d|ρ|] such thatρR = hR d|ρ| andρI = hI d|ρ|.
Thus the|ρ| integrable complex-valued functionh = hR + ih I hasρ = h d|ρ|.
We shall show thath has|h(x)| ≤ 1 a.e. [d|ρ|]. If the contrary were the case, then
there would exist a constantc with |c| = 1 and anε > 0 such that Re(ch) ≥ 1+ε

on a setE of positive|ρ| measure and we would have∣∣ ∫
E h d|ρ|∣∣ = ∣∣ ∫

E ch d|ρ|∣∣ ≥ Re
∫

E ch d|ρ| = ∫
E Re(ch) d|ρ|

≥ (1 + ε)|ρ|(E) ≥ (1 + ε)|ρ(E)| = (1 + ε)
∣∣ ∫

E h d|ρ|∣∣,
a contradiction. Thush exists as asserted.
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The inequality
∣∣ ∫

X f dρ
∣∣ ≤ ‖ρ‖‖ f ‖sup follows from the existence ofh since∣∣ ∫

X f dρ
∣∣ = ∣∣ ∫

X f h d|ρ|∣∣ ≤ ‖ f h‖sup

∫
X d|ρ| ≤ ‖ f ‖sup|ρ|(X) = ‖ f ‖sup‖ρ‖.

Finally if ρ is real valued, then any Borel setE satisfies |ρ(E)| =
|ρ+(E) − ρ−(E)| ≤ ρ+(E) + ρ−(E). If E is the disjoint union of Borel sets
E1, . . . , En, we consequently have

n∑
j =1

|ρ(E ∩ Ej )| ≤
n∑

j =1
(ρ+(E ∩ Ej ) + ρ−(E ∩ Ej )) = ρ+(E) + ρ−(E).

Taking the supremum over all decompositions ofE of this kind gives|ρ|(E) ≤
ρ+(E)+ρ−(E). For the reverse inequality letX = P∪ N be a Hahn decomposi-
tion (Theorem 9.15) forρ, so thatρ+(E) = ρ(P∩ E) andρ−(E) = −ρ(N ∩ E).
ThenE is the disjoint union ofE ∩ P andE ∩ N, and thusρ+(E) + ρ−(E) =
|ρ(E ∩ P)| + |ρ(E ∩ N)| ≤ |ρ|(E). In other words,|ρ| = ρ+ + ρ− as asserted.

Theorem 11.28.The one-one complex-linear map ofM(X, C) ontoC(X, C)∗
given byρ 
→ � with �( f ) = ∫

X f dρ is norm preserving.

PROOF. If f is in C(X), then Proposition 11.27 gives|�( f )| = ∣∣ ∫
X f dρ

∣∣ ≤
‖ρ‖‖ f ‖sup. Taking the supremum over allf with ‖ f ‖sup ≤ 1, we obtain‖�‖ ≤
‖ρ‖.

For the reverse inequality letε > 0 be given, and choose a finite disjoint
collection of Borel setsE1, . . . , En with union X such that

∑n
i =1 |ρ(Ei )| ≥

‖ρ‖ − ε. Since|ρ| is regular, we can find compact setsKi ⊆ Ei such that
|ρ|(Ei − Ki )| ≤ ε/n for eachi .

We shall define disjoint open setsUi with Ki ⊆ Ui for all i . First we find
disjoint open setsU1 andV1 containingK1 andK2∪· · ·∪ Kn. Having inductively
chosen disjoint open setsU1, . . . ,Uj andVj such thatKi ⊆ Ui for i ≤ j and
Ki +1 ∪ · · · ∪ Kn ⊆ Vi , we use Corollary 10.22 to choose disjoint open subsets
Ui +1 andVi +1 of Vi containingKi +1 andKi +2 ∪ · · · ∪ Kn. In this way we obtain
the disjoint open setsU1, . . . ,Un with Ki ⊆ Ui for all i .

For 1 ≤ i ≤ n, choosefi ∈ C(X) with values in [0, 1] such thatfi is 1 on
Ki and is 0 offUi . Chooseci ∈ C for eachi such thatci ρ(Ei ) = |ρ(Ei )|, and
define f0 = ∑n

i =1 ci fi . The function f0 has‖ f0‖sup = 1 since the setsUi are
disjoint. Then

�( f0) = ∫
X f0 dρ =

n∑
i =1

∫
Ei

f0 dρ =
n∑

i =1

( ∫
Ei

ci dρ + ∫
Ei

( f0 − ci ) dρ
)

=
n∑

i =1
|ρ(Ei )| +

n∑
i =1

∫
Ei −Ki

( f0 − ci ) dρ.
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Hence ∣∣�( f0) −
n∑

i =1
|ρ(Ei )|

∣∣ ≤
n∑

i =1

∫
Ei −Ki

| f0 − ci | d|ρ|

≤ 2
n∑

i =1
|ρ|(Ei − Ki )| ≤ 2

n∑
i =1

ε/n = 2ε

and ∣∣�( f0) − ‖ρ‖∣∣ ≤ ∣∣�( f0) −
n∑

i =1
|ρ(Ei )|

∣∣+ ∣∣ n∑
i =1

|ρ(Ei )| − ‖ρ‖∣∣ ≤ 3ε.

Therefore

‖�‖ = ‖�‖‖ f0‖sup ≥ |�( f0)| ≥ ‖ρ‖ − ∣∣�( f0) − ‖ρ‖∣∣ ≥ ‖ρ‖ − 3ε.

Sinceε is arbitrary,‖�‖ ≥ ‖ρ‖.

5. Problems

In all problems for this chapter,X is assumed to be a locally compact Hausdorff
space. Sometimes additional hypotheses are imposed onX.

1. (a) Prove that ifX is σ -compact, then theσ -algebra of Borel subsets ofX
coincides with theσ -algebra of intersections ofX with the Borel subsets of
the one-point compactificationX∗.

(b) Prove that ifX is an uncountable discrete space, then theσ -algebra of Borel
subsets ofX is strictly smaller than theσ -algebra of intersections ofX with
the Borel subsets of the one-point compactificationX∗.

2. Prove that ifX is σ -compact andf : X → C is continuous, thenf is a Borel
function.

3. Suppose thatX is σ -compact. Prove that ifµ is a regular Borel measure onX
and if f is Borel measurable, then there exists a Baire measurable functiong
such thatf = g except on a Borel set ofµ measure 0.

4. (Lusin’s Theorem) Let X be compact, letµ be a regular Borel measure onX, let
f be a Borel function onX, and letε > 0 be given. By first considering simple
functions and then passing to the limit via Egoroff’s Theorem, prove that there
exists a compact subsetK of X with µ(K c) < ε such thatf

∣∣
K

is continuous.

5. This problem establishes the rotation invariance of the Borel measuredω on the
sphereS2 ⊆ R3 obtained from Riemann integration with respect to sinθ1 dθ1 dθ2,
whereθ1 andθ2 are latitude and longitude with 0≤ θ1 ≤ π and 0≤ θ2 ≤ 2π .
The measuredω was constructed by means of the Riesz Representation Theorem
as one of the examples in Section 2.
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(a) A rotation inR3 is the linear functionL determined by a matrixA with
AAtr = 1 and detA = 1. For 0< a < 1 < b < ∞, let Sab be the subset of
R3 given in spherical coordinates bya < r < b, 0 ≤ θ1 ≤ π , 0 ≤ θ2 ≤ 2π .
Show thatSab is carried to itself by any such rotationL.

(b) For any bounded Borel functionF : Sab → C, let (L F)(x) = F(L−1x) if
x is in Sab andL is a rotation. Prove that

∫
Sab

L F dx = ∫
Sab

F dx.

(c) Let f : S2 → C be any continuous function, and define(L f )(ω) =
f (L−1ω). Extend f to a function F defined onSab by the definition
F(r ω) = f (ω). Prove that

∫
Sab

F dx = ( ∫ b
a r 2 dr

)( ∫
S2 f (ω) dω

)
and

deduce that
∫

S2 L f dω = ∫
S2 f dω.

(d) Deduce from (c) thatdω(L(E)) = dω(E) for every Borel subsetE of S2.

6. Let X be compact.
(a) Let{Kα} be a collection of compact subsets ofX closed under finite inter-

sections, and letK = ⋂
α Kα. Prove that every regular Borel measureµ on

X has the property thatµ(K ) = infα µ(Kα).
(b) If µ is a nonzero regular Borel measure onX assuming only the values 0

and 1, prove thatµ is a point mass.
(c) If µ is a nonzero regular Borel measure onX with∫

X
f g dµ =

( ∫
X

f dµ
)( ∫

X
g dµ

)
for all f andg in C(X), prove thatµ is a point mass.

(d) If � is a positive linear functional onC(X) that is multiplicative in the sense
that�( f g) = �( f )�(g) for all f andg in C(X), prove that� is zero or� is
evaluation at some point ofX.

7. This problem continues the investigation of harmonic functions and Poisson
integrals in the unit disk ofR2, following up on Problems 7–8 at the end of
Chapter IX. Problem 8 in that series provides orientation. The new ingredient
for the present problem is weak-star convergence of sequences inM(S1, C)

againstC(S1), whereS1 is the unit circle.
(a) State and prove a characterization of the harmonic functionsu(r, θ) on the

open unit disk such that sup0≤r <1 ‖u(r, · )‖1 is finite.
(b) (Herglotz’s Theorem) Prove that ifu(r, θ) is a nonnegative harmonic

function on the open unit disk, then there is a Borel measureµ on the
circle such thatu(r, θ) = ∫

(−π,π ] Pr (θ − ϕ) dµ(ϕ).

Problems 8–10 construct a Borel measureµ on a compact space such thatµ is not
regular. The totally ordered set� of countable ordinals was introduced in Problems
25–33 at the end of Chapter V. Let�∗ = � ∪ {∞}, totally ordered so that every
element of� is less than{∞}. Give�∗ the order topology, as discussed in Problems
25–32 at the end of Chapter X.
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8. Prove that�∗ is compact Hausdorff.

9. Prove that the class of all relatively closed uncountable subsets of� is closed
under the formation of countable intersections.

10. Defineµ on the Borel sets of�∗ to be 1 on those setsE such thatE−{∞} contains
a relatively closed uncountable subset of�, and putν(E) = 0 otherwise. Prove
thatµ is a Borel measure that is not regular.

Problems 11–14 concern decomposing any finite Borel measure on a compactX into
a regular Borel measure and a “purely irregular” Borel measure. They make use of
Zorn’s Lemma (Section A9 of the appendix). A Borel measureµ will be calledpurely
irregular if there is no nonzero regular Borel measureν such that 0≤ ν(E) ≤ µ(E)

for every Borel setE.

11. Use Zorn’s Lemma to show that any Borel measure onX is the sum of a regular
Borel measure and a purely irregular Borel measure.

12. Prove that ifν is a regular Borel measure, ifµ is purely irregular, and if 0≤ µ ≤ ν,
thenµ = 0.

13. Deduce from the Jordan decomposition (Theorem 9.14) that the decomposition
of Problem 11 is unique.

14. Prove that the irregular Borel measure constructed in Problem 10 is purely
irregular.

Problems 15–19 concern extension of measures from finite products of compact
metric spaces to countably infinite such products. LetX be a compact metric space,

and for each integern ≥ 1, let Xn be a copy ofX. Define�(N) = ×N

n=1Xn,

and let� = ×∞
n=1Xn. Each of�(N) and� is given the product topology. IfE

is a Borel subset of�(N), we can regardE as a subset of� by identifying E with
E × (×∞

n=N+1Xn). In this way any Borel measure on�(N) can be regarded as a
measure on a certainσ -subalgebraFn of B(�).

15. Prove that
⋃∞

n=1Fn = F is an algebra.

16. Letνn be a (regular) Borel measure on�(n) with ν(�(n)) = 1, and regardνn

as defined onFn. Suppose for eachn thatνn agrees withνn+1 on Fn. Define
ν(E) for E in F to be the common value ofνn(E) for n large. Prove thatν is
nonnegative additive, and prove that in a suitable senseν is regular onF.

17. Using the kind of regularity established in the previous problem, prove thatν is
completely additive onF.

18. In view of Problems 16 and 17,ν extends to a measure on the smallestσ -algebra
for � containingF. Prove that thisσ -algebra isB(�).

19. Let X be a 2-point space, and letνn be 2−n on each one-point subset of�(n).
Exhibit a homeomorphism of� onto the standard Cantor set in [0, 1] that carries
ν to the Cantor measure defined in Problems 17–20 at the end of Chapter VI.



CHAPTER XII

Hilbert and Banach Spaces

Abstract. This chapter develops the beginnings of abstract functional analysis, a subject designed
to study properties of functions by treating the functions as the members of a space and formulating
the properties as properties of the space.

Section 1 defines Banach spaces as complete normed linear spaces and gives a number of examples
of these. The space of bounded linear operators from one normed linear space to another is a normed
linear space, and it is a Banach space if the range is a Banach space.

Sections 2–3 concern Hilbert spaces. These are Banach spaces whose norms are induced by
inner products. Section 2 shows that closed vector subspaces of such a space have orthogonal
complements, and it shows the role of orthonormal bases for such a space. Section 3 concentrates
on bounded linear operators from a Hilbert space to itself and constructs the adjoint of each such
operator.

Sections 4–6 prove the three main abstract theorems about the norm topology of general normed
linear spaces—the Hahn–Banach Theorem, the Uniform Boundedness or Banach–Steinhaus Theo-
rem, and the Interior Mapping Principle. A number of consequences of these theorems are given.
The second and third of the theorems require some hypothesis of completeness.

1. Definitions and Examples

Functional analysis puts into practice an idea from the early twentieth century,
that sometimes properties of functions become clearer when the functions are
regarded as the members of a space and the properties are formulated as properties
of the space. We encountered some simple examples of this situation already in
Chapter II in the examples of metric spaces. Uniform convergence was encoded in
the metric on spaces of functions, and other kinds of convergence were captured by
other metrics. In Chapter V we introduced the spacesL1(X), L2(X), andL∞(X)

of functions (or really equivalence classes of functions), all of which were proved
to be complete. The property of completeness was a useful property of the space
as a whole that led, for one thing, to the Riesz–Fischer Theorem in Chapter VI.
More complicated properties led us to various kinds of differentiability of integrals
in Rn in Chapters VI and IX and to boundedness of the Hilbert transform in
Chapter IX. The development of measure theory on locally compact Hausdorff
spaces in Chapter XI rested on an analysis of positive linear functionals on the
space of continuous functions of compact support.

520
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The different spaces—of functions, measures, and whatever else—that arise
in this way have some properties in common, and we study them in this chapter in
a setting that emphasizes these common properties. We shall work with normed
linear spaces, which were defined in Section V.9. With such spaces the field of
scalarsF can be eitherR or C. Recall then that anormed linear spaceX is a
vector space overF with a norm, i.e., a function‖ · ‖ from X to [0,+∞) such
that‖x‖ ≥ 0 with equality if and only ifx = 0,‖cx‖ = |c|‖x‖ if c is a scalar, and
‖x + y‖ ≤ ‖x‖ + ‖y‖. The norm yields a metricd(x, y) = ‖x − y‖, and we can
then speak of the norm topology onX. Proposition 5.55 showed that addition and
scalar multiplication are continuous, that the closure of any vector subspace ofX
is a vector subspace, and that the set of all finite linear combinations of members
of a subsetSof X is dense in the smallest closed subspace containingS.

Completeness plays an increasingly important role as one studies such spaces,
and it is customary to introduce a definition to incorporate this notion: a normed
linear spaceX is aBanach spaceif X is complete as a metric space. The metric-
space completion of a normed linear space is automatically a normed linear space
that is complete, hence is a Banach space.

Let us consider some examples of normed linear spaces, some old and some
new. Except as indicated, they will all be Banach spaces.

EXAMPLES.

(1) Euclidean spaceRn and complex Euclidean spaceCn, written briefly as
Fn. The space consists ofn-tuples of scalarsa = (a1, . . . , an) with ‖a‖ equal
to the Euclidean norm|a| of Section II.1, namely‖a‖ = (∑n

k=1 |ak|
)1/2

. It was
remarked in Section II.7 that these spaces are complete, hence are Banach spaces.

(2) Finite-dimensional normed linear spaces. It can be shown that each finite-
dimensional normed linear spaceX is complete. In fact, any linear map carrying
a vector-space basis ofX to a vector-space basis of someFn, normed as in the
previous example, can be shown to be uniformly continuous with a uniformly
continuous inverse, and the completeness ofX follows.

(3) B(S), the space of bounded scalar-valued functions on a nonempty setS
with the supremum norm, defined in Section II.1. Proposition 2.44 establishes
the completeness.

(4) C(S), the space of bounded continuous scalar-valued functions on a metric
space or topological spaceS, defined in Section II.4 in the metric case and Section
X.5 in general. The norm is the supremum norm. Corollary 2.45 and Proposition
10.30 establish the completeness ofC(S). WhenS is locally compact Hausdorff,
we definedC0(S) in Section XI.4 to be the subspace ofC(S) of all members
vanishing at infinity. This is complete. However, the subspaceCcom(S) of
continuous scalar-valued functions of compact support is usually not complete.
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(5) L p(S,A, µ), the space of equivalence classes ofpth-power integrable
functions on a measure space(S,A, µ). This is a normed linear space for
1 ≤ p < ∞ with norm ‖ f ‖p = ( ∫

S | f (s)|p dµ(s)
)1/p

. These spaces were
introduced in Section V.9 forp = 1 andp = 2 and in Section IX.1 for generalp.
Theorem 5.59 established the completeness forp = 1 andp = 2, and Theorem
9.6 established the completeness for generalp.

(6) L∞(S,A, µ), the space of equivalence classes of essentially bounded
functions on a measure space(S,A, µ). This is a normed linear space with
norm the essential supremum norm. This space was introduced in Section V.9
and was proved to be complete in Theorem 5.59.

(7) Sequence spacesc, c0, and �
p
n and �p for 1 ≤ p ≤ ∞. These are

special cases of various examples above. The space�
p
n is L p(S,A, µ) when

S = {1, 2, . . . , n},A is the set of all subsets, andµ is counting measure, the norm
being‖(a1, . . . , an)‖ = (∑n

k=1 |ak|p
)1/p

if p < ∞ and being‖(a1, . . . , an)‖ =
max1≤k≤n |ak| if p = ∞. The space�p

n specializes toFn when p = 2. The
space�p is the version of�p

n whenS is the set of positive integers; the members
of this space are thus all sequences for which the norm is finite. The sequence
spacesc andc0 can be regarded as subspaces ofC(S) whenS is the set of positive
integers. The spacec consists of all convergent sequences, andc0 is the space of
sequences vanishing at infinity; in both cases the norm is the supremum norm.
All these examples are Banach spaces. They tend to be useful in testing guesses
about properties of normed linear spaces. We shall not need them explicitly, and
this traditional notation for them will not recur after the end of this section.

(8) M(S), S being a compact Hausdorff space. This is the space of regular
Borel signed or complex measures onS, introduced asM(S, R) or M(S, C) in
Section XI.4. The norm is the total-variation norm. Theorems 11.26 and 11.28
identify these spaces with duals of spaces of continuous functions, and Proposition
12.1 below will show that they are complete as a consequence.

(9) CN([a, b]), the space of scalar-valued functions on a bounded interval
[a, b] with N bounded derivatives, the norm being

‖ f ‖ =
N∑

j =1

sup
a≤s≤b

| f ( j )(s)|.

It is shown in Problem 2 at the end of the chapter that this space is complete. This
space is an indication of how normed linear spaces can carry information about
derivatives. Indeed, normed linear spaces carrying information about derivatives
play a significant role in the subject of partial differential equations.1

1This is one of the themes of the companion volumeAdvanced Real Analysis.
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(10) H∞(D), the space of bounded functions in the open unit diskD =
{|z| < 1} in C such that the function is given by a convergent power series. The
norm is the supremum norm. It is shown in Problem 3 at the end of the chapter
that this space is complete.

(11) A(D), the space of bounded continuous functions on the closed unit disk
whose restriction to the open unit disk is given by a convergent power series. The
norm is the supremum norm. It is shown in Problem 3 at the end of the chapter
that this space is complete.

Two further kinds of normed linear spaces are worth mentioning now. One is
that any real or complex inner-product spaceX in the sense of Section II.1 gives
an example of a normed linear space. Recall that aninner product on X is a
function ( · , · ) from X × X to F that is linear in the first variable, is conjugate
linear in the second variable, is symmetric ifF = R or Hermitian symmetric if
F = C, and has(x, x) ≥ 0 for all x with equality if and only ifx = 0. Such
an inner product satisfies the Schwarz inequality|(x, y)| ≤ (x, x)1/2(y, y)1/2,
according to Lemma 2.2, and then the definition‖x‖ = (x, x)1/2 makesX into a
normed linear space, according to Proposition 2.3.

As a normed linear space, an inner-product space may or may not be complete.
Any spaceL2(S,A, µ), with ( f, g) = ∫

S f ḡ dµ, is an example in which the
associated normed linear space is complete. An inner-product space whose
associated normed linear space is complete is called aHilbert space.

The other kind of normed linear space worth mentioning now involves bounded
linear operators. Recall from Section V.9 that a linear functionL : X → Y
between two normed linear spaces with respective norms‖ · ‖X and‖ · ‖Y is
often called alinear operator. Proposition 5.57 showed that a linear operator
L is continuous at a point if and only if it is continuous everywhere, if and
only if it is uniformly continuous, if and only if it isbounded in the sense that
‖L(x)‖Y ≤ M‖x‖X for some constantM and allx in X. The least such constant
M is called theoperator norm of L, written ‖L‖. We can define addition and
scalar multiplication on bounded linear operators fromX to Y by addition and
scalar multiplication of their values:

(L1 + L2)(x) = L1(x) + L2(x) and (cL)(x) = cL(x).

Then L1 + L2 andcL are linear operators by the elementary theory of vector
spaces, and the inequalities

‖(L1 + L2)(x)‖Y = ‖L1(x) + L2(x)‖Y ≤ ‖L1(x)‖Y + ‖L2(x)‖Y

≤ ‖L1‖‖x‖X + ‖L2‖‖x‖X = (‖L1‖ + ‖L2‖)‖x‖X

‖(cL)(x)‖Y = ‖cL(x)‖Y = |c|‖L(x)‖Y ≤ |c|‖L‖‖x‖Xand
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show thatL1 + L2 andcL are bounded with‖L1 + L2‖ ≤ ‖L1‖ + ‖L2‖ and
‖cL‖ ≤ |c|‖L‖. Applying the latter conclusion toc−1 whenc �= 0 gives‖L‖ =
‖c−1(cL)‖ ≤ |c|−1‖cL‖ ≤ |c|−1|c|‖L‖ = ‖L‖, and we conclude that‖cL‖ =
|c|‖L‖. Since it is plain that‖L‖ ≥ 0 with equality if and only ifL = 0, the set
of bounded linear operators fromX to Y, with the operator norm, is a normed
linear space. We denote this normed linear space byB(X, Y).

Proposition 12.1. If X andY are normed linear spaces and ifY is complete,
then the normed linear spaceB(X, Y) is a Banach space.

REMARKS. In the special case in whichY is the setF of scalars, the linear
operators are calledlinear functionals, in terminology we have used repeatedly.
The normed linear spaceF = F1 is complete, and therefore the normed linear
space of bounded linear functionals onX is a Banach space. The space of
bounded linear functionals is called thedual spaceof X and is denoted byX∗.
More explicitly the norm of an elementx∗ of X∗ is2

‖x∗‖ = sup
‖x‖≤1

|x∗(x)|.

Proposition 12.1 is implicitly saying thatX∗ is always complete.

PROOF. Let {Ln} be a Cauchy sequence inB(X, Y). Since in any metric space
the members of a Cauchy sequence are at a bounded distance from any particular
element, the sequence{‖Ln‖} is bounded. LetC = supn ‖Ln‖.

If x is in X, then{Ln(x)} is a Cauchy sequence since‖Lm(x) − Ln(x)‖Y ≤
‖Lm−Ln‖‖x‖X. By completeness ofY, L(x) = limn Ln(x) exists. Continuity of
addition and scalar multiplication inX implies thatL(x+x′) = limn Ln(x+x′) =
limn(Ln(x) + Ln(x′)) = limn Ln(x) + limn Ln(x′) = L(x) + L(x′) and that
L(cx) = limn Ln(cx) = limn(cLn(x)) = c limn Ln(x) = cL(x). ThereforeL is
a linear operator.

For boundedness ofL, we have‖Ln(x)‖Y ≤ ‖Ln‖‖x‖X ≤ C‖x‖X for all n.
Hence continuity of the norm function implies that‖L(x)‖Y = ‖ lim Ln(x)‖Y ≤
lim infn ‖Ln(x)‖Y ≤ C‖x‖X, andL is bounded with‖L‖ ≤ C.

To complete the proof, we show that‖Ln − L‖ → 0. Assuming the contrary,
we can pass to a subsequence and then change notation so that‖Ln − L‖ ≥ ε

for someε > 0 for all n. Then for eachn, we can findxn in X with ‖xn‖X = 1

2A superscript∗ has also been used in this book to indicate a one-point compactification, but
there need never be any confusion about this notation. One-point compactifications arise in practice
only for locally compact Hausdorff spaces, and one can show that a normed linear space is locally
compact only if it is finite dimensional, For finite-dimensional normed linear spaces it is always
clear from the context whether∗ refers to the dual space or to the one-point compactification.
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such that‖Ln(xn) − L(xn)‖Y ≥ ε/2. Choose and fixN so thatm ≥ N implies
‖L N − Lm‖ ≤ ε/4. Wheneverm ≥ N, the triangle inequality gives

‖Lm(xN) − L(xN)‖Y ≥ ‖L N(xN) − L(xN)‖Y − ‖L N(xN) − Lm(xN)‖Y

≥ ε
2 − ‖L N − Lm‖‖xN‖X = ε

2 − ‖L N − Lm‖ ≥ ε
4,

in contradiction to the fact that limm Lm(xN) = L(xN).

EXAMPLES OF DUAL SPACES.

(1) L p(S,A, µ)∗ ∼= L p′
(S,A, µ) if 1 ≤ p < ∞, µ is σ -finite, andp′ is the

dual index with 1
p + 1

p′ = 1, according to the Riesz Representation Theorem
(Theorem 9.19). Specifically to eachx∗ in L p(S,A, µ)∗ corresponds a uniqueg
in L p′

(S,A, µ) with x∗( f ) = ∫
S f g dµ for all f in L p(S,A, µ), and thisg has

‖x∗‖ = ‖g‖p′ . It can be shown that the hypothesis ofσ -finiteness ofµ can be
dropped if 1< p < ∞, but Problem 4 at the end of Chapter IX shows that the
hypothesis cannot be completely dropped forp = 1.

(2) (�
p
n)∗ ∼= �

p′
n and(�p)∗ ∼= �p′

for 1 ≤ p < ∞ if p′ is the dual index. This
is a special case of Example 1. In particular, the first of these duality results for
p = 2 says that(Rn)∗ ∼= Rn and(Cn)∗ ∼= Cn.

(3) C(S)∗ ∼= M(S) if S is a compact Hausdorff space, according to Theorems
11.26 and 11.28. Specifically to eachx∗ in C(S)∗ corresponds a uniqueρ in
M(S) with x∗( f ) = ∫

S f dρ for all f in C(S), and thisρ has‖x∗‖ = ‖ρ‖. Since
M(S) is in this way identified as the dual space of some normed linear space, it
follows from Proposition 12.1 thatM(S) is a Banach space.

(4) (�∞
n )∗ ∼= �1

n and(c0)
∗ ∼= �1. The isomorphism(�∞

n )∗ ∼= �1
n is the special

case of Example 3 in whichS = {1, . . . , n}. To see the isomorphism(c0)
∗ ∼= �1,

we takeSto be the set of positive integers and form the one-point compactification
S∗. The continuous scalar-valued functions onS∗, with their supremum norm,
can be identified with the normed linear spacec of convergent sequences. Thus
Example 3 in this setting says thatc∗ ∼= M(S∗). The members ofc0 are the
members ofc that vanish at∞, and any point mass at∞ in a member ofM(S∗)
has no effect on the subspacec0. It readily follows that the dual ofc0 consists of
the members ofM(S∗) with no point mass at∞, and these elements, with their
norm, may be identified with�1.

From one point of view, Hilbert spaces are particularly simple Banach spaces,
and we shall study them first. The geometry of Hilbert space will be the topic of
the next section, and the section after that will give a brief introduction to bounded
linear operators from a Hilbert space to itself.
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2. Geometry of Hilbert Space

Hilbert spaces were defined in Section 1 as complete normed linear spaces whose
norms arise from an inner product. Euclidean spaceRn and complex Euclidean
spaceCn are examples, and every spaceL2(S,A, µ) with ( f, g) = ∫

S f ḡ dµ

is a Hilbert space. We shall see in this section that every Hilbert space shares
many geometric facts in common with the finite-dimensional examplesRn and
Cn. The expansion of square integrable functions on [−π, π ] in Fourier series
will be seen to be an example of expansion of all members of a Hilbert space in
terms of an “orthonormal basis.”

Let H be a real or complex Hilbert space with inner product( · , · ) and with
norm ‖ · ‖ given by‖u‖ = (u, u)1/2. Lemma 2.2 shows thatH satisfies the
Schwarz inequality

|(u, v)| ≤ ‖u‖‖v‖ for all u andv in H.

The Schwarz inequality implies the estimate

|(u, v)−(u0, v0)| ≤ |(u−u0, v)|+|(u0, v−v0)| ≤ ‖u−u0‖‖v‖+‖u0‖‖v−v0‖,

from which it follows that the inner product is a continuous function of two
variables.

We shall make frequent use of the formula

‖u + v‖2 = ‖u‖2 + 2 Re(u, v) + ‖v‖2,

which is what one combines with the Schwarz inequality to prove the triangle
inequality for the norm. With the additional hypothesis that(u, v) = 0, this
formula reduces to thePythagorean Theorem

‖u + v‖2 = ‖u‖2 + ‖v‖2.

Direct expansion of the norms squared in terms of the inner product shows that
H satisfies theparallelogram law

‖u + v‖2 + ‖u − v‖2 = 2‖u‖2 + 2‖v‖2 for all u andv in H.

Actually, there is a converse to this formula, due to Jordan and von Neumann,
whose details are left to Problems 19–24 at the end of the chapter: a Banach space
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is a Hilbert space if its norm satisfies the parallelogram law. The idea is that the
inner product in a Hilbert space can be computed from the identity

(u, v) = 1

4

∑
k

i k ‖u + i kv‖2,

where the sum extends fork ∈ {0, 2} if the scalars are real and extends for
k ∈ {0, 1, 2, 3} if the scalars are complex. This identity goes under the name
polarization. For the result of Jordan and von Neumann, onedefines(u, v) by this
formula, shows that the result is an inner product, and proves that‖u‖2 = (u, u).

The following lemma, which makes use of the completeness, is the key to all
the geometry.

Lemma 12.2. If M is a closed vector subspace of the Hilbert spaceH and if
u is in H , then there is a vectorv in M with

‖u − v‖ = inf
w∈M

‖u − w‖.

REMARK. Examination of the proof will show that we do not make full use
of the assumption thatM is closed under addition and scalar multiplication, only
that M is closed under passage to convex combinations, i.e., thatx andy in M
imply that t x + (1 − t)y is in M for all t with 0 ≤ t ≤ 1. Thus it is enough to
assume thatM is a closed convex set, not necessarily a closed vector subspace.

PROOF. Let d = infw∈M ‖u − w‖, and choose a sequence{wn} in M with
‖u − wn‖ → d. By the parallelogram law,

‖2u − (wn + wm)‖2 + ‖wn − wm‖2 = 2(‖u − wm‖2 + ‖u − wn‖2) −→ 4d2.

Since1
2(wn + wm) is in M ,

‖2u − (wn + wm)‖2 = 4‖u − 1
2(wn + wm)‖2 ≥ 4d2.

We conclude that‖wn − wm‖2 → 0, and{wn} is Cauchy. By completeness of
H , {wn} is convergent. Ifv = lim wn, thenv is in M sinceM is topologically
closed. Since‖u − wn‖ → d, continuity of the norm gives‖u − v‖ = d.

Two vectorsu andv in H are said to beorthogonal if (u, v) = 0. The set of
all vectors orthogonal to a subsetM of H is denoted byM⊥. In symbols,

M⊥ = {u ∈ H | (u, v) = 0 for all v ∈ M}.
We see by inspection thatM⊥ is a closed vector subspace. Moreover,M∩M⊥ = 0
since anyu in M∩M⊥ must have(u, u) = 0. The subspaceM⊥ will be of greatest
interest whenM is a closed vector subspace, as a consequence of the following
proposition.
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Proposition 12.3(Projection Theorem). IfM is a closed vector subspace of
the Hilbert spaceH , then everyu in H decomposes uniquely asu = v + w with
v in M andw in M⊥.

REMARKS. One writesH = M ⊕ M⊥ to express this unique decomposition
of vector spaces. Because of this proposition,M⊥ is often called theorthogonal
complementof the closed vector subspaceM . It is essential thatM be closed
in this proposition. In fact, consider the vector subspaceM of polynomials in
L2([0, 1]). This is dense as a consequence of the Weierstrass Approximation
Theorem, and consequently noL2 function other than 0 can be inM⊥. Thus not
every member ofL2 is the sum of a member ofM and a member ofM⊥.

PROOF. Uniqueness follows from the fact thatM ∩ M⊥ = 0. For existence let
u be in H , and choosev in M by Lemma 12.2 with‖u − v‖ = infw∈M ‖u − w‖.
If m is any member ofM with ‖m‖ = 1, then the vectorv + (u − v, m)m is in
M and the formula‖x − y‖2 = ‖x‖2 − 2 Re(x, y) + ‖y‖2 gives

‖u − v‖2 ≤ ‖u − v − (u − v, m)m‖2

= ‖u − v‖2 − 2|(u − v, m)|2 + |(u − v, m)|2
= ‖u − v‖2 − |(u − v, m)|2.

Hence(u − v, m) = 0. Since every nonzero member ofM is a scalar multiple of
a member with‖m‖ = 1, u − v is in M⊥.

Corollary 12.4. If M is a closed vector subspace of the Hilbert spaceH , then
M⊥⊥ = M .

PROOF. From the definition we see thatM ⊆ M⊥⊥. If u is in M⊥⊥, writeu =
m+m⊥ with m ∈ M andm⊥ ∈ M⊥ by Proposition 12.3. Then 0= m⊥+(m−u)

with m⊥ ∈ M⊥ andm − u ∈ M⊥⊥. By the uniqueness in the decomposition
H = M⊥ ⊕ M⊥⊥ of Proposition 12.3,m⊥ = 0 andm−u = 0. Thereforeu = m
is in M , andM⊥⊥ = M .

Theorem 12.5(Riesz Representation Theorem). If� is a continuous linear
functional on the Hilbert spaceH , then there exists a uniquev in H with �(u) =
(u, v) for all v in H . This vectorv has the property that‖�‖ = ‖v‖.

REMARKS. It is instructive to compare this result with the version of the
Riesz Representation Theorem in Theorem 9.19, which applies toL p(S,A, µ)

for 1 ≤ p < ∞ and in particular toL2(S,A, µ). That theorem associates to a
continuous linear functional� on thisL2 space a memberg of the space such that
�( f ) = ∫

S f g dµ for all f in the space. The present theorem, applied withH =
L2(S,A, µ), instead yields a memberv of the space such that�( f ) = ∫

S f v̄ dµ
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for all f in the space. The connection, of course, is that the functiong is v̄. The
spaceL2(S,A, µ) has a canonically defined notion of complex conjugation, but
an abstract Hilbert space does not. Because of the existence of this canonical
conjugation, Theorem 9.19 gives us a canonical linear isometry ofL2(S,A, µ)∗
onto L2(S,A, µ), whereas Theorem 12.5 gives us a canonical isometry that is
merely conjugate linear.

PROOF. Uniqueness is immediate since if(u, v) = 0 for all u, then(u, v) = 0
for u = v, and hencev = 0. Let us prove existence. If� = 0, takev = 0.
Otherwise letM = {u | �(u) = 0}. This is a vector subspace since� is linear,
and it is closed since� is continuous. By Proposition 12.3 and the fact thatM is
not all of H , M⊥ contains a nonzero vectorw. This vectorw must have�(w) �= 0
sinceM ∩ M⊥ = 0, and we letv be the member ofM⊥ given by

v = �(w)

‖w‖2
w.

For anyu in H , we have�
(
u − �(u)

�(w)
w
) = 0, and henceu − �(u)

�(w)
w is in M . Since

v is in M⊥, u − �(u)

�(w)
w is orthogonal tov. Thus

(u, v) =
( �(u)

�(w)
w, v

)
=
( �(u)

�(w)
w,

�(w)

‖w‖2
w
)

= �(u)
�(w)

�(w)

‖w‖2

‖w‖2
= �(u).

This proves existence.
For the norm equality everyu in H has |�(u)| = |(u, v)| ≤ ‖u‖‖v‖ by

the Schwarz inequality. Taking the supremum over allu with ‖u‖ ≤ 1 gives
‖�‖ ≤ ‖v‖. On the other hand,|(u, v)| = |�(u)| ≤ ‖�‖‖u‖; puttingu = v gives
‖v‖ ≤ ‖�‖. Thus‖�‖ = ‖v‖.

A subsetS of H is orthonormal if each vector inS has norm 1 and if each
pair of distinct vectors inS is orthogonal. For example, relative to the inner
product( f, g) = 1

2π

∫ π

π
f ḡ dx, the functionsx 
→ einx are orthonormal asn

varies through the integers. An orthonormal setS is linearly independent; in
fact, if v1, . . . , vn are members ofS with

∑
i ci vi = 0, then the computation

0 = (
vj ,
∑

i ci vi
) = ∑

i ci (vj , vi ) = cj ‖vj ‖2 = cj shows thatcj = 0 for all j .
We encountered other examples of orthogonal sets, beyond the functionseinx,

in Chapter IV in connection with solving certain ordinary differential equations.
Such an orthogonal set becomes orthonormal when each member is scaled by
the reciprocal of its norm. One example was the system of Legendre polyno-
mials Pn(x), which were introduced in Section IV.8: the differential equation
(1− t2)y′′ − 2ty′ + n(n + 1)y = 0 has polynomial solutionsy(t) that are unique
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up to a scalar, andPn(t) is a suitably normalized polynomial solution, necessarily
of degreen. These can be shown to be orthogonal3 in L2([−1, 1], dt).

Another example was constructed from the Bessel function

J0(t) =
∞∑

n=0

(−1)n t2n

22n(n!)2
,

which was defined in Section IV.8. There are infinitely many distinct positive real
numberskn such thatJ0(kn) = 0, and it can be shown that the functions
x 
→ J0(knx) are orthogonal4 in L2([0, 1], x dx).

If an ordered set ofn linearly independent vectors inH is given, theGram–
Schmidt orthogonalization process, which appears in Problem 6 at the end of
the present chapter, gives an algorithm for replacing the set with an orthonormal
set having the same linear span.

Let M be a closed vector subspace ofH , so thatH = M ⊕ M⊥ by Proposition
12.3. The linear projection operatorE of H onM alongM⊥, given by the identity
on M and the 0 operator onM⊥, is called theorthogonal projection of H on M .
The linear operatorE is bounded with‖E‖ ≤ 1 because ifu ∈ H decomposes
asu = m + m⊥, the Pythagorean Theorem gives

‖E(u)‖2 = ‖E(m + m⊥)‖2 = ‖m‖2 ≤ ‖m‖2 + ‖m⊥‖2 = ‖u‖2.

We are going to derive a formula forE in terms of orthonormal sets.

Lemma 12.6. If {uj } is an orthonormal sequence in the Hilbert spaceH
and if {cj } is a sequence of scalars, then

∑∞
j =1 cj uj converges if and only if∑∞

j =1 |cj |2 < ∞, and in this case∥∥∥∑∞
j =1

cj uj

∥∥∥ =
(∑∞

j =1
|cj |2

)1/2
.

When the series converges, the sum
∑∞

j =1 cj uj is independent of the order of the
terms.

PROOF. Form ≥ n, we have∥∥∑m
j =n cj uj

∥∥2 = (∑m
i =n ci ui ,

∑m
j =n cj uj

) = ∑
i, j ci c̄j (ui , uj ) = ∑m

j =n |cj |2.

This shows that the sequence
{∑p

j =1 cj uj
}

is Cauchy inH if and only if
∑∞

j =1 |cj |2
is convergent, and the first conclusion follows sinceH is complete. When

3The verification appears in the problems in the companion volumeAdvanced Real Analysis.
4Again the verification appears in the problems in the companion volumeAdvanced Real Analysis.
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j =1 cj uj

}
is convergent, we denote its limit by

∑∞
j =1 cj uj , and continuity

of the norm yields‖∑∞
j =1 cj uj ‖ = limp ‖∑p

j =1 cj uj ‖. Since we have seen that

‖∑p
j =1 cj uj ‖ = (∑p

j =1 |cj |2
)1/2

, the second conclusion of the lemma follows.
Letu = ∑

j cj uj , and let
∑

k cjkujk be a rearrangement, necessarily convergent
by what has already been proved. Suppose that the rearrangement has sumu′. The
equality just proved shows that‖u‖2 = ∑∞

i =1 |ci |2 = ‖u′‖2 since rearrangements
of series of nonnegative reals have the same sums. Continuity of the inner product,
together with the same computation as made above, gives

(u, u′) = lim
p,q

(∑p
i =1 ci ui ,

∑q
k=1 cjkujk

) = lim
p,q

∑
1≤i ≤p,

i = jk with k≤q

|ci |2.

The limit on the right is
∑∞

i =1 |ci |2 since
∑

k |cjk |2 is a rearrangement of
∑

i |ci |2,
and hence(u, u′) = ∑∞

i =1 |ci |2 = ‖u‖2 = ‖u′‖2. Therefore‖u − u′‖2 =
(u, u) − 2 Re(u, u′) + (u′, u′) = ‖u‖2 − 2‖u‖2 + ‖u‖2 = 0, andu′ = u.

Proposition 12.7.Let Sbe an orthonormal set in the Hilbert spaceH , and let
M be the smallest closed vector subspace ofH containingS. For eachu in H ,
there are at most countably many membersvα of S such that(u, vα) �= 0, and
thus the series

E(u) =
∑
vα∈S

(u, vα)vα

has only countably many nonzero terms. The series converges independently of
the order of the nonzero terms,E is the orthogonal projection ofH on M , andE
satisfies

‖E(u)‖2 =
∑
vα∈S

|(u, vα)|2 ≤ ‖u‖2.

REMARK. The final inequality of the proposition isBessel’s inequality.

PROOF. Let vα1, . . . , vαn be a finite subset ofS, and form the vectoru′ =∑n
j =1 (u, vαj )vαj . Taking the inner product of both sides withu gives

(u′, u) =
n∑

j =1

(u, vαj )(vαj , u) =
n∑

j =1

|(u, vαj )|2,

and Lemma 12.6 gives

‖u′‖2 =
n∑

j =1

|(u, vαj )|2.
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Therefore 0≤ ‖u−u′‖2 = ‖u‖2−2 Re(u, u′)+‖u′‖2 = ‖u‖2−2‖u′‖2+‖u′‖2 =
‖u‖2 − ‖u′‖2, and we obtain

‖u′‖2 ≤ ‖u‖2. (∗)

In other words,
n∑

j =1

|(u, vαj )|2 ≤ ‖u‖2, (∗∗)

no matter what finite subsetvα1, . . . , vαn of Swe use.
The sum of uncountably many positive real numbers is infinite, since otherwise

there could be only finitely many greater than 1/n for eachn. Since‖u‖2 < ∞,
(∗∗) implies that there can be only countably manyα’s with |(u, vα)|2 nonzero.
This proves the first conclusion. If we enumerate thoseα’s and apply Lemma
12.6, we obtain the convergence of

∑
vα∈S(u, vα)vα to a sum independent of the

order of the terms.
It is evident from the formula thatE is linear and thatE(u) = 0 if u is in

M⊥. Inequality (∗∗) shows that the partial sumsu′ of E(u) have‖u′‖ ≤ ‖u‖,
and the continuity of the norm therefore implies that‖E(u)‖ ≤ ‖u‖ for all u.
HenceE is continuous. SinceE(vα) = vα for all α, E is the identity on all finite
linear combinations of members ofS. The continuity ofE thus implies thatE is
the identity on all ofM . HenceE is the orthogonal projection as asserted. The
final assertion of the proposition follows from Lemma 12.6 and the inequality
‖E(u)‖ ≤ ‖u‖, which we have already proved.

Corollary 12.8. If S is an orthonormal set in the Hilbert spaceH , then the
following are equivalent:

(a) S is maximal among orthonormal subsets ofH ,
(b) u =

∑
vα∈S

(u, vα)vα for all u in H ,

(c) ‖u‖2 =
∑

vα∈S
|(u, vα)|2 for all u in H ,

(d) (u, v) =
∑

vα∈S
(u, vα)(v, vα) for all u andv in H .

REMARKS. Condition (b) is summarized by saying that the orthonormal setS
is anorthonormal basisof H . If H is infinite-dimensional, an orthonormal basis
is not a basis in the ordinary linear-algebra sense; a passage to the limit is usually
needed to expand vectors in terms of the basis. Condition (c), or sometimes
condition (d), is calledParseval’s equality. Thus the corollary says that the
orthonormal setS is maximal if and only if it is an orthonormal basis, if and only
if Parseval’s equality holds.
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PROOF. Let M be the smallest closed vector subspace ofH containingS. Then
S is maximal if and only ifM⊥ = 0, and we replace (a) by this condition. If
M⊥ = 0, thenE is the identity operator in Proposition 12.7, and the proposition
shows that (b) holds. If (b) holds, Proposition 12.7 says that (c) holds. On the
other hand, if (c) holds, then Proposition 12.7 says that‖u‖ = ‖E(u)‖ for all u.
For a vectoru in M⊥, which must haveE(u) = 0, this says that‖u‖ = 0. Thus
M⊥ = 0, and (a) holds. Hence (a), (b), and (c) are equivalent. Finally (c) and
(d) are equivalent by polarization.

In the context of Fourier series, Parseval’s equality ((c) in Corollary 12.8)
was proved as Theorem 6.49, and that theorem showed also that any member of
L2
(
[−π, π ], 1

2π
dx
)

is the sum of its Fourier series in the sense of convergence
in L2. This conclusion was (b) in the corollary. The corollary is showing that
the equivalence of (b) and (c) is just a result in abstract Hilbert-space theory. The
extra content of Theorem 6.49 is that these conditions are actually satisfied by
the system of exponential functions.

One can show that the other two examples we gave in this section of orthogonal
sets give orthonormal bases when normalized—the Legendre polynomialsPn(t)
on [−1, 1] with respect todt and the functionsJ0(knt) on [0, 1] with respect to
t dt.

Proposition 12.9. Let (X, µ) and (Y, ν) be σ -finite measure spaces, and
suppose thatL2(X, µ) has a countable orthonormal basis{ui } andL2(Y, ν) has a
countable orthonormal basis{vj }. Then{(x, y) 
→ ui (x)vj (y)} is an orthonormal
basis ofL2(X × Y, µ × ν).

PROOF. The functionsui (x)vj (y) are orthonormal, and Corollary 12.8 shows
that it is enough to prove that this orthonormal set is maximal. Suppose that
w(x, y) is anL2 function onX × Y orthogonal to all of them. Then

0 = ∫
X

∫
Y w(x, y) ui (x) vj (y) dν(y) dµ(x) = ∫

X(w(x, · ), vj ) ui (x) dµ(x)

for all i and j . Since{ui } is an orthonormal basis ofL2(X, µ), x 
→ (w(x, · ), vj )

is the 0 function inL2(X, µ) for eachj . In other words,(w(x, · ), vj ) = 0 for a.e.
x [dµ] for that j . Since the number ofj ’s is countable,(w(x, · ), vj ) = 0 for all j
for a.e.x [dµ]. Any suchx has 0= ∑

j |(w(x, · ), vj )|2 = ∫
Y |w(x, y)|2 dν(y).

Integrating inx, we see thatw is the 0 function inL2(X × Y, µ × ν).

Proposition 12.10.Any orthonormal set in a closed vector subspaceM of a
Hilbert spaceH can be extended to an orthonormal basis ofM . In particular any
closed vector subspaceM of H has an orthonormal basis.
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PROOF. As a closed subset of a complete space,M is complete, and therefore
M is a Hilbert space in its own right. Order by inclusion all orthonormal subsets
of M containing the given set. The given set is one such, and the union of the
members of a chain is an orthonormal set forming an upper bound for the chain.
By Zorn’s Lemma we can find a maximal orthonormal setS in M containing the
given one. This satisfies (a) in Corollary 12.8 and hence is an orthonormal basis.
This proves the first conclusion, and the second conclusion follows from the first
by taking the given orthonormal set inM to be empty.

Proposition 12.11. Any two orthonormal bases of a Hilbert space have the
same cardinality.

REMARKS. Cardinality is discussed in Section A10 of the appendix. The “same
cardinality” whose existence is proved in the proposition is called theHilbert
space dimensionof the Hilbert space. Problem 7 at the end of the chapter shows
that two Hilbert spaces are isomorphic as Hilbert spaces if and only if they have
the same Hilbert space dimension. Despite the apparent definitive sound of this
result, one must not attach too much significance to the proposition. Hilbert spaces
that arise in practice tend to have some additional structure, and an isomorphism
of this kind need not preserve the additional structure.

PROOF. Fix two orthonormal basesU = {uα} andV = {vβ} of a Hilbert space
H . We define two membersuα anduα′ of U to be equivalent if there exists a
sequence

uα1, vβ1, uα2, vβ2, . . . , uαn−1, vβn−1, uαn (∗)

with uα1 = uα anduαn = uα′ , with eachuαj in U and eachvβj in V , and with each
consecutive pair having nonzero inner product. Define an equivalence relation in
V similarly.

Each equivalence class is countable. In fact, consider the class ofuα1, and
consider sequences of a fixed length. Proposition 12.7 shows that only countably
many members ofV can have nonzero inner product withuα1, only countably
many members ofU can have nonzero inner product with that, and so on. Thus
there are only countably many sequences of any particular length. The countable
union of these countable sets is countable, and thus there are only finitely many
sequences connectinguα1 to anything. Henceuα1 can be equivalent to only
countably many members ofU .

LetU1 andV1 be equivalence classes inU andV , respectively, and suppose that
uα0 andvβ0 are members ofU1 andV1 with nonzero inner product. Expanduα0 in
terms ofV asuα0 = ∑

β (uα0, vβ)vβ , retaining only the terms with(uα0, vβ) �= 0.
One of the terms making a contribution is the one withvβ = vβ0, and it follows
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that any other term with(uα0, vβ ′) �= 0 hasvβ ′ equivalent tovβ . Hence we have

uα0 =
∑

vβ∈V1

(uα0, vβ)vβ and similarly vβ0 =
∑

uα∈U1

(vβ0, uα)uα.

If uα′
0

is another member ofU1 and we expand it in terms ofV , retaining only the
nonzero terms, then thevβ ’s that occur have to be equivalent to one another. So
we haveuα′

0
= ∑

vβ∈V2
(uα0, vβ)vβ for some equivalence classV2 within V . If

we form a sequence (∗) connectinguα0 anduα′
0
, we see that at least one member

of V2 is connected to at least one member ofV1. ThusV1 = V2. Consequently
every member ofU1 lies in the smallest closed vector subspace containingV1,
and every member ofV1 lies in the smallest closed subspace containingU1. In
other words,U1 andV1 are orthonormal bases for the same closed vector subspace
of H .

If U1 is finite, then linear algebra shows thatV1 is finite and has the same
number of elements. SinceU1 andV1 are countable, the only way that either can
be infinite is if both are countably infinite. In any event,U1 andV1 have the same
cardinality. Thus we have a one-one function carryingU1 onto V1. Repeating
this process for each equivalence class withinU , we obtain a one-one function
carryingU ontoV .

3. Bounded Linear Operators on Hilbert Spaces

In this section we briefly study bounded linear operators from a Hilbert space
H to itself. In the finite-dimensional case we often make a correspondence
between matrices and linear operators by using the standard basis of the space
of column vectors. If{ei }n

i =1 is this basis, then the correspondence between a
matrix A = [ Ai j ] and a linear operatorL is given by Ai j = (L(ej ), ei ). If
u = ∑

j uj ej andv = ∑
i vi ei are column vectors, thenL(u) = ∑

j uj L(ej ) and
hence(L(u), v) = ∑

i, j uj v̄i (L(ej ), ei ) = ∑
i j v̄i Ai j uj .

We could extend these formulas to the case of a general Hilbert space, not
necessarily finite-dimensional, by using a particular orthonormal basis as the
generalization of{ei }. But no particular such basis recommends itself, and we
work without any choice of basis as much as possible, except for purposes of
motivation. Instead, we may think of the function(u, v) 
→ (L(u), v) as a more
appropriate—and canonical—analog of the matrix ofL. Just as the operator norm
of L is given by a formula that viewsL as an operator, namely

‖L‖ = sup
‖u‖≤1

‖L(u)‖,
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so there is a formula for computing the norm in terms of the function of two
variables, namely

‖L‖ = sup
‖u‖≤1,

‖v‖≤1

|(L(u), v)|.

To verify this formula, fixu and letv have norm≤ 1. Application of the Schwarz
inequality gives|(L(u), v)| ≤ ‖L(u)‖‖v‖ ≤ ‖L(u)‖. On the other hand, if
L(u) �= 0, we takev = ‖L(u)‖−1L(u); this v has‖v‖ = 1, and we obtain
|(L(u), v)| = ‖L(u)‖−1(L(u), L(u)) = ‖L(u)‖. Hence sup‖v‖≤1 |(L(u), v)‖ =
‖L(u)‖. Taking the supremum over‖u‖ ≤ 1 shows that the two expressions for
‖L‖ are equal.

We shall work with the “adjoint”L∗ of a bounded linear operatorL. In terms
of matrices in the finite-dimensional case, the matrix ofL∗ is to be the conjugate
transpose of the matrix ofL. In other words, the(i, j )th entry(L∗(ej ), ei )) of the
matrix for L∗ is to be(L(ei ), ej ) = (ej , L(ei )). Passing to our functions of two
variables, we want to arrange that(L∗(u), v) = (u, L(v)) for all u andv. Let us
prove existence and uniqueness of such a bounded linear operator.

Proposition 12.12. Let L : H → H be a bounded linear operator on the
Hilbert spaceH . For eachu in H , there exists a unique vectorL∗(u) in H such
that

(L∗(u), v) = (u, L(v)) for all v in H .

As u varies, this formula definesL∗ as a bounded linear operator onH , and
‖L∗‖ = ‖L‖.

PROOF. The functionv 
→ (L(v), u) is a linear functional onH satisfying
|(L(v), u)| ≤ ‖L‖‖‖u‖‖v‖, hence having norm≤ ‖L‖‖‖u‖. Being bounded,
the linear functional is given by(L(v), u) = (v, w) for some uniquew in H ,
according to Theorem 12.5. We defineL∗(u) = w, and then we have(L∗(u), v) =
(u, L(v)). This formula shows thatL∗ is a linear operator, and the computation

‖L∗‖ = sup
‖u‖≤1,

‖v‖≤1

|(L∗(u), v)| = sup
‖u‖≤1,

‖v‖≤1

|(u, L(v))| = sup
‖u‖≤1,

‖v‖≤1

|(L(v), u)| = ‖L‖

shows that‖L∗‖ = ‖L‖.

The bounded linear operatorL∗ in the proposition is called theadjoint of L.
The mappingL 
→ L∗ is conjugate linear. We shall be especially interested in
the case thatL∗ = L, in which case we say thatL is self adjoint.

An example of a self-adjoint operator is the orthogonal projectionE on a closed
vector subspaceM as defined before Lemma 3.6. In fact, ifu in H decomposes
according toH = M ⊕ M⊥ asu = u′ + u′′, then the computation(1− E)(u) =
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u − u′ = u′′ shows that 1− E is the orthogonal projection onM⊥. Hence
(E(u), (1 − E)(v)) = 0 for all u andv in H , and also((1 − E)(u), E(v)) = 0.
The first of these says that(E(u), v) = (E(u), E(v)), and the second says that
(E(u), E(v)) = (u, E(v)). Combining these, we obtain(E(u), v) = (u, E(v)).
Comparison of this formula with the formula in Proposition 12.12 shows that
E = E∗.

The Banach spaceB(H, H) is closed under composition. In fact, ifL andM
are inB(H, H), then linear algebra showsL M to be linear, and the computation
‖(L M)(u)‖ = ‖L(M(u))‖ ≤ ‖L‖‖M(u)‖ ≤ ‖L‖‖M‖‖u‖ shows that

‖L M‖ ≤ ‖L‖‖M‖.

HenceL M is in B(H, H) if L andM are. WithinB(H, H), we have(L M)∗ =
M∗L∗.

4. Hahn–Banach Theorem

We return now to the setting of general normed linear spaces or Banach spaces.
There are three main theorems concerning the norm topology of such spaces—the
Hahn–Banach Theorem, the Uniform Boundedness Theorem, and the Interior
Mapping Principle. These three theorems are the main subject matter of the
remainder of this chapter.

We shall often use symbolsx, y, . . . for members of a normed linear space
and symbolsx∗, y∗, . . . for linear functionals. This notation has the advantage
of allowing us to use symbols likex∗∗ for linear functionals on a space of linear
functionals, an important notion as we shall see.

We begin with the Hahn–Banach Theorem, which ensures the existence of
many continuous linear functionals on a normed linear space. The theorem has
applications even in situations in which one has a concrete realization of the dual
space, because it shows that any closed vector subspace is characterized by the
continuous linear functionals that vanish on the subspace.

Theorem 12.13(Hahn–Banach Theorem). IfY is a vector subspace of a
normed linear spaceX and if y∗ is a continuous linear functional onY, then there
exists a continuous linear functionalx∗ on X with ‖x∗‖ = ‖y∗‖ such that

x∗(y) = y∗(y) for all y ∈ Y.

The theorem as stated is derived from the following lemma, which itself goes
under the name “Hahn–Banach Theorem” and has other applications quite distinct
from Theorem 12.13 that are beyond the scope of this book.
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Lemma 12.14.Let X be a real vector space, and letp be a real-valued function
on X with

p(x + x′) ≤ p(x) + p(x′) and p(t x) = tp(x)

for all x andx′ in X and all realt ≥ 0. If f is a linear functional on a vector
subspaceY of X with f (y) ≤ p(y) for all y in Y, then there exists a linear
functional F on X with F(y) = f (y) for all y ∈ Y and F(x) ≤ p(x) for all
x ∈ X.

PROOF. Form the collection of all linear functionals on vector subspaces of
X that extendf and that are dominated byp, and partially order the collection
by saying that one is≤ another if the second is an extension of the first. If we
have a chain of such extensions, then we can obtain an upper bound for the chain
by taking the union of the domains and using the common value of the linear
functionals on an element of this domain as the value of the linear functional
forming the upper bound. The result is linear because any two members of the
domain must lie in the domain of a single member of the chain. By Zorn’s Lemma
let f0, with domainY0, be a maximal extension. We shall prove thatY0 = X.

In fact, suppose thaty1 is a vector inX but notY0. Every vector in the vector
subspaceY1 spanned byy1 andY0 has a unique representation asy + cy1, where
y is in Y0 andc is in R. Define f1 onY1 by

f1(y + cy1) = f0(y) + ck, (∗)

wherek is a real number to be specified. For a suitable choice ofk, f1 will be
bounded byp and will contradict the maximality of( f0, Y0).

Let y andy′ be inY0. Then

f0(y′) − f0(y) = f0(y′ − y) ≤ p(y′ − y) ≤ p(y′ + y1) + p(−y1 − y),

−p(−y1 − y) − f0(y) ≤ p(y′ + y1) − f0(y′).and hence

Take the supremum of the left side overy and the infimum of the right side over
y′, let k be any real number in between, and definef1 onY1 by (∗).

To complete the proof, we are to check thatf1(x) ≤ p(x) for all x in Y1. Thus
suppose thatx = y + cy1 is arbitrary inY1. If c = 0, then f1(x) ≤ p(x) by the
assumption onY0. If c > 0, then

f1(x) = f0(y)+ck ≤ f0(y)+c[ p(c−1y+y1)− f0(c
−1y)] = p(y+cy1) = p(x).

If c < 0, then

f1(x)= f0(y)+ck≤ f0(y)+c[−p(−y1−c−1y)− f0(c
−1y)] = p(y+cy1)= p(x).

In any case,f1(x) ≤ p(x).
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PROOF OFTHEOREM 12.13. If the field of scalars isR, then Theorem 12.13
follows immediately from Lemma 12.14 withp(x) = ‖y∗‖‖x‖ and f = y∗.

If the field of scalars isC, if y∗ is given, and if, as we may, we regardX as a
real normed linear space, then Rey∗ defined by(Rey∗)(y) = Re(y∗(y)) is a real
linear functional onY with

|(Rey∗)(y)| ≤ |y∗(y)| ≤ ‖y∗‖‖y‖ for all y ∈ Y.

By what has already been proved, we can extend Rey∗ without an increase in
norm to a real linear functionalF defined on all ofX. Define

x∗(x) = F(x) − i F (i x).

We show thatx∗ has the required properties. Certainlyx∗(x+x′) = x∗(x)+x∗(x′)
andx∗(cx) = cx∗(x) for c real. Furthermore

x∗(i x) = F(i x) − i F (i 2x) = i [F(x) − i F (i x)] = i x∗(x).

Thusx∗ is complex linear. OnY, we have

(Rey∗)(iy) + i (Im y∗)(iy) = y∗(iy) = iy∗(y) = −(Im y∗)(y) + i (Rey∗)(y),

and thus(Rey∗)(iy) = −(Im y∗)(y). Substituting this identity into the definition
of x∗, we obtain

x∗(y) = (Rey∗)(y) − i (Rey∗)(iy) = (Rey∗)(y) + i (Im y∗)(y) = y∗(y)

for y in Y. Thusx∗ is an extension ofy∗. Finally if x∗(x) = rei θ for r andθ real
andr ≥ 0, then

|x∗(x)| = x∗(e−i θ x) = F(e−i θ x) ≤ ‖y∗‖‖e−i θ x‖ = ‖y∗‖‖x‖,

since the nonnegative numberx∗(e−i θ x)has 0 imaginary part. Thus‖x∗‖ ≤ ‖y∗‖.
The reverse inequality follows becausex∗ is an extension ofy∗, and the proof is
complete.

Corollary 12.15. If Y is a closed vector subspace of a normed linear spaceX
and if x0 is a vector ofX not inY, then there exists anx∗ in the dualX∗ with

x∗(y) = 0 for all y ∈ Y

x∗(x0) = 1.and

The norm ofx∗ can be taken to be the reciprocal of the distance fromx0 to Y.
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PROOF. Letd > 0 be the distance fromx0 to Y, and letZ be the linear span of
x0 andY. Everyx in Z has a unique expansion asx = y + cx0 for some scalarc
and somey in Y. For such anx, let z∗(x) = c. Let us see that the linear function
z∗ on Z satisfies

‖z∗‖ = d−1. (∗)

First we check that|z∗(x)| ≤ d−1‖x‖: if c �= 0, then

‖x‖ = ‖y + cx0‖ = |c|‖c−1y + x0‖ ≥ |c|d = d|z∗(x)|,

while if c = 0, thenz∗(x) = 0. Thus|z∗(x)| ≤ d−1‖x‖ for all x, and we
obtain‖z∗‖ ≤ d−1. For the reverse inequality, let{yn} be a sequence inY, not
necessarily convergent, with limn ‖x0 − yn‖ = d. Then

1 = z∗(x0 − yn) ≤ ‖z∗‖‖x0 − yn‖ −→ d‖z∗‖,

and hence‖z∗‖ ≥ d−1. This proves (∗). Applying Theorem 12.13 toz∗, we
obtain the corollary.

EXAMPLE. To illustrate Corollary 12.15, we re-prove the result of Proposition
11.21a thatC(S) is dense inL p(S, µ) if S is a compact Hausdorff space,µ is
a regular Borel measure onS, and p satisfies 1≤ p < ∞. For definiteness let
us suppose that the underlying scalars are real. IfC(S) were not dense, then
the corollary would produce a continuous linear functional� on L p(S, µ) that
vanishes onC(S) but is not identically 0 onL p(S, µ). Theorem 9.19 says that
� has to be given by integration with some memberg of L p′

(S, µ), wherep′ is
the dual index:�( f ) = ∫

S f g dµ for all f in L p(S, µ). Since� vanishes on
C(S), we have

∫
S f g dµ = 0 for all f ∈ C(S). Thus

∫
S f g+ dµ = ∫

S f g− dµ

for all f ∈ C(S). Hereg+ dµ andg− dµ are Borel measures onS, regular by
Proposition 11.20, and they yield the same positive linear functional onC(S).
Applying the uniqueness in the Riesz Representation Theorem (Theorem 11.1),
we obtaing+ dµ = g− dµ and thereforeg+ = g− almost everywhere. Sinceg+
andg− are nowhere both nonzero,g+ = g− = 0 almost everywhere. Henceg is
the 0 function, and� = 0, contradiction.

Corollary 12.16. If X is a normed linear space and ifx0 �= 0 is a vector inX,
then there is anx∗ in X∗ with

‖x∗‖ = 1 and x∗(x0) = ‖x0‖.

PROOF. Apply Corollary 12.15 withY = 0 and multiply by‖x0‖ the linear
functional that is produced by that corollary.
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Corollary 12.16, when applied tox0 = x − x′, shows that there are enough
continuous linear functionals on a normed linear spaceX to separate points. Also,
it implies that the only vectorx0 in X with x∗(x0) = 0 for all x∗ in X∗ is x0 = 0.
The third corollary we have already seen forL p spaces with 1≤ p < ∞ in
Proposition 9.8, at least when the measure space isσ -finite.

Corollary 12.17. If X is a normed linear space andx0 is in X, then

‖x0‖ = sup
‖x∗‖≤1

|x∗(x0)|.

PROOF. If ‖x∗‖ ≤ 1, then |x∗(x0)| ≤ ‖x∗‖‖x0‖ ≤ ‖x0‖, and therefore
sup‖x∗‖≤1 |x∗(x0)| ≤ ‖x0‖. The linear functional of Corollary 12.16 shows that
equality holds.

We have seen forσ -finite measure spaces thatX = L1(S, µ) may be identified
with L∞(S, µ) via integration. In turn every member ofL1(S, µ) then acts as a
continuous linear functional onL∞(S, µ) via integration. This change of point
of view amounts to the implementation of a certain canonically defined linear
mapping ofX into X∗∗, which we now define for general normed linear spaces.

Let X be a normed linear space, and letX∗∗ be the dual ofX∗. We define a
linear operatorι : X → X∗∗ by

(ι(x))(x∗) = x∗(x) for all x∗ ∈ X∗,

and we callι thecanonical mapof X into X∗∗.

Corollary 12.18. If X is a normed linear space, then the canonical map
ι : X → X∗∗ has‖ι(x)‖ = ‖x‖ for all x and in particular is one-one. Conse-
quently if X is complete, thenι(X) is a closed vector subspace ofX∗∗.

PROOF. We have

‖ι(x)‖ = sup
‖x∗‖≤1

|(ι(x))(x∗)| = sup
‖x∗‖≤1

|x∗(x)| = ‖x‖,

the last step holding by Corollary 12.17. This proves the first conclusion. Because
ι preserves norms,X complete implies thatι(X) is a complete subset of the
complete spaceX∗∗ and is therefore closed, by Corollary 2.43.

A Banach spaceX is said to bereflexive if the canonical map carriesX onto
X∗∗. Warning: This is a more restrictive condition than to say that there is some
norm-preserving linear mapping ofX onto X∗∗.
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Finite-dimensional normed linear spaces are reflexive since linear functionals
in this case are automatically continuous and since the vector-space dual of
a finite-dimensional vector space has the same dimension as the space itself.
Hilbert spaces are reflexive as a consequence of the Riesz Representation Theorem
in its form in Theorem 12.5. The spacesL p(S, µ) for aσ -finite measure space,
when 1< p < ∞, are reflexive as a consequence of the Riesz Representation
Theorem5 in its form in Theorem 9.19. However,L1(S, µ) and L∞(S, µ) are
often not reflexive, as is shown below in Proposition 12.19 and Corollary 12.21.

Proposition 12.19.If (S, µ) is aσ -finite measure space with infinitely many
disjoint sets of positive measure, thenL1(S, µ) is not reflexive.

PROOF. Theorem 9.19 shows that the Banach spaceX = L1(S, µ) hasX∗ ∼=
L∞(S, µ), the isomorphism being given by integration. Therefore it is enough to
produce a continuous linear functional onL∞(S, µ) that is not given by integration
with anL1 function.

Thus let{En} be a sequence of disjoint sets of positive measure, and letY be
the vector subspace of functions inL∞(S, µ) that are constant on eachEn and
have values on theEn’s tending to a finite limit asn tends to infinity. Lety∗ of
such a function be the limit. Theny∗ is a linear functional onY of norm 1. By
the Hahn–Banach Theorem (Theorem 12.13), there exists a linear functionalx∗
defined on all ofL∞(S, µ), having norm 1, and restricting toy∗ on Y. Suppose
that there is someg in L1(S, µ) with x∗( f ) = ∫

S f g dµ for all f in Y, quite apart
from all f in L∞(S, µ). If f is 1 onEn and is 0 elsewhere, thenx∗( f ) = 0, and
hence

∫
En

g dµ = 0. In other words,
∫

En
g dµ = 0 for everyn. If we next takef

to be 1 on
⋃∞

n=1 En and to be 0 elsewhere, thenx∗( f ) = 1. On the other hand,
this f has

x∗( f ) = ∫
S f g dµ = ∫⋃

n En
g dµ = ∑∞

n=1

∫
En

g dµ = 0,

and we have a contradiction.

Proposition 12.20. If X is a Banach space and its dualX∗ is reflexive, then
X is reflexive.

PROOF. Let ι : X → X∗∗ and ι∗ : X∗ → X∗∗∗ be the canonical maps.
Arguing by contradiction, suppose thatX is not reflexive. Sinceι(X) is a closed
proper vector subspace ofX∗∗, Corollary 12.15 produces a nonzero member
x∗∗∗ of X∗∗∗ such thatx∗∗∗(ι(X)) = 0. SinceX∗ is reflexive by assumption,
there existsx∗ in X∗ with x∗∗∗ = ι∗(x∗). If x is in X, then we have 0=
x∗∗∗(ι(x)) = (ι∗(x∗))(ι(x)) = (ι(x))(x∗) = x∗(x), and hencex∗ = 0. But then
x∗∗∗ = ι∗(x∗) = 0, and we have a contradiction.

5Actually, theσ -finiteness is not needed for 1< p < ∞.
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Corollary 12.21. If (S, µ) is aσ -finite measure space with infinitely many
disjoint sets of positive measure, thenL∞(S, µ) is not reflexive.

PROOF. Theorem 9.19 shows that the Banach spaceX = L1(S, µ) hasX∗ ∼=
L∞(S, µ), the isomorphism being given by integration. IfX∗ were reflexive, then
X would have to be reflexive by Proposition 12.20, in contradiction to Proposition
12.19.

5. Uniform Boundedness Theorem

The second main theorem about the norm topology of normed linear spaces is the
Uniform Boundedness Theorem, also known as the Banach–Steinhaus Theorem.
This result involves a parametrized family of linear operators from one normed
linear space into another, and it is assumed that the domain is complete. Two kinds
of boundedness as a function of one variable are assumed—boundedness of each
linear operator as a function on (the unit ball of) the domain and boundedness in the
parameter for each fixed member of the domain. The conclusion is boundedness
in the two variables jointly.

Theorem 12.22(Uniform Boundedness Theorem). If{Lα} is a set of bounded
linear operators from a Banach spaceX into a normed linear spaceY such that

‖Lα(x)‖ ≤ Cx for all α,

then there is a constantC independent ofx such that‖Lα‖ ≤ C for all α.

PROOF. For each positive integern, the set

Fn = {
x ∈ X

∣∣ ‖Lα(x)‖ ≤ n for all α
}

is closed inX, being the intersection of inverse images of closed sets inY under
continuous functions, and

⋃∞
n=1 Fn = X by assumption. By the Baire Category

Theorem (Theorem 2.53b), one of the sets, sayFN , contains a nonempty open
subsetB of X. Then‖Lα(x)‖ ≤ N for all α and for allx in B. If B contains the
open ball inX of radius 2r > 0 and centerb, then‖x‖ ≤ r implies thatx + b is
in B and that

‖Lα(x)‖ = ‖Lα(x + b) − Lα(b)‖ ≤ ‖Lα(x + b)‖ + ‖Lα(b)‖ ≤ N + Cb,

independently ofα. Hence‖x‖ ≤ 1 implies

‖Lα(x)‖ = r −1‖Lα(r x)‖ ≤ r −1(N + Cb).

In other words,‖Lα‖ ≤ r −1(N + Cb).
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EXAMPLE. Let us use the theorem to give a proof that the Fourier series of
a continuous periodic function need not converge at some point. Consider the
Banach spaceX of all continuous periodic functionsf on [−π, π ] with the
supremum norm. LetDn be the Dirichlet kernel as in Section I.10, given by

Dn(t) =
n∑

k=−n

eikt = sin((n + 1
2)t)

sin 1
2t

.

Thenth partial sum of the Fourier series off is

sn( f ; x) = 1

2π

∫ π

−π

f (x − t)Dn(t) dt.

Define linear functionals�n on X by

�n( f ) = sn( f ; 0) = 1

2π

∫ π

−π

f (−t)Dn(t) dt.

Each of these is bounded; specifically‖�n‖ ≤ 2n+1 because‖Dn‖sup ≤ 2n+1.
If the Fourier series of each continuous functionf were to converge at 0, then
limn �n( f ) would exist for eachf , and hence we would have|�n( f )| ≤ Cf for
a constantCf independent ofn. The Uniform Boundedness Theorem would say
that ‖�n‖ ≤ C for some constantC independent ofn. The norm equality of
Theorem 11.26 or 11.28 would then allow us to conclude that

∫ π

−π
|Dn(t)| dt is

bounded. In fact, the numbers
∫ π

−π
|Dn(t)| dt are unbounded, according to the

following proposition, and thus there exists a continuous periodic function whose
Fourier series diverges atx = 0.

Proposition 12.23.The numbers

Ln = 1

2π

∫ π

−π

|Dn(t)| dt

have the property that

Ln = 4π−2 logn + O(1),

where O(1) denotes an expression bounded as a function ofn. HenceLn is
unbounded withn.

REMARK. The numbersLn are sometimes calledLebesgue constants.
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PROOF. By writing sin((n + 1
2)t) = sinnt cos1

2t + cosnt sin 1
2t , we see that

Dn(t) = sinnt cot 1
2t + cosnt = 2t−1 sinnt + hn(t),

wherehn(t) is bounded in the pair(n, t) for |t | ≤ π . If we let O(1) denote an
expression bounded as a function ofn, then

Ln = 2

2π

∫ π

−π

| sinnt|
|t | dt + O(1)

= 2

π

∫ π

0

| sinnt|
t

dt + O(1)

= 2

π

n−1∑
k=0

∫ (k+1)π/n

kπ/n

| sinnt|
t

dt + O(1)

= 2

π

∫ π/n

0

sinnt

t
dt + 2

π

∫ π/n

0
(sinnt)

[ n−1∑
k=1

1

t + kπ/n

]
dt + O(1).

The first term on the right side is bounded, and the sum in brackets lies between

π−1n(1 + 1
2 + · · · + 1

n−1) and π−1n(1
2 + · · · + 1

n),

which are upper and lower Riemann sums forπ−1n
∫ n

1 t−1 dt and have difference
π−1n(1 − 1

n). Thus the sum in brackets is equal toπ−1n(logn + O(1)). The
integral of sinnt over [0, π/n] is 2/n, and the result follows.

6. Interior Mapping Principle

The third main theorem about the norm topology of normed linear spaces is the
Interior Mapping Principle. This result involves a single bounded linear operator
from one normed linear space into another, and it is assumed that the domain and
the range are both complete. The theorem is that if the operator is onto the range,
then it carries open sets to open sets.

Theorem 12.24(Interior Mapping Principle). IfL is a continuous linear
operator from a Banach spaceX ontoa Banach spaceY, then L carries open
subsets ofX to open subsets ofY.
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PROOF. Let Br be the closed ball inX with center 0 and radiusr , and letUs

be the open ball inY with center 0 and radiuss. The proof is in three steps.
The first step is to show that(L(B1))

cl contains an open neighborhood of 0 in
Y. To do so, we use the fact thatL is ontoY to write

Y = L(X) = L
(⋃∞

n=1
Bn
) =

⋃∞
n=1

L(Bn).

ThusY = ⋃∞
n=1(L(Bn))

cl, and the Baire Category Theorem (Theorem 2.53b)
shows that one of the sets(L(Bn))

cl contains a nonempty open set. SinceL is
linear and since multiplication by 2n is a homeomorphism ofY, (L(Bn))

cl =
(L(2nB1/2))

cl = (2nL(B1/2))
cl = (2n)(L(B1/2))

cl, and we see that(L(B1/2))
cl

contains some nonempty open subsetV of Y. If v andv′ are inV , they are in
(L(B1/2))

cl and there exist sequences{vn} and{v′
n} in L(B1/2) with vn → v and

v′
n → v′. By linearity,vn − v′

n is in L(B1), and passage to the limit shows that
v − v′ is in L(B1)

cl. The setV − V of such differencesv − v′ is the union over
v′ ∈ V of V −v′, hence is the union of open sets and is open. Since 0 is inV −V ,
the setV − V is an open neighborhood of 0 lying inL(B1)

cl.
The second step is to show that the image of any neighborhood of 0 inX is

a neighborhood of 0 inY. The previous step shows that(L(B1))
cl ⊇ Us for

somes > 0, and we show for everyc > 0 that L(Bc) ⊇ Usc/2. For t > 0,
multiplication of the inclusion(L(B1))

cl ⊇ Us by t shows that

(L(Bt ))
cl ⊇ Ust (∗)

since multiplication byt is a homeomorphism ofY and L is linear. If y is in
Usc/2, we are to producex in Bc with L(x) = y, and we do so by successive
approximations. Specifically we construct inductively the termsxn of a conver-
gent series inX with sumx, as follows: Condition (∗) with t = c/2 allows us
to choose a memberx1 of Bc/2 with ‖y − L(x1)‖ < 2−2sc. If x1, . . . , xn−1 have
been constructed with eachxj in B2− j c and with

‖y − L(x1 + · · · + xn−1)‖ < 2−nsc,

theny− L(x1 +· · ·+ xn−1) is in U2−nsc. Condition (∗) with t = 2−nc shows that
we can findxn in B2−nc with

‖y − L(x1 + · · · + xn−1) − L(xn)‖ < 2−(n+1)sc.

We now have

‖y − L(x1 + · · · + xn−1 + xn)‖ < 2−(n+1)sc.
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This completes the inductive construction of thexn’s, and we shall prove that the
series

∑
xn is convergent inX. SinceX is complete, it is enough to show that

the partial sums of
∑

xn are Cauchy. Ifq ≥ p, then∥∥∑q
n=1 xn −∑p

n=1 xn

∥∥ = ∥∥∑q
n=p+1 xn

∥∥ ≤ ∑q
n=p+1 ‖xn‖ ≤ ∑q

n=p+1 2−nc.

The right side is≤ 2−pc, and the partial sums of
∑

xn are indeed Cauchy. Let
x = ∑∞

n=1 xn. Taking p = 0 and using the continuity of the norm, we see that
‖x‖ ≤ c. By continuity of L, we havey = limn L(x1 + · · · + xn) = L(x).
Consequently the membery of Usc/2 is of the formL(x) for somex in Bc, as was
asserted.

The third step is to show that each open set ofX is mapped to an open set of
Y by L. Let U be open inX, let x be inU , and letN be an open neighborhood
of 0 in X such thatx + N ⊆ U . The previous step shows that there is some
open neighborhoodV of 0 in Y such thatV ⊆ L(N). ThenL(x) + V is an open
neighborhood inY of L(x) with

L(x) + V ⊆ L(x) + L(N) = L(x + N) ⊆ L(U ).

ThereforeL(U ) contains a neighborhood about each of its points and must be
open.

Corollary 12.25. A one-one continuous linear operatorL of a Banach space
X onto a Banach spaceY has a continuous linear inverse.

PROOF. SinceL is one-one onto,L−1 exists. ForL−1 to be continuous, the
inverse image underL−1 of each open set is to be open. In other words, the direct
image underL of any open set is to be open. But this is just the conclusion of
Theorem 12.24.

EXAMPLE. LetF be the Fourier coefficient mapping, which carries functions
in L1

(
1

2π
dx
)

to doubly infinite sequences{cn} vanishing at infinity. The linear
operatorF has norm 1 when the space of doubly infinite sequences is given the
supremum norm‖{cn}‖sup = supn |cn|. Corollary 6.50 shows thatF is one-one.
Let us see that there is some doubly infinite sequence vanishing at infinity that
is not the sequence of Fourier coefficients of someL1 function. If this were
not so, then Corollary 12.25 would say thatF−1 is bounded. We can obtain a
contradiction if we produce a sequence{ fn} of L1 functions with‖ fn‖1 = 1 for
all n and with limn ‖F( fn)‖sup = 0. Form the Dirichlet kernelDn as defined
in Section I.10 and reproduced in the previous section. Its Fourier coefficients
ck are 1 for |k| ≤ n and are 0 for|k| > n, and thus‖F(Dn)‖sup = 1. Put
fn = Dn

/‖Dn‖1. Then‖ fn‖1 = 1 for all n, and‖F( fn)‖sup = 1
/‖Dn‖1.

Proposition 12.23 shows that in fact limn 1/‖Dn‖1 = 0, and we obtain the desired
contradiction. The conclusion is that the image ofF on L1 fails to include some
doubly infinite sequence{cn} vanishing at infinity.



548 XII. Hilbert and Banach Spaces

If f : X → Y is a function between Hausdorff spaces, the graph off is
the subsetG = {(x, f (x)) | x ∈ X} of X × Y. If f is continuous, thenG is
a closed set, as we see immediately by using nets. The converse fails because
f : [0, 1] → R with f (0) = 0 and f (x) = 1/x for x > 0 is a discontinuous
function with closed graph.

We shall be interested in the converse under the additional condition that our
function f is linear. Our spaces being metric spaces, the condition that the graph
be closed is that whenever{(xn, f (xn))} converges to some(x, y), thenx is in
the domain off and f (x) = y.

Linearity by itself is not enough to get an affirmative result. In fact, letX =
C([0, 1]), let X0 be the vector subspace of functions with a continuous derivative,
and letL : X0 → X be the derivative operatorF 
→ F ′. If lim n Fn = F in X and
limn F ′

n = H , then Theorem 1.23 shows thatF ′ exists and equalsH . Hence the
linear operatorL : X0 → X has closed graph. However,L is unbounded since
the functionx 
→ xn has norm 1 and its derivative has normn.

Corollary 12.26 (Closed Graph Theorem). IfL : X → Y is a linear operator
from a Banach spaceX into a Banach spaceY such that the graph ofL is a closed
subset ofX × Y, thenL is a bounded linear operator.

PROOF. MakeX⊕Y into a Banach space by defining‖(x, y)‖ = ‖x‖X +‖y‖Y.
The graphG = {(x, L(x)) | x ∈ X} of L is a vector subspace ofX ⊕ Y since
L is linear, and it is closed by hypothesis. ThusG is a Banach space. The
linear operatorP : G → X given byP((x, L(x)) = x is one-one and onto, and
Corollary 12.25 shows that the linear operatorP−1 : X → G given byP−1(x) =
(x, L(x)) is continuous. IfE denotes the projection ofX⊕Y to theY coordinate,
then E is bounded with norm≤ 1, and hence the restrictionE

∣∣
G : G → Y is

bounded with norm≤ 1. Therefore the composition(E
∣∣
G) ◦ P−1 : X → Y is

bounded. But(E
∣∣
G)(P−1(x)) = E(x, L(x)) = L(x), and thusL is bounded.

EXAMPLE. Suppose that a Banach spaceX is the vector-space direct sum of
two closed vector subspaces:X = Y ⊕ Y′. Let E : X → Y be the projection of
X on Y given byE(y + y′) = y. Corollary 12.26 implies thatE is bounded. In
fact, letxn = yn + y′

n define a sequence inX, so that(xn, yn) defines a sequence
in the graph ofE. Suppose that limn(xn, yn) = (x0, y0) in X × X, i.e., that
limn xn = x0 and limn yn = y0. Herex0 is in X, andy0 is in Y sinceY is closed.
Theny′

0 = limn y′
n = limn xn − limn yn = x0 − y0, and this is inY′ sinceY′ is

closed. The equalityx0 = y0 + y′
0 shows thatE(x0) = y0, and therefore(x0, y0)

is in the graph ofE. In other words, the graph ofE is closed. We conclude from
Corollary 12.26 thatE is bounded.
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7. Problems

1. Let X be a normed linear space.
(a) Prove that the closure of the open ball of radiusr and centerx0 is the closed

ball of radiusr and centerx0.
(b) If X is complete, prove that any decreasing sequence of closed balls has

nonempty intersection.

2. The normed linear spaceC(N)([a, b]) was defined in Section 1. Prove that it is
complete.

3. The normed linear spaceH∞(D) and its vector subspaceA(D) were defined in
Section 1. Prove thatH∞(D) is complete and thatA(D) is a closed subspace,
hence complete.

4. LetX be a Banach space, letY be a closed vector subspace, and define‖x+Y‖ =
infy∈Y ‖x + y‖ for x + Y in the quotient vector spaceX/Y.
(a) Show that‖ · +Y‖ is a norm forX/Y.
(b) By replacing a Cauchy sequence{xn + Y} in X/Y by a subsequence such

that‖xnk − xnk+1 + Y‖ ≤ 2−k, show that the subsequence can be lifted to a
Cauchy sequence inX and deduce thatX/Y is a Banach space.

5. Letv1, . . . , vn be vectors in an inner-product space. TheirGram matrix is the
Hermitian matrix of inner products given byG(v1, . . . , vn) = [(vi , vj )], and
detG(v1, . . . , vn) is called theirGram determinant.

(a) If c1, . . . , cn are in C, let c =
( c1

...
cn

)
. Prove thatctrG(v1, . . . , vn)c̄ =

‖c1v1 + · · · + cnvn‖2.
(b) Making use of the finite-dimensional Spectral Theorem, prove that there

exists a unitary matrixu such that the matrixu−1G(v1, . . . , vn)u is diagonal
with diagonal entries≥ 0.

(c) Prove that detG(v1, . . . , vn) ≥ 0 with equality if and only ifv1, . . . , vn are
linearly dependent. (This generalizes the Schwarz inequality.)

6. (Gram–Schmidt orthogonalization process) Let (u1, . . . , un) be a linearly
independent ordered set in an inner-product space, and inductively definev′

1 =
u1, v1 = ‖v′

1‖−1v′
1, v′

k = uk −∑k−1
j =1 (u, vj )vj , andvk = ‖v′

k‖−1v′
k. Prove that

the vectorsv1, . . . , vn are well defined, thatv1, . . . , vn are orthonormal, and that
for eachk with 1 ≤ k ≤ n, span{v1, . . . , vk} = span{u1, . . . , uk}.

7. Let H1 and H2 be Hilbert spaces with respective orthonormal bases{uα} and
{vβ}. If there is a one-one function carrying the one orthonormal basis onto the
other, prove that there is a bounded linear operatorF : H1 → H2 carrying H1

onto H2 and preserving distances. Deduce thatH1 and H2 are isomorphic as
Hilbert spaces if and only if they have the same Hilbert space dimension.
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8. Let(S, µ) be aσ -finite measure space, and letf be inL∞(S, µ).
(a) Show that multiplication byf is a bounded linear operator onL2(S, µ), and

find the norm of this operator.
(b) Find the adjoint of the operator in (a).

9. Suppose thatX is a normed linear space and that its dualX∗ is separable in its
norm topology, with{x∗

n} as a countable dense set. For eachn, choosexn in X
with ‖xn‖ ≤ 1 and|x∗

n(xn)| ≥ 1
2‖x∗

n‖. Prove that{xn} is dense inX, so thatX∗

separable impliesX separable.

10. By considering the discontinuous indicator functionI{s0}, wheres0 is a limit point
of S, prove that the Banach spaceC(S) is not reflexive ifS is compact Hausdorff
and infinite.

11. Without using the Baire Category Theorem, prove that the Uniform Boundedness
Theorem for linear functionals implies the same theorem for linear operators.

12. Suppose for eachn thatLn : X → X′ is a bounded linear operator from a normed
linear spaceX to a Banach spaceX′ such that‖Ln‖ ≤ C with C independent
of n. Suppose in addition that{Ln(y)} converges for eachy in a dense subsetY
of X. Prove thatL(x) = limn Ln(x) exists for allx in X and that the resulting
functionL : X → X′ is a bounded linear operator with‖L‖ ≤ C.

13. LetX be a normed linear space, and let{xα} be a subset ofX. If supα |x∗(xα)| <

∞ for eachx∗ in X∗, prove that supα ‖xα‖ < ∞.

14. Let X be a Banach space. A subsetE of X is convex if it contains all points
(1 − t)x + ty with 0 ≤ t ≤ 1 whenever it containsx andy.
(a) Show that any closed ball{y

∣∣ |y − x| ≤ r } is convex.
(b) Give an example of a decreasing sequence of nonempty bounded closed

convex sets in a Banach space with empty intersection.

15. Let X andY be Banach spaces, and letL be a bounded linear operator fromX
onto Y. Suppose that{yn} is a convergent sequence inY with limit y0. Prove
that there exists a constantM and a sequence{xn} in X such that‖xn‖ ≤ M‖yn‖
for all n, L(xn) = yn for all n, and{xn} is convergent.

Problems 16–18 introduce “Banach limits,” a kind of universal summability method.
Let X be the real Banach space of real-valued bounded sequencess = {sn}∞n=1 with
the supremum norm.

16. LetX0 be the smallest closed vector subspace ofX containing all sequences with
termss1, s2 − s2, s3 − s2, . . . such that{sn} is in X. Prove that the sequencee
with all terms 1 is not inX0.

17. ABanach limit is defined to be any memberx∗ of X∗ with ‖x∗‖ = 1, x∗(e) = 1,
andx∗(x0) = 0 for all x0 in X0. Prove that a Banach limit exists.
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18. Let LIMn→∞ sn denote the value of a Banach limit when applied to the member
{sn} of X. Prove that this satisfies
(a) LIMn→∞ sn ≥ 0 if sn ≥ 0 for all n.
(b) LIMn→∞ sn+1 = LIM n→∞ sn for every{sn} in X.
(c) LIMn→∞ sn = 0 if all termssn are 0 forn sufficiently large.
(d) lim infn sn ≤ LIM n→∞ sn ≤ lim supn sn for all {sn} in X.
(e) LIMn→∞ sn = c if {sn} is convergent with limitc.

Problems 19–24 establish the Jordan and von Neumann Theorem that a normed linear
space satisfying the parallelogram law acquires its norm from an inner product, the
definition of the inner product being(x, y) = ∑

k
i k

4 ‖x + i ky‖2, where the sum
extends fork ∈ {0, 2} if the scalars are real and extends fork ∈ {0, 1, 2, 3} if the
scalars are complex. The norm is recovered from the inner product by the usual
formula (x, x) = ‖x‖2. Thus letX be a normed linear space with norm‖ · ‖ such
that the parallelogram law holds.

19. Check from the definition of(x, y) that (x, x) = ‖x‖2, that (x, x) ≥ 0 with
equality if and only ifx = 0, and that(x, y) = (y, x).

20. Prove the identity

‖x + y + z‖2 = ‖x + y‖2 + ‖x + z‖2 + ‖y + z‖2 − ‖x‖2 − ‖y‖2 − ‖z‖2

for all x, y, z in X.

21. Derive the formula(x1 + x2, y) = (x1, y) + (x2, y) from the identity in the
previous problem.

22. LetD be the set of rationals if the scalars are real, or the set of alla + bi with a
andb rational if the scalars are complex. Using the definition of(x, y) and the
result of the previous problem, prove that(r x, y) = r (x, y) if r is in D.

23. By considering‖x − ry‖2 for r in D with r tending to(x, y)/‖y‖2, prove that
( · , · ) satisfies the Schwarz inequality.

24. By estimating|r (x, y) − (cx, y)| with the Schwarz inequality whenc is a scalar
and r is a member ofD tending toc, prove thatc(x, y) = (cx, y), thereby
completing the proof that( · , · ) is an inner product.



APPENDIX

Abstract. This appendix treats some topics that are likely to be well known by some readers and
less well known by others. Section A1 deals with set theory and with functions: it discusses the
role of formal set theory, it works in a simplified framework that avoids too much formalism and the
standard pitfalls, it establishes notation, and it mentions some formulas. Some emphasis is put on
distinguishing the image and the range of a function, as this distinction is important in algebra and
algebraic topology and therefore plays a role when real analysis begins to interact seriously with
algebra.

Sections A2 and A3 assume knowledge of Section I.1 and discuss topics that occur logically
between the end of Section I.1 and the beginning of Section I.2. The first of these establishes
the Mean Value Theorem and its standard corollaries and then goes on to define the notion of a
continuous derivative for a function on a closed interval. The other section gives a careful treatment
of the differentiability of an inverse function in one-variable calculus.

Section A4 is a quick review of complex numbers, real and imaginary parts, complex conjuga-
tion, and absolute value. Complex-valued functions appear in the book beginning in Section I.5.
Section A5 states and proves the classical Schwarz inequality, which is used in Chapter II to establish
the triangle inequality for certain metrics but is needed before that in Chapter I in the context of
Fourier series.

Sections A6 and A7 are not needed until Chapter II. The first of these defines equivalence relations
and establishes the basic fact that they lead to a partitioning of the underlying set into equivalence
classes. The other section discusses the connection between linear functions and matrices in the
subject of linear algebra and summarizes the basic properties of determinants.

Section A8, which is not needed until Chapter IV, establishes unique factorization for polynomials
with real or complex coefficients and defines “multiplicity” for roots of complex polynomials.

Sections A9 and A10 return to set theory. Section A9 defines partial orderings and includes
Zorn’s Lemma, which is a powerful version of the Axiom of Choice, while Section A10 concerns
cardinality. The material in these sections first appears in problems in Chapter V; it does not appear
in the text until Chapter X in the case of Section A9 and until Chapter XII in the case of Section A10.

A1. Sets and Functions

Real analysis typically makes use of an informal notion of set theory and notation
for it in which sets are described by properties of their elements and by operations
on sets. This informal set theory, if allowed to be too informal, runs into certain
paradoxes, such as theRussell paradox: “If S is the set of all sets that do not
contain themselves as elements, isSa member ofSor is it not?” The conclusion
of the Russell paradox is that the “set” of all sets that do not contain themselves
as elements is not in fact a set.

553
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Mathematicians’ experience is that such pitfalls can be avoided completely by
working within some formal axiom system for sets, of which there are several
that are well established. A basic one is “Zermelo–Fraenkel set theory,” and the
remarks in this section refer specifically to it but refer to the others at least to
some extent.1

The standard logical paradoxes are avoided by having sets, elements (or “en-
tities”), and a membership relation∈ such thata ∈ S is a meaningful statement,
true or false, if and only ifa is an element andS is a set. The termsset, element,
and∈ are taken to be primitive terms of the theory that are in effect defined by
a system of axioms. The axioms ensure the existence of many sets, including
infinite sets, and operations on sets that lead to other sets. To make full use of
this axiom system, one has to regard it as occurring in the context of certain rules
of logic that tell the forms of basic statements (namely,a = b, a ∈ S, and “S
is a set”), the connectives for creating complicated statements from simple ones
(“or,” “and,” “not,” and “if . . . then”), and the way that quantifiers work (“there
exists” and “for all”).

Working rigorously with such a system would likely make the development
of mathematics unwieldy, and it might well obscure important patterns and di-
rections. In practice, therefore, one compromises between using a formal axiom
system and working totally informally; let us say that one works “informally but
carefully.” The logical problems are avoided not by rigid use of an axiom system,
but by taking care that sets do not become too “large”: one limits the sets that one
uses to those obtained from other sets by set-theoretic operations and by passage
to subsets.2

A feature of the axiom system that one takes advantage of in working informally
but carefully is that the axiom system does not preclude the existence of additional
sets beyond those forced to exist by the axioms. Thus, for example, in the subject
of coin-tossing within probability, it is normal to work with the set of possible
outcomes asS = {heads, tails} even though it is not apparent that requiring this
S to be a set does not introduce some contradiction.

It is worth emphasizing that the points of the theory at which one takes particu-
lar care vary somewhat from subject to subject within mathematics. For example,
it is sometimes of interest in calculus of several variables to distinguish between
the range of a function and its image in a way that will be mentioned below, but it
is usually not too important. In homological algebra, however, the distinction is

1Mathematicians have no proof that this technique avoids problems completely. Such a proof
would be a proof of the consistency of a version of mathematics in which one can construct the
integers, and it is known that this much of mathematics cannot be proved to be consistent unless it
is in fact inconsistent.

2Not every set so obtained is to be regarded as “constructed.” The Axiom of Choice, which we
come to shortly, is an existence statement for elements in products of sets, and the result of applying
the axiom is a set that can hardly be viewed as “constructed.”
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extremely important, and the subject loses a great deal of its impact if one blurs
the notions of range and image.

Some references for set theory that are appropriate for readingonce are
Halmos’sNaive Set Theory, Hayden–Kennison’sZermelo–Fraenkel Set Theory,
and Chapter 0 and the appendix of Kelley’sGeneral Topology. The Kelley book
is one that uses the word “class” as a primitive term more general than “set”; it
develops von Neumann set theory.

All that being said, let us now introduce the familiar terms, constructions,
and notation that one associates with set theory. To cut down on repetition, one
allows some alternative words for “set,” such asfamily andcollection. The word
“class” is used by some authors as a synonym for “set,” but the wordclassis used
in some set-theory axiom systems to refer to a more general notion than “set,”
and it will be useful to preserve this possibility. Thus a class can be a set, but we
allow ourselves to speak, for example, of the class of all groups even though this
class is too large to be a set. Alternative terms for “element” aremember and
point; we shall not use the term “entity.” Instead of writing∈ systematically, we
allow ourselves to write “in.” Generally, we do not use∈ in sentences of text as
an abbreviation for an expression like “is in” that contains a verb.

If A andB are two sets, some familiar operations on them are theunion A∪ B,
theintersection A∩ B, and thedifference A− B, all defined in the usual way in
terms of the elements they contain. Notation for the difference of sets varies from
author to author; some other authors writeA \ B or A ∼ B for difference, but
this book usesA − B. If one is thinking ofA as a universe, one may abbreviate
A − B asBc, thecomplementof B in A. The empty set∅ is a set, and so is the
set of all subsets of a setA, which is sometimes denoted by 2A. Inclusion of a
subsetA in a setB is written A ⊆ B or B ⊇ A. Inclusion that does not permit
equality is denoted byA � B or B � A; in this case one says thatA is aproper
subsetof B or thatA is properly contained in B.

If A is a set, thesingleton{A} is a set with just the one memberA. Another
operation isunordered pair, whose formal definition is{A, B} = {A}∪ {B} and
whose informal meaning is a set of two elements in which we cannot distinguish
either element over the other. Still another operation isordered pair, whose
formal definition is(A, B) = {{A}, {A, B}}. It is customary to think of an
ordered pair as a set with two elements in which one of the elements can be
distinguished as coming first.3

Let A andB be two sets. The set of all ordered pairs of an element ofA and

3Unfortunately a “sequence” as in Chapter I gets denoted by{x1, x2, . . . } or {xn}∞n=1. If its
notation were really consistent with the above definitions, we might infer, inaccurately, that the
order of the terms of the sequence does not matter. The notation for unordered pairs, ordered pairs,
and sequences is, however, traditional, and it will not be changed here.
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an element ofB is a set denoted byA × B; it is called theproduct of A andB
or theCartesian product. A relation between a setA and a setB is a subset of
A× B. Functions, which are to be defined in a moment, provide examples. Two
examples of relations that are usually not functions are “equivalence relations,”
which are discussed in Section A6, and “partial orderings,” which are discussed
in Section A9.

If A and B are sets, a relationf betweenA and B is said to be afunction,
written f : A → B, if for eachx ∈ A, whenevery ∈ B andz ∈ B are such
that(x, y) and(x, z) are in f , theny = z. If (x, y) is in f , we write f (x) = y.
In this informal but careful definition of function, the function consists of more
than just a set of ordered pairs; it consists of the set of ordered pairs regarded as
a subset ofA × B. This careful definition makes it meaningful to say that the
set A is thedomain, the setB is therange, and the subset ofy ∈ B such that
y = f (x) for somex ∈ A is the image of f . The image is also denoted by
f (A). Sometimes a functionf is described in terms of what happens to typical
elements, and then the notation isx 
→ f (x) or x 
→ y, possibly withy given by
some formula or by some description in words about how it is obtained fromx.
Sometimes a functionf is written as f ( · ), with a dot indicating the placement
of the variable; this notation is especially helpful in working with restrictions of
functions, which we come to in a moment, and with functions of two variables
when one of the variables is held fixed. This notation is useful also for functions
that involve unusual symbols, such as the absolute value functionx 
→ |x|, which
in this notation becomes| · |. The wordmap or mapping is sometimes used
for “function” and for the operation of a function, particularly when a geometric
context for the function is of importance.

Often mathematicians are not so careful with the definition of function. De-
pending on the degree of informality that is allowed, one may occasionally refer
to a function asf (x) when it should be calledf or x 
→ f (x). If any confusion is
possible, it is wise to use the more rigorous notation. Another habit of informality
is to regard a functionf : A → B as simply a set of ordered pairs. Thus two
functions f1 : A → B and f2 : A → C become the same iff1(a) = f2(a) for
all a in A. With the less careful definition, the notion of the range of a function is
not really well defined. The less careful definition can lead to trouble in algebra,
but it does not often lead to trouble in real analysis until one gets to a level where
algebra and analysis merge somewhat.

The set of all functions from a setA to a setB is a set. It is sometimes denoted
by BA. The special case 2A that arose with subsets comes by regarding 2 as a
set{1, 2} and identifying a functionf from A into {1, 2} with the subset of all
elementsx of A for which f (x) = 1.

If a subsetB of a setA may be described by some distinguishing property
P of its elements, we may write this relationship asB = {x ∈ A | P}. For
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example, the functionf in the previous paragraph is identified with the subset
{x ∈ A | f (x) = 1}. Another example is the image of a general function
f : A → B, namely f (A) = {y ∈ B | y = f (x) for somex ∈ A}. Still more
generally along these lines, ifE is any subset ofA, then f (E) denotes the set
{y ∈ B | y = f (x) for somex ∈ E}. Some authors use a colon instead of a
vertical line in this notation.

This book frequently uses sets denoted by expressions like
⋃

x∈S Ax, an in-
dexed union, whereS is a set that is usually nonempty. IfS is the set{1, 2}, this
reduces toA1 ∪ A2. In the general case it is understood that we have an unnamed
function, sayf , given byx 
→ Ax, having domainS and range an unnamed set
T , and

⋃
x∈S Ax is the set of ally ∈ T such thaty is in Ax for somex ∈ S. When

S is understood, we may write
⋃

x Ax instead of
⋃

x∈S Ax. Indexed intersections⋂
x∈S Ax are defined similarly, and this time it is essential to disallowS empty

because otherwise the intersection cannot be a set in any useful set theory.
There is also an indexedCartesian product ×x∈SAx that specializes in the

case thatS = {1, 2} to A1 × A2. UsuallyS is assumed nonempty. This Cartesian
product is the set of all functionsf from S into

⋃
x∈S Ax such that f (x) is in

Ax for all x ∈ S. In the special case thatS is {1, . . . , n}, the Cartesian product
is the set of orderedn-tuples fromn setsA1, . . . , An and may be denoted by
A1 × · · · × An; its members may be denoted by(a1, . . . , an) with aj ∈ Aj for
1 ≤ j ≤ n. When the factors of a Cartesian product have some additional
algebraic structure, the notation for the Cartesian product is sometimes altered;
for example, the Cartesian product of groupsAx is denoted by

∏
x∈S Ax.

It is completely normal in real analysis, and it is the practice in this book, to
take the following axiom as part of one’s set theory; the axiom is normally used
without specific mention.

Axiom of Choice. The Cartesian product of nonempty sets is nonempty.

If the index set is finite, then the Axiom of Choice reduces to a theorem of
set theory. The axiom is often used quite innocently with a countably infinite
index set. For example, Proposition 1.7c asserts that any sequence inR∗ has a
subsequence converging to lim supan, and the proof constructs one member of the
sequence at a time. When these members have some flexibility in their definitions,
as is the case with the proof as it is written for Proposition 1.7c, the Axiom of
Choice is being invoked. When the members instead have specific definitions,
such as “the terman such thatn is the smallest integer satisfying such-and-such
properties,” the axiom is not being invoked. The proof in the text of Proposition
1.7c can be rewritten with specific definitions and thereby can avoid invoking the
axiom, but there is no point in undertaking this rewriting. In Chapter II the axiom
is invoked in situations in which the index set is uncountable; uses of compactness
provide a number of examples.
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From the Axiom of Choice, one can deduce a powerful tool known as Zorn’s
Lemma, whose use it is normal to acknowledge. Zorn’s Lemma appears in
Section A9 and is used in problems beginning in Chapter V and in the text
beginning in Chapter X.

If f : A → B is a function andB is a subset ofB′, then f can be regarded
as a function with rangeB′ in a natural way. Namely, the set of ordered pairs is
unchanged but is to be regarded as a subset ofA × B′ rather thanA × B.

Let f : A → B andg : B → C be two functions such that the range off
equals the domain ofg. Thecomposition g ◦ f : A → C is the function with
(g ◦ f )(x) = g( f (x)) for all x. Because of the construction in the previous
paragraph, it is meaningful to define the composition more generally when the
range of f is merely a subset of the domain ofg.

A function f : A → B is said to beone-oneif f (x1) �= f (x2) wheneverx1

andx2 are distinct members ofA. The function is said to beonto, or often “onto
B,” if its image equals its range. The terminology “ontoB” avoids confusion: it
specifies the image and thereby guards against the use of the less careful definition
of function mentioned above. A mathematical audience often contains some
people who use the careful definition of function and some people who use the
less careful definition. For the latter kind of person, a function is always onto
something, namely its image, and a statement that a particular function is onto
might be regarded as a tautology.

When a functionf : A → B is one-one and is ontoB, there exists a function
g : B → A such thatg ◦ f is the identity function onA and f ◦ g is the identity
function onB. The functiong is unique, and it is defined by the condition, for
y ∈ B, thatg(y) is the uniquex ∈ A with f (x) = y. The functiong is called
the inverse functionof f and is often denoted byf −1.

Conversely if f : A → B has an inverse function, thenf is one-one and
is onto B. The reason is that a compositiong ◦ f can be one-one only iff is
one-one, and in addition, that a compositionf ◦ g can be onto the range off
only if f is onto its range.

If f : A → B is a function andE is a subset ofA, the restriction of f
to E, denoted byf

∣∣
E, is the function f : E → B consisting of all ordered

pairs(x, f (x)) with x ∈ E, this set being regarded as a subset ofE × B, not of
A×B. One especially common example of a restriction is restriction to one of the
variables of a function of two variables, and then the idea of using a dot in place
of a variable can be helpful notationally. Thus the function of two variables might
be indicated byf or (x, y) 
→ f (x, y), and the restriction to the first variable,
for fixed value of the second variable, would bef ( · , y) or x 
→ f (x, y).

We conclude this section with a discussion of direct and inverse images of
sets under functions. Iff : A → B is a function andE is a subset ofA, we
have definedf (E) = {y ∈ B | y = f (x) for somex ∈ E}. This is the same
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as the image off
∣∣
E and is frequently called the image ordirect image of E

under f . The notion of direct image does not behave well with respect to some
set-theoretic operations: it respects unions but not intersections. In the case of
unions, we have

f
(⋃

s∈S

Es

)
=
⋃
s∈S

f (Es);

the inclusion⊇ follows sincef
(⋃

s∈S Es

)
⊇ f (Es) for eachs, and the inclusion

⊆ follows because any member of the left side isf of a member of someEs. In

the case of intersections, the questionf (E ∩ F)
?= f (E)∩ f (F) can easily have

a negative answer, the correct general statement beingf (E∩ F) ⊆ f (E)∩ f (F).
An example with equality failing occurs whenA = {1, 2, 3}, B = {1, 2}, f (1) =
f (3) = 1, f (2) = 2, E = {1, 2} andF = {2, 3} becausef (E ∩ F) = {2} and
f (E) ∩ f (F) = {1, 2}.

If f : A → B is a function andE is a subset ofB, the inverse imageof E
under f is the setf −1(E) = {x ∈ A | f (x) ∈ E}. This is well defined even iff
does not have an inverse function. (Iff does have an inverse functionf −1, then
the inverse image ofE under f coincides with the direct image ofE under f −1.)

Unlike direct images, inverse images behave well under set-theoretic opera-
tions. If f : A → B is a function and{Es | s ∈ S} is a set of subsets ofB,
then

f −1
(⋂

s∈S

Es

)
=
⋂
s∈S

f −1(Es),

f −1
(⋃

s∈S

Es

)
=
⋃
s∈S

f −1(Es),

f −1(Ec
s) = ( f −1(Es))

c.

In the third of these identities, the complement on the left side is taken within
B, and the complement on the right side is taken withinA. To prove the
first identity, we observe thatf −1

(⋂
s∈S Es

) ⊆ f −1(Es) for eachs ∈ S and
hence f −1

(⋂
s∈S Es

) ⊆ ⋂
s∈S f −1(Es). For the reverse inclusion, ifx is in⋂

s∈S f −1(Es), thenx is in f −1(Es) for eachs and thusf (x) is in Es for eachs.
Hence f (x) is in

⋂
s∈S Es, andx is in f −1

(⋂
s∈S Es

)
. This proves the reverse

inclusion. The second and third identities are proved similarly.

A2. Mean Value Theorem and Some Consequences

This section states and proves the Mean Value Theorem and two standard corol-
laries, and then it discusses the notion of a function with a continuous derivative
on a closed interval. It makes use of results in Section I.1 of the text.
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Lemma. Let [a, b] be a nontrivial closed interval, and letf : [a, b] → R be
a continuous function that is differentiable on(a, b) and hasf (a) = f (b) = 0.
Then the derivativef ′ satisfiesf ′(c) = 0 for somec with a < c < b.

PROOF. We divide matters into three cases. Iff (x) > 0 for somex, let
c be a member of [a, b] where f attains its maximum (existence by Theorem
1.11). Since f (x) > 0 somewhere, we must havea < c < b. Thus f ′(c)
exists. If f ′(c) > 0, then the inequality limh→0 h−1( f (c + h) − f (c)) > 0
forces f (c + h) > f (c) for h positive and sufficiently small, in contradiction to
the fact that f attains its maximum atc. Similarly if f ′(c) < 0, then we find
that f (c − h) > f (c) for h positive and sufficiently small, and again we have a
contradiction. We conclude thatf ′(c) = 0.

If f (x) ≤ 0 for all x and f (x) < 0 for somex, let c instead be a member of
[a, b] where f attains its minimum. Arguing in the same way as in the previous
paragraph, we find thatf ′(c) = 0.

Finally if f (x) = 0 for all x, then f ′(x) = 0 for a < x < b, and f ′(c) = 0
for c = 1

2(a + b), for example.

Mean Value Theorem. Let [a, b] be a nontrivial closed interval. If
f : [a, b] → R is a continuous function that is differentiable on(a, b), then

f ′(c) = f (b) − f (a)

b − a

for somec with a < c < b.

PROOF. Apply the lemma to the function

g(x) = f (x) − f (a) − (x − a)
f (b)− f (a)

b−a ,

which hasg(a) = g(b) = 0 andg′(x) = f ′(x) − f (b)− f (a)

b−a .

Corollary 1. A differentiable functionf : (a, b) → R whose derivative is 0
everywhere on(a, b) is a constant function.

PROOF. If f (a′) �= f (b′), then the Mean Value Theorem produces somec
betweena′ andb′ where f ′(c) �= 0.

Corollary 2. A differentiable functionf : (a, b) → R whose derivative is
> 0 everywhere on(a, b) is strictly increasing on(a, b).

PROOF. If a′ < b′ and f (a′) ≥ f (b′), then the Mean Value Theorem produces
somec with a′ < c < b′ where f ′(c) ≤ 0.
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In the setting of the Mean Value Theorem, it can happen thatf ′(x) has a
finite limit C as x decreases toa (or asx increases tob). This terminology
means that for anyε > 0, there exists someδ > 0 such that| f ′(x) − C| < ε

whenevera < x < a+ δ. In this case,f can be extended to a functionF defined
and continuous on(−∞, b], differentiable on(−∞, b), in such a way thatF ′ is
continuous ata. In fact, the extended definition is

F(x) =
{

f (x) for a ≤ x ≤ b,

f (a) + C(x − a) for − ∞ < x ≤ a.

To see thatF ′(a) exists for the extended functionF , letε > 0 be given and choose
δ > 0 such thata < x < a + δ implies| f ′(x) − C| < ε. If a < x < a + δ, then
the Mean Value Theorem gives

F(x) − F(a)

x − a
= F ′(c)

with a < c < x < a+ δ, and hence
∣∣ F(x)−F(a)

x−a − C
∣∣ < ε. If a− δ < x < a, then∣∣∣ F(x) − F(a)

x − a
− C

∣∣∣ =
∣∣∣ ( f (a) + C(x − a)) − f (a)

x − a
− C

∣∣∣ = 0.

Thus F ′(a) exists and equalsC. The definitions make limx→a F ′(x) = F ′(a),
and henceF ′ is continuous ata.

As a consequence of this construction, it makes sense to say that a continuous
function f : [a, b] → R with a derivative on(a, b) has a continuous derivative
at one or both endpoints. This phrasing means thatf ′ has a finite limit at the
endpoint in question, and it is equivalent to say thatf extends to a larger set
so as to be differentiable in an open interval about the endpoint and to have its
derivative be continuous at the endpoint.

A3. Inverse Function Theorem in One Variable

This section addresses one of the “further topics” mentioned at the end of Sec-
tion I.1 and assumes knowledge of Section I.1 and some additional facts about
continuity and differentiability of functions of a real variable. The topic is that
of differentiability of inverse functions, the nub of the matter being continuity
of the inverse function. The topic is one that is sometimes skipped in calculus
courses and slighted in courses in real variable theory. Yet it is necessary for
the development of one of the two functions exp and log, of one of the two
functions sin and arcsin, and of one of the two functions tan and arctan unless
actual constructions of both members of a pair are given. In principle the matter
arises also with differentiation of the functionx1/q on(0,∞), but the proposition
of this section can be readily avoided in that case by explicit calculations.
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Proposition. Let (a, b) be an open interval inR, possibly infinite, and let
f : (a, b) → R be a function with a continuous everywhere-positive derivative.
Then f is strictly increasing and has an interval(c, d), possibly infinite, as its
image. The inverse functiong : (c, d) → (a, b) exists and has a continuous
derivative given byg′(y) = 1/ f ′(g(y)).

PROOF. The function f is strictly increasing as a corollary of the Mean Value
Theorem, and its image is an interval(c, d) because of the Intermediate Value
Theorem (Theorem 1.12). Being one-one and onto,f has an inverse functiong,
according to Section A1. Fixy0 ∈ (c, d), fix c′andd′ such thatc < c′ < y0 <

d′ < d, and considery �= y0 in (c′, d′). Putx = g(y), x0 = g(y0), a′ = g(c′),
andb′ = g(d′). Thena < a′ < x0 < b′ < b since f is strictly increasing.

By Theorem 1.11, there exist real numbersm and M such that 0< m ≤
f ′(t) ≤ M for all t ∈ [a′, b′]. The Mean Value Theorem producesξ betweenx0

andx such that

|y − y0| = | f (x) − f (x0)| = | f ′(ξ)||x − x0| ≥ m|x − x0|,
and hence|x − x0| ≤ m−1|y − y0|. Sinceg is one-one, we havex �= x0. Also,
f (x) = y �= y0 = f (x0). Thus it makes sense to form

g(y) − g(y0)

y − y0
= x − x0

f (x) − f (x0)
.

Let ε > 0 be given. Since limt→x0
f (t)− f (x0)

t−x0
= f ′(x0) �= 0, we have

lim
t→x0

t − x0

f (t) − f (x0)
= 1

f ′(x0)
.

Chooseη > 0 such that∣∣∣ t − x0

f (t) − f (x0)
− 1

f ′(x0)

∣∣∣ < ε

as long as|t − x0| < η with t �= x0 and t ∈ [a′, b′]. Then putδ = ηm. If
|y − y0| < δ, then|x − x0| ≤ m−1|y − y0| < m−1δ = η. Sincet = x satisfies
the condition|t − x0| < η with t �= x0 andt ∈ [a′, b′], it follows that∣∣∣g(y) − g(y0)

y − y0
− 1

f ′(x0)

∣∣∣ =
∣∣∣ x − x0

f (x) − f (x0)
− 1

f ′(x0)

∣∣∣ < ε

whenever|y − y0| < δ. Sinceε is arbitrary, the conclusion is thatg′(y0) =
1/ f ′(g(y0)). Sinceg is differentiable,g is continuous and also the composition
f ′◦g is continuous. Becausef ′◦g is nowhere zero,g′ = 1/( f ′◦g) is continuous.
This completes the proof.
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A4. Complex Numbers

Complex numbers are taken as known, and this section reviews their notation and
basic properties.

Briefly, the systemC of complex numbers is a two-dimensional vector space
overR with a distinguished basis{1, i } and a multiplication defined initially by
11 = 1, 1i = i 1 = i , andi i = −1. Elements may then be written asa + bi or
a + ib with a andb in R; herea is an abbreviation fora1. The multiplication is
extended to all ofC so that the distributive laws hold, i.e., so that(a+bi)(c+di)
can be expanded in the expected way. The multiplication is associative and
commutative, the element 1 acts as a multiplicative identity, and every nonzero
element has a multiplicative inverse:(a + bi)

(
a

a2+b2 − i b
a2+b2

) = 1.
Complex conjugationis indicated by a bar: the conjugate ofa + bi is a − bi

if a andb are real, and we writea + bi = a − bi . Then we havez + w = z̄+ w̄,
rz = r z̄ if r is real, andzw = z̄w̄.

The real and imaginary parts of z = a + bi are Rez = a and Imz = b.
These may be computed as Rez = 1

2(z + z̄) and Imz = − i
2(z − z̄).

Theabsolute valuefunction ofz = a + bi is given by|z| = √
a2 + b2, and

this satisfies|z|2 = zz̄. It has the simple properties that|z̄| = |z|, | Rez| ≤ |z|,
and| Im z| ≤ |z|. In addition, it satisfies

|zw| = |z||w|

because |zw|2 = zwzw = zwz̄w̄ = zz̄ww̄ = |z|2|w|2,

and it satisfies thetriangle inequality

|z + w| ≤ |z| + |w|

because |z + w|2 = (z + w)(z + w) = zz̄ + zw̄ + wz̄ + ww̄

= |z|2 + 2 Re(zw̄) + |w|2 ≤ |z|2 + 2|zw̄| + |w|2
= |z|2 + 2|z||w| + |w|2 = (|z| + |w|)2.

A5. Classical Schwarz Inequality

The inequality in question is as follows.4

4In the classical setting below, the inequality is often called the “Cauchy–Schwarz inequality”
and may have other people’s names attached to it as well. However, generalizations tend to be called
simply the “Schwarz inequality,” and this book therefore drops all names but Schwarz.
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Schwarz inequality. Let(a1, . . . , an) and(b1, . . . , bn) ben-tuples of complex
numbers. Then ∣∣∣ n∑

k=1

akbk

∣∣∣ ≤
( n∑

k=1

|ak|2
)1/2( n∑

k=1

|bk|2
)1/2

.

PROOF. We addn-tuples of complex numbers entry by entry, and we multiply
such ann-tuple by a complex scalar by multiplying each entry of then-tuple
by that scalar. For anyn-tuples of complex numbersa = (a1, . . . , an) and
b = (b1, . . . , bn), define|a| = (∑n

k=1 |ak|2
)1/2

, |b| = (∑n
k=1 |bk|2

)1/2
, and

(a, b) = ∑n
k=1 akbk.

The Schwarz inequality says that 0≤ 0 if b = (0, . . . , 0), and thus we may
assume thatb is something else. In this case,|b| �= 0. Then

0 ≤ ∣∣a − |b|−2(a, b)b
∣∣2 = (

a − |b|−2(a, b)b, a − |b|−2(a, b)b
)

= |a|2 − 2|b|−2|(a, b)|2 + |b|−4|(a, b)|2|b|2 = |a|2 − |b|−2|(a, b)|2,

and the asserted inequality follows.

A6. Equivalence Relations

An equivalence relationon a setS is a relation betweenS and itself, i.e., is a
subset ofS × S, satisfying three properties. We define the expressiona � b,
written “a is equivalent tob,” to mean that the ordered pair(a, b) is a member of
the relation, and we say that “�” is the equivalence relation. The properties are

(i) a � a for all a in S, i.e.,� is reflexive,
(ii) a � b impliesb � a if a andb are inS, i.e.,� is symmetric.

(iii) a � b andb � c together implya � c if a, b, andc are inS, i.e.,� is
transitive.

An example occurs withS equal to the setZ of integers witha � b meaning
that the differencea − b is even. The properties hold because (i) 0 is even, (ii)
the negative of an even integer is even, and (iii) the sum of two even integers is
even.

There is one fundamental result about abstract equivalence relations. The
equivalence classof a, written [a] for now, is the set of all membersb of Ssuch
thata � b.

Proposition. If � is an equivalence relation on a setS, then any two equiv-
alence classes are disjoint or equal, andS is the union of all the equivalence
classes.
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PROOF. Let [a] and [b] be the equivalence classes of membersa andb of S.
If [ a] ∩ [b] �= ∅, choosec in the intersection. Thena � c andb � c. By (ii),
c � b, and then by (iii),a � b. If d is any member of [b], thenb � d. From
(iii), a � b andb � d together implya � d. Thus [b] ⊆ [a]. Reversing the
roles ofa andb, we see that [a] ⊆ [b] also, whence [a] = [b]. This proves the
first conclusion. The second conclusion follows from (i), which ensures thata is
in [a], hence that every member ofS lies in some equivalence class.

EXAMPLE. With the equivalence relation onZ that a � b if a − b is even,
there are two equivalence classes—the subset of even integers and the subset of
odd integers.

The first two examples of equivalence relations in this book arise in Chapter II.
The first example, which is in Section II.2 and concerns a passage from “pseu-
dometric spaces” to “metric spaces,” yields equivalence classes exactly as above.
The second example, which is in Section II.3, is a relation “is homeomorphic
to” and implicitly is defined on the class of all metric spaces. This class is not
a set, and Section A1 of this appendix suggested avoiding using classes that are
not sets in order to avoid the logical paradoxes mentioned at the beginning of the
appendix. There is not much problem with using general classes in this particular
situation, but there is a simple approach in this situation for eliminating classes
that are not sets and thereby following the suggestion of Section A1 without
making an exception. The approach is to work with any subclass of metric spaces
that is a set. The equivalence relation is well defined on the set of metric spaces
in question, and the proposition yields equivalence classes within that set. This
set can be an arbitrary subclass of the class of all metric spaces that happens to be
a set, and the practical effect is the same as if the equivalence relation had been
defined on the class of all metric spaces.

A7. Linear Transformations, Matrices, and Determinants

A certain amount of linear algebra, done with real or complex scalars, is taken
as known. The topics of vectors, vector spaces, operations on matrices, row
reduction of matrices, spanning, linear independence, bases, and dimension will
not be reviewed here. This section will concentrate on the correspondence be-
tween linear transformations and matrices in the finite-dimensional case, and on
the elementary properties of determinants. So as to be able to handle real and
complex scalars simultaneously, we denote byF eitherR or C.

The linear transformations in question will be functions with domainFn and
rangeFm. As is emphasized for the caseF = R in Section II.1, the members of
these spaces are to be regarded as column vectors with entries inF even if, in order
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to save space, one occasionally writes them horizontally with commas between
entries. This is an important convention, since it makes matrix operations and
operations with linear transformations correspond to each other in the same order
without the need to transpose any matrix. The standard bases forFn andFm are
often denoted by{e1, . . . , en} and{u1, . . . , um}, respectively, in this book, where

e1 =

⎛⎜⎜⎝
1
0
0
...
0

⎞⎟⎟⎠ , e2 =

⎛⎜⎜⎝
0
1
0
...
0

⎞⎟⎟⎠ , . . . , en =

⎛⎜⎜⎝
0
0
0
...
1

⎞⎟⎟⎠
aren-entry column vectors and

u1 =
⎛⎝ 1

0
...
0

⎞⎠ , u2 =
⎛⎝ 0

1
...
0

⎞⎠ , . . . , um =
⎛⎝ 0

0
...
1

⎞⎠
arem-entry column vectors.

A function T : Fn → Fm is a linear function if it satisfiesT(x + y) =
T(x) + T(y) andT(cx) = cT(x) for all x andy in Fn and all elementsc of F.
The terms “linear transformation” and “linear map” are used also.

An example is obtained from anym-by-n matrix A with entries inF, namely
T(x) = Ax, the right side being a matrix product. The size ofA needs emphasis:
the number of rows equals the dimension of the range, and the number of columns
equals the dimension of the domain.

Conversely ifT : Fn → Fm is a linear function, then there is a unique
such matrixA such thatT(x) = Ax for all x in Fn: the j th column of A is
T(ej ) for 1 ≤ j ≤ n. For example, ifT : R2 → R2 is the rotation about

the origin counterclockwise through an angleθ , then T
(

1
0

)
=
(

cosθ
sinθ

)
and

T
(

0
1

)
=
( − sinθ

cosθ

)
. ConsequentlyA =

(
cosθ − sinθ

sinθ cosθ

)
.

Sometimes it is necessary to have a notation for the entries of a matrixA, and
this text usesAi j to indicate the entry ofA in the i th row and j th column. If a
matrix is defined entry by entry, the entries beingMi j , the text will occasionally
refer to the whole matrix as [Mi j ]. This convention is especially handy ifMi j is
given by some nontrivial expression like∂ui /∂xj that involvesi and j .

We can give a tidy formula for the correspondenceT ↔ A if we define a dot
product inFm by

(a1, . . . , am) · (b1, . . . , bm) = a1b1 + · · · + ambm

with no complex conjugations involved. The correspondence of a linear function
T in L(Fn, Fm) to a matrixA with entries inF is then given by

Ai j = T(ej ) · ui .
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The correspondenceT ↔ A of linear functions to matrices carries certain
vector spaces associated toT to vector spaces associated withA. Thekernel
of T , namely the set of vectorsx with T(x) = 0, corresponds to thenull space
of A, the set of column vectors withAx = 0. The image of T , as defined in
Section A1, corresponds to the column space ofA, the linear span of the columns
of A. The method of row reduction of matrices shows that

#{columns ofA} = dim(null space ofA) + dim(span of rows ofA),

while a little argument with bases shows that

dim(domain ofT) = dim(kernel ofT) + dim(image ofT).

In these two equations the left sides are equal, and the first terms on the two right
sides are equal. Therefore the second terms on the two right sides are equal, and
we obtain

dim(span of rows ofA) = dim(span of columns ofA).

The common value of the two sides of this equation is called therank of A or
of T .

Under this correspondence of linear functions between column-vector spaces
with matrices of the appropriate size, composition of linear functions corresponds
to matrix product in the same written order. In other words, suppose that
T : Fn → Fm corresponds toAof sizem-by-nand thatU : Fm → Fk corresponds
to B of sizek-by-m. ThenU ◦ T : Fn → Fk corresponds toB A of sizek-by-n.

The determinant function A 
→ detA has domain the set of all square
matrices overF and has rangeF. It is uniquely defined by the three properties

(i) det A is linear in each row ofA if the other rows are held fixed,
(ii) det A = 0 if two rows of A are equal,

(iii) det I = 1 if I denotes the identity matrix of any size.

These properties enable one to calculate detA by row reducing the matrixA.
Specifically replacement of a row by the sum of it and a multiple of another row
leaves detAunchanged, multiplication of a row by a constant to make the diagonal
entry be one means pulling out the diagonal entry as a scalar factor multiplying
the determinant, and interchanging two rows multiplies the determinant by−1.
After the row reduction is complete for a square matrix, either the reduced row-
echelon form is the identity matrix and (iii) says that the determinant is 1 or else
the reduced row-echelon form has a row of 0’s, and (i) and (ii) imply that the
determinant is 0.

The determinant function has the following additional properties, which may
be regarded as consequences of (i), (ii), and (iii) above:
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(iv) det A �= 0 if and only if A is invertible,
(v) detA = detAtr, whereAtr is the transpose ofA,

(vi) det(AB) = (detA)(detB),
(vii) det A = ∑

σ (sgnσ)A1,σ (1) · · · An,σ (n) if A isn-by-n with entriesAi, j ; the
sum is taken over all permutationsσ of {1, . . . , n}, with sgnσ denoting
the sign ofσ ,

(viii) (expansion by cofactors)for n > 1 if Âi j denotes the(n−1)-by-(n−1)

matrix obtained by deleting thei th row and j th column from then-by-n
matrix A, then detA = ∑n

j =1 (−1)i + j Ai j detÂi j for all i and detA =∑n
i =1 (−1)i + j Ai j detÂi j for all j ,

(ix) (Cramer’s rule) if det A �= 0, if v is in Rn, and if Aj denotes the matrix
obtained by replacing thej th column ofA by v, then thej th entry of the
unique solutionx ∈ Rn of Ax = v is xj = detAj

/
detA.

A8. Factorization and Roots of Polynomials

The first objective of this section is to prove unique factorization of real and
complex polynomials. LetF denote either the realsR or the complex numbers
C.

We work with polynomials with coefficients inF. These are expressions
P(X) = anXn +· · ·+a1X +a0 with an, . . . , a1, a0 in F. Although it is tempting
to think of P(X) as a function with independent variableX, it is better to identify
P with the sequence(a0, a1, . . . , an, 0, 0, . . . ) of coefficients. For this setting, a
polynomial (in one “indeterminate”) may be defined as a sequence of members
of F such that all terms of the sequence are 0 from some point on. The indexing of
the sequence is to begin with 0. Addition, scalar multiplication, and polynomial
multiplication are then defined in the expected way so as to match the operations
on functions. The usual associative, commutative, and distributive laws are then
valid.

Nevertheless, it is still convenient to use the notationX in writing explicit
polynomials. Ifr is in F, we can evaluateP(X) = anXn + · · · + a1X + a0 at
r , and the result is the numberP(r ) = anr n + · · · + a1r + a0. We say thatr
is a root of P if P(r ) = 0. Thedegreeof a polynomialP, denoted by degP,
is the largest integern such that the coefficient ofXn is nonzero; the notion of
“degree” is left undefined for the 0 polynomial, i.e., the polynomial all of whose
coefficients are 0. Afactor of a polynomialA(X) is a polynomialB(X) such
that A(X) = B(X)Q(X) for some polynomialQ(X); we say also thatB(X)

andQ(X) divide A(X). In this case, ifB andQ are not 0, thenA is not 0 and
degA = degB + degQ.
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Division Algorithm. If A(X) andB(X) are polynomials with coefficients in
F and if B(X) is not the 0 polynomial, then there exist unique polynomialsQ(X)

andR(X) such that

(a) A(X) = B(X)Q(X) + R(X) and
(b) eitherR(X) is the 0 polynomial or degR < degB.

REMARK. This result codifies the usual method of dividing polynomials in
high-school algebra. That method writesA(X)/B(X) = Q(X) + R(X)/B(X),
and then one obtains the above result by multiplying byB(X). The polynomial
Q is the quotient in the division, andR(X) is the remainder.

PROOF OF UNIQUENESS. If A = BQ1 + R1 also, thenB(Q − Q1) =
R1−R. Without loss of generality,R1−R is not the 0 polynomial since otherwise
Q − Q1 = 0 also. Then

degB + deg(Q − Q1) = deg(R1 − R) ≤ max{degR, degR1} < degB,

and we have a contradiction.

PROOF OF EXISTENCE. If A = 0 or degA < degB, we takeQ = 0 and
R = A, and we are done. Otherwise we induct on degA. Assume the result
for degree≤ n − 1, and let degA = n. Write A = anXn + A1 with A1 = 0
or degA1 < degA. Let B = bk Xk + B1 with B1 = 0 or degB1 < degB. Put
Q1 = anb−1

k Xn−k. Then

A − BQ1 = anXn + A1 − anXn − anb−1
k Xn−k B1 = A1 − anb−1

k Xn−k B1

with the right side equal to 0 or of degree< degA. Then the right side, by
induction, is of the formBQ2 + R, andA = B(Q1 + Q2) + R is the required
decomposition.

Corollary 1 (Factor Theorem). Ifr is in F andP is a polynomial, thenX − r
dividesP if and only if P(r ) = 0.

PROOF. If P = (X − r )Q, then P(r ) = (r − r )Q(r ) = 0. Conversely
let P(r ) = 0. Taking B(X) = X − r in the Division Algorithm, we obtain
P = (X − r ) + R with R = 0 or degR < deg(X − r ) = 1. In either event we
have 0= P(r ) = (r − r )Q(r ) + R(r ), and thusR(r ) = 0. Of the two choices,
we must haveR = 0, and thenP = (X − r )Q.

Proposition. If P is a nonzero polynomial with coefficients inF and if degP =
n, thenP has at mostn distinct roots.
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PROOF. Let r1, . . . , rn+1 be distinct roots ofP(X). By the Factor Theo-
rem, X − r1 is a factor ofP(X). We prove inductively onk that the product
(X − r1)(X − r2) · · · (X − rk) is a factor ofP(X). Assume that this assertion
holds fork, so thatP(X) = (X − r1) · · · (X − rk)Q(X) and

0 = P(rk+1) = (rk+1 − r1) · · · (rk+1 − rk)Q(rk+1).

Since ther j ’s are distinct, we must haveQ(rk+1) = 0. By the Factor Theorem,
we can writeQ(X) = (X − rk+1)R(X) for some polynomialR(X). Substitution
givesP(X) = (X − r1) · · · (X − rk)(X − rk+1)R(X), and(X − r1) · · · (X − rk+1)

is exhibited as a factor ofP(X). This completes the induction. Consequently

P(X) = (X − r1) · · · (X − rn+1)S(X)

for some polynomialS(X). Comparing the degrees of the two sides, we find that
degS = −1, and we have a contradiction.

A greatest common divisorof polynomials A and B with B �= 0 is any
polynomial D of maximum degree such thatD divides A and D divides B.
TheEuclidean algorithm is the iterative process that makes use of the Division
Algorithm in the form

A = BQ1 + R1, R1 = 0 or degR1 < degB,

B = R1Q2 + R2, R2 = 0 or degR2 < degR1,

R1 = R2Q3 + R3, R3 = 0 or degR3 < degR2,

...

Rn−2 = Rn−1Qn + Rn, Rn = 0 or degRn < degRn−1,

Rn−1 = RnQn+1.

In the above computation the integern is defined by the conditions thatRn �= 0
and thatRn+1 = 0. Such ann must exist since degB > degR1 > · · · ≥ 0.

Theorem. Let A andB be polynomials with coefficients inF and withB �= 0,
and letR1, . . . , Rn be the remainders generated by the Euclidean algorithm when
applied toA andB. Then

(a) Rn is a greatest common divisor ofA andB,
(b) the greatest common divisorD of A andB is unique up to scalar multi-

plication,
(c) anyD1 that divides bothA andB necessarily dividesD,
(d) there exist polynomialsP andQ with AP + BQ = D.
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PROOF. Let D1 divide A and B. From A = BQ1 + R1, we see thatD1

divides R1. From B = R1Q2 + R2, we see thatD1 divides R2. Continuing
in this way throughRn−2 = Rn−1Qn + Rn, we see thatD1 divides Rn. In
particular any greatest common divisorD of A andB divides Rn and therefore
has degD ≤ degRn. In the reverse direction,Rn−1 = RnQn+1 shows that
Rn divides Rn−1. From Rn−2 = Rn−1Qn + Rn, we see thatRn divides Rn−2.
Continuing in this way throughB = R1Q2 + R2, we see thatRn divides B.
Finally A = BQ1 + R1 shows thatRn dividesA andB. ThusRn is a divisor of
both A andB, and we have seen that its degree is maximal. This proves (a).

If D is a greatest common divisor ofA and B, it follows that D divides Rn

and degD = degRn. This proves (b). We have seen that anyD1 that divides
A andB necessarily dividesRn, and then (c) follows from the uniqueness of the
greatest common divisor up to scalar multiplication.

Put Rn+1 = 0, R0 = B, and R−1 = A. We prove by induction downward
that there are polynomialsSk andTk such thatRkSk + Rk+1Tk = D. The base
case of the induction isk = n, where we haveRn1 + Rn+10 = D. Suppose
that RkSk + Rk+1Tk = D with k ≥ 0. We rewriteRk−1 = Rk Qk+1 + Rk+1 as
Rk+1 = Rk−1 − Rk Qk+1 and substitute to obtain

D = RkSk + Rk+1Tk = RkSk + Rk−1Tk − Rk Qk+1.

In other words, we can takeSk−1 = Tk andTk = Sk − Qk+1, and our inductive
assertion is proved fork − 1. The assertion for−1 proves (d).

A nonzero polynomialP with coefficients inF is prime if the only factors of
P are the scalar multiples of 1 and the scalar multiples ofP.

Lemma. If A andB are nonzero polynomials with coefficients inF and if P
is a prime polynomial such thatP dividesAB, thenP dividesA or P dividesB.

PROOF. Suppose thatP does not divideA. Then 1 is a greatest common divisor
of A and P, and part (d) of the above theorem produces polynomialsS andT
such thatAS+ PT = 1. Multiplication byB givesABS+ PT B = B. ThenP
divides ABSbecause it dividesAB, andP divides PT B because it dividesP.
HenceP dividesB.

Theorem (unique factorization). Every polynomial of degree≥ 1 with coef-
ficients inF is a product of primes. This factorization is unique up to order and
to scalar multiplication of the prime factors.

PROOF. If A is given and is not prime, decomposeA = BCwith degB < degA
and degC < degA. For each factor that is not prime, write the factor as the
product of two polynomials of lower degree. This process, when continued in
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this fashion, must stop since the degrees strictly decrease with any factorization.
This proves existence.

For uniqueness, assume the contrary and choosem ≥ 1 as small as possible so
that some polynomial has two distinct factorizationsP1 · · · Pm = Q1 · · · Qn into
primes, apart from order and scalar factors. Adjusting scalar multiples, we may
assume that eachPj and Qk has leading coefficient 1 and that there is a global
coefficient multiplying each side. These global coefficients must be equal, being
the coefficients of the largest power ofX on each side. Thus we may cancel them
and assume that eachPj and Qk has leading coefficient 1. By the lemma, the
fact thatQ1 is prime means thatQ1 must divide one ofP1, . . . , Pm. Reordering
the factors, we may assume thatQ1 dividesP1. SinceP1 is prime,P1 is a scalar
multiple of Q1. SinceP1 and Q1 both have leading coefficient 1,P1 = Q1.
Then we can cancelP1 andQ1 from both of our factorizations, obtaining distinct
factorizations with fewer thanm factors on one side. By the minimality ofm,
either we have arrived at a contradiction or we now have the polynomial 1 left on
one side. Then the other side is 1, and the two sides match.

If F is R, thenX2 + 1 is prime. ButX2 + 1 is not prime whenF = C since
X2 + 1 = (X + i )(X − i ). The Fundamental Theorem of Algebra, stated below,
implies that every prime polynomial overC is of degree 1. It is possible to prove
the Fundamental Theorem of Algebra within complex analysis as a consequence
of Liouville’s Theorem or within modern algebra as a consequence of Galois
theory and the Sylow theorems. This text gives a proof of the result in Section
II.7 using the Heine–Borel Theorem and other facts about compactness.

Fundamental Theorem of Algebra. Any polynomial with coefficients inC
and with degree≥ 1 has at least one root.

Corollary. Let P be a nonzero polynomial of degreen with coefficients inC,
and letr1, . . . , rk be the roots. Then there exist unique integersmj > 0 such that
P(X) is a multiple of

∏k
j =1 (X − r j )

mj . The numbersmj have
∑k

j =1 mj = n.

PROOF. We may assume that degP > 0. We apply unique factorization to
P(X). It follows from the Fundamental Theorem of Algebra and the Factor
Theorem that each prime polynomial with coefficients inC has degree 1. Thus
the unique factorization ofP(X) has to be of the formc

∏n
l=1(X − zl ) for some

complex numbers that are unique up to order. Thezl ’s are roots, and every root is a
zl , by the Factor Theorem. Grouping like factors proves the desired factorization
and its uniqueness. The numbersmj have

∑k
j =1 mj = n by a count of degrees.

The integersmj in the corollary are called themultiplicities of the roots of the
polynomialP(X).
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A9. Partial Orderings and Zorn’s Lemma

A partial ordering on a setS is a relation betweenS and itself, i.e., a subset of
S× S, satisfying two properties. We define the expressiona ≤ b to mean that the
ordered pair(a, b) is a member of the relation, and we say that “≤” is the partial
ordering. The properties are

(i) a ≤ a for all a in S, i.e.,≤ is reflexive,
(ii) a ≤ b andb ≤ c together implya ≤ c whenevera, b, andc are inS, i.e.,

≤ is transitive.

An example of such anS is any set of subsets of a setX, with ≤ taken to
be inclusion⊆. This particular partial ordering has a third property of interest,
namely

(iii) a ≤ b andb ≤ a with a andb in S imply a = b.

However, the validity of (iii) has no bearing on Zorn’s Lemma below. A partial
ordering is said to be atotal ordering or simple ordering if (iii) holds and also

(iv) anya andb in Shave eithera ≤ b or b ≤ a.

For the sake of a result to be proved at the end of the section, let us interpolate
one further definition: a totally ordered set is said to bewell ordered if every
nonempty subset has a least element, i.e., if each nonempty subset contains an
elementa such thata ≤ b for all b in the subset.

A chain in a partially ordered setS is a totally ordered subset. Anupper
bound for a chainT is an elementu in S such thatc ≤ u for all c in T . A
maximal elementin S is an elementm such thatm ≤ a for somea in S implies
a ≤ m. (If (iii) holds, we can then conclude thatm = a.)

Zorn’s Lemma. If S is a nonempty partially ordered set in which every chain
has an upper bound, thenShas a maximal element.

REMARKS. Zorn’s Lemma will be proved below using the Axiom of Choice,
which was stated in Section A1. It is an easy exercise to see, conversely,
that Zorn’s Lemma implies the Axiom of Choice. It is customary with many
mathematical writers to mention Zorn’s Lemma each time it is invoked, even
though most writers nowadays do not ordinarily acknowledge uses of the Axiom
of Choice. Before coming to the proof, we give an example of how Zorn’s Lemma
is used.

EXAMPLE. Zorn’s Lemma gives a quick proof that any real vector spaceV
has a basis. In fact, letSbe the set of all linearly independent subsets ofV , and
orderS by inclusion upward as in the example above of a partial ordering. The
setS is nonempty because∅ is a linearly independent subset ofV . Let T be a
chain inS, and letu be the union of the members ofT . If t is in T , we certainly
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havet ⊆ u. Let us see thatu is linearly independent. Foru to be dependent
would mean that there are vectorsx1, . . . , xn in u with r1x1 + · · · + rnxn = 0 for
some system of real numbers not all 0. Letxj be in the membertj of the chain
T . Sincet1 ⊆ t2 or t2 ⊆ t1, x1 andx2 are both int1 or both int2. To keep the
notation neutral, say they are both int ′

2. Sincet ′
2 ⊆ t3 or t3 ⊆ t ′

2, all of x1, x2, x3

are in t ′
2 or they are all int3. Say they are both int ′

3. Continuing in this way,
we arrive at one of the setst1, . . . , tn, sayt ′

n, such that all ofx1, . . . , xn are all
in t ′

n. The members oft ′
n are linearly independent by assumption, and we obtain

the contradictionr1 = · · · = rn = 0. We conclude that the chainT has an upper
bound inS. By Zorn’s Lemma,S has a maximal element, saym. If m is not
a basis, it fails to span. If a vectorx is not in its span, it is routine to see that
m ∪ {x} is linearly independent and properly containsm, in contradiction to the
maximality ofm. We conclude thatm is a basis.

We now begin the proof of Zorn’s Lemma. IfT is a chain in a partially ordered
setS, then an upper boundu0 for T is aleast upper boundfor T if u0 ≤ u for all
upper bounds ofT . If (iii) holds in S, then there can be at most one least upper
bound forT . In fact, if u0 andu′

0 are least upper bounds, thenu0 ≤ u′
0 since

u0 is a least upper bound, andu′
0 ≤ u0 sinceu′

0 is a least upper bound; by (iii),
u0 = u′

0.

Lemma. Let X be a nonempty partially ordered set such that (iii) holds, and
write ≤ for the partial ordering. Suppose thatX has the additional property that
each nonempty chain inX has a least upper bound inX. If f : X → X is a
function such thatx ≤ f (x) for all x in X, then there exists anx0 in X with
f (x0) = x0.

PROOF. A nonempty subsetE of X will be calledadmissiblefor purposes of
this proof if f (E) ⊆ E and if the least upper bound of each nonempty chain in
E, which exists inX by assumption, actually lies inE. By assumption,X is an
admissible subset ofX. If x is in X, then the intersection of admissible subsets of
X containingx is admissible. Thus the intersectionAx of all admissible subsets
containingx is an admissible subset containingx. The set of ally in X with
x ≤ y is an admissible subset ofX containingx, and it follows thatx ≤ y for all
y in Ax.

By hypothesis,X is nonempty. Fix an elementa in X, and letA = Aa. The
main step is to prove thatA is a chain. Once that is established, we argue as
follows: SinceA is a chain, its least upper boundx0 lies in X, and sinceA is an
admissible subset,x0 lies in A. By admissibility, f (A) ⊆ A. Hence f (x0) is in
A. Sincex0 is an upper bound ofA, f (x0) ≤ x0. On the other hand,x0 ≤ f (x0)

by the assumed property off . Thereforef (x0) = x0 by (iii).
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To prove thatA is a chain, consider the subsetC of membersx of A with the
property that there is a nonempty chainCx in A containinga andx such that

• a ≤ y ≤ x for all y in Cx,
• f (Cx − {x}) ⊆ Cx, and
• the least upper bound of any nonempty subchain ofCx is in Cx.

The elementa is in C because we can takeCa = {a}. If x is in C, so thatCx

exists, let us use the bulleted properties to see that

A = Ax ∪ Cx. (∗)

We haveA ⊇ Cx by definition; alsoA∩ Ax is an admissible set containingx and
hence containingAx, and thusA ⊇ Ax. ThereforeA ⊇ Ax ∪Cx. For the reverse
inclusion it is enough to prove thatAx∪Cx is an admissible subset ofX containing
a. The elementa is in Cx and thus is inAx ∪Cx. For the admissibility we have to
show thatf (Ax ∪Cx) ⊆ Ax ∪Cx and that the least upper bound of any nonempty
chain inAx ∪ Cx lies in Ax ∪ Cx. Sincex lies in Ax, Ax ∪ Cx = Ax ∪ (Cx −{x})
and f (Ax ∪ Cx) = f (Ax) ∪ f (Cx − {x}) ⊆ Ax ∪ Cx, the inclusion following
from the admissibility ofAx and the second bulleted property ofCx.

To complete the proof of (∗), take a nonempty chain inAx ∪ Cx, and letu be
its least upper bound inX; it is enough to show thatu is in Ax ∪Cx. The element
u is necessarily inA sinceA is admissible. Observe that

y ≤ x and x ≤ z whenevery is in Cx andz is in Ax. (∗∗)

If the chain has at least one member inAx, then (∗∗) implies thatx ≤ u, and
hence the set of members of the chain that lie inAx forms a nonempty chain in
Ax with least upper boundu. SinceAx is admissible,u is in Ax. Otherwise the
chain has all its members inCx, and thenu is in Cx by the third bulleted property
of Cx.

This completes the proof of (∗). Although we do not need the fact, let us
observe that combining (∗∗) and (∗) yields Ax ∩ Cx = {x} wheneverCx exists.
ThusCx = (A − Ax) ∪ {x} if Cx exists. In particular the defining properties of
Cx determineCx completely.

Recalling thatC is the subset of members ofA such thatCx exists, we shall
show thatC is an admissible set containinga. If we can do so, then it follows
thatC ⊇ Aa = A and henceC = A. This fact, in combination with (∗) and (∗∗),
proves thatA is a chain: ifx andy are inA, (∗) shows thaty is in Ax or Cx, and
(∗∗) shows thatx ≤ y in the first case andy ≤ x in the second case.

Thus the proof will be complete if we show thatC is admissible and contains
a. We already observed that it containsa. We need to see thatf (C) ⊆ C
and that the least upper bound of any nonempty chain ofC lies in C. For the
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first of these conclusions, let us see that ifx is in C, thenCf (x) exists and can
be taken to beCx ∪ { f (x)}. Property (∗) proves thatCx ∪ { f (x)} satisfies the
first bulleted property ofCf (x), and the second bulleted property follows from
that same property ofCx and the fact thatx ≤ f (x). Any nonempty chain in
Cx ∪ { f (x)} either lies inCx and has its least upper bound inCx or else contains
f (x) as a member and then hasf (x) as its least upper bound. ThusCx ∪ { f (x)}
satisfies the third bulleted property ofCf (x) and can be taken to beCf (x). Hence
f (x) is in C, and f (C) ⊆ C.

Finally take any nonempty chain{xα} in C, and letu be its least upper bound,
which is necessarily inA. Form the set

(⋃
α Cxα

) ∪ {u}. It is immediate that
this set satisfies the three bulleted properties ofCu and therefore can be taken to
beCu. Henceu is in C, andC contains the least upper bound of any nonempty
chain inC. ThenC is indeed an admissible set containinga.

PROOF OF ZORN’S LEMMA. Let S be a partially ordered set, with partial
ordering≤, in which every chain has an upper bound. LetX be the partially
ordered system, ordered by inclusion upward⊆, of nonempty chains5 in S. The
partially ordered systemX, being given by ordinary inclusion, satisfies property
(iii). A nonempty chainC in X is a nested system of chainscα of S, and

⋃
α cα is

a chain inS that is a least upper bound forC. The lemma is therefore applicable
to any functionf : X → X such thatc ⊆ f (c) for all c in X. We use the lemma
to produce a maximal chain inX.

Arguing by contradiction, suppose that no chain withinS is maximal under
inclusion. For each nonempty chainc within S, let f (c) be a chain withc ⊆ f (c)
andc �= f (c). (This choice of f (c) for eachc is where we use the Axiom of
Choice.) The result is a functionf : X → X of the required kind, the lemma
says thatf (c) = c for somec in X, and we arrive at a contradiction. We conclude
that there is some maximal chainc0 within S.

By assumption in Zorn’s lemma, every nonempty chain withinShas an upper
bound. Letu0 be an upper bound for the maximal chainc0. If u is a member ofS
with u0 ≤ u, thenc0 ∪ {u} is a chain and maximality implies thatc0 ∪ {u} = c0.
Thereforeu is in c0, andu ≤ u0. This is the condition thatu0 is a maximal
element ofS.

Corollary (Zermelo’s well-ordering theorem). Every set has a well ordering.

PROOF. Let Sbe a set, and letE be the family of all pairs(E, ≤E) such thatE
is a subset ofSand≤E is a well-ordering ofE. The familyE is nonempty since

5Here a chain is simply a certain kind of subset ofS, and no element ofS can occur more than
once in it even if (iii) fails for the partial ordering. Thus ifS = {x, y} with x ≤ y andy ≤ x, then
{x, y} is in X and in fact is maximal inX.
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(∅, ∅) is a member of it. We partially orderE by a notion of “inclusion as an
initial segment,” saying that(E, ≤E) ≤ (F, ≤F ) if

(i) E ⊆ F ,
(ii) a andb in E with a ≤E b impliesa ≤F b,

(iii) a in E andb in F but notE together implya ≤F b.

In preparation for applying Zorn’s Lemma, letC = {(Eα, ≤α)} be a chain inE,
with theα’s running through some setI . DefineE0 = ⋃

α Eα and define≤0 as
follows: If e1 ande2 are inE0, let e1 be in Eα1 with α1 in I , and lete2 be in Eα2

with α2 in I . SinceC is a chain, we may assume without loss of generality that
(Eα1, ≤α1) ≤ (Eα2, ≤α2), so thatEα1 ⊆ Eα2 in particular. Thene1 ande2 are both
in Eα2 and we definee1 ≤0 e2 if e1 ≤α2 e2, or e2 ≤0 e1 if e2 ≤α2 e1. Because of
(i) and (ii) above, the result is well defined independently of the choice ofα1 and
α2. Similar reasoning shows that≤0 is a total ordering ofE0. If we can prove
that≤0 is a well ordering, then(E0, ≤0) is evidently an upper bound inE for the
chainC, and Zorn’s Lemma is applicable.

Now suppose thatF is a nonempty subset ofE0. Pick an element ofF , and
let Eα0 be a set in the chain that contains it. Since(Eα0, ≤α0) is well ordered and
F ∩Eα0 is nonempty,F ∩Eα0 contains a least elementf0 relative to≤α0. We show
that f0 ≤0 f for all f in F . In fact, if f is given, there are two possibilities. One
is that f is in Eα0; in this case, the consistency of≤0 with ≤α0 forces f0 ≤0 f .
The other is thatf is not in Eα0 but is in someEα1. SinceC is a chain and
Eα1 ⊆ Eα0 fails, we must have(Eα0, ≤α0) ≤ (Eα1, ≤α1). Then f is in Eα1 but
not Eα0, and property (iii) above says thatf0 ≤α1 f . By the consistency of the
orderings,f0 ≤0 f . Hence f0 is a least element inF , andE0 is well ordered.

Application of Zorn’s Lemma produces a maximal element(E, ≤E) of E. If
E were a proper subset ofS, we could adjoin toE a members of Snot in E and
define every elemente of E to be≤ s. The result would contradict maximality.
ThereforeE = S, andShas been well ordered.

A10. Cardinality

Two setsA andB are said to have the samecardinality , written cardA = cardB,
if there exists a one-one function fromA ontoB. On any setA of sets, “having the
same cardinality” is plainly an equivalence relation and therefore partitionsA into
disjoint equivalence classes, the sets in each class having the same cardinality. The
question of what constitutes cardinality (or a “cardinal number”) in its own right
is one that is addressed in set theory but that we do not need to address carefully
here; the idea is that each equivalence class under “having the same cardinality”
has a distinguished representative, and thecardinal number is defined to be that
representative. We write cardA for the cardinal number of a setA.
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Having addressed equality, we now introduce a partial ordering, saying that
cardA ≤ cardB if there is a one-one function fromA into B. The first result below
is that cardA ≤ cardB and cardB ≤ cardA together imply cardA = cardB.

Proposition (Schroeder–Bernstein Theorem). IfA and B are sets such that
there exist one-one functionsf : A → B andg : B → A, then A and B have
the same cardinality.

PROOF. Define the functiong−1 : imageg → A by g−1(g(a)) = a; this
definition makes sense sinceg is one-one. Write(g ◦ f )(n) for the composition
of g ◦ f with itself n times, and define( f ◦ g)(n) similarly. Define subsetsAn

andA′
n of A and subsetsBn andB′

n for n ≥ 0 by

An = image((g ◦ f )(n)) − image((g ◦ f )(n) ◦ g),

A′
n = image((g ◦ f )(n) ◦ g) − image((g ◦ f )(n+1)),

Bn = image(( f ◦ g)(n)) − image(( f ◦ g)(n) ◦ f ),

B′
n = image(( f ◦ g)(n) ◦ f ) − image(( f ◦ g)(n+1)),

and let

A∞ =
∞⋂

n=0
image((g ◦ f )(n)) and B∞ =

∞⋂
n=0

image(( f ◦ g)(n)).

Then we have

A = A∞ ∪
∞⋃

n=0
An ∪

∞⋃
n=0

A′
n and B = B∞ ∪

∞⋃
n=0

Bn ∪
∞⋃

n=0
B′

n,

with both unions disjoint.
Let us prove thatf carriesAn one-one ontoB′

n. If a is in An, thena =
(g ◦ f )(n)(x) for somex ∈ A anda is not of the form(g ◦ f )(n)(g(y)) with
y ∈ B. Applying f , we obtain f (a) = ( f ◦ ((g ◦ f )(n))(x) = ( f ◦ g)(n)( f (x)),
so that f (a) is in the image of(( f ◦ g)(n) ◦ f ). Meanwhile, if f (a) is in the
image of( f ◦ g)(n+1), then f (a) = ( f ◦ g)(n+1)(y) = f ((g ◦ f )(n)(g(y))) for
somey ∈ B. Since f is one-one, we can cancel thef on the outside and obtain
a = (g ◦ f )(n)(g(y)), in contradiction to the fact thata is in An. Thus f carries
An into B′

n, and it is certainly one-one. To see thatf (An) contains all ofB′
n, let

b ∈ B′
n be given. Thenb = ( f ◦ g)(n)( f (x)) for somex ∈ A andb is not of the

form ( f ◦ g)(n+1)(y) with y ∈ B. Henceb = f ((g ◦ f )(n)(x)), i.e.,b = f (a)

with a = (g ◦ f )(n)(x). If this elementa were in the image of(g ◦ f )(n) ◦ g,
we could writea = (g ◦ f )(n)(g(y)) for somey ∈ B, and then we would have
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b = f (a) = f ((g ◦ f )(n)(g(y))) = ( f ◦ g)(n+1)(y), contradiction. Thusa is in
An, and f carriesAn one-one ontoB′

n.
Similarly g carriesBn one-one ontoA′

n. SinceA′
n is in the image ofg, we can

applyg−1 to it and see thatg−1 carriesA′
n one-one ontoBn.

The same kind of reasoning as above shows thatf carriesA∞ one-one onto
B∞. In summary, f carries eachAn one-one ontoB′

n and carriesA∞ one-one
onto B∞, while g−1 carries eachA′

n one-one ontoBn. Then the function

h =
{

f on A∞ and eachAn,

g−1 on eachA′
n,

carriesA one-one ontoB.

Next we show that any two setsA andB have comparable cardinalities in the
sense that either cardA ≤ cardB or cardB ≤ cardA.

Proposition. If A andB are two sets, then either there is a one-one function
from A into B or there is a one-one function fromB into A.

PROOF. Consider the setSof all one-one functionsf : E → B with E ⊆ A,
the empty function withE = ∅ being one such. Each such function is a certain
subset ofA×B. If we orderSby inclusion upward, then the union of the members
of any chain is an upper bound for the chain. By Zorn’s Lemma letG : E0 → B
be a maximal one-one function of this kind, and letF0 be the image ofG. If
E0 = A, thenG is a one-one function fromA into B. If F0 = B, thenG−1

is a one-one function fromB into A. If neither of these things happens, then
there existx0 ∈ A − E0 and y0 in B − F0, and the functioñG equal toG on
E0 and having̃G(x0) = y0 extendsG and is still one-one; thus it contradicts the
maximality ofG.

Cantor’s proof that there exist uncountable sets, done with a diagonal argument,
in fact showed how to start from any setA and construct a set with strictly larger
cardinality.

Proposition (Cantor). If A is a set and 2A denotes the set of all subsets ofA,
then card 2A is strictly larger than cardA.

PROOF. The mapA 
→ {A} is a one-one function fromA into 2A. If we are
given a one-one functionF : A → 2A, let E be the set of allx in A such thatx is
not in F(x). If F(x0) = E, thenx0 ∈ E impliesx0 /∈ F(x0) = E, while x0 /∈ E
impliesx ∈ F(x0) = E. We have a contradiction in any case, and henceE is not
in the image ofF . We conclude thatF cannot be onto 2A.



HINTS FOR SOLUTIONS OF PROBLEMS

Chapter I

1. Let E be a nonempty set that is bounded above. Start with a members1 of E.
Choose if possible ans2 in E with s2−s1 ≥ 1. Continue withs3−s2 ≥ 1,s4−s3 ≥ 1,
etc., until this is no longer possible; the existence of an upper bound forces the process
to stop at some stage. Suppose thatsk has been constructed at this stage. Definesk+n

inductively for n ≥ 1 to be a member ofE with sk+n − sk+n−1 ≥ 2−n if possible;
otherwise definesk+n = sk+n−1. Then{sn} is bounded and monotone increasing. To
complete the problem, one has only to show that limn sn is the least upper bound of
E.

2. Show thatx1 ≥ √
a and that

√
a ≤ xn+1 ≤ xn for n ≥ 1. Then limn xn = c

exists by Corollary 1.6, andc must satisfyc = 1
2(c2 + a)/c.

3. Write out a few cases and guess that the pattern isa2n = 1
2(1 − 2−(n−1)) for

n ≥ 1 anda2n+1 = 1 − 2−n for n ≥ 0. Prove each of these statements by induction.
Sincea2n → 1

2 anda2n+1 → 1 and since these two subsequences use all the terms of
the sequence, the only subsequential limits of{ak} are1

2 and 1. Therefore lim supak =
1 and lim infak = 1

2.

4. The argument without paying attention to finiteness is thatan+bn ≤ supr ≥k ar +
supr ≥k br for n ≥ k, then that supr ≥k(ar + br ) ≤ supr ≥k ar + supr ≥k br for all r , and
then that the limit of the sum is the sum of the limits.

5. Only (ii) converges uniformly, the reason being that 0≤ xn/n ≤ 1/n and
that lim 1/n = 0. There is uniform convergence in (i) on [0, 1 − ε] because 0≤
xn ≤ (1 − ε)n, and there is uniform convergence in (iii) on [0, 1 − ε] because the
WeierstrassM test applies with|xk|/k ≤ (1 − ε)k and

∑
k(1 − ε)k < +∞.

6. The uniform convergence of
∑∞

n=0 an(x) follows from Corollary 1.18, and the
pointwise convergence of

∑∞
n=0 |an(x)| follows because(1 − x)

∑∞
n=0 xn = 1 for

0 ≤ x < 1 and because everyan(x) is 0 forx = 1. The convergence of
∑∞

n=0 |an(x)|
cannot be uniform because the sum is discontinuous and Theorem 1.21 says that it
would have to be continuous.

7. Putgn = f − fn, so thatgn is continuous and decreases pointwise to the 0
function. Letx = xn be a point wheregn(x) is a maximum, and letMn = gn(xn).
We are to prove thatMn tends to 0. Suppose it does not. Ifk ≥ n, then Mk =
gk(xk) ≥ gk(xn) ≥ gn(xn) = Mn. So Mn decreases to someM > 0. Passing to a

581
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subsequence if necessary, we may assume by the Bolzano–Weierstrass Theorem that
limn xn = x′. For k ≥ n, we havegk(xn) ≥ gn(xn) = Mn ≥ M . Letting n tend to
infinity givesgk(x′) ≥ M sincegk is continuous. This inequality for allk contradicts
the assumption that limk gk(x′) = 0.

8. The idea is to prove the four inequalities

2m∑
k=0

(−1)kx2k+1/(2k + 1)! > sinx,

2m+1∑
k=0

(−1)kx2k/(2k)! < cosx,

2m+1∑
k=0

(−1)kx2k+1/(2k + 1)! < sinx,

2m+2∑
k=0

(−1)kx2k/(2k)! > cosx

together by an induction. They are to be proved in order form = 0, then in order for
m = 1, and so on. In each case of the inductive step, the left side minus the right
side is 0 atx = 0 and has derivative equal to the previous left side minus right side.
The Mean Value Theorem says that each left side minus right side atx > 0 equals
the product ofx and the left side minus right side atξ with 0 < ξ < x. Substituting
the previously proved inequality atξ then gives the result. In other words, everything
comes down to proving the first inequality, namelyx > sinx for x > 0. Arguing in
the same style, we havex−sinx = 1−cosξ with 0 < ξ < x. So at leastx−sinx ≥ 0.
For 0< x ≤ π , we actually obtainx − sinx > 0. Since d

dx(x − sinx) ≥ 0, we have
x − sinx ≥ π − sinπ for π ≤ x. Thusx − sinx > 0 for all x > 0.

9. The thing to prove is that the remainder term1
n!

∫ x
0 (x − t)n f (n+1)(t) dt tends to

0 for eachx asn tends to∞. If x ≥ 0, the absolute value is≤ (n!)−1
∫ x

0 (x− t)n dt =
xn+1/(n + 1)!, which tends to 0 for any fixedx. If x ≤ 0, one argues in a similar
fashion.

10. By a diagonal process we can find a subsequence{Fnk} convergent for each
rationalx. Let F be the resulting limit function, carrying the rationals in [−1, 1] into
[0, 1]. If r ands are rationals withr ≤ s, thenF(r ) = limk Fnk(r ) ≤ limk Fnk(s) =
F(s). ThusF is nondecreasing on the rationals. For each realx with −1 < x < 1,
defineF(x−) to be the limit ofF(r ) with r rational asr increases to 1, and define
F(x+) to be the limit ofF(r )with r rational asr decreases to 1. ThenF(x−) ≤ F(x+)

for eachx, andF(x+) ≤ F(y−) if x < y. For eachN > 0, it follows that there can
be only finitely manyx’s for which F(x+) − F(x−) ≥ 1/N, and hence there can be
at most countably manyx’s for which F(x−) �= F(x+). Let this exceptional set be
denoted byC. Forx not inC, defineF(x) = F(x+) = F(x−).

For x not in C, let us show that limk Fnk(x) exists and equalsF(x). If r < x is
rational, we haveF(r ) = lim inf k Fnk(r ) ≤ lim inf k Fnk(x); taking the supremum over
r givesF(x) = F(x−) ≤ lim inf k Fnk(x). Arguing similarly withs rational andx <

s, we have lim supk Fnk(x) ≤ lim supk Fnk(s) = F(s), and hence lim supk Fnk(x) ≤
F(x+) = F(x). Combining these two conclusions, we see that lim infk Fnk(x) =
lim supk Fnk(x) and that the common value of these limits isF(x).
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Thus {Fnk(x)} converges except possibly forx in C. At each point ofC, the
sequence is bounded. SinceC is countable, another use of a diagonal process produces
a subsequence ofFnk that converges at every point ofC, hence at every point of [−1, 1].

11. If |x| > 1/ lim sup n
√|an| , then n

√|an| ≥ 1/|x| for infinitely manyn. Thus
|anxn| ≥ 1 for infinitely manyn, and the terms of the series do not tend to 0.
Hence the series cannot converge. In the reverse direction we want to see that the
inequality |x| < 1/ lim sup n

√|an| implies convergence of the series. We rewrite
this as lim supn

√|an| < 1/|x|. Choose a numberr with lim sup n
√|an| < r < 1/|x|.

Then n
√|an| ≤ r for all sufficiently largen, n

√|an| |x| ≤ r |x| < 1 for alln sufficiently
large, and|anxn| ≤ (r |x|)n for all n sufficiently large. Thus

∑ |anxn| is dominated
term-by-term (from some point on) by the geometric series

∑
sn, wheres = r |x|.

Sinces < 1, the geometric series converges, and hence so does
∑ |anxn|.

12. 1/(1 − x)2 = ∑∞
n=0(n + 1)xn, log(1 − x) = −∑∞

n=1 xn/n, 1/(1 + x2) =∑∞
n=0(−1)nx2n, and arctanx = ∑∞

n=0(−1)nx2n+1/(2n + 1). All these series have
radius of convergence 1.

13. The proof of existence of arccosx uses the proposition in Section A3 of
the appendix. The result of the calculation of the derivative is thatd

dx arccosx =
−1/

√
1 − x2 for |x| < 1. Then arcsinx + arccosx has derivative 0 on(0, π/2) and

hence is constant. The constant is evaluated by puttingx = 0, and the result is that
arcsinx + arccosx = π/2 on(0, π/2).

14. The uniform version of Abel’s Theorem is this: Let{an(x)}n≥0 be a sequence
of complex-valued functions with

∑∞
n=0 an(x) converging uniformly to the limits(x).

Then limr ↑1
∑

n≥0 an(x)r n = s(x) uniformly in x. The proof is just a matter of seeing
that the estimates in the proof of Theorem 1.48 can be made uniform inx under the
stated assumptions. The result about Ces`aro sums is handled similarly.

15. Write cosnθ = 1
2(einθ + e−inθ ) and sinnθ = 1

2i (e
inθ − e−inθ ). Then∑N

n=1 cosnθ = 1
2

∑N
n=1 einθ + 1

2

∑N
n=1 e−inθ = 1

2

1 − ei (N+1)θ

1 − ei θ
+ 1

2

1 − e−i (N+1)θ

1 − e−i θ
.

Each numerator is bounded by 2, and each denominator gets close to 0 only asθ tends
to a multiple of 2π . This proves the estimate for the cosines, and the estimate for the
sines works in the same way.

17. For (a), the relevant result is that when allan are 0,
∑∞

n=1 |bn|2 equals
1

π

∫ π

−π

| f (x)|2 dx. Here
∞∑

n=1

|bn|2 is (4/π)2
∞∑

n=1

1

(2n − 1)2
, and

1

π

∫ π

−π

| f (x)|2 dx

is just
2π

π
= 2. Hence

∞∑
n=1

1

(2n − 1)2
= π2

8
.

18. We haveF(x) f (y) = ∫ x
0 f (t) f (y) dt = ∫ x

0 f (t + y) dt = ∫ x+y
y f (t) dt =

F(x+y)−F(y). If F(x) �= 0 for somex, we can divide and use the Fundamental The-
orem of Calculus to see thatf (y) has a continuous derivative everywhere. (IfF(x) =
0 for all x, then differentiation givesf (x) = 0 for all x.) Differentiating the original
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identity in x gives f ′(x) f (y) = f ′(x + y). Whenx = 0, we obtain f ′(0) f (y) =
f ′(y). Then d

dy

(
f (y)e− f ′(0)y

) = f ′(y)e− f ′(0)y + f (y)(− f ′(0)e− f ′(0)y) = 0, and

hence f (y)e− f ′(0)y is constant. Thusf (y) = aef ′(0)y. In the original identity
f (x) f (y) = f (x + y), if we put x = 0 and choosey such thatf (y) �= 0, then we
see thatf (0) = 1. Hencef (y) = ef ′(0)y if f is not identically 0.

19. We may assume thatf is not identically 0. As in Problem 18, we have
f (0) = 1. By continuity of f , choosex0 such that| f (x) − 1| ≤ 1

10 when|x| ≤ |x0|.
Then Ref (x0) > 0, and we can choose a uniquec with | Im(cx0)| < π/2 such

that ecx0 = f (x0). The equation forf shows thatf
(1

2x0
)2 = f (x0), and hence

f
(1

2x0
)

equalsecx0/2 or −ecx0/2. From| f
(1

2x0
)− 1| ≤ 1

10, we have Ref
(1

2x0
)

> 0.
Since| Im(cx0/2)| < π/2, ecx0/2 is the choice of square root ofecx0 with positive
real part, and we conclude thatf

(1
2x0

) = ecx0/2. Iterating this argument, we obtain
f (2−nx0) = ec2−nx0 for all n ≥ 0. The equation forf shows thatf (kx) = f (x)k for
all integersk ≥ 0, and thusf (qx0) = ecqx0 for every rationalq of the formk/2n with
k an integer≥ 0. From f (x) f (−x) = f (0) = 1, we havef (x−1) = f (x)−1, and
thus f (qx0) = ecqx0 for every rational number of the formk/2n with k any integer.
Using continuity and passing to the limit, we obtainf (r ) = ecr for all realr .

21. This uses the discussion at the end of Section A2 of the appendix. Forx �= 0,
we compute thatg′(x) = (R(x)/S(x))e−1/x2

for polynomialsR andSwith Snot the
0 polynomial. Then limx→0 g′(x) = 0 by Problem 20, and the appendix shows that
g′(0) exists and equals 0.

22. Use Problem 21 and induction.

23. Since{sn} is convergent, it is bounded. Say|sn| ≤ K for all n. Let ε > 0
be given, and chooseN such thatn ≥ N implies |sn − s| < ε/2. Write tn − s =∑

j Mnj sj − s = ∑
j Mnj (sj − s) by (i). A second application of (i) gives

|tn − s| ≤
N∑

j =0

Mnj (|sj | + |s|) +
∞∑

j =N+1

Mnj |sj − s|

≤ 2K
N∑

j =0

Mnj +
∞∑

j =N+1

Mnjε/2 ≤ 2K
N∑

j =0

Mnj + ε/2.

SinceN is fixed, (ii) shows that 2K
∑N

j =0 Mnj < ε/2 for n sufficiently large. For
thosen, |tn − s| < ε.

24. For Ces`aro summability thei th row, for i ≥ 1, has its firsti entries equal to
1/ i and its remaining entries equal to 0. For Abel summability the row going withri

has j th entry(1 − ri )(ri )
j for j ≥ 0.

25. CertainlyMi j ≥ 0 for all i and j . The power series in Problem 12a shows that∑
j Mi j = 1 for all i , and (ii) holds because limr ↑1( j +1)r j (1−r )2 = ( j +1)·1·0 = 0.
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26. Check thatM as in the previous problem transforms the Ces`aro sums into the
Abel sums, and apply Problem 23.

27. This is handled by the same kind of computation as with the Fej´er kernel.

28. The formula forPr (θ) comes from summing the two geometric series forn ≥ 0
andn < 0 and then adding the results. Properties (i) and (iii) are then immediate
by inspection. For property (ii) we use the series expansion ofPr (θ). Theorem 1.31
allows the integration to be done term by term, and the result follows.

29. This is proved in the same way as Fej´er’s Theorem (Theorem 1.59).

30. Corollary 1.38 shows thatf ′
k(x) = ∑∞

n=0 cn,knxn−1 and that f ′′
k (x) =∑∞

n=0 cn,kn(n − 1)xn−2 for |x| < R. The point is to show that{ f ′
k(x)} is uniformly

bounded and uniformly equicontinuous for|x| ≤ r , and then Ascoli’s Theorem
produces the required subsequence. For proving the equicontinuity, it is enough to
prove that{ f ′′

k (x)} is uniformly bounded for|x| ≤ r .
Fix r < R, and chooser1 with r < r1 < R. Since lim fk(x) = f (x) uniformly for

|x| ≤ r1, there is anM such that| fk(r1)| ≤ M for all k. Thus|∑n cn,kr n
1 | ≤ M for

all k. Sincecn,k ≥ 0 for alln andk, cn,k ≤ Mr −n
1 for all n andk. Sincer < r1, choose

N such thatn ≥ N impliesn(r/r1)
n−1 ≤ 1 andn(n − 1)(r/r1)

n−2 ≤ 1 for n ≥ N.
Sincecn,k ≥ 0 for all n andk, cn,kn|x|n−1 ≤ cn,knrn−1 ≤ (cn,kr

n−1
1 )(n(r/r1)

n−1) ≤
cn,kr

n−1
1 for n ≥ N and|x| ≤ r . Summing onn ≥ N and taking Corollary 1.38 into

account, we see that

∣∣∣ f ′
k(x) −

N−1∑
n=0

ncn,kxn−1
∣∣∣ ≤ r −1

1

(
fk(r1) −

N−1∑
n=0

cn,kr
n
1

)
≤ r −1

1 fk(r1) ≤ r −1
1 M

for |x| ≤ r . Thus|x| ≤ r implies that| f ′
k(x)| is

≤ r −1
1 M +

N−1∑
n=0

ncn,k|x|n−1 ≤ r −1
1 M +

N−1∑
n=0

ncn,kr
n−1
1 ≤ r −1

1 M + N(N − 1)Mr −1
1 ,

and{ f ′
k(x)} is uniformly bounded for|x| ≤ r .

A similar argument withf ′′
k shows that∣∣∣ f ′′

k (x) −
N−1∑
n=0

n(n − 1)cn,kxn−2
∣∣∣ ≤ r −2

1 M,

and we find similarly that{ f ′′
k (x)} is uniformly bounded for|x| ≤ r . This completes

the proof.

31. Theorem 1.23 shows that the limit of the subsequence of first derivatives is
the first derivative of the limit, the limit being differentiable. In other words,f is
differentiable for|x| < r , and the subsequence converges tof ′(x) there. Sincer < R
is arbitrary, f is differentiable for|x| < R. Now we can induct, replacingf and the
sequencefk in Problem 30 byf ′ and a subsequence off ′

k on a smaller disk, then
passing tof ′′, and so on. The result is thatf is infinitely differentiable for|x| < R.

32. This is proved in the same way as in Problem 9.
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33. | 1
N+k zk| ≤ r N+k if |z| ≤ r , and

∑∞
k=0 r N+k = r N/(1 − r ). Thus| 1

N zN +
1

N+1zN+1 + · · · | tends uniformly to 0 for|z| ≤ r . Sincet 
→ exp(t) is continuous at
t = 0, the required convergence follows.

34. Corollary 1.38 shows from the behavior forz real that allcn are 0.

35. Write

exp
(
z + 1

2z2 + 1
3z3 + · · · ) = (∏N−1

k=1 exp(1
k zk)

)
exp

( 1
N zN + 1

N+1zN+1 + · · · ).
Problem 33 shows that the left side is the uniform limit of

∏N−1
k=1 exp(1

k zk) for |z| ≤ r
if r < 1. Each factor of the finite product is given by a convergent power series
with nonnegative coefficients, and Theorem 1.40 shows that the finite product is
given by a convergent power series with nonnegative coefficients. By Problem 32,
exp

(
z+ 1

2z2 + 1
3z3 + · · · ) is given by a convergent power series for|z| < 1. Hence

exp
(
z + 1

2z2 + 1
3z3 + · · · ) − 1/(1 − z) is given by a convergent power series for

|z| < 1. Forz = x real with|x| < 1, the series expansion of Problem 12b shows that
our expression is exp

(− log(1− x)
)− 1/(1− x) = 0. Thus our power series sums

to 0 on the real axis. By Problem 34, it sums to 0 everywhere.

Chapter II

1. Let us compared(x, y) with d(x, z)+ d(z, y). If j contributes tod(x, y), then
xj �= yj . Hencexj �= zj or zj �= yj . Thus j contributes to at least one ofd(x, z) and
d(z, y). In other words, the contribution ofj to d(x, y) is ≤ the contribution ofj to
d(x, z) + d(z, y). Summing onj gives the desired result.

2. Let (X, d) be the given separable metric space, defineE to be the subset of
membersx of X such that every neighborhood ofx is uncountable, and letF be the
complement ofE. If x is in F , we can associate tox some open neighborhoodNx

containing at most countably many elements, andNx is entirely contained inF . As
x varies inF , the setsNx form an open cover ofF . By Proposition 2.32b, some
subcollection of theNx that is at most countable coversF . The union of these sets is
open and is at most countable, and it equalsF .

3. Let f (x) = 1/x for 0 < x ≤ 1, and let f (0) = 0.

4. Suppose thatx is in U . SinceA is dense, the setA ∩ B(1/n; x) is nonempty
for eachn ≥ 1. Let xn be a member of it. SinceU is open,B(1/n; x) is contained
in U if n is ≥ N for a suitableN. Thusxn is in A ∩ U for n ≥ N and converges to
x. By Proposition 2.22b, eitherxn = x infinitely often, in which casex is in A ∩ U ,
or x is a limit point of A ∩ U . In either case,U ⊂ (A ∩ U )cl.

5. For (a), the setsEn are compact by the Heine–Borel Theorem. Then eachEn−U
is compact. Their intersection is

⋂∞
n=1 (En∩Uc) = (⋂∞

n=1 En
)∩Uc ⊆ U ∩Uc = ∅.

By Proposition 2.35 the system{En−U } does not have the finite-intersection property.
Thus

⋂N
n=1 (En − U ) = ∅ for someN. Since E1 ⊇ E2 ⊇ · · · , we find that

EN − U = ∅. ThereforeEN ⊆ U .
For (b), letU be empty, and letEn = Q ∩ [

√
2,

√
2 + 1/n].
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6. In both parts of the problem, let the metrics bedX, dY, dZ . For (a), use continuity
of F to choose for each(x0, y) someδ1,y > 0 andδ2,y > 0 such that the two inequal-
ities dX(x, x0) < δ1,y anddY(y′, y) < δ2,y together implydZ(F(x, y′), F(x0, y)) <

ε/2. As y varies, the open ballsB(δ2,y; y) cover Y. SinceY is compact, a fi-
nite number of them suffice to coverY, say B(δ2,y1; y1), . . . , B(δ2,yn; yn). Put
δ1 = min{δ1,y1, . . . , δ1,yn}. Suppose now thatdX(x, x0) < δ1 and thaty′ is in
Y. Then y′ is in someB(δ2,yj ; yj ). Hence we havedX(x, x0) < δ1 ≤ δ1,yj and
d(y′, yj ) < δ2,yj , and we therefore obtaindZ(F(x, y′), F(x0, yj )) < ε/2. Since also
dX(x0, x0) = 0 andd(y′, yj ) < δ2,yj , we obtain alsodZ(F(x0, y′), F(x0, yj )) < ε/2.
Combining these two results givesdZ(F(x, y′), F(x0, y′)) < ε.

For (b), considerdZ(F(x, y), F(x0, y0)), and letε > 0 be given. By uniform con-
vergence, chooseδ1 > 0 such thatdX(x, x0) < δ1 impliesdZ(F(x, y), F(x0, y)) <

ε/2 for all y. Proposition 2.21 gives us continuity ofF(x0, · ), and thus there
existsδ2 > 0 such thatdY(y, y0) < δ2 implies dZ(F(x0, y), F(x0, y0)) < ε/2.
ThendX(x, x0) < δ1 anddY(y, y0) < δ2 together implydZ(F(x, y), F(x0, y0)) ≤
dZ(F(x, y), F(x0, y)) + dZ(F(x0, y), F(x0, y0)) < ε/2 + ε/2 = ε.

7. Let f : (0, 1) → R be defined byf (x) = 1/x. Then the Cauchy sequence
{1/n} is carried to a sequence that is not Cauchy inR.

8. Define inductivelyf (0) to be the identity andf (k) = f ◦ f (k−1) for k > 0.
For existence we see inductively thatd( f (k)(x), f (k)(y)) ≤ r kd(x, y) for all x and
y. If n ≥ m and if x is arbitrary but fixed, we then haved( f (n)(x), f (m)(x)) ≤∑n−1

k=m d( f (k+1)(x), f (k)(x)) ≤ ∑n−1
k=m r kd( f (x), x) ≤ r md( f (x), x)/(1−r ). Hence

the sequence{ f (n)(x)} is Cauchy. Letx′ be its limit. Sinced( f ( f (n)(x)), f (n)(x)) =
d( f (n+1)(x), f (n)(x)) ≤ r nd( f (x), x)/(1 − r ) and sinced and f are continuous,
d( f (x′), x′) ≤ lim supn r nd( f (x), x)/(1 − r ) = 0. Thus f (x′) = x′.

For uniqueness, letf (x′′) = x′′ also. Thend(x′′, x′) = d( f (x′′), f (x′)) since f
fixesx′ andx′′, andd( f (x′′), f (x′)) ≤ rd(x′′, x′) by the contraction property. Then
(1 − r )d(x′′, x′) ≤ 0 and we conclude thatd(x′′, x′) = 0. Thusx′′ = x′.

9. If no point is isolated, each one-point set is closed nowhere dense. The countable
union of these sets is the whole space, in contradiction to the Baire Category Theorem.
An alternative argument is to appeal to Problem 2.

10. The set is closed and bounded, hence compact, and it is pathwise connected,
hence connected. It is not, however, locally connected. Take, for example, the point
p = [c, 1/2] in X, wherec is in C. The open ball of radius 1/4 aroundp has the
property that no open subneighborhood ofp is connected.

11. Fix x0 in X, and letU be the set of all points inX that can be connected to
x0 by paths. The setU is nonempty, and we prove that it is open and closed. Being
connected, it must then be all ofX. It is open because the local pathwise connectedness
means that anyx in U can be connected to every point in some neighborhood ofx
by a path; henceU contains a neighborhood of each of its points and is open. To
see thatU is closed, lety be a limit point ofU . If V is a pathwise connected open
neighborhood ofy, the setU ∩ V is nonempty becausey is a limit point ofU . Let z
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be inU ∩V . Thenx0 can be connected tozby a path because of the defining property
of U , andz can be connected toy by a path becauseV is pathwise connected. Hence
x0 can be connected toy by a path, andy is in U .

12. Any open subset ofRn is locally pathwise connected. So the desired conclusion
follows from the previous problem.

13. Let the open set beU . For eachx in U , let Ux be the union of all connected
subsets ofU containingx. It was shown in Section 8 that this is connected. Forx and
y in U , eitherUx = Uy or Ux ∩ Uy = ∅ for the same reason. ThenU is the disjoint
union of its subsetsUx, which are connected. These are intervals, being connected,
and they must be open in order not to be contained in larger connected subsets ofU .

14. Same as for Proposition 2.21.

15. Suppose{ ft } is totally bounded. Letε > 0 be given. Find, by total bound-
edness, real numberst1, . . . , tn such that for anyt , there is an indexj = j (t) with
‖ ft − ftj ‖ < ε. PutL/2 = max{|t1|, . . . , |tn|}. If we are given an interval of length
≥ L, taket to be its center, so that the interval contains [t − L/2, t + L/2]. Choose
j by total boundedness with‖ ft − ftj } < ε. Then‖ ft−tj − f0‖ < ε. Sot − tj is an
ε almost period, and this lies in [t − L/2, t + L/2]. Thus the Bohr condition holds.

Conversely suppose that the Bohr condition holds andf is uniformly continuous.
Let ε > 0 be given, and findL as in the Bohr condition forε/2 almost periods. Also,
find someδ for uniform continuity of f and the numberε/2. Chooset1, . . . , tn in
I = [−L/2, L/2] such that any point inI is within δ of one oft1, . . . , tn. Let us see
that the open balls of radiusε around ft1, . . . , ftn together cover the set{ ft } of all
translates. Ift is given, find anL/2 almost periodt − s in [t − L/2, t + L/2]. Here
|s| < L/2, so that‖ ft−s − f0‖ < ε/2 and‖ ft − fs‖ < ε/2. Since|s − tj | < δ for
some j , we have‖ fs − ftj ‖ < ε/2 by uniform continuity. Thus‖ ft − ftj ‖ < ε.

16. Let Tf be the closure of the set of translates off . This is complete by
Problem 14. Theorem 2.36 shows thatTf is compact if and only if every sequence in it
has a convergent subsequence, and this is the definition of Bochner almost periodicity.
Theorem 1.46 shows thatTf is compact if and only if it is totally bounded, and this
is equivalent to Bohr almost periodicity by Problem 15.

17. This is easier with the Bochner definition. For an example of closure under
the various operations, consider closure under multiplication. Suppose thatf andg
are given and that we want a convergent subsequence from the sequence of translates
( f g)tn . First choose a subsequence of{tn} such that those translates off converge
uniformly, and then choose a subsequence of that such that the translates ofg converge
uniformly. These sequences of translates off andg will be uniformly bounded, and
then it follows that the sequence of products converges uniformly.

For closure under uniform limits, we argue similarly with translates of each of the
functions{ fn} when lim fn = f uniformly. A Cantor diagonal process is used to
extract the sequence of translates to use forf .

18. If ε > 0 is given, letUn be the set where| f (x) − fn(x)| < ε. This is open
by the assumed continuity, and

⋃∞
n=1 Un = X by the assumed convergence. Since
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X is compact, some finite collection ofUn’s suffices. Since thefn’s are pointwise
increasing withn, theUn’s are increasing, and thusX = UN for someN. For that
N, | f (x) − fN(x)| < ε. Then| f (x) − fn(x)| < ε for n ≥ N since the fn’s are
pointwise increasing.

19. If 0 ≤ Pn(x) ≤ √
x ≤ 1, thenx ≥ Pn(x)2 and the recursion shows that

Pn+1(x) ≥ Pn(x). Also, Pn+1(x) = Pn(x) + 1
2(

√
x + Pn(x))(

√
x − Pn(x)) ≤

Pn(x) + 1
2(1 + 1)(

√
x − Pn(x)) = √

x.

20. By Problem 19,Pn(x) increases pointwise to somef (x). Passing to the
limit in the recursion givesf (x) = f (x) + 1

2(x − f (x)2), and thus f (x)2 = x
and f (x) = √

x. Since
√

x is continuous and [0, 1] is compact, Dini’s Theorem
(Problem 18) shows that the convergence is uniform.

21. If x andy are given, then we are given three relevant functions inA, possibly
not all distinct. They areh1 with h1(x) �= h1(y), h2 with h2(x) �= 0, andh3 with
h3(y) �= 0. If h1(x) or h1(y) is 0, we can add a multiple ofh2 or h3 to h1 to obtain
anh4 with h4(x) �= h4(y), h4(x) �= 0, andh4(y) �= 0. The restrictions ofh4 andh2

4
to the two-element set{x, y} are linearly independent and therefore form a basis for
the 2-dimensional space of restrictions. Hence some linear combination ofh4 andh2

4
equals the givenf at x andy.

22. Let f be in CR(S) with f (s0) = 0. SinceB cl = CR(S), there exists
a sequence{gn} in B with lim gn = f uniformly. Then limgn(s0) = f (s0) =
0 in particular. Putfn(s) = gn(s) − gn(s0). Then fn(s0) = 0. The inequality
| fn(s)− f (s)| = |gn(s)− f (s)−gn(s0)| ≤ |gn(s)− f (s)|+ |gn(s0)| shows that{ fn}
converges uniformly tof . The members ofA are the members ofB that vanish at
s0. The functionsfn have this property, and thus{ fn} is a sequence inA converging
uniformly to f .

24. For (a), we identifyC0([0, +∞), R) with the subalgebra ofC([0, +∞], R)

of continuous functions equal to 0 at+∞. The functione−x separates points on
[0, +∞]. Apply Problem 22 to the algebra it generates, namely the algebra of all
finite linear combinations ofe−nx for n a positive integer.

For (b), let ε > 0 be given, and chooseg(x) = ∑
cne−nx by (a) such that

sup0≤x<+∞ | f (x) − g(x)| ≤ ε. The hypothesis forces
∫ b

0 f (x)g(x) dx = 0, and this

is
∫ b

0 f (x)2 dx − ∫ b
0 f (x)

(
f (x) − g(x)

)
dx. Thus

0 ≥
∫ b

0
f (x)2 dx −

∣∣∣ ∫ b

0
f (x)

(
f (x) − g(x)

)
dx
∣∣∣.

So
∫ b

0 f (x)2 dx ≤ ε
∫ b

0 | f (x)| dx. Sinceε is arbitrary,
∫ b

0 f (x)2 dx = 0. Therefore
f = 0.

25. Isometries are uniformly continuous. Applying Proposition 2.47 to the uni-
formly continuous functionϕ2 ◦ (ϕ−1

1

∣∣
ϕ1(X)

)
of the dense subsetϕ1(X) of X∗

1 into X∗
2,

we obtain an isometry� : X∗
1 → X∗

2 extendingϕ2 ◦ (ϕ−1
1

∣∣
ϕ1(X)

)
. Reversing the roles
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of X∗
1 andX∗

2, we obtain an isometry� : X∗
2 → X∗

1 extendingϕ1◦(ϕ−1
2

∣∣
ϕ2(X)

)
. Then

�◦� is a continuous extension of the compositionϕ1◦(ϕ−1
2

∣∣
ϕ2(X)

)◦ϕ2◦(ϕ−1
1

∣∣
ϕ1(X)

)
,

which is the identity map onϕ1(X). Hence� ◦ � is the identity onX∗
1. Similarly

� ◦ � is the identity onX∗
2. Thus� is onto. This proves existence.

For uniqueness let� and�∗ be two such maps. Then�−1 ◦ �∗ is a continuous
extension of the identity map on the dense subsetϕ1(X) of X∗

1, and hence it is the
identity. Therefore� = �∗.

26. Theorem 2.60 says thatX is dense inX∗. ThenX = X∗ if and only if X is
closed, and this happens if and only ifX is complete, by Proposition 2.43.

27. The only one of these that requires explanation is (iv). We may assume
that none ofr , s, andr + s is 0. Write r = mpk/n ands = upl /v with p not
dividing any ofr, s, u, v. Without loss of generality, we may assumek ≤ l , so that
max{|r |p, |s|p} = |r |p = p−k. We have

r + s = mpk/n + upl /v = pk
(

m
n + upl−k

v

) = pk
(mv+pl−knu

nv

)
.

The denominatornv is not divisible by p. The part of the numerator within the
parentheses is an integer, and we factor out any factors ofp from it aspa with a ≥ 0.
Then we have|r + s|p = p−(k+a) and this is≤ p−k as required.

28. For the triangle inequality, letr, s, t be given. Then Problem 27 givesd(r, t) =
|r − t |p = |(r − s) + (s − t)|p ≤ max{|r − s|p, |s − t |p} ≤ |r − s|p + |s − t |p =
d(r, s) + d(s, t).

29. Part (a) will be illustrated by the more difficult (b) and (c). Multiplication by a
memberr of Q is a uniformly continuous function fromQ intoQp; in fact, the equality
|r (s− s0)|p = |r |p|s− s0|p shows that ifε is given, then theδ of uniform continuity
can be taken as|r |−1

p ε. Proposition 2.47 then tells us how to form productsrs for r in
Q ands in Qp. For fixeds, the result is a uniformly continuous map ofQ intoQp since
| · |p extends continuously toQp and we have|(r − r0)s|p = |r − r0|p|s|p. A second
application of Proposition 2.47 extends the operation to a mapping ofQp×Qp intoQp

that is uniformly continuous in each variable when the other variable is held fixed. In
fact, it is continuous in both variables since|rs− r0s0|p = |(r − r0)s+ r0(s−s0)|p ≤
|r − r0|p|s|p + |r0|p|s − s0| ≤ |r − r0|p|s − s0|p + |r − r0|p|s0|p + |r0|p|s − s0|.

For (c), take a shellAkn = {
r ∈ Qp

∣∣ p−k ≤ |r |p ≤ pn}. This is a closed
subset ofQp, hence complete. Reciprocal is a mapping fromAnk ∩ Q into Akn

that is uniformly continuous becauser ands in Ank ∩ Q implies |r −1 − s−1|p =
|(s − r )/rs|p = |s − r |p|r |−1

p |s|−1
p ≤ p2n|s − r |p. Hence reciprocal extends to

a uniformly continuous mapping fromAnk to Akn. These mappings are consistent
asn andk tend to infinity, and thus reciprocal is a well-defined function fromQ×

p
to itself. It is continuous because the same computation as just given shows that
|r −1 − r −1

0 |p = |r − r0|p|r |−1
p |r0|−1

p . If we write |r |p ≥ ∣∣|r0|p −|r − r0|p

∣∣ and require

that|r − r0|p ≤ 1
2|r0|p, then|r −1− r −1

0 |p = |r − r0|p
(1

2|r0|p
)−1|r0|−1

p , and continuity
of reciprocal atr0 follows.
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The abelian group axioms in (c) are associativity, commutativity, existence of the
two-sided identity 1, and existence of two-sided reciprocals. To complete (c), we
need associativity and commutativity. We can regard associativity as asserting the
equality of two continuous functions fromQp × Qp × Qp to Qp. These are equal on
Q × Q × Q, and this subset is dense. Hence the two functions are equal everywhere.
Commutativity is proved similarly.

The distributive law in (d) is proved by the same technique used for associativity
in (c). ThusQp is a field.

30. For (a), it is enough to prove thatS = {
t ∈ Q

∣∣ |t |p ≤ 1
}

is totally bounded.
For x in Q, let C(δ; x) = {

t ∈ Q
∣∣ |t − x|p ≤ δ

}
. It is enough to show for each

integerl ≥ 0 thatS ⊆ ⋃pl −1
r =0 C(p−l ; r ). If t is given inS, t is of the formt = m/n

with m andn in Z andn nondivisible byp. Let n−1 denote the integer from 0 to
pl − 1 such thatnn−1 ≡ 1 mod pl , and letr denote the integer from 0 topl − 1 such
thatn−1m ≡ r mod pl . Thenm − nr ≡ 0 mod pl , and so|m − nr |p ≤ p−l . Since
|n|p = 1,

∣∣m
n − r

∣∣
p ≤ p−l . Thust is in C(p−l ; r ).

For (b), compact sets are closed and bounded by Proposition 2.34a. Conversely
let E be closed and bounded. The setT = {

t ∈ Qp

∣∣ |t |p ≤ 1
}

is certainly closed.
SinceQp is complete,T is complete. Part (a) shows thatT is totally bounded.
By Theorem 2.46,T is compact. The given setE is contained in some setTn ={
t ∈ Qp

∣∣ |t |p ≤ pn
}
. Multiplication by the memberp−n of Qp carriesT continuously

onto Tn, andTn is compact by Proposition 2.38. SinceE is a closed subset of the
compact setTn, Proposition 2.34b shows thatE is compact.

31. The first two assertions are routine consequences of (ii), (iii), and (iv). Let
us consider the quotientZp/P. We show thatP is a maximal ideal. In fact, ifI is
an ideal inZp properly containingP, thenI contains some elementt with |t |p = 1.
Then (iii) shows thatt−1 has|t−1|p = 1 and lies inZp. Sincet is in I and t−1 is
in Zp, their product 1 is inI . Thus I = Zp. In other words,P is a maximal ideal.
HenceZp/P is a field. To complete the argument, we show thatZp/P has exactlyp
elements. Givenx in Zp, choosem/n in Q with

∣∣x − m
n

∣∣
p

≤ p−1, by denseness of

Q in Qp. Here
∣∣m

n

∣∣
p

≤ 1, and we may assume thatn is nondivisible byp. Arguing

as in Problem 30a, we can findr in {0, 1, . . . , p − 1} such that
∣∣m

n − r
∣∣
p

≤ p−1.

Then|x − r |p ≤ max
{∣∣x − m

n

∣∣
p
,
∣∣m

n − r
∣∣
p

} ≤ p−1 by the ultrametric inequality. So
x = (x−r )+r with x−r in P. Thus{0, 1, . . . , p−1} represents all cosets ofZp/P.
Finally no two distinct elementsr andr ′ in {0, 1, . . . , p − 1} have|r − r ′|p ≤ p−1

because this inequality would entail havingr − r ′ divisible by p.

Chapter III

1. For (a), |T S|2 = ∑
j |T S(ej )|2 = ∑

j |∑i (S(ej ), ei )T(ei )|2. Use of the
triangle inequality and then the Schwarz inequality shows that this expression is≤
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j

(∑
i |(S(ej ), ei )| |T(ei )|

)2 ≤ ∑
j

((∑
i |(S(ej ), ei )|2

)1/2(∑
i |T(ei )|2

)1/2)2 =∑
j |S(ej )|2|T |2 = |S|2 |T |2. Part (b) is routine.

2. The member ofL(Rn, Rm) with matrix A.

3. lim suph→0

(|h|−1| f (h) − 0 − 0|) ≤ lim suph→0 (|h|−1|h|2) = 0.

4. The formula isd
dt f (x + tu)

∣∣
t=0 = ∑

j uj
∂ f
∂xk

(x). The argument is written out
within the proof of Theorem 3.11.

5.
(

et 0
0 e−t

)
, et

(
1 t
0 1

)
,
(

cost sint
− sint cost

)
,
(

cost i sint
i sint cost

)
,
(

cosht sinht
sinht cosht

)
.

7. The equality is false because the left side is positive and the right side is
negative. In fact, the left side is

∫ 1
0

[
lim

∫ N
1 (e−xy − 2e−xy) dx

]
dy, which equals∫ 1

0 lim
[−e−xy/y+e−2xy/y

]N

1 dy = ∫ 1
0

1
y

[
e−y−e−2y

]
dy; sincee−y > e−2y on(0, 1),

the left side is> 0. Meanwhile, the right side is
∫∞

1

[ − e−xy/x + e−2xy/x
]1
0 dx =∫∞

1
1
x

[
e−2x − e−x

]
dx; sincee−2x < e−x on (1, ∞), the right side is< 0.

8. Define‖ · ‖2 as in Section I.10, and letfx(t) = f (x − t); the latter definition
is not the one used earlier in the book. For (a), the Schwarz inequality gives

| f ∗ g(x) − f ∗ g(x0)| = ∣∣ 1
2π

∫ π

−π
[ f (x − t) − f (x0 − t)]g(t) dt

∣∣
= ‖ fx − fx0‖2‖g‖2 ≤ ‖g‖2 sup

t
| f (x − t) − f (x0 − t)|,

and the right side tends to 0 asx tends tox0 by uniform continuity of f . This proves
that f ∗ g is continuous. The periodicity is evident. The proof thatf ∗ g = g ∗ f is
the same as the proof in Section I.10 thatf ∗ DN = DN ∗ f .

For (b), an application of Fubini’s Theorem (Corollary 3.33) and a change of

variables gives1
2π

∫ π

π
f ∗ g(x)e−inx dx = ( 1

2π

)2 ∫ π

π

∫ π

π
f (x − t)g(t)e−inx dt dx =( 1

2π

)2 ∫ π

π

∫ π

π
f (x − t)g(t)e−inx dx dt = ( 1

2π

)2 ∫ π

π

∫ π

π
f (x)g(t)e−in(x+t) dx dt =( 1

2π

)2 ∫ π

π

∫ π

π
f (x)g(t)e−inxe−int dx dt = cndn.

For (c), we apply the WeierstrassM test. It is enough to prove that
∑

n |cndn| <

+∞, and the Schwarz and Bessel inequalities together do this:∑
n

|cndn| ≤ (∑
n

|cn|2
)1/2(∑

n

|dn|2
)1/2 ≤ ‖ f ‖2‖g‖2 < +∞.

9. Write out each side as an iterated integral, and apply Fubini’s Theorem (Corol-
lary 3.33).

10. For the partial derivatives,∂x
∂x (0, 0) = d

dx f
(

x0
x2+0

)∣∣
x=0 = 0 and ∂ f

∂y (0, 0) = 0
similarly. The fact thatf is not continuous at(0, 0) is a special case of Problem 11a.

11. For (a), the homogeneity says in particular thatf (r x) = f (x) for r > 0 and
|x| = 1. Then supy�=0 | f (y)| = sup|x|=1 | f (x)|, and the right side is finite, being the
maximum value of a continuous function on a compact set. Iff (y) is continuous at
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y = 0, then f (0) = limr ↓0 f (r x) = f (x) for everyx with |x| = 1 and sof must be
constantly equal tof (0).

For (b), lim supr x→0 | f (r x)| = lim supr x→0 r d| f (x)| = 0 if d > 0 since f (x) is
bounded for|x| = 1. Thus f is continuous at 0 ifd > 0 and f (0) = 0. If d < 0,
then lim supr x→0 r d| f (x)| = +∞ if d < 0 and f (x) �= 0.

For (c), we havef (r x) = r d f (x) for any x = (x1, . . . , xn) �= 0. Put g =
f ◦ mr , wheremr refers to multiplication byr . The homogeneity givesg = r d f ,
and thus ∂g

∂xj
(x) = r d ∂ f

∂xj
(x). On the other hand, the chain rule gives∂g

∂xj
(x) =∑n

i =1
∂ f
∂xi

(r x) ∂(r xi )

∂xj
(x) = r ∂ f

∂xj
(r x). Sor d ∂ f

∂xj
(x) = r ∂ f

∂xj
(r x), and (c) follows.

For (d), the given conditions say thatf (t x) = t f (x) for all realt . Then ∂ f
∂xj

(0) =
limt→0 t−1

(
f (0 + tej ) − 0

) = limt→0 t−1t f (ej ) = f (ej ). On the other hand, (c)
says that∂ f/∂xj is homogeneous of degree 0, and (a) says that∂ f/∂xj cannot be
continuous at 0 unless it is constant.

12. Part (a) follows from Problem 11b. In (b),∂ f
∂x (0) = d

dt f (0 + t (1, 0))
∣∣
t=0 =

d
dt t
∣∣
t=0 = 1 and∂ f

∂y (0) = d
dt f (0 + ty)

∣∣
t=0 = d

dt 0
∣∣
t=0 = 0. The failure of continuity

is by parts (a) and (c) of Problem 11.
For (c), we haved

dt f (0 + tu)
∣∣
t=0 = d

dt t cos3 θ
∣∣
t=0 = cos3 θ . If f were differen-

tiable atx = 0, the chain rule would giveddt f (0 + tu)
∣∣
t=0 = u1

∂ f
∂x (0) + u2

∂ f
∂y (0) =

cosθ . Since cos3 θ is not identically equal to cosθ , f is not differentiable at 0.

13. Part (a) follows from (a), (b), and (c) of Problem 11. About 0, the function
f is even inx and even iny, and hence the first partial derivatives are odd about 0.
Then part (b) follows from Problem 11d. To calculate the results for (c), we need to
compute∂ f

∂y (x, 0) for x �= 0 and ∂ f
∂x (0, y) for y �= 0. The first of these isx, and the

second is−y. The formulas for the second partial derivatives follow.

14. Forn ≥ 0,r neinθ = (x+iy)n is of classC∞, and so isr ne−inθ = (x−iy)n. For
the first of these functions,∂

2

∂x2 (x+ iy)n = n(n−1)(x+ iy)n−2, while ∂2

∂y2 (x+ iy)n =
i 2n(n − 1)(x + iy)n−2. Hence	(x + iy)n = 0. The result for(x − iy)n follows
by taking complex conjugates. The final conclusion is a routine consequence of
Theorem 1.37, the complex-valued version of Theorem 1.23, and the fact that each
term is harmonic.

15. This follows by direct calculation.

16. In the notation of Theorem 3.17,ϕ(x, y) is

(
x4y + x
x + y3

)
, a is (1, 1), andb is

(2, 2). One checks thatϕ′(1, 1) =
(

5 1
1 3

)
. The locally defined inverse functionf

near(2, 2) has f ′(2, 2) = ϕ′(1, 1)−1 =
(

3/14 −1/14
−1/14 5/14

)
, and ∂F

∂u (2, 2) is the upper left

entry of this, namely 3/14.

17. All 6 derivatives of possible interest are given by the matrix product
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2 −1 0
2 2 0
1 1 1

)−1( 0 0
0 −π/2
0 0

)
= 1

6

(
0 −π/2
0 −π

0 3π/2

)
. Then ∂x

∂u (π/2, 0) = 0 and ∂x
∂v

(π/2, 0) =
−π/12. The functionx(u, v) is of classC∞ by Corollary 3.21.

18. The map in question isX 
→ X2 and is the composition ofX 
→ (X, X)

followed by (U, V) 
→ U V . Here we can writeU V = L(U )V = R(V)U , where
L(U ) is the linear function “left multiplication byU ” on matrix space andR(V) is
the linear function “right multiplication byV .” The derivative of(U, V) 
→ U V is
then( R(V) L(U ) ) by Problem 2. Hence the derivative ofX 
→ X2, by the chain
rule, is

( R(V) L(U ) )

(
1
1

) ∣∣∣∣∣
U=V=X

= (R(V) + L(U ))
∣∣
U=V=X = R(X) + L(X).

At X = 1, this isR(1) + L(1), which is “multiplication by 2” and is invertible. The
Inverse Function Theorem thus applies.

19. We may assume thatg′(x0) �= 0, thus that ∂g
∂xi

(x0) �= 0 for somei . We
take thisi to be i = n; the other cases involve only notational changes. Write
x = (x′, xn) with x′ ∈ Rn−1, and writex0 = (a, b) similarly. Then the Implicit
Function Theorem produces a real-valuedC1 functionh(x′) defined on an open set
V about the pointa in Rn−1 such thath(a) = b, g(x′, h(x′)) = 0 for all x′ in V ,

and ∂h
∂xj

(a) = −( ∂g
∂xn

(a, b)
)−1( ∂g

∂xj
(a, b)

)
for 1 ≤ j < n. Let H(x) = (x′, h(x′)).

Form f ◦ H , which has a local maximum or minimum atx′ = a in V . All the first
partial derivatives of this function must be 0 atx′ = a. Thus, for 1≤ j ≤ n − 1,
0 = ∂( f ◦H)

∂xj
(a) = ∑n

i =1
∂ f
∂xi

(x0)
∂ Hi
∂xj

(a). SinceHi (x) = xi for i < n, all the terms of

this sum are 0 except possibly for thej th and thenth. Thus 0= ∂ f
∂xj

(x0)+ ∂ f
∂xn

(x0)
∂h
∂xj

(a)

= ∂ f
∂xj

(x0)− (
∂ f
∂xn

)
(x0)

(
∂g
∂xn

(a, b)
)−1( ∂g

∂xj
(a, b)

)
for j < n. The right side is 0 trivially

for j = n, and thus the result follows withλ = −( ∂g
∂xn

(a, b)
)−1

.

20. The difficulty in handling this inequality as a maximum-minimum problem is
the question of existence. Lagrange multipliers can constrain matters to a compact
set, and then existence is no longer an obstacle. The domainD initially will be
the set wherea1 ≥ 0, . . . , an ≥ 0. Fix a numberc, and let g(a1, . . . , an) =
1
n (a1 + · · · + an) − c and f (a1, . . . , an) = n

√
a1 · · · an. The subset ofD where

g(a1, . . . , an) = 0 is compact, andf must have an absolute maximum on it. This
maximum cannot occur where anyaj equals 0 sincef is 0 at such points. So it
is at a point in the setU where allaj are> 0. Apply Lagrange multipliers onU .
The resulting equations are1n (a1 · · · an)

1/n
/

aj = 1/n for 1 ≤ j ≤ n, as well as the
constraint equation1n (a1 + · · · + an) = c. The firstn equations show that allaj ’s
must be equal, and the constraint equation shows that they must equalc. The desired
inequality is true in this case and hence is true in all cases.
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Chapter IV

1. For (a), 1
2 y2 = −1

2t2 + c. Adjusting c, we havey2 = −t2 + c. Then

y(t) = ±√
c − t2. For (b), the exceptional points are(t0, 0). For (c), a solution with

y(t0) = y0 is y(t) = sgn(y0)

√
y2

0 + t2
0 − t2.

2. In Theorem 4.1, takea = 1 andb = 1. ThenM = 2 anda′ = 1
2. The theorem

therefore gives a solution for|t | < 1/2.

3. To be an integral curve,(x(t), y(t)) must satisfyx′(t) = √
x andy′(t) = 1/2.

Then 2
√

x(t) = t + c1 andy(t) = 1
2t + c2. At some unspecified timet0, the curve

is to pass through(1, 1). Thenx(t0) = 1 andy(t0) = 1; these force 2= t0 + c1

and 1= 1
2t0 + c2. So(x(t), y(t)) = (1

4(t − t0 + 2)2, 1
2(t − t0 + 2)

)
. If t0 = 0, for

example, the curve is(x(t), y(t)) = (1
4(t + 2)2, 1

2(t + 2)
)
.

4. This uses the multivariable chain rule, Proposition 3.28b, and the Fundamental
Theorem of Calculus. The derivative in question is

= (2t)(1/t2) sin(t3) + ∫ t2

0 (∂/∂t)(s−1 sin(st)) ds = (2/t) sin(t3) + ∫ t2

0 cos(st) ds

= (2/t) sin(t3) + [
t−1 sin(st)

]t2

s=0 = (2/t) sin(t3) + t−1 sin(t3).

5. y(t) = 2 + c1et + c2e2t .

6. For (a),J =
(

3 1
0 3

)
andB =

(
1 0
2 1

)
for the first, andJ =

(1 0 0
0 i 0
0 0 −i

)

and B =
( 0 i −i

1 0 0
0 1 1

)
for the second. For (b), the bases aree3t

(
1
2

)
and

e3t

((
0
1

)
+ t

(
1
2

))
for the first, andet

(0
1
0

)
, eit

( i
0
1

)
, e−i t

(−i
0
1

)
for the second.

Part (b) can be solved directly without solving part (a) first. Consider the 2-by-2
example. The only root of the characteristic polynomial is 3, and it has multiplicity 2.

We solve(A−3·1)k0 = 0 and getk0 =
(

c
2c

)
. Then we solve(A−3·1)l0 =

(
c
2c

)
and getl0 =

(
d

c + 2d

)
. Choose anyc �= 0 and anyd, sayc = 1 andd = 0. Then

k0 =
(

1
2

)
, andl0 =

(
0
1

)
, and we obtain the solutions in the form given above.

For more complicated examples, the choice of these constants can get tricky, but this
method works quickly for easy examples.

7. Forn = 1, det(λ − (−a0)) = λ + a0. Assume the result forn − 1, and expand
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thenth-order determinant by cofactors about the first column. Then

det(λ1 − A) = det

⎛⎜⎜⎜⎜⎝
λ −1 0 0 ··· 0 0

λ −1 0 ··· 0 0
λ −1 ··· 0 0

...
...

...
...

λ −1 0
λ −1

a0 a1 a2 ··· an−1

⎞⎟⎟⎟⎟⎠

= λ det

⎛⎜⎜⎜⎝
λ −1 0 ··· 0 0

λ −1 ··· 0 0
...

...
...

...
λ −1 0

λ −1
a1 a2 ··· an−1

⎞⎟⎟⎟⎠+ (−1)n−1a0 det

⎛⎜⎜⎜⎜⎝
−1

−1 ··· 0

...

∗ ···
...

−1

⎞⎟⎟⎟⎟⎠
= λ(λn−1 + an−1λ

n−2 + · · · + a1) + (−1)n−1a0(−1)n−1

= λn + an−1λ
n−1 + · · · + a0,

the next-to-last equality following by induction.

8. In (a), let| fn(t) ≤ M for all t andn. Then|Fn(t) − Fn(t ′)| = ∣∣ ∫ t
t ′ fn(s) ds

∣∣ ≤
M |t − t ′|. Thus equicontinuity holds withδ = ε/M .

In (b), we solve the equation explicitly, using variation of parameters. The solutions
of the homogeneous equation arec1 cost + c2 sint , and computation shows that
the unique solution of the inhomogeneous equation with the given initial condition
is y∗(t) = −(cost)

∫ t
0(sins) f (s) ds + (sint)

∫ t
0(coss) f (s) ds. Each integral is

equicontinuous by the same argument as in (a), and the operations of multiplication
by a bounded continuous function and addition preserve the equicontinuity.

In (c), we do not know explicit formulas for the solutions of the homogeneous
equation, but the same argument as in (b) with variation of parameters will work
anyway.

10. For anyC2 periodic functionf , thenth Fourier coefficientcn of f has|cn| ≤
n−2 sup| f ′′|. The functionv(r, θ), being a composition of twoC2 functions, isC2 for
0 ≤ r < 1 and|θ | ≤ π , and hence sup

∣∣ ∂2v

∂θ2

∣∣ is bounded by someM for 0 ≤ r ≤ 1−δ.
Then we obtain|cn(r )| ≤ M/n2.

11. The function(u◦Rϕ)(x, y)e−ikϕ is of classC2 jointly in x, y, ϕ. By Proposition
3.28 we can pass the second derivatives with respect tox andy under the given integral
sign with respect toϕ. The integrand is harmonic in(x, y) for eachϕ, and therefore
the integral itself is harmonic. The integral itself is given by

1
2π

∫ π

−π
v(r, θ + ϕ)e−ikϕ dϕ = 1

2π

∫ π

−π

∑∞
n=−∞ cn(r )einθei (n−k)ϕ dϕ.

The series in the integrand is uniformly convergent as a function ofϕ, by the estimate in
Problem 10 and by the WeierstrassM-test. Theorem 1.31 says that we can interchange
sum and integral, and then the right side above collapses tock(r )einθ .
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12. Starting fromv(r, θ) = u(r cosθ, r sinθ), we compute∂v
∂r and ∂v

∂θ
by the chain

rule and obtain

∂v
∂r = cosθ ∂u

∂x + sinθ ∂u
∂y and ∂v

∂θ
= −r sinθ ∂u

∂x + r cosθ ∂u
∂y .

Using the same technique, we form∂
2v

∂r 2 and ∂2v

∂θ2 in terms of the partial derivatives of
u, and we find that

	u = ∂2v

∂r 2 + 1
r

∂v
∂r + 1

r 2
∂2v

∂θ2 .

Substitutingv(r, θ) = ck(r )eikθ and taking into account that	u = 0, we obtain

0 = eikθ
(
c′′

k + r −1c′
k − k2r −2ck).

Thusr 2c′′
k + rc′

k − k2ck = 0. This is an Euler equation. The solutions areck(r ) =
akr |k| + bkr −|k| if k �= 0 and area0 + b0 logr if k = 0. Taking into account that
ck(r ) is differentiable atr = 0, we obtainck(r ) = akr |k| for all k. Substitution gives
v(r, θ) = ∑∞

n=−∞ cnr |n|einθ .

13. Since fR(θ) = ∑∞
n=−∞ cn R|n|einθ and Pr/R(θ) = ∑∞

n=−∞(r/R)|n|einθ , the
result follows immediately from Problem 8b at the end of Chapter III.

15. For (a), substitutey = uv, y′ = u′v+uv′, andy′′ = u′′v+2u′v′+uv′′ into the
equation fory, take into account thatu′′+Pu′+Qu = 0, and get 2u′v′+uv′′+Puv′ =
0. Putw = v′. We can rewrite our equation asw′ = (−P − 2u′/u)w sinceu

is assumed nonvanishing. Then Problem 14 givesw(t) = ce−
∫

P dt−2
∫

(u′/u) dt =
ce−

∫
P dtelog(|u|−2) = cu(t)−2e−

∫
P(t) dt.

For (b), the formula in (a) givesv′(t) = ce−t2/2, and hencey(t) = u(t)v(t) =
et2/2

∫ t
0 e−s2/2 ds.

16. The substitution leads touv′′ + (2u′ + Pu)v′ + (u′′ + Pu′ + Qu)v = 0. Thus

the condition is 2u′ + Pu = 0. By Problem 14,u(t) is a multiple ofe−
∫

(P/2) dt. The
computation ofR(t) is then routine.

17. Substitution ofv = ur−1/2 shows thatL(v) = r 1/2L0(u) with L0 of the
indicated form.

18. For (a), the formula isdn = −∑n
k=1 ckdn−k, with d0 = 1. For (b), we have

d1 = −c1d0 = −c1, so that|d1| = |c1| ≤ Mr 1. Thus|dn| ≤ M(M + 1)n−1r n for
n = 1. Assume that|dk| ≤ Mr k for 1 ≤ k < n. Then|dn| ≤ ∑n−1

k=0 |cn−k||dk| ≤
|cn| +∑n−1

k=1(Mr n−k)(M(M + 1)k−1r k) ≤ Mr n + M2r n
∑n−1

k=1(M + 1)k−1. This is

= Mr n
(
1 + M

∑n−1
k=1(M + 1)k−1

)
= Mr n(1 + M((M + 1)n−1 − 1)/((M + 1) − 1)

= Mr n(1 + (M + 1)n−1 − 1) = M(M + 1)n−1r n.
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For (c), we may assume thatf (0) = 1. Write f (x) = ∑∞
n=0 cnxn, and definedn as in

the answer to (a). The estimate in (b) shows that the power seriesg(x) = ∑∞
n=0 dnxn

has positive radius of convergence, and Theorem 1.40 shows thatf (x)g(x) = 1 on
the common region of convergence. Theng(x) = 1/ f (x), and 1/ f (x) is exhibited
as the sum of a convergent power series.

19. The indicial equation iss(s − 1) + a0s + b0 = 0, wherea0 = P(0) and
b0 = Q(0). Thuss1 + s2 = 1 − a0.

In (a), we apply Problem 15a withu(t) = ts1
∑∞

n=0 cntn. The expressionP(t) in

that problem has becomet−1P(t) here, and we obtainv′(t) = u(t)−2e−
∫

t−1P(t) dt. In
the integrand of the exponent, we separate the term−a0/t from the power series, and
we see thatv′(t) = u(t)−2e−a0 log t × power series= t−a0u(t)−2 × power series, the
power series having nonzero constant term since exponentials are nowhere vanishing.
This is of the formt−2s1−a0 × power series as a consequence of Problem 18 and
Theorem 1.40, the power series having nonzero constant term. When this expression
is integrated to formv(t), thet−1 produces a logarithm, and the rest produces powers
of t . Thusv(t) equalsc log t + t−2s1−a0+1 × power series; here the power series has
nonzero constant term. Thenu(t)v(t) = cu(t) log t + ts1 t−2s1−a0+1 × power series;
once again the power series has nonzero constant term. The exponent oft in the
second term is−s1 + 1 − a0 = −s1 + (s1 + s2) = s2, and (a) is done.

In (b), we know that there is only one solution beginning withts1, and thus we
must havec �= 0 in (a). Another way to see this conclusion is to recognize that the
exponent oft−2s1−a0 in v′(t) is just−1 since 2s1 = s1 + s2. Thus the coefficient of
t−1 in integrating to formv(t) is not 0, and the logarithm occurs.

In (c), we know from a computation in the text that no series solution begins with
t−p except whenp = 0, and thus the first argument for (b) applies.

20. Whent = tk−1 is substituted into the formula valid fortk−1 < t ≤ tk, we get
y(t) = y(tk−1); so the formula is valid also attk−1.

We induct onk. For k = 0, y(t0) = y0. Assume inductively fork > 0 that
|y(tk−1) − y(t0)| ≤ M |tk−1 − t0| ≤ Ma′ ≤ b. For tk−1 ≤ t ≤ tk, the displayed
formula in the problem implies|y(t)− y(tk−1)| = |F(tk−1, y(tk−1))| |t − tk−1|. Since
(tk−1, y(tk−1)) lies in R′, |F | is ≤ M on it. Thus|y(t) − y(tk−1)| ≤ M |t − tk−1| ≤
Ma′ ≤ b. If tl−1 ≤ t ≤ tl , then adding such inequalities gives|y(t) − y(t0)| ≤
M |t1 − t0| + · · · + M |tl−1 − tl−2| + M |t − tl−1| = M |t − t0| as required. Since
|t − t0| ≤ a′, we haveM |t − t0| ≤ Ma′ ≤ b. Thus(t, y(t)) is in R′.

21. We may assume thatt ′ ≤ t . If t ′ andt lie in the same interval [tk−1, tk] of the
partition, theny(t) − y(t ′) = F(tk−1, y(tk−1))(t − t ′). Taking absolute values gives
|y(t) − y(t ′)| ≤ M |t − t ′|.

Otherwise lett ′ ≤ tl ≤ tk−1 ≤ t . Then each pair of points(t ′, tl ),(tl , tl+1),
. . . ,(tk−2, tk−1),(tk−1, t) lies in a single interval of the partition. Adding the estimates
for each and taking into account that each difference oft values is≥ 0, we obtain
|y(t) − y(t ′)| ≤ M |t − t ′|.



Chapter V 599

22. Lettk−1 ≤ t ≤ tk. Then
∫ t

t0
y′(s) ds = ∑k−1

j =1

∫ tj
tj −1

y′(s) ds+ ∫ t
tk−1

y′(s) ds =
(y(t1) − y(t0)) + · · · + (y(tk−1) − y(tk−2)) + (y(t) − y(tk−1)) = y(t) − y(t0),
by an application of the Fundamental Theorem of Calculus on each interval. If
tk−1 < s < tk, we have|y′(s) − F(s, y(s))| = |F(tk−1, y(tk−1)) − F(s, y(s))|. Here
|s− tk−1| ≤ |tk − tk−1| ≤ δ by the choice of the partition. Again by the choice of the
partition,|y(s) − y(tk−1)| ≤ M |s − tk−1| ≤ M(δ/M) = δ. By the definition ofδ in
terms ofε and the uniform continuity ofF , we conclude that|y′(s)− F(s, y(s))| ≤ ε.

23. We have
∣∣y(t) − (

y0 + ∫ t
t0

F(s, y(s)) ds
)∣∣ = ∣∣ ∫ t

t0
[y′(s) − F(s, y(s))] ds

∣∣ ≤∫ t
t0

|y′(s) − F(s, y(s))| ds ≤ ∫ t
t0

ε ds ≤ ε|t − t0| ≤ εa′.
24. The statement of Problem 21 proves uniform equicontinuity withδ = ε/M .

If we specialize tot ′ = t0, it implies uniform boundedness.

25. Lety(t) = lim ynk(t) uniformly. The functionsynk(t) are continuous, and the
uniform limit of continuous functions is continuous. Hencey(t) is continuous. By
Problem 23 we have

∣∣ynk(t) − (
y0 + ∫ t

t0
F(s, ynk(s)) ds

)∣∣ ≤ εnka
′ for eachk. We

take the limsup of this expression ask tends to infinity. We know thatynk(t) tends
uniformly to y(t). Thenynk(s) tends uniformly toy(s) uniformly for t0 ≤ s ≤ t . By
uniform continuity ofF , F(s, ynk(s)) tends uniformly toF(s, y(s)). By Theorem
1.31,

∫ t
t0

F(s, ynk(s)) ds tends to
∫ t

t0
F(s, y(s)) ds.

Chapter V

1. For (a) and (c), the answer is 2k for 0 ≤ k ≤ n. However, the assertion in (d)
is false; for a counterexample, takeX = {1, 2, 3, 4}, and letB consist of all sets with
an even number of elements. For (b), the associativity is proved by observing that
A	 B 	C is the set of all elements that lie in an odd number of the setsA, B, C.

2. Let X = {1, 2, 3} with theσ -algebra consisting of all subsets. Takeρ({1}) =
ρ({3}) = +2, ρ({2}) = −3, A = {1, 2}, andB = {2, 3}.

4. This can be worked out carefully, but it is easier to use Problem 3 and apply
dominated convergence to see that the measure of the left side is lim supµ(En), and
the measure of the right side is lim infµ(En).

5. Part (a) is proved the same way as for Lebesgue measure. In (b), the intervalI
of rationals from 0 to 1 hasµ(I ) = 1, and it is a countable union of one-point sets
{p}, each of which hasµ({p}) = 0.

6. Argue by contradiction. IfEc is not dense, then there is a nonempty open
intervalU in [0, 1] with U ∩ Ec = ∅ and henceU ⊆ E. Sinceµ(U ) > 0, we must
haveµ(E) > 0.

7. As soon as supµ(A) is known to be finite,B can be constructed as the union
of a sequence of sets whose measures increase to the supremum. Thus assume that
the supremum ofµ(A) over all sets of finite measure is infinite. Then we can choose
a disjoint sequence of setsAn with eachµ(An) finite and with

∑
µ(An) = +∞. A
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little argument allows us to partition the terms of the series into two subsets, with the
series obtained from each subset divergent. Say the terms of one subset areµ(Bi )

and the terms of the other areµ(Cj ). Since
∑

µ(Bi ) = +∞, the hypothesis makes
µ
((⋃

i Bi
)c)

finite. A contradiction arises because
(⋃

i Bi
)c ⊇ ⋃

j Cj and
⋃

j Cj

has infinite measure.

8. Consider the setA of all Borel setsE such thatf −1(E) is measurable. The set
A is closed under complements and countable unions, and it contains all intervals.
So it is aσ -algebra containing all intervals and must consist of all Borel sets.

10. This problem can be done via dominated convergence, but let us do it from
scratch in order to be able to quote it in solving Problem 18 and other problems. We
have ∣∣ ∫

X fn dµ − ∫
X f dµ

∣∣ ≤ ∫
X | fn − f | dµ ≤ µ(X) supx | fn(x) − f (x)|,

and the right side tends to 0 by the uniform convergence. Thus limX fn dµ = ∫
X f dµ,

the limit existing.

11. In (a) the approximating sets are finite unions of intervals, and we can add
their lengths to obtain

∏N
n=1 (1 − rn). Then apply Corollary 5.3. For (b), the setCc

is open, and every point ofCc has an open interval about it whereIC is identically 0;
this proves the continuity at points ofCc. To have continuity ofIC at a pointx0 of
C, we would needIC > 1/2 on some interval aboutx0, and this would mean that
IC equals 1 on that interval and hence that the interval is contained inC. But C
contains no intervals of positive length. Part (c) is handled by the same argument as
(b). For (d), part (c) says thatIC cannot be redefined on a Lebesgue measurable set
of measure 0 so as to be continuous except on a set of measure 0. Theorem 3.29 says
that no f obtained by redefiningIC on a set of Lebesgue measure 0 can be Riemann
integrable. On the other hand,IC is measurable, being the indicator function of a
compact set, and hence it is Lebesgue integrable.

12. Argue for indicator functions and then simple functions. Then pass to the
limit to handle nonnegative functions.

13. Let D be the diagonal. LetB be the set of all subsets ofA × A containing
only countably many members ofD. This is aσ -ring, and it contains all rectangles
of the form A × A′, A × B, andB × A with A, A′, andBc in A. If Bc denotes the
set of complements of members ofB, then Proposition 5.37 shows thatC = B ∪ Bc

is aσ -algebra, and certainlyC contains all rectanglesAc × A′c with A and A′ in A.
ThereforeC = A × A. If the setD is in A × A, eitherD or Dc must be inB, and
neither is the case.

14. To prove thatR is measurable, one first proves the assertion for simple functions
≥ 0 and then passes to the limit. For the rest Fubini’s Theorem gives∫

X×[0,+∞] I R d(µ × m) = ∫
X

[ ∫
[0,+∞] I R(x, y) dm(y)

]
dµ(x)

= ∫
X

[ ∫
[0, f (x))

dm(y)
]

dµ(x) = ∫
X f (x) dµ(x).
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15. This is proved in the same way as Proposition 5.52a.

16. The measure space is the unit interval with Lebesgue measure, and eachfn is
an indicator function. The set of whichfn is the indicator function is the subset of
R between

∑n−1
k=1 ak and

∑n
k=1 ak written modulo 1, i.e., the set of fractional parts of

each of these rational numbers. The divergence of the series forces these sets to cycle
through the unit interval infinitely often, and thusfn(x) is 1 infinitely often and 0
infinitely often.

17. From the definition ofEM N , we see that
⋃

N EM N = X and
⋂

N Ec
M N =

∅. The setsEM N are increasing as a function ofN, and their complements are
decreasing with empty intersection. Corollary 5.3 produces an integerC(M) such
thatµ(Ec

M,C(M)) < ε/2M . Put E = ⋃
M Ec

M,C(M). Thenµ(E) < ε by Proposition
5.1g. If ε′ > 0 is given, we are to produceK such that| fk(x) − f (x)| < ε′ for
all k ≥ K and all x in Ec. ChooseM0 with 1/M0 < ε′. The integerK will be
C(M0). Sincex is in Ec = ⋂

M EM,C(M), x is in EM0,C(M0) in particular. Then
| fk(x) − f (x)| < 1/M0 < ε′ for k ≥ C(M0).

18. In (a), we may take the set of integration to beX. Let S be the set of
measure 0 on which any offn and f is infinite, and redefine all the functions to be 0
on S. Givenε > 0, chooseδ > 0 by Corollary 5.24 such thatµ(F) < δ implies∫

F g dµ < ε. Let E be as in Egoroff’s Theorem for the numberδ. Problem 10 shows
that lim

∫
Ec fn dµ = ∫

Ec f dµ, the limit existing. Also,
∣∣ ∫

E fn dµ
∣∣ ≤ ∫

E | fn| dµ ≤∫
E g dµ < ε for all n, and similarly for f . Hence lim supn

∣∣ ∫
X fn dµ − ∫

X f dµ
∣∣ ≤

2ε. Sinceε is arbitrary, the result follows.
In (b), consider the measureg dµ and the sequence of functions{hn} with hn(x) =

fn(x)/g(x) wheng(x) > 0, hn(x) = 0 wheng(x) = 0. After checking thathn is
measurable, use Corollary 5.28 and apply (a). The constant that bounds the sequence
is 1.

19. By Fatou’s Lemma,
∫

Ec f dµ ≤ lim infn
∫

Ec fn dµ. Subtracting this from∫
X f dµ = lim

∫
X fn dµ gives

∫
E f dµ ≥ lim supn

∫
E fn dµ. Another applica-

tion of Fatou’s Lemma gives lim infn
∫

E fn dµ ≥ ∫
E f dµ, and we conclude that

lim infn
∫

E fn dµ = lim supn

∫
E fn dµ = ∫

E f dµ, from which the result follows.

20. Letε > 0 be given. Chooseδ > 0 by Corollary 5.24 such thatµ(F) ≤ δ

implies
∫

F f dµ ≤ ε. Then chooseE with µ(E) < δ such thatfn converges tof
uniformly off E. Problem 10 shows that there is anN such that

∫
Ec | fn − f | dµ < ε

for n ≥ N, and Problem 19 shows that there is anN ′ such that
∫

E | fn − f | dµ ≤∫
E fn dµ+ ∫

E f dµ ≤ 2
∫

E f dµ+ ε for n ≥ N ′. Sinceµ(E) < δ, 2
∫

E f dµ+ ε ≤
3ε. Thenn ≥ max{N, N ′} implies

∫
X | fn − f | dµ ≤ 4ε.

21. Suppose that lim
∫

X fn dµ = ∫
X f dµ. Given ε > 0, chooseδ > 0 by

Corollary 5.24 such thatµ(E) < δ implies
∫

E f dµ < ε. Then chooseN such that
N−1

( ∫
X f dµ + ε

)
< δ. For anyn, the convergence of

∫
X fn dµ to

∫
X f dµ implies

that Nµ({x | fn(x) ≥ N}) ≤ ∫
{x | fn(x)≥N} fn dµ ≤ ∫

X fn dµ ≤ ∫
X f dµ + ε if n is

sufficiently large. Henceµ({x | fn(x) ≥ N}) ≤ N−1
( ∫

X f dµ + ε
)

< δ for large
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n, and therefore
∫
{x | fn(x)≥N} f dµ < ε. Problem 20 shows that

∫
X | fn − f | dµ ≤

ε if n is large enough, and then also
∫
{x | fn(x)≥N} | fn − f | dµ ≤ ε. So we have∫

{x | fn(x)≥N} fn dµ ≤ ∫
{x | fn(x)≥N} | fn − f | dµ + ∫

{x | fn(x)≥N} f dµ ≤ ε + ε = 2ε for
n large, sayn ≥ N ′. By increasingN and taking the integrability off1, . . . , fN ′−1

into account, we can achieve the inequality
∫
{x | fn(x)≥N} fn dµ ≤ 2ε for all n.

Conversely suppose that{ fn} is uniformly integrable. Givenε > 0, find theN of
uniform integrability, putδ = ε/N, and chooseE0 by Egoroff’s Theorem such that
µ(E0) < δ and fn converges uniformly offE0. Then lim

∫
Ec

0
fn dµ = ∫

Ec
0

f dµ by

Problem 10. Fatou’s Lemma gives
∫

E0
f dµ ≤ lim inf

∫
E0

fn dµ, and we have∫
E0

fn dµ = ∫
E0∩{x | fn(x)≥N} fn dµ + ∫

E0−{x | fn(x)≥N} fn dµ.

The first term on the right side is≤ ∫
{x | fn(x)≥N} fn dµ, which is ≤ ε by uniform

integrability, and the second term on the right side is≤ Nδ = ε becauseµ(E0) < δ

and fn(x) ≤ N on the set of integration. Thus lim sup
∫

E0
fn dµ ≤ 2ε, and we obtain

lim supn

∣∣ ∫
E0

fn dµ − ∫
E0

f dµ
∣∣ ≤ 4ε.

22. In the notation of Section 5,K = U = A sinceA is now assumed to be
a σ -algebra. Thusµ∗(E) = supK∈A, K⊆E µ(K ) andµ∗(E) = infU∈A,U⊇E µ(U ).
Take a sequence of setsKn in A with lim µ(Kn) = µ∗(E); without loss of generality,
the setsKn may be assumed increasing. Then we may takeK to be the union of the
Kn. The construction ofU is similar.

The setK is any member ofA such thatµ(K ) is the supremum ofµ(S) for all S
in A with S ⊆ E. Thenµ(K c) is the infimum of allµ(Sc) = µ(X) − µ(S) for all
Sc in A with Sc ⊇ Ec. A similar argument applies toU andUc. The result is that
Uc ⊆ Ec ⊆ K c, µ∗(Ec) = µ(Uc), andµ∗(Ec) = µ(K c).

23. Lemma 5.33 givesµ(A ∩ K ) ≤ µ∗(A ∩ E), µ(Ac ∩ K ) ≤ µ∗(Ac ∩ E), and
µ∗(E) = µ(K ) = µ(A∩K )+µ(Ac∩K ) ≤ µ∗(A∩E)+µ∗(Ac∩E) ≤ µ∗(E), from
which we obtainµ∗(A∩ E) = µ(A∩ K ). The argument thatµ∗(A∩ E) = µ(A∩U )

is similar.

24. The right side of the definition ofσ depends only onA ∩ E andB ∩ Ec, and
henceσ is well defined. The formulas⋃

n

[
(An ∩ E) ∪ (Bn ∩ Ec)

] =
((⋃

n

An

)
∩ E

)
∪
((⋃

n

Bn

)
∩ Ec

)
and [(A ∩ E) ∪ (B ∩ Ec)]c = (Ac ∩ E) ∪ (Bc ∩ Ec) show that the sets in question
form aσ -algebraC. TakingA = B shows thatA ⊆ C, and takingA = X andB = ∅
shows thatE is in C. ThereforeB ⊆ C, andσ is defined on all ofB.

The complete additivity ofσ results from the complete additivity of each of the four
terms in the definition ofσ . Specifically let a disjoint sequence(An ∩ E) ∪ (Bn ∩ E)

be given, and letA = ⋃
n An andB = ⋃

n Bn. We haveµ∗(An ∩ E) = µ(An ∩ K ),
and the setsAn ∩ K are disjoint; thus

∑
µ∗(An ∩ E) = µ∗(A ∩ E). The next term
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is µ∗(An ∩ E) = µ(An ∩ U ), and the setsAn ∩ U may not be disjoint. However,
µ∗(Am ∩ E) + µ∗(An ∩ E) = µ(Am ∩ U ) + µ(An ∩ U ) = µ(Am ∩ An ∩ E)+
µ((A1 ∪ A2) ∩ E), andµ(Am ∩ An ∩ U ) = µ∗(Am ∩ An ∩ E) = µ∗(∅) = 0. Thus
the term withµ∗(An ∩ E) behaves in additive fashion. Consequentlyµ∗(A ∩ E) ≥
µ∗((⋃n

k=1 Ak
)∩E

) = ∑n
k=1 µ∗(Ak∩E). Lettingn tend to infinity givesµ∗(A∩E) ≥∑∞

k=1 µ∗(Ak ∩ E). The reverse inequality follows from Lemma 5.33a, and thus the
termµ∗(An∩E) is completely additive. The terms with theBn’s are handled similarly,
andσ is completely additive.

Taking A = X and B = ∅, we see immediately that the formula forσ(E) is as
asserted.

To prove thatσ(A) = µ(A) for A in A, we takeA = B. Then we see that
σ(A) = tµ(A ∩ K ) + (1 − t)µ(A ∩ U ) + tµ(A ∩ K c) + (1 − t)µ(A ∩ Uc) =
tµ(A) + (1 − t)µ(A) = µ(A).

25. Each member of the countable set has only countably many ordinals less than
it, and the countable union of countable sets is countable. Therefore some member
of � is not accounted for and is an upper bound for the countable set. Application of
(iii) completes the argument.

27. For (a), ifUn ↑ U andVn ↑ V , thenUn ∪ Vn ↑ U ∪ V andUn ∩ Vn ↑ U ∩ V .
Similar remarks apply toKα. Then the assertion follows by transfinite induction.

For (b), we know thatKα is closed under finite unions and intersections, and
we readily see that the complement of any set occurs at most one step later. Now
let an increasing sequence of sets in variousKα ’s be given. Say thatUn is in Kαn .
Problem 25 shows that there is a countable ordinalα0 that is≥ all theαn, and then
all theUn are inKα0. The union is then inUα0+1 and necessarily inKα0+1. Hence the
union is in the union of theKα ’s. So the union of theKα ’s is aσ -algebra and must
containB. All the set-theoretic operations take place withinB, and thus the union
must actually equalB.

28. Proposition 5.2 and Corollary 5.3 show that the value of the measure is deter-
mined on all the new sets that are constructed in terms of the values on the previous
sets. Problem 27 shows that all members ofB are obtained by the construction, and
henceµ is completely determined onB.

29. Same argument as for Problem 27b.

30. At every stage of taking limits, we have closure under addition and scalar
multiplication. Pointwise decreasing limits produce the indicator functions of finite
unions of closed intervals, and pointwise increasing limits of them produce the
indicator functions of arbitrary finite unions of intervals. Since the constants are
present as continuous functions, we have the indicator function of every elementary
set and its complement. These sets form an algebra. Going through the construction
of Problem 27, we obtain the indicator function of every Borel set. Since we have
closure under addition and scalar multiplication at each step, we obtain all simple
functions. One increasing limit gives us all nonnegative Borel measurable functions,
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and a subtraction (allowable without another passage to the limit) gives us all Borel
measurable functions.

32. To see thatC has the same cardinality asR, we can make an identification of
the disjoint union ofR and a countable set. To do so, we writeC as the members of
[0, 1] whose base-3 expansions involve no 1’s. For each such infinite sequence of 0’s
and 2’s, we change all the 2’s to 1’s and regard the result as the base-2 expansion of
some real number. This identification is onto [0, 1], and it is one-one if we discard
from C all the sequences of 0’s and 2’s that end in all 2’s.

The standard Cantor set has Lebesgue measure 0, and thus any subset of it is
Lebesgue measurable of measure 0. The cardinality of this set of subsets is the same
as the cardinality of the set of subsets ofR. In Section A.10 of the appendix, it is
shown for any setS that the cardinality ofS is less than the cardinality of the set of
all subsets ofS. So the cardinality of the set of Lebesgue measurable sets is at least
that of the set of all subsets ofR.

33. SinceCc is open, any memberx of Cc has the property thatIC′ is 0 on some
open interval aboutx. ThusIC′ is continuous atx. SinceC has Lebesgue measure 0,
IC′ is continuous except on a Lebesgue measurable set of measure 0. Theorem 3.29
shows thatIC′ is Riemann integrable. Hence the cardinality of the set of Riemann
integrable functions is at least that of the set of all subsets ofR.

35. If F is the given filter, form the partially ordered set consisting of all filters
on X containingF, with inclusion as the partial ordering. The union of the members
of a chain is readily verified to be an upper bound for the chain, and Zorn’s Lemma
produces a maximal element. This maximal element is readily seen to be an ultrafilter.

36. The filter in question consists of all supersets of finite intersections of members
of C.

37–38. Suppose thatF is an ultrafilter,A ∪ B is in F, A is not inF, andB is not
in F. LetF ′ consist of all sets inF and all setsB ∩ F with F in F. SinceB is not
in F, F ′ properly containsF. SinceF is an ultrafilter,F ′ must fail to be a filter. On
the other hand, by inspection,F ′ satisfies properties (i) and (ii) in the definition of
filter. We conclude that∅ is inF ′, hence that there is a setF in F with B ∩ F = ∅.
SinceF satisfies (ii), the set(A ∪ B) ∩ F = (A ∩ F) ∪ (B ∩ F) = A ∩ F is in F.
By (i), A is in F, contradiction.

Conversely suppose thatF is a filter such that eitherA or Ac is in F for each
subsetA of X. If F is not maximal, letB be a set that lies in some filterF ′ properly
containingF while B is not itself inF. By hypothesis,Bc is inF and hence is inF ′.
But thenB ∩ Bc = ∅ lies inF ′, in contradiction to (iii).

39. If an ultrafilterF is given, defineµ(E) = 1 if E is inF and defineµ(E) = 0
otherwise. Thenµ is defined on all subsets, and we haveµ(∅) = 0 andµ(X) = 1.
If E andE′ are disjoint, we are to show that

µ(E) + µ(E′) = µ(E ∪ E′).
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If E ∪ E′ is not inF, then all terms in the displayed equation are 0 sinceF is closed
under supersets. IfE ∪ E′ is inF, then Problem 37 shows thatE or E′ is inF; on the
other hand, they cannot both be inF becauseF is closed under finite intersections
and the empty set is not inF. Thus exactly one term on the left side of the displayed
equation is 1, and the right side is 1. This proves additivity.

Conversely if an additive set functionµ is given on all subsets ofX that takes only
the values 0 and 1 and is not the 0 set function, letF consist of the setsE for which
µ(E) = 1. It is immediate that (i) and (iii) hold in the definition of filter. For (ii), letE
andE′ be inF. ThenE ∪ E′ is inF. Henceµ(E ∩ E′)+1 = µ(E)+µ(E′) = 1+1,
andµ(E ∩ E′) = 1. HenceF is closed under finite intersections and (ii) holds. Thus
F is a filter. If A is given, we have 1= µ(X) = µ(A) + µ(Ac), and hence exactly
one of the setsA andAc is in F. By Problem 38,F is an ultrafilter.

The statement that complete additivity is equivalent to closure of the ultrafilter
under countable intersections is a routine consequence of Corollary 5.3.

40. This follows from Problems 34d and 35.

41. Let Sn be the set of all integers≥ n. SinceS1 = X, S1 is in the ultrafilter.
Since the ultrafilter is not trivial,{n} is not in it, and thus Problem 37 shows thatSn is
in it if Sn−1 is in it. HenceSn is in the ultrafilter for alln. The countable intersection⋂

n Sn is empty, and the empty set is not in any filter. Hence the ultrafilter is not
closed under countable intersections. Corollary 5.3 shows that the corresponding set
function is not completely additive.

43. The proof of Proposition 5.26 shows that the result holds for simple functions
≥ 0. If f ≥ 0 andg ≥ 0, choose the standard sequencestn andun of simple functions
increasing tof andg. These converge uniformly. Hence so does the sumsn = tn+un.
The same argument as for Problem 10 shows that lim

∫
E sn dµ = ∫

E ( f + g) dµ,
lim

∫
E tn dµ = ∫

E f dµ, and lim
∫

E un dµ = ∫
E g dµ. Thus the result holds for

bounded nonnegativef andg. The passage to general boundedf andg is achieved
as in Proposition 5.26.

Chapter VI

1. In additive notation, the setsE + t for t in T are disjoint, and their countable
union isS1. Since Lebesgue measure is translation invariant, these sets all have the
same measurec. Then complete additivity givesc∞ = 2π , which is impossible.

2. Parts (b) and (c) are easy. For (a), expand the Jacobian determinantJ(N)

in cofactors about the first row, obtaining two terms—one each from the first two
entries of the first row. The first term is cosθ1 times a determinant of sizeN − 1
whose first column has a common factor ofr cosθ1 and whose second column has
a common factor of sinθ1, the remaining part of the determinant beingJ(N − 1);
thus the first term gives(r cos2 θ1 sinθ1)J(N − 1). The second term is−(−r sinθ1)

times a determinant of sizeN − 1 whose first column has a common factor of sinθ1
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and whose second column has a common factor ofr sinθ1, the remaining part of the
determinant beingJ(N −1); thus the second term gives(r sin3 θ1)J(N −1). Adding
the two terms givesJ(N) = (r sinθ1)J(N − 1), and an induction readily proves the
formula.

3. Replacef in Theorem 6.32 byf ◦ L, and useϕ = L−1. Sinceϕ′(x) = L−1

for eachx, the result follows.

4. In the result of Problem 3, useL(x) = yx and replacef (z) by f (z)/| detz|N .
Then the left side in Problem 3 is

∫
MN

f (yx)/| det(yx)|N dx, while the right side is

| detL|−1
∫

MN
f (x)/| detx|N dx. Thus | dety|−N| ∫

MN
f (yx)/| det(x)|N dx =

| detL|−1
∫

MN
f (x)/| detx|N dx, and the problem reduces to showing that detL =

(dety)N . One way of doing this is to verify that this formula is true ify is the matrix
of an elementary row operation and then to multiply the results. But a faster way is
to let x1, . . . , xn be the columns ofx, so thatL(x1, . . . , xn) = (yx1, . . . , yxn). Then
L as a matrix is given in block diagonal form by a copy ofy in each block. Hence
detL = (dety)n. In a little more detail, the matrix ofL is being formed relative to
the following basis ofMN : if Ei j is the N-by-N matrix with 1 in the(i, j )th entry
and 0 elsewhere, the basis isE11, E21, . . . , EN1, E12, . . . , EN N.

5. For (a), we have, forn �= 0,

2πcn = ∫ π

−π
f (x)e−inx dx = ∫

|x|≤ 1
|n|

f (x)e−inx dx + ∫
1
|n| ≤|x|≤π

f (x)e−inx dx.

Let us call these termsI and I I . Since| f (x)| ≤ C|x|α for |x| ≤ 1,

|I | ≤ ∫
|x|≤ 1

|n|
| f (x)| dx ≤ C

∫
|x|≤ 1

|n|
|x|α dx = 2C

1+α
1

|n|1+α .

For I I , we use integration by parts and take into account that the terms atπ and−π

cancel by periodicity:

I I = ( ∫ −1/|n|
−π

+ ∫ π

1/|n|
)

f (x) dx

= [ f (x)e−inx

−in

]−1/|n|
−π

+ [ f (x)e−inx

−in

]π
1/|n| + 1

in

∫
1
|n| ≤|x|≤π

f ′(x)e−inx dx

= 1
in

{
f
(1

n

)
e−in/|n| − f

(− 1
n

)
e+in/|n|}+ 1

in

∫
1
|n| ≤|x|≤π

f ′(x)e−inx dx.

Let us call the terms on the rightI I I and I V . Since| f (x)| ≤ C|x|α for |x| ≤ 1,

|I I I | ≤ 1
|n|
(∣∣ f

(1
n

)∣∣+ ∣∣ f
(− 1

n

)∣∣) ≤ 2C 1
|n|1+α .

The derivation of the formula forI I , when applied tof ′ instead of f , gives the
following value for I V :

I V = − 1
n2

{
f ′(1

n

)
e−in/|n| − f ′(− 1

n

)
e+in/|n|}− 1

n2

∫
1
|n| ≤|x|≤π

f ′′(x)e−inx dx.
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Let us call the terms on the rightV andV I . Since| f ′(x)| ≤ C|x|α−1 for |x| ≤ 1,

|V | ≤ 1
n2

(∣∣ f ′(1
n

)∣∣+ ∣∣ f ′(− 1
n

)∣∣) ≤ 2C 1
|n|1+α .

Since f ′′(x) is bounded for 1≤ |x| ≤ π , we can write| f ′′(x)| ≤ C′|x|α−2 for
0 < |x| ≤ π , in view of the assumption onf ′′. Therefore

V I ≤ 1
n2

∫
1
|n| ≤|x|≤π

C′|x|α−2 dx = 2C′
n2

∫ π

1/|n| xα−2 dx

= 2C′
1−α

1
n2

( 1
|n|α−1 − πα−1

) ≤ 2C′
1−α

1
|n|1+α .

Since 2π |cn| ≤ |I | + |I I I | + |V | + |V I |, we obtain|cn| ≤ K/|n|1+α.
For (b), the uniform convergence follows by applying the WeierstrassM-test, and

the limit is f as a consequence of the uniqueness theorem.
In (c), a proof is called for. The crux of the matter is to show, under the assumption

that f is real valued, that the variationVε of f on [ε, 1], which gets larger asε decreases
to 0, is bounded. Ifx0 < · · · < xn is a partitionP of [ε, 1], then∑n

i =1 | f (xi ) − f (xi −1)| = ∑n
i =1 | f ′(ξi )|(xi − xi −1) ≤ C

∑n
i =1 ξα−1

i (xi − xi −1)

with xi −1 < ξi < xi . With ε fixed, the right side is a Riemann sum for the bounded
functionxα−1 on [ε, 1] and is≤ the corresponding upper sumU (P, xα−1

∣∣
[ε,1]). As we

insert points into the partition, the left sides increase and the right sides decrease to the
limit

∫ 1
ε

xα−1 dx = α−1(1− εα). HenceVε ≤ Cα−1(1− εα), and supε>0 Vε ≤ C/α.

6. The distribution functionF of µ must haveF(b)− F(a) equal to 0 or 1 for alla
andb. If c is the supremum of thex’s for which there existsy > x with F(x) < F(y),
thenF has to bek on (−∞, c) andk + 1 on [c, +∞) for the value ofk that makes
F(0) = 0. Henceµ is a point mass atc with µ({c}) = 1.

7. Let K be compact, and letf andg both be equal to the members of a sequence
{ fn} of continuous functions of compact support decreasing to the indicator function
IK of K . Applying the identity to fn and passing to the limit, we obtainν(K ) =
ν(K )2. Thusν(K ) is 0 or 1 for each compact set. By regularityν takes on only the
values 0 and 1 on Borel sets. Then the argument (but not the statement) of Problem 6
applies, and there is somec with ν equal to a point mass atc with ν({c}) = 1.

8. In (a), if the complement of the set in question is not dense, it omits an open
set. However, nonempty open sets have positive measure.

In (b), form
∫

R1

[ ∫
R1 I E(x − t) dt

]
dµ(x). The inner integral equals the Lebesgue

measure ofE for everyx since Lebesgue measure is invariant under translations and
the mapt 
→ −t . Hence the iterated integral is 0. The integral in the other order is
0 = ∫

R1

[ ∫
R1

I E(x − t) dµ(x)
]

dt = ∫
R1

[ ∫
R1

I E+t (x) dµ(x)
]

dt = ∫
R1 µ(E + t) dt,

and Corollary 5.23 shows thatµ(E + t) is 0 almost everywhere.
In (c), the same computation applies, andµ(E + t) is 0 almost everywhere. Under

the assumption that limt→0 µ(E + t) exists, the limit must be 0, by (a).
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9. Write 1/|x| as a sumF1 + F∞, whereF1 is 1/|x| for |x| < 1 and is 0 for
|x| ≥ 1. Then

∫
R3 F∞(x − y) dµ(y) is bounded byµ(R3), and it is enough to

handle the contribution fromF1. For that we have
∫

R3

[ ∫
R3 F1(x − y) dµ(y)

]
dx =∫

R3

[ ∫
R3 F1(x−y) dx

]
dµ(y) = ∫

R3

[ ∫
R3 F1(x) dx

]
dµ(y) = µ(R3)

∫
|x|≤1 |x|−1 dx,

and this is finite inR3. Hence the inner integral
∫

R3 F1(x − y) dµ(y) is finite almost
everywhere.

10. We proceed by induction onn, the casen = 1 following since finite sets have
Lebesgue measure 0. Assume the result inn−1 variables, and letP(x1, . . . , xn) �≡ 0
be given. LetE be the set whereP = 0. This is closed, hence Borel measurable
in Rn. Fix (x′

1, . . . , x′
n) with P(x′

1, . . . , x′
n) �= 0. The polynomial in one variable

R(x) = P(x′
1, . . . , x′

n−1, x) is not identically 0, being nonzero atx = x′
n, and hence

it vanishes only finitely often, say forx in the finite setF . Fix x′ /∈ F . Then
the polynomialQ(x1, . . . , xn−1) = P(x1, . . . , xn−1, x′) in n − 1 variables is not
identically 0, being nonzero at(x′

1, . . . , x′
n−1), and its setEx′ of zeros has measure 0 by

inductive hypothesis. Ifmn denotesn-dimensional Lebesgue measure, then Fubini’s
Theorem applied toI E gives

mn(E) = ∫
R

mn−1(Ex′) dx = ∫
F mn−1(Ex′) dx′ + ∫

Fc mn−1(Ex′) dx′.

On the right side the first term is 0 since the 1-dimensional measure ofF is 0, while
the second term is 0 since the integrand is 0. Thusm(E) = 0.

11. �(x + y)
∫ 1

0 t x−1(1 − t)y−1 dt = ∫∞
0 e−ssx+y−1 ds

∫ 1
0 t x−1(1 − t)y−1 dt =∫∞

0

[ ∫ s
0 ux−1(s − u)y−1e−s du

]
ds = ∫∞

0

[ ∫∞
u ux−1(s − u)y−1e−s ds

]
du =∫∞

0

[ ∫∞
0 ux−1sy−1e−se−u ds

]
du = �(x)�(y).

12. In Cartesian coordinates we obtain 1N , hence 1. In spherical coordinates we
obtain�N−1

∫∞
0 r N−1e−πr 2

dr . Puttingπr 2 = s shows that
∫∞

0 r N−1e−πr 2
dr =∫∞

0 (s/π)(N−2)/2e−s 1
2π

ds = 1
2π−N/2�(N/2). Hence�N−1 = 2π N/2/�(N/2).

13. Part (a) is carried out by showing by induction onk that
∑k

i =1 xi =
1 −∏k

i =1 (1 − ui ). The casek = n is the desired result.
In (b), let 0< ui < 1 for all i . Thenxi > 0 for all i , and (a) makes it clear that∑n
i =1 xi < 1. Thereforeϕ carriesI into S. Defineu = ϕ̃(x) by the formula in (b).

If all xi > 0 and
∑n

i =1 xi < 1, then certainlyui > 0. Also,
∑i

j =1 xi < 1 implies

xi < 1−∑i −1
j =1 xj , so thatui = xi

/(
1−∑i −1

j =1 xj
)

< 1. Thereforẽϕ carriesS into I .
To complete the proof, we show thatϕ̃ ◦ϕ is the identity onI andϕ ◦ ϕ̃ is the identity
on S. For ϕ̃ ◦ ϕ, we pass fromu to x to v. Thus we start withvi , substitute thex’s,
use the inductive version of (a) to substitute theu’s, and then sort matters out to see
thatvi = ui . Forϕ ◦ ϕ̃, we pass fromx to u to y. Then we start withyi and substitute
theu’s to obtainyi = (∏i −1

l=1 (1−ui )
)
ui . To substitute for theu’s in terms of thex’s,

we use the inductive version of (a) in the form
∑i −1

l=1 yl = 1 −∏i −1
l=1 (1 − ul ). This

gives
(∏i −1

l=1 (1− ui )
)
ui = (

1−∑i −1
l=1 yl

)
xi
/(

1−∑i −1
l=1 xl

)
. Then an induction oni

shows thatyi = xi , and henceϕ ◦ ϕ̃ is the identity onS.



Chapter VI 609

In (c), routine computation shows thatϕ′(u) is lower triangular with diagonal
entries 1,(1− u1), (1− u1)(1− u2), . . . , (1− u1) · · · (1− un−1), and hence the de-
terminant is the product of these diagonal entries. Similarlyϕ̃ ′(x) is lower triangular
with diagonal entries 1,(1−x1)

−1, (1−x1−x2)
−1, . . . , (1−x1−x2−· · ·−xn−1)

−1,
and its determinant is the product of these diagonal entries.

14. The change of variables in Problem 13 gives

∫
S xa1−1

1 · · · xan−1
n dx = ∫

I ua1−1
1 [(1 − u1)u2]a2−1· · · [(1 − u1) · · · (1 − un−1)un]an−1

× (1 − u1)
n−1 · · · (1 − un−1) du

= ∫
I ua1−1

1 (1 − u1)
a2+···+an−(n−1)+(n−1)ua2−1

2

× (1 − u2)
a3+···+an−(n−2)+(n−2)

× · · · × uan−1−1
n−1 (1 − un−1)

an−1+1uan−1
n du

= ∫ 1
0 ua1−1

1 (1−u1)
a2+···+an du1 · ∫ 1

0 ua2−1
2 (1−u2)

a3+···+an du2

· . . . · ∫ 1
0 uan−1−1

n−1 (1 − un−1)
an dun−1 · ∫ 1

0 uan−1
n dun.

The right side is the product of 1-dimensional integrals of the kind treated in Prob-
lem 11. Substitution of the values from that problem leads to the desired result.

15. The monotonicity makes possible the estimate of uniform convergence, and
the continuity then makes the limit continuous. A continuous function is determined
by its values on a dense set, andCc is dense.

16. For eachn, Fn(x) = 1−Fn(1−x). Thus
∫ 1

0 Fn(x) dx = 1−∫ 1
0 Fn(1−x) dx =

1 − ∫ 1
0 Fn(x) dx and

∫ 1
0 Fn(x) dx = 1

2. Passing to the limit and using uniform or

dominated convergence, we obtain
∫ 1

0 F(x) dx = 1
2.

18. Use Proposition 6.47. Thenu is harmonic by Problem 14 at the end of
Chapter III.

19. SincePr has L1 norm 1, the inequality‖u(r, · )‖p ≤ ‖ f ‖p follows from
Minkowski’s inequality for integrals. For the limiting behavior asr increases to 1,
we extendf periodically and write

u(r, θ) − f (θ) = 1
2π

∫ π

−π
Pr (ϕ) f (θ − ϕ) dϕ − f (θ)

= 1
2π

∫ π

−π
Pr (ϕ)[ f (θ − ϕ) − f (θ)] dϕ,

the second step following since12π

∫ π

−π
Pr dϕ = 1. Applying Minkowski’s inequality

for integrals, we obtain

‖u(r, · ) − f ‖p ≤ 1
2π

∫ π

−π
Pr (ϕ)‖ f (θ − ϕ) − f (θ)‖p,θ
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sincePr ≥ 0. The integration on the right is broken into two sets,S1 = (−δ, δ) and
S2 = [−π, −δ] ∪ [δ, π ], and the integral is

≤ 1
2π

∫
S1

Pr (ϕ)
(

supϕ∈S1
‖ f (θ − ϕ) − f (θ)‖p,θ

)
dϕ + 1

2π

∫
S2

Pr (ϕ)2‖ f ‖p dϕ

≤ sup
ϕ∈S1

‖ f (θ − ϕ) − f (θ)‖p,θ + 2‖ f ‖p sup
ϕ∈S2

Pr (ϕ).

Let ε > 0 be given. Ifδ is sufficiently small, Proposition 6.16 shows that the first
term is< ε. With δ fixed, we can then chooser close enough to 1 to make the second
term< ε.

20. For (a), we argue as in Problem 19, takingS1 andS2 to be as in that solution.
Then

|u(r, θ) − f (θ)| ≤ 1
2π

∫ π

−π
Pr (ϕ)| f (θ − ϕ) − f (θ)| dϕ

≤ 1
2π

∫
S1

Pr (ϕ)| f (θ − ϕ) − f (θ)| dϕ

+ 1
2π

∫
S2

Pr (ϕ)[‖ f ‖∞ + supθ∈E | f (θ)|] dϕ

≤ supϕ∈S1
| f (θ − ϕ) − f (θ)|

+ (
supϕ∈S2

Pr (ϕ)
)
[‖ f ‖∞ + supθ∈E | f (θ)|],

and the uniform convergence follows.
For (b), the Poisson integral off is of the form

∑∞
n=−∞ cnr |n|einθ , where thecn

are the Fourier coefficients off . Any other harmonic function in the disk is of the
form

∑∞
n=−∞ c′

nr |n|einθ . Suppose this tends uniformly tof asr increases to 1. Then
the difference is a series

∑∞
n=−∞ dnr |n|einθ that converges uniformly to 0. Then the

integral of the product of this series ande−ikθ tends to 0. Interchanging integral and
sum, we see thatdkr |k| tends to 0 for eachk. Thereforedk = 0 for eachk.

In (c) sincePr is even,∫ π

−π
(Pr ∗ f )(θ)g(θ) dθ = ∫ π

−π

∫ π

−π
Pr (θ − ϕ) f (ϕ)g(θ) dϕ dθ

= ∫ π

−π

∫ π

−π
Pr (θ − ϕ) f (ϕ)g(θ) dθ dϕ

= ∫ π

−π

∫ π

−π
Pr (ϕ − θ) f (ϕ)g(θ) dθ dϕ,

and thus
∫ π

−π
(Pr ∗ f )(θ)g(θ) dθ = ∫ π

−π
(Pr ∗ g)(θ) f (θ) dθ . Therefore∣∣ ∫ π

−π
(Pr ∗ f )(θ)g(θ) dθ−∫ π

−π
f (θ)g(θ) dθ

∣∣ = ∣∣ ∫ π

−π

[
(Pr ∗ g)(θ) − g(θ)

]
f (θ) dθ

∣∣
≤ 2π‖Pr ∗ g − g‖1‖ f ‖∞.

By the previous problem the right side tends to 0 asr increases to 1, and the weak-star
convergence follows.
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21. LetMf andMg be upper bounds for| f | and|g| on [a, b]. Then∑
i | f (xi )g(xi ) − f (xi −1)g(xi −1)|

≤ ∑
i | f (xi )g(xi ) − f (xi )g(xi −1)| +∑

i | f (xi )g(xi −1) − f (xi −1)g(xi −1)|
≤ Mf

∑
i |g(xi ) − g(xi −1)| + Mg

∑
i | f (xi ) − f (xi −1)|

≤ Mf ‖g‖BV + Mg‖ f ‖BV.

22. Let us rewrite the given equationf (x) = f (a) + g1(x) − g2(x) as
g2(x) + f (x) − f (a) = g1(x). If xi > xi −1, then subtraction of the values atx = xi

and atx = xi −1 givesg2(xi ) − g2(xi −1) + f (xi ) − f (xi −1) = g1(xi ) − g1(xi −1).
If f (xi ) − f (xi −1) ≥ 0, then f (xi ) − f (xi −1) ≤ g1(xi ) − g1(xi −1) becauseg2

is monotone; if f (xi ) − f (xi −1) < 0, then 0≤ g1(xi ) − g1(xi −1) becauseg1 is
monotone. Therefore

(
f (xi ) − f (xi −1)

)+ ≤ g1(xi ) − g1(xi −1). Summing oni for

a partition of [a, x] gives
∑n

i =1

(
f (xi ) − f (xi −1)

)+ ≤ g1(x) − g1(a). If we take
the supremum of the left side and recall thatg1(a) ≥ 0, we obtainV+( f )(x) ≤
g1(x) − g1(a) ≤ g1(x). Starting similarly fromg1(x) − f (x) + f (a) = g2(x) and
arguing in the same way, we obtainV−( f )(x) ≤ g2(x) − g2(a) ≤ g2(x).

23. Suppose thatV+( f ) and V−( f ) are both discontinuous at somex. Then
V+( f )(x−) + ε < V+( f )(x+) andV−( f )(x−) + ε < V−( f )(x+) for someε > 0.
Define

g1(y) =
⎧⎨⎩

V+( f )(y) for y < x,

V+( f )(x−) for y = x,

V+( f )(y) − ε for y > x,

and defineg2(y) similarly except thatV− replacesV+. Theng1 and g2 are both
nonnegative, andg1 − g2 = V+( f ) − V−( f ) = f − f (a). If g1 andg2 are shown
to be monotone, Then Problem 22 leads to the contradictiong1(y) < V+( f )(y) for
y > x, and we conclude thatV+( f ) andV−( f ) could not have been discontinuous.

In proving monotonicity forg1, it is necessary to make comparisons only ofx with
other pointsy. Leth > 0. For pointsy > x, we haveg1(x +h) = V+( f )(x +h)−ε

≥ V+( f )(x+) − ε ≥ V+( f )(x−) = g1(x). For pointsy < x, we haveg1(x − h) =
V+( f )(x − h) ≤ V+( f )(x−) = g1(x). Monotonicity forg2 is proved in the same
way.

24. The proof is similar in spirit to the proof of Proposition 6.54.

25. For f , let yn = (n + 1
2)−1π−1, so that f (yn) is +(n + 1

2)−1π−1 if n is even
and is−(n + 1

2)−1π−1 if n is odd. Compute the sum of the absolute values of the
difference of values off at yN, yN−1, . . . , y1 and see that this is unbounded as a
function of N. The functiong has a bounded derivative (even though the derivative
is discontinuous), and this is enough to imply bounded variation.
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Chapter VII

1. If g(ak) = g(bk), thenak would have to be inE. For the second part an example
is g(x) = x on [0, 1]; there is only one interval(ak, bk), and it is(0, 1).

2. No. Corollary 7.4 applied toI E shows for almost allx that the quotient
m(E ∩ (x − h, x + h))/m((x − h, x + h)) has to tend to 0 or 1 ash decreases to 0.

3. We may work on a bounded intervalI . Let ε > 0 be given. Ifx is in E, then
|h−1(F(x + h) − F(x)| ≤ ε whenever|h| ≤ δx for someδx depending onx. For
each suchx, fix a positive numberrx with rx ≤ 1

6δx. Associate the setB(rx; x) to x.
Then

µ(B(5rx; x)) ≤ µ((x − 5rx, x + 5rx]) = F(x + 5rx) − F(x − 5rx) ≤ 10rxε.

Applying Wiener’s Covering Lemma, we can find disjoint setsB(rxi ; xi ) with E ⊆⋃∞
i =1 B(5rxi ; xi ). Then

µ(E) ≤
∞∑

i =1

µ(B(5rxi ; xi )) ≤ 5ε

∞∑
i =1

2rxi = 5ε

∞∑
i =1

m(B(rxi ; xi )) ≤ 5εm(I ).

SinceI is fixed andε is arbitrary,µ(E) = 0.

4. If F is the function in question,F − F(0) is the distribution function of
some Stieltjes measureµ containing no point masses. Proposition 7.8 shows that
µ(Ec) = 0 for some countable setE. Sinceµ({p}) = 0 for each pointp, µ(E) = 0
by complete additivity. Thusµ = 0, andF must be constant.

5. For (a), the construction shows thatF ′(x) = 0 for all x ∈ Cc. Then Proposition
7.8 allows us to conclude thatµ is singular.

For (b), let Fn be thenth constructed approximation toF (using straight-line
interpolations), and letfn be its derivative (defined except on a finite set and put
equal to 0 there). The functionfn is a multiplecn of the indicator function of the
subsetCn of [0, 1] that remains after the firstn steps of the construction, and also
m(Cn) = ∏n

k=1 (1 − rk). SinceFn(x) = ∫ x
0 fn(t) dt for all x, we have 1= Fn(1) =

cn
∫ 1

0 ICn(t) dt = cn
∏n

k=1 (1− rk). Thereforefn = (∏n
k=1 (1− rk)

)−1
ICn . Put f =

P−1IC. The functionsfn converge pointwise tof , and they are uniformly bounded
by the constant functionP−1. By dominated convergence,F(x) = ∫ x

0 f (t) dt for
0 ≤ x ≤ 1. ThereforeF is the distribution function of the measuref (t) dt.

6. Let E be the second described set. The complement ofE has measure 0 by
Corollary 7.4. Fixx in E, and letε > 0 be given. Choose a rationalr such that
|r − f (x)| < ε. Forh > 0,

h−1
∫ x+h

x | f (t) − f (x)| dt ≤ h−1
∫ x+h

x | f (t) − r | dt + h−1
∫ x+h

x |r − f (x)| dt.

The second term on the right side equals|r − f (x)| < ε, and the first term tends to
| f (x) − r )| < ε sincex is in E. A similar argument applies ifh < 0.
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7. Part (a) is routine, and part (b) follows by adapting part of the argument for
Theorem 6.48. In (c), the assumption thatx is in the Lebesgue set implies that∫
|t |≤h | f (x − t) − f (x)| dt ≤ hcx(h) for h > 0, wherecx( · ) is a function that

tends to 0 ash decreases to 0. For each of the described pieces of the integral∫
|t |≤π

Kn(t)| f (x − t) − f (x)| dt, we use one of the two estimates in (a), specifi-
cally the estimateKN(t) ≤ N + 1 for the piece with|t | ≤ 1/N and the estimate
KN(t) ≤ c/(Nt2) for all the other pieces. The piece for 1/N then contributes
≤ (N + 1)

∫
|t |≤1/N | f (x − t) − f (x)| dt ≤ 2cx(1/N), the piece for 2k−1/N ≤

|t | ≤ 2k/N contributes≤ c
N (2k−1/N)−2

∫
2k−1/N≤|t |≤2k/N | f (x − t) − f (x)| dt ≤

c
N (2k−1/N)−2(2k/N)cx(2k/N) = 4 · 2−kcx(2k/N), and finally the piece for
N−1/4 ≤ |t | ≤ π contributes≤ c

N N1/2
∫

N−1/4≤|t |≤π
| f (x − t) − f (x)| dt ≤

c
N N1/22π(‖ f ‖1 + | f (x)|). The sum of the estimates is

≤ 2cx(1/N) +
[N3/4]∑
k=1

4 · 2−kcx(2
k/N) + 2πcN−1/2(‖ f ‖1 + | f (x)|)

≤ 4 sup
0<h<N−1/4

cx(h) + c′N−1/2(‖ f ‖1 + | f (x)|),

and this tends to 0 ash decreases to 0. (The use of the shells with 2−k is a device
that appears frequently in Zygmund’sTrigonometric Seriesand may be regarded as
a kind of manual integration by parts.)

8. Sinceµ is singular, find a Borel setE with µ(E) = 0 andm(Ec) = 0. Let
ε > 0 be given. By regularity ofm + µ, choose an open setU containingE such
that(m+ µ)(U − E) < ε. Thenµ(U ) ≤ µ(U − E) + µ(E) = µ(U − E) < ε, and
m(Uc) ≤ m(Ec) = 0.

9. About eachx in U , there is someδ(x) such that(x − h, x + h) ⊆ U for
h ≤ δ(x). Thenν((x − h, x + h)) = 0 for h ≤ δ(x), and the limit of this is 0 ash
decreases to 0.

11. SinceU is open andµ2(U ) = 0, Problem 9 gives

lim
h↓0

(2h)−1µ2((x − h, x + h)) = 0

for all x in U . Sincem(Uc) = 0, limh↓0(2h)−1µ2((x − h, x + h)) = 0 for almost
everyx in R1. The measureµ1 hasµ1(R1) = µ(U ) < ε, and Problem 10 shows that

m
{
x
∣∣ lim sup

h↓0
µ1((x − h, x + h)) > ξ

}
≤ m

{
x
∣∣ sup

h>0
µ1((x − h, x + h)) > ξ

} ≤ 5µ1(R1)/ξ < 5ε/ξ.

12. It is enough to handle the case thatµ vanishes outside some interval and hence
hasµ(R1) finite. Combining the estimates forµ1 andµ2 gives

m
{
x
∣∣ lim sup

h↓0
µ((x − h, x + h)) > ξ

}
< 5ε/ξ.



614 Hints for Solutions of Problems

Sinceε is arbitrary,m
{
x
∣∣ lim suph↓0 µ((x − h, x + h)) > ξ

} = 0. Taking the union
for ξ = 1/n, we conclude that the set where lim suph↓0 µ((x − h, x + h)) > 0 has
measure 0.

To get the better conclusion, the main step is to obtain a bound 10ε/ξ for the
maximal function formed from the supremum ofν((x, x + h)) or ν((x − h, x)). The
proof of Corollary 6.40 shows how to derive this from Problem 10.

Chapter VIII

1. Let F be the Fourier transform as defined in the text. In each part of the
problem,α can be computed by relating matters to the known facts aboutF, andβ

can be computed directly from the definitions and Fubini’s Theorem.
In (a), we havêf (y)=∫ f (x)e−i x ·y dy=∫ f (x)e−2π i x ·(y/(2π)) dy=F f (y/(2π)).

To obtain f (x) = α
∫

f̂ (y)eix ·y dy, we want f (x) = α
∫
F f (y/(2π))eix ·y dy =

(2π)Nα
∫
F f (y′)eix ·(2πy′) dy′ = (2π)Nα f (x). With f ∗g(x) = β

∫
f (x−t)g(t) dt,

we havef̂ ∗g(y) = β
∫∫

f (x−t)g(t)e−i x ·y dt dx = β
∫∫

f (x−t)g(t)e−i x ·y dx dt =
β
∫∫

f (x)g(t)e−i (x+t)·y dx dt = β f̂ (y)ĝ(y). Thusα = (2π)−N andβ = 1.
In (b), we find similarly that f̂ (y) = (2π)−NF f (y/(2π)), and we are led to

(2π)N(2π)−Nα = 1. Soα = 1. Also,β(2π)N = (2π)2N andβ = (2π)N .
In (c), we find similarly thatα = (2π)−N/2 andβ = (2π)N/2. This normalization

has the property thatα andβ are both 1 ifdx is replaced bydx/(2π)N/2 throughout.

2. This is an operation called “polarization” in linear algebra, and it will be
explained further in Chapter XII. Application of the Plancherel formula tof + cg,
f , andcg gives‖ f + cg‖2

2 = ‖F( f ) + cF(g)‖2
2, ‖ f ‖2

2 = ‖F( f )‖2
2, and‖cg‖2

2 =
‖cF(g)‖2

2. We expand the first one in terms of the inner product and subtract the
other two to obtain

( f, cg)2 + (cg, f )2 = (F( f ), cF(g))2 + (cF(g),F( f ))2.

Then c̄( f, g)2 + c( f, g)2 = c̄(F( f ),F(g))2 + c(F( f ),F(g))2. Taking c = 1
gives 2 Re( f, g)2 = 2 Re(F( f ),F(g))2, whereas takingc = i gives 2 Im( f, g)2 =
2 Im(F( f ),F(g))2. The result follows.

3. For any f in L1, we haveQε ∗ (Qε′ ∗ f ) = Pε+ε′ ∗ f because the Fourier
transforms are equal. Also,(Qε ∗ Qε′)∗ f = Qε ∗ (Qε′ ∗ f ) since we have finiteness
when the functions are replaced by their absolute values. Moreover, the functions
Qε∗Qε′ andPε+ε′ are bounded and continuous. Lettingf run through an approximate
identity formed with respect to dilations and applying Theorem 6.20c, we see that
Qε ∗ Qε′(x) = Pε+ε′(x) for all x.

4. SincePt is even,
∫

RN (Pt ∗ f )(x)g(x) dx = ∫
RN

∫
RN Pt (x−y) f (y)g(x) dy dx=∫

RN

∫
RN Pt (x − y) f (y)g(x) dx dy = ∫

RN

∫
RN Pt (y − x) f (y)g(x) dx dy, and thus
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RN (Pt ∗ f )(x)g(x) dx = ∫

RN (Pt ∗ g)(x) f (x) dx. Therefore∣∣ ∫
RN (Pt ∗ f )(x)g(x) dx−∫

RN f (x)g(x) dx
∣∣ = ∣∣ ∫

RN

[
(Pt ∗ g)(x) − g(x)

]
f (x) dx

∣∣
≤ ‖Pt ∗ g − g‖1‖ f ‖∞.

By Theorem 8.19c the right side tends to 0 ast decreases to 0, and (a) follows.
For (b), part (a) shows for eachg with ‖g‖1 ≤ 1 that

∣∣ ∫
RN f (x)g(x) dx

∣∣ =
limt↓0

∣∣ ∫
RN (Pt ∗ f )(x)g(x) dx

∣∣. Since
∣∣ ∫

RN Pt ∗ f (x)g(x) dx
∣∣ ≤ ‖Pt ∗ f ‖∞‖g‖1 ≤

‖Pt ∗ f ‖∞, we have∣∣ ∫
RN f (x)g(x) dx

∣∣ ≤ lim inf t↓0 ‖Pt ∗ f ‖∞

whenever‖g‖1 ≤ 1. For anyε > 0 with ‖ f ‖∞ − ε > 0, letSε be the set where| f | is
≥ ‖ f ‖∞−ε. Thenm(Sε) > 0. TakeE to be any subset ofSε with 0 < m(E) < +∞,
and letg(x) be m(E)−1 f (x)/| f (x)| on E and zero elsewhere. This function has
‖g‖1 ≤ 1. Then

∣∣ ∫
RN f g dx

∣∣ = ∫
RN f g dx = m(E)−1

∫
E | f | dx ≥ ‖ f ‖∞ − ε.

Hence‖ f ‖∞ − ε ≤ ∣∣ ∫ f g dx
∣∣ ≤ lim inf t↓0 ‖Pt ∗ f ‖∞. Sinceε is arbitrary,‖ f ‖∞ ≤

lim inf t↓0 ‖Pt ∗ f ‖∞. On the other hand, Theorem 8.19b shows that‖Pt ∗ f ‖∞ ≤
‖ f ‖∞. So we have‖ f ‖∞ ≤ lim inf t↓0 ‖Pt ∗ f ‖∞ ≤ lim supt↓0 ‖Pt ∗ f ‖∞ ≤ ‖ f ‖∞.
Equality must hold throughout, and (b) is thereby proved.

5. In (a), the set function is a measure by Corollary 5.27. It hasµ(RN) equal to
µ1(RN)µ2(RN) and is therefore a Borel measure. Ifµ1 = f dx andµ2 = µ, then

( f ∗ µ)(E) = ∫
RN ( f dx)(E − x) dµ(x) = ∫

RN

∫
E−x f (y) dy dµ(x)

= ∫
RN

∫
RN IE−x(y) f (y) dy dµ(x) = ∫

RN

∫
RN IE(x + y) f (y) dy dµ(x)

= ∫
RN

∫
RN IE(y) f (y − x) dy dµ(x) = ∫

RN

∫
E f (y − x) dy dµ(x)

= ∫
E

[ ∫
RN f (y − x) dµ(x)

]
dy.

In (b), we start with an indicator function and compute that∫
RN

∫
RN IE(x + y) dµ1(x) dµ2(y) = ∫

RN

[ ∫
RN IE−y(x) dµ1(x)

]
dµ2(y)

= ∫
RN µ1(E − y) dµ2(y)

= (µ1 ∗ µ2)(E) = ∫
RN IE d(µ1 ∗ µ2).

Then we pass to simple functions≥ 0, use monotone convergence, and finally take
linear combinations to get

∫
RN

∫
RN g(x + y) dµ1(x) dµ2(y) = ∫

RN g d(µ1 ∗ µ2).
In (c), we actually have‖Pt ∗µ‖1 = µ(RN) for everyt > 0 by Fubini’s Theorem.
Part (d) is handled in the same way as Problem 4a. First one shows that∫

RN (Pt ∗ µ)(x)g(x) dx = ∫
RN (Pt ∗ g)(x) dµ(x) for g in Ccom(RN). The resulting

estimate is
∣∣ ∫

RN [(Pt ∗ g)(x) − g(x)] dµ(x)
∣∣ ≤ ‖Pt ∗ g − g‖supµ(RN), and then (a)

follows from Theorem 8.19d.
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6. Part (a) follows from the same argument as for Proposition 8.1a. In (b), the
measureδ with δ({0}) = 1 andδ(RN − {0}) = 0 haŝδ(y) = 1 for all y. In (c), we
use the result of Problem 5b withg(x) = e−2π i x ·t and get

∫
e−2π i x ·t d(µ1 ∗µ2)(x) =∫∫

e−2π i (x+y)·t dµ1(x) dµ2(y) = µ̂1(t)µ̂2(t). In (d), letϕ(x) = P1(x). Thenµ̂ = 0
implies ϕ̂ε ∗ µ = 0 for everyε > 0. Sinceϕε ∗ µ is a function, Corollary 8.5 gives
ϕε ∗ µ = 0 for everyε > 0. By Problem 5d,ϕε ∗ µ converges weak-star toµ against
Ccom(RN). Therefore

∫
RN g dµ = 0 for everyg in Ccom(RN), and Corollary 6.3

shows thatµ = 0.

7. This is the same kind of approximation argument as was done in Corollary 6.17.

8. We calculate that
∑

i, j µ̂(xi − xj )ξi ξj = ∑
i, j

∫
e−2π i t ·(xi −xj )ξi ξj dµ(t) =∫ (∑

i, j (e
−2π i t ·xi ξi )(e−2π i t ·xj ξj )

)
dµ(t) = ∫ ∣∣∑

j e−2π i t ·xj ξj

∣∣2 dµ(t) ≥ 0.

9. For the set{0}, the condition is thatF(0)|ξ1|2 ≥ 0 for all ξ1; thusF(0) ≥ 0. For
the set{x, 0}, the condition is thatF(0)|ξ1|2+F(x)ξ1ξ2+F(−x)ξ2ξ1+F(0)|ξ2|2 ≥ 0.
Taking ξ1 = ξ2 = 1 shows thatF(x) + F(−x) is real; takingξ1 = i andξ2 = 1
shows thati (F(x) − F(−x)) is real. ThereforeF(x) + F(−x) = F(x) + F(−x)

andF(x) − F(−x) = −F(x) + F(−x). Adding we obtainF(−x) = F(x). Hence
−F(x)ξ1ξ2 − F(x) ξ1ξ2 ≤ F(0)(|ξ1|2 + |ξ2|2). If F(x) �= 0, we putξ1 = −1 and
ξ2 = F(x)/|F(x)| and obtain|F(x)| ≤ F(0).

10.
∑

i, j F(xi −xj )�(xi − xj )ξi ξj = ∑
i, j

∫
F(xi − xj )e−2π i t ·(xi −xj )ϕ(t)ξi ξj dt =∫ [∑

i, j F(xi − xj )
(
ξi e−2π i t ·xi

)(
ξj e−2π i t ·xj

)]
ϕ(t) dt ≥ 0.

11. Part (a) follows from the boundedness ofF obtained in Problem 9.
In (b), every g in Ccom(RN) satisfies 0≤ ∫∫

F0(x − y)g(x)g(y) dx dy =∫
(F0 ∗ g)(x)g(x)=∫ F̂0 ∗ g(y)ĝ(y) dy=∫ F̂0(y)ĝ(y)ĝ(y) dy=∫ F̂0(y)|̂g(y)|2 dy.
For (c), if f is in L2, we can approximatef as closely as we like by a

memberg of Ccom(RN). Then f0|̂g|2 = f0|F( f )|2 + 2 f0 Re(F( f )(ĝ − F( f ))+
f0|̂g−F( f )|2. We integrate and use the resulting formula to compare

∫
f0|̂g|2 dywith∫

f0|F( f )|2 dy. By the Schwarz inequality and the Plancherel formula, the absolute
value of the difference of these is≤ 2‖ f0‖sup‖ f ‖2‖g − f ‖2 + ‖ f0‖sup‖g − f ‖2

2.

Since
∫

f0|̂g|2 dy is ≥ 0, it follows that
∫

f0|F( f )|2 dy ≥ 0 for all f in L2. Since
F( f ) is an arbitraryL2 function andf0 is continuous, we conclude thatf0 is ≥ 0.

The integrability in (d) is immediate from Lemma 8.7, and the formula
∫

f0 dy =
F(0) follows from the Fourier inversion formula.

12. Letεn be a sequence decreasing to 0, let� in Problem 11 be the function
e−πε2

n |x|2, and writeFn for the functionF�. Then Problem 11d shows thatµn =
F̂n(y) dy is a finite Borel measure withµn(RN) = Fn(0) = F(0). The Helly–Bray
Theorem applies and produces a subsequence of{µn} convergent to a finite Borel
measureµ weak-star againstCcom(RN). We shall prove thatF(x) = ∫

e2π i x ·y dµ(y),
i.e., thatν with ν(E) = µ(−E) is the desired measure.

For eachn, the Fourier inversion formula givesFn(x) = ∫
e2π i x ·y F̂n(y) dy =∫

e2π i x ·y dµn(y). SinceFn(x) → F(x) pointwise, the result would follow if we could
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say that the weak-star convergence implies that
∫

e2π i x ·y dµn(y) → ∫
e2π i x ·y dµ(y).

However,e2π i x ·y is not compactly supported, and an additional argument is needed.
First we extend the weak-star convergence so that it applies to continuous functions

vanishing at infinity. If f is such a function, we can find a sequence{ fk} in Ccom(RN)

converging tof uniformly. Then∣∣ ∫ f dµn − ∫
f dµ

∣∣
≤ ∣∣ ∫ f dµn−∫ fk dµn

∣∣+ ∣∣ ∫ fk dµn−∫ fk dµ
∣∣+ ∣∣ ∫ fk dµ−∫ f dµ

∣∣
≤ ‖ fk − f ‖supµn(RN) + ∣∣ ∫ fk dµn−∫ fk dµ

∣∣+ ‖ fk − f ‖supµ(RN).

Choosek to make‖ fk − f ‖sup small. Withk fixed, choosen to make the middle
term small. Then the right side is small since the numbersµn(RN) are bounded.

This is not quite good enough by itself becausee2π i x ·y does not vanish at infinity.
However, averages of it byL1 functions (i.e., Fourier transforms ofL1 functions)
vanish at infinity, and that will be enough for us.

Define F#(x) = ∫
e2π i x ·y dµ(y). We prove thatF#(x) = F(x) for all x. It

is enough to prove that
∫

F#ψ dx = ∫
Fψ dx for all ψ in L1. Defineψ∨(y) =∫

e2π i x ·yψ(x) dx. The multiplication formula (for( · )∨ instead of( · )̂ ) and the
Riemann–Lebesgue Lemma give∫

F#ψ dx = ∫
ψ∨ dµ(y) = limn

∫
ψ∨ dµn = limn

∫
ψ∨ F̂n dy

= limn
∫

ψ F̂n
∨

dy = limn
∫

ψ Fn dy.

The right side equals
∫

ψ F dy by dominated convergence since|Fn(y)| ≤ |F(y)| for
all y.

13. Part (a) is easy.
In (b), if χ is a character, then

∑
x χ(x) = ∑

x χ(gx) = χ(g)
∑

x χ(x). Thus∑
x χ(x) = 0 if there is someg with χ(g) �= 1, i.e., if χ is not trivial. If χ andχ ′

are distinct characters, thenχχ ′ is not trivial, and therefore
∑

x χ(x)χ ′(x) = 0. The
orthogonality implies the linear independence.

In (c), the element 1 ofJm has orderm under the group operation of addition.
Thus each characterχ of Jm must haveχ(1) equal to anmth root of unity. Since 1
generatesJm, χ(1) determinesχ . Thus the listed characters are the only ones.

In (d), any tuple(n1, . . . , nr ) with 0 ≤ nj < mj for 1 ≤ j ≤ r defines a character
by(k1, . . . , kr ) 
→ ∏r

j =1(ζ
nj
mj )

kj . There are
∏r

j =1 mj distinct characters in this list, and
they are linearly independent by (b). Since dimL2(G) = ∏r

j =1 mj , these characters
form a vector-space basis.

14. Since the characters form a basis ofL2(G) as a consequence of Problem 13d,
we havef (t) = ∑

χ ′ cχ ′χ ′(t) for some constantscχ ′ . Multiply by χ(t) and sum over

t to get f̂ (χ) = ∑
χ ′
∑

t cχ ′χ ′(t)χ(t). The orthogonality in Problem 13b shows that

this equation simplifies tôf (χ) = cχ

∑
t |χ(t)|2 = |G|cχ .
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15. f̂ (χ) = ∑
t∈G f (t)χ(t) = ∑

.
t∈G/H

∑
h∈H f (t +h)

.
χ(

.
t) = ∑

.
t∈G/H

F(
.
t)

.
χ(

.
t)

= F̂(
.
χ).

16. The characters ofG are the ones withχn(1) = ζ n
m for 0 ≤ n < m. Such a

character is trivial onH if and only if χn(q) = 1, i.e., if and only ifζ nq
m = 1; this

means thatnq is a multiple ofm, hence thatn is a multiple ofp.
The element 1 ofH is the elementq of G. Thus the question about the identification

of the descended characters asks the value ofχn(1) whenn is a multiple j p of p. The
value isχn(1) = ζ n

m = ζ
j p

pq = ζ
j

q .
If we have computedF on G/H and want to computêF from the definition of

Fourier transform, we have to multiply each of theq values ofF by the values of
each of theq characters ofG/H and then add. The number of multiplications isq2.
The actual computation ofF from f involvesp additions for each of theq values of
.
t , hencepq additions.

17. f̂ (ζ
j p+k

m ) = ∑m−1
i =0 f (i )ζ ( j p+k)i

m = ∑m−1
i =0 ( f (i )ζ ki

m )ζ
j p

m . The variant off for
the numberk is theni 
→ f (i )ζ ki

m . Handling each value ofk involvesm = pq steps
to compute the variant off and then theq2 + pq steps of Problem 16. Thus we have
q2 + 2pq steps for eachk, which we regard as on the order ofq2 + pq. This means
p(q2 + pq) steps when allk’s are counted, hencepq(p + q) steps.

Chapter IX

1. Letr = q/p, and letr ′ be the dual index. Regard| f |p as a product| f |p ·1, and
apply Hölder’s inequality with| f |p to be raised to ther power and 1 to be raised to
ther ′ power. Compare with Problem 3 below, which is a more complicated version
of the same thing.

2. The inequality is routine if any of the indices is∞. Otherwise, we have∫ | f gh| dµ ≤ ( ∫ | f g|r ′
dµ
)1/r ′( ∫ |h|r dµ

)1/r

≤ (( ∫
(| f |r ′

)p/r ′
dµ
)r ′/p)1/r ′(( ∫

(|g|r ′
)q/r ′

dµ
)r ′/q)1/r ′ ‖h‖r

= ‖ f ‖p‖g‖q‖h‖r .

3. Let us say that‖ fn‖p ≤ C. Let ε > 0 be given. By Egoroff’s Theorem, find
E with µ(E) < ε such thatfn tends to f uniformly on Ec. Application of Hölder’s
inequality with the exponentr = p/q and dual indexr ′ = p/(p−q) to

∫
E | fn|q ·1dµ

gives ‖ fn IE‖q ≤ ( ∫
E | fn|q(p/q) dµ

)1/p( ∫
E 1dµ

)(p−q)/(pq) ≤ Cµ(E)(p−q)/(pq) ≤
Cε(p−q)/(pq). Meanwhile, we have

‖ fn − f ‖q ≤ ‖ fn − fn IEc‖q + ‖ fn IEc − f I Ec‖q + ‖ f I Ec − f ‖q

= ‖ fn IE‖q + ‖( fn − f )I Ec‖q + ‖ f I E‖q.
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The first term on the right is≤ Cε(p−q)/(pq), and so is the third term, by Fatou’s
Lemma. The middle term tends to 0 asn tends to infinity because of the uniform
convergence. Thus lim supn ‖ fn − f ‖q ≤ 2Cε(p−q)/(pq). Since ε is arbitrary,
lim supn ‖ fn − f ‖q = 0.

4. L1 is 0, andL∞ consists of the constant functions. All the constant functions
give the same linear functional onL1 because the integral of the product of any
constant function and the 0 function is 0.

5. PutP′ = { f (x) > 0}, N ′ = { f (x) < 0}, andZ′ = { f (x) = 0}. If E is any
measurable subset ofZ′, thenX = P∪ N with P = P′ ∪ E andN = N ′ ∪(Z′ − E) is
a Hahn decomposition. All other Hahn decompositions are obtained by adjustingP
andN by taking the symmetric difference ofP and ofN with any set ofµ measure 0.

6. In (a), letX be the positive integers, and let the algebra consist of all finite
subsets and their complements; letν of a finite set be the number of elements in the
set, and letν of the complement of a finite setF be −ν(F). In (b), use the same
X and algebra, defineν({2k}) = 2−k andν({2k − 1}) = −2−k, and extendν to be
completely additive. In (c), letX = [0, 1], let theσ -algebra consist of the Borel sets,
and takeν to be Lebesgue measure andµ to be counting measure.

7. SincePr has L1 norm 1, the inequality‖u(r, · )‖p ≤ ‖ f ‖p follows from
Minkowski’s inequality for integrals. For the limiting behavior asr increases to 1,
we extendf periodically and write

u(r, θ) − f (θ) = 1
2π

∫ π

−π
Pr (ϕ) f (θ − ϕ) dϕ − f (θ)

= 1
2π

∫ π

−π
Pr (ϕ)[ f (θ − ϕ) − f (θ)] dϕ,

the second step following since12π

∫ π

−π
Pr dϕ = 1. Applying Minkowski’s inequality

for integrals, we obtain

‖u(r, · ) − f ‖p ≤ 1
2π

∫ π

−π
Pr (ϕ)‖ f (θ − ϕ) − f (θ)‖p,θ

sincePr ≥ 0. The integration on the right is broken into two sets,S1 = (−δ, δ) and
S2 = [−π, −δ] ∪ [δ, π ], and the integral is

≤ 1
2π

∫
S1

Pr (ϕ)
(

supϕ∈S1
‖ f (θ − ϕ) − f (θ)‖p,θ

)
dϕ + 1

2π

∫
S2

Pr (ϕ)2‖ f ‖p dϕ

≤ sup
ϕ∈S1

‖ f (θ − ϕ) − f (θ)‖p,θ + 2‖ f ‖p sup
ϕ∈S2

Pr (ϕ).

Let ε > 0 be given. Ifδ is sufficiently small, Proposition 9.11 shows that the first
term is< ε. With δ fixed, we can then chooser close enough to 1 to make the second
term< ε.

8. Let p be the dual index top′. Put r/R = r ′ in Problem 13 at the end of
Chapter IV, so that

u(r ′ R, θ) = 1
2π

∫ π

−π
fR(ϕ)Pr ′(θ − ϕ) dϕ
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for r ′ < 1. Take a sequence ofR’s increasing to 1, and let{Rn} be a subsequence such
that{ fRn} converges weak-star inL p′

relative toL p. Let the limit be f . For eachθ
andr ′, Pr ′(θ − · ) is in L p, and the equalityu(r ′ Rn, θ) = 1

2π

∫ π

−π
fRn(ϕ)Pr ′(θ −ϕ) dϕ

thus givesu(r ′, θ) = 1
2π

∫ π

−π
f (ϕ)Pr ′(θ − ϕ) dϕ, which is the desired result.

9. If ν is a measure with 0≤ ν ≤ µ, thenν({n}) = 0 for everyn, and hence
ν({integers}) = 0. Soν = 0.

10. Letµ be given on the spaceX, and consider the setSof all completely additive
ν with 0 ≤ ν ≤ µ. This contains 0 and hence is nonempty. OrderS by saying that
ν1 ≤ ν2 if ν1(E) ≤ ν2(E) for all E. If we are given a chain{να}, letC = supα να(X).
This is ≤ µ(X) and hence is finite. Choose a sequence{ναk} from the chain with
ναk(X) monotone increasing with limitC.

If m < n, let us see thatναm ≤ ναn . Since theνα ’s form a chain, the only way
this can fail is to haveναm(E) > ναn(E) for someE and alsoναm(Ec) ≥ ναn(Ec).
But thenναm(X) > ναn(X) by additivity, and this contradicts the fact thatναk(X) is
monotone increasing. Som < n impliesναm ≤ ναn .

Defineν0(E) = limk ναk(E). Corollary 1.14 shows thatν0 is completely additive,
and certainlyν0 ≤ µ. Soν0 is an upper bound for the chain. Zorn’s Lemma therefore
shows thatShas a maximal elementν.

Write σ = µ − ν. This is bounded nonnegative additive as a result of the
construction. If there were a completely additiveλ such that 0≤ λ ≤ σ , then
ν + λ would contradict the construction ofν from Zorn’s Lemma. Thusσ is purely
finitely additive.

11. It is enough to prove thatµ is completely additive. If the contrary is the case,
then there exists an increasing sequence of setsEn with union E in the algebra such
that the monotone increasing sequence{µ(En)} does not have limitµ(E). Sinceµ

is nonnegative additive,µ(En) ≤ µ(E) for all n. Thus limn µ(En) < µ(E). Since
ν − µ is nonnegative additive,ν − µ similarly has limn(ν − µ)(En) ≤ (ν − µ)(E).
Adding, we obtain limn ν(En) < ν(E), in contradiction to the complete additivity
of ν.

12. Supposeµ is nonnegative bounded additive. Letµ = ν1 + ρ1 = ν2 + ρ2 with
ν1 andν2 nonnegative completely additive and withρ1 andρ2 nonnegative purely
finitely additive. Thenν1 − ν2 = ρ2 − ρ1. Letν+ − ν− be the Jordan decomposition
of ν1 − ν2. Sinceν1 − ν2 is completely additive, so areν+ andν−. The equality
ν+ − ν− = ρ2 − ρ1 and the minimality of the Jordan decomposition together imply
that 0≤ ν+ ≤ ρ2 and 0≤ ν− ≤ ρ1. Problem 11 then shows thatν+ = ν− = 0.
Henceν1 − ν2 = 0, ν1 = ν2, andρ1 = ρ2.

13. Let R = I × J be centered at(x, y). Then 1
m(R)

∫∫
R | f (u, v)| dv du =

1
m(I )

∫
I

[ 1
m(J)

∫
J | f (u, v)| dv

]
du ≤ 1

m(I )

∫
I f1(u, y) du = f2(x, y). Taking the

supremum overR gives f ∗∗(x, y) ≤ f2(x, y).

14.
∫∫ | f ∗∗(x, y)|p dx dy ≤ ∫∫ | f2(x, y)|p dx dy = ∫ [ ∫ | f2(x, y)|p dx

]
dy ≤

Ap
p
∫ [ ∫ | f1(x, y)|p dx

]
dy by Corollary 9.21. If we interchange integrals and apply
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Corollary 9.21 a second time, we see that this is≤ A2p
p
∫ [ ∫ | f (x, y)|p dy

]
dx =

A2p
p ‖ f ‖p

p.

15. This is done in the style of Corollary 6.39.

16. Let�1 ≥ 0 be a decreasingC1 function on [0, 1] with �′
1(0) = 0,�1(1) = 1,

and�′
1(1) = −1. Define�0(x) on [0, 1] to be�1(x)

/
(π(1 + x2)) on [0, 1] and to

be 1
/
(πx(1 + x2)) on [1, +∞). Then�(x) = �0(|x|) has the required property.

17. supε>0 |(ψε ∗ f )(x)| ≤ supε>0(|ψε| ∗ | f |)(x) ≤ supε>0(�ε ∗ | f |)(x), and
then supε>0 |(ψε ∗ f )(x)| ≤ C f ∗(x) by Corollary 6.42. Since

∫
R1 ψ(x) dx = 0, the

last part of the proof of Corollary 6.42 shows that limε>0(ψε ∗ f )(x) = 0 a.e. for f
in L1(R1). If f is in L∞(R1) and a bounded interval is specified, we can writef as
the sum of anL1 function carried on that interval and anL∞ function vanishing on
that interval. TheL1 part is handled by the previous case, and theL∞ part is handled
on that bounded interval by Theorem 6.20c.

18. We use the fact thatQε = hε + ψε, whereψ is integrable with integral 0.
Sincehε ∗ f andψε ∗ f are in L p, so is Qε ∗ f . Convolution by anL1 function
such asPε is continuous onL p by Proposition 9.10. With all limits being taken in
L p asε′ ↓ 0, we havePε ∗ (H f ) = Pε ∗ (lim(hε′ ∗ f )) = lim Pε ∗ (hε′ ∗ f ) =
lim Pε ∗ (Qε′ ∗ f − ψε′ ∗ f ) = lim Pε ∗ (Qε′ ∗ f ) − (lim Pε ∗ ψε′) ∗ f . The second
term on the right side is 0. If we think ofPε as inL1 andQε′ as inL p′

, then we have
Pε ∗ (Qε′ ∗ f ) = (Pε ∗ Qε′) ∗ f = Qε′+ε ∗ f = (Pε′ ∗ Qε) ∗ f = Pε′ ∗ (Qε ∗ f ).
Thus limPε ∗ (Qε′ ∗ f ) = lim Pε′ ∗ (Qε ∗ f ) = Qε ∗ f , and we conclude that
Pε ∗ (H f ) = Qε ∗ f .

19. supε>0 |(hε ∗ f )(x)| ≤ supε>0 |(Qε ∗ f )(x)| + supε>0 |(ψε ∗ f )(x)| ≤
supε>0 |(Pε ∗ H f )(x)| + C f ∗(x) ≤ C′(H f )∗(x) + C f ∗(x), the last inequality
following from Corollary 6.42 forPε. Let 1 < p < ∞. Then it follows from
Corollary 9.21 that‖ supε>0 |hε ∗ f | ‖p ≤ Cp(‖H f ‖p + ‖ f ‖p), and we conclude
from Theorem 9.23c that‖ supε>0 |hε ∗ f | ‖p ≤ Dp‖ f ‖p. Lemma 9.24 shows that
limε↓0(hε ∗ f )(x) = f (x) everywhere iff is in a certain dense subspace ofL p, and
it follows as in Problem 15 that limε↓0(hε ∗ f )(x) = f (x) almost everywhere iff is
arbitrary inL p.

20. Imitating the proof of parts (a) and (b) of Fej´er’s Theorem (Theorem 6.48),
we readily prove thatKn ∗ f → f in L p, whereKn is the Fejér kernel. Therefore
finite linear combinations of the exponentials are dense inL p([−π, π ]). For each
such linear combinationf of exponentials, we haveSn f = f for all sufficiently large
n, and henceSn f → f in L p for a dense subset ofL p. Using the given estimate
on‖Sn f ‖p and the convergence ofSn f on the dense set, we argue as in the proof of
Theorem 9.23b to deduce convergence for allf in L p.

21. Let Fn(t) = 2 sin(n+ 1
2 )t

t for 0 < |t | ≤ π , and extendFn periodically.
Then t

2 Fn(t) = sin(n + 1
2)t = (sin 1

2t)Dn(t). Since(t/2)
/

sin 1
2t = 1 + tψ(t)

with ψ(t) bounded above and below by positive constants on [−π, π ], we see that
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Dn(t) − Fn(t) = [ t
2

sin 1
2 t

− 1
]
Fn(t) = 2ψ(t) sin(n + 1

2)t . Then the functions

ψn(t) = 2ψ(t) sin(n + 1
2)t haveDn − Fn = ψn and‖ψn‖1 bounded. By inspection,

Fn−En equals the function that is
2 sin(n+ 1

2 )t
t for |t | < 1

2n+1 and is 0 for 1
2n+1 ≤ |t | ≤ π .

These functions are≤ 2(n+ 1
2) for |t | < 1

2n+1 and are 0 otherwise; so theirL1 norms
are bounded. This proves thatDn − En = ϕn with ‖ϕn‖1 ≤ C for someC.

If ‖Tn f ‖p ≤ Bp‖ f ‖p, then we have‖Sn f ‖p = ‖Dn∗ f ‖p = ‖En∗ f +ϕn∗ f ‖p ≤
‖En ∗ f ‖p + ‖ϕn ∗ f ‖p ≤ Bp‖ f ‖p + ‖ϕn‖1‖ f ‖p, and we can takeAp = Bp + C.

22. We have 2i sin(n + 1
2)t = ei (n+ 1

2 )t − e−(n+ 1
2 )t . Thus the effect of the operator

Tn on f is the sum of two termsT (1)
n f + T (2)

n f , one of which is

T (1)
n f (x) =

∫
1

2n+1≤|t |≤π

−i f (x − t)e−i (n+ 1
2 )(x−t)ei (n+ 1

2 )x

t
dt.

If we regardf as continued periodically to the interval [−3π, 3π ] and we putf equal
to 0 outside that interval, then

T (1)
n f (x) = ei (n+ 1

2 )x((Hπ − H1/(2n+1))g)(x) for x ∈ [−π, π ],

whereg(y) = −i π f (y)e−i (n+ 1
2 )(y) on [−3π, 3π ]. With Ap as the constant from

Theorem 9.23, Theorem 9.23 gives( ∫ π

−π
|T (1)

n f (x)|p dx
)1/p ≤ ( ∫

R
|T (1)

n f (x)|p dx
)1/p

≤ ( ∫
R

|Hπ g|p dx
)1/p + ( ∫

R
|H1/(2n+1)g|p dx

)1/p

≤ 2Ap
( ∫

R
|g|p dx

)1/p ≤ 2π Ap
(
3
∫ π

−π
| f |p dx

)1/p
.

We get a similar estimate forT (2)
n f , and the desired estimate forTn f follows.

23. Define a signed measureν on B by ν(B) = ∫
f dµ. Thenν is absolutely

continuous with respect to the restriction ofµ toB, and the Radon–Nikodym Theorem
yields a functiong measurable with respect toB such thatν(B) = ∫

B g dµ for all B
in B. This functiong is E[ f |B]. Uniqueness is built into the uniqueness aspect of
the Radon–Nikodym Theorem.

24. For thosen’s such thatµ(Xn) �= 0, E[ f |B] may be defined to be equal
everywhere onXn to the constantµ(Xn)

−1
∫

Xn
f dµ. For definiteness,E[ f |B] may

be defined to be 0 on eachXn with µ(Xn) = 0.

25. The functionf satisfies the defining properties (i) and (ii) ofE[ f |A].

26. In (a), we identifyE[E[ f |B] | C] asE[ f |C]. It is measurable with respect toC
and hence satisfies (i) toward beingE[ f |C]. Any C ∈ C has

∫
C E[E[ f |B] | C] dµ =∫

C E[ f |B] dµ. In turn this equals
∫

C f dµ sinceC is in B. HenceE[E[ f |B] | C]
satisfies (ii) toward beingE[ f |C].
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In (b), we identifyE[ f |B] + E[g|B] asE[ f +g | B]. It is measurable with respect
to B and hence satisfies (i). For (ii), eachB in B has

∫
B(E[ f |B] + E[g|B]) dµ =∫

B E[ f |B] dµ + ∫
B E[g|B] dµ = ∫

B f dµ + ∫
B g dµ = ∫

B( f + g) dµ.
In (c), it is enough to handlef ≥ 0, and then it is enough to handleg ≥ 0. If g = I B

with B ∈ B, then we shall identifyI B E[ f |B] as E[ f I B | B]. Certainly I B E[ f |B]
satisfies (i). For (ii), eachB′ in B has

∫
B′ I B E[ f |B] dµ = ∫

B′∩B E[ f |B] dµ =∫
B′∩B f dµ = ∫

B′ I B f dµ. This handlesg equal to an indicator function. Part (b)
allows us to handleg equal to a simple function, and monotone convergence allows
us to handleg equal to any nonnegative integrable function. (For this last conclusion
one needs to use thatf ≥ 0 impliesE[ f |B] ≥ 0, but this is built into the construction
via the Radon–Nikodym Theorem.)

In (d), the important thing is thatX is a set inB. Then (ii) and (c) successively
give

∫
X f E[g|B] dµ = ∫

X E[ f E[g|B] | B] dµ = ∫
X E[ f |B]E[g|B] dµ. The right

side is symmetric inf andg, and hence the left side is also.

Chapter X

1. For (a), the diagonal	 = {(y, y) ∈ Y × Y} is a closed subset ofY × Y since
Y is Hausdorff, and the functionF : X → Y × Y given byF(x) = ( f (x), g(x)) is
continuous. ThereforeF−1(	) is closed.

2. The argument is the same as for Problem 18 in Chapter II.

3. We argue as in the proof of Theorem 2.53. Taking complements, we see that it is
enough to prove that the intersection of countably many open dense sets is nonempty.
Suppose thatUn is open and dense forn ≥ 1. Let x1 be inU1. SinceU1 is open,
local compactness and regularity together allow us to find an open neighborhoodB1

of x1 with Bcl
1 compact andBcl

1 ⊆ U1. We construct inductively pointsxn and open
neighborhoodsBn of them such thatBn ⊆ U1∩· · ·∩Un andBcl

n ⊆ Bn−1. SupposeBn

with n ≥ 1 has been constructed. SinceUn+1 is dense andBn is nonempty and open,
Un+1 ∩ Bn is not empty. Letxn+1 be a point inUn+1 ∩ Bn. SinceUn+1 ∩ Bn is open,
we can find an open neighborhoodBn+1 of xn+1 in Un+1 such thatBcl

n+1 ⊆ Un+1∩ Bn.
Then Bn+1 has the required properties, and the inductive construction is complete.
The setsBcl

n have the finite-intersection property, and they are closed subsets ofBcl
1 ,

which is compact. By Proposition 10.11 their intersection is nonempty. Letx be in
the intersection. For any integerN, the inequalityn > N implies thatxn is in BN+1.
Thusx is in Bcl

N+1 ⊆ BN ⊆ U1 ∩ · · · ∩ UN . SinceN is arbitrary,x is in
⋂∞

n=1 Un.

4. Let Y be a locally compact dense subset of the Hausdorff spaceX. If y is in
Y, let N be a relatively open neighborhood ofy such thatN ⊆ K with K compact in
Y. SinceN is relatively open,N = U ∩ Y for some openU in X. It will be proved
that N = U , so that each point ofY has anX open neighborhood, and thenY will
be open. The setK is compact inX and must be closed sinceX is Hausdorff. The
points ofU ∩ K are inY sinceK ⊆ Y, and henceU ∩ K ⊆ U ∩ Y = N. Consider
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a pointx of the open setU − K . Supposex is not inY. Thenx is a limit point ofY
sinceY is dense. Hence the open neighborhoodU − K of y contains a pointy′ of Y.
Theny′ is in U ∩ Y = N ⊆ K and cannot be inU − K , contradiction. We conclude
thatx is in Y. Thenx is in U ∩ Y = N, andU = N.

5. First consider any continuous functionf : Y∗ → [0, 1] with f (y∞) = 0. The
set ofy’s with f (y) > 1/k is open and containsy∞, thus is a compact subset ofY
and must be finite. Hence the set ofy’s with f (y) = 0 has a countable complement.

If Z is normal, apply Urysohn’s Lemma toA and B, obtaining a continuous
F : Z → [0, 1] with f (A) = 1 and f (B) = 0. Enumerate the members ofX as
x1, x2, . . . . For fixedn, f (y) = F(xn, y) is continuous fromY∗ to [0, 1] and is 0 at
y∞. ThusF(xn, y) > 0 only on a countable setSn of y’s, andF(xn, y) > 0 for some
n at most on the countable setS = ⋃∞

n=1 Sn. If y0 is not in S, thenx 
→ F(x, y0)

is continuous fromX∗ to [0, 1], is 0 for everyx other thanx∞, and is 1 atx∞. This
contradicts the continuity, and we conclude thatZ is not normal.

6. If E is an infinite set with no limit point, thenE is closed and eachx in E is
relatively open. Hence eachx has an open setUx in X with Ux ∩ E = {x}. These
open sets andEc coverX, and there is no finite subcover. ThusX compact implies
that each infinite subset has a limit point.

8. Part (a) follows from Problem 7b and Proposition 10.34. For (b),f −1(−∞, a)

is ∅ if a < 0, is R − {0} if 0 ≤ a < 1, and isR if a ≥ 1; hence it is open in
every case. Part (d) follows from (a). For (e), there exists an upper semicontinuous
function≥ f (x), namely the constant function everywhere equal to sup| f (x)|. Then
(d) shows that the pointwise infimum over all upper semicontinuous functions≥ f (x)

meets the conditions onf −.

9. For (a), we haveQf (x) = f −(x) + (− f )−(x). Both terms on the right are
upper semicontinuous, and the sum is upper semicontinuous by Problem 8c. For (c),
f−(x) ≤ f (x) ≤ f −(x) = Qf (x) + f−(x). If Qf = 0, then f− = f = f − shows
that f is continuous with respect to all sets{x < b} and all sets{x > a}. Hence
f −1(a, b) is open for everya andb, and f is continuous with respect to the metric
topology. Conversely iff is continuous, then the definition makesf − = f and
(− f )− = − f . Thereforef − = f− = f andQf = f − − f− = 0.

10. In (a), that subset of pairs is(A × A) ∪ (B × B) ∪ {(x, x) | x ∈ X}, which is
the union of three closed sets and hence is closed. In (b), letX be a Hausdorff space
that is not normal, and takeA andB to be disjoint closed sets that cannot be separated
by open sets.

11. In (a),q−1q(x) = p2(({x} × X) ∩ R), where p2 is the projection to the
second coordinate ofX × X. Since{x} is closed andX is compact andR is closed,
({x} × X) ∩ R is compact. Thenq−1q(x) is compact, hence closed, being the
continuous image of a compact set.

In (b), we havep2((Uc × X) ∩ R) = {y ∈ X | (x, y) ∈ R for somex ∈ Uc} =
{y ∈ X | q−1q(y) ∩ Uc �= ∅} = {y ∈ X | q−1q(y) ⊆ U }c = Vc. SinceU is open,
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the left side is closed, by the same considerations as in (a). ThusVc is closed, andV
is open.

In (c), let q(x) andq(y) be distinct points ofX/ ∼. By (a), the disjoint subsets
q−1q(x) andq−1q(y) are closed. SinceX is normal, find disjoint open setsU1 andU2

containingq−1q(x) andq−1q(y), respectively. LetV1 = {z ∈ X | q−1q(z) ⊆ U1}
andV2 = {z ∈ X | q−1q(z) ⊆ U2}. These are disjoint sets, and they are open by
(b). Thenq(V1) is open inX/ ∼ becauseq−1q(V1) = V1 is open, and similarly
q(V2) is open. The setsq(V1) andq(V2) are disjoint becauseq−1q(V1) = V1 and
q−1q(V2) = V2 are disjoint. Thusq(V1) and q(V2) are the required open sets
separatingq(x) andq(y).

For (d), part (c) shows thatX/∼ is Hausdorff, and therefore its compact subsets
are closed. The image of any closed set isX is the image of a compact set, hence
is compact and must be closed. For (e), the answer is “no,” and part (f) supplies a
counterexample. For (f), the functionp : X → S1 is continuous, and Proposition
10.38a produces a continuous functionp0 : X/∼ → S1 such thatp = p0 ◦ q, where
q is the quotient map. Thenp0 is continuous and one-one from a compact space onto
a Hausdorff space and must be a homeomorphism.

12–13. The proofs are the same as in Section II.8.

14. This is proved in the same way as in Problems 13 and 11 in Chapter II.

15. For (a), call the relation∼. This is certainly reflexive and symmetric. For
transitivity let x ∼ y andy ∼ z. Thenx andy lie in a connected setE, andy and
z lie in a connected setF . The setsE andF havey in common, and Problem 13a
shows thatE ∪ F is connected. Thusx ∼ z. Part (b) is immediate from Problem
13b. For (c), letx be given, and letU be a connected neighborhood ofx. ThenU
lies in the component ofx. Thus the component ofx is a neighborhood of each of its
points and is therefore open.

16. Form the classC of all functionsF as described, including the empty function,
and order the class by inclusion; for the purposes of the ordering, each function is
to be regarded as a set of ordered pairs. The classC is nonempty since the empty
function is in it. If we have a chain inC, we form the unionF of the functions in the
chain. We show thatF is an upper bound for the chain. To do so, we need to see
that the indicated sets coverX. Thus letx ∈ X be given. Only finitely many setsU
in U containx, by assumption. Say these areU1, . . . ,Un. If one of these fails to be
in the domain ofF , thenx lies in

⋃
V∈U, V /∈domain(F) V , andx is covered. Thus all

of U1, . . . ,Un may be assumed to be in the domain ofF . EachUj is in the domain
of some functionFj in the chain, and all of them are in the domain of the largest of
the Fj ’s, sayF0. Sincex is not in

⋃
V∈U, V /∈domain(F) V , it is not in the larger union⋃

V∈U, V /∈domain(F0)
V . Thus it must be in

⋃
U∈domainF0

(U ). SinceF0(U )cl ⊆ U for
eachU , x must lie in someF0(Uj ). Thenx lies in F(Uj ), andF is an upper bound
for the chain.

By Zorn’s Lemma letF be a maximal element inC. To complete the argument,
we show that every set inU lies in domain(F). Suppose thatU0 is a set inU that is not
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in domain(F). Let U ′ be the union of allF(U ) for U in domain(F) and allV other
thanU0 that are not in domain(F). SinceF is in C, U ′ ∪ U0 = X. HenceU ′c is a
closed subset of the open setU0. SinceX is normal, we can find an open setW such
thatU ′c ⊆ W ⊆ Wcl ⊆ U . If we defineF(U ) = W, then we succeed in enlarging
the domain ofF , in contradiction to the maximality ofF . Hence every member ofU
lies in domain(F), as asserted.

17. Form the open setsVU as in the previous problem. For eachU in U, apply
Urysohn’s Lemma to find a continuous functiongU : X → [0, 1] with gU equal to 1
on VU and equal to 0 onUc. The open cover{VU } is locally finite sinceU is locally
finite. Thereforeg = ∑

U∈U gU is a continuous function onX. SincegU is positive
on VU and the setsVU cover X, g is everywhere positive. Therefore the functions
fU = gU/g have the required properties.

18. If c0 = 0, takeF0 = 0. If c0 �= 0, apply Urysohn’s Lemma to obtain a
continuous functionh with values in [0, 1] that is 1 onP0 and is 0 onN0, and then
put F0 = 2

3c0h − 1
3c0.

19. On P0 ∩ C, g0 is ≥ c0/3 and F0 is c0/3. Thereforeg0 − F0 is ≥ 0 and
≤ 2c0/3. Similarly onN0 ∩ C, g0 − F0 is ≤ 0 and≥ −2c0/3. Elsewhere onC,
g0 and F0 are both between−c0/3 andc0/3, and hence|g0 − F0| ≤ 2c0/3. Thus
|g0 − F0| ≤ 2c0/3 everywhere onC. The functionF1 is continuous fromX into R,
has|F1| ≤ 2

3(1
3c0), and takes a valuec1 ≤ 2

3(1
3c0) on {x ∈ C | g1(x) ≥ c1/3} and

the value−c1 on {x ∈ C | g1(x) ≤ −c1/3}.
20. Iteration produces continuous functionsFn : X → R with |Fn(x)| ≤ 1

3

(2
3

)n
c0

for all x in X and
∣∣ f (x) − ∑n−1

i =0 Fi (x)
∣∣ ≤ (2

3

)n
c0 for all x in C. Let F(x) =∑∞

n=0 Fn(x). The series converges uniformly onX by the estimate onFn(x) and the
WeierstrassM test, and Proposition 10.30 shows thatF is continuous onX. If we let
n tend to infinity in the estimate onf (x) −∑n−1

i =0 Fi (x), we see thatF and f agree
onC. Finally for x in X,

|F(x)| ≤
∞∑

n=0

|Fn(x)| ≤
∞∑

n=0

1
3

(2
3

)n
c0 = c0 = sup

y∈C
| f (y)|.

Thus|F | and| f | have the same supremum.

21. Every open interval is in the base and hence is open. The closed interval
{a ≤ x ≤ b} is the complement of the open set{x < a} ∪ {b < x} and is therefore
closed.

22. Leta < b be given. If there exists ac with a < c < b, then the open sets
{x < c} and{c < x} separatea andb; otherwise the open sets{x < b} and{a < x}
separate them. HenceX is Hausdorff.

Let a and a closed setF be given witha not in F . SinceFc is a neighborhood
of a, there exists a basic open setB containinga that is disjoint fromF . If B has
some element larger thana, let d be such an element; otherwise letd be undefined.
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If B has some element smaller thana, let c be such an element; otherwise letc be
undefined. Ifc andd are both defined, thenF ⊆ {x < c} ∪ {d < x}, while a is in
{c < x < d}. If c is not defined butd is defined, thenF ⊆ {x < a} ∪ {d < x}, while
a is in B ∩ {x < d}. If d is not defined butc is defined, we argue symmetrically. If
neitherc nor d is defined, thenB = {a} is open and closed; henceBc andB are the
required open sets separatingF anda.

23. Suppose that any nonempty set with an upper bound has a least upper bound,
and letE be a set with a lower bound. We are to produce a greatest lower bound. Let
F be the set of all lower bounds forE. This is nonempty, and all elements ofF are
≤ e, wheree is an element ofE. So F has an upper bound. Letc be a least upper
bound. We show thatc is a greatest lower bound forE.

If c is not a lower bound forE, thenE has somee with e ≤ c, e �= c, i.e., with
e < c. All f in F have f ≤ e < c. Soe is a smaller upper bound forF , contradiction.
Thusc is a lower bound forE. If there is some greater lower bound, sayd, then
c < d ≤ e for all e in E. This implies thatd is in F , and hencec is not an upper
bound forF .

24. In (a), suppose thatY is nonempty closed and has an upper bound and a lower
bound. We are to prove thatY is compact. It is enough to handle a setY = [a, b].
Let an open coverU of Y be given, and suppose there is no finite subcover. LetE be
the set of allx in [a, b] such that some finite subcollection fromU covers [a, x]. Then
a is in E. SinceE is nonempty and hasb as an upper bound, the order completeness
shows thatE has a least upper boundc. Since we are assuming thatU has no finite
subcover of [a, b], Ec ∩ [a, b] is nonempty. This set has a lower bound, namelya,
and therefore it has a greatest lower boundd.

If e is in E and f is in Ec ∩ [a, b], thene ≤ f . Soe ≤ d, and thenc ≤ d. Suppose
c < d. Thenc must be inE. Any x with c < x < d cannot be inE or Ec, and
hence there is no suchx. Then a finite subclass ofU that covers [a, c], together with
a member ofU that containsd, is a finite open subcover for [a, d] and contradicts the
fact thatd is not in E. Thusc = d.

Now suppose thatc is in Ec ∩ [a, b]. Sincec = d, E has no largest element.
Choose a memberU of U containingc, and find a basic open neighborhoodB of c
contained inU . ThenB ∩ E must contain somec′ with c′ < c. A finite subclass of
U covers [a, c′], andU covers [c′, c]. Thusc is in E, and we have a contradiction.

We conclude thatc is in E. Sincec = d, Ec ∩ [a, b] has no smallest element.
Choose a memberU of U containingc, and find a basic open neighborhoodB of c
contained inU . Then B ∩ (Ec ∩ [a, b]) must contain an elementc′ with c < c′,
and then there must be somec′′ with c < c′′ < c′. A finite subclass ofU that covers
[a, c], together with the setU , then covers [a, c′′] and shows thatc′′ is in E. This
contradicts the fact thatc is an upper bound ofE.

In (b), let x be given inX. If a < x < b for somea andb, then [a, b] is the
required compact neighborhood ofx. If x is a lower bound forX and there existsb
with x < b, then [x, b] is the required compact neighborhood. Ifx is an upper bound
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for X and there existsa with a < x, then [a, x] is the required compact neighborhood.
SinceX has at least two members, there are no other possibilities. SoX is locally
compact.

25. In (a), the sets{x < b} and{a < x} are open and disjoint, containa andb
respectively, and have unionX. ThusX is disconnected.

In (b), suppose thatX is order complete and has no gaps. Assume, on the contrary,
thatU andV are disjoint nonempty open sets with unionX. Say thatu < v for some
u in U andv in V . It will be convenient to assume thatu is not the smallest element in
X andv is not the largest; when this assumption is not in place, the same line of proof
works except that one may below have to use basic open sets of the form{r < x} and
{x < s}, as well as{r < x < s}.

Form the setS of all x ∈ X with x ≤ v and (x, v] ⊆ V . This set hasu as a
lower bound, and we letb be the greatest lower bound. Thenu ≤ b ≤ v. First
suppose thatb is in V . Choose a basic open set(r, s) ⊆ V with r < b < s; this is
possible by our temporary assumption becauseV is open. Then(max{u, r }, v] ⊆ V .
If max{u, r } < b, then max{u, r } is in S and b is not a lower bound forS; thus
b ≤ max{u, r }, i.e., b = u. This is impossible sinceb is assumed to be inV . We
conclude thatb is in U . Choose a basic open set(r, s) ⊆ U with r < b < s; again
this is possible by our temporary assumption becauseU is open. Since there are no
gaps, we can finds′ with b < s′ < s. Then min{v, s′} is a lower bound forS, and
b cannot be the greatest lower bound unless min{v, s′} ≤ b, i.e., b = v. This is
impossible sinceb is assumed to be inU , and we have arrived at a contradiction.

26. As an ordered set,X is the same asR, and hence its order topology is the same
as forR, which is connected. In its relative topology,X is disconnected, being the
disjoint union of the open sets [0, 1) and [2, 3).

27. The subset [0, 1) is closed, being the intersection of all sets{x | x ≤ y}
for y ∈ (1, 2]. Similarly (1, 2] is closed. Hence they are both open, andX is
disconnected. It follows immediately from the definition that there are no gaps.

28. If a nonempty subset of points(x, y) is given, letx0 be the least upper bound
of thex’s. If no (x0, y) is in the set, then(x0, 0) is the least upper bound for the set.
If some(x0, y) is in the set, lety0 be the least upper bound of they’s. Then(x0, y0)

is the least upper bound of the set. We conclude thatX is order complete. Problem
24a then shows thatX is compact. This proves the compactness in (a). There are no
gaps, and Problem 25b thus proves the connectedness. For eachx ∈ [0, 1], the set
{(x, y) | 0 < y < 1} is open. Thus we have an uncountable disjoint union of open
sets, andX cannot be separable. Part (b) is handled in the same way.

Chapter XI

1. In (a), every compact subset ofX is compact when viewed as inX∗, and this
gives inclusion in one direction. In the reverse direction it is enough to show that
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whenU is open inX∗, thenU − {∞} is a Borel set inX. SinceX is σ -compact,
we can choose an increasing sequence of compact setsKn with Kn ⊆ K o

n+1 and⋃∞
n=1 Kn = X. ThenU ∩ K o

n+1 is open and bounded, hence is a Borel subset ofX.
The countable union of these sets isU , and henceU is a Borel set. In (b), the Borel
sets ofX are the countable sets and their complements. However, every subsetU of
X is open inX and therefore open inX∗. Its complement inX∗ is compact and is a
Borel set inX∗. ThusU is a Borel set inX∗.

2. Part (a) of the previous problem shows that every open subset ofX is a Borel
set, and hence every continuous function is a Borel function.

3. Use the regularity to show that the conclusion holds for indicator functions and
hence simple functions. Then pass to the limit.

4. Let I E be an indicator function. Givenε > 0, find by regularity a compact set
L and an open setU with L ⊆ E ⊆ U andµ(U − L) < ε. The compact setK will
be K = (U − L)c = L ∩ Uc. Thus consider the restriction ofI E to the compact set
K . Let x be in K . If x is in E, thenx is in L. The setU ∩ K = L is a relatively
open neighborhood ofx, and I E is identically 1 on this. Hence the restriction ofI E

to K is continuous at the points ofE. Similarly if x is in Ec, thenx is in Uc. The set
Lc ∩ K = Uc is a relatively open neighborhood ofx, and we argue similarly. This
handles indicator functions, and the result for simple functions follows immediately.

Next suppose thatf is a real-valued Borel function≥ 0. Choose an increasing
sequence of simple functionssn ≥ 0 with limit f . Let ε > 0 be given, and find,
by Egoroff’s Theorem, a Borel setE with µ(Ec) < ε such that limsn(x) = f (x)

uniformly for x in E. Next find, for eachn, a compact subsetKn of X with µ(K c
n) <

ε/2n such thatsn

∣∣
Kn

is continuous. The setF = E ∩ (⋂∞
n=1 Kn

)
has complement of

measure< 2ε, and the restriction of everysn to F is continuous. Since{sn} converges
to f uniformly on E, the restriction off to F is continuous. Using regularity once
more, we can find a compact subsetK0 of F such thatµ(F − K0) < ε. Then
µ(K c

0) < 3ε, and the restriction off to K0 is continuous.

5. In (a), any rotation preserves Euclidean distances and fixes the origin. Since
Sab is exactly the set of points whose distanced from the origin hasa < d <

b, Sab is mapped to itself. Part (b) follows from the change-of-variables formula
(Theorem 6.32). The determinant that enters the formula is the determinant of the
matrix of the rotation and is 1. The first conclusion of (c) is what the change-of-
variables formula gives for the transformation to spherical coordinates when applied
to the setSab if we take Fubini’s Theorem into account. It yields

∫
Sab

L F dx =( ∫ b
a r 2 dr

)( ∫
S2 L f dω

) = ( ∫ b
a r 2 dr

)( ∫
S2 L f dω

)
. Since

∫ b
a r 2 dr is not zero, we

can divide by it and obtain the second conclusion of (c). Part (d) is proved by setting
it up to be a special case of the uniqueness in Theorem 11.1.

6. In (a), monotonicity ofµ givesµ(K ) ≤ infα µ(Kα). Suppose that< holds.
Choose by regularity an open setU containingK such thatµ(U ) < infα µ(Kα). The
setsK c

α form an open cover of the compact setUc, and there is a finite subcover. The
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intersection of the complements is one of the setsKα0, and it has the property that
Kα0 ⊆ U . Monotonicity then givesµ(Kα0) ≤ µ(U ), and thus infα µ(Kα) ≤ µ(U ),
contradiction.

For (b), consider all compact subsetsK of X for whichµ(K ) = 1. The intersection
of any two of these is again one by Lemma 11.9. IfK0 is the intersection of all of them,
thenK0 is compact, and (a) shows thatµ(K0) = 1. If K0 contains two distinct pointsx
andy, find disjoint open neighborhoodsUx andUy. ThenK0 = (K0−Ux)∪(K0−Uy)

exhibitsK0 as the union of two proper compact sets. At least one of them must have
measure 1, and thenK0 is shownnot to be the intersection of all compact subsets of
measure 1.

In (c) let K0 be any compactGδ, and choose a decreasing sequence{ fn} in C(X)

with limit IK0. Passing to the limit from the formula
∫

X f 2
n dµ = ( ∫

X fn dµ
)2

, we
obtainµ(K0) = µ(K0)

2. Thusµ(K0) is 0 or 1. By regularity,µ takes only the
values 0 and 1, and (b) shows thatµ is a point mass.

For (d), apply Theorem 11.1 and obtain the regular Borel measureµ corresponding
to �. Thenµ has the property in (c) and must be a point mass.

7. The statement for (a) is thatu(r, θ) is the Poisson integral of a signed or complex
Borel measure on the circle if and only if sup0<r <1 ‖u(r, θ)‖1,θ

is finite. The necessity
is proved in the same way as in Problem 7 at the end of Chapter IX. The sufficiency
is proved in the same way as in Problem 8 in that group, except that the weak-star
convergence is inM(circle) relative toC(circle). For (b), expandu(r, θ) in series as
in Problem 13 at the end of Chapter IV. Sinceu is nonnegative, theL1 norm over any
circle centered at the origin is just the integral, and the result of integrating inθ is
that then = 0 term is picked out. Thus‖u(r, θ)‖1,θ

= c0 for everyr . The condition
in (a) is satisfied, andu is therefore the Poisson integral of a Borel complex measure.
Examination of the proof of (a) shows that the complex measure is a measure.

8. Order topologies are always Hausdorff. Since�∗ has a smallest element and a
largest element, Problems 23 and 24 of Chapter X show that�∗ is compact if every
nonempty subset has a least upper bound. Since the ordering for�∗ has the property
that every nonempty subset has a least element, the existence of least upper bounds
is satisfied.

9. First we prove that the intersection of any two uncountable relatively closed
setsC and D is uncountable. Assume the contrary. SinceC ∩ D is countable and
the countable union of countable sets is countable, there is some countable ordinalω

greater than all members ofC ∩ D. SinceC andD are uncountable, we can find a
sequenceω < α1 < β1 < α2 < β2 < · · · such that eachαj is in C and eachαj is in
D. The least ordinalγ greater or equal to all members of the sequence is a countable
ordinal and has to be a limit point of bothC and D. SinceC and D are closed,γ
is in C ∩ D. But C ∩ D was supposed to have no ordinals greater thanω. This
contradiction shows thatC ∩ D is uncountable, and of course it is relatively closed
also.

Now let a sequence of uncountable relatively closed setsCn be given. By the
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previous step we may assume that they are decreasing withn. If
⋂∞

n=1 Cn = C is
countable, then there is some countable ordinalω greater than all members ofC.
ReplacingCn by Cn ∩ {x ≥ ω} we may assume that theCn have empty intersection.
Letαn be the least member ofCn. The result is a monotone increasing sequence since
theCn are decreasing. Ifα is the least ordinal≥ all αn, thenα is a countable ordinal.
It is a limit point of eachCn, hence lies in eachCn. The existence ofα contradicts
the fact that theCn have been adjusted to have empty intersection. This contradiction
shows that

⋂∞
n=1 Cn is uncountable.

10. For additivity the question is whether the union of two sets that fail to meet
the condition of the previous problem can meet the condition. The answer is no
because the previous problem shows that the intersection of any two sets meeting the
condition again meets the condition. The complete additivity is then a consequence
of Corollary 5.3 and the result of the previous problem. The measureµ takes on only
the values 0 and 1 and yet is not a point mass because one-point sets do not satisfy
the defining property for measure 1. Problem 6b therefore allows us to conclude that
µ is not regular.

11. Letµ be a Borel measure onX, and letSbe the set of all regular Borel measures
ν with ν ≤ µ. This contains 0 and hence is nonempty. OrderSby saying thatν1 ≤ ν2

if ν1(E) ≤ ν2(E) for all E. If we are given a chain{να}, let C = supα να(X). This
is ≤ µ(X) and hence is finite. Choose a sequence{ναk} from the chain withναk(X)

monotone increasing with limitC. Thenναk(E) is monotone increasing for every
Borel setE, and we defineν(E) to be its limit. The complete additivity ofν follows
from Corollary 1.14, and it is easy to check thatνα ≤ ν ≤ µ for all α. We have to
check thatν is regular. Letε > 0 be given, and chooseναk with ναk(X) ≥ ν(X)−ε. If
E is given, findK andU with K ⊆ E ⊆ U , K compact,U open, andναk(U −K ) < ε.
Then

ναk(U − K ) + ν((U − K )c) + ε ≥ ναk(U − K ) + ναk((U − K )c) + ε

= ναk(X) + ε ≥ ν(X) = ν(U − K ) + ν((U − K )c),

and henceναk(U − K ) + ε ≥ ν(U − K ). Sinceναk(U − K ) < ε, we obtain
ν(U − K ) < 2ε. Thusν is regular. The decomposition readily follows.

12. This follows immediately from Proposition 11.20.

13. Letµ = µr +µp = νr + νp with µr andνr regular and withµp andνp purely
irregular. Writeσ = µr − νr = νp − µp in terms of its Jordan decomposition as
σ = σ+ − σ−. Thenσ+ ≤ µr andσ− ≤ νr , and henceσ+ andσ− are regular
by Proposition 11.20. Also,σ+ ≤ νp andσ− ≤ µp, and the definition of “purely
irregular” forcesσ+ andσ− to be 0. Thenµr = νr andµp = νp.

14. Letµ be as in Problem 10, and suppose thatν is a regular Borel measure with
ν ≤ µ. Sinceν({∞}) = 0, Problem 6a shows that limα↑∞ ν({x ≥ α}) = 0. For each
n, let αn be the least ordinal such thatν({x ≥ αn}) ≤ 1/n. The least ordinal≥ all
αn is a countable ordinalβ, andν({x ≥ β}) = 0. Since{x < β} is a countable set,
µ({x < β}) = 0. Thereforeν({x < β}) = 0, and we conclude thatν = 0.
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16. For the regularity any set inF is in someFn. The sets inFn are of the form
Ẽ = E × (×∞

n=N+1Xn) with E ⊆ �(n) andν(Ẽ) = νn(E). Givenε > 0, choose
K compact andU open in�(n) with K ⊆ E ⊆ U andνn(U − K ) < ε. In �, K̃ is
compact,̃U is open,K̃ ⊆ Ẽ ⊆ Ũ , andν(Ũ − K̃ ) < ε.

17. Let E = ⋃∞
n=1 En disjointly in F. Sinceν is nonnegative additive, we

have
∑∞

n=1 ν(En) ≤ ν(E). For the reverse inequality letε > 0 be given. ChooseK
compact andUn open withK ⊆ E, En ⊆ Un, ν(Un−En) < ε/2n, andν(E−K ) < ε.
ThenK ⊆ ⋃∞

n=1 Un, and the compactness ofK forcesK ⊆ ⋃N
n=1 Un for someN.

Thenν(E) ≤ ν(K )+ε ≤ ν
(⋃N

n=1 Un
)+ε ≤ ∑N

n=1 ν(Un)+ε ≤ ∑N
n=1 ν(En)+2ε ≤∑∞

n=1 ν(En) + 2ε. Sinceε is arbitrary,ν(E) ≤ ∑∞
n=1 ν(En).

18. The key is that� is a separable metric space. Every open set is therefore the
countable union of basic open sets, which are in the variousFn’s.

Chapter XII

1. In (a), the closed ball is closed and contains the open ball; also every point
of the closed ball is a limit point of the open ball since‖x1 − x0‖ = r implies that
‖[(1− 1

n )(x1−x0)+x0]−x0‖ = (1− 1
n )‖x1−x0‖ < r and limn[(1− 1

n )(x1−x0)+x0] =
x1.

For (b), let the closed balls beB(rn; xn)
cl. If m ≥ n, then‖xm − xn‖ ≤ rn since

B(rm; xm)cl ⊆ B(rn; xn)
cl. Let r = limn rn. If r = 0, then{xn} is Cauchy and hence

is convergent. In this case ifx = lim xn, then‖x − xn‖ ≤ rn for all n, and hencex is
in B(rn; xn)

cl for all n. If r > 0, fix n0 large enough so thatrn0 ≤ 3r/2. It is enough
to show thatxn0 is in B(rn; xn)

cl for n ≥ n0. We may assume thatxn0 �= xn. The
members ofB(rn; xn) are the vectors of the formxn + v with ‖v‖ ≤ rn, and these are
assumed to lie inB(rn0; xn0). Therefore‖xn − xn0 + v‖ ≤ rn0 for all suchv. Take
v = r −1

n0
rn(xn − xn0). Thenrn0 ≥ ‖xn − xn0 + v‖ = ‖(1 + r −1

n0
rn)(xn − xn0)‖ =

(1+r −1
n0

rn)‖xn −xn0‖. Herer −1
n0

rn ≥ (3
2r )−1r = 2

3. So‖xn −xn0‖ ≤ (1+ 2
3)−1rn0 =

3
5rn0 ≤ 3

5
3
2r < r ≤ rn, as required.

2. Reduce to the real-valued case, and there use Theorem 1.23 and the remarks at
the end of Section A3 of the appendix.

3. Convergence in either case is uniform convergence. ForH∞(D), suppose
therefore that

{∑∞
k=0 c(n)

k zk
}

is a Cauchy sequence inH∞(D) indexed byn. Write
z = rei θ , multiply by e−imθ , and integrate inθ from −π to π . The result is that{
c(n)

m r m
}

is Cauchy inn for eachr < 1 and eachm. Then limn c(n)
m r m = cmr m

exists for eachr and m. Taking r = 1/2, we see that limn c(n)
m = cm exists for

eachm. Arguing as in the proof of Theorem 1.37, we see thatf (z) = ∑∞
k=0 ckzk

is convergent for|z| < 1 and that the sequence of functionsfn(z) = ∑∞
k=0 c(n)

k zk

converges to it pointwise. Since{ fn} is uniformly Cauchy and pointwise convergent
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to f , it converges uniformly tof . For the vector subspaceA(D), we haveA(D) =
H∞(D) ∩ C(Dcl). HenceA(D) is a closed subspace ofH∞(D).

4. In (a), let us check the triangle inequality. Fory ∈ Y, we have‖a + b + y‖ ≤
‖a + y′‖ + ‖b + (y − y′)‖ for all y′ ∈ Y. Comparing the definition of‖a + b + Y‖
with the left side, we obtain‖a + b + Y‖ ≤ ‖a + y′‖ + ‖b + (y − y′)‖ for all y and
y′ in Y. Thus‖a + b + Y‖ ≤ ‖a + y′‖ + ‖b + y′′‖ for all y′ andy′′ in Y. Taking the
infimum overy′ andy′′ gives the desired conclusion.

In (b), let a Cauchy sequence inX/Y be given. It is enough to prove that some
subsequence in convergent. Thus it is enough to prove that if{xn} is a sequence in
X with ‖xn − xn+1 + Y‖ ≤ 2−n, then{xn + Y} is convergent inX/Y. We define a
sequence{̃xn} in X with x̃n = xn − yn andyn in Y such that‖x̃n − x̃n+1‖ ≤ 2 ·2−n. It
is then easy to check that{̃xn} is Cauchy inX and that ifx′ is its limit, then{xn + Y}
tends tox′ + Y. To define theyn’s, we proceed inductively, starting withy1 = 0.
If y1, . . . , yn have been defined such that‖x̃k − x̃k+1‖ ≤ 2 · 2−k for k < n, choose
yn+1 in Y such that‖x̃n − xn+1 + yn+1‖ ≤ ‖xn − xn+1 + Y‖ + 2−n ≤ 2 · 2−n. Then
x̃n+1 = xn+1 − yn+1 has‖x̃n − x̃n+1‖ ≤ 2 · 2−n, and the induction is complete.

5. In (a), we havectrG(v1, . . . , vn)c̄ = ∑
i, j ci (vi , vj )c̄j = ∑

i, j (ci vi , cj vj ) =(∑
i ci vi ,

∑
j cj vj

) = ∥∥∑
i ci vi

∥∥2
. In (b), G(v1, . . . , vn) is Hermitian, and thus

the finite-dimensional Spectral Theorem says that there exists a unitary matrix
u = [ui j ] with u−1G(v1, . . . , vn)u diagonal, say= diag(d1, . . . , dn). Thendj =
etr

j u−1G(v1, . . . , vn)uej , and this, by (a), equals
∥∥∑

i ci vi

∥∥2
with c̄ = uej . Hence

dj ≥ 0. In (c), we have detG(v1, . . . , vn) = det(u−1G(v1, . . . , vn)u) = d1d2 · · · dn

≥ 0 with equality if and only if somedj is 0. If dj = 0, then
∑

i ci vi = 0
for c̄ = uej , and hencev1, . . . , vn is dependent. Conversely ifv1, . . . , vn is de-
pendent, then

∑
i ci vi = 0 for some nonzero tuple(c1, . . . , cn), and therefore

0 = (∑
i ci vi , vj

) = ∑
i ci (vi , vj ) for all j ; this equality shows that a nontrivial linear

combination of the rows ofG(v1, . . . , vn) is 0, and hence detG(v1, . . . , vn) = 0.

6. A single induction immediately shows the following: span{v′
1, . . . , v

′
k} =

span{u1, . . . , uk}, v′
k is �= 0, andvk is defined. Then eachvk has norm 1. Ifk < l ,

then(v′
l , vk) = (

ul −∑l−1
j =1 (ul , vj )uj , vk

) = (ul , vk) − (ul , vk) = 0. This proves the
orthogonality.

7. DefineF on eachuα to be the vectorvβ given in the statement of the problem,
and extendF linearly to a mapping defined on the linear spanV of {uα}. Corollary
12.8c shows that‖F(u)‖H2

= ‖u‖H1
for u in V . Corollary 12.8b shows thatV is

dense. Proposition 2.47 shows thatF extends to a bounded linear operator fromH1

into H2 satisfying‖F(u)‖H2
= ‖u‖H1

for u in H1. Arguing in the same way with
F−1 proves thatF is ontoH2. The second conclusion follows by using Proposition
12.11.

8. In (a), the boundedness is elementary, and the operator norm is‖ f ‖∞. In (b),
the adjoint is multiplication by the complex conjugate off .
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9. The linear spanV of {xn} is a separable vector subspace. Suppose that it is not
dense. Choose by Corollary 12.15 a memberx∗ �= 0 of X∗ with x∗(V) = 0. Since
{x∗

n} is dense, choose a subsequence{x∗
nk

} with x∗
nk

→ x∗. Then

‖x∗ − x∗
nk

‖ ≥ |(x∗ − x∗
nk

)(xnk)| = |x∗
nk

(xnk)| ≥ 1
2‖x∗

nk
‖.

Since the left side tends to 0, so does the right side. Thusx∗
nk

tends to 0, andx∗ = 0,
contradiction.

10. The dual ofC(X) is M(X). Define a linear functionalx∗ on M(X) by
x∗(ρ) = ρ({s0}). Then‖x∗‖ = 1, so thatx∗ is in M(S)∗. Let δs denote a point mass
at s. If x∗ were given by integration with a continuous functionf , then we would
have I{s0}(s) = δs({s0}) = x∗(δs) = ∫

S f dδs = f (s). Thus the only possibility
would be f = I{s0}, and this is discontinuous.

11. Let X andY be normed linear withX complete, and let{Ln} be a family of
bounded linear operatorsLn : X → Y such that‖Ln(x)‖ ≤ Cx for eachx in X.
For eachy∗ in Y∗ with ‖y∗‖ ≤ 1, the linear functionaly∗ ◦ Ln on X is bounded and
has|y∗(Ln(x))| ≤ Cx. SinceX is complete, the Uniform Boundedness Theorem for
linear functionals shows that|y∗(Ln(x))| ≤ C‖x‖ for all x. Taking the supremum
over y∗ and applying Corollary 12.17, we obtain‖Ln(x)‖ ≤ C‖x‖, as required.

12. Forx in X andy in Y, we have

‖Ln(x) − Lm(x)‖ ≤ ‖Ln(x − y)‖ + ‖Ln(y) − Lm(y)‖ + ‖Lm(y − x)‖
≤ 2C‖x − y‖ + ‖Ln(y) − Lm(y)‖.

Given x ∈ X and ε > 0, choosey in Y to make the first term< ε, and then
choosen andm large enough to make the second term< ε. It follows that{Ln(x)}
is Cauchy for eachx. Since X′ is complete,L(x) = limn Ln(x) exists for all
x. Continuity of addition and scalar multiplication implies thatL is linear. Then
‖L(x)‖ = lim ‖Ln(x)‖ ≤ lim infn ‖Ln‖‖x‖ ≤ C‖x‖. Hence‖L‖ ≤ C.

13. Proposition 12.1 shows thatX∗ is a Banach space. We identify the ele-
mentsxα in X with their imagesι(xα) under the canonical mapι : X → X∗∗.
Corollary 12.18 shows that the elementι(xα) of X∗∗ has‖ι(xα)‖ = ‖xα‖. The
hypothesis shows for eachx∗ that |(ι(xα))(x∗)| = |x∗(xα)| ≤ Cx∗ for a constant
Cx∗ independent ofα. SinceX∗ is complete, the Uniform Boundedness Theorem
(Theorem 12.22) shows that‖ι(xα)‖ ≤ C for a constantC independent ofα. Applying
Corollary 12.18 a second time, we conclude that‖xα‖ ≤ C independently ofα.

14. For (a), letu andv have‖u − x‖ ≤ r and‖v − x‖ ≤ r . Then the estimate
‖(1− t)u+ tv−x‖ = ‖(1− t)(u−x)+ t (v−x)‖ ≤ ‖(1− t)(u−x)‖+‖t (v−x)‖ =
(1 − t)‖u − x‖ + t‖v − x‖ ≤ (1 − t)r + tr = r proves the convexity.

For (b), letX be the space of sequencess = {sn} with ‖s‖ = ∑
n |sn|. Let Ek be

the set of sequences with allsn ≥ 0, with ‖s‖ = 1, and withsj = 0 for j ≤ k. If s
andt are two sequences with terms≥ 0, then‖s + t‖ = ‖s‖ + ‖t‖. The convexity
follows, and everything else is easy.
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15. Denote open balls inX by BX and open balls inY by BY. The Interior Mapping
Theorem says thatL(BX(1; 0)) is open. Hence it contains a ballBY(ε; 0). Put
C = ε−1. By linearity,L(BX(Cr; 0)) ⊇ BY(r ; 0) for everyr ≥ 0. SinceL is ontoY,
we can choosex0 in X with L(x0) = y0. Linearity givesL(BX(Cr; x0)) ⊇ BY(r ; y0).
For eachyn, we can taker = 2‖yn − y0‖ and choosexn in BX(C2‖yn − y0‖; x0) with
L(xn) = yn. Sinceyn → y0, xn → x0. Also, we have‖xn − x0‖ ≤ 2C‖yn − y0‖.

In this construction ify0 = 0, we could choosex0 = 0, and then the result follows
with M = 2C.

If y0 �= 0, then‖yn‖ → ‖y0‖ �= 0 says that‖yn‖ ≤ 1
2‖y0‖ only finitely often.

For these exceptionaln’s, we can adjustxn whenyn = 0 so thatxn = 0, and then we
have‖xn‖ ≤ M‖yn‖ for a suitableM and the exceptionaln’s. For the remainingn’s,
an inequality‖xn‖ ≤ M‖yn‖ is valid as soon as{xn} is bounded, and{xn} has to be
bounded since it is convergent.

16. It will be proved that the distance frome to X0 is ≥ 1. The setX00 of all
sequencess1, s2 − s2, s3 − s2, . . . such that{sn} is in X is closed under addition and
scalar multiplication. Hence it is a dense vector subspace ofX0, and it is enough to
prove that‖e− s‖ ≥ 1 for all s in X00. Let s be in X00, and letc = e− s. Adding
the firstn entries givesc1 + · · · + cn = n − sn. Hence|c1 + · · · + cn| ≥ n − ‖s‖. If,
by way of contradiction,‖c‖ = 1− ε with ε > 0, then|cj | ≤ 1− ε for all j , and we
have|c1 + · · · + cn| ≤ n − nε. Thusn − ‖s‖ ≤ n − nε, and we getnε ≤ ‖s‖, in
contradiction to the finiteness of‖s‖.

17. This is immediate from Corollary 12.15 and the previous problem.

18. For (a), lets ≥ 0 have‖s‖ = 1. Then‖e− s‖ ≤ 1, and so|x∗(e− s)| ≤ 1.
Sincex∗(e) = 1, this says that|1− x∗(s)| ≤ 1. On the other hand,|x∗(s)| ≤ 1 since
‖s‖ ≤ 1. Thus 0≤ x∗(s) ≤ 1. We can scale this inequality to handle generals.

For (b), the two sequences differ by a member ofX0, on which the Banach limit
vanishes identically; then (c) follows by iterated application of (b) since the Banach
limit of the 0 sequence is 0.

In (d), let ε > 0 be given. By applying (c), we see that we may adjust the
sequence so that supn sn − infn sn ≤ ε and so that the Banach limit is unchanged.
By (a), Banach limits preserve order. Since(inf sn)e ≤ s ≤ (supsn)e, we have
inf sn ≤ LIM n→∞ sn ≤ supsn. Since supsn = (supsn − lim supsn) + lim supsn ≤
(supn − infn) + lim supn ≤ lim supn +ε, we obtain LIMn→∞ sn ≤ lim supn +ε.
Sinceε is arbitrary, LIMn→∞ sn ≤ lim supn. Similarly lim inf sn ≤ LIM n→∞ sn.
Conclusion (e) is immediate from (d).

20. The parallelogram law gives

2(‖x + y + z‖2 + ‖y − z‖2) = ‖x + 2y‖2 + ‖x + 2z‖2.

If we set z = 0 in this identity and then sety = 0 in it, we get two relations,
one involving an expression for‖x + 2y‖2 and the other involving an expression
for ‖x + 2z‖2. If we substitute these relations into the displayed equation for the



636 Hints for Solutions of Problems

terms‖x + 2y‖2 and‖x + 2z‖2, we obtain the formula‖x + y + z‖2 + ‖y − z‖2 =
‖x+ y‖2+‖x+z‖2−‖x‖2+‖y‖2+‖z‖2. Substitution of 2‖y‖2+2‖z‖2−‖y+z‖2

for ‖y − z‖2 in this formula gives the desired identity.

21. We have

(x1 + x2, y) = ∑
k

i k

4 ‖x1 + x2 + i ky‖2

= ∑
k

i k

4 (‖x1 + x2‖2 − ‖x1‖2 − ‖x2‖2 − ‖y‖2)

+∑
k

i k

4 ‖x1 + i ky‖2 +∑
k

i k

4 ‖x2 + i ky‖2.

Each term of the first line on the right is 0 because
∑

k i k/4 = 0, and thus the right
side simplifies to(x1, y) + (x2, y), as required.

22. Induction with the result of the previous problem gives(nx, y) = n(x, y)

for every integern ≥ 0. Replacingnx by z, we obtain1
n (z, y) = (1

n z, y). Hence
(r x, y) = r (x, y) for every rationalr ≥ 0. It follows from the definition of( · , · )
that (−x, y) = −(x, y) and that if the scalars are complex,(i x, y) = i (x, y).
Consequently(r x, y) = r (x, y) if r is in the setD.

23. We are to prove that|(x, y)| ≤ ‖x‖‖y‖, and we may assume thaty �= 0. If r
is in D, we have

0 ≤ ‖x − ry‖2 = (x − ry, x − ry) = ‖x‖2 − r (y, x) − r̄ (x, y) + |r |2‖y‖2.

Letting r tend to(x, y)
/‖y‖2 through members ofD, we obtain

0 ≤ ‖x‖2 − 2|(x, y)|2/‖y‖2 + |(x, y)|2‖y‖2/‖y‖4 = ‖x‖2 − |(x, y)|2/‖y‖2,

and it follows that|(x, y)| ≤ ‖x‖‖y‖.

24. The Schwarz inequality gives

|r (x, y) − (cx, y)| = |(r x − cx, y)| ≤ ‖(r − c)x‖‖y‖ = |r − c|‖x‖‖y‖.

As r tends toc through D, the right side tends to 0, and the left side tends to
|c(x, y) − (cx, y)|. Hencec(x, y) = (cx, y).
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INDEX OF NOTATION

See also the list of Standard Notation on page xxi. In the list below, items
are alphabetized according to their key symbols. For letters the order is italic
lower case, Roman lower case, italic upper case, Roman upper case, script, and
blackboard bold. Next come items whose key symbol is Greek, and then come
items whose key symbol is a nonletter. The last of these are grouped by type.

an, 61
arccos, 79
arcsin, 51
arctan, 51
A(D), 523
bn, 61
B(r ; x), 83
B(S), 87, 281, 521
B(S, C), 87
B(S, R), 87
B1, 297
BN, 297
B(X), 488
B(X, Y), 284, 524
B0(X), 504
BN(K ), 318
BN(V), 315
c, 522
c0, 522
cn, 61, 335
card, 577
Acl, 93
cos, 47
C∞, 142
Ck, 142
C(S), 100, 281, 464, 521
C(S, C), 100, 512
C(S, R), 100, 512

C0(X), 509, 521
C∞(E), 142
Ck(E), 142
Ccom(X), 300, 314, 486, 521
CN([a, b]), 522
d, 41
d2, 75
d(x, y), 83
dx, 298
dω, 326, 491, 517
D, 384
Dj , 385
DN, 69
e, 47
eA, 148
ej , 566
exp, 47, 148
Ex, 267
Ey, 267
E[ f |B], 440
Fσ , 492
F, 374
F, 135
Fn, 565
Gδ, 492
H, 397
H1, 401
H∞(D), 523

639



640 Index of Notation

inf, 3, 6
I E, 171, 241
IE(s), 242
Jp(t), 225
KN, 71
K(X), 490
�2, 87
�

p
n , �p, 522

lim, 5, 98
lim inf , 7
lim sup, 7
log, 49
L1, 89, 281
L2, 89, 281
L∞, 281
Ln, 544
L(y), 208
L(P, f ), 27, 162
L p(X), L p(X,A, µ), L p(X, µ),

281, 522
m, 236, 298
mR( f ), 162
M(X), 522
M(X, C), 514
M(X, R), 512
MR( f ), 162
Ao, 92
oscg(x0), 119, 167
p′, 411
X = P ∪ N, 419
P(λ), 208
P(x, t), Pt (x), 395
Pr (θ), 392
Q(D), 384
Q(x, ε), Qε(x), 398
Qn(a1, . . . , aN), 302
Q×, 134
Qp, 133
Q×

p , 134
R[a, b], 27
R(A), 162

R
∫

A f dx, 318
R∗, 6, 85
sN( f ; x), 62, 335
sin, 47
sup, 2, 5
Sn, 126, 326
S(P, {ti }, f ), 39
S(P, {tR}, f ), 163
S, 385
S(RN), 385
Tr X, 149
T, 442
T ∗, 455
uj , 566
U (P, f ), 27, 162
V( f ), 355
V∗( f ), V−( f ), 347
Zp, 134

Greek
�(s), 323
	, 181, 392
	xi , 27
E	F, 233
ζ(s), 390
ι, 541
λ f , 350
µ∗, 254, 255
µ∗, 254, 255
µ f , 350
µ(P), 27, 161
[dµ], 248
ν = f dµ, 252
σn, 53
σr , 54
τx, 303
ϕε, 312
�, 292
�N, 326
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Isolated symbols and signs
∈, 554, 555
∞, 5
⊆, ⊇, 555
+∞, −∞, 6
r +, r −, 347
f +, f −, 239
ν+, ν−, 418
∼, 62, 335
�, 420
⊕, 528

Subscripts and superscripts
X∗, 128, 444, 455, 524
f ∗(x), 328
M⊥, 527
L∗, 536
x∗, 537
2A, 555

Operations on sets
A × B, 266
X/∼, 445, 471
↑, ↓, 268
BA, 556⋃

x∈S Ax,
⋂

x∈S Ax, ×x∈SAx, 557

Operations on functions
f −1, 558
f ∗ g, 180, 306, 334
µ × ν, 270
f̂ , 374∫
a

b
f dx,

∫ b

a
f dx, 27∫

A f dx,
∫

A
f dx, 162∫ b

a f dx, 27, 30∫
A f dx, 162∫
E f dµ, 242∫
E f (x), dµ(x), 242

Specific functions
( · , · )2, 75
‖ · ‖2, 75, 279
| · |, 84, 136, 138, 161, 239, 514
x · y, 84
( · , · ), 89, 523
‖ · ‖, 90, 136, 279, 514, 521, 523
| · |p, 133
‖ · ‖1, 279
‖ · ‖∞, 279
‖ · ‖sup, 281
‖ · ‖BV, 347
‖ · ‖p, 410

Intervals
(a, b), 3
[a, b], 3
[a, b), 3
(a, b], 3

Other
[Mi j ], 566
(X, T ), 442
an → a, 5, 98
∂ fi
∂xj

, 139∑n
j =1 aj (x1, . . . , xn)

∂
∂xj

, 199
(X,A, µ), 238
(D, ≤), 465
{xα}, 465
α 
→ xα, 465
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a.e., 248
Abel summable, 54
Abel sums, 54
Abel’s Theorem, 54
Abelian theorem, 55
absolute value, 563
absolutely continuous

measure, 420
monotone function, 369
Stieltjes measure, 369

abstract rectangle, 266, 297
additive set function, 234

bounded, 418
adjoint, 536
Alaoglu’s Theorem preliminary form, 284, 509
algebra, 124
algebra of sets, 232
almost every, 248
almost everywhere, 248
almost period, 131
almost periodic, 131

Bochner, 131
Bohr, 131

alternating series test, 19
approximate identity, 58, 60, 312
arccosine, 79
archimedean property, 4
arcsine, 51
arctangent, 51
area of sphere, 326
arithmetic operations, 104
arithmetic-geometric mean inequality, 182
Ascoli’s theorem, 22, 121, 229
Ascoli–Arzelà Theorem, 478
associated Stieltjes measure, 344
Axiom of Choice, 557
axiom of countability, 450

Baire Category Theorem, 118, 120, 481

Baire function, 505
Baire measurable function, 505
Baire measure, 506
Baire set, 504
ball, open, 83
Banach limit, 550
Banach space, 521

quotient, 549
reflexive, 541

Banach–Steinhaus Theorem, 543
base

countable local, 450
for metric space, 106
for topology, 446
local, 450

basis
of vector space, 573
standard, 566

Bessel function, 225
Bessel’s equation, 224
Bessel’s inequality, 67, 335, 531
binomial coefficient, xxi
binomial series, 52, 56
Bochner almost periodic, 131
Bochner’s Theorem, 406
Bohr almost periodic, 131
Bolzano–Weierstrass property, 108, 109
Bolzano–Weierstrass Theorem, 9, 108
Borel complex measure, regular, 514
Borel function, 297, 316, 318, 504
Borel measurable, 239, 297
Borel measurable function, 504
Borel measure 299, 316, 318, 490

purely irregular, 519
regular, 299, 316, 318, 490

Borel set, 237, 297, 315, 318, 488, 504
Borel signed measure, regular, 512
bound

greatest lower, 3
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least upper, 2
lower, 3
upper, 2

bounded, 478
bounded additive set function, 418
bounded, essentially, 280
bounded function, 87
bounded interval, 3
bounded linear operator, 283, 523
bounded operator, 283
bounded, pointwise, 22, 121, 478
bounded set, 3, 490
bounded, uniformly, 22, 121, 478
bounded variation, 346, 355

Ck function, 142
C∞ function, 142
canonical expansion of simple function, 241
canonical extension of measure, 261
canonical map, 541
Cantor 579
Cantor diagonal process, 24, 461
Cantor function, 344
Cantor measure, 354, 519
Cantor set, 118, 290, 343, 519

standard, 118
cardinal number, 577
cardinality, 577
Cartesian product, 556, 557
Cauchy criterion, 10

uniform, 18
Cauchy Integral Theorem, 378
Cauchy sequence, 9, 112

uniformly, 18
Cauchy–Peano Existence Theorem, 229
Cauchy–Riemann equations, 379, 398
Cauchy–Schwarz inequality, 563
Cesàro summable, 53
Cesàro sums, 53, 371
chain, 573
chain rule, 144
change-of-variables formula, 37, 172, 320
character, multiplicative, 407
characteristic function, 171, 241
characteristic polynomial, 208, 214
Chebyshev’s inequality, 351
class, 555

equivalence, 564
classCk, 142

classC∞, 142
closed geometric rectangle, 161
Closed Graph Theorem, 548
closed interval, 3, 6
closed map 482
closed rectangle, 161
closed set, 3, 92, 442
closed subspace, 102
closed unit disk, 126
closed vector subspace, 104
closure, 93, 442
cofactors, 568
cofinal, 468
collection, 555
compact metric space, 108
compact set, 108, 453
compact topological space, 453
compactification, one-point, 456
complement, 555
complete metric space, 113
completely additive set function, 234

σ -finite, 237
completeness ofL p, 285, 414
completion of measure space, 262, 291
completion of metric space, 128, 133
complex conjugation, 563
complex Euclidean space, 85
complex measure, regular Borel, 514
component, 483
component rectangles, 161
components of a function, 139
composition, 558
conditional expectation, 439
conjugate Poisson integral, 398
conjugate Poisson kernel, 398
conjugation, complex, 563
connected, 482

locally, 131
locally pathwise, 131

connected component, 483
connected metric space, 115
connected set, 115
constant coefficients, 208, 211
content 0, 167
continuity at a point, 95
continuity, uniform, 111
continuous derivative on a closed interval, 561
continuous from the left, 339
continuous from the right, 339
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continuous function, 10, 96, 443
uniformly, 11

continuous linear functional onL p, 425
continuous periodic, 67
continuous singular Stieltjes measure, 368
contraction mapping, 131
contraction mapping principle, 131
converge, 463, 466
convergence

norm, 284
uniform, 17
weak-star, 284, 355, 405, 437

convergent sequence, 5, 97
convolution, 58, 180, 306, 334, 417

of measures, 405
cosine, 47
countable, xxi, 106
countable local base, 450
countable ordinals, 292
countably additive set function, 234
counting measure, 236
cover, 106, 151
Cramer’s rule, 568
critical point, 323
critical value, 323
curve, 199

integral, 199
cut, 2

defined implicitly, 153
definite, 89
degree of polynomial, 568
delta mass, 342
delta measure, 342
dense, 106
dense set, 450
derivative, 140

at endpoint of interval, 561
on a closed interval, 561
partial, 139

determinant, 567
Wronskian, 205

diadic cube, 302
diagonal process, 24
diffeomorphism, 160
difference, 555
differentiable, 139

infinitely, 46
periodic, 67

differential equation
existence theorem for ordinary system, 189,

229
first-order ordinary linear, 228
ordinary, 183
ordinary homogeneous linear, 184, 201
ordinary inhomogeneous linear, 201
ordinary linear, 184, 201
system of ordinary, 188
uniqueness theorem for ordinary system, 193

differential, total, 153
differentiation, implicit, 153
differentiation of integrals, 35, 329, 363, 370

strong, 431, 438
differentiation of monotone functions, 359
differentiation of series of monotone functions,

362
dilation, 303
Dini’s test, 70, 336
Dini’s Theorem, 78, 132, 480, 492
direct image, 559
directed set, 465
Dirichlet kernel, 69
Dirichlet–Jordan Theorem, 348
discrete metric, 87
discrete topology, 443
disk, 126, 181
distance, 41, 75, 83

to a set, 96
distribution function, 339, 351
divide, 568
Division Algorithm, 569
divisor, 568

greatest common, 570
domain, 556
Dominated Convergence Theorem, 253
dot product, 84, 566
doubly infinite sequence, 5
dual group of finite abelian group, 407
dual index, 411, 525
dual of normed linear space, weak-star

topology, 444
dual space, 284, 524

Egoroff’s Theorem, 291, 292, 517
element, 554, 555
elementary matrix, 174
elementary set, 233
entity, 554
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equicontinuous, 22, 121, 227, 230, 477, 478
uniformly, 22, 121

equivalence class, 564
equivalence relation, 564
essential bound, 280
essential supremum, 280
essentially bounded, 280
Euclidean algorithm, 570
Euclidean norm, 84, 85
Euclidean space, 84, 521
Euler’s equation, 222
eventually, 97, 463, 465
everywhere dense, 106
existence theorem

integral curves, 199
system of ordinary differential equations,

189, 229
expansion by cofactors, 568
expectation, conditional, 439
exponential, 47

of a matrix, 148
extended real number, 6, 85
Extension Theorem, 238, 253, 271, 489, 502

Fσ , 492
factor of polynomial, 568
Factor Theorem, 569
family, 555
fast Fourier transform, 391, 407
Fatou’s Lemma, 252
Fatou’s Theorem, 334, 395
Fejér kernel, 71
Fejér’s Theorem, 72, 337, 371
field of scalars, 279
filter, 294
finest topology, 445
finite abelian group, Fourier analysis on, 407
finite interval, 3
finite limit for derivative at endpoint, 561
finite measure space, 238
finite-intersection property, 109, 454
first axiom of countability, 450
first category, 119
first countable, 450
first-order linear ordinary differential equation,

228
flip, 174
Fourier coefficient, 62, 335

Fourier inversion formula, 380
Fourier series

almost everywhere convergence
of Cesàro sums, 371

Bessel’s inequality, 67, 335
convergence inL p, 439
convolution, 180
Dini’s test, 70, 336
Dirichlet–Jordan Theorem, 348
divergence for a continuous function, 544
failure of some sequence vanishing at

infinity to occur, 547
Fejér’s Theorem, 72, 337
localization, 71
Parseval’s Theorem, 74, 338
Riemann–Lebesgue Lemma, 67, 335
Riesz–Fischer Theorem, 338
uniqueness theorem, 73, 77, 338
with harmonic functions, 227
with Lebesgue integral, 335
with Riemann integral, 62

Fourier transform, 374
fast, 391, 407
for finite abelian group, 407
of measure, 406

Fourier–Stieltjes coefficient, 349
Fourier–Stieltjes series, 349
frequently, 465
Fubini’s Theorem, 15, 169, 170, 271, 273
Fubini’s theorem on differentiation of series

of monotone functions, 362
function, 556
functional, linear, 283
Fundamental Theorem of Algebra, 112, 572
Fundamental Theorem of Calculus, 35, 329,

363, 370

Gδ , 492
gamma function, 323, 353
gap, 484
geometric rectangle, 161, 266, 297

closed, 161
Gram determinant, 549
Gram matrix, 549
Gram–Schmidt orthogonalization process,

530, 549
graph, 291
greatest common divisor, 570
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greatest lower bound, 003
Green’s Theorem, 378

Hahn decomposition, 419
Hahn–Banach Theorem, 537
half space

Poisson integral formula, 395
Poisson kernel, 395

half-open interval, 3, 6, 451
Hardy–Littlewood maximal function, 330,

403, 438
Hardy–Littlewood Maximal Theorem, 328,

333, 430
harmonic function, 181, 334, 354, 392, 437

unit disk, 227, 518
Hausdorff, 105, 447
Hausdorff–Young Theorem, 428
hedgehog space, 88
Heine–Borel Theorem, 108, 110
Helly’s Selection Principle, 78
Helly–Bray Theorem, 405, 508
Herglotz’s Theorem, 518
Hermitian inner product, 85, 89
Hermitian symmetric, 89
Hilbert cube, 88
Hilbert space, 523

dimension, 534
Hilbert transform, 397, 433

existence almost everywhere, 438
Hilbert–Schmidt norm, 138
Holder’s inequality, 411
homeomorphism, 96, 443
homogeneous function, 180
homogeneous linear ordinary differential

equation, 184, 201, 228

image, 556, 567
direct, 559
inverse, 559

imaginary part, 563
implicit differentiation, 153
Implicit Function Theorem, 155
indicator function, 171, 241
indicial equation, 222, 223
indiscrete space, 87
infimum, 3
infinite Taylor series, 44
infinitely differentiable, 46
infinity, 5, 6

vanish at, 509
inhomogeneous linear ordinary differential

equation, 201
initial condition, 186
inner measure, 255
inner product, 89, 523
inner-product space, 89

pseudo, 90
integrable, 242, 276

Lebesgue, 242
Riemann, 27, 42, 162
uniformly, 292
vector-valued function, 274, 277

integral curve, 199
integral, Lebesgue, 242
integral, Riemann, 42
integration by parts, 36, 67, 344
interchange of limits, 13
interior, 92, 442
Interior Mapping Principle, 545
Intermediate Value Theorem, 12, 116
intersection, 555
interval, 3, 6
inverse function, 558
Inverse Function Theorem, 156, 562
inverse image, 559
irregular singular point, 227
isometric, 127
isometry, 127

Jacobian matrix, 140
Jessen–Marcinkiewicz–Zygmund, 438
Jordan and von Neumann Theorem, 526, 551
Jordan block, 212
Jordan decomposition, 418
Jordan form, 212
Jordan normal form, 213

kernel
Dirichlet, 69
Fejér, 71
of linear function, 567

L p completeness, 285, 414
L p dual, 425
L p norm, 410
L p translation, 309, 417
Lagrange multipliers, 182, 411
Laplace equation, 181, 392
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Laplacian, 181, 392
least upper bound, 2, 574
Lebesgue constant, 544
Lebesgue decomposition, 368, 423
Lebesgue integral, 242
Lebesgue measurable, 239, 262, 265, 305
Lebesgue measure, 118, 236, 298, 303
Lebesgue set, 371
Lebesgue’s theorem on differentiation of

monotone functions, 359
Legendre polynomial, 221
Legendre’s equation, 220
Leibniz test, 19
length, 118
lexicographic ordering, 484
limit, 5, 463, 466

Banach, 550
of a sequence, 98
point, 3, 93, 442
uniform, 17

limits, interchange of, 13
Lindelöf space, 451
linear function, 566
linear functional, 283, 525

norm, 424
positive, 488

linear map, 566
linear operator, 283, 523

bounded, 283, 523
continuous, 283

linear ordinary differential equation, 184, 201
constant coefficients, 208
homogeneous, 228

linear transformation, 566
Lipschitz condition, 189
local base, 450

countable, 450
localization of Fourier series, 71
localization of Lebesgue integral, 246
locally compact, 455
locally connected, 131, 483
locally finite open cover, 483
locally pathwise connected, 131, 483
logarithm, 49
long line, 484
lower bound, 3

greatest, 3
lower Riemann integral, 27, 162
lower Riemann sum, 27, 162

lower semicontinuous, 481
lower-dimensional set, 325
Lusin’s Theorem, 517

map, 556
linear, 566

mapping, 556
Marcinkiewicz Interpolation Theorem, 430
matrix, 566

elementary, 174
Jacobian, 140
Jordan form, 213
Wronskian, 205

maximal element, 573
maximal function, 330

Hardy–Littlewood, 330
Mean Value Theorem, 560
measurable, Borel, 239, 297
measurable function, 238

Baire, 505
Borel, 504

measurable, Lebesgue, 239, 262, 265, 305
measurable set, 238, 241, 257, 266
measurable vector-valued function, 275
measure, 235

absolutely continuous, 420
absolutely continuous Stieltjes, 369
associated Stieltjes, 344
Baire, 506
Borel, 299, 316, 318, 490
Cantor, 354, 519
counting, 236
delta, 342
inner, 255
Lebesgue, 236, 298, 303
outer, 255
product, 270
purely irregular Borel, 519
regular Borel, 299, 316, 318, 490
regular Borel complex, 514
regular Borel signed, 512
signed, 418
singular, 423
singular Stieltjes, 368
Stieltjes, 339

measure 0, 166, 265
measure space, 238

completion, 262, 291
finite, 238
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σ -finite, 238
member, 555
mesh, 27, 161
metric, 83

discrete, 87
hedgehog, 88
product, 103
uniform, 87

metric space, 83
complete, 113
completion, 128, 133
connected, 115

metric subspace, 102, 104
metric topology, 442
metrizable, 476
Minkowski’s inequality, 412

for integrals, 287, 415
monotone class, 268
Monotone Class Lemma, 268, 269
Monotone Convergence Theorem, 15, 250, 251
monotone increasing, 339
monotone sequence, 5
monotone set function, 494
multiplication formula, 375
multiplicative character, 407
multiplicity, 27

of a root, 572
multiplier, 384
multiplier operator, 384

negative, xxi
negative variation, 347
neighborhood, 442

of a point, 92
of a subset, 92

net, 465
universal, 468

Newton’s method, 78
nonnegative set function, 234
norm, 90, 429, 521

convergence, 284
essential supremum, 280
Euclidean, 84, 85
Hilbert–Schmidt, 138
L p, 410
of linear functional, 424
operator, 136, 283, 429, 523
supremum, 281
total-variation, 514

uniform, 281
weak-type, 430

normal, 105, 447
normed linear space, 281, 521

finite-dimensional, 521
pseudo, 280
weak topology, 444
weak-star topology on dual, 444

nowhere dense, 118
null space, 567
number

extended real, 6
real, 2

one-one, 558
one-point compactification, 456
onto, 558
open ball, 83
open cover, 106, 451

locally finite, 483
open interval, 3, 6
open mapping, 471
open neighborhood, 92, 442
open rectangle, 161
open set, 3, 83, 442
open subcover, 106, 451
open subspace, 102
open unit disk, 181
operator

bounded linear, 283
continuous linear, 283
linear, 283, 523
multiplier, 384
norm, 136, 283, 429, 523
self-adjoint, 536
sublinear, 429

order, 183, 188
order complete, 484
order topology, 484
ordered pair, 555
ordering

lexicographic, 484
partial, 573
simple, 573
total, 484, 573

ordinals, countable, 292
ordinary differential equation, 183

constant coefficients, 208
existence theorem, 189, 229
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first-order linear, 228
homogeneous linear, 184, 201, 228
inhomogeneous linear, 201
linear, 184, 201
uniqueness theorem, 193

ordinary differential equations system, 188
with constant coefficients, 211

orthogonal, 89, 527
orthogonal complement, 528
orthogonal projection, 530
orthonormal, 529
orthonormal basis, 532
orthonormal set, maximal, 532
oscillation, 119, 167, 481
outer measure, 255

p-adic numbers, 133
pair

ordered, 555
unordered, 555

parallelogram law, 526
parameters, 198
Parseval’s equality, 532
Parseval’s Theorem, 74, 338
partial derivative, 139
partial ordering, 573
partition, 26, 161
partition of unity, 151, 483
path, 116, 199, 482
pathwise connected, 116, 482

locally, 131
periodic, 63
Picard iteration, 187
Picard–Lindel¨of Existence Theorem, 189
Plancherel formula, 381
point, 555
point mass, 342
pointwise bounded, 22, 121, 478
Poisson integral, 355

conjugate, 398
formula for half space, 395
formula for unit disk, 354, 392, 437

Poisson kernel
conjugate, 398
for half space, 395
for unit disk, 392

Poisson Summation Formula, 389
polar coordinates, 173, 322
polarization, 527

polynomial
characteristic, 208, 214
in one indeterminate, 568
Legendre, 221
prime, 571

positive, xxi
positive definite function, 406
positive linear functional, 488
positive variation, 347
potential theory, 353
power series, 44, 46
prime polynomial, 571
primitive mapping, 175
probability, 171, 241, 339, 439, 486
product

Cartesian, 556, 557
dot, 84, 566
inner, 89, 523
measure, 270
metric, 103
topology, 443, 458

product of metric spaces, 103
product of sets, 556
product ofσ -algebras, 266
projection, orthogonal, 530
Projection Theorem, 528
pseudo inner-product space, 90
pseudo normed linear space, 280
pseudometric, 83
pseudometric space, 83
pseudonorm, 90, 279
purely finitely additive, 438
purely irregular Borel measure, 519
Pythagorean Theorem, 526

quotient map, 445, 471
quotient space of a Banach space, 549
quotient topology, 443, 445, 471

radius of convergence, 45, 78
Radon–Nikodym Theorem, 421, 425, 439, 507,

515
range, 556
rank, 567
real number, 2
real part, 563
rearrangement, 12
rectangle, 161, 267, 266, 297

abstract, 266, 297
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closed, 161
closed geometric, 161
geometric, 266, 297
open, 161

reduction of order, 228
refinement, 162

of partition, 28
reflexive, 564, 573
reflexive Banach space, 541
region under a graph, 291
regular, 105, 236, 447
regular Borel complex measure, 514
regular Borel measure, 299, 316, 318, 490
regular Borel signed measure, 512
regular singular point, 221
relation, 556

equivalence, 564
function, 556
set, 473

relative topology, 446
relatively dense, 131
restriction, 558
Riemann integrable, 27, 42, 162
Riemann integral, 27, 42, 162
Riemann sum, 27, 39, 42, 162, 163
Riemann zeta function, 390
Riemann–Lebesgue Lemma, 67, 335, 380
Riesz Convexity Theorem, 427
Riesz, Frigyes and Marcel, 427
Riesz Representation Theorem, 425, 490, 528
Riesz’s Lemma, 358
Riesz–Fischer Theorem, 338, 383
ring of sets, 233
Rising Sun Lemma, 358
root, 568
Russell paradox, 553

saltus function, 366
Sard’s Theorem, 324
sawtooth function, 65
scalar, 87, 279
scalar-valued nonnegative function, 274
Schroeder–Bernstein Theorem, 578
Schwartz function, 385
Schwartz space, 385
Schwarz inequality, 75, 84, 90, 526, 564
second axiom of countability, 450
second countable, 450
section, 267

self-adjoint, 536
semidefinite, 90
seminorm, 279
separable, 107, 446
separate points, 124, 462
separation of variables, 227
separation properties, 105
sequence, 4, 97

Cauchy, 9, 112
convergent, 5
doubly infinite, 5
monotone, 5
space, 87

series
binomial, 52, 56
Fourier (seeFourier series)
Fourier–Stieltjes, 349
power, 44, 46
Taylor, 46
trigonometric, 61

set, 554
set function, 234

additive, 234
bounded additive, 418
completely additive, 234
countably additive, 234
monotone, 494
nonnegative, 234
purely finitely additive, 438
σ -finite completely additive, 237

set theory, 553
Zermelo–Fraenkel, 554

side, 266
σ -algebra of sets, 233
σ -bounded set, 490
σ -compact, 457
σ -finite completely additive set function, 237
σ -finite measure space, 238
σ -ring of sets, 233
signed measure, 418

regular Borel, 512
Silverman–Toeplitz summability method, 80
simple function, 241

canonical expansion, 241
simple ordering, 573
sine, 47
singleton, 555
singular measure, 423
singular point
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irregular, 227
regular, 221

singular Stieltjes measure, 368
smallest closed vector subspace, 281
smooth function, 142
smooth vector field, 199
solution, 183, 188
sphere, 126

area, 326
spherical coordinates, 325
standard basis, 566
standard Cantor set, 118
Stieltjes measure, 339

absolutely continuous, 369
associated, 344
singular, 368

Stone–Weierstrass Theorem, 124, 132, 480
strong differentiation, 431, 438
strong type, 429
subalgebra, 124
subcover, 451
subdivision point, 26
sublinear operator, 429
subnet, 468
subordinate to a cover, 151
subsequence, 5
subspace, 102, 104

closed, 102
metric, 102, 104
open, 102
smallest closed vector, 281
topological, 446
vector, 104

summability, 53
Abel, 54
Cesàro, 53
Silverman–Toeplitz, 80

support, 172, 300, 488
supremum, 2

essential, 280
norm, 281

symmetric, 89, 564
symmetric difference, 232
system of ordinary differential equations, 188

constant coefficients, 211
existence theorem, 189, 229
uniqueness theorem, 193

T1, 105, 447

Tauberian theorem, 55
Taylor series, 46

infinite, 44
Taylor’s Theorem, 43, 146
tends, 5
Tietze Extension theorem, 483
topological space, 442
topological subspace, 446
topology, 442

discrete, 443
finest, 445
half-open interval, 451
metric, 442
order, 484
product, 443, 458
quotient, 443, 445, 471
relative, 446
upper, 481
weak, 443

total differential, 153
total ordering, 484, 573
total variation, 355, 514
total-variation norm, 514
totally bounded, 113
trace of matrix, 149
transfinite induction, 293
transitive, 564, 573
translation, 303

in L p, 309, 417
triangle inequality, 41, 76, 83, 90, 279, 563
trigonometric series, 61
trivial ultrafilter, 294
Tychonoff Product Theorem, 460, 470
Tychonoff’s Lemma, 452
type, 429

strong, 429
weak, 429

ultrafilter, 294
trivial, 294

ultrametric inequality, 133
unbounded interval, 3
Uniform Boundedness Theorem, 543
uniform Cauchy criterion, 18
uniform continuity, 111
uniform convergence, 17, 99
uniform limit, 17
uniform metric, 87
uniform norm, 281



Index 653

uniformly bounded, 22, 99, 121, 478
uniformly Cauchy, 18
uniformly continuous function, 11
uniformly equicontinuous, 22, 121
uniformly integrable, 292
union, 555
unique factorization, 571
uniqueness theorem

Fourier series, 73, 77, 338
integral curves, 199
system of ordinary differential equations,

193
unit disk, 126, 181

harmonic function, 227, 518
Poisson integral formula, 354, 392, 437
Poisson kernel, 392

unit sphere, 126
universal net, 468
unordered pair, 555
upper bound, 2, 573

least, 2
upper Riemann integral, 27, 162
upper Riemann sum, 27, 162
upper semicontinuous, 481
upper topology, 481
Urysohn Metrization Theorem, 476
Urysohn’s Lemma, 474

vanish at infinity, 509
variation

bounded, 346, 355
negative, 347

of parameters, 207
positive, 347
total, 355, 514

vector field, 199
vector subspace, 104

smallest closed, 281
vector-valued function

integrable, 274, 277
measurable, 275

weakL1, 330
weak topology, 443

determined by functions, 443, 462
on normed linear space, 444

weak type, 331, 429
weak-star convergence, 284, 355, 405, 437
weak-star topology of dual of normed

linear space, 444
weak-type norm, 430
Weierstrass Approximation Theorem, 60
WeierstrassM test, 20
well ordered, 573, 576
Wiener’s Covering Lemma, 331
Wronskian determinant, 205
Wronskian matrix, 205

Young’s inequality, 428

Zermelo’s well-ordering theorem, 576
Zermelo–Fraenkel set theory, 554
zeta function, 390
Zorn’s lemma, 573


