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Preface

Much of the second and third year undergraduate course in mathematics (as well as
some graduate work) was covered by Volumes 2 and 3 of my book on algebra, now
out of print. 1 So I was very pleased when Springer Verlag offered to bring out a new
version of these volumes. The present book is based on both these volumes, complemented by the definitions and basic facts on groups and rings. Thus the volume is
addressed to students who have some knowledge of linear algebra and who have
met groups and fields, though all the essential facts are recalled here. My overall
aim has been to present as many of the important results in algebra as would
conveniently fit into one volume. It is my hope to collect the remaining parts of
Volumes 2 and 3 into a second book, more oriented towards applications. 2
Apart from chapters on groups (Chapter 2), rings and modules (Chapters 4, 5 and 6)
and fields (Chapters 7 and 11), a number of concepts are treated that are less central
but nevertheless have many uses. Chapter 1, on set theory, deals with countable and
well-ordered sets, as well as Zorn's lemma and a brief section on graphs. Chapter 3
introduces lattices and categories, both concepts that form an important part of
the language of modern algebra. The general theory of quadratic forms has many
links with ordered fields, which are developed in Chapter 8. Chapters 9 and 10 are
devoted to valuation theory and commutative rings, a subject that has gained in
importance through its use in algebraic geometry.
On a first encounter some readers may find the style of this book somewhat
concise, but they should bear in mind that mathematical texts are best read with
paper and pencil, to work out the full consequences of what is being said and to
check examples. The matter has been well put by Einstein, who said: "Everything
should be explained as far as possible but no further." There are numerous exercises
throughout, with occasional hints (but no solutions), and some historical remarks.
My thanks are due to the staff of Springer Verlag for the efficient way they have
produced this volume.
University College London
P.M. Cohn
June 2002

I Algebra, Vol. 2 (2nd edn, 1989) and Vol. 3 (2nd edn, 1991), Wiley and Sons.
2 Further Algebra and Applications, Springer Verlag, London (2003). Referred to in the text as FA.
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Conventions on
Terminology

We assume that our readers are acquainted with the notion of a set (and even with
groups and rings, though their definitions will be recalled in Chapters 2, 4). They will
have seen notations such as x E 5 (x is a member of 5), 5' S; 5 or 5 ;2 5' (5' is a
subset of 5) and T C 5 or 5 :) T (T is a proper subset of 5) and 0 for the empty
set. For any propositions P, Q we write 'p::::} Q' or 'Q {::: P' to indicate that P
implies Q, and 'p # Q' to mean 'p::::} Q and Q::::} P', i.e. that P is equivalent to Q.
A property (of members of a set 5) is said to hold for almost all members of 5 if it
holds for all but a finite number of members of 5. If T is a subset of 5, its complement in 5 will be denoted by 5\ T. This notation is also used occasionally for the left
coset space (see Section 2.1); the risk of confusion is small.
We can list the elements of a set 5 by indexing them, e.g. if 5 is finite, with n
elements, we can write 5 = {Xl, X2, ... , x n }; we also write 151 = n. More generally,
any set can be indexed by a suitable indexing set: 5 = {X).hE!' where I is the indexing
set. A set in this form is often called a family indexed by I; it is in effect prescribing a
mapping from I to 5. This mapping is generally not assumed to be injective, thus x).
may equal xfJ- even if A =/: M.
All mappings between sets are as a rule written on the right, so that fg means: first
f, then g. Iff: 5 ---+ T, i.e. f is a mapping from 5 to T and 5' is a subset of 5, then the
restriction of f to 5' is denoted by fI5'. A mapping f : 5 ---+ T is called injective or
one-one if different members of 5 have different images, surjective or onto if every
member of T is an image of some member of 5, and bijective if it is both injective
and surjective. Mappings are often arranged as diagrams (see Section 4.2); a diagram
is commutative if the different ways of going from one point to another along the
arrows give the same result.
Frequently a two-index expression f(i, j) is equal to 1 if i = j and 0 otherwise. This
is indicated by using the Kronecker symbol 8ij ; thus f(i, j) = 8ij •
A set 5 is partially ordered, often just called ordered, if there is a binary relation :s ,
called a partial ordering, defined on 5 with the properties:

x:s X for all X E 5 (reflexive),
X :s y, y :s z ::::} x :s z for all x, y, z E 5 (transitive),
0.3 x :s y, y :s x ::::} x = y for all x, y E 5 (antisymmetric).

0.1

0.2

If only 0.1 and 0.2 hold, we speak of a preordering.
The ordering is total if any two elements are comparable, i.e. x :s y or y :s x for
any x, y E 5. If ':s' is a partial ordering on a set 5, we shall write 'x < y' (x is strictly
xi
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less than y) to mean 'x .::s y and x =1= y', and we write x :::: y, x > y for y .::s x, y < x
respectively. As is easily verified, the opposite ordering '::::' again satisfies 0.1-0.3
and so is again a partial ordering. Thus any general statement about ordered sets
has a dual, which is obtained by interpreting the original statement for the oppositely
ordered set. This principle can often be used to shorten proofs.
A binary relation ~ on a set 5 is called an equivalence relation if it is reflexive,
for all x, y E 5. For example, equality is
transitive and symmetric, i.e. x~ y => y ~x,
an equivalence relation. Given an equivalence on 5, we can list all members equivalent to a given one together in a class, and in this way obtain a partition of 5 into a
collection of disjoint subsets, the equivalence classes or blocks. The set of equivalence
classes is denoted by 51 ~ and is called the quotient set of 5 by the equivalence ~.
Given sets 5, T, their Cartesian or direct product, denoted by 5 x T, is the set of
pairs (x,y), where x E 5, YET. If 5, T are any ordered sets, their direct product
can again be ordered by writing (x, y) .::s (x', y') to mean: x .::s x' or x = x' and
y .::s y'. This is easily verified to be an ordering, called the lexicographic ordering; it
is a total ordering whenever both 5 and T are totally ordered.
References to the bibliography are by the name of the author and the date. In each
section all the results are numbered consecutively, e.g. in Section 4.7 we have
Theorem 4.7.1, Lemma 4.7.2, Proposition 4.7.3. We shall also use iff as an abbreviation for 'if and only if' and. indicates the end (or absence) of a proof. Many
exercises are provided with hints, and the harder ones are starred.

Sets

Much of algebra can be done using only very little set theory; all that is needed is a
means of comparing infinite sets, and the axiom of choice in the form of Zorn's
lemma. These topics occupy Sections 1.1 and 1.2. They are followed in Section 1.3
by an introduction to graph theory. This is an extensive theory with many applications in algebra and elsewhere; all we shall do here is to present a few basic results,
some of which will be used later, which convey the flavour of the topic.

1.1 Finite, Countable and Uncountable Sets
Most of our readers will have met sets before; a set for us is a collection of objects, its
members or elements. These elements may themselves be sets; of course one has to be
careful to avoid situations like Russell's paradox: 'the set Q of all sets that are not
members of themselves'; this quickly leads to a contradiction when one asks if
Q E Q. There are several ways of resolving this paradox, but they will not concern
us here; all that is needed is some care in forming 'large' sets.
Given two sets, we may wish to compare them for size, i.e. the number of elements
in each. We can use the natural numbers to count the members, but this may not be
necessary. When Man Friday wanted to tell Robinson Crusoe that he had seen a boat
with 17 men in it, he did this by exhibiting another 17-element set, and he could do
this without being able to count up to 17. Even for a fully numerate person it may be
easier to compare two sets rather than to count each; e.g. in a full lecture room a
brief glance may suffice to convince us that there are as many people as seats.
This suggests that it may be easier to determine when two sets have the same
'number of elements' than to find that number. Let us call two sets equipotent if
there is a bijection (i.e. a one-one correspondence) between them. This relation of
equipotence is an equivalence relation on any given collection of sets; here we
avoid talking about the collection of all sets, as that would bring us dangerously
close to the paradox mentioned above.
A set S is said to be finite, of cardinal n, if S is equipotent to the set {I, 2, ... , n}
consisting of the natural numbers from 1 to n. By convention the empty set, having
no elements, is reckoned among the finite sets; its cardinal is 0 and it is denoted
by 0.
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It is clear that two finite sets are equipotent if they have the same cardinal, and this
may be regarded as the basis of counting. It is also true that sets of different finite
cardinalities are not equipotent. This may seem intuitively obvious; we shall
assume it here and defer to FA its derivation from the axioms for the natural
numbers. More generally, we shall assume that for any natural numbers m, n, if
there is an injective mapping from {I, 2, ... , m} to {I, 2, ... , n}, then m :::: n. Let
us abbreviate {l, 2, ... , n} by [n], for any n EN. It follows that if there is a
bijection between [mJ and [n], then m:::: nand n :::: m, hence m = n. Thus for
any finite set, the natural number which indicates its cardinal is uniquely determined. The contrapositive form of the above assertion states that if m > n, then
there can be no injective mapping from [mJ to [nJ. A more illuminating way of
expressing this observation is Dirichlet's celebrated

Box Principle (Schubfachprinzip). If n + 1 objects are distributed over n boxes, then
some box must contain more than one of the objects.

Although intuitively obvious, this principle is of great use in number theory and
elsewhere.
Having given a formal definition of finite sets, we now define a set to be infinite if
it is not finite. Until relatively recent times the notion of 'infinity' was surrounded by
a good deal of mystery and uncertainty, even in mathematics. Thus towards the
middle of the 19th century, Bernard Bolzano propounded as a paradox the fact
that (in modern terms) an infinite set might be equipotent to a proper subset of
itself. A closer study reveals the fact that every infinite set has this property, and
this has even been taken as the basis of a definition of infinite sets; it certainly no
longer seems a paradox. The work of Georg Cantor, Richard Dedekind and others
from 1870 onwards has dispelled most of the uncertainties, and though mysteries
remain, they will not hamper us in the relatively straightforward use we shall
make of the theory.
In order to extend the notion of counting to infinite sets, we associate with every
set X, finite or not, an object IXI called its cardinal or cardinal number, defined in
such a way that two sets have the same cardinal iff they are equipotent. Such a definition is possible because, as we have seen, equipotence is an equivalence relation on
any collection of sets.
A non-empty finite set has as its cardinal a natural number; the empty set has
cardinal o. All other sets are infinite; their cardinals are said to be transfinite or
infinite. In particular, the set N of all natural numbers is infinite; its cardinal is
denoted by ~o.
The letter aleph, ~, the first of the Hebrew alphabet, is customarily
used for infinite cardinal numbers. A set of cardinal ~o is also said to be countable
(or enumerable); thus A is countable iff there is a bijection from N to A. If a set A
is countable, it can be written in the form
(1.1.1 )

where the aj are distinct. Such a representation of A is called an enumeration of A,
and a proof that a set is countable will often consist in giving an enumeration. Sometimes the term 'enumeration' is used for a set written as in (1.1.1) even if the aj
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are not all distinct; in that case we can always produce a strict enumeration by going
through the sequence and omitting all repetitions. The set so obtained is finite or
countable.
Many sets formed from countable sets are again countable, as our first result
shows:
Theorem 1.1.1. Any subset and any quotient of a countable set is countable or finite. If
A and B are countable sets, then the union A U B and Cartesian product A x Bare
again countable; more generally, the Cartesian product of any finite number of countable sets is countable. Further, a countable union of countable sets is countable and the
collection of all finite subsets of a countable set is countable.

We recall that a quotient set of A is the set of all blocks, i.e. equivalence classes, of
some equivalence on A.
Proof. Any countable set A may be taken in the form (1.1.1); if A' is a subset, we go
through the sequence ai, az, ... of elements of A and omit all terms not in A'to
obtain an enumeration of A'. If A" is a quotient set, and x I~ X is the natural
mapping from A to A", then {a I, az, ... } is an enumeration of A", possibly with
repetitions; hence A" is countable (or finite).
Next let A be given by (1.1.1) and let B = {bl, bz, ... }; then A U B may be enumerated as {ai, bl , a2, bz , ... }, where repetitions (which will occur if An B #- 0) may
be discarded. Similarly we can enumerate A x B as {(ai, bl ), (a" b2), (az, b l ),
(ai, b3), (az, bz ), (a3, bl ), ... } by writing A x B as a square table and going along the
finite diagonals. Now the result for a product of r countable sets follows by induction
on r. Ifwe have a countable family {An} of countable sets, say An = {ani}, then we can
enumerate the union U A = {and n, i E N} by writing the elements ani as a matrix and
going again along the diagonals.
Finally let A be any countable set and denote by AT for r = 1,2, ... the set of all
r-element subsets of A. Clearly AT is countable, for it may be mapped into the
Cartesian power AT by the rule

where iJ, ... , jT is the sequence ii, ... , iT arranged in ascending order. This provides
a bijection of AT with a subset of AT, and it follows that Ar is countable. Now the
earlier proof shows that the union U Ar is countable, and adding 0 as a further
member we still have a countable set.
•
With the help of this result many sets can be proved to be countable which do not
at first sight appear to be so. Thus the set Z of all integers can be written as a union of
N = {I, 2, ... } and N' = to, -1, -2, ... }; both Nand N ' are countable hence so is
Z. The set Q+ of all positive rational numbers is countable, as the image ofNz under
the mapping (a, b) I~
ab- I • Now Q itself can be written as the union of the set of
all positive rational numbers, the negative rational numbers and 0; therefore Q is
countable. The set of all algebraic numbers (see Section 7.1 below) is countable:
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for a given degree n, the set of all monic equations of degree n over Q is equipotent
to Qn, if we map

Each equation has at most n complex roots, so the set 5n of all roots of equations of
degree n is countable, and now the set of all algebraic numbers is 51 U 5z U ... ,
which is again countable.
At this point a newcomer might be forgiven for thinking that perhaps every
infinite set is countable. If that were so, there would of course be no need for an
elaborate theory of cardinal numbers. In fact the existence of uncountable sets is
one of the key results of Cantor's theory, and we shall soon meet examples of
such sets.
Our next task is to extend the natural order on N to cardinal numbers. If ex, fJ are
any cardinals, let A, B be sets such that IAI = ex, IBI = fJ. We shall write ex ::: fJ whenever there is an injective mapping from A to B. Whether such a mapping exists
clearly depends only on ex, fJ and not on A, B themselves, so the notation is justified.
Further, ex ::: ex holds for all ex, because the identity mapping on A is injective, and
since the composition of two injections is an injection, it follows that ex::: fJ,
fJ ::: y implies ex ::: y. Thus we have a preordering; this will in fact turn out to be
a total ordering, but for the moment we content ourselves with proving that it is
an ordering, i.e. that ':::' is antisymmetric. In terms of sets we must establish

Theorem 1.1.2 (Schroder-Bernstein theorem). Let A, B be any sets and f : A --* B,
g : B --* A be any injective mappings. Then there is a bijection h : A --* B.

Proof. By alternating applications of f and g we produce an infinite sequence of
successive images starting from a E A : a, af, afg, afgf, .... Further, each element
a E A is the image of at most one element of B under g, which may be written
ag - I, and each b E B is the image of at most one element bf - I of A under f, so
from a E A we obtain a sequence of inverse images which mayor may not break
off: ag- I, ag-If-I, .... If we trace a given element a E A as far back as possible
we find one of three cases: (i) there is a first 'ancestor' in A, i.e. ao E A \Bg, such
that a = ao(fgY for some n ::: 0; (ii) there is a first ancestor in B, i.e. bo E B\Af,
such that a = bo(gfY g for some n ::: 0; (iii) the sequence of inverse images continues
indefinitely.
Each element of A comes under one of these headings, and likewise each element
of B. Thus A is partitioned into three subsets AI, A z , A 3; similarly B is partitioned
into BI = Ad, Bz = Azg- I and B3 = Ad = A 3g- l . It is clear that the restriction
of f to Al is a bijection between Al and BJ> for each element of BI comes from
one element of AI' For the same reason the restriction of g to B2 provides a bijection
between B2 and Ab and we can use either f restricted to A3 or g restricted to B3 to
obtain a bijection between A3 and B3. Thus we have found a bijection between Aj
and B j (i = 1,2,3) and putting these together we obtain the desired bijection
between A and B.
•
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This proof is essentially due to Gyula Konig (in 1906).
The sum and product of cardinals may be defined as follows. Let a, f3 be any
cardinals, say a = IAI, f3 = IB I, and assume that An B = 0. Then it is easily seen
that IA UBI depends only on a, f3, not on A, B and we may define

a + f3 = IA UBI·
Similarly we put

af3=IAxBI·
It is easy to verify that these operations satisfy the commutative and associative laws,
and a distributive law, as in the case of the natural numbers. Moreover, for finite
cardinals these operations agree with the usual operations of addition and multiplication. On the other hand, the cancellation law does not hold, thus we may have
a + f3 = a' + f3 or af3 = a' f3 for a "# ai, and there is nothing corresponding to subtraction or division. In fact, it can be shown that if a, f3 "# 0 and at least one of a, f3 is
infinite, then

a + f3

= af3 = max {a, f3}.

(1.1.2)

For any cardinals a, f3 we define f3" as IBAI, where A, B are sets such that IAI = a,
IBI = f3 and BA denotes the set of all mappings from A to B. It is again clear that
f3" is independent of the choice of A, B, and we note that for finite cardinals, f3"
has its usual meaning: if A has m elements and B has n elements, then there is a
choice of n elements to which to map each element of A, and these choices are
independent, so there are n. n ... n (m factors) = nm choices. Of course this interpretation applies only to finite sets.
If B is a I-element set, then so is BA, for any set A: each element of A is mapped to
the unique element of B, and this applies even if A is empty, for a mapping A -+ B is
defined as soon as we have specified the images of the elements of A; so when
unless also
A = 0, nothing needs to be done. When B is empty, then so is ~,
A = 0, for there is nowhere for the elements of A to map to. Hence we have
0 if a"# 0,
1" = 1 0" = {
,
1 if a = O.

(1.1.3)

Let us now assume that B has more than one element. Then we necessarily have
(1.1.4)
For let b, b' be distinct elements of B; we can map A to BA by the rule a 1-+ 8a , where
x8 a = {

b

if x = a,

b' if x"# a.

This mapping is injective because for a "# ai, 8a differs from 8a at a. It is a remarkable fact that the inequality (1.1.4) is always strict. As usual we write a < f3 or f3 > a
to mean 'a :'S f3 and a "# f3'.
l
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Theorem 1.1.3. For any cardinals a,

fJ, if fJ

> 1, then a <

fJa. In particular,
(1.1.5)

for any cardinal a.
Proof. We have just seen that a .:s fJa and it only remains to show that equality
cannot hold. Taking sets A, B such that IAI = a, IBI = fJ, we shall show that there
is no surjective mapping from A to BA; it then follows that these sets are not
equipotent. Thus let f : A ---+ BA be given; in detail, f associates with each a E A a
mapping from A to B, which may be denoted by fa. We must show that f is not
surjective, i.e. we must find g : A ---+ B such that g =f. fa for all a E A. This may be
done very simply by constructing a mapping g to differ from fa at a. By hypothesis,
B has at least two elements, say b, b' , where b =f. b'. We put

ag=

1b'b

Then g is well-defined and for each a

E

if afa

= b,

otherwise.

A, g =f. fa because ag =f. afa.

•

If in this theorem we take A to be countable and B a 2-element set, simply denoted
by 2, then 2A is again infinite, but uncountable. Moreover, we can in this way obtain
arbitrarily large cardinals by starting from any infinite cardinal a and forming in
succession 2a , 22" , ...•
Theorem 1.1.3 again illustrates the dangers of operating with the 'set of all sets'.
If we could form the union of all sets, U say, then U would contain 2 u as a
subset, and it would follow that 12 u I :::: lUI, in contradiction to Theorem 1.1.3.
This paradox was discussed by Cesare Burali-Forti and others in the closing years
of the 19th century, and it provided the impetus for much of the axiomatic development that followed. Any axiomatic system now in use is designed to avoid the
possibility of such paradoxes. For our purpose it is sufficient to note that we can
avoid the paradoxes by not admitting constructions involving 'all sets' without
further qualification.
We conclude this section with some applications of Theorem 1.1.3. Given any set
A, we denote by &>(A) the set whose members are all the subsets of A; e.g. &>(0) =
{0}, &>({x}) = {0, {x}}. This set .9(A) is often called the power set of A; it is equipotent with 2A. To obtain a bijection we associate with each subset C of A its
characteristic function Xc E 2A; taking 2 = {D, l}, we have

XcCx)

=

1

1 if x
D if x

E

~

C,
C.

It is easily seen that the mapping C 1---+ Xc provides a bijection between &>(A) and 2A.
The inverse mapping is obtained by associating with each f E 2A the inverse image
of 1: I f - I = {x E Alxf = l}. Now Theorem 1.1.3 shows the truth of
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Corollary 1.1.4. No set is equipotent with its power set. More precisely, given any set A,
there is no surjection from A to .?J(A).
•

As a further application we determine the cardinal of the set R of all real numbers.
This cardinal is usually denoted by c and is called the cardinal (or power) of the

continuum.
Proposition 1.1.5. c = 2~o.

Proof. We can replace R by the open interval (0, 1) = {x
a bijection, e.g.

E

RIO < x < I}, for there is

1
x
+ -----:-;::2 2(1 + x 2)1/2 .

X 1-+ -

If we express each number in the binary scale: a = 0.ala2 .. .(aj = 0 or 1), then
a 1-+ fa, where fin) = an' is a mapping (0, 1) -+ 2N which is injective, for distinct
real numbers have distinct binary expansions. Indeed, some have more than one,
e.g. 0.0111 ... = 0.1000 ... , but we can achieve uniqueness by excluding representations in which only finitely many digits are O. It follows that c S 2~o.
On the other
hand, there is an injective mapping from 2N to (0, 1), obtained by mapping fa,
defined as before, to O. aI a2 ... in the decimal scale; thus the image consists of the
real numbers between 0 and 1 whose decimal expansion contains only O's and l's.
This shows that 2~o
S c, and the desired equality follows.
•
It was conjectured by Cantor that c is the least cardinal greater than ~o;
this is
known as Cantor's continuum hypothesis (CH). In 1939 Kurt G6del showed that it
is consistent with the usual axioms of set theory; thus if the usual system of
axioms (which we have not given explicitly) is consistent, then it remains consistent
when CH is added. In 1963 Paul J. Cohen showed CH to be independent of the usual
axioms of set theory. Thus if the negation of CH is added to the axioms of set theory
(assumed consistent), we again get a consistent system. This means that within the
usual axiom system of set theory CH is undecidable.

Exercises
1. Show that the set of all intervals in R with rational endpoints is countable.
2. Let A be an infinite set, A' be a finite subset and B be its complement in A. By
picking a countable subset of B, show that IAI = IBI without assuming Equation
(l.1.2).
3. Let A be an uncountable set, A' be a countable subset and B be its complement in
A. Show that IAI = IBI without assuming Equation (l.1.2).
4. Fill in the details of the following proof that the interval (0, 1) is uncountable. If
the real numbers in binary form (as in the proof of Proposition 1.1.5) could be
enumerated as a(i), a(2), ... , we can find a number not included in the enumeration by putting a = O. bl b2 ... , where bn = 0 or 1 according as a(n) has 1 or 0 in
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5.

6.
7.
8.

the n-th place. (This is Cantor's diagonal argument: bn is chosen so as to differ
from the diagonal term a~).
Show that the set of all real functions on the interval [0, 1] has cardinal greater
than the cardinal of the continuum. What about the subset of all continuous
functions?
Show that for any cardinals a, f3, y if y f 0 and a ::: f3, then ay ::: f3y.
Show that a Yf3 Y = (af3)Y, aPa Y = a P+ Y, (aP)Y = aPY.
Let f : R -+ Q be such that x ::: y implies xf ::: yf. Show that there is an interval
in which f is constant.

1.2 Zorn's Lemma and Well-ordered Sets
In Section 1.1 we have already defined the relation a ::: f3 for cardinals and we have
shown in Theorem 1.1.2 that it is a partial ordering. Two elements x, y in a partially
ordered set S are said to be comparable if x ::: y or y ::: x. A subset of S in which any
two elements are comparable is called a chain or said to be totally ordered. A subset in
which no two elements are comparable is called an anti-chain. For example, the set of
natural numbers N is totally ordered for the usual ordering by magnitude and
partially ordered with respect to divisibility: alb iff b = ac for some c E N. For the
divisibility ordering on N the set of all prime numbers is an anti-chain.
In any partially ordered set S an element c is a greatest element if x ::: c for all
XES, while c is maximal if c < x for no XES. Thus a greatest element is maximal,
but the converse need not hold. A greatest element, if it exists, is clearly unique,
unlike a maximal element. Least and minimal elements are defined dually; e.g. N
with its usual ordering has a least element but no greatest element, while Q has
neither a least nor a greatest element.
An upper bound of a subset X of S is an element b E S such that x ::: b for all x E X;
here b mayor may not belong to X. Lower bounds are defined dually, and a subset of
S is bounded if it has both an upper and a lower bound.
We now take up the question of the comparability of cardinals left open in the
last section, i.e. whether the ordering of cardinals is in fact total. In terms of sets
the question is whether, given two sets A, B, we can find an injective mapping
from one of them to the other. In intuitive terms one might try to answer this question by choosing an element from each of A and B, say ai, bl> and pairing them off,
then choosing another pair of elements az E A, bz E B and pairing them off, and so
on. For sets that are at most countable this solves the problem, but we have seen that
there are uncountable sets, and here the procedure adopted is rather more
problematic. One way to overcome the difficulty is to introduce the concept of a
well-ordering:
An ordered set A is said to be well-ordered if every non-empty subset of A has a
least element.
A well-ordered set is always totally ordered, as we see by applying the definition to
2-element subsets. It is also clear from the definition that any subset of a wellordered set is again well-ordered. A countable set may be well-ordered simply by
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enumerating its elements, e.g. the natural order of the positive integers is a wellordering, but there are many other well-orderings which do not put the countability
into evidence, e.g. {2, 3,4, ... , I}, where the order intended is that in which the
numbers are written, or {I, 3, 5, ... ,2,4,6, ... } or even {l, 2, 4, 6, ... ,3,9,15,
21, ... , 5, 25, 35, ... , 7, 49, ... }. By contrast, the negative numbers in their natural
order form a set which is not well-ordered, although we can well-order it, e.g. by
writing it in the opposite order.
For well-ordered sets it is possible to prove the comparability in a strong form.
Let us call a subset A' of an ordered set A a lower segment if for any U E A', v E A,
v ::s U implies v E A'. This definition can be used for any ordered set, not necessarily
well-ordered, or even totally ordered. In particular, for any a E A, the set
la) = {x E Alx < a} is a lower segment in A, called a principal lower segment. In a
well-ordered set A every lower segment not the whole of A is principal, for if A' is
a proper lower segment of A and a is the first element of A \A', then A' = Ia).
Two ordered sets A, B are said to be order-isomorphic or of the same order-type if
there is a bijection between them which preserves the ordering, f : A ~ B such that
xf ::s yf.
x ::s y

*

Lemma 1.2.1. A well-ordered set cannot be order-isomorphic to one of its proper lower

segments.
Proof. Let A be well-ordered, la) be a proper lower segment and suppose that
f : A ~ la) is an order-isomorphism. Then clearly af < a; if ao is the least element
of A such that aof < ao, then by applying f and remembering that f preserves the
order, we find that aoff < aof; so we have found an earlier element with the same
property, namely aof. This contradiction shows that f cannot exist.
•

We now show that any two well-ordered sets can be compared.
Theorem 1.2.2. Let A, B be two well-ordered sets. Then one of them is order-isomorphic

to a lower segment of the other.
Proof. Let us call a pair of elements a E A and b E B matched if the corresponding
lower segments la) and Ib) are order-isomorphic. Two distinct lower segments of
A cannot be order-isomorphic, for one of them will be a lower segment of the
other and this would contradict Lemma 1.2.1. It follows that any element of B can
be matched against at most one element of A and vice versa. Let A' be the set of elements of A that can be matched against elements of B, and B' be the set of elements
of B matched against elements of A. Then A' and B' are order-isomorphic, as we see
by using the correspondence provided by the matching. Moreover, A' is a lower
segment of A, for if a E A' and al < a, let a be matched to b E B; then al is matched
to the element of Ib) which corresponds to it under the isomorphism between la) and
Ib). Similarly B' is a lower segment of B. If A' #- A, then A' = la' ) for some a' E A;
likewise, if B' #- B, then B = Ib ' ) for some b' E B, and by construction there is an
order-isomorphism between la ') and Ib ' ), so that a' and b' are matched. But this
contradicts the fact that a' ¥ la ' ), so we conclude that either A' = A or B' = B (or
both), as was claimed.
•
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The problem of comparing cardinals is thus reduced to the problem of wellordering sets. If every set could be well-ordered, Theorem 1.2.2 would tell us that any
two cardinals are comparable. Now it was proved by Ernst Zermelo in 1904 that
every set can be well-ordered, but he had to make an assumption which was somewhat less intuitive than the other axioms used. This is the following:
Axiom of Choice. Given a family of non-empty sets {AdiE[J there exists a function
which associates with each set Ai a member of Ai'

At first sight this is an innocent-sounding assumption, which acquires its force
from the fact that it applies to collections with arbitrary indexing set; only for
finite families {AI,'" ,An} is no axiom needed. The axiom may be illustrated by
the following example due to Bertrand Russell. A certain millionaire has infinitely
many pairs of shoes and infinitely many pairs of socks. He wants to pick one shoe
from each pair: this causes no problems; he simply picks the left shoe each time.
But when he wants to pick a sock from each pair, he needs the axiom of choice.
In some respects the axiom of choice occupies a position analogous to the parallel
axiom in geometry (although set theory without the axiom of choice is not as interesting as non-Euclidean geometry). Like the continuum hypothesis it has been proved
consistent with and independent of the other axioms of set theory (by K. Godel in
1939 and P. J. Cohen in 1963, respectively). It is of interest to note that the proof
of Theorem 1.1.2 did not use the axiom of choice.
A logical step at this point would be to prove (as Zermelo did) that every set can
be well-ordered, using the axiom of choice. To prove the well-ordering theorem we
shall introduce another axiom, first proved by Kazimierz Kuratowski in 1922 and
rediscovered by Max Zorn in 1935, known as Zorn's lemma. Although equivalent
to the axiom of choice, it seems more appropriate in the present context, for it is
Zorn's lemma rather than the axiom of choice that is used in algebra; we shall
meet many examples later on.
Zorn's Lemma. Let A be a partially ordered set. If every chain in A has an upper bound,

then A has a maximal element.
A partially ordered set is called inductive if every chain in it has an upper bound.
In particular, such a set must be non-empty, as we see by taking the upper bound of
the empty chain. In this terminology Zorn's lemma states that every partially ordered
set which is inductive has a maximal element.
This statement sounds plausible, but any attempt at a direct proof soon
encounters the situation typical of the axiom of choice. The actual derivation of
Zorn's lemma from the axiom of choice can be found in most books on set
theory. For an excellent account we refer to Kaplansky (1972). Below, in Theorem
1.2.3, we shall prove the well-ordering theorem (W) on the basis of Zorn's lemma
(Z), and it is easy to derive the axiom of choice (C) from the well-ordering theorem:
if {Xd is any family of non-empty sets, well-order U Xi and assign to each Xi the
element of it which comes first in the well-ordering. Thus C ::::} Z, Z ::::} W,
W ::::} C; so the three assertions, C, Z, Ware all equivalent.
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Later on we shall meet many situations where the hypotheses of Zorn's lemma are
satisfied; for the moment we shall give an illustration where the hypotheses do not
hold. Let A be an infinite set and let ff be the collection of all its finite subsets,
partially ordered by inclusion. It is clear that ff has no maximal element, and by
Zorn's lemma this means that ff must contain chains that have no upper bound
in ff; such chains are of course easily found. In verifying the hypotheses of Zorn's
lemma it is important to test arbitrary chains and not merely ascending sequences,
as is shown by examples (see Exercise 3).
Theorem 1.2.3. Every set can be well-ordered.

Proof. The idea of the proof is to consider well-orderings of parts of the given set,
make these well-orderings into a partially ordered set and show it to be inductive,
so that Zorn's lemma can be applied.
Given a set A, let if/' be the collection of all subsets of A that can be well-ordered; if
a subset can be well-ordered in more than one way we list all the versions separately.
For example, any finite subset of A can be well-ordered (usually in more than one
way). This shows that if/' is not empty; even if A = 0, if/' contains the set 0 as
a member. We order if/' by writing X ~ Y for X, Y E if/' whenever X is a subset
of Yand the inclusion mapping from X to Y is an order-isomorphism of X with a
lower segment of Y; in particular the ordering of X is then the same as that induced
by Y. It is clear that this defines a partial ordering on if/' and we have to show that if/'
is inductive. Let {XA I be a chain in if/', where A runs over an indexing set (not necessarily countable); thus for any A, f.l, either XA is a lower segment of XfJ- or XfJ- is a
lower segment of XA• To get an upper bound for this chain we put X = UXA and
define an ordering on X as follows: let x, y E X and choose an index A such that
x, y E XA • If x ~ y in the ordering of XA, then the same is true in the ordering of
XfJ- for any f.l, such that x, y E XfJ- ; for of XA , XfJ-' one is a lower segment of the
other, with the same ordering. Thus we may without ambiguity put x ::: y in X if
this holds in some XA, and the relation so defined on X is easily seen to be a wellordering, with each XA as a lower segment. Hence X is an upper bound of the
given chain in if/', and this shows if/' to be inductive.
We can now apply Zorn's lemma and obtain a maximal element X ' in if/'. We
claim that X' = A; for if not, then there exists Z E A\X'. We form X" = X' U {zl
into a well-ordered set by taking the given order on X' and letting z follow all of
X'. Then X" is a member of if/' which is strictly greater than X', contradicting the
•
maximality of X'. Hence X' = A and this is the desired well-ordering of A.
This result allows us to conclude that any two cardinals can be compared; thus the
is a total ordering of cardinals. But we can say rather more than this.
relation '~
Theorems 2.2 and 2.3 suggest a classification of well-ordered sets according to
their order-type. Thus with every well-ordered set A we associate a symbol ex,
called the ordinal number or order-type, or simply ordinal, such that two well-ordered
sets have the same ordinal precisely when they are order-isomorphic. Further, we
can define a relation ex ~ {3 between ordinals, whenever a set of type ex is
order-isomorphic to a lower segment of a set of type {3. This is a well-defined relation
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on any set of ordinals, clearly transitive and by Lemma 1.2.1 antisymmetric, i.e. an
ordering, which is total by Theorem 1.2.2. In fact it is a well-ordering (see Exercise 7).
With each ordinal number a a cardinal number lal may be associated, namely the
cardinal of a well-ordered set of ordinal a. This is an order-preserving mapping from
ordinals to cardinals, but not injective: to each finite cardinal there corresponds just
one ordinal of the same type, but an infinite cardinal always corresponds to many
different ordinals. However, we obtain a well-defined mapping by assigning to
each cardinal the least ordinal which corresponds to it. For example, a countable
set, N say, may be well-ordered as 1,2,3, ... ; this order-type is denoted by wand
is the least countable ordinal. Another ordering, not isomorphic to the first, is
2,3,4, ... , 1; it is denoted by w + 1. Similarly, n + 1, n + 2, ... , 1,2, ... ,n has
ordinal w + n. The type of 1,3,5, ... ,2,4,6, .. . is written w + wand generally,
given ordinals a, {3, we define a + {3 as the type of a well-ordered set of type a
followed by one of type {3. It is easily checked that such an arrangement gives rise
to a well-ordered set whose type depends only on a and {3. We observe that the
addition of ordinal numbers is still associative, but no longer commutative:
l+w=w=j:.w+1.
We shall write 2w for w + wand generally nw for w + w + ... + w to n terms.
The limit of the sequence w, 2w, 3w, . . . , i.e. the first ordinal following all of them,

is written w2 • We shall not pursue this topic further except to mention that every
ordinal number a can be written in just one way as

where r, aI, ... , ar are natural numbers and al, ... , a r is a decreasing sequence of
ordinal numbers (for a proof see e.g. Sierpinski (1956)).
There is a particular situation allowing Zorn's lemma to be applied which
frequently occurs in algebra. Let S be a set and P be a property of certain subsets
of S; by a P-set we shall understand a subset with the property P. A property P of
subsets of S is said to be of finite character if any subset T of S is a P-set precisely
when all finite subsets of Tare P-sets. For example, if S is a partially ordered set,
then being totally ordered is a property of finite character: a subset T of S is totally
ordered iff every 2-element subset of T is totally ordered. On the other hand, being
well-ordered is not a property of finite character in ordered sets, because every finite
subset of a totally ordered set is well-ordered, but the set itself need not be wellordered.
For a property of finite character there is always a maximal subset with this
property:
Proposition 1.2.4. Let S be a set and P be a property of subsets of s. If P is a property of
finite character, then the collection of all P-sets in S has a maximal member.

Proof. The result will follow by Zorn's lemma if we can show that the set :F of all
P-sets in S is inductive. Let {Ta} be a chain of P-sets and write T = UTa . If T fails to
have property P, then there is a finite subset {XI, ••• , x r } of T which does not have P.
Let Xi ETa,; since the Ta form a chain, there is a largest among the sets Tal' ... , Ta"
say T'. But then T' 2 {XI, .•• , X r}, so T' does not have P, which is a contradiction.
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This shows ff to be inductive; by Zorn's lemma it has a maximal member which is
the desired maximal P-set.
•
We assume that all our readers will have met proofs by induction, where a
theorem involving a natural number n, say T(n), is proved first for n = 1 (or for
n = 0) and then T(n + 1) is proved assuming T(n). It would be equally acceptable
to prove T( n + 1) assuming T( v) for all v S n. A slight variant is a recursive definition, where a concept C(n) involving an integer n is defined for n = 0 or I, and then
C(n + 1) is defined in terms of C(v) for v S n. Both notions can be justified by
a proof based on Peano's axioms for the natural numbers (see FA Chapter 1).
For well-ordered sets there is a form of induction, known as the principle of transfinite induction. This is embodied in the remark (which practically reproduces the
definition) that any non-empty subset of a well-ordered set has a least element.
Let us pause briefly to examine how a transfinite induction proof looks in practice.
One can distinguish three kinds of ordinals: an ordinal number 13 may have an
immediate predecessor ex, so that 13 = ex + I, or it may have no immediate predecessor. In that case it is either the first ordinal 1, or it is the first ordinal after
an infinite set of ordinals, in which case it is called a limit ordinal. For example,
the first limit ordinal is w. We note that sometimes the first ordinal is taken to be O.
Now the principle of transfinite induction may be stated as follows:
Theorem 1.2.5. Let A be a well-ordered set; if its ordinal is

the ordinals <

i' :

A

= {aa} a<

r"

i', the set may be indexed by
Suppose that X is a subset of A satisfying the conditions:

(i) aj EX;
(ii) if aa E X, then aa+ j E X;
(iii) if aa E X for all ex < A, where A <

i'

is a limit ordinal, then a).,

E

X.

Then X = A.
Proof. Suppose X is a proper subset of A and let afJ be the least element of A \X. Then

13 > 1 by (i); if 13 is a non-limit ordinal, it has an immediate predecessor ex say. Now
aa E X and 13 = ex + I, so afJ E X by (ii), a contradiction. So 13 must be a limit
ordinal and by definition, aa E X for all ex < 13. Hence by (iii), afJ E X, again a
contradiction. It follows that X

= A,

as claimed.

•

This analysis allows us to give an explicit description of well-ordered sets:
Corollary 1.2.6. Any well-ordered set consists of a well-ordered set of countable

sequences, possibly followed by a finite sequence.
Proof. Let A be a well-ordered set and consider the set L of limit ordinals of A,
together with the first element. This is a well-ordered set, and each A E L which
does not come last in L is the first of a countable sequence. If L has no last element,
then A consists of a family of countable sequences indexed by L. If L has a last
element, then this is the first of a countable or finite sequence. Thus in either case
A has the required form.
•
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We saw earlier that the smallest infinite cardinal is denoted by ~o;
this notation,
introduced by Cantor, is part of the aleph notation for infinite cardinals. It is defined
as a function from ordinals to cardinals by transfinite recursion, as follows:
If f3 = a + 1, then ~,B is the least cardinal greater
The first infinite cardinal is ~o.
than ~a
and for a limit ordinal A, ~). = Ua<A~.
For example, ~l
is the least
uncountable cardinal and the continuum hypothesis may be expressed as ~l = 2!{o.
We conclude this section with a proof of a special case of a formula mentioned
earlier, Equation (1.1.2).
Proposition 1.2.7. For any infinite cardinal a and any n :::: 1, na

= a; moreover,
(1.2.1)

Proof. We shall need the associative law of multiplication of cardinals:
(af3)y = a(f3y); it is easily proved by observing that each side may be regarded as
the cardinal number of the product set A x B x C, where A, B, C are sets of cardinals
a, f3, y respectively.
(1.2.1) states that N 2 is equipotent with N and this was
In the case where a = ~o,
for some cardinal f3, then
proved in Theorem 1.1.1. Secondly, if a is of the form ~of3,
by the associative law,

~oa

= ~o(f3)

= ~f3

= ~of3

= a,

which proves (1.2.1) in this case. We complete the proof by showing that every
This amounts to showing that every infinite
infinite cardinal is of the form ~of3.
set A is equipotent with a set of the form N x B, for a suitable set B.
Let A be an infinite set. By Theorem 1.2.3 A can be well-ordered, and by Corollary
1.2.6, A consists of a well-ordered set of countable sequences, possibly followed by a
finite sequence. Since A is infinite, at least one infinite sequence occurs, and we may
rearrange A by taking the finite sequence from the end and putting it in front of the
first sequence. The set A now consists entirely of countable sequences, i.e. wellordered sequences of type w. If they are indexed by a set B, it follows that A is
equipotent with N x B, and this is what we had to show. The rest is clear.
•

Exercises
1. Show that the axiom of choice is equivalent to the following axiom: every
surjective mapping has a left inverse.
2. Let <I> be a partial ordering relation on a set A. Show that there is a total order <1>'
on A such that <I> S; <1>'.
3. Let A be an uncountable set and ff be the collection of all its countable subsets.
Show that every countable ascending sequence of members of ff has an upper
bound in ff, but that ff has no maximal element.
4. Show that any totally ordered set X has a well-ordered subset Y (where the ordering of Y is that induced by X) with the property: for each x E X there exists
y E Y such that x ::s y (i.e. Y is a cofinal subset of X).

1.3 Graphs
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5. Determine all order-automorphisms (i.e. order-preserving permutations) of Z.
6. Find a well-ordering of the set Z of all integers. Find well-orderings of N of type
2w, 2w + 1, w2 + 1.
7. Show that the set of all lower segments of a well-ordered set is well-ordered by
inclusion. Deduce that any set of ordinals is well-ordered by :so
8. Check that the addition of cardinals is well-defined and satisfies the associative
law.
9. Ordinal multiplication may be defined by taking, for any ordinals a, fJ, sets A, B
of type a, fJ respectively and denoting by afJ the ordinal of the product A x B,
ordered lexicographically. Show that this multiplication is well-defined, and that
it agrees with the following recursive definition: (i) IfJ = fJ; (ii) (a + l)fJ =
afJ + fJ; (iii) if A is a limit ordinal, then AfJ = sup {yfJly < A}.
10. Show that with the definition of Exercise 9, for any ordinals a, fJ, y,
(a + fJ)y = ay + fJy, (afJ)y = a(fJy), but that in general, a(fJ + y) -I
afJ + ay. (Hint. For the inequality take fJ, y finite and a infinite.)
11. From the definition in Exercise 9 show that for any ordinals a, fJ, y, if
a < fJ, y > 0, then ay < fJy. Deduce that y -I 0 and ay = fJy imply a = fJ;
give examples to show that ya = yfJ does not imply a = fJ.
12. Show that if fJ is a limit ordinal, then so is a + fJ, for any ordinal a. Is fJ + a
necessarily a limit ordinal? If a > 0 and fJ is a limit ordinal, show that afJ is a
limit ordinal.

1.3 Graphs
Many problems both in mathematics and elsewhere can best be solved diagrammatically; the diagrams involved are more or less subtle reformulations of the
problem, and the efforts to solve such problems have given rise to the theory of
graphs. We can do no more here than present the beginnings of the theory, but it
seems appropriate to do so since the methods are often algebraic and graphs are
increasingly being used in other parts of mathematics as well as in algebra itself.
A graph r consists of a pair of sets V( -I 0), E. The members of V are the points
or vertices of r while the members of E are its edges. With each edge of E two points
are associated, its endpoints. Here the endpoints of an edge need not be distinct; if
they coincide, the edge is a loop. Two edges may have the same pair of (distinct) endpoints, giving a multiple edge. Two vertices are adjacent if they are joined by an edge.
A point is isolated if it is not an endpoint of an edge. Some simple examples are
illustrated in Figure 1.1, where the first three represent simple graphs, i.e. graphs
without loops or multiple edges.
Given a graph r = {V, E}, if V' is a subset of V and E' is a subset of E such that
any edge in E' has its endpoints in V', then {V', E'} is again a graph, called a subgraph of r. A subgraph r' is said to be induced if for any vertices p, q in r' all edges
between p and q belong to r'.
For any set S, the graph with S as vertex set and an edge between each pair of distinct vertices is called the complete graph on S and denoted by C(S). Every simple
graph r = {V, E} is clearly a subgraph of C(V); the graph with vertex set V and
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Figure 1.1

the set of edges in C(V) that are not in

graph of r.

r

is written

r ' and called the complementary

Example 1. In a group of six people it is always possible to find either three people
who know each other or three people who are all strangers to each other.
In order to prove this statement we represent the six individuals by points and join
any two points representing acquaintances by an edge. We thus obtain a graph r, the
'acquaintanceship graph' of our group and we have to show that either r contains
three edges forming a triangle, or its complement r' does so. Take a vertex PI; it
is adjacent to each of the five other points in just one of r, r/. Hence it must be
adjacent to three points in one of these graphs, say in r it is adjacent to PZ,P3,P4.
If two of pz, P3, P4 are adjacent in r) then these two vertices together with PI form
a triangle in r; otherwise P2, P3, P4 form a triangle in r I.
Example 2 (The Konigsberg bridge problem). A famous problem concerns the
seven bridges in Konigsberg crossing the river Pregel, which are situated as shown
in Figure 1.2.
The problem was to cross in the course of a single walk each bridge exactly once.
It is not hard to convince oneself that this is impossible; this was first proved by

Figure 1.2
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Figure 1.3

Leonhard Euler in 1736. The first step is to represent the problem by a graph in
which the areas are points and the bridges become edges (Figure 1.3).
For each vertex we define its valency as the number of edges ending in it (counting
loops twice). A walk across all the bridges becomes a path which includes each edge
just once. If this path begins and ends at the same point, each point has even valency;
otherwise there are just two points of odd valency, the beginning and end point of
our path. But in the above graph all four points have odd valency, so there cannot be
such a path.
Formally we define a path of length n from p to q in a graph as a set of edges
e], ... , en such that ei has endpoints Pi _ ], Pi and Po = p, pn = q. A path from p to
p is called a cycle (or also closed) and a graph without cycles of positive length is
said to be acyclic.
We note that every finite partially ordered set may be considered as a graph by
drawing an edge from p to q if q covers p, i.e. p < q but P < x < q for no x. In
fact we thus obtain a directed graph or digraph, i.e. a graph in which the endpoints
for each edge form an ordered pair, the initial vertex and the final vertex; the edges in
a digraph are also called arrows and a finite digraph is called a quiver. In a digraph
only paths are allowed which go in the direction of each arrow.
It is clear that the digraph derived from an ordered set is acyclic; conversely, given
any acyclic graph r, we can define a partially ordered set on the vertex set of r by
fixing a direction in r and writing p .::: q whenever there is a path from p to q.
Thus finite partially ordered sets may be identified with directed acyclic graphs.
Our first result, though nominally about ordered sets, is really graph-theoretic in
nature. In a finite ordered set 5 the maximum number of elements in an antichain will be called the width of S.
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Theorem 1.3.1 (Dilworth's theorem). Let S be a finite partially ordered set. Then the

minimum number of disjoint chains into which S can be decomposed is the width of S.
Proof. We shall use induction on lSI. Let m be the width of S and take an anti-chain
A of m elements; any chain meets A in at most one element, so we cannot have fewer
than m chains. Let S+ be the set of elements of S that are::: some element of A and
S- be the set of elements :s: some element of A. Then clearly S+ U S- = S,
S+ n S- = A and the elements of A are both minimal elements of S+ and maximal
elements of S -. We assume first that both S +, S - are proper subsets of S. Then by
induction we can write each of S+, S- as a union of m chains, with an element of A
at one end. Hence by joining the chains at each element of A we obtain m chains
for S.
There remains the case where S+ or S- equals S for any choice of A; this means
that any anti-chain of m elements consists entirely of maximal or entirely of minimal
elements of S. Choose a maximal element u and a minimal element v :s: u; then
S\{u, v} has width < m and by induction it can be written as a union of at most
m - 1 chains. Together with {u, v} this gives a decomposition of S into m chains,
as required.
•
Dilworth's theorem can be used to prove Philip Hall's theorem on distinct
representatives.

Theorem 1.3.2 (P. Hall's theorem). Let T I ,

... , Tm be subsets of a finite set S. Then
there is a family of distinct elements ai, ... , am in S such that ai E Ti, provided that the
union of any k of the subsets Ti contains at least k elements, for k = 1, ... , m.

Proof. Let S = {al,"" an} and define a partial ordering on the set W consisting of
all the Ti and aj by writing x :s: y precisely when x = y or y = Ti and x = aj E Ti. Let
us take any anti-chain in W:
(1.3.1)
By hypothesis TI U ... U Tr contains at least r elements, which must be distinct from
ai, ... , as because (1.3.1) is an anti-chain. It follows that r + s :s: n, so every antichain in W has at most n elements; in fact this bound is reached by the anti-chain
{al,"" an}. By Theorem 1.3.1 we can decompose W into n disjoint chains. Each
Ti is in just one of the chains, and each contains an aj; thus aj E Ti and we have a
•
system of distinct representatives.
Remark 1. Let A I, ... ,Am and BI , •.. ,Bn be two families of disjoint subsets of a set
S. If any k of the Ai between them meet at least k of the Bj then we can find ai E Ai
such that the distinct ai belong to distinct B's. For example, in a finite group G with a
subgroup H we can take the Ai to be the left cosets and the Bj to be the right cosets of
H in G (see Section 2.1). We thus obtain a set of common representatives for the left
and right cosets of H (this was Hall's original purpose in proving this theorem in
1935).
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Remark 2. The assertion of Theorem 1.3.2 has been formulated more picturesquely
by PaulHalmos as the 'marriage theorem': in a group of m bachelors and n spinsters,
if any k men between them are acquainted with at least k of the women, then each
man can be married off to an acquaintance.

A graph is said to be connected if any two of its points can be joined by a path; if
moreover, there is a unique path joining any two points, the graph is called a tree.
Clearly a tree can also be characterized as a connected graph which is acyclic. It is
an important fact that any connected graph contains a tree, called a spanning tree,
which includes all vertices of the graph:

r be a connected graph. Then there is a subgraph roof r which is
a spanning tree. Moreover, for any finite tree (V, E) we have

Theorem 1.3.3. Let

IVI = lEI + 1.

(1.3.2)

Proof. We observe that a graph r I is a tree iff any induced subgraph on finitely many
vertices is a tree, for if r I contains a cycle, this already appears in a finite subgraph,
and if r l fails to be connected, then the same is true of an induced 2-vertex subgraph. It follows by Proposition 1.2.4 that r contains a maximal subgraph r 0
which is a tree, i.e. a maximal subtree of r . We claim that r 0 contains all the vertices
of r. For otherwise there is a vertex P adjacent to a vertex in ro but not itself in roo
Since r is connected, there is an edge e from P to q E roo Now the graph obtained by
adjoining P and the edge e to r 0 is still a tree, but it contains r 0 as a proper subtree,
contradicting the maximality of the latter. Thus r 0 contains all vertices of r and it is
the required tree.
Now let r = {V, E} be a finite tree; in r we can find a vertex Po which is adjacent
to only one other vertex. To find po we start from any vertex of r along a path and
continue as far as possible without traversing an edge more than once. As long as all
the vertices we reach have valency greater than 1 we can continue, and we never pass
a vertex twice because r is a tree. Since r is finite, this process must come to a halt,
and it can only do so when we reach a vertex of valency 1; this is the required vertex
Po. If we omit Po and the single edge ending at Po from r we obtain a tree
r' = {V', E'} with fewer vertices than r. By induction we have IV'I = IE'I + 1,
and since IVI = IV'I + 1, lEI = IE'I + 1, (1.3.2) follows because the result holds
•
for the trivial graph with one vertex and no edges.
Our final result in this section, proved by Frank P. Ramsey in 1930, is a farreaching generalization of an earlier example involving the acquaintanceship graph
(p. 16). For brevity let us call a set or a subset consisting of r elements an r-set,
respectively an r-subset, and write .'?Pr(S) for the set of all r-subsets of S; for example,
every r-set has exactly one r-subset and one O-subset. The earlier example showed
that if the collection of all 2-subsets of a 6-set S is partitioned in any way into two
disjoint sets A" Az, then either S contains a 3-subset all of whose 2-subsets lie in
Al or it contains a 3-subset all of whose 2-subsets lie in Az. In terms of graphs, if
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in a complete graph on six vertices each edge is painted either blue or red, then there
is a complete subgraph on three vertices in which all edges have the same colour.
More generally, given integers P, q ::: 2, there exists an integer N such that if in a
complete graph on N vertices the edges are painted blue or red, then there is
either a complete blue subgraph on P vertices or a complete red subgraph on q
vertices. This is just the special case r = 2 of the following theorem.

Theorem 1.3.4 (Ramsey's theorem). Let PI, P2, r be integers such that 0 :::: r :::: Pi

(i = 1,2). Then there exists an integer N(PI,P2, r) with the following property: if in
any set 5 of at least N(PI, P2, r) elements the family of r-subsets is partitioned into
two disjoint sets Al and A2, then for i = 1 or 2, 5 contains a Pi-subset all of whose
r-subsets lie in Ai.
In symbols we have g>r(5) = Al U A 2, Al n A2 = 0, and the assertion is that
there is a Pi-subset T of 5 such that g>r(T) s:; Ai for i = 1 or 2.
Proof. We shall use induction on r, and for a given r, on PI and P2. For r = 0 the
result holds trivially: there is only one O-subset of any set and this lies in Al or
A 2 • We may therefore assume that r > o.
Firstly we note that N(PI, r, r) = PI. For if 5 has at least PI ( ::: r) elements, and
the family of r-subsets of 5 has been partitioned into disjoint sets Al and A 2, then
either A2 -I- 0 and so 5 contains an r-subset whose unique r-subset lies in A 2, or
A2 = 0 and any PI-subset of 5 has all its r-subsets in AI. This shows that
N(PI, r, r) :::: PI and it is easily seen that the inequality here cannot be strict. Thus
N(PI, r, r) = PI and a similar argument shows that N(r, P2, r) = P2.
We now put ql = N(PI - I,P2, r), q2 = N(PI,P2 - 1, r) and claim that
N(PI,P2,r)::::N(ql,q2,r-I)+1. For let 5 be a set with at least
N(ql, q2, r - I) + 1 elements and let AI, A2 be a given partition of the family of
r-subsets of 5. Fix Co E 5, write 5' = 5 \ {co} and define a partition {B I , B2} of
the family of (r - I)-subsets of 5' by taking an (r - I)-subset T to Bi whenever T U {co} E Ai. Since 5' has at least N(ql, q2, r - I) elements, we can apply the
induction hypothesis. Two cases can arise: (i) 5' has a ql -subset U all of whose
(r - I)-subsets are in B I. If U contains a q2-subset all of whose r-subsets lie in A2,
the conclusion follows. Otherwise, by the definition of qi> U has a (PI - I)-subset
whose r-subsets are all in Ai> and adjoining Co we get a PI-subset all of whose
r-subsets are in AI. The second case (ii) is that 5' has a qrsubset all of whose
(r - I)-subsets are in B2 ; this can be dealt with by symmetry, so the conclusion holds
~

.

The least value of N(PI,P2, r) is sometimes called the Ramsey number. Thus the
example given earlier shows that N(3, 3, 2) :::: 6, and it is easily checked that equality
holds here. For r = 1 we have N(PI, P2, 1) = PI + P2 - 1 and the theorem states that
when a set of at least PI + P2 - 1 elements is partitioned into two disjoint subsets Ai>
A 2, then Ai has at least Pi elements for either i = 1 or 2.
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Exercises
1. Construct all simple graphs with four edges and no isolated points (there are 11,
up to isomorphism). Construct all trees with five edges (there are six).
2. Let 5 be a partially ordered set in which each chain and each anti-chain is finite.
Define lea) for a E 5 as the minimum of the lengths of maximal chains below a,
and show that An = {a E 511(a) = n} is an anti-chain. By considering the
maximal elements of 5, write 5 as a union of a finite number of the An and
hence show that 5 must be finite.
3. Prove Dilworth's theorem in the infinite case: every partially ordered set of finite
width m can be written as the disjoint union of m chains.
4. Prove Denes Konig's lemma: every infinite connected graph in which all points
have finite valency has an infinite path. (Hint. Choose PI, P2, ... ,Pn so that there
is a path along these points and pn can be connected to infinitely many points by
paths not passing through pn _ I.) Show that the result need not hold if there is at
least one point of infinite valency.
5. Let r = {V, E} be a finite graph, not necessarily connected but for which each
connected component is a tree (such r is sometimes called a 'forest'). Show
that r has IVI - lEI connected components. (Hint. Use induction on the
number of edges.)
6. Show that N(p, q, 0) = max {p, q}, N(p, q, 1) = p + q - 1, N(p, q, 2) S

( p+qp-l

2).

7. Show that when p, q :::: 2, then N(p, q, 2) s N(p - 1, q, 2) + N(p, q - 1,2).
Find N(p, q, 2) for p S 4, q S 5.
8. Show that N(r, m, r) = m.
9. Show that of five points in a plane, no three of which are collinear, there are four
that form vertices of a convex quadrilateral.
10. Given n points in a plane of which no three are collinear, show that if all the
quadrilaterals formed from these points are convex, then there is a convex
n-gon with these points as vertices.
11. Show that for any n :::: 1, if at least N(n, 5,4) points in the plane are given, no
three of which are collinear, then there are n points in the given set forming a
convex n-gon. (Erd6s-Szekeres. For n = 3 take N = 3; otherwise use Theorem
1.3.4 and Exercises 9 and 10.)
12. Show that there is a number N = N(PI, ... , Pt, r) such that if for any set 5 of
at least N elements, the family of all subsets is partitioned into disjoint sets
A I, ... ,At then for some i = 1, ... , t, 5 contains a Pi-subset all of whose
r-subsets lie in Ai.
13. Show that if the r-subsets of an infinite set 5 are partitioned into disjoint sets
AI, ... ,At, then there is an infinite subset of 5 whose r-subsets all lie in Ai,
for some i. (Hint. Adapt the proof of Theorem 1.3.4.)
14. Using Exercise 13, show that any infinite partially ordered set contains either an
infinite chain or an infinite anti-chain.
15. Show that for any graph either it or its complement is connected.
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Further Exercises for Chapter 1
1. Show that the union of a finite family of finite sets is finite.
2. Show that if a, {3 are cardinals of which at least one IS infinite, then
a + {3 = max {a, {3}.
3. Show that a set is finite iff every collection of subsets has either a maximal or a
minimal member.
4. (Sierpinski) A collection T of sets will (for this exercise) be called a tower if
E T and X, YET => XU YET. Show that a set A is finite iff A belongs
to every tower T such that {x} E T for all x E A.
5. Prove that Zorn's lemma is equivalent to Hausdorff's maximal principle: given a
collection A of sets, any chain in A is contained in a maximal chain.
6. (Tarski) Show that a set is finite iff it can be ordered so that both the ordering
and its opposite are well-orderings.
7. Define an upper segment in an ordered set as a lower segment in the opposite
ordering. Verify that the upper segments are precisely the complements of the
lower segments. If a set A is well-ordered, and order-isomorphic to every
non-empty upper segment of itself, what can be said about A? Show that A
cannot be of type 2w.
8. Let A be a countable set. Show that the set of all equivalences on A with finitely
many equivalence classes is uncountable, but the subset of those equivalences in
which only one class is infinite is countable.
9. Deduce Zorn's lemma from the well-ordering theorem.
10. Let 5 be a set of n elements and ~ = {C} be a collection of subsets of 5 such that
Ci # q for i # j and Ci n Cj # 0. Show that ~ has at most 2n - 1 members.
11. Let A be a well-ordered set. Show that any interval of the form
{x E Ala:::: x < b} is order-isomorphic to a lower segment of A.
12. Let 5 be a set of n elements. Show that &>(5) has n! maximal chains and that each
r-subset of 5 is contained in exactly r!(n - r)! maximal chains. Show further that
if &'(5) has an anti-chain containing Vr r-subsets, then

o

t
r=O

Vr (

n) -

1 ::::

1.

r

Deduce Sperner's lemma: the maximal length of any anti-chain in &'(5) is the
number of [nl2]-subsets in 5 (D. Lubell).
13. Let r = (V, E) be a finite connected graph. Show that if T is a spanning tree of
r, then T has IV I - 1 edges. Verify that for each edge e not in T there is a cycle
Ce in T U {e} and any two cycles Ce, Ce' have only the edges of T in common.
Deduce that the total number of such cycles is IE I - IV I + 1.
14. Let r be a graph and I'l. be a subgraph. The graph I'l.C whose edges are the edges
of r not in I'l. and whose vertices are the vertices of r that are either not in I'l. or
incident with an edge of r not in I'l. is called the complement of I'l. in r. Show
that I'l. cc is obtained from I'l. by deleting the vertices of I'l. that are incident
with an edge of r not in I'l. but not incident with any edge in I'l..
15. Show that in any finite graph the number of points of odd valency is even.
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16. A finite graph is said to be Eulerian if it is connected and has a closed path (i.e.
cycle) including each edge once. Show that a finite connected graph is Eulerian
iff each vertex has even valency. Find a condition for a graph to have a path, not
necessarily closed, that includes each edge just once.
17. For any finite graph r = (V, E) define po as the number of its connected components and PI as the least number of edges which need to be removed to make
each component into a tree. Show that IV I - IE I = po - PI. Show also that if
v(x) is the valency of x E V, then

L [v(x) -

2]

= 2(Pl -

Po).

XEV

18. Let S be a finite set and §' be a family of subsets of S whose union is S itself. The
intersection graph of §' is defined as the simple graph with §' as vertex set, and
where X, Y E §' are joined by an edge whenever X =f. Y and X n Y =f. 0. Show
that every finite simple graph is the intersection graph of an appropriate family
of sets.
19. Let r be a finite graph and for each vertex P define d(p) as the length of the
longest simple path (i.e. without loops) starting at p and not passing again
through p. Show that for a tree, d(p) assumes its least value either at a single
vertex or at several adjacent vertices.
20. With every finite graph r one associates its adjacency matrix A, a square matrix
whose rows and columns are indexed by the vertices of r and whose (i, j)-entry
is the number of edges from i to j. Show that A is symmetric and that r is connected iff there is no permutation matrix P such that P - 1AP is the diagonal sum
of two matrices. Interpret the entries of An, for n = 2, 3, ....
21. Define the incidence matrix of a finite graph r = (V, E) as the matrix B whose
rows are indexed by the vertices and columns indexed by the edges of rand
whose (i,j)-entry is 1 if the i-th vertex is an endpoint of the j-th edge and 0
otherwise. Show that BBT - A (where T indicates the transpose) is a diagonal
matrix and interpret its entries.

Groups

Our readers will have met groups before, so we shall be fairly brief in recalling the
fundamentals, which occupy Sections 2.1-2.3. The remainder of this chapter deals
with some notions of importance in elucidating the structure of groups, such as
solubility, nilpotence (Section 2.4) and commutator subgroups (Section 2.5). In
Section 2.6 we describe the constructions of Frattini and Fitting, which have their
counterpart in rings in the form of the radical.

2.1 Definition and Basic Properties
We recall that a group is a set G on which a binary operation is defined, with values in
G, denoted by x.y or simply xy, the product, such that

G.l
G.2
G.3

(xy)z = x(yz) for all x, y, z E G (associative law).
There exists an element e E G such that xe = ex = x for all x
For each x E G there exists Xl E G such that XXi = XiX = e.

E

G.

The element e in G.2 is uniquely determined by the equations in G.2; it is called the
neutral element or unit element, and is usually denoted by e or 1. The element Xl in
G.3 is uniquely determined by x; it is called the inverse of x and is denoted by x - I.
If the commutative law holds in G: xy = yx for all x, y E G, the group is said to be
abelian. For an abelian group the additive notation is sometimes used for the operation; it is then called the sum and denoted by x + y, the neutral element is written 0
(and called the zero element), and the inverse of x is written -x.
As a consequence of G.l, the value of a repeated product XIX2 ... Xn is independent
of bracketing, as long as the order of the factors is preserved. This follows easily by
induction on n: for n = 3 it is just G.l; when n > 3, suppose that the product is
bracketed in two different ways. We must show that
(2.1.1)
and we may suppose that 1 < i < j :::; n. Moreover the portions inside the brackets
are independent of the bracketing, by the induction hypothesis. Writing
u = XI' .. Xi-I> V = Xi ... Xj_1> W = Xj . .. Xm we can rewrite (2.1.1) as u( vw) = (uv)w,
and this is seen to follow from G.l. Thus XIX2 ... Xn is well-defined. In particular,
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taking all the Xi equal to X, we obtain xx . .. X (n factors), which is denoted by xn. This
can be defined even for negative n by putting X - n = (x - I)" . We note the rules for
any group element x and any m, n E Z:
(2.1.2)
whose verification is straightforward. Similarly, in additive notation, x + x + ... + x
with n terms is written as nx. A group G is called elementary abelian if for some prime
p, px = 0 for all x E G. An example is the abelian group consisting of four elements
e, a, b, c with a2 = b2 = c2 = e, ab = c; it is known as the Klein 4-group.
Probably the most familiar example is the additive group of integers, with neutral
element 0 and -x as the inverse of x; another example is the multiplicative group of
non-zero rational numbers with neutral element 1 and X-I as the inverse of x. An
even simpler example is the trivial group, consisting of a single element e with multiplication ee = e; the trivial group will usually be denoted by 1.
The groups mentioned so far are all abelian; to obtain a non-abelian group, recall
that for any set S, by a permutation of S one understands a bijective mapping from S
to itself. It is clear that for any set S the set ~(S)
of all permutations of S is a group
under composition of mappings, known as the symmetric group on S; the cardinal of
S is called the degree of ~(S).
It is not hard to see that any symmetric group of degree
greater than two is non-abelian.
Let G be a group; a subgroup of G is a subset H of G which is a group relative to the
operations of G. Thus H is a subgroup iff 1 E H and for any x, y E H, xy, X -I E H.
An element c satisfying cn = 1 for some n ::: 1 is said to be of finite order, and the
least such n is called the order of c. Clearly in a finite group every element is of
finite order, but there are also infinite groups with this property; they are usually
called torsion groups. In an abelian group the set of all elements of finite order is a
subgroup, called the torsion subgroup.
It is easily verified that the intersection of two subgroups is again a subgroup.
More generally, this holds for any set of subgroups. Given a subset X of a group,
the set consisting of 1 and all finite products of members of X and their inverses,
briefly group words in X, forms a subgroup, denoted by gp{X} and called the subgroup generated by X. Clearly any subgroup containing X also contains gp{X};
it follows that gp{X} is equal to the intersection of all subgroups containing X.
If G is a group generated by a set X, then any equation of the form f = g, where
f, g are group words in X, is called a relation. Let G be generated by X and let R
be a set of relations such that every relation in the elements of X holding in G is a
consequence of relations in R; then we write G = gp{XIR} and call this a presentation
of G by X as generating set with R as set of defining relations. In a relation of the form
f = 1, f is also called a relator. For example, the quaternions i, j generate a group of
order 8, the quaternion group, which has the presentation gp{a, bla4 = e, a2 = b2 ,
b - lab = a -I }. The group of motions of a regular n-gon, which consists of n rotations and n reflexions, has the presentation gp{a, bla n = b2 = e, b-Iab = a-I}; it is
called the dihedral group of order 2n and is denoted by Dn.
Let G, H be any groups. A mapping f : G -+ H is called a homomorphism if
(xy)f = xf. yf for all x, y E G; it follows that IGf = IH, where I G , IH denote the
unit elements of G, H respectively. The set mapped to 1 : {x E Glxf = I} is a sub-
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group called the kernel of f When H = G, we call f an endomorphism of G. If
f : G -+ H is bijective, it is called an isomorphism and G is said to be isomorphic
to H; clearly f- I is then an isomorphism from H to G. An isomorphism of G
with itself is called an automorphism. For example, in any group G, the mapping
x 1-+ c - I xc( c E G) is an automorphism, the inner automorphism or conjugation by c.
A group generated by a single element is said to be cyclic. For example, the integers
Z form a cyclic group under addition, with 1 as generator. Any cyclic group is a
homomorphic image of Z; the kernel is a subgroup of Z, and hence of the form
mZ, for some m E Z, m ::: O. Thus every cyclic group is either isomorphic to Z or
of the form Zjm = {xlmx = O} (m EN). In multiplicative notation this is the
group of m-th roots of 1; so up to isomorphism there is one infinite cyclic group
and one cyclic group of order m, for each positive integer m. It will usually be
or Z/m.
denoted by
For any group G, the subgroups of G that are maximal among the proper subgroups of G are simply called the maximal subgroups. For finitely generated (nontrivial) groups their existence is guaranteed by Zorn's lemma:

em

Proposition 2.1.1. Let G be a finitely generated non-trivial group and H be a proper
subgroup. Then there is a maximal subgroup containing H.

Proof. Let X be a finite generating set of G and consider the set f!J> of all proper subgroups containing H. Given any chain in f!J>, its union A is clearly a subgroup of G; if
A = G, then A ;2 X and since X is finite, all the members of X belong to some
member B of this chain; but this would mean that B = G, a contradiction. This
shows that A must be proper, hence f!J> is inductive and by Zorn's lemma it has a
•
maximal member, which is the desired subgroup.
Given groups G, H, if f : G -+ H is a general homomorphism, the image Gf of G
is easily seen to be a subgroup of H, the homomorphic image of Gunder f. The inverse
image If-I of the unit element of H, the kernel of f, written ker f, is a normal subgroup of G, i.e. it is a subgroup such that x - I (ker f )x = ker f for all x E G. This
follows because if af = 1, then (x-Iax)f = (x!) -1 1(x!) = 1 for all x E G.
A group G with two subgroups H, K is said to be the direct product of H and K
if every element g E G can be uniquely expressed as g = xy = yx, where x E H,
Y E K. It follows that H, K are both normal in G, HK = G and H n K = 1.
Conversely, any two subgroups H, K of G satisfying these conditions give rise to a
direct product representation of G.
Let G be any group and H be a subgroup; any set of the form Ha = {halh E H} is
called a right coset of H in G. If two cosets Ha, Hb have a common element ua = vb
(where u, v E H), say, then for any hE H, ha = hu-Ivb, hb = hv-Iua and it follows
that Ha = Hb. Thus the right cosets of H in G form a partition of G. A left coset of H
is similarly defined as aH = {ahlh E H}. We shall denote the set ofright cosets of H
in G by G/H and the set of left cosets by mG. In general left cosets define a different
partition of G, but their number is the same, since the correspondence
(2.1.3)
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is independent of the choice of a in the coset: if a is replaced by ha, a-I is replaced
by a-I h -1. Thus (2.1.3) is a bijection between the coset spaces GIH and mG.
A complete set of coset representatives is also called a transversal.
For a normal subgroup N the right and left cosets coincide, thus G/ N = N\ G;
more explicitly, we have
aN

= Na

for all

a E G;

(2.1.4)

'conversely, when (2.1.4) holds, the subgroup N is normal in G, as is easily verified.
In that case we can define a multiplication on the set of cosets:
Na.Nb = Nab

(a, bEG),

and it is easily checked that this defines a group on the set of cosets of N. It is
denoted by GIN and is called the quotient group or quotient of G by N. Clearly the
mapping x 1-+ Nx defines a homomorphism from G to GIN which is surjective,
with kernel N. We shall also write N <l G to indicate that N is normal in G.
The following almost trivial remark is often useful:
Proposition 2.1.2 (Modular law). If H, K, L are any subgroups of a group G, and

H

~

L, then H(K n L)

= HK n L.

Proof. The inclusion ~ is clear. Suppose now that c E HK n L, say c = ab, where
a E H, b E K. Then a, eEL, hence b = a-I eEL, so b E K n L and a E H, hence
c = ab E H(K n L).
•

Let G be a finite group; the number of its elements is called its order and is denoted
by IGI. Generally we shall write IXI for the number of elements in any subset X of G.
Any subgroup H is again finite, and for any a E G, Ha has as many elements as H,
because the map h 1-+ ha is a bijection. Since the right cosets form a partition of G,
we have IGI = n.IHI, where n is the number of right cosets; this number is called the
index of H in G and is written (G: H). This proves
Theorem 2.1.3.(Lagrange's theorem). If G is any finite group and H is a subgroup

ofG, then

IGI

= (G:

H)·IHI·

In particular, the order of H divides the order of G.

(2.1.5)

•

A group G is said to have finite exponent if there exists a natural number m such
that xm = 1 for all x E G, and the least such m is called the exponent of G. Clearly
every finite group has finite exponent; of course a group of finite exponent need
not be finite, since it may not be finitely generated. A group is called locally finite
if every finitely generated subgroup is finite, and the question whether every group
of finite exponent is locally finite was raised by William Burnside in 1902 and is
known as the Burnside problem. This question was answered negatively in 1968 by
Sergei 1. Adyan and Petr S. Novikov, but a restricted form of the Burnside problem
(showing that there is a largest finite r-generator group of exponent e) was answered
positively by Efim 1. Zelmanov in 1989.
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2.1 Definition and Basic Properties

Let G be any group; by a G-set one understands a set S such that each g E G
defines a permutation of S, s 1-+ sg(s E S, g E G), also called a group action or
G-action, such that s(gh) = (sg)h, s1 = s. The G-set is called transitive if for any
s, t E S, t = sg for some g E G. It is clear that any G-set can be described as the
union of its transitive components sG, also called its orbits. For any s E S the set
Gs = {g E Gisg = s} is easily verified to be a subgroup of G, called the stabilizer of
s under the action of G. For example, if H is any subgroup of G, then the set of
right co sets of H in G is a transitive G-set under the operation Ha 1-+ Hag; the
stabilizer of Ha is a - I Ha, in particular H = H. 1 has the stabilizer H. It turns out
that any transitive G-set can be described in this way. Let us call two G-sets S, T
isomorphic if there is a bijection ¢ : S -+ T such that (s¢)g = (sg)¢ for all s E S,
g E G.
Theorem 2.1.4. Given any group G and a subgroup H, the right coset space G/H is a

transitive G-set with H as the stabilizer of a point. Moreover, any transitive G-set with
H as the stabilizer of a point is isomorphic to G/H.
Proof. Only the second part still needs proof, so let S be a transitive G-set with H as
the stabilizer of s E S. Then any t E S has the form t = sg for some g E G. We define
a mapping ¢ : GIH -+ S by the rule Hg 1-+ sg. It is well-defined, in fact it is a bijection, since Hx = Hy {} xy-l E H {} Sxy-l = S {} sx = sy. Now (Hx)y = Hxy and
(sx)y = s(xy), and this shows ¢ to be an isomorphism of G-sets.
•
This result describes the orbits of any G-set. Since the size of G/H is the index
(G : H), we obtain the following orbit formula for the size of an orbit of a G-set
sG with stabilizer Gs:
ORBIT FORMULA

IsGI = (G : Gs )·

(2.1.6)

When G is finite, this with (2.1.5) leads to the formula

IGI

= IsGI·IGsl·

(2.1. 7)

We also note the formula for the number of orbits in a G-set:
Proposition 2.1.5. Given a finite group G and a finite G-set S, denote by cg the number
of elements of S fixed by g E G. Then the number of orbits of S is

1

W

=

TGI Lcg .

(2.1.8)

gEG

Proof. Consider the product set S x G and count the number of pairs (s, g) such that
sg = s. In an orbit of r points, each point s is fixed by the members of its stabilizer,
which has IGl/r elements, by (2.1.7). So the orbit contributes IGI pairs in all, and we
therefore have 1:cg = IGI.w, where w is the number of orbits. But each g E G fixes
just cg points, so the number of pairs with sg = s is 1:cg ; now (2.1.8) follows on
dividing by IGI.
•
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In any group G, two elements a, b are said to be conjugate if c - lac = b for some
c E G. It is not hard to see that the conjugation mapping a 1-+ c -I ac is a group
action by G on itself. The orbits under this action are called the conjugacy classes
of G. The stabilizer of g EGis the set of elements commuting with g, called its
centralizer:

ZG(g) = {x

E

Glxg = gx};

more generally, ZG(X), for any X ~ G is the intersection of all the centralizers ZG(x),
x E X, and any element of Zc(X) is said to centralize X. In particular, Z( G) = ZG( G)
is the set of all elements centralizing the whole of G; it is a normal subgroup, called
the centre of G.
For any group G and a subset A of G, any x EGis said to normalize A if
AX = x-lAx = A. The set of all elements of G normalizing A is clearly a subgroup
of G, the largest subgroup of G in which A is normal. It is called the normalizer of
A in G and is written

NG(A)

= {x E GIAx = A}.

The orbit formula (2.1.6) shows that the number of elements in the conjugacy class
containing g is the index in G of the centralizer of g. By Theorem 2.1.3 it follows that
in a finite group G the number of elements in each conjugacy class divides the order
of G. This allows us to obtain some information about certain groups. A group
whose order is a positive power of a prime number p is called a p-group. Now we
have
Theorem 2.1.6. Any p-group has a non-trivial centre.

Proof. Let G be a p-group and denote its conjugacy classes by C1, ... , Cr. The unit
element forms a conjugacy class, C1 say, and each central element forms a separate
conjugacy class, so if the centre of G is trivial, C1 = {I}, while the number of
elements in any other class is a power of p. By enumerating all elements of G we
obtain the class equation

IGI

= ICd + ... + ICrl·

Here each ICil for i> 1 is a positive power of p, as well as IGI, while ICd = 1, a
contradiction, which shows the centre of G to be non-trivial.
•
Theorem 2.1.6 shows that every non-trivial p-group G has a central subgroup P of
order p; clearly P is normal in G and so we can form GIP. Here the same argument
applies, leading to a normal subgroup of G of order p2. By induction on IGI we
obtain
Corollary 2.1.7. Any p-group G has normal subgroups of all orders dividing IGI . •
A non-empty set S with a binary operation with values in S, which is associative, is
called a semigroup; if S also has a neutral element, it is called a monoid. It is clear how
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the notions of generating set, defining relations and presentation can also be defined
for a monoid. A monoid S is said to have right cancellation, if
ac = be

=> a =

b for all a, b, c E S.

If ca = cb => a = b, S has left cancellation. Clearly every group has both left and right
cancellation. Moreover a finite monoid S with left (or right) cancellation is a group.
For the mapping x 1---+ ax is an injective mapping of S into itself, and since S is finite,
it is bijective (by the Box Principle, Section 1.1), thus ax = 1 has a solution a' for any
a E S. Hence a'x = 1 also has a solution, a", say and a = a(a'a") = (aa')a" = a";
thus aa' = a' a = 1 and so S is indeed a group.
For each monoid S there is a 'universal group' which may be described as follows.

Proposition 2.1.8. Let S be a monoid. Then there is a group Q(S) with a homomorphism A : S ---+ Q(S) such that any homomorphism of S into a group G can be
factored by A, i.e. given a homomorphism f : S ---+ G, there exists t' : Q(S) ---+ G such
that f = At'; moreover, f' is uniquely determined by f
If S is commutative, then A is injective if and only if S has cancellation.

Proof. To form Q(S) we take a presentation of S as monoid and interpret it as
presentation of a group. In other words, for each element x of S we introduce an
inverse X-I with the relations X-IX = XX-I = 1. Clearly Q(S) is a group and by
interpreting the elements of S as elements of Q(S) we obtain the homomorphism

A. Now let f : S ---+ G be a homomorphism to a group. For any XES we define
as xf, while (x-I)t' = (xf}-I; this provides a homomorphism from Q(S) to
G; clearly At' = f, and t' is unique, since it is prescribed on a generating set of Q(S).
Suppose now that S is commutative. If A is injective, S can be embedded in the
group Q(S) and so must have cancellation. Conversely, if S has cancellation, we
define an equivalence relation on the set of pairs S2 by putting

xf'

(a, b) ~

(a', b') {} ab' = ba'.

This relation is clearly reflexive and symmetric; to verify transitivity, suppose that
(a, b) ~ (a', b'), (a', b') ~ (a", b"); then ab' = ba', a'b" = b'a", hence ab'b" =
ba'b" = bb'a" and by cancellation, ab" = ba", i.e. (a, b) ~ (a", b") as claimed. We
denote the equivalence class of (a, b) by a/b and define multiplication by
a/b.a' /b'

= aa' /bb'.

It is easily verified that this product depends only on the equivalence classes and not

on the representatives chosen. The group laws can also be checked without difficulty;
for example, the inverse of a/b is bfa, since a/b.b/a = ab/ab = 1. This group may
be obtained by taking the elements a/I (a E S) and their inverses 1/a; thus it is
nothing other than Q(S), and S is embedded in Q(S), for if a/I = a' /1, then
a=a.1=a'.1=a'.

•
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Exercises
1. Verify that the neutral element in a group is unique and that each element has a

unique inverse.
2. Let G be a set with an element e and a binary operation f(x, y) such that (i)
f(f(x,y),f(z,y» = f(x, z), (ii) f(x, x) = e, (iii) f(x, e) = x, (iv) f(f(x,y),
fee, y» = x. Show that G is a group with respect to the operation
xy = f(x,f(e, y».
3. Show that for any group G, (X-I) - I = x, (xy) -I = y-IX-I.
4. Verify the rules (2.1.2) for any group element x.
5. Show that any group G has a non-trivial proper subgroup unless G is trivial or of
prime order.
6. Show that every group G can be defined as a G-set by the action x I~
xg. However the rule x I~ gx does not define a G-action unless G is abelian. How can this
rule (of left multiplication) be modified to produce a G-action for general G?
7. Let G be a group and S, Tbe any G-sets. Define a G-action on the Cartesian product S x T and compare the stabilizers of points 5 E S, t E T and (5, t) E S x T.
8. (Poincare's theorem) Let G be a group and H, K be subgroups of index r, 5
respectively in G. Show that H n K has index at most rs in G. (Hint. Take transitive G-sets with H, K as stabilizers and consider their direct product.)
9. Let G be a group and S be a G-set. Define a G-action on S x S and compare the
stabilizer of a point (5,5) E S x S with that of 5 E S.
10. Let G be a group and H be a subgroup of index r in G. Show that for any g E G,
Hng-1Hg has index at most r(r-l) in G.
11. Let G be a group and H, K be subgroups. Show that HK = {hklh E H, k E K}
need not be a subgroup, but that it is one whenever HK = KH.
12. Let G be a group. Show that any subgroup of index 2 is normal in G.

2.2 Permutation Groups
We have already met the symmetric group heX), consisting of all permutations of a
set X. Any subgroup of heX) will be called a permutation group on X. This is a useful
way of representing groups, which is of importance since it applies to all groups:
Theorem 2.2.1 (Cayley's theorem). Every group is isomorphic to a group of permuta-

tions on a set.
Proof. Let G be any group, and for each g E G, define a mapping ¢g : x I~
xg of G
into itself. This is easily seen to be a permutation, and ¢gh = ¢g¢h by the associative
law: x(gh) = (xg)h; moreover ¢g = 1 iff g = 1, so that G is isomorphic to the group
of permutations on G by right multiplication.
•

In particular, every finite group, of order n say, is isomorphic to a subgroup of
Symm the symmetric group on n symbols. These symbols are usually taken to be
1,2, ... , n; the number of permutations is n!, so that ISymnl = nL To write down
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a permutation a explicitly, one writes 1,2, ... , n in one row and under i writes ia.
Thus for example
( 1234)-'=(1234).
324 1
4 2 1 3

(2.2.1)

However, a shorter notation, the cycle notation is often used, where we write the
numbers 1,10',10'2, ... in a bracket, continuing until we get back to 1, then writing
down the next number not yet written and again applying powers of a and continuing in this way until all numbers from 1 to n and their images are recorded. Thus in
this notation Equation (2.2.1) reads [(1 3 4)(2)]-' = (1 43)(2); of course any
fixed symbols (like 2 in this case) may be omitted.
Another method of writing permutations is as transpositions, i.e. cycles of length 2.
Every permutation can be written as a product of transpositions. If our permutation
is a : i I~
ia, suppose first that 10' = 1; then a is a permutation of 2, ... , n and by
induction on n this can be expressed as a product of transpositions. If 10' i- 1, then
ka = 1 for some k i- 1; now consider the permutation of 2, ... , n which maps ito ia
except for k, which is mapped to 10'. This is again a product of transpositions and its
product with (1 10') is a.
The number of transpositions needed to represent a given permutation can vary
according to the method chosen, e.g. (1 2 3) = (1 2)(1 3) = (1 3)(1 2)(2 3)(1 3).
However, for a given permutation a the number is either always odd or always
even. This follows by applying a to the variables x" X2, ••• , Xn in the expression

~(Xl'

... , xn)

=

n

(2.2.2)

(Xi - Xj).

i >j

We note that each transposition changes its sign, so the number of transpositions in
any representation of a has the same parity (even or odd). Thus we can with each
permutation a associate a sign sgn(a), and it is clear that sgn(ar) = sgn(a)sgn(r);
this result can be stated as follows:
Theorem 2.2.2 Any permutation can be written as a product of transpositions. If a is
expressed as a product of r transpositions, define sgn(a) = ( - 1)r. Then although r may

vary for different representations of a as a product of transpositions, sgn(a) is independent of this representation and we have
sgn(ar) = sgn(a)sgn(r).

•

(2.2.3)

sgn(a)
From (2.2.3) we see that for any symmetric group Symn the mapping a I~
is a homomorphism from Symn to the cyclic group of order 2, whose kernel is
the subgroup of even permutations. It is called the alternating group of degree n
and is denoted by Alt n •
Just as Symn is generated by transpositions, Alt n can be generated by 3-cycles.
In fact, a generating set for Symn is given by {(1 2), (1 3), ... , (1 n)} , as is easily
verified (see Exercise 1), while for Alt n we have
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Theorem 2.2.3. The alternating group of degree n is generated by (1 2 3), (1 2 4), ... ,
(1 2 n).

Proof. The above remark shows that AIt n is generated by the set {(l i)(1 j)} for all
i#j, i,j=2, ... ,n. Now (1 i)(lj)=(1 ij)=(12j)(12 i)(12j)-I, so the
result follows.
•

By Theorem 2.1.4, AIt n has order n!/2. It is easily checked that AIt n is trivial for
n = 1 or 2, while AIt3 is cyclic of order 3. AIt4 has order 12 and is easily seen to
have a subgroup of order 4: K4 = {I, (1 2)(3 4), (1 3)(2 4), (1 4)(2 3)}, the Klein
4-group. This subgroup is normal in AIt4, indeed it is normal in Sym4. However
for n > 4, AIt n has no normal subgroups other than itself and the trivial group,
i.e. it is simple (see M. Hall (1959); also Section 7.11 below for a proof that AIts is
simple).

Exercises
1. Show that {(1 2), (1 3), .. . , (1 n)} is a generating set of Symn. Show also that
Symn has the generating set {(l 2), (2 3), ... , (n - 1 n)}. By examining the
conjugates of (1 2), show that G has a generating set consisting of (1 2) and
one other permutation.
2. Show that an n-cycle (1 2 ... n) can be expressed as a product of n - 1 transpositions, but no fewer.
3. Verify that the Klein 4-group K4 is a normal subgroup of Sym4 and show that AIt4
has no normal subgroups other than itself, K4 and 1.
4. Let G be an infinite group with a subgroup H of finite index. Show that G has a
normal subgroup of finite index contained in H.
5. A permutation group is said to be regular if it is transitive (i.e. the set permuted
has a single orbit) with trivial stabilizers. Show that every finite group can be
represented as a regular permutation group. (Hint. Use Cayley's theorem.)

2.3 The Isomorphism Theorems
We have seen that for any group G and a normal subgroup N, the mapping g I~
gN
is a homomorphism from G onto GIN, the natural homomorphism, with kernel N.
As a consequence we have the factor theorem:
Theorem 2.3.1. Given a group homomorphism f : G ~

H and a normal subgroup N
of G such that N ~ ker f, there exists a unique mapping f' : GIN ~ H such that
f = vf', where v: G ~ GIN is the natural homomorphism, i.e. the triangle
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v

H

commutes. Moreover, f' is a homomorphism which is injective if and only if N = ker f
and surjective if and only iff is surjective.
Proof. The mapping f', if it exists at all, must satisfy

(xN)f' = xf

(x

E

G);

(2.3.1)

it follows that there is at most one such mapping. To show that it exists, we observe
that xf is independent of the choice of x in its coset: if xN = x'N, then
x'x- I E N ~ ker f, whence xf = x'f. Thus (2.3.1) is well-defined, and clearly it is
a homomorphism. The rest follows easily, since the cosets mapped to 1 by fare
precisely the ones in ker f
•
This result can be applied to obtain an analysis of group homomorphisms. Given

f: G -+ H, by taking N = ker f, we obtain an isomorphism G/ker f -+ imf. This is
the content of the first isomorphism theorem for groups:
Theorem 2.3.2. Any group homomorphism f: G -+ H admits a factorization
f = afd), where a: G -+ G/ker f is the natural homomorphism, f3: imf -+ H is
the inclusion map and fl : G/ker f -+ imf is the induced map, an isomorphism. •

To state the second isomorphism theorem, also called the parallelogram law, we
recall that for any subgroups H, K of G, HK is a subgroup whenever at least one
of H, K is normal in G (so that HK = KH).
Theorem 2.3.3. Let G be a group with subgroups H, N, where N is normal in G. Then
H n N is normal in Hand

HI(H n N)
~

HN IN.

(2.3.2)

Proof. Let f: G -+ GIN be the natural homomorphism and </> = flH be its
restriction to H. Then ker </> = H n N, im </> = HN, hence (2.3.2) follows by
Theorem 2.3.2.
•
We shall use this result to compare the subgroup structure of a group with that of
its quotient group. Let G be any group and N be a normal subgroup; the natural
homomorphism v: G -+ GIN maps any subgroup H of G to the subgroup HNIN
of GIN. In particular, any subgroup contained in N is mapped to the trivial subgroup
of GIN, but if we restrict H to contain N, we obtain a bijection in this way, and it is
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G - - - - - + ) GIN - - - - - + ) (GIN)/(HIN)

f

f'

GIH
easily checked that HIN is normal in GIN iff H is normal in
above commutative diagram.
The mapping f is defined by Theorem 2.3.1, because N ~
H/N, we obtain f'. This mapping is a bijection, hence
subgroups correspond under this isomorphism. The result

G. Thus we obtain the
H, and since ker f =
an isomorphism, and
is known as the third

isomorphism theorem:
Theorem 2.3.4. Let G be any group with a normal subgroup N. Then there is a natural

bijection between the subgroups of GIN and the subgroups of G containing N, with HIN
corresponding to H. Moreover, when H is normal in G, we have an isomorphism
(G/N)/(H/N)

~

G/H.

•

(2.3.3)

These results can be applied to obtain an analysis of groups, in particular, to derive
the Jordan-Holder theorem, which we shall state here without proof (see e.g. M. Hall
(1959) and Exercise 7 below). For a given group G, a chain of subgroups
(2.3.4)
is called a normal chain if G; is normal in G; _ 1 for i = 1, ... , n, while G; - Ii G; is
called a factor of G. Bya refinement of (2.3.4) we understand a normal chain obtained
from (2.3.4) by inserting further terms. This is always possible as long as some factor
of (2.3.4) is not simple or trivial; when this is no longer possible, i.e. all factors are
simple (and repetitions are omitted), (2.3.4) is called a composition series. Now we
have
Theorem 2.3.5 {Jordan-Holder theorem}. Every finite group G has a composition
series; any two composition series of G have the same number of terms and the resulting

factors are the same in both series, except for the order in which they occur.

•

If we take a chain as in (2.3.4), where each G; is normal in G (and not merely in
G; -1), we obtain what is called an invariant chain; a maximal invariant chain is called
a chief series and the factors in a chief series are called the chief factors of G. Any two
chief series of a finite group are again isomorphic and each chief factor is a direct
power of a simple group; in particular in a soluble group each chief factor is an
elementary abelian group (see M. Hall (1959) Chapter 8).
Camille Jordan proved in 1870 that factors in the two series could be paired off so
that members of each pair had the same order, while Otto Holder in 1889 established
their isomorphism.
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We also recall the Sylow theorems, proved by Ludvig Sylow in 1872 (see e.g.
M. Hall (1959»; by a Sylow p-subgroup one understands a subgroup of order a
power of p and of index prime to p. Thus a Sylow p-subgroup of G is a maximal
p-subgroup in G.
Theorem 2.3.6. Let G be a finite group and p be a prime dividing the order of G. Then
G has a Sylow p-subgroup and any p-subgroup is contained in a Sylow p-subgroup.
Further, the number of Sylow p-subgroups is congruent to 1(mod p) and they are all
•
conjugate in G.

Exercises
1. Let G be a group and H be a subgroup. Show that the largest normal subgroup of
G contained in H is the intersection of all the conjugates of H.
2. Let G be a finite group and H be a subgroup whose order is not divisible by any
prime p < (G: H). Show that H is normal in G.
3. Find all composition series of Sym n •
4. If G is a simple group with a subgroup of index n > I, show that G can be represented as a permutation group of degree n. Deduce that G is finite and obtain a
bound on its order.
5. Let G be a group and X be a subset of G and define the centralizer ZdX) and
normalizer NG(X) of X in G as in Section 2.1. Verify that the action
x 1-+ g-lxg defines an action of the normalizer on X and hence a homomorphism NG(X) -+ ~(X)
and determine its kernel.
6. (Zassenhaus lemma) Let G be a group. Given subgroups H, K and normal subgroups H' of Hand K' of K, show that (H' n K)K' is normal in (H n K)K'
Deduce that
and (H n K)K' /(H' n K)K' ~ (H n K)/(H n K')(H' n K).
(H n K)K' /(H'

n K)K'
~

(H n K)H' /(H

n K')H'.

7. (Schreier refinement theorem) Show that any two normal chains of a group have
refinements that are isomorphic. (Hint. Use the Zassenhaus lemma to project
each chain on to the other.) Use this result to deduce the Jordan-Holder theorem.
8. In any group G let H, K be normal subgroups such that H n K = 1. Show that H
and K commute elementwise, i.e. xy = yx for all x E H, Y E K.

2.4 Soluble and Nilpotent Groups
In an abelian group every subgroup is normal, hence in a finite abelian group every
element generates a normal subgroup, and by taking an element of prime order we
obtain a normal subgroup of prime order. Thus every finite abelian group has a
normal chain with factors all of prime order, hence a composition series:
(2.4.1)

We have the following property of finitely generated abelian groups:
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Theorem 2.4.1 (Basis theorem for abelian groups). Every finitely generated abelian
group can be written as a direct product of cyclic groups of prime power order or infinite
cyclic, and the summands are determined up to isomorphism and order.
Proof. We shall write our group in additive notation, so we have to express it as a
direct sum of cyclic groups of infinite or prime power order. We first assume that
we have an abelian group A of finite order n = ql ... qn where the qi are powers
of distinct primes. It is not hard to check that the elements of order dividing qi
form a subgroup Ai say. Since n/ ql, ... , n/ q, are integers without a common
factor, there exist integers tl, ... , t, such that tln/ql + ... + t,n/q, = 1. Any c E A
can be expressed as c = CI + ... + Cn where Ci = tin/qi.c. Clearly qiCi = 0, and it
follows that A = Al + ... + A,; moreover, this sum is direct, because any element
of A2 + ... + A, has order prime to ql, hence (A2 + ... + A,) n A I = 0, and similarly
for the other terms.
It remains to show that a finite abelian p-group A is a direct sum of cyclic groups,
and the number of terms of a given order is uniquely determined. If A is cyclic, there
is nothing to prove. Otherwise let B be a cyclic subgroup of maximal order p' say,
generated by b. Then there is a subgroup C of order p such that B n C = O. For if
C E A \ B has order pS mod B, then s> o. We have pSc = mb and p,-smb =
p' C = 0, hence p'lp,-sm. It follows that plm, say m = pm'. Now c' = ps-I C- m'b
has order p and c' fj. B, by the choice of s, hence C = gp{c'} is the desired subgroup.
We next show that

A=B$D,

(2.4.2)

for some subgroup D of A. Let us put A = A/C, where C is the subgroup just found.
In A the image 13 of B has the same order as B and so is cyclic of maximal order in A.
By induction on IAI there is a subgroup 15 of A such that A = 13 $ D. Hence
A = B + D, where D is the inverse image of 15 in A. Moreover, B n D S; C, but
B n C = 0, therefore B n D = 0, and (2.4.2) holds. Now an induction on IAI yields
the desired decomposition. If the number of elements of order dividing pi is ni,
then there are n;jni_1 summands of order pi.
Suppose next that A is a finitely generated abelian group with no elements of finite
order (apart from 0). Take a generating set ai, ... , an and suppose that there is a
non-trivial relation L cjaj = o. Since there are no non-zero elements of finite
order, the Cj are relatively prime and so form the first row of an invertible matrix
C = (Cij). We put bi = L Cijaj; then the bi clearly again form a generating system,
but bl = L cljaj = 0, so A is generated by b2 , ••• ,bn . By taking a generating set
of least cardinal we conclude that A is free abelian, i.e. a direct sum of infinite
cyclic groups, and the rank, i.e. the number of free generators, is unique; it is r,
where [A : 2AJ = 2'.
Finally, let A be any finitely generated abelian group and let A' be its torsion
subgroup; then A/A' has no elements of finite order and is therefore free abelian.
Let ai, ... , a, E A be elements mapping to a basis of A/A' and denote the subgroup
generated by A". Then A = A' $ A"; by the first part A' is a direct sum of finite cyclic
groups of prime power orders and by the second part A" is a direct sum of infinite
cyclic groups, so we have reached the required decomposition.
•
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In the proof we saw that every finite abelian group can be written as a direct sum
of p-groups for the different primes dividing the order. Conversely, it is easy to verify
that a direct sum of a cyclic p-group and a cyclic p' -group, where p, p' are different
primes, is again a cyclic group. By collecting up all cyclic prime power groups of
highest order, then those of next highest and so on, we obtain
Corollary 2.4.2. Every finite abelian group can be written as a direct sum of cyclic
Bl E9 ... E9 B" where the order of Bi divides that of Bi + 1(i 1, ... ,

groups: A
r-1).

=

=

•

In general, even for finite groups, a composition series does not have the simple
form (2.4.1), as is shown by the existence of non-abelian simple groups. One therefore defines a group G to be soluble if it has a normal chain (2.4.1) such that each
factor Gi-I/Gi is abelian. Now it is clear that a finite soluble group has a composition series in which all factors are of prime order, and conversely, if a finite
group G has a composition series with all factors of prime order, then G is soluble.
In order to test a group for solubility one can form the largest abelian quotient.
Given G and a normal subgroup N, the quotient GIN is abelian iff xy == yx(mod N),
i.e. iff

(x,y) = x-1y-lxy

E

N for all x,y

E

G.

(2.4.3)

The element (x, y) defined by (2.4.3) is called the commutator of x and y and the subgroup generated by all commutators is called the commutator subgroup or first
derived group of G and is denoted by G'. It is easily seen to be normal in G and
in fact GIG' is the largest abelian quotient of G, in the sense that any normal subgroup N of G such that GIN is abelian satisfies N ;2 G'. Thus for any group G we
can form the derived series

G ;2 G' ;2 Gil ;2 ... ;2

d s).

(2.4.4)

This series terminates when we reach a group that is perfect, i.e. equal to its derived
group. We note
Theorem 2.4.3. A group is soluble if and only if its derived series ends in 1 after a finite

number of steps.
Proof. Let G be a soluble group with a normal chain (2.4.1) whose factors are
abelian. It follows that G' ~ G1 and by induction on r we find that G(r) ~ Gr = 1,
hence G(r) = l. Conversely, when G(r) = 1 for some r, then (2.4.4) (with s = r) is
a normal chain with abelian factors, hence G is soluble.
•

The number of steps in the derived series of a soluble group is called its derived
length.
Let G be a group. A invariant chain {G n } such that Gi-dG i lies in the centre of
G/Gi for i = 1, ... , r, is called a central chain, and G is called nilpotent if it has a
central chain starting at G and ending in l. Clearly every nilpotent group G is
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soluble, but the converse is false, e.g. Sym3 is soluble but not nilpotent (since its
centre is trivial). If we put YI (G) = G and for i > 1, define recursively Yi( G) =
(G, Yi-I (G» = gp{(x, y)lx E G, y E Yi- I(G)), where (x, y) = x-Iy-Ixy, then we
have the central chain
G= YI(G):2 Y2(G):2 ... ,

(2.4.5)

which has the property that for any other central chain G = HI :2 H2 :2 ... ,
Hi :2 Yi(G) . Thus {Yi(G)} is the lower central series. This shows in particular that Gis
nilpotent iff Yr+ I (G) = 1 for some r ::: O. The least such r is called the (precise) class
of nilpotence of G.
There is also an upper central series {Zi (G)} defined recursively by setting
Zo(G) = 1 and for i::: 1 defining Zi(G) by the condition that Zi(G)/Zi-I(G) IS
the centre of G/ Zi _ I(G). If G has the central chain
G = HI :2 H2 :2 ... :2 Hr+ 1 = 1,
then

Zi(G):2 Hr+l - i.

(2.4.6)

For we have ZI(G) :2 Hr and if (2.4.6) holds for some i::: 1, then Zi+l(G) =
{x E GI(G, x) S; Zi(G)} and (G, Hr-;) S; Hr+l-i S; Zi(G), so Hr-i S; Zi+I(G), and
this shows that (2.4.6) holds generally.
In Theorem 2.1.6 we saw that every p-group has a non-trivial centre; in fact the
argument leading to Corollary 2.1.7 shows that every p-group has an upper central
series with quotients of order p. It follows that the group is nilpotent; thus we obtain
Theorem 2.4.4. Every p-group is nilpotent.

•

Given two groups Gl> G2 , we can form a group P which is their direct product by
taking their Cartesian product P = GI X G2 and defining the multiplication componentwise: (x, y)(x', y) = (xx', yy'). This construction is sometimes called the
external direct product in contrast to the earlier notion, which is the internal direct
product. Of course the external direct product GI x G2 may be regarded as the
internal direct product of Gt = {(x , 1)Ix E Gd and G; = {(l,y)ly E G2 }.
It is clear how the notion of direct product can be extended to any finite number
of factors. As an illustration we have the following result.
Theorem 2.4.5. A finite group G is the direct product of its Sylow subgroups if and only

if every Sylow subgroup is normal in G.
Proof. If G is the direct product of its Sylow subgroups, these subgroups must clearly
be normal in G. Conversely, suppose that all the Sylow subgroups are normal in G.
Then for each prime dividing IGI there is just one Sylow subgroup, the different
Sylow subgroups meet in 1 and hence commute elementwise. Any element of G
can be written uniquely as a product of elements of prime power orders for different
primes, and it follows that there is a direct product representation with the Sylow
subgroups as factors.
•
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In a direct product representation G = H X K, the elements of H commute with
those of K; sometimes we have a slightly more general situation, where there are two
subgroups H, K of G such that G = HK, H n K = 1 but only K is normal in G. It is
still true that each element of G can be expressed uniquely as a product xy, where
x E H, Y E K, but now H, K no longer commute elementwise. Thus the product
rule now becomes

(xy)(Xly') = XXly"'y'

where

x, x'

E

H, y, y'

E

K,y'" = x'-Iyx ' .

(2.4.7)

The group G is then called the (internal) semidirect product of Hand K, with H acting
on K and we write

G = H I>< K

or

G= K

Xl

H.

(2.4.8)

For example, the symmetric group of degree three is a semidirect product of C 2 by
C3, with C 2 acting on C3 : Sym3 = C 3 XI C2 • Here we must specify the action of one
factor on the other; since C 3 has only one automorphism of order 2, there is only one
choice of non-trivial action.
Given two groups H, K, with an action of H on K by automorphisms, we can form
their semidirect product as follows. Let us denote the action by 1', where x E H,
Y E K; now the multiplication on the set H x K is given by (2.4.7). Of course it
has to be checked that the multiplication is associative, there is a neutral element
(lH, lK) and each element (x,y) has an inverse, namely (X-I, (y_Iy-l); this is a
routine verification, which may be left to the reader. The resulting group is again
denoted as in (2.4.8) and is called the external semidirect product, in contradistinction
to the internal semi direct product defined earlier.

Exercises
1. Show that any homomorphism of groups, f

2.
3.

4.
5.
6.
7.
8.

: G --+ H maps G ' into H', where I
indicates the derived group.
Show that a group has a composition series with all factors of prime order iff it is
finite soluble.
Show that a group G is the direct product of its subgroups H, K whenever both
Hand K are normal in G, H n K = 1 and HK = G.
Show that a group G with a normal subgroup N is soluble iff both N and GIN
are soluble. Deduce that any direct product of soluble groups is soluble.
Let G be a group, p be a prime and S be a Sylow p-subgroup. If S is the only
Sylow p-subgroup of G, show that S is normal in G.
Show that a direct product of nilpotent groups is nilpotent. Deduce that any
group which is the direct product of its Sylow p-subgroups is nilpotent.
Show that in a finite nilpotent group G every Sylow subgroup is normal and
deduce that G is the direct product of its Sylow subgroups.
Show that in any finite group G the inner automorphisms form a permutation
group P acting on G, and P is a homomorphic image of G. For any prime p,
show that P has as many Sylow p-subgroups as G itself.
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9. Verify that the external semidirect product, as defined in the text, satisfies all the
group properties.
10. Let A be a group acting by automorphisms on a group G, such that in the semidirect product (G, A) = G. Show that if N <l G is such that (A, N) = 1, then N is
contained in the centre of G.
11. Let G be a soluble finite group. Show that any minimal subgroup has prime
order and any minimal normal subgroup is elementary abelian, i.e. a direct
power of a group of prime order.

2.5 Commutators
In (2.4.3) we met the commutator, an important concept, which is a useful tool for
studying group properties. Below we give some basic formulae and a few simple
applications.
Given a group G and x, y E G, we recall that the conjugate of x by y is xY = Y - 1xy
and the commutator of x and y is (x, y) = x-ly-lxy. We note the following general
formulae:
xY = x(x, y), xy

proofs

are

(2.5.1)

(X,y)-l = (y,x) = (x-l,yr,

(2.5.2)

(xy, z) = (x, zy (y, z) = (x, z)( (x, z), y)(y, z),

(2.5.3)

= (x, z)(x, yy = (x, z)(x, y)«x, y), z).

(2.5.4)

(x, yz)

The

= yx(x, y),

straightforward;

we

have

e.g.

for

(X-I, yr =
= x-lz-ly-lxyz =

(2.5.2):

X-l(xy-lx-ly)X = y-lx-lyx = (y,x), and for (2.5.4): (x,yz)
X-lZ-lXZ.Z-lx-ly-lxyz = (x, z)(x,yy.

We further note
Lemma 2.5.1. Let G be any group and x, y E G.

(i) If (x, y) commutes with x, then
(xn,y)=(x,yt

(2.5.5)

forallnEZ.

(ii) If (x, y) commutes with x and y, then
(xyt = xnyn(y, xt(n-l)/2

for all n :::

o.

(2.5.6)

Proof. (i) By (2.5.3) we have (x n+ 1, y) = (x, yt" (xn, y); since x commutes with
(x, y), we can omit the exponent. Now (2.5.5) follows for n::: 0 by induction; for

negative n, say n = -m, we have (x-m,y) = (x,y)-m by (2.5.2).
(ii) For n = 0 or 1, (2.5.6) reduces to an obvious identity. If it holds for some
n::: 1, then on writing s = n(n - 1)/2, we have

2.5 Commutators
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(xyt+ l = (xyt(xy) = xnyn(y, X)5(XY)

= xnyn (xy) (y, x)'
= Xn+lyn(yn, X)y(y, X)5
= Xn+lyn(y, X)"y(y, XY

which is the required formula, since s + n = n(n

-0/2 + n =

(n

+ On/2.

•

Higher commutators are defined recursively by putting

(Xl, X2, ... , Xn) = ((Xl, ... , Xn-l), Xn).

(2.5.7)

Thus a higher commutator within a single pair of brackets is understood to be leftnormed, i.e. all brackets begin on the left of the first argument. We remark that the
identities between commutators correspond to identities in a Lie algebra, but this
correspondence will not be pursued further here. For the moment we note an
analogue of the Jacobi identity:
Proposition 2.5.2 (Witt identity). In any group G

(X,y-I,Z)y(y,z-I,XY(Z,x-l,yY = l.

(2.5.8)

Proof.
We
have
(X,y-I,Z)Y=y-l(yx-ly-IX)Z-I(X-lyxy-l)zy=
x-ly-lxz-IX-I.yxy-lzy. This has the form u-lv, where u=xzx-lyx,
v = yxy-lzy. If we put w = zyz-lxz, then theleft-hand side of (2.5.8) can be written
u-IV.v-IW.W-IU, which reduces to l.
•
For any subgroups H, K of a group G we define the commutator subgroup (H, K)
as the subgroup generated by all commutators (x, y), where X E H, Y E K. Thus the
general element of (H, K) is a product of commutators, but need not itself be a commutator. Higher commutator subgroups are again defined recursively as left-normed
products by
(2.5.9)
Of course the same groups are obtained by using right-normed products, as can
easily be verified by means of (2.5.2). If each Hi is normal in G, then (2.5.9) is the
subgroup generated by all (Xl, ... , x n), where Xi E Hi, but in general equality need
not hold. We note the following obvious properties of commutator subgroups,
whose proof is left to the reader:
Proposition 2.5.3. If G is any group with subgroups H, K, then

(i) (H, K) = (K, H);
(ii) (H, K) is normal in the group generated by Hand K;
(iii) (H, K) is normal in H if and only if K S; NG(H), the normalizer of H in G;
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(iv) (H, K) = 1 if and only if Hand K commute elementwise;
(v) for any homomorphism ({J of G into another group, (H, K)'" = (H"', K"').

•

From Witt's identity we can easily deduce a result known as Philip Hall's three-subgroup lemma:
Lemma 2.5.4. Given three subgroups A, B, C of a group, if (A, B, C)
then (C,A,B) = 1.

= (B, C, A) = 1,

Proof. Let x E A, Y E B, z E C. By hypothesis, (x, y - I, z)y = (y, Z - I, x)Z = 1, hence
Witt's identity shows that (z, X-I, y)X = 1, so (z, X-I, y) = 1. This means that
(z,x- I ) centralizes B, i.e. «C,A),B) = 1.
•
Nilpotent groups may be characterized in various ways. First we note a property of
normalizers of Sylow subgroups:

Proposition 2.5.5. Let G be a finite group, H be a subgroup and P be a Sylow subgroup
of H. If NcCH) is the normalizer of H in G and P* is the normalizer of Pin Nc(H),
then

Nc(H)

= P*H.

(2.5.10)

Proof. Clearly Nc(H) 2 P* H. To prove the converse, take a E NcCH), so that
H a = H. Then P and pa are Sylow subgroups of H = H a for the same prime,
hence they are conjugate in H, i.e. pa = ph for some b E H. Since a E Nc(H), it
follows that c = ab- I E P*, and so a = cb E P*H, as claimed.
•
We note two consequences. If H is normal in G, the left-hand side of (2.5.10)
becomes G, while the right-hand side is Nc(P)H; so we have

Corollary 2.5.6. If G is a finite group, H is a normal subgroup and P is a Sylow subgroup of H, then G = Nc(P)H.
•
This reasoning is often described as the Frattini argument.
Secondly we take P to be a Sylow subgroup of G and H 2 Nc(P); then the righthand side of (2.5.10) is H and we obtain

Corollary 2.5.7. Let G be a finite group with a Sylow subgroup P. Then any subgroup
containing the normalizer of P is its own normalizer.
•
We now have the following characterizations of a nilpotent group:
Theorem 2.5.8. For any finite group the following conditions are equivalent:

G is nilpotent;
(b) Yr+ I (G) = 1 for some r 2: 0;
(c) Zr(G) = G for some r 2: 0;

(a)
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(d) every proper subgroup is distinct from its normalizer;
(e) every maximal subgroup is normal in G.

Moreover, the least r in (b) and (c) are the same and are equal to the precise class of
nilpotence of G.
Here 'maximal' is of course understood to mean 'maximal among the proper
subgroups'.
Proof. We have already seen the equivalence of (a), (b), (c) and the assertion about
the precise class of nilpotence. Now assume that G is nilpotent with a central series
G = HI :> H2 :> ... :>

and let K be a proper subgroup of G, say

Hi ~

Hr+l

= I,

K, H i - l

(2.5.11)

<t. K. Then we have

hence Hi-l ~ Ne(K). If we take x E Hi-l \ K, then K X = K and it follows that
Ne(K) :> K, i.e. (d) holds. Clearly (d) ~
(e), so assume (e). If P is any Sylow subgroup of G and P is not normal, then NcCP) =f=. G, hence there is a maximal subgroup
M 2 Ne(P) and M is its own normalizer by Corollary 2.5.7, but this contradicts (e).
Thus all Sylow subgroups are normal in G, so G is the direct product of its Sylow
subgroups and hence is nilpotent.
•

Exercises
l.
2.

3.

4.
5.
6.

7.
8.
9.
10*.

Fill in the details in the proof of (2.5.1)-(2.5.4).
Prove Proposition 2.5.3.
Show that a group satisfying the law x 2 = 1 is abelian. Deduce that any commutator can be written as a product of squares and find an expression of
(x, y) in this form.
Let G be a group and K, L, N be subgroups such that N <l K, K <l G, (L, K) = K,
KL = G, (L, N) = l. Show that N lies in the centre of K.
Prove the identity ((x,y),zX)((z,x),y")((y,z),xY ) = l.
Show that if HI, ... , Hn are normal subgroups of a group G, then (HI, ... , Hn)
is the subgroup generated by all commutators (Xl, ... , x n ), where Xi E Hi and
give an example to show that normality cannot be omitted.
(H. Wielandt) Give a direct proof that a finite group is nilpotent iff every
maximal subgroup is normal.
Let G be a group and a E G. For any X E G write xa = x-lax, x;.. = (a, x).
Show that for n = 1,2, ... , xa n = a.x;..n.
Show that in a symmetric group every cycle of odd length is a commutator (and
not merely a product of commutators).
(D. Ornstein) Show (by induction on r) that (a, b)' can be written as a product
of (ba) - r (ab)' and r - 1 commutators. Deduce that if in a group G, the centre
of G has finite index in G, then the derived group G' is finite.
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2.6 The Frattini Subgroup and the Fitting Subgroup
Let G be any group and denote by <1>(G) the intersection of all its maximal (proper)
subgroups; of course, if there are no such subgroups, then <1>( G) = G. It is clear that
<1>( G) is a subgroup of G, which is characteristic, i.e. invariant under all automorphisms of G. It is called the <1>-subgroup or Frattini subgroup, after Giovanni
Frattini, who introduced it in 1885. Clearly any non-trivial finite group has maximal
subgroups, so in that case <1> (G) c G. In fact this holds for any finitely generated
(non-trivial) group, by Proposition 2.l.l.
There is another characterization of <1>( G) which is often useful. In any group G,
an element c will be called a non-generator if any subset of G which together with c
generates G is itself a generating set of G.
Proposition 2.6.1. Let G be any group. Then <1>( G) consists precisely of all the non-

generators of G.
Proof. Let c E G be a non-generator. If M is a maximal subgroup, then c E M, for
otherwise the subgroup generated by M U {c} would be larger than M, hence equal
to G, and so by definition of c as non-generator, M = G, which is false. Thus c
lies in every maximal subgroup, and hence in <1>(G).
Conversely, if c E <1>( G) and X U {c} generates G, we have to show that X generates
G. If this is not so, then gp{X} is proper in G, and hence, by Zorn's lemma, there is a
subgroup M containing X but not c and maximal with those properties. Since c ¢ M,
M i- G, but any subgroup properly containing M must also contain c and hence be
equal to G. Thus M is maximal in G, but c E <1>(G) ~ M, which is a contradiction.
•
Hence X generates G and c is indeed a non-generator.
The property of elements described in Proposition 2.6.1 can be extended to subgroups as follows:
Proposition 2.6.2. Let G be a group and U be a subgroup. Then U
~

<1>(G) whenever

G.

(2.6.1)

U satisfies the following condition:
For any proper subgroup H of G, gp{U, H}

c

When G is finitely generated, this condition is necessary as well as sufficient. In particular, we have H <1> (G) c G for every proper subgroup H of G.
Proof. If (2.6.1) holds, then in particular, for any maximal subgroup M of G,
M ~ gp{U, M} c G, hence M = gp{U, M} and so U ~ M; therefore U ~ <1>(G).
Now assume that G is finitely generated; if U ~ <1>( G), and H is a proper subgroup
of G, then there is a maximal subgroup M containing H, but also U ~ M, hence
gp{U, H} ~ MeG, and (2.6.1) is satisfied.
•
We shall also need another property of <1>.
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Lemma 2.6.3. Let G be any group and N be a finitely generated normal subgroup. Then
ct>(N) ~ ct>( G).

Proof. ct>(N) is a characteristic subgroup of N, hence normal in G. Now let M be a
maximal subgroup of G and suppose that ct>(N) I/:. M. Then ct>(N)M = G, hence by
the modular law, since ct>(N) ~ N,
N = ct>(N)M n N = ct>(N)(M n N).
Thus M n N together with ct>(N) generates N; hence by Proposition 2.6.2,
M n N = N, i.e. M 2 N and so ct>(N) ~ M, a contradiction. It follows that
ct>(N) ~ M for any maximal M, and so we find that ct>(N) ~ ct>(G).
•
We remark that without the normality of N this result need not hold, as is shown
by the case of a simple group (whose ct>-subgroup is trivial) and a cyclic subgroup.
Lemma 2.6.4. Let G be a finite group and N, K be normal subgroups such that
~ K n ct>(G). If KIN is nilpotent, then so is K.

N

Proof. Let P be a Sylow p-subgroup of K. Then PNIN is a Sylow p-subgroup of KIN,
because PN IN ~ PI(P n N) and this again has p-power order, while its index in K is
prime to p. Since KIN is nilpotent, PNIN is normal in KIN, therefore characteristic in
KIN and so normal in GIN, hence PN <l G. Now P is a Sylow p-subgroup of PN;
hence by Corollary 2.5.6,

G = PN.NG(P)

= N.NG(P).

Now N ~ ct>( G) by hypothesis, so by Proposition 2.6.2, NG(P) = G, and so P <l G.
Thus P <l K and this holds for all Sylow subgroups of K, hence by Theorem 2.4.5,
•
K is nilpotent, as claimed.
We can now establish a useful criterion for nilpotency in terms of ct>.
Proposition 2.6.5 (Wielandt). Let G be a finite group and N be a normal subgroup of

G. Then N is nilpotent if and only if N'

~

ct>(G).

Proof. If N' ~ ct>( G), then N' <l G and N IN' is abelian, hence nilpotent, and so by
Lemma 2.6.4, N is nilpotent. Conversely, if N is nilpotent, then every proper subgroup of N is properly contained in its normalizer, hence by Theorem 2.5.8, every
maximal subgroup of N is normal in N, therefore of prime index and so it contains
N'. This means that N' ~ ct>(N); by Lemma 2.6.3, ct>(N) ~ ct>(G), hence
N' ~ ct>(G).
•
This result has several useful consequences. In the first place, since ct>( G) is normal
in G and ct>' ~ ct>, we have
Theorem 2.6.6 (Frattini). The Frattini subgroup of any finite group is nilpotent. •

Secondly, taking N
groups:

= G, we obtain Wielandt's characterization of finite nilpotent
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Theorem 2.6.7. A finite group G is nilpotent if and only if G'
~

<I>(G).

•

The Frattini subgroup may be thought of as a kind of radical, in analogy to the
Jacobson radical (see Chapter 5). But whereas the latter is the largest of all the
commonly used radicals in a ring, this is not so for the Frattini subgroup. Radicals
are not as useful for groups as for rings; nevertheless there is another type, first introduced by Hans Fitting in 1938, which plays a role in group theory. To prove its
existence, we shall need another property of nilpotent groups. In the proof we
shall use the commutator notation: (x, y) = x-1y-I xy, while for subgroups H, K,
(H, K) denotes the subgroup generated by all (x, y), where x E H, Y E K.
Lemma 2.6.8. If G is nilpotent and 1 -;. K <J G, then K meets the centre of G non-

trivially.
Proof. We shall write Zi = Zi(G), Z = ZI. Since G is nilpotent, we have Zn = G for
some n, so there exists a positive integer r such that K ~ Zr, K ct. Zr-I. On defining
recursively Ko = K, K i + 1 = (Kj , G), we have Ki ~ Zr-i, Ki ct. Zr-i-I by induction
on i, hence Kr _ 1 ~ ZI, Kr _ I ct. Zo = 1. Since K is normal in G, it contains Kl and
generally, Ki ::2 Ki + I; therefore K n Z ::2 Kr - I n Zl = Kr - I -;. l.
•
For any finite group G we shall define the Fitting subgroup, denoted by F(G), as
the subgroup generated by all the nilpotent normal subgroups of G.
Theorem 2.6.9. Let G be a finite group. Then the Fitting subgroup F( G) is a nilpotent

normal subgroup of G which contains every nilpotent normal subgroup of G.
Proof. If H, K are any nilpotent normal subgroups of G, then clearly HK <J G; we
claim that HK is nilpotent and here we may assume that H, K -;. 1 and use induction
on IG I. Since H is nilpotent, Z(H) -;. 1; let us write Z = Z(H). If (Z, K) = 1, then Z
is in the centre of HK and we have HKjZ ~ (HjZ)(ZKjZ), a product of nilpotent
normal subgroups of HK/Z, hence nilpotent by the induction hypothesis, and so HK
is then nilpotent. If (Z, K) -;. 1, then (Z, K) <J K n Z, hence T = (Z, K) n Z(K) -;. 1,
by Lemma 2.6.8, and we can repeat the argument with N replaced by T. Thus in
either case HK is nilpotent.
Now let F be a nilpotent normal subgroup of G of maximal order. Then for any
nilpotent normal subgroup H, FH is again nilpotent and normal and FH ::2 F, hence
•
FH = F by the maximality of F, so H ~ F, as required.
Finally we establish a connexion between the Frattini and the Fitting subgroups.
Theorem 2.6.1 O. Let G be a finite group, <1>( G) be its Frattini subgroup and F( G) be its

Fitting subgroup. Then
F(G)'

~

<I>(G) ~

F(G),

(2.6.2)

and
F(Gj<l>(G)) = F(G)j<l>(G).

(2.6.3)

2.6 The Frattini Subgroup and the Fitting Subgroup
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Proof. The inclusion (2.6.2) is clear from Proposition 2.6.5, Theorem 2.6.6 and the
definition of F. To prove (2.6.3), let us write <I> = <I>(G), F = F(G), G = G/<I>,
F = F(G), and denote by Kthe inverse image ofF in G. Now take a Sylow subgroup
P #1 of K; its image P in G is a Sylow subgroup of F and since F is nilpotent, P is
normal in F, hence characteristic and so normal in G. Therefore P<I> <l G; we claim
that NG(P)<I> = G. For P is a Sylow subgroup of L = P<I>; hence G = NG(P)L by
Corollary 2.5.6, i.e. G = NG(P)<I>, therefore G = NG(P) by Proposition 2.6.2, and
so P <l G. Thus each Sylow subgroup of K is normal and it follows that K is nilpotent,
so K ~ F. But the image of F in G is certainly nilpotent and so is contained in F.
It follows that F = K, in particular, F = F/<I>.
•

The Frattini subgroup can also be used to give an estimate for the number of automorphisms of a finite group G, i.e. the order of Aut(G):
Theorem 2.6.11 (P. Hall). Let G be a finite group with a d-element generating set. Then

IAut( G) 1 divides IAut( G/<I» 1.1<1>( G) Id.
Proof. Since <I> = <1>( G) is a characteristic subgroup, each automorphism ex of G
induces an automorphism a of G/<I>, and the correspondence ex 1-+ a clearly is a
homomorphism. Denote the kernel by K, thus ex E K iff XX x - \ E <I> for all x E G.
Let {u\, ... , Ud} be a generating system of G. The number of families
{u\ a\, ... , Udad}, where aj E <1>, is 1<I> Id and each again generates G. The set U of
all these generating systems is permuted by K, and since any automorphism leaving
{u\, ... , Ud} fixed must be the identity (because this is a generating set), it follows
that the stabilizer of any member of U is 1. Hence each orbit has IKI members and
if there are r orbits, we have rlKI = 1<I>ld. Now IAut(G)1 = IAut(G/<I>(G))I.IKI,
and the result follows, since IKI divides 1<I>ld.
•

Exercises
1. Show that <I>(Q) = Q.
2. Show that if N <l G, then <I>(G/N) :::: <I>(G)N /N, but that equality need not hold.
(Hint. Try N = <1>( G).)
3. For a finite group G show that if G/<I> is nilpotent, then so is G.
4. Show that for any nilpotent group G (not necessarily finite), G' ~ <I>(G). (Hint.
Use Proposition 2.6.2.)
5. Show that a finite group with a single maximal subgroup is cyclic of prime
power order.
6. Show that for any p-group G, <I>(G) = G'GP, where GP = gp{xPlx E G}, while
for p = 2, <I>(G) = G 2 •
7. If P is a finite p-group, then any subset X of P generates P iff its residues mod
<I>(P) span P/<I>(P), regarded as vector space over the field of p elements.
Deduce that all minimal generating sets have the same number of elements
and that every element not in <I>(P) is contained in a minimal generating set.
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8. Let G be a finite group and A be an abelian normal subgroup of G. Show that if
An <I>(G) = 1, then A has a complement in G, i.e. a subgroup B such that
AB = G, A n B = 1.
9. A permutation group G acting on a set S is faithful if only the unit element fixes
all members of S; it is primitive if S cannot be partitioned into sets which are
permuted among themselves by G. Show that in a faithful primitive permutation
group any nilpotent normal subgroup is abelian.
10. Let G be a finite group and a be an automorphism of G of order prime to I<I> ( G) I
and inducing the identity on Gj<l>(G). Show that a = 1.
11. Let G be a group of order pn and (G : <I>(G)) = pd. Show that Aut(G) has order
dividing pd(n-d)(pd _ l)(pd _ p) ... (pd _ pd-l).
12. Show that any non-abelian group of order 8 has a cyclic subgroup of index 2 and
hence is either of the form gp{a, bla4 = 11- = (aW = I} (dihedral group) or
gp{a, bla4 = 1, a2 = b2, aba = b} (quaternion group).

Further Exercises for Chapter 2
1. Describe the group of symmetries of (i) a square and (ii) a regular hexagon.
2. Describe the group of rotations of a cube.
3. Let G be a finite group and X be a subset. Show that the number of conjugates of
X is equal to (G: NG(X)).
4. Let G be a finite group of order r. Find a bound for the order of its automorphism
group Aut(G) in terms of r. Let B be the subgroup of Aut(G) consisting of all
automorphisms which map each conjugacy class of G into itself. Show that B is
normal in Aut(G) and its order contains only prime factors occurring in IGI.
Is the order necessarily a divisor of IG I?
5. Show that the presentation gp{a, bla2n = 1, an = 11-, aba = b} defines a group of
order 4n (known as a dicyclic group), by verifying that each element can be
expressed uniquely as arb', where 0 :s r < 2n, 0 :s s < 2, and that it has the
dihedral group Dn as homomorphic image.
6. Let G be a group with an automorphism a. Show that there is a semidirect
product H of G and an infinite cyclic group such that a is induced by an inner
automorphism of H.
7. Let G be a finite group and A be an abelian normal subgroup of G. Show that if
An <I>(G) = I, then A has a complement in G.
8. Let G be a finite group and H be a subgroup. A partial complement for H is a subgroup K =1= H such that HK = G. Show that a normal subgroup of G has a partial
complement iff it is not contained in <1>( G).
9. Show that the Frattini subgroup <1>( G) of a p-group G is the smallest subgroup H
of G such that G/H is elementary abelian. Deduce that a p-group G is elementary
abelian iff <1>( G) = 1.

Lattices and Categories

The subsets of a set permit operations quite similar to those performed on numbers.
If for the moment we denote the union of two subsets A, B by A + B and their
intersection by AB, a notation that will not be used later (despite some historical
precedents), then we have laws like AB = BA, A(B + e) = AB + Ae, similar to the
familiar laws of arithmetic, as well as new laws such as A + A = A, A + Be =
(A + B)(A + e). The algebra formed in this way is called a Boolean algebra, after
George Boole who introduced it around the middle of the 19th century, and who
made the interesting observation that Boolean algebras could also be used to describe
the propositions of logic.
The more general notion of a lattice was first used towards the end of the
19th century by Richard Dedekind to study the relations between ideals in rings
of numbers. The lattice concept helps to unify a number of disparate ideas and
this chapter deals with the basic properties of lattices in Sections 3.1 and 3.2 and
Boolean algebras in Section 3.4. The latter have recently found applications in
switching theory, but we shall not enter on this aspect. We shall concentrate on
applications to algebra, and describe such important ideas as chain conditions in
the general setting of partially ordered sets.
Section 3.3 introduces categories, which provide a succinct way of describing
many aspects of groups and are also of use in other parts of algebra.

3.1 Definitions; Modular and Distributive Lattices
The definitions relating to partially ordered sets (see Conventions on Terminology,
p. xi) form the foundation for much that follows. Whereas sets of numbers, like N or
Q, are totally ordered, this property is not shared by most partially ordered sets.
Examples are the set &(S) of all subsets of a set S (with more than one element) relative to inclusion, or the set N of natural numbers relative to divisibility. In both these
cases any two members have a least upper bound or supremum, briefly sup; given x, y,
there exists z such that (i) x ::: z, y ::: z and (ii) for any z', x ::: z', y ::: z' ::::} z ::: z'.
Dually, any two members have a greatest lower bound or infimum, briefly inf,
defined similarly. Thus if X and Yare subsets of S, their sup is X U Y and their
inf is X n Y. If m, n are natural numbers, their sup (relative to divisibility) is their
least common multiple while their inf is their highest common factor.
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A partially ordered set in which any two elements have a supremum and an
infimum is called a lattice. The sup of x, y is written x v y and is called the join of
x and y; their inf is written x /\ y and is called the meet of x and y. It is clear that
the lattice concept is self-dual, so that the dual of a lattice, obtained by reversing
the ordering, is again a lattice. As examples of lattices we have the set N of natural
numbers under divisibility, as well as 9(5), the set of all subsets of 5 under inclusion;
further, every totally ordered set is trivially a lattice, with x /\ y = x, x v y = y if
x .:s y.
Partially ordered sets are often represented as directed graphs: the elements of the
set form the vertices, and edges are drawn so that a < b holds precisely when b is
higher than a and there is a descending path from b to a. Such diagrams are
mainly used for finite sets; for N or Z the structure can be hinted at in a partial diagram, but the case of Q or R would be more difficult. Some examples are given in
Figures 3.1-3.3, where Figures 3.1 and 3.2 are lattices, but Figure 3.3 is not.
A lattice may be regarded as a set with two binary operators, V and /\. These
operators satisfy a number of laws, reminiscent of the laws governing addition
and multiplication of numbers, and these laws can be used to give an alternative
definition of lattices.

Figure 3.1

Figure 3.2
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Figure 3.3
Proposition 3.1.1. Let L be a lattice. Then for any a, b, c E L,

a V (b

V

c) = (a

b)

V

c,

V

a /\ (b /\ c) = (a /\ b) /\ c,

a vb = b V a,
a /\ (a

V

b)

a /\ b = b /\ a,

= a,

a V a = a,

a V (a /\ b)
a /\ a = a.

(associative law)

(commutative law)

= a,

(absorptive law)

(idempotent law)

(3.1.1)
(3.1.2)
(3.1.3)
(3.l.4)

Conversely, if L is a set with two binary operators V, /\ satisfying (3.1.1)-(3.1.3), then
(3.1.4) also holds and a partial ordering may be defined on L by the rule
a .:::: b if and only if a V b = b.

(3.l.5)

Relative to this ordering L is a lattice such that the join of a, b is a V b and the meet is
a /\ b.
Proof. By the definition of a V b as sup we see that the unique sup of a, b can be
written as either a V b or b V a, and a similar remark applies to a /\ b, so (3.1.2)
follows. Likewise the sup of a, b, c may be written as a V (b V c) or (a V b) V c,
hence (3.1.1) holds. Now (3.1.3) follows because a /\ b .:::: a':::: a V b, and (3.1.4) is
a trivial consequence of the definition, but we observe that it also follows from
(3.1.3): if in the first Equation (3.1.3) we replace b by a /\ a we get
a = a /\ [a V (a /\ a)] = a /\ a, by the second Equation (3.1.3). This proves the
first idempotent law; the second follows by duality.
Now let L be a set with two operators V, /\ satisfying (3.1.1)-(3.1.3); then (3.1.4)
also holds, as we have just seen, and moreover,

a V b = b {} a /\ b = a.

(3.l.6)

For if a V b = b, then by (3.1.3), a /\ b = a /\ (a V b) = a, and the converse follows
by duality (and the commutative law (3.1.2)). If we define the relation '.::::' by
(3.1.5), we have a partial ordering: if a .:::: b, b.:::: c, then a V b = b, b V c = c;
hence by (3.1.1), c = b V c = (a V b) V c = a V (b V c) = a V c, so a .:::: c. Further,
a.:::: a by (3.1.4), and if a .:::: b, b.:::: a, then b = a V b = b V a = a, by (3.1.2).
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By the definition of a::S band (3.1.2), a V b is an upper bound of a, b. If c is
another upper bound, then a::S b, b::s c, hence c = a V c = b V c, and so
c = a V (b V c) = (a V b) V c, i.e. a V b ::s c, which shows a V b to be the least
upper bound, i.e. the sup. Now by duality and (3.1.6) it follows that the inf of a, b
is a /\ b.
•
Any subset of an ordered set S is again ordered, but it need not be a lattice, even if
S is one. Guided by Proposition 3.1.1, we define a sublattice of a lattice L as a subset
M which admits the operators V, /\ of L, i.e. given a, b E M, we have a V b,
a /\ b E M. It is clear that M is again a lattice. In terms of the partial ordering the
definition may be expressed as follows: M is a sublattice of L if for any a, b E M,
their sup and inf (taken in L) again lie in M. We note that it may very well be possible
for a subset of L to be a lattice without being a sub lattice of L. For example, let G be a
group, &J( G) be the set of all subsets of G and Lat( G) be the set of all subgroups of G.
As we shall soon see, Lat( G) is again a lattice with respect to the ordering by inclusion, as is &J( G), but Lat( G) is not usually a sublattice of &J( G), because the union
H U K of two subgroups need not be a subgroup.
It is clear from the definition that in a lattice L any intersection of sub lattices is
again a sub lattice. Thus we can define the sublattice generated by a subset X of L
as the intersection of all sublattices containing X. As in the case of subgroups, this
sub lattice can be obtained by repeated application of the lattice operations to the
elements of X.
As for groups we define a homomorphism of lattices as a mapping f : L --+ L'
between lattices L, L' such that for all a, bEL,
(a

V

b)f = af

V

bf,

(a /\ b)f = af /\ bf·

(3.1.7)

It is clear that a lattice-homomorphism preserves the ordering: a::S b implies
af ::s bf, but not every order-preserving mapping between lattices is a latticehomomorphism. For example, the mapping a c : x 1--+ x V c (for a fixed element c) in
any lattice is order-preserving:
a ::s b => a V c ::s b V c,

(3.1.8)

and although a c satisfies the first Equation (3.1.7), it does not generally satisfy the
second (this is in fact the distributive law, to be discussed later). However, an
order-preserving bijection with an order-preserving inverse between lattices is
always a lattice-isomorphism, because the sets are then order-isomorphic and the
lattice operations can be defined in terms of the ordering (as in (3.1.5)).
In any lattice each finite (non-empty) subset has a sup and an inf, as an easy
induction shows. Explicitly the sup and inf of ai, ... , an are given by

respectively. Here we may omit brackets, by associativity, omit repetitions, by the
idempotent law, and the order of the factors is immaterial, by commutativity.
The notions of sup and inf can also be defined for infinite subsets, but in a general
lattice they may not exist. A lattice L in which every subset has a sup and an inf is said

3.1 Definitions: Modular and Distributive Lattices
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to be complete. In particular such a lattice L has a greatest element (sup L or inf 0),
denoted by 1, and a least element (inf L or sup 0), denoted by O. For example, every
finite lattice is complete and so is &'(S), for any set S. The following criterion for
completeness is often useful:

Proposition 3.1.2. If L is a partially ordered set such that every subset has an inf, then
L is a complete lattice.
Proof. Given X <; L, let Y be the set of all upper bounds of X in L and set y = inf Y.
Any element of X is a lower bound of Y, hence x ::::: y for all x E X. If also x ::::: z for all
x E X, then z E Y, by the definition of Y, and so y ::::: z, therefore y = supX.
•

For example, the set of all subgroups of a group G is partially ordered by inclusion
and if {HA} is a family of subgroups, then their intersection n HA is again a subgroup;
thus every subset of our set has an info Applying Proposition 3.1.2, we see that it is a
complete lattice, which we denote by Lat(G). The inf of a family {HA } is their intersection, while the sup is the least subgroup containing all the H A, i.e. the subgroup
generated by all the HA • We see that although the inf in Lat( G) is the same as in
,qJJ( G), the sup in general is not.
Many of the lattices we shall meet in the sequel satisfy the modular law already
encountered in Section 2.1:

a V (b /\ c) = (a

V

b) /\ c forall a, b, eEL such that a:::::

C.

(3.1.9)

A lattice satisfying (3.1.9) is said to be modular (Dedekind's name was "Dualgruppe
vom Modultypus"). For example the set .;V ( G) of all normal subgroups of a group G
is a modular lattice under the operations H n K, HK, as is easily verified. By contrast,
the lattice of all subgroups of a group will not in general be modular, and B V K
need not equal HK (see Exercise 10). The modular law holds more generally for
submodules of a module (see Chapter 4), which accounts for the name.
To see why modular lattices are more tractable, let us return to a general lattice L
for a moment. With a, bEL such that a ::::: b we can associate the interval

[a, b]

= {x ELla::::: x ::::: b}.

Such an interval need not be a chain, but it is always a sublattice of L, with least
element a and greatest element b. More generally, for any a, bEL we can form
the intervals I = [a /\ b, a] and J = [b, a v b]. Let us define a mapping ex : I --+ J by

ex : x 1--+ x V b,
and a mapping f3 : J --+ I by

f3 : y 1--+ Y /\ a.
For any x E I we have xexf3 = (x V b) /\ a. Here x ::::: a, hence if L is modular, then
xexf3 = (x V b) /\ a = x V (b /\ a) = X. Thus exf3 = 1 and dually, f3a = 1, i.e. in a
modular lattice the mappings ex, f3 are mutually inverse. Since ex and f3 are both
order-preserving, it follows that I and J are isomorphic as lattices. But in concrete
cases the explicit form of the mappings ex, f3 often tells us more than this.
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8 v b

J

b
8

8 1\ b

Figure 3.4

Let us call two intervals I, J related as in Figure 3.4 perspective, and two intervals
related by a series of perspectivities projective. The second isomorphism theorem of
group theory (Theorem 2.3.3) shows that in the lattice .AI(G) of all normal subgroups of G, perspective intervals define isomorphic quotients. Hence the same is
true of projective intervals and the usual proof of the Schreier refinement theorem,
using the Zassenhaus lemma (see Exercise 6 of Section 2.3) shows that any two
normal chains have refinements in which corresponding intervals are projective,
and hence define isomorphic factor groups (however, this theorem does not operate
within .AI(G)).
To obtain a criterion for modularity, let us call two elements x, y in an interval
[a, b] complementary and call each a relative complement (in [a, b]) of the other if
x /\ y = a, x V y = b.
Proposition 3.1.3. A lattice L is modular if and only if, for each interval I of L, any two
elements of I which are comparable and have a common complement in I are equal.

Proof. In any lattice L, given a, b, c E L, if a:::: c, then a V (b
a V (b /\ c) :::: c, hence
a V (b /\ c) :::: (a V b) /\ c.

1\

c) :::: a V band
(3.1.10)

Therefore L is non-modular iff the inequality (3.1.10) is strict for at least one triple
(a, b, c) such that a:::: c. When a = c, the two sides of (3.1.10) are equal by the
absorptive law (3.1.3), so we may assume that a < c. Suppose first that strict
inequality holds in (3.1.10). Put a' = a V (b /\ c), c' = (a V b) /\ C; then by (3.1.10),

a:::: a'

< c' :::: c,

(3.1.11)

and b /\ c' = b /\ (a V b) /\ c = b /\ c, a' V b = a V (b /\ c) V b = a V b. Moreover,
c' :::: a V b, hence b V c' :::: a vb:::: b V c' by (3.1.10); therefore b V c' = a V b, and
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av e

e
b

a'

a

Figure 3.5

dually, a' /\ b = b /\ c. This shows that a' and c' have the common complement b
in [b /\ c, a V b], and by (3.1.11) they are comparable but distinct (see Figure 3.5).
Conversely, if a', c' are distinct elements which are comparable and have a
common complement in [u, v], say a' /\ b = c' /\ b = u, a' V b = c' v b = v and
u :s a' < c' :s v, then

a'v (b /\ c') = a' < c' = (a'
hence L is not modular.

V

b) /\ c',

•

The property characterizing modularity involves only five elements, namely the
endpoints of the interval, an element and its two complements. Thus we have
Corollary 3.1.4. A lattice is modular if and only if it does not contain a sublattice isomorphic to the pentagon lattice of Figure 3.6.
•

For example, the lattice of Figure 3.1 is modular, but that of Figure 3.2 is not.
If 5 is any set, then the lattice of subsets of 5, &'(5), is modular, but not every
modular lattice can be represented as a lattice of subsets. For example, the Klein
4-group gp{a, bla2 = b2 = (ab)2 = l} has the subgroup lattice shown in Figure 3.7
(the 'diamond' lattice), but it cannot be represented as a lattice of subsets, as the
reader can discover by a little experimentation.
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Figure 3.6

Figure 3.7

It turns out that the lattices qp(S) satisfy a further law not holding in the diamond
lattice, namely the distributive law. There are two dual forms of this law, which however are equivalent; moreover, they imply the modular law. Before proving this fact
we note that in any lattice we have a vb 2: a /\ c, b /\ C and c 2: a /\ c, b /\ C for any
a, b, c; hence
(a V b) /\

C

2: (a /\ c)

V

(3.1.12)

(b /\ c).

Now the distributive law is expressed by equality in (3.1.12). More precisely we have
Proposition 3.1.5. In any lattice L the following conditions are equivalent:

(a) (a V b) /\ c = (a /\ c) V (b /\ c) for all a, b, c E L;
(a*) (a /\ b) V c = (a V c) /\ (b V c) for all a, b, c E L;
(f3) (a V b) /\ c S a V (b /\ c) for all a, b, c E L.

Proof. If (a) holds, then

(a

V

b) /\ c = (a /\ c) V (b /\ c) S a V (b /\ c),

i.e. (f3). Conversely, assume (f3): (a
and using (f3) again, we obtain

(a

V

b) /\ c

s

V

b) /\

[(b /\ c)

C

S a V (b /\ c). Applying /\c to both sides

val /\ c S (b /\ c)

V

(a /\ c).

The reverse inequality holds by (3.1.12), hence we obtain (a). Thus (a) {} (f3), and
•
since (a*) is the dual of (a) and (f3) is self-dual, we also have (a*) {} (f3).
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A lattice satisfying these three equivalent conditions is said to be distributive;
specifically, either (a) or (a*) is called the distributive law. From (13) it is clear
that every distributive lattice is modular.
There is a criterion analogous to Proposition 3.1.3: a lattice is distributive iff
relative complements in any interval are unique. We shall only need the necessity
of this condition:
Proposition 3.1.6. In any distributive lattice, relative complements in each interval are

umque.
Proof. Let a /\ b = a' /\ b = u, a v b = a'

v b = v; then

= a /\ (a' V b) = (a /\ a') V (a /\ b) = a /\ a';
hence a ::: a'. By symmetry a' ::: a and hence a' = a.
a = a /\ v

•

If we single out the five elements involved we obtain the following alternative
formulation:

A lattice is distributive if and only if it does not contain a sublattice isomorphic to the
pentagon lattice in Figure 3.6 or the diamond lattice in Figure 3.7.
For a proof of this criterion see Birkhoff (1967) or Cohn (1981) (see also Exercise
12 below).

Exercises
1. Show that in any lattice, if a ::: a', b ::: b', then a /\ b ::: a' /\ b', a vb::: a' vb'.
2. Find the smallest partially ordered set in which any two elements have an upper
bound and a lower bound but which is not a lattice.
3. Find all lattices on at most five elements. Which of them are anti-isomorphic
with themselves? Which are modular, or distributive?
4. Show that the least element 0 in a lattice (if it exists) is characterized by
o /\ x = 0, 0 V X = x, and give a corresponding characterization of the greatest
element.
5. Let L be a modular lattice. Show that if a, b, c E L satisfy a /\ (b V c) =
(a /\ b) V (a /\ c), then the sublattice generated by a, b, c is distributive.
6. Show that in any modular lattice the sublattice generated by any two chains is
distributive.
7. Let L be a system with two binary operators v, /\ and a particular element 1 in L
satisfying (i) a /\ a = a, (ii) a V 1 = 1 Va = 1, (iii) a /\ 1 = 1/\ a = a, (iv)
a /\ (b V c) = (a /\ b) V (a /\ c), (b V c) /\ a = (b /\ a) V (c /\ a) for all a, b, c E L.
Show that L is a distributive lattice with greatest element 1.
8. Show that in a topological space the closed sets form a complete distributive
lattice.
9. (0. Ore) Show that, for any group G, Lat(G) is distributive iff G is locally cyclic
(i.e. every finitely generated subgroup is cyclic).
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10. Let G = Sym4' H = {I, (1 2)}, K = {I, (1 2 3 4)}; show that G is generated by
Hand K, and deduce that H v K i- HK, where H v K is the join of Hand K in
Lat(G). Show that Lat(G) is not modular.
11. Show, by examining the lengths of maximal chains in Lat(Alt4), that this lattice
is not modular.
12. Show that in any lattice L,

(x 1\ y) v (y 1\ z)

V

(z 1\ x) ::: (x

v y) 1\ (y v z) 1\ (z V x) for all x, y, Z E L,

(i)

with equality iff L is distributive. Denote the two sides of (i) by u, v respectively
and put x' = (x 1\ v) V u, y' = (y 1\ v) V u, z' = (z 1\ v) V u. If L is modular but
not distributive, choose x, y, Z E L such that the inequality (i) is strict and verify
that u, v, x', y', z' form a diamond lattice. Deduce that a modular lattice is
distributive iff it does not contain a diamond lattice as sublattice.

3.2 Chain Conditions
Although most of the lattices we shall meet are infinite, many of them satisfy finiteness conditions; these take several equivalent forms. We state them for any partially
ordered set:
Proposition 3.2.1. In any partially ordered set S the following conditions are

equivalent:
(a) (Ascending chain condition) Every ascending chain becomes stationary: if
(3.2.1)

then there exists no such that am

= an for all m, n 2: no.

(b) Every strictly ascending chain terminates: if

al < az < ... ,

(3.2.2)

then the chain has only finitely many terms.
(c) (Maximum condition) Every non-empty subset of S has a maximal element.
Proof. (a) ::::} (b) follows because any chain (3.2.2) can become stationary only by
terminating. To prove (b) ::::} (c), let M be a non-empty subset of S. Pick al EM;
if al is not maximal in M, we can find az EM such that az > al> and generally,
for each an E M, either an is maximal or there exists an+ I E M such that
an+1 > an. Thus we obtain a chain (3.2.2) which must terminate, by (b), and the
last element is maximal in M.
(c) ::::} (a). Given (3.2.1), let an be maximal in the set {ai, az, ... }; then an 2: am
for all m, hence an = an + I = ... , so (3.2.1) becomes stationary.
•

We note that the Axiom of Choice was used in the deduction (b) ::::} (c); it can be
shown that this is indispensable. Thus without the Axiom of Choice the maximum
condition is stronger than the ascending chain condition, but in the presence of the
Axiom of Choice they are equivalent (see Hodges [1974]).
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There is a useful induction principle holding in sets with maximum condition:
Proposition 3.2.2 (Noetherian induction). Let 5 be a partially ordered set with

maximum condition. If X is a subset of 5 which contains any element a of 5 whenever
it contains all elements x E 5 such that x > a, then X = 5.
Proof. Consider the complement X' of X in 5. If X' =f. 0, let c be a maximal element
of X'. Then any x> c must be in X, hence by hypothesis, c E X, which contradicts
•
the fact that c E X'. Therefore X' is empty and X = 5, as claimed.

By duality we obtain from Proposition 3.2.1 the equivalence of the minimum condition and (two forms of) the descending chain condition, and as in Proposition
3.2.2 we obtain an induction principle for ordered sets with minimum condition.
For well-ordered sets, i.e. totally ordered sets with minimum condition, this is just
the principle of transfinite induction (see Section 1.2).
Every finite ordered set clearly satisfies both maximum and minimum conditions;
the converse is false, as any infinite set shows whose elements are all incomparable.
Even for modular lattices the converse need not hold (see Exercise 2), but it does
hold for distributive lattices, as we shall see in Section 3.4. For the moment we
shall describe the modular lattices satisfying both chain conditions. Given a chain
C between certain points p, q, any chain from p to q which includes C is called
a refinement of C; clearly C is a maximal chain from p to q iff it has no proper
refinements.
Proposition 3.2.3. In a partially ordered set 5 with both chain conditions, every chain is
finite and can be refined by inserting further terms to yield a maximal chain between the
given endpoints.

Proof. By the minimum condition, every chain in 5 has a minimal element, necessarily unique. Given a chain C in 5, let al be its least element, and generally define av
as the least element of C\{al, ... , av - d. Then

al < a2 < ... ,

(3.2.3)

and by the maximum condition this chain terminates. If the last term is an, it follows
that C = {ai, . .. , an}, hence C is finite. Next, given a chain (3.2.3), let bl be minimal
in 5 such that al < h :s a2. If bl < a2, we choose b2 E 5 such that b2 is minimal
subject to bl < hz :s a2' Continuing in this way, we obtain a chain
al < bl < b2 < ...

:s a2,

which cannot be refined further. By the maximum condition it must terminate,
which can only happen when bk = a2 for some k. We now have a maximal chain
from al to a2; by induction on the number of terms in (3.2.3) we can find a maximal
chain from a2 to an, and together with the part found this provides a maximal chain
•
from al to an.
Let us define the length of a chain as the number of its links, thus

a = ao < al < ... < an = b

(3.2.4)
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has length n. In general there is no reason why two maximal chains between the same
endpoints should have the same length. For example, in the pentagon lattice of
Figure 3.6 there are two maximal chains in the lattice of lengths 2 and 3. But if
we have two chains between the points a and b in a modular lattice, then the
proof of the Schreier refinement theorem (see Exercise 7 of Section 2.3), applied to
lattices, shows that they have refinements whose links can be paired off in such a way
that corresponding links are projective. In particular, if both chains are maximal, it
follows that they both have the same length. Thus we have
Proposition 3.2.4. Let L be a modular lattice and a ~ b in L such that there is a
maximal chain from a to b, of length n. Then every chain between a and b has

length at most n, and the length equals n if and only if the chain is maximal.

•

In view of this result we can define the length of a lattice as the supremum of the
lengths of its chains. Modular lattices of finite length can be defined as follows:
Corollary 3.2.5. A modular lattice has finite length if and only if it satisfies both the
ascending and the descending chain condition.

Proof. Clearly any modular lattice of finite length satisfies both chain conditions.
Conversely, if a modular lattice L satisfies both chain conditions, take a maximal
element c in L. Then x < c or x = c for any x E L, hence c is in fact the greatest
element 1 in L, and dually, L has a least element O. By Proposition 3.2.4, there is a
maximal chain from 0 to 1; this is finite, of length n say, and no chain can be

.

~

A modular lattice has finite length if there is an element c such that all chains
below c are finite, and likewise all chains above c. But sometimes we shall want
the corresponding assertion when only one of the chain conditions holds.
Proposition 3.2.6. Let L be a modular lattice and c E L. Denote by Lc,c L the sub lattices

of elements ~ c and::: c respectively. If both Lc and cL satisfy the maximum condition,
then so does L.
Proof. Let

(3.2.5)
be an ascending chain in L. Then al /\ c ~ a2 /\ c ~ ... , and by hypothesis this
becomes stationary. Likewise for al V c ~ a2 V c ~ ... ; thus we may choose no
such that for all m, n ::: no,
am /\ c = an /\ c = u, say,

am

V

c = an

V

c = v, say.

Hence am, an have a common complement c in [u, v), and since am ~ an for m ~ n,
it follows by Proposition 3.1.3 that am = an for m, n ::: no, so (3.2.5) becomes
stationary, as claimed.
•
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In lattices with a chain condition there is a decomposition lemma that is
frequently used. It is convenient to formulate it more generally for ordered mono ids.
By a partially ordered monoid we understand a monoid which is partially ordered as
a set and such that x S x', y S y' implies xy S x'y'. We shall further require the
condition

xy s x,XY S y.

(3.2.6)

Examples are lattices with greatest element 1 and with x 1\ y as the operation, or N
with the ordering opposite to the usual one. An element c in such a monoid is called
irreducible if c =1= 1 and c cannot be written as a product of two elements that are> c.
Lemma 3.2.7 (Decomposition Lemma). Let M be a partially ordered monoid satisfy-

ing the maximum condition and (3.2.6). Then every element can be written as a product
of irreducible elements.
Proof. Denote by I the subset of elements of S which cannot be expressed as a
product of a finite number of irreducible elements; we have to show that I is
empty. If I =1= 0, take a maximal element c in I; then c cannot be irreducible and
c =1= 1 because 1 is the product of the empty family. Hence c = ab for some
a > c, b > c. By the maximality of c, a and b are products of irreducible elements,
say a = a, ... a" b = b, ... bs and it follows that c = a, ... arb, ... bs • This contradicts the choice of c and it shows that I = 0. Thus every element of S is a product
of irreducible elements.
•
Example 1. Let L be a lattice with maximum condition. Then L has a greatest
element 1 and it satisfies the hypothesis of the lemma with respect to the operation
x 1\ y. In this case the irreducible elements are called meet-irreducible and the lemma
tells us that in L every element c can be written in the form
c = a, /\ ... /\ aT> where each ai is meet-irreducible.
Example 2. Dually, if the operation is x v y, the irreducible elements are called joinirreducible. By the above lemma, or rather, its dual, in a lattice with minimum
condition every element c can be written as
c = b, v ... v bs , where each bi is join-irreducible.
Example 3. In N the minimum condition holds for the usual ordering and xy ::: x, y;
the irreducible elements in this case are the prime numbers, so we can apply the
lemma to deduce that every natural number can be written as a product of prime
numbers. In Section 10.8 we shall apply Lemma 3.2.7 in a similar situation which
generalizes this case.
In a partially ordered set with minimum condition there is a relation between antichains and lower segments which is sometimes useful.
Proposition 3.2.8. Let S be a partially ordered set with minimum condition. Then there
is a natural bijection between lower segments and anti-chains: To each lower segment L
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there corresponds the anti-chain LO consisting of all minimal elements of the complement L' of L; to each anti-chain A there corresponds the complement of the upper segment [AI generated by A, AO= [AI'.
Proof. From the definitions it is clear that for any lower segment L we have L S; L00.
If x f/ L, then x E L', hence by the minimum condition there is a minimal element a
of L' such that a :::: x, so x E [LOI and therefore x f/ Loo ; this proves that Loo = L. Next
take an anti-chain A; again it is clear that A S; Aoo . To prove equality here we note
that AO= [AI'; hence for any x E AOo, x is a minimal element of A O' = [AI. By definition this means that x ~ a for some a E A, but by the minimality of x, x = a, so
x E A, as claimed.
•

Our final result does not strictly deal with a chain condition, but it is a construction arising from an ascending chain of subgroups.

Proposition 3.2.9. Let {Gnl be a sequence of groups such that Gn is a subgroup of
Gn + I. Then the union UGn is a group with each Gn as a subgroup.

Proof. On the union G = UG n we can define a group structure in just one way.

namely, if x, y E G, then x E Gr, Y E Gs where r :::: s say. Hence x, y E Gs and the
product xy is defined in Gs. Moreover, for any n ~ s, Gs is a subgroup of Gn> so
the product xy is the same in Gn as in Gs• In this way we define a multiplication
on G and it is easily checked that G is a group with respect to this multiplication,
with each Gn as a subgroup.
•
We observe that this result holds more generally if instead of an ascending
sequence of groups we have a 'directed system' {GAl of groups, i.e. for each pair
A, JL there exists v such that GA U GiJ- S; Gv •

Exercises
1. Show that a partially ordered set in which each chain has at most m and each anti-

chain has at most n elements, has at most mn elements.
2. Give an example of an infinite modular lattice of length 2.
3. Let G be a finitely generated group. Show that the union of any countable strictly
ascending sequence of subgroups without last term is a proper subgroup.
4. Give an example of a non-trivial abelian group without maximal proper
subgroups.
5. Show that a lattice in which every lower segment is principal (i.e. generated by a
single element) satisfies the maximum condition.
6. Prove without the Axiom of Choice that in a group with maximum condition all
subgroups are finitely generated.

3.3 Categories
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3.3 Categories
Many readers will have met categories, but in view of their importance we recall their
definitions in some detail and describe some of their simpler properties. A category
d consists of a class of objects and a class of morphisms or maps. With each morphism a two objects are associated, its source and target; if they are X, Y respectively, we
write a : X --+ Y or X ~
Y and say: a goes from X to Y. The collection of all
morphisms from X to Yis written Homd(X, Y) or simply d(X, Y). Further, certain
pairs of morphisms can be combined to yield another morphism. Given a : X --+ Y,
f3 : Y --+ Z, so that the target of a is the source of f3, we can compose a and f3 to a
morphism from X to Z, denoted byaf3. These objects and morphisms are subject to
the following rules:

C.l d(X, Y) is a set and d(X, Y) n d(X', Y') = 0 unless X = X' and Y = Y'.
C.2 If a : X --+ Y, f3 : Y --+ Z, y : Z --+ T, so that (af3)y and a(f3y) are both defined,
then (af3)y = a(f3y).
C.3 For each object X there exists a morphism Ix : X --+ X such that for each
a: X --+ Y, we have lxa = aly = a.
It is easily seen that lx, for each object X, is uniquely determined by these properties;
it is called the identity morphism for X. Given a : X --+ Y, a morphism a' : Y --+ X
such that aa' = lx, a'a = ly is called an inverse of a; such an a' may not exist,
but if it does, it is uniquely determined by a; it will denoted by a - I. Any morphism
with an inverse is called an isomorphism, and two objects are isomorphic if there is an
isomorphism between them.
An obvious example is the category whose objects are all sets, with mappings
between them as morphisms; this category is usually denoted by Ens (for 'ensemble',
French for 'set'). More precisely, the morphisms are triples (a, X, Y), where the
source and target are named, to distinguish (a, X, Y) from (a, X, Y'), where Y' is
a subset of Y containing the image of X under a. Similarly we have Gp, the category
of groups and homomorphisms, and Top, the category of topological spaces and
continuous mappings. In the next chapter we shall meet Rg, the category of rings
and homomorphisms, and for each ring R, the category ModR whose objects are
all right R-modules, while the morphisms are all R-homomorphisms; corresponding
definitions apply for the category RMod of left R-modules.
As we saw in Section 1.1, we cannot speak of the 'set of all sets' without rapidly
reaching contradictions; the simplest way out of this dilemma is to refer to the
class of all sets, and to keep a distinction between classes and sets. A set may be
thought of as a 'small' class; in this sense a category is said to be small if the class
of its objects is a set. The categories listed above, Ens, Gp, Top, Rg, ModR, RMod,
are not small. But any group (more generally, any monoid) can be regarded as a
category with a single object, with multiplication everywhere defined; this provides
an example of a small category.
Given a category d, a subcategory !!l is a collection of objects and morphisms of
d which forms a category with respect to the composition in d. Thus !!l(X, Y) ~
d(X, Y) for any !!l-objects X, Y; if equality always holds here, !!l is called a full
subcategory of d. Thus a full subcategory is determined once we have specified
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the objects. For example, the category Ab of abelian groups is a full subcategory
ofGp.
From every category .91 we obtain another category .91 0, called its opposite,
by reversing all the arrows. Thus .91 ° has the same objects as .91 but for each
d-morphism a : X -+ Y there is a morphism aO : Y -+ X in d°, with multiplication (af3)o = f3oao, whenever both sides are defined.
A functor F from one category .91 to another, f1l, is a function which assigns to each
d-object X a f1l-object XF and to each d-morphism a : X -+ X' a f1l-morphism
a F : XF -+ X'F such that
F.I If af3 is defined in .91, then a F.f3F is defined in f1l and a F.f3F
F.2 If = IXF, for each d-object X.

= (af3l.

Thus a functor may be described succinctly as a homomorphism of categories. More
precisely, the functor defined above is called covariant; by a contravariant functor one
understands a functor G from .91 to f1l which assigns to each .91 -object X a f1l-object
X G and to each d-morphism a : X -+ X' a f1l-morphism a G : X'G -+ X G (note the
reversed order) such that F.2 holds, while F.I is replaced by
F.lo. If af3 is defined in .91, then f3G. a G is defined in f1l and equals (af3)G.

Thus a contravariant functor from .91 to f1l may be described as an antihomomorphism from .91 to f1l, or also as a homomorphism from d° to f1l (or from
.91 to f1l 0 ).
As an example of a functor we have the derived group G' of a group G, that is, the
subgroup generated by all commutators (x, y)(x, y E G). For every group homomorphism f : G -+ H there is a homomorphism f' : G' -+ H', obtained by restriction from f, and it is clear that (fg)' = f' g', l' = 1. On the other hand, the centre of
a group cannot be regarded as a functor; if the centre of G is Z( G), then a homomorphism G -+ H need not map Z(G) into Z(H), as we see by taking G to be an
abelian subgroup of H, not contained in Z(H), for a non-abelian group H.
All the categories mentioned above are concrete, in the sense that there is a function Fto Ens, such that the induced mapping of hom-sets d(X, Y) -+ Ens(XF, yF)
is injective. This functor F, associating with each group, ring etc. its underlying set, is
called the forgetful functor: it 'forgets' the group (resp. ring etc.) structure.
Frequently one wants to compare two functors. Given two functors 5, T from
one category .91 to another (possibly the same) f1l, we define a natural transformation
from 5 to T as a family of f1l-morphisms CPx : X S -+ XT for each d-object X, such
that for any d-morphism f : X -+ Y and 5, T: .91 -+ f1l, we have Fcpy = CPxfT:

XT - - - - - + ) yT
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A natural transformation with an inverse which is again a natural transformation
is called a natural isomorphism. Here Sand T were assumed covariant throughout, but the same definition applies mutatis mutandis when both Sand Tare
contravariant.

Examples. If V is a finite-dimensional vector space over a field k, and
V* = Hom(V, k) is the dual space, then dim V = dim V* and so the spaces V,
V* are isomorphic, but the isomorphism is not natural (it depends on the choice
of bases in V, V*). On the other hand, there is a natural isomorphism between V
and its bidual V**. Let us write (x, a) for the value of a E V* at x E V and (j, a)
for the value of f E V** at a E V*. Then a natural transformation from V to V**
is given by
X

1-+

x, where x E V** is defined by (x, a) = (x, a).

(3.3.1)

We observe that we cannot expect to find a natural transformation from V to V*
because the correspondence V 1-+ V* is a contravariant functor. Now it can be
shown that for finite-dimensional spaces the correspondence (3.3.1) is a natural
isomorphism (see Section 4.6 and Section 4.9).
As another example, consider, for any group G, the quotient Gab = GIG', also
called the abelianization of G. It is easy to verify that for any homomorphism
f : G -+ A from G to an abelian group A there exists a homomorphism
I' : Gab -+ A such that f is equal to the natural map G -+ Gab followed by 1'. This
is expressed by saying that Gab is the universal abelian homomorphic image of G
and it has the universal mapping property.
Two categories .91, 81 are said to be isomorphic if there is a functor T : .91 -+ fJ6
with an inverse, i.e. a functor S : fJ6 -+ .91, such that ST = 1, TS = l. For example,
the category of abelian groups is isomorphic to the category of Z-modules; it is well
known that every abelian group may be considered as a Z-module and vice versa.
Nevertheless the notion of isomorphism between categories is rather restrictive;
it leaves out of account the fact that isomorphic objects in a category are for
many purposes interchangeable. For this reason the following notion of equivalence
is more useful:
Two categories .91, 81 are said to be equivalent if there are two covariant functors
T: .91 -+ fJ6, S : fJ6 -+ .91 such that TS is naturally isomorphic to the identity functor
on .91, and similarly ST is naturally isomorphic to the identity on 81. When this holds
for contravariant functors, .91 and 81 are called dual or anti-equivalent. For example,
the reversal operator op : .91 -+ .91 0 is a duality (which happens to be its own
inverse).
Any functor T : .91 -+ 81 defines for each pair of d-objects X, Y a mapping
(3.3.2)

T is called faithful if (3.3.2) is injective, full if (3.3.2) is surjective and dense if each
fJ6-object is isomorphic to one of the form X T , for some d-object X. For an equivalence functor T, (3.3.2) is a bijection, so in this case T is full and faithful, and clearly
it is also dense. Conversely, suppose that T is full, faithful and dense. Then (3.3.2) is
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an isomorphism; moreover, for each ~-object
Z we can by density find an d -object
ZS such that ZST ~ Z, and now we can use the isomorphism (3.3.2) to transfer any
map between ~-objects
to a map between the corresponding d-objects. Thus we
obtain
Proposition 3.3.1. A functor is an equivalence if and only if it is full, faithful and

dense.

•

To illustrate the result, let k be a field and consider Veck> the category of all finitedimensional vector spaces over k with linear mappings as morphisms. In Veck we
have the subcategory Colk consisting of all column vectors over k, i.e. all spaces
kn(n::: 0). Let us choose, for each vector space V of dimension n, an isomorphism
v : V -+ kn. Define T : Colk -+ Veq as the inclusion functor and S : Veck -+ Colk
as follows: V S = vev = kn , where n = dim V, and given f: U -+ V, we put
fS = eij [fe v . This definition ensures that eis a natural transformation from Veq to
Colk. We may without loss of generality take v to be the identity when V = kn.
In that case we have TS = 1, while ST is naturally isomorphic to 1, via e. Thus Veck
is equivalent to Colk. We observe that Colk is a small category, so Veq is equivalent
to a small category, though not itself small. We also note that we cannot choose a
smaller category than Colk> for it has only one object of any given isomorphism type.
A category with this property is said to be skeletal, and for any category, a skeletal
subcategory equivalent to it is called a skeleton. It is clear that any category has a
skeleton, for we can always choose a subcategory by taking one copy from each isomorphism class of objects. However, the skeleton need not be small; e.g. Ens does
not have a small skeleton, since there are sets of arbitrary size, but a small skeleton
exists for the subcategory of finite sets.
In any category d an initial object is an d -object I such that there is just one
morphism from I to any d-object; thus d(I, X) always has just one element and
in particular, the only map I -+ I is the identity on 1. A category may have more
than one initial object, but they are all isomorphic, for if I, I' are both initial,
then there exist unique morphisms a : I -+ I', f3 : I' -+ I; hence af3 : I -+ I must
be the identity on I, and likewise f3a is the identity on I'; therefore a is an isomorphism. Now a final object in d is defined as an initial object in the opposite
category dO. What we have proved can be stated as follows:

e

e

Proposition 3.3.2. In any category any two initial (or final) objects are isomorphic, by
a unique isomorphism.
•

For example, given any group G, we can form the category (G, Ab) whose objects
are homomorphisms from G to an abelian group, AA : G -+ A, while the morphisms
are homomorphisms between abelian groups, f : A -+ B such that AB = AAf. An
initial object in this category is the natural homomorphism from G to its abelianization: G -+ Gab.
Categories with initial objects often arise in the following way. Let d be any
category and P be any d-object. We form a new category (P,d), called the
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comma category determined by P, whose objects are the morphisms C(Jx : P --+ X to
an .s:1-object X, while the morphisms are .s:1-morphisms f : X --+ Y such that
C(Jy = C(Jxf. It can easily be verified that this new category has 1 : P --+ P as initial
object. For example, let U: Gp --+ Ens be the forgetful functor associating with
each group its underlying set and for any set X form the comma category
(X, Gpu). Its objects are maps from X to G U , the set underlying the group G, and
its morphisms are commutative triangles arising from homomorphisms
f : G --+ H. This category has an initial object, consisting of a group Fx and a
map v from X to F~
such that any map from X to a group can be factored by v.
This group F may be described as the universal group on X; it is better known as
the free group on X (see FA Chapter 3).
As a further illustration of a universal mapping property we have the factor
theorem (Theorem 2.3.1), which may be stated as follows:
Theorem 3.3.3. For any group G and a normal subgroup N of G there exists a group
GIN (the quotient of G by N) with a homomorphism v: G --+ GIN (the natural

homomorphism) which is universal for homomorphisms from G whose kernel
contains N.
•
Categories were introduced in the 1940s by Eilenberg and Mac Lane [1945] to state
topological results concisely in general form.

Exercises
1. Show that the set No consisting of all the natural numbers and 0 is a skeleton for

the category of finite sets and mappings.
2. Show that Ab is a full subcategory of Gp, and that the category of mono ids is a
subcategory of the category of semi groups which is not full.
3. If .s:1 is any category and 1 is a small category, show that there is a category
Fun(I,.s:1) whose objects are functors from 1 to .s:1 and the morphisms are natural
transformations.
4. Let 1 be a small category. Show that the functor from 1° to Fun(I, Ens) which
maps X to leX, -) is full and faithful. Is it dense?
5. Let I be a small category and for any I-objects X, Y write X :s Y iff leX, Y) -=1= 0.
Show that ':s' is a preordering on the object set of 1. Verify that conversely, any
preordered set can be made into a small category by introducing a morphism
ex : x --+ y whenever x :::: y. Show that any skeleton of the resulting category is
an ordered set.
6. Show that there is no natural transformation from a covariant funtor to a contravariant functor.
7. Find a category with a skeleton which is not small.
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3.4 Boolean Algebras
We have seen that in any distributive lattice complements in an interval, when they
exist, are unique. Thus if L is a distributive lattice with 0 and 1 in which every
element has a complement, we can regard the process of associating with each
element x its complement x' as a unary operator, i.e. an operator with one argument.
A complemented distributive lattice with greatest and least element is called a
Boolean algebra (after George Boole). Thus a Boolean algebra is a set with two
binary operators V, /\, a unary operator' and constants 0,1, satisfying the laws
(3.1.1)-(3.1.4) and the distributive law, as well as the equations

x /\ x' = 0,
Clearly 0'

x V x' = 1.

(3.4.1)

= 1, I' = 0, and since x' is the unique complement of x,
X

/I

=x.

(3.4.2)

We note a consequence, known as De Morgan's laws (after Augustus De Morgan):

(x /\y)'

= x' V y',

(x

V

y)'

= x' /\y'.

(3.4.3)

For we have (x' V y') /\ (x /\ y) = [x' /\ (x /\ y)) V [y' /\ (x /\ y)) = 0, and (x' V y') V
(x /\ y) = [(x' V y') V x)/\ [(x' V y') v y) = 1. Hence x' V y' is the complement of
x /\ y and we obtain the first Equation (3.4.3); the second follows by duality.
We also note that

x :S Y

*

X /\

y'

=0*

x'

V

y

= 1.

(3.4.4)

For if x :s y, then x /\ y' :s y /\ y' = 0, hence x /\ y' = O. Conversely, if x /\ y' = 0,
then x v y = (x V y) /\ 1 = (x V y) /\ (y' V y) = (x /\ y') V Y = y, and so x:s y.
This proves the first equivalence in (3.4.4); the second follows by applying (3.4.3).
Example 1. The set of all subsets gt'(X) of any set X is a Boolean algebra if we
put 0 = 0, 1 = X and for Y E gt'(X) take Y' to be the complement of Y in X.

More generally, any system of subsets of X closed under finite unions and complements is a Boolean algebra; the closure under finite intersections follows by (3.4.3)
and 0, 1 are present as the empty union and its complement. This is merely a subalgebra of &,(X), also called a field of sets in X.
Let X be any infinite set. Then the sub algebra of gt'(X) generated by all the finite
subsets of X consists of all the finite subsets of X and their complements, called the
cofinite subsets of X.
We remark that a sublattice of &'(X) need not be a Boolean algebra, because it
may not be closed under complements.
Example 2. In any interval I = [a, b) of a distributive lattice L, the set of elements
of I which have a complement in I forms a Boolean algebra.
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Example 3. The 2-element lattice is a Boolean algebra. If the elements are a, band
a V b = b, say, then a < b and we get a Boolean algebra by putting a = 0, b = 1,
0' = 1, I' = O. This lattice will be denoted by 2. The I-element lattice is also a
Boolean algebra, called the trivial algebra; it is usually excluded from consideration.
Thus 2 is the smallest non-trivial Boolean algebra.
Example 4. The set of all propositions in logic forms a Boolean algebra, taking /\, V
to be conjunction ('and') and disjunction ('or') respectively and x' to be the negation
of x ('not x'), and for 1,0 propositions T, F known to be true and false respectively
(e.g. T = 'someone is looking at this page now' and F = T'). In classical logic each
proposition is either true or false, once specific values are assigned to the variables,
i.e. each proposition A has a truth-value f(A), and it is easily verified that fis a homomorphism of the Boolean algebra of all propositions into 2.
It is clear that the duality holding in general lattices extends to Boolean algebras.
Thus from any law holding in Boolean algebras we obtain another law by interchanging v, /\ and 0, 1.
Given Boolean algebras A and B, by a dual homomorphism one understands a
mapping f : A -+ B such that

x'f

= (xf)',

(x v y)f

= xf /\ yf,

(x /\ y)f

= xf V yf.

(3.4.5)

Dual isomorphisms etc. are defined similarly. From De Morgan's laws (3.4.3) we see
that every Boolean algebra admits a dual automorphism, the natural duality, defined
by the complementation mapping x 1-+ x'. In a non-trivial Boolean algebra this
duality has no fixed point, and its square is the identity. This shows that every
finite non-trivial Boolean algebra has an even number of elements.
The Boolean algebra 2 possesses a remarkable property, its functional completeness: we shall find that every function of n variables on 2 with values in 2 can be
expressed as a Boolean polynomial. Here a Boolean polynomial in Xl, ... ,Xn is
defined by the following rules:
1. Each Xi is a Boolean polynomial.
2. If u is a Boolean polynomial, then so is u'.
3. If u, v are Boolean polynomials, then so is u /\ v.

Of course u V v can be expressed as (u' /\ v')'. For example (x /\ y') V (Zll /\ x) is a
Boolean polynomial. Two Boolean polynomials are said to be equal if we can pass
from one to the other by applying the laws of Boolean algebras, viz. (3.1.1)(3.1.4) and (3.4.1)-(3.4.3). It is clear that equal Boolean polynomials are equal as
functions on any Boolean algebra; below we shall prove a converse: two Boolean
polynomials which define the same function on a given non-trivial Boolean algebra
must be equal as polynomials. Clearly it will be enough to prove this for the smallest
non-trivial algebra 2. The result is proved by finding a normal form for polynomials,
which is shown to be unique; more precisely, we shall find two normal forms dual to
each other.
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To describe these normal forms, let us define a minterm in Xl, ... , Xn as
Xl /\ ... /\ Xn, where Xi is Xi or

x:

(i

= 1, ... , n).

(3.4.6)

Now a Boolean polynomial f is said to be in disjunctive normal form if it has the form

f = fl

v ... Vfr,

(3.4.7)

where each fj is a minterm in Xl, ... , Xn. For example, the disjunctive normal form
for x' /\ y is x' /\ y, while for X V y' it is (x /\ y') V (x' /\ y') V (x /\ y). Dually we
define a maxterm in Xl, ... , Xn as
Xl V ... V X n, where Xi is Xi or X;

(i = 1, ... , n)

(3.4.8)

and the conjunctive normal form for f is

f = fl /\ ... /\ fr,

(3.4.9)

where each Ii is a maxterm in Xl, ... , Xn. For example, the conjunctive normal form
for X /\ y' is (x V y') /\ (x' V y') /\ (x V y) while for x' V y it is x' V y. With these
definitions we have
Lemma 3.4.1. Any Boolean polynomial in Xl, ... , Xn is equal to a polynomial in

disjunctive normal form, and likewise to a polynomial in conjunctive normal form.
Proof. Let p be any Boolean polynomial in Xl, ... , Xn. By the distributive law we can
write p as a disjunction (3.4.7), where each Ii is a conjunction of some of the
Xl, ... , Xn, X~,
... , x~.
By the idempotent law we can omit repetitions and if both
Xi and x; occur in Ii, then Ii is 0 and so may be omitted, while x;' can be replaced
by Xi. In order to obtain a disjunction of minterms we order the variables in Ii (by
the commutative law), say in ascending order; if neither Xi nor X; occurs, then
since Ii = (Ii /\ Xi) V (Ii /\ X;), we can replace Ii by Ii /\ Xi and Ii /\ x;. In this way
we obtain an expression (3.4.7) for p, where each Ii is a minterm in Xl, ... , Xn, so
p has been expressed in disjunctive normal form. The result for conjunctive
normal forms follows by duality.
•

Let us consider a minterm (3.4.6). It takes the value 1 for just one set of values in
2n, namely a = (ai, ... , an), where

ai

= {~

= Xi,
if Xi = X;.
if Xi

(3.4.10)

From (3.4.10) we see that for each n-tuple a E 2 n there is just one minterm taking
the value 1 at a and 0 elsewhere; this minterm will be denoted by Ea. Thus Ea is
the characteristic function of the I-point subset {a} of 2n. More generally, if S is
any subset of 2n, then its characteristic function can be written as a Boolean polynomial:
Xs

= V Ea·
aES

(3.4.11)
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Now any function f : 2 n ---+ 2 is the characteristic function of a subset of 2 n , namely
If-I = {a E 2n lf(a) = I}. Hence (3.4.11) can be used to express f as a Boolean polynomial; moreover this expression is unique, since f is completely determined by
If-I. Thus every function on 2 n can be represented by exactly one Boolean polynomial in disjunctive normal form. A dual argument applies to conjunctive
normal forms. Let us sum up our conclusions:
Theorem 3.4.2. Each Boolean polynomial is equal to a unique expression in disjunctive
normal form (3.4.7) and to a unique expression in conjunctive normal form (3.4.9) and

it defines a function on each Boolean algebra. Moreover, on the Boolean algebra 2, every
function of n variables is given by a Boolean polynomial, but on any Boolean algebra of
more than two elements there are functions not represented by Boolean polynomials.
Proof. We have seen that every Boolean polynomial can be put in disjunctive normal
form (Lemma 3.4.1) and that every function on 2 has a unique expression in disjunctive normal form. This shows that the disjunctive normal form is unique (since it is
unique on 2). Now the number of mappings from 2 n to 2 is 22" so this must be the
number of expressions in disjunctive normal form (this is also easily verified directly).
But on a Boolean algebra with b elements there are bb" functions of n arguments, so
for b > 2 not all of them can be written as Boolean polynomials.
•
The fact that on 2 every function is a Boolean polynomial is expressed by saying
that 2 is functionally complete.
As an example consider the function given by Table 3.1.
Table 3.1

I~

001

010

100

011

o

o

o

101

110

111

o

The corresponding polynomial in disjunctive normal form is

(x /\ y' /\ z) v (x' /\ y' /\ z)

V

(x /\ Y /\ z).

We note that this may be simplified to give (y' /\ z) v (x /\ Y /\ z) or also
(x' /\ y' /\ z) v (x /\ z). Thus uniqueness holds only for the full disjunctive normal
form, where each variable occurs in each minterm.
We also note the interpretation of Theorem 3.4.2 in terms of the propositional
calculus (Example 5 above). It states that every assignment of truth values to n
propositions can be realized by a propositional function of n variables.
An important help in understanding finite Boolean algebras is a representation
theorem which shows them to have the form &J(X) for finite sets X. We shall establish this result in the slightly more general context of distributive lattices. Let P be a
partially ordered set and denote by P* the set of its lower segments. Each element c of
P defines a principal lower segment Ic] = {x E Pix :s c}; by identifying c with Ic] we
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may regard P as a subset of P*. It is clear that P* is a lattice with union and intersection as operations; thus it is a sublattice of &>(P) and hence is distributive. In this
way every partially ordered set can be embedded in a distributive lattice. It is a
remarkable fact that every finite distributive lattice is of this form.
Theorem 3.4.3. Let L be a distributive lattice of finite length. Then there is a finite

partially ordered set P, unique up to order-isomorphism, such that L ~ P*. If Land
P correspond in this way, then the length of L equals the number of elements of P.
Proof. Denote by L* the set of all join-irreducible elements of L, partially ordered
by inclusion. By Lemma 3.2.7, each c E L can be represented by the set of all joinirreducible elements below it, and the sets of join-irreducible elements occurring
in this way are just the lower segments of L*; thus L is order-isomorphic to the
set L ** of these lower segments, as claimed.
To show that P is uniquely determined by P* we shall verify that P** ~ P.
Consider a E P*; by definition, a is a lower segment in P. If a" ... , ar are the
different maximal elements of a, then x E a iff x:::: a, or ... or x :::: ar • Hence

a

= lad

V ... V

lar ],

and it follows that a is join-irreducible in P* iff it is principal. Thus P**, the set of
join-irreducible elements of P*, is just the set of principal lower segments of P. But
the latter is order-isomorphic to P, as we saw; therefore P** ~ P, as claimed.
Finally, if Land P correspond and P has n elements, then we can form a maximal
chain in L by picking a minimal element a, E P, next a minimal element az in P\ {ad
and so on; therefore each maximal chain in L has length n.
•
It is not hard to see that this correspondence between ordered sets and lattices is a
contravariant functor in each direction, providing a duality, i.e. an anti-equivalence,
between the category of finite partially ordered sets and order-homomorphisms and
finite distributive lattices and lattice-homomorphisms. Here the natural isomorphism from P to P** takes the following form: With each x E P we associate an element
x E P ** defined as a mapping P * -+ 2 by

x(a) = xa

for all a

E

P*.

By definition of P*, if x:::: yin P, then xa :::: ya for all a E P*, hence x(a) :::: yea),
and so x:::: y. This shows that the natural mapping P -+ P** is an orderisomorphism. In a similar way it can be shown that the natural mapping L -+ L** is a
lattice-isomorphism.
In any pair L, P that correspond, P is generally simpler than L. For example, the
free distributive lattice on three generators has length 6 and consists of 18 elements.
The corresponding partially ordered set is the three-cornered crown shown in
Figure 3.8.
Other examples of partially ordered sets and their corresponding lattices are given
in Figure 3.9.
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Figure 3.8

•

•

v

/\

o

o
Figure 3.9

Let L be a distributive lattice of finite length n. By Theorem 3.4.3, the set L* of its
join-irreducible elements has n elements and L is isomorphic to a sublattice of 2L*. In
particular, it follows that L is finite:

Corollary 3.4.4. Any distributive lattice L of finite length n is a sublattice of &'(P),

where P, the set of join-irreducible elements of L, has n elements. In particular,

ILl::::;

2n.

•

The bound can be attained, since for a totally unordered set P of n elements 2P , the
set of all order-homomorphisms from P to 2, has exactly n elements.
Every Boolean algebra is a distributive lattice and it is natural to ask which
partially ordered sets correspond to finite Boolean algebras in the duality of
Theorem 3.4.3. This is answered by the next result. To state it let us define an
atom in a Boolean algebra as an element a such that a > 0 but no element x satisfies
a > x > O. It is clear that any atom is join-irreducible; conversely, if pEL is joinirreducible, then p =1= 0 and since p = p /\ 1 = P /\ (a va') = (p /\ a) V (p /\ a') for
any a E L, we have either p = p /\ a, i.e. p ::::; a, or p = p /\ a', i.e. p::::; a' and so
p /\ a = O. Therefore a cannot satisfy 0 < a < p, and it follows that p is an atom.
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Theorem 3.4.5. Let L be a finite distributive lattice and P = L* be the associated
partially ordered set. Then L is complemented (and hence a Boolean algebra) if and
only if P is totally unordered. Hence any finite Boolean algebra, of length n, has 2n
elements and is isomorphic to 9P(A), where A, the set of its atoms, has n elements.

Proof. If P is totally unordered (i.e. an anti-chain), every subset of P is a lower segment, hence P* ~ 9P(P), and this is the Boolean algebra of all subsets of P, with 2n
elements. Conversely, if L is a Boolean algebra, then the join-irreducible elements are
just its atoms, as we have just seen, and it is clear that the atoms of L form a totally

•
~mfu

Theorem 3.4.5 (or rather, the Boolean algebra case of Themem 3.4.3) has been
generalized to arbitrary Boolean algebras by Marshall H. Stone, whose representation
theorem establishes a duality between the category of all Boolean algebras and the
category of all Boolean spaces, i.e. totally disconnected Hausdmff spaces. The
space corresponding to a Boolean algebra B is the set of all homommphisms
B ~ 2, as subset of 2B with the product topology, while the algebra corresponding
to a space T is the set of all continuous mappings T ~ 2, as subset of the product 2 T.

Exercises
1. Show that in any Boolean algebra, (x V y) /\ (XiV z) = (x' /\ y) V (x /\ z).
2. Show that in (3.4.5) the first two formulae imply the third.
3. Prove the general distributive law: (vaj) /\ ( V b) = V (aj /\ bj ), for any finite
I

I

I xl

sets J, J.
4. Show that any Boolean algebra with ascending chain condition is finite.
5. Express the following functions in conjunctive normal form fm x, y, z:
(i) (x /\ y' /\ z)
(ii) (x /\ y /\ Zl)

V (x /\ Y
V (x' /\

/\ Zl) V (x /\ y' /\ Zl) V (x' /\ y);
y' /\ z) V (x /\ y' /\ Zl) V (x' /\ y' /\ Zl)

V (x' /\ Y

/\ z);

and fm x, y, z, u:
(iii) (x' /\ Y /\ z)

V (y' /\

z)

V (x' /\

z /\ u)

V

(z /\ u ' ).

6. Verify that for any finite distributive lattice L, the natural mapping L ~ L** is a
lattice isommphism.
7. Show that a finite partially ordered set P is order-isomorphic to P* precisely
when it is totally ordered.
8. Show that two Boolean algebras with the same number of elements are
isomorphic.
9. In a Boolean algebra let a'::: x .::: b; show that (XiV a) /\ b is a relative complement of x in [a, b]. Verify that fm an element x with a complement x' in a
modular lattice this remains true, but not in general lattices.
10. Let B be a Boolean algebra. Show that fm a, b E B there is a homomorphism
B ~ 2 which maps a to 1 and b to 0, unless a .::: b. Deduce that B can be
embedded in 21, for some set 1.
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Further Exercises for Chapter 3
1.

2.

3.

4.

5.
6.

7.

Let 'f/ be a family of subsets of a set S and assume that 'f/ is closed under
arbitrary intersections. Show that 'f/ is a lattice: what are the conditions on S
for 'f/ to be a sublattice of &( S)?
Let L be a complete lattice and f an order-homomorphism of L into itself.
Define A = {x E Llx s xf}; show that if a = supA, then af is an upper
bound for A, and deduce that af = a. Show that the fixed points of f again
form a complete lattice with respect to the order induced by 1. Is this lattice
necessarily a sublattice of L?
Let A, B be partially ordered sets such that A is order-isomorphic to a lower
segment of Band B is order-isomorphic to an upper segment of A. Show
that there is a bijection f: A ---+ B such that for no pair x < YEA is
xf ::: yf. Deduce the Schroder-Bernstein theorem (Theorem 1.1.2). (Hint. If
g : A ---+ B, h : B ---+ A are the given order-homomorphisms and Y(A) is the
set of all lower segments of A, define x(J = ((xg)'h)' for x E Y(A), where'
denotes the complement. Verify that (J is an order-homomorphism of a
complete lattice and use Exercise 2.)
Let A, B be totally ordered sets. Show that if A is order-isomorphic to a lower
segment of Band B is order-isomorphic to an upper segment of A, then A, Bare
order-isomorphic.
Show that the finite unions of half-closed intervals [a, b) = {x E Ria S x < b},
including (- 00, b) and [a, 00), form a field of sets in R.
Show that in any modular lattice of finite length, [a /\ b, a] and [b, a v bJ have
the same length. Deduce that if a is the join of n atoms, then [0, a] has length at
most n. Under what conditions does equality hold?
A partially ordered set is said to be graded if there is a function f(x) with integer
values such that x < y => f(x) < f(y) and if y covers x (i.e. x < y and there is
no element between x and y) then f(y) = f(x) + 1. In any partially ordered set
S with least element 0, define the height function h(x) as the sup of lengths of
chains from to x. Show that all maximal chains between the same endpoints
have the same length iff S is graded by h. Moreover, in this case all bounded
chains are finite.
Show that in a modular lattice, if the height h is defined as in Exercise 7, then
h(x v y) + h(x /\ y) = h(x) + h(y). Conversely, show that in a lattice of finite
length this condition implies modularity.
A lattice L is said to be lower semimodular if whenever a covers band c(b i- c),
then band c both cover b /\ c. Show that in a lower semimodular lattice the
height function h satisfies h(x v y) + h(x /\ y) ::: h(x) + h(y).
Show that the lattice of subgroups of a finite p-group is lower semimodular.
(Hint. Use the fact that in finite p-group every maximal subgroup has index p
and observe that (B : B n e) = (Be: e) for any subgroups B, C.)
Let V be a 3-dimensional space over F2 , the field of 2 elements and Xi
(i = 1,2,3) be the set of all vectors with i-component i- 0. Show that the lattice
generated by Xl, X 2 , X3 has IS elements (this is the free distributive lattice on
3 free generators, see FA, Chapter 1).

°

S.

9.

10.
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11. Show that for a complemented modular lattice the maximum condition is
equivalent to the minimum condition. Does this remain true if modularity is
not assumed?
12. A subset of a lattice L is called an ideal if it is a lower segment and is closed
under V; it is principal if it has the form la] = {x E Llx .::: a}. Show that the
ideals in L form a lattice and the principal ideals form a sublattice isomorphic
to L. Show that if L satisfies the ascending chain condition, then every ideal is
principal.
13. Let X be an infinite set and ff be the collection of all its finite subsets. Show
that ff is an ideal in &>(X) and verify that f!J(X)/ff has no atoms and is not
complete, as a lattice.
14*. (Yoneda's lemma) Let F : d -+ Ens be a functor and for any p E XF define a
natural transformation p* : If = d(X, -) -+ F by the rule; if a E d(X, Y),
then a H paF maps Yhx( = d(X, Y)) to yF. Verify that this is indeed a
natural transformation and prove that the resulting mapping X F -+ Nat(h X , F)
to the set of natural transformations is an isomorphism. (Hint. Define the
inverse.l-+ (Ix). E XF.)
15. (E. V. Huntingdon) Let A be a non-empty finite set with a binary operator V
and a unary operator' and define a /\ b = (a' V b')'. Show that if (i) a V b =
b V a, (ii) a V (b V c) = (a V b) V c, (iii) (a /\ b) V (a /\ b') = a, and (iv) for
some e E A and all a E A, a V e = e, then A is a Boolean algebra.
16. (M. Sheffer) Let A be a set with a binary operation alb and define a' = ala,
a vb = (alb)', a /\ b = a'lb'. Show that if this operation satisfies (i)
(bla)l(b'la) = a, (ii) [(c'la)l(b'la)]' = al(blc), and (iii) for some e E A and all
a E A, ela = a', then A is a Boolean algebra with respect to these operations.
17. Show that any two countably infinite Boolean algebras without atoms are isomorphic.
18. Show that for any partially ordered set P, the set P* of its lower segments is a
distributive lattice and there is a natural order-homomorphism P -+ P**.
19. Let B be a Boolean algebra. Show that B ~ [0, a] x [0, a'] for any a E B.
Deduce that 2 is the only indecomposable Boolean algebra, and that any
finite Boolean algebra has the form 2".
20. Let P be a finite partially ordered set and L = P* be the corresponding distributive lattice. Show that P and L have isomorphic automorphism groups.
2l. (W. H. Gottschalk) For any Boolean polynomial f(x) = f(Xl, ... ,x,,) show that
the operations a: f(x) H f(x)' and f3: f(x) 1-+ f(x') are automorphisms.
Show that the group generated by a, f3 is the Klein 4-group.
22. A Boolean algebra is called atomic if every element > 0 contains an atom.
Show that a complete atomic Boolean algebra is isomorphic to &>(A), where
A is the set of its atoms; in particular, every finite Boolean algebra is of this
form (cf. Theorem 3.4.5).
23. Show that any generating set of the Boolean algebra 2r has cardinal at least
logz r, and that this estimate is best possible.

Rings and Modules

=====

Linear algebra deals with fields and vector spaces; here we are concerned with the
generalizations to rings and modules over them. Whereas a vector space over a
given field is determined up to isomorphism by its dimension, there is much greater
variety for modules. Another way of regarding modules is as abelian groups, written
additively, with operators. This means that much of general group theory applies,
and after recalling the isomorphism theorems, proved for groups in Section 2.3,
we treat a number of special situations. Semisimple modules (Section 4.3) come
closest to vector spaces; they are direct sums of simple modules, but we have to
bear in mind that over a given ring there may be more than one type of simple
module. In the free modules (Section 4.6) we have another generalization of
vector spaces. The homological treatment of module theory requires the notions
of projective and injective module (Section 4.7), and they can usefully be introduced
here, as they will occur again in Chapter 10, although their main use will be in FA.
Other important notions introduced here are those of matrix ring (Section 4.4) and
tensor product (Section 4.8).

4.1 The Definitions Recalled
We recall that a ring is a set R with two binary operations with values in R, addition:
x + y, and multiplication: xy, such that R is an abelian group under addition with
neutral element 0, the zero element, a monoid under multiplication with neutral
element 1, called the unit element or one, and these operations are linked by the
distributive laws:
x(y+z)=xy+xz,

(x+y)z=xz+yz

forallx,y,zER.

If 1 = 0, then for any x E R, x = x.l = x.o = 0, so the ring consists of a single
element. This is the trivial ring; usually our rings are assumed to be non-trivial. If
the commutative law holds: xy = yx for all x, y E R, the ring is said to be commutative, but we shall not generally make this assumption.
The best-known example of a ring is the ring of integers Z, which is in fact commutative. The integers also have the property that a product is zero iff at least one of
the factors is zero. For any element c of a ring R either (i) c = 0, or (ii) c -::j:. 0 and
ca = 0 or ac = 0 for some a -::j:. 0 in R, or (iii) ac and ca never vanish for a -::j:. O.
79

Rings and Modules

80

If (ii) holds, c is called a zerodivisor; if (iii) holds, c is a non-zerodivisor. A non-trivial
ring without zerodivisors is called an integral domain. Some authors use this term
only for commutative rings, but we shall not make this restriction. Thus a ring R
is an integral domain iff R\{O} contains 1 and is closed under multiplication; we
shall usually write R\{O} = RX. In an integral domain R the additive order of 1 is
called the characteristic of R. If n.l :f=. 0 for all n > 0, R is said to have characteristic
zero. The alternative is that 1 has finite order, which is easily seen to be a prime; thus
every integral domain has characteristic zero or a prime number.
An integral domain R for which R X is a group under multiplication is called a
division ring, or when R is commutative, a field. Instead of 'division ring' the term
skew field will often be used. Generally an element a E R is called a unit or invertible
if it has an inverse, i.e. there exists a-I E R such that aa - 1 = a-I a = 1. Clearly any
a E R can only have one inverse, for if a', a" are two inverses of a, then
a' = a'aa" = a". A non-unit is an element which is not a unit; however, an exception will be made for the 'matrix units' eij (i,j = 1, ... , n) to be introduced in
Section 4.4, which are of course non-units when n > 1.
Two rings R, S are said to be isomorphic, if there is a mapping f : R --+ S which is
a bijection preserving all the ring operations, i.e.

(x + y)f = xf + yf,
(xy)f

(4.1.1)

= xf.yf,

(4.1.2)

If = 1,

(4.1.3)

for all x, Y E R. More generally, a mapping f : R --+ S satisfying (4.1.1 )-( 4.1.3) is
called a homomorphism; such a mapping need not be a bijection. We note that for
any such homomorphism the image im f is a subring of S, i.e. a subset of S admitting
the operations of S, while the kernel of f, ker f = Of - 1, is an ideal of R, i.e. a
subgroup of the additive group of R such that R(ker f) ~ ker f, (ker f)R ~ ker f.
It is worth noting that for an isomorphism the condition (4.1.3) holds automatically,
since the 1 of S is uniquely determined as the solution of xa = ax = a for all a E S;
however, for a homomorphism it has to be postulated separately. As in the case of
groups we define an endomorphism of a ring as a homomorphism into itself and
an automorphism as an isomorphism with itself.
In a commutative ring A the ideal generated by a single element c is denoted by (c)
and is called a principal ideal. If A is a commutative integral domain in which every
ideal is principal, A is called a principal ideal domain, often abbreviated as PID.
In any ring R the set 81(R) of all central idempotents of R, i.e. elements e in the
centre of R such that t? = e, is a Boolean algebra under the operations

x /\ Y = xy,

xV y

=x +y -

xy,

x'

=1-

x.

(4.1.4)

Shortly we shall see that every Boolean algebra may be obtained as the algebra of
idempotents of some commutative ring R; in fact R may be chosen to consist entirely
of idempotents. Let us define a Boolean ring as a ring satisfying the identity
(4.1.5)
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Such a ring is necessarily commutative. For we have 2x

= (2X)2 = 4x2 = 4x, hence

2x = 0 and so
x=-x.

( 4.1.6)

Next we have x + y = (x + y)2 = x 2 + xy + yx + y2; hence xy + yx = 0, so by
(4.1.6), xy = yx. Thus every Boolean ring is commutative and of characteristic 2.
Proposition 4.1.1. (i) Given any ring R, the set 8l(R) of its central idempotents forms a
Boolean algebra relative to the operations (4.1.4).
(ii) On any Boolean algebra B define the two operations

x + y = (x /\ y')

V

(x' /\ y), xy = x /\ y.

Then B forms a Boolean ring 9l(B) relative to these operations.
Moreover, !?4(91(B)) ~ B for any Boolean algebra Band PA(!?4(R))
Boolean ring R.
~

(4.1.7)
R for any

The first operation (4.1.7) is called the symmetric difference of x and y; in the case
where B = &>(X), Y + Z represents the subset of X consisting of all elements that are
either in Y or in Z but not in both (this is also called 'addition mod 2').
Proof. The verification that 8l(R) is a Boolean algebra under the operations (4.1.4)
and that PA(B) is a ring under the operations (4.1.7) is routine and may be left to the
reader.
Now let B be a Boolean algebra and put Bl = 8l(PA(B)). Since 9l(B) is a Boolean
ring, Bl and B are the same set, and both are Boolean algebras with the same definition of I\. In Bl we have x' = 1 - x; from (4.1.7) and the fact that 9l(B) is a Boolean
ring we see that 1 - x = (1 /\ x') V (0/\ x) = x'. SO x' is the same on Band B 1; likewise for x /\ y, hence this also holds for x V y = (x' /\ y')'.
Next take a Boolean ring R and put Rl = PA(81(R)). Again Rand Rl are the same
set; both are Boolean rings with the same definition of product, and if +1 denotes the
sum in Rb then we have x +1 y = x(I - y) + (1 - x)y = x + y; hence Rl ~ R, as
required.
•
It is clear that Boolean algebra homomorphisms correspond precisely to ring
homomorphisms; we have here an example of a category equivalence: PA and !?4
are mutually inverse functors defining an equivalence between the categories of
Boolean rings and Boolean algebras.
Just as a group can act by permutations on a set, so a ring can act by linear transformations on an additive group. This gives rise to the notion of a module, which
may also be regarded as a generalization of a vector space. Thus let R be any ring.
Bya right R-module one understands an abelian group M, written additively, with
a mapping from M x R into M, (x, a) 1--+ xa, such that for all x, y E M, a, b E R,

(x + y)a = xa + ya,

(4.1.8)

x(a+b) =xa+xb,

(4.1.9)
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x(ab) = (xa)b,

(4.1.10)

xl =x.

(4.1.11)

Sometimes we have, instead of (4.1.10), the rule x(ab) = (xb)a; in such cases it is
expedient to write the operator on the left, putting ax instead of xa, so this law
now takes the form

(ab)x = a(bx).

(4.1.12)

The resulting structure is called a left R-module. Ifwe define the opposite ring of R as
the ring RO whose additive group is the same as that of R but with the multiplication

x.y = yx

(x,y

E

R)

then we can say: a left R-module is a right RO-module and a right R-module is a left
RO -module. In other words, changing the side from which a ring operates on a
module corresponds to a reversal of the order of multiplication in the ring. This
means that instead of using an RO-module we can take the coefficients on the
other side so as to get an R-module. Of course when R is commutative then
RO = R; in this case the difference between left and right R-modules is purely notational. We shall sometimes write RM resp. MR to indicate that M is a left resp. right
R-module. In general we shall speak of an 'R-module' when the side is not specified,
and a 'module' when we do not wish to specify the ring. A module is called cyclic if it
can be generated by a single element.
As an example we may take the ring itself. Any ring R is a right R-module, with the
action of R being defined by right multiplication. The distributive laws ensure that
(4.1.8), (4.1.9) hold while (4.1.10) follows by the associative law and (4.1.11) is
the property of the unit element. In fact R as right (or left) R-module is cyclic,
generated by 1. Any submodule, i.e. subgroup admitting the right multiplication
by elements of R, is called a right ideal of R. Similarly, left multiplication defines
R as a left R-module, with left ideals as submodules; the ideals defined earlier are
just subsets of R that are both left ideals and right ideals, also called two-sided ideals.
Another example of importance in the sequel is obtained by taking any abelian
group A, written additively, and considering the set E = End(A) of all its endomorphisms. If a, bare endomorphisms acting on the right, and x, YEA, then
(4.1.8) just expresses their defining property. We can now define an addition on E
by (4.1.9) and a multiplication by (4.1.10), and can verify that E forms a ring for
these operations, with the identity mapping as unit element. This verification is
straightforward and so may be left to the reader. In this way we obtain a ring structure on E, called the endomorphism ring of A, and A is seen to be a right E-module.
Given two right R-modules M, N over a ring R, an R-homomorphism f : M -+ N,
also called an R-linear map, is defined as a map f satisfying

f(x + y) = fx + fy, f(xa) = (fx)a

for all x, y E M, a E R.

Here we have written f on the left, on the opposite side from the ring coefficients.
We shall usually follow this practice; thus a homomorphism of left modules will
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be written on the right. This convention is chiefly of use for endomorphisms, which
again form a ring, but it is not always possible to adhere to it rigidly (e.g. in the case
ofbimodules). We shall frequently use left modules, so as to be able to put maps on
the right.
If M, N are left R-modules and f, g are homomorphisms from M to N, then so is
the map f + g defined by
x(f +g) =xf +xg;

in this way the set HomR(M, N) of all R-homomorphisms from M to N becomes an
abelian group. When R is commutative, this is actually an R-module, taking rf to be
defined by
x.(rf)

= rx.f = rex!).

For general rings this is no longer so; we shall soon meet the appropriate generalization. The set HomR(M, M) of all endomorphisms of M is denoted by EndR(M). We
recall that it is a ring, using the composition of endomorphisms as multiplication.
Let R, S be rings and let M be an abelian group which is both a left R-module and a
right S-module, such that
(rx)s = r(xs)

for all x E M, r E R, s E S.

(4.1.13)

Then M is said to be an (R, S}-bimodule, and we indicate this by writing RMS' In the
case S = R we speak of an R-bimodule. This is then a left and right R-module M such
that (ax)b = a(xb) for x E M and a, b E R. For example, the ring R itself is an
R-bimodule, as the associative law shows. Further, when R is commutative, any left
R-module may also be considered as a right R-module and hence an R-bimodule.
We remark that any left R-module may be defined as (R,S)-bimodule by means of
a homomorphism f : S -+ EndR(M). Likewise a right S-module may be defined as
an (R, S)-bimodule by means of an anti-homomorphism g : R -+ Ends(M); here
we need an anti-homomorphism because R acts on M from the left.
Given an (R,S)-bimodule M and an (R, D-bimodule N, we can define
HomR(M, N) in a natural way as (S,T)-bimodule by the rules
x(sf) = (xs)f, x(ft) = (Xf)t,

where f : M -+ N, x E M, s E S, t E T.

The bimodule property follows because
x[(sf)t]

= [x(sf)]t = ((xs)f)t,

x[s(ft)]

= (xs)(ft) = ((xs)f)t.

This rule: (RMS,R NT) 1-+ (SHomR(M, N)y) is easily remembered if it is borne in
mind that Hom is contravariant in the first and covariant in the second argument,
so the order in S is reversed while that in T is preserved. In particular, when R is
commutative, any R-modules may be regarded as R-bimodules and HomR(M, N)
is again an R-bimodule.
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Exercises
1. Verify that End(A), for any abelian group A, is a ring for the definitions given in
the text. Examine what goes wrong if A is not abelian.
2. Show that for any m E Z the set of multiples of m is an ideal (m) and that there
is a homomorphism from Z to the ring of integers mod m with (m) as kernel.
Show that every ideal of Z is of this form.
3. Show that the order of 1 in an integral domain, if finite, is necessarily a prime.
4. Show that in any Boolean algebra x + y = (x V y) + (x /\ y), where addition has
been defined by (4.1.7).
5. Show that a Boolean ring R is simple iff R ~ 2. Deduce that an ideal I in a
Boolean ring is a maximal ideal iff R/ I ~ 2.
6. Verify that for any ring R, ;?4(R) is a Boolean algebra and for any Boolean algebra
B, &feB) is a Boolean ring.
7. Let M, N be left R-modules and H = Hom(M, N) be the abelian group of all
homomorphisms (not necessarily R-linear) from M to N, qua abelian groups.
Verify that HomR(M, N) is a subgroup of H. Taking N = M, show that the
R-module action on M defines a ring homomorphism cp: R --+ End(M) and
show that EndR(M) is the centralizer in End(M) of the image of cpo
8. Let M, N be right R-modules and H = Hom(M, N) as in Exercise 7. Show that
H can be regarded (i) as a right R-module, by defining x(fr) = (xf)r; (ii) as a left
R-module, by defining x(rf) = (xr)f, where x E M, r E R, f E H. Verify that H
is an R-bimodule, and show that this argument breaks down if we replace
Hom(M, N) by HomR(M, N).
9. Let R be any ring. Show that RO ~ R precisely when R has an antiautomorphism. Show also that ROO = R; when is RO = R?
lO. Let M be a left R-module. Show that for each u E M, the annihilator of u in R,
Ann(u) = {x E Rlxu = O} is a left ideal and that Ann(M) = {x E RlxM = O} is
an ideal in R.

4.2 The Category of Modules over a Ring
Let R be a ring which will be fixed in what follows but may be quite arbitrary. Given
R-modules M, N and an R-homomorphism

f: M --+ N,

(4.2.1)

it is clear that the kernel ker f = {x E Mlxf = O} is a submodule of M and the image
im f = {y E Nly = xf for some x E M} is a submodule of N. Let us also recall the
notion of an exact sequence. A sequence

of R-modules and homomorphisms is said to be exact at Mr if im [,-1 = ker fr; if the
sequence is exact at each module it is called an exact sequence. Thus the exactness of
o --+ M --+ N means that the homomorphism M --+ N is injective, while surjectivity
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is expressed by the exactness of M
sequence
O---+M'

~

~

N

M

o.
~

~

If we are given a 3-term exact

(4.2.2)

M"---+O,

usually called a short exact sequence, this means that M" is a quotient of M by a submodule isomorphic to M'. The sequence (4.2.2) is said to split or be split exact if im
f = ker g is a direct summand in M.
Returning to the situation (4.2.1), we define the cokernel off as coker f = N I im f
and the coimage as coim f = M Iker f. Their relations are summarized in the following diagram.

o~

ker f

f

~

M ---+ N

al

. f

COIm

~

coker f
~

0

i/3
f' 1m
. f
---+

Here f = af' /3, so either way of going around the square gives the same result; this
is expressed briefly by saying that the diagram is commutative. In the horizontal
sequence the image of the incoming arrow equals the kernel of the outgoing
arrow, i.e. the sequence is exact. The existence of this factorization f = af' /3,
where a is surjective, /3 is injective and I' is an isomorphism, is just an instance of
the first isomorphism theorem for modules. For reference we restate this and the
other isomorphism theorems, which are simpler for modules than for groups,
because all submodules are normal subgroups:
N, there
First Isomorphism Theorem. Given a homomorphism of modules, f : M ~
is a factorization f = afl/3, where a : M ~ M Iker f is the natural homomorphism,

f3 : im f

~

N is the inclusion mapping and /J : M Iker f

~

im f is an isomorphism.

Factor Theorem. Given a homomorphism of modules f : M ~ N and a submodule
M' of M with the natural mapping v: M ~ MIM' such that M' ~ ker f, there
exists a unique mapping I' : MIM' ~ N such that f = vI'; I' is injective precisely if
kerf =M'.
Second Isomorphism Theorem (Parallelogram law). For any submodules A, B of a

module M we have the isomorphism
(A

+ B)IB ~

AI(A n B).

Third Isomorphism Theorem. Given a module M and a submodule M', there is a

natural (order-preserving) bijection between the set of submodules of M containing
M' and the set of submodules of MIM', N # N 1M', with an isomorphism of corresponding quotients:
(MIM')/(NIM') ~

MIN.
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Let ifJ : R ~ 5 be a homomorphism of rings. Given a left 5-module M, we can
define a left R-module ¢M by taking the additive group of M with the R-action
defined by

a.x = (aifJ)x,

x

E

M, a

E

R.

It is clear that we obtain a left R-module in this way, said to be obtained from the
5-module M by pullback along ifJ. It is also clear that a subgroup of M is an
R-submodule of ¢M iff it is an 5-submodule of M.
Suppose now that ifJ: R ~ 5 is a surjective homomorphism and U is a left
R-module such that aU = 0 for all a E R such that aifJ = o. Then we can define an
5-module structure on U by the rule

c.x = ax, where x

E

M, c E 5 and a E R is such that aifJ = c.

(4.2.3)

If also bifJ = c, then (a - b)ifJ = 0, hence (a - b)x = 0 and so ax = bx, which shows
that the definition (4.2.3) is unambiguous. It is easily checked that this defines an
5-module structure on U; if it is denoted by V, then U ~ "'V, thus the R-module
structure on U can be obtained by pullback along f. We shall not use a special
symbol for this construction.
For any ring R we have a category ModR whose objects are the right R-modules
while the morphisms are the R-linear maps. Similarly we can form the category
RMod of left R-modules and the category sModR of (5, R)-bimodules.
Given a left R-module X and a sequence of left R-modules and homomorphisms
Y' ~
Y~
ylI, we have for each homomorphism f: X ~ Y' a commutative
diagram

Y'

/l~

x

u

) Y

v

) Y"

and hence a sequence of homomorphisms of abelian groups

where u* maps fto fu and v* maps g to gv. Similarly (uv)* maps fto f(uv) = (fu)v,
so that (uv)* = u*v*. If Y' = Y and u = ly then clearly 1* = 1 and this shows
HomR(X, -) : Y I~ HomR(X, Y) to be a covariant functor from RMod to the
category Ab of abelian groups.
If in HomR(X, Y) we keep Y fixed and vary X we obtain a contravariant functor
in the same way. The contravariance is expressed by the reversal of the arrows in
X~
X" to
passing from X' ~
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V.
HomR(X " ,Y) ----+
HomR (
X, )
Y ~

~1/

HomR ( X I ,Y ) .

v

U

X'

U.

) X

)X"

Y

Thus HomR( -, -) is a functor of two arguments, also called a bifunctor.
For any family of left R-modules (Mi) (i E I) their direct product P = OJ Mi is
defined as the Cartesian product of the Mi, consisting of all families (Xi)
(Xi E Mi), in which the operations are defined componentwise: (Xi) + (Yi) =
(Xi + Yi), r(xi) = (rx;) (or for right modules, (x;)r = (xir)). If Mi = M for all i, we
have a direct power of M, written MJ. The subset S of P consisting of all families
(Xi) with at most finitely many non-zero terms is again a module, called the direct
sum of the Mi and written S = EBJMi or S = OJ Mi. For each i E I we have the
canonical surjection TCi : P ~ Mi which picks out the i-th coordinate, and the
canonical injection lLi: Mi ~ S which maps X E Mi to the family (Xj), where
Xj = OijX. When Mi = M for all i E I, we have a direct sum of copies of M, written
JM. For a finite index set I the direct sum and direct product coincide as modules;
nevertheless it is often convenient to distinguish between them; their significance will
become clearer with the homological development of module theory in FA.
A module M is called the sum of a family of submodules (Mi), M = LJ M i, if
every element of M can be written as LXi(Xi E Mi), where almost all the Xi
vanish, so that the sum is well-defined. If each element of M can be so expressed
in only one way, we write M = EBJMi and call it the direct sum. This is sometimes
called the internal direct sum, to distinguish it from the external direct sum or
coproduct OJ Mi. It is clear that OJ Mi is in fact the internal direct sum of the submodules im lLi, where the lLi are the canonical injections.
We note the universal properties of P = OJ Mi and S = OJ Mi which can also be
used to define them.
(i) Given a family (Mi ) (i E 1) of R-modules, there exists an R-module P with
homomorphisms TCi : P ~ Mi such that for any family of homomorphisms
f; : A ~ Mi from an R-module A there is a unique homomorphism
f : A ~ P such that f; = fTCi for all i E I.
(ii) Given a family (Mi) (i E I) of R-modules, there exists an R-module S with
homomorphisms lLi : Mi ~ S such that for any family of homomorphisms
gi : Mi ~ B to an R-module B there exists a unique homomorphism
g : S ~ B such that gi = lLig for all i E I.
We remark that these universal properties can be expressed by the equations
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nM;) ~

nHomR(A,M;),

HomR(UM;,B)

~

nHomR(M;, B).
(4.2.4)

B

M;

The direct product has a generalization which is often useful. Let A, B, C be Rmodules and a : A ~ C, f3 : B ~ C be homomorphisms and in the direct product
A x B with projection maps u, v consider pi = ker(ua - vf3) with the restrictions u ' ,
Vi of u, v respectively. This gives rise to a commutative square which is universal for
all such squares (completing a and f3)

) C

A

where u'a = v ' f3; moreover, given any R-module M with homomorphisms fto A
and g to B such that fa = gf3, there is a unique homomorphism ¢ : M ~ pi such
that f = ¢u ' , g = ¢V'. In other words, (Pi, u ' , Vi) is universal for a module with
maps to A and B giving a commutative square. pi (with the maps u ' , Vi) is called
the pullback of a and f3. Like all universal constructions it is unique up to isomorphism. Borrowing from the terminology for rings, we may describe the pullback
of a, f3 as a least common left multiple of a, f3.
Dually, a pushout of two homomorphisms a : C ~ A, f3 : C ~ B can be described
as a least common right multiple of a, f3. Explicitly we form the direct sum A Ef) B with
injections u, v from A resp. B and for each x E C identify the images of xau and xf3v,
so as to obtain again a commutative square
a

B

) Q

Sometimes the pullback is called the 'fibre product' and the pushout the 'fibre sum'.
We note that the direct product of A and B is a special case of the pullback, obtained
by taking C = 0, and similarly the direct sum of A and B is a special case of the pushout when C = O. The pushout has an analogue in groups: if A, B are groups and C is
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a subgroup of A and B, with inclusion homomorphisms, then their 'pushout' is the
'free product of A and B amalgamating C'.
We record a fact about pullbacks and pushouts which is often useful.

Proposition 4.2.1. In the above pullback diagram, ker

Vi ~

ker ex , hence if ex is injecVi ~
coker ex, so if ex is

tive, then so is Vi. Dually, in the pushout diagram, coker
surjective, then so is Vi.

Proof. This is an easy verification, which may be left to the reader.

•

The results of Section 3.2 can be applied to modules by observing that, for any Rmodule M, the set of all submodules forms a lattice, LatR(M) say, under the partial
ordering by inclusion, with intersection as meet and sum (not union) as join. As in
the case of groups, modules satisfy the modular law, so LatR(M) is a modular lattice;
in fact the proofs of the Jordan-Holder and Schreier refinement theorems are based
on this fact.
An R-module M is called Noetherian (after Emmy Noether) if LatR(M) satisfies
the maximum condition, and Artinian (after Emil Artin) if LatR(M) satisfies the
minimum condition. If we apply this terminology to R itself, regarded as a right
R-module, we obtain the notion of a right Noetherian or right Artinian ring, as a
ring with maximum or minimum conditions respectively on right ideals. Left
Noetherian and Artinian rings are defined similarly, using left ideals.
The maximum condition for modules can be stated in another way:

Proposition 4.2.2. An R-module is Noetherian if and only if all its submodules are

finitely generated.
Proof. (=}) Let N be a submodule of M and choose Xl,
writing Ni = xlR + ... + XiR, we have Xi+ I f/. Ni. Then

o =No C Nl

C ... ;

X2, •..

E

N such that on
(4.2.5)

by the ascending chain condition this must break off, at N r say, and this means that
N = N n so N is finitely generated.
({::::) Given an ascending chain (4.2.5) of submodules in M, write N = L Ni and
choose a finite generating set XI, ... , Xr of N. If Xi E NVi and v = max {VI, ... , vr},
then Xi E N v for i = 1, ... , r, hence N v = Nand (4.2.5) breaks off; this shows M
to be Noetherian.
•

If a ring R is right Noetherian (or Artinian), then any cyclic right R-module, being
of the form Rja for some right ideal a of R, is again Noetherian (or Artinian),
because the submodules of Rj a are in natural (order-preserving) bijection with
the right ideals of R containing a, by the third isomorphism theorem. But we can
say more than this:
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Theorem 4.2.3. Let R be a right Noetherian (resp. Artinian) ring. Then any finitely
generated right R-module is again Noetherian (resp. Artinian).

Proof. We have just seen that the result holds for cyclic modules, and we shall now
use induction on the number of generators of M: let M be generated by n elements
and denote by M' the submodule generated by n-1 of these. Then Mil = MIM' is
cyclic and we have the exact sequence

o -+ M' -+ M -+ Mil -+ O.
Assume that R is right Noetherian; then Lat(M') satisfies the maximum condition,
by the induction hypothesis, and Lat(M") satisfies the maximum condition because
Mil is cyclic. Now the lattice of submodules of M containing M' corresponds to
Lat(M") (by the third isomorphism theorem) and so satisfies the maximum condition; hence by Proposition 3.2.6, Lat(M) satisfies the maximum condition and this
shows M to be Noetherian. The Artinian case is proved similarly.
•
An integral domain in which every right ideal is principal (i.e. generated as right
ideal by a single element) will be called a principal right ideal domain; such a ring
allows the following conclusion from Theorem 4.2.3:
Corollary 4.2.4. Over a principal right ideal domain every finitely generated right
module is Noetherian.
•

Let R be any ring and M be a left R-module; an element m EM is called a torsion
element if rm = 0 for some non-zerodivisor r in R. This definition is usually applied
when R is an integral domain. We note that if R is a Noetherian domain, then the
torsion elements of any module M form a submodule tM, called the torsion submodule of M. When tM = 0, the module M is called torsion-free, while M is called
a torsion module when tM = M.
A finitely generated module over any ring has an important maximality property,
which in the case of groups we have already met in Proposition 2.1.1, with a similar
proof, whose details here will therefore be left to the reader:
Proposition 4.2.5. Let R be any ring and M be a finitely generated R-module. Then
every proper submodule of M is contained in a maximal proper submodule.
•

This result may be applied to R itself. As right R-module, R is generated by the
single element 1 and the submodules are right ideals. By a maximal right ideal is
meant a right ideal maximal in the set of all proper right ideals. Similarly for left
ideals and for two-sided ideals, regarding R as R-bimodule. Thus we have
Theorem 4.2.6 (Krull's theorem). Let R be any ring. Then any proper right ideal is
contained in a maximal right ideal. In particular, every non-trivial ring has maximal
right ideals. A corresponding result holds for left ideals, and for two-sided ideals. •
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This result makes essential use of the existence of a unit element in rings; in the
absence of 1 it need not hold (see Exercise 9).

Exercises
1. Let R be a ring and a be an ideal in R. Show that every (Rla)-module can be
defined as an R-module by pullback along the natural homomorphism
R -+ Ria, and conversely, every right R-module M such that Ma = 0 can be
defined as an (Rla)-module.
2. Let R be a ring, a be an ideal in Rand ModCR,a) be the category of right R-modules
M such that Ma = O. Show that ModCR,a) is a full subcategory of ModR which is
equivalent to ModR/ a.
3. Let M be a module. Given an endomorphism f of M such that j2 = f, show that
M = ker fEB iT f; show that this holds even if only im j2 = im f, ker j2 = ker f.
4. Show that A ---+ B ~
C is exact iff the compositions im f -+ B -+ coim g and
ker g -+ B -+ coker f are both zero.
5. Show that the pushout of two homomorphisms ex : C -+ A, f3 : C -+ B, one of
which is the zero map, is A EB B.
6. Show that a module (over any ring) is finitely generated iff it cannot be expressed
as a union of a well-ordered chain of proper submodules without the last term.
Deduce another proof of Propositions 4.2.2 and 4.2.5. Does the result still hold
if instead of chains we take countable ascending sequences of proper submodules?
7. Show that every quotient of a finitely generated module is finitely generated, but
not necessarily every submodule.
8. Let R be a Noetherian domain. Show that in any R-module the set of torsion
elements forms a submodule.
9. Show that the 'non-unital ring' (i.e. ring without 1) defined on the additive group
of rational numbers by the multiplication xy = 0 has no maximal ideals.

4.3 Semisimple Modules
For any ring R, an R-module M is said to be simple if M =1= 0 and M has no submodules other than 0 and M. For example, over a field the only simple module is
a one-dimensional vector space. When R = Z, the Z-modules are just abelian
groups, and the simple Z-modules are the cyclic groups of prime order Cpo
A module which can be expressed as a direct sum of simple modules is said to be
semisimple. For example, C6 is semisimple, since it can be writtenC6 = C3 EB C2 , but
C4 is not semisimple. To show that a module M is semisimple we need to find a
family of simple submodules SA such that the sum L SA is direct and equal to M.
Here it is not necessary for the family to be finite, in fact we have the following
condition for the sum to be finite:
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Proposition 4.3.1. Let M be a semisimple module, say

M = EI1rSj,

(4.3.1)

where each Sj is simple. Then the number of summands in (4.3.1) is finite if and only if
M is finitely generated.
Proof. If the index set I is finite, then since each Sj, being simple, is cyclic, M is
finitely generated. Conversely, let M be finitely generated, by U" • •• , Ur say. For
each Uj we can find finitely many terms Sj whose sum contains Uj' hence all the Uj
are contained in a finite subfamily of the Sj, and this family generates M, so that I
must be finite.
•

Below we shall describe semisimple modules in some alternative ways which are
often used, but first we single out a property needed for the proof.
Lemma 4.3.2. Let M be a module of the form M = Lr Sj, where each Sj is simple (but
the sum need not be direct). If N is any submodule of M, then there is a subset I of I such
that
M = N EI1 (EI1J Sj).

In particular, M = EI1 L Sj for some L ~ I.
Proof. Let $' be the family of all subsets I of I such that the sum N + LJ Sj is direct.
The sum fails to be direct iff there is a finite subset 10 of I and Xj E Sj (j E 10), u E N
such that Xj i= 0 and u + LJD Xj = O. This shows $' to be of finite character and
hence inductive. By Zorn's lemma there is a maximal subset I in $'; with this set
I the sum P = N + LJ Sj is direct and we wish to show that P = M. Now for any
Sk, P n Sk is either Sk or 0; if it is 0, then the sum N + LJ Sj + Sk is still direct,
contradicting the maximality of I. Hence P n Sk = Sk for all k, so P 2 L Sk = M,
and hence P = M, as claimed. The final assertion is the case N = O.
•

Let us recall that a submodule N of a module M is said to be complemented in M if
there is a submodule N' such that M = N EI1 N'. Here N' is called a complement of N
in M; generally it will not be unique, but it is unique up to isomorphism, because
N' ~ MIN, by the second isomorphism theorem. We remark that when
M = N EI1 N', then for any submodule P containing N we have P = M n P =
(N + N') n P = N + (N' n P), by the modular law, and N n (N' n P) = 0, hence
P = N EI1 (N' n P); this proves
Lemma 4.3.3. Let M be any module and N be a submodule. If N is complemented in M,

then N is also complemented in any submodule containing it.
We now have the following characterization of semisimple modules:

•
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Theorem 4.3.4. Let R be any ring. For any R-module M the following conditions are

equivalent:
(a) M is a sum of simple modules,
(b) M is semisimple,
(c) every submodule of M is complemented.
~
(b) follows by Lemma 4.3.2 and clearly (b) ~ (a), so (a) and (b) are
equivalent. To prove (b) ~ (c), let M = Ll Si, where each Si is simple. For any submodule N of M we have, by Lemma 4.3.2, a subset J of I such that M = N $ ($J Sj);
hence ($JSj) is a complement of N in M.
(c) ~ (a). Let S be the sum of all the simple submodules of M; we have to show
that S = M . If this were not so, then M = S $ T, where T =I- o. Let N be a non-zero
cyclic submodule of T; by Proposition 4.2.5 there exists a maximal proper submodule N' of N. Now N' has a complement in M, so by Lemma 4.3.3, N' also
has a complement in N, say N = N' $ P. Since P ~ NIN', P is simple and it is contained in T; thus P 5; S nT, which is a contradiction. This shows that T = 0 and so
S = M, as required.
•

Proof. (a)

Corollary 4.3.5. Let M be a semisimple module, say M = $ISi, where Si is simple.
Then any submodule N of M has a complement of the form $KSi for some subset K

of I, and
N ~

where K'

$K ,Si,

In particular, if N is simple, then N
for N.
~

Si

= I\K.

(4.3.2)

for some i E I and $jf-iSj is a complement

Proof. By Lemma 4.3.2 we have M = N $ ($K S;) for some K 5; I; thus
N' = ($K Si) is a complement of N. Since we also have M = ($K ' Si) $ ($K Si),
it follows that N ~ MIN' ~ $K'S; and (4.3.2) follows. When N is simple, K'
reduces to a single element and so N ~ Si in this case, and there is a complement
as stated.
•

As an example to show that the isomorphism (4.3.2) cannot always be
strengthened to equality, take a simple module P and in p2 define the submodules
PI = {(x, O}lx E P}, Pz = {(O, x}lx E P}, P3 = {(x, x}lx E Pl. Clearly p2 = PI $ Pz =
PI $ P3 = P2 $ P3 , and PI ~ P2 ~ P3 , but these submodules are all different. This
example also illustrates the point that to prove the directness of a sum L Pi of
more than two terms it is not enough to have Pi n Pj = 0 for i =I- j; we must have
Pi n (Ljf-iPj) = 0 or at least Pi n (L;-I Pj) = o.
The form of (4.3.2), together with the fact that every quotient of M is isomorphic
to a submodule, shows the truth of
Corollary 4.3.6. If M is semisimple, then 50

qwtimt

15

every 5ubmodule and every
•

We observe that all of (a}-(c) in Theorem 4.3.4 are lattice conditions but they are
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not equivalent in all lattices. Of course (a) {} (b) in any lattice and (a) {} (c) in any
modular lattice of finite length, but in general neither of (a), (c) implies the other.
Thus (c) but not (a) is self-dual, and in the lattice of ideals of Z the dual of (a)
but not of (c) holds. To find an example satisfying (c) but not (a), let B be the Boolean algebra of all subsets of an infinite set S, and ~ be the ideal of all finite subsets.
is again a Boolean algebra, hence a complemented distributive lattice, but
Then B/~
it has no atoms, so (c) holds, but not (a).
Condition (c) of Theorem 4.3.4 may also be expressed by saying that any exact
sequence 0 -+ N -+ M -+ M / N -+ 0 splits; in other words, every short exact
sequence with middle term M splits. This is equivalent to either of the following
conditions on (4.2.2):
(a) There is an R-homomorphism!, : M -+ M' such that ff' = 1M'; this mapping!,
is called a right inverse or retraction for f.
(b) There is an R-homomorphism g' : Mil -+ M such that gig = 1M"; the mapping
g' is called a left inverse or a section for g.
Clearly (a), (b) hold when im f is complemented; conversely, in case (a) we have
M = im f $ ker!, and in case (b) M = ker g $ im g I, as is easily verified.
Over a field (even skew) the simple modules are just the one-dimensional vector
spaces; since every vector space can be written as a sum of one-dimensional spaces, it
follows that over a field every module (= vector space) is semisimple. In particular,
this proves the existence of a basis for any vector space, even infinite-dimensional.
For if V = $1Si and Ui is a generator of Si, then {U;}iE1 is a basis of V, as is easily
checked.
For an arbitrary ring R the theory of semisimple modules is quite similar to the
theory of vector spaces over a field. The main difference is that there may be
more than one type of simple module. We shall say that two simple R-modules
have the same type if they are isomorphic. A semisimple R-module is called isotypic
if it can be written as a sum of simple modules all of the same type. In any R-module
M the sum of all simple submodules is called the socle of M; thus the semisimple
modules are those that coincide with their socle. The sum of all simple sub modules
of a given isomorphism type a is called the a-socle of M or a type component in M.
Let M be any R-module; a submodule N of M is said to be fully invariant in M if it
admits (i.e. is mapped into itself by) all R-endomorphisms of M. We note that for an
R-module M, the set S = EndR(M) is just the centralizer in End(M) of the image of R
defining the R-action on M, so a subgroup N of M is a fully invariant sub module iff it
admits both Rand S. In a semisimple module the fully invariant submodules are
easily described: they are the sums of type components.
Theorem 4.3.7. Let R be a ring and M be an R-module. Then:

For any type a the a-socle is an isotypic submodule ofM containing all simple submodules of type a, and the socle is the direct sum of the a-socles, for different a.
(ii) Any sum of type components in M is fully invariant in M; when M is semisimple,
the converse holds: any fully invariant submodule is a sum of type components.
(i)
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(iii) If Mis semisimple and S is the centralizer in End(M) of the R-action, then M is
also semisimple as S-module.
Proof. (i) Denote the a-socle of M by Ha. By Theorem 4.3.4, Ha is semisimple, and it
contains all simple submodules of type a, by definition. By Corollary 4.3.5, any submodule of Ha is a sum of modules of type a, hence Ha n ( Lf:l#a Hf:l) = 0, so the
sum L Ha is direct.
(ii) Let Ha again be the a-socle of M, say Ha = L Pi, where the Pi are all the
simple submodules of type a. For any R-endomorphism f of M we have
Haf = L Pif; each P;f is a homomorphic image of P;, hence either 0 or simple
of type a, so in any case P;f ~ Ha. Hence Haf ~ Ha, i.e. Ha is fully invariant. It
follows that any sum of type components is fully invariant.
Now let N be a fully invariant submodule of a semisimple module M. To prove
that N is a sum of type components of M we need only show: if P is a simple submodule of Nand Q is a simple submodule of M such that Q 9! P, then Q ~ N. This
is clear if Q = P; otherwise P n Q = 0, because the intersection must be a proper
submodule of both. Hence P + Q is direct and M = P EB Q EB U, for some U, by
Theorem 4.3.4(c). Let f : P -+ Q be the given isomorphism and define a mapping
0: M -+ M by

O:x+y+zHxf+yf-1+z,

wherexEP,YEQ,zE U.

Clearly 0 is an R-endomorphism, hence NO ~ Nand P ~ N, therefore Q = PO ~ N.
Thus N contains with P the whole a-socle of M and so is a sum of type components
ofM.
(iii) Let us write M as left R-, right S-module. We have M = LXS, where x runs
over all elements of all simple R-submodules, for every element of M is a sum of such
elements. Now the result will follow if we show that xS is simple or O. Let y E xS,
y i- 0, say y = xs. Then for any a E R, the mapping Aa : ax 1-+ axs = ay is a homomorphism Rx -+ Ry, which is surjective and Ry i- O. Since Rx is simple, Aa must be
an isomorphism, so there is also an R-homomorphism which maps x to y. As in (ii)
we can find an R-endomorphism of M which maps y to x. Hence yS contains x,
therefore yS = xS and so xS is indeed simple.
•
Corollary 4.3.8. Let M be a semisimple R-module and express M as the sum of its
a-socles: M = EBaHa. Then

EndR(M)

=

n

EndR(Ha).

(4.3.3)

a

Proof. Any family (fa), where fa is an endomorphism of Ha, defines an endo-

morphism f of M and it is clear that the correspondence (fa) 1-+ f is an injective
homomorphism from the right- to the left-hand side of (4.3.3). In the other direction consider f E EndR(M); since each Ha is fully invariant, it is mapped to itself
by f If the restriction flHa is denoted by fa, then f is just the endomorphism defined
by the family (fa). Thus the correspondence (fa) H f is surjective and (4.3.3) is
established.
•
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In any semisimple module M the simple components in a direct decomposition
are determined up to isomorphism; on the other hand, the decomposition
M = tfJaHa into a-socles is unique (not merely up to isomorphism). The next
result is a special case of the Krull-Schmidt theorem (see FA Chapter 4, also
Corollary 4.6.5 below):
Proposition 4.3.9. Let M be a finitely generated semisimple R-module. Then any two
direct decompositions of M into simple submodules have the same number of terms, and
for suitable numbering corresponding terms are isomorphic.
Proof. Let M = PI tfJ ... tfJ Pn = QI tfJ ... tfJ Qm be two direct decompositions into
simple submodules, where the number of terms is finite, by Proposition 4.3.1.
By Corollary 4.3.5, QI So! Pj for some j, say j = 1 (by renumbering the P's), and
moreover, Pz tfJ ... tfJ Pn So! Qz tfJ ... tfJ Qm. Now the result follows by induction
O~

•

Exercises
1. Show in detail how Theorem 4.3.4 may be used to prove the existence of a basis in
any vector space over a field.
2. Show that the socle of any module is semisimple.
3. Let R be any ring. Show that when R is considered as a right R-module, the fully
invariant submodules are just the two-sided ideals.
4. For any homomorphism between R-modules, f : M ~ N, define its graph as the
subset of M U N given by F = {(x, xf)lx EM}. Verify that F is a submodule and
that F n N = 0; when is F n M = O?
5. A module M is said to be distributive if the lattice of its submodules, Lat(M), is
distributive. Show that a semisimple module is distributive iff any two distinct
simple submodules are non-isomorphic. (Hint. Examine Lat(PZ), where P is
simple.)
6. (J.-E. Roos) By examining the graph of a homomorphism M ~ N (see
Exercise 4), show that if M U N is distributive, then HomR(M, N) = O.
7. Show that a module M fails to be distributive iff M has distinct submodules U, V
such that u/(Un V) So! v/(Un V). (Hint. For the necessity take a submodule
with two relative complements.)
8. Show that if M is distributive and M = UI tfJ . . . tfJ U" then EndR(M) =
TI EndR( Ui).

4.4 Matrix Rings
We first encounter matrix rings in the description oflinear mappings between vector
spaces; in particular, any matrix ring over a field may be described as the endomorphism ring of a vector space. In order to gain a better understanding of general
matrix rings we shall consider direct sums of modules and their endomorphisms.
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We shall find that an endomorphism of a direct sum can be expressed as a ring of
matrices whose (i,j)-entry is a homomorphism from the i-th to the j-th summand.
Let us consider, for any ring R, a left R-module M which is expressed as a direct
sum of certain sub modules
(4.4.1)
Let lTj : M --* Uj be the canonical projections and JLj : Uj --* M be the canonical
injections (i = 1, ... ,n); thus (XI, .. " xn)lTj = Xj, XJLj = (0, .. . ,0, X, 0, ... , 0),
with x in the i-th place. It is clear that
(4.4.2)
(4.4.3 )

LlTjJLj = 1.

With each endomorphism f : M --* M we can associate the matrix (fjj), where
fij : Uj --* Uj is defined by fij = JL;flTj. Similarly, any family (ajj) of homomorphisms ajj : Uj --* Uj gives rise to an endomorphism a: M --* M defined by
a = L lTjajjJLj' These two processes are mutually inverse: If a = L lT jajjJLj, then
JLralTs = L JLrlTjajjJLjlTs = ars by (4.4.2), and if fij = JL;flTj, then L lTjfijJLj =
LlTjJLjfijlTjJLj = f by (4.4.3). Moreover, the families (f;j) are added and multiplied
'matrix fashion': (f + g)jj = JLj(f + g)lTj = JL;flTj + JLjglTj = fij + gjj and (fg);k =
JL;fglTk = L JL;flTjJLjglTk = L fijgjk. Thus we obtain
Theorem 4.4.1. Let R be any ring. If M is a left R-module, expressed as a direct sum:
M = UI EEl ... EEl Un with projections lTj : M --* Uj and injections JLj : Uj --* M, then
the elements of EndR(M) can be written as matrices (fij), where fij : Uj --* Uj' with

the usual addition and multiplication of matrices.

•

In particular, when all the summands are isomorphic, then M
obtain
~

un,

and we

Corollary 4.4.2. Let R be a ring, U be a left R-module and S = End R( U) . Then for any
n ~ 1,

•

(4.4.4)

Here un means the direct sum of n copies of U. It is most convenient to write its
elements as rows; then it is clear how the matrix ring 9Jl n (S), written more briefly
as S", operates from the right on these rows. Generally, if V is an (R, S)-bimodule,
R acting on the left and S on the right, we write m vn for the set of all m x n matrices
with entries in V. This is acted on from the left by Rm and from the right by S", and it
is easily verified to be an (R m , Sn)-bimodule. In the special case m = 1 we write I vn
simply as V", as remarked earlier. Similarly we write mv for the set mv l of column
vectors. The same notation m R" is used in the case of a ring R; when m = n, we have
9Jl n(R) = Rn. For example, R itself is an R-bimodule, as we saw, and m R" becomes an
(R m , Rn)-bimodule in this way.
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Let us return to the case considered in Corollary 4.4.2. Writing eij = lCif.1-j, we
obtain from (4.4.2), (4.4.3) the equations
(4.4.5)
It follows that the eij are just the familiar matrix units in (EndR(U»n; thus eij is the
matrix with 1 in the (i, j)-position and 0 elsewhere. The isomorphism (4.4.4) is given
explicitly by

a ++ (aij),

where aij = f.1-ialCj,

a=

L lCiaijf.1-j'

It is worth remarking that matrix rings can be defined in terms of their matrix units.

Proposition 4.4.3. Let R be any ring with n2 elements eij satisfying (4.4.5). Then

R~

Cm where C is the centralizer in R of the eij'

Proof. Given a E R, we define aij = Lveviaejv. Since ejve,s = 8vrejs> we have
= Lveviaejve,s = eriaejs and e,saij = Lve,seviaejv = eriaejs, hence aij E C. Moreover, L aijeij = L eviaejveij = L eiiaejj = a. Conversely, given a matrix (aij) over C,
we define a = L aijeij and then find that L eviaejv = L evia,se,sejv =
L a,seviersejv = aij L evv = aij' Thus we have indeed a bijection a ++ (aij) and this is
easily seen to be an isomorphism.
•
It is clear that any ring homomorphism R --+ S induces a homomorphism of
matrix rings Rn --+ Sn; we simply map (aij) to (ail). We also have a converse:

aije,s

Corollary 4.4.4. Let f : R --+ S be a ring homomorphism. If R is a full matrix ring, say
R = Km then S has the form S = Ln for some ring L, and there is a homomorphism
cp : K --+ L which induces f

Note particularly that
hold.

f

does not have to be surjective, for the conclusion to

Proof. Let eij be the matrix units in R and write e: j = e;/. The e;j again satisfy
equations (4.4.5), hence S is a matrix ring; moreover, the centralizer of the eij, K,
maps to the centralizer of the j in S, L say, and this mapping cp : K --+ L induces
f, the details may be left to the reader.
•

e:

Let A, B be rings and M be an (A, B)-bimodule. Then we can form a ring which is
most easily expressed in matrix form

Thus the elements of Rare 2 x 2 matrices
·
·
usu al matrlX
operatlOns

(a0 m),
a A, b
b
E

E

B,

m M, with the
E
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( a m) + (a' m')
o bOb'

(: :)(:

=

(a+a'
0

m') = (aa'
b'
0

m+m'),
b+b'

am'

+ mb').
bb'

The ring structures on A and B and the bimodule structure on M ensure that R is
again a ring. It will be called the triangular matrix ring or the tiled ring formed
from A, Band M. This construction is often useful in forming asymmetric
counter-examples (see Exercise 8). We note the ideal structure of R:
Proposition 4.4.5. Let A, B be rings, M be an (A, B)-bimodule and let R be the

triangular matrix ring formed from A, B, M. Given any left A-submodule N of
A EEl M and any left ideal b of B satisfying Mb S; N, the set N EEl b is a left ideal of
R and every left ideal of R is of this form.
Proof. Let I be a left ideal of R and consider a typical element
tains the products

(X :). Then I con0

(a; a: ), (: :)(: :) = (: :z)
(: :)(: :)=(: :z)
(: : ) (: :) =

Taking a = 1, b = 1, we see that I contains each row of

(~

(4.4.6)

: } thus we have

I = N EB b, where N denotes the set of first rows and b the set of second rows.
Equations (4.4.6) further show that AN S; N, Bb S; band Mb S; N; hence I is of
the required form. Conversely, it is clear from (4.4.6) that any set of this form is a
left ideal of R.
•

By the symmetry of the construction a similar result holds for right ideals. We now
return to the situation of Corollary 4.4.2. There we considered un as a left R-module
and found an endomorphism ring of the form Sn. But we can also consider un as a
left Rn-module, and then its endomorphism ring turns out to be S. In this case we
shall write n U and visualize its elements as column vectors; here we shall moreover
find a correspondence between submodules. If M is an R-module, we shall write
LatR(M) for the lattice of all R-submodules of M.
Theorem 4.4.6. Let M be a left R-module and write S = EndR(M). Then nM may be

regarded as a left Rn-module in a natural way, and
(4.4.7)
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Moreover, there is a lattice-isomorphism
(4.4.8)
and (R, S)-subbimodules correspond to (R n, S)-subbimodules under this isomorphism.
Proof. In determining the endomorphism ring of nM we may replace R by its image
in End(M); thus S is the centralizer of R in End(M). Let eij be the matrix units in
End(n M); together with R they generate a ring isomorphic to Rn in End(n M), and
EndRn (n M) is the centralizer of R and the eij. By Corollary 4.4.2, the centralizer of
R is just Sm so the required endomorphism ring is the centralizer of the eij in Sm
i.e. S itself; this proves (4.4.7).
Now any R-submodule N of M corresponds to an Rn-submodule nN of nM, and
the correspondence

N

1-+

nN

(4.4.9)

is clearly order-preserving. To establish (4.4.8) we need only show that (4.4.9) has an
inverse which is also order-preserving. Consider the projection on the first factor
7ft : nM

1-+

M.

(4.4.10)

With any Rn-submodule of nM this associates an R-submodule of M, and we claim
that this is the required inverse. If we take an R-submodule N of M and apply first
(4.4.9) and then (4.4.10), we evidently get back to N. Now let P be any Rn-submodule
of nM; each projection tfi maps P to an R-submodule Ni of M, but all these submodules agree: Ni = N" because P admits Rn. This becomes clear if we think of
the elements of P as column vectors, acted on by Rn from the left. It follows that
P = nNt, and since the S-action on M and on nM is unaffected by R, it follows
that S-submodules correspond under (4.4.8); therefore (R, S)-bimodules correspond
to (R n , S)-bimodules.
•
We can go beyond Theorem 4.4.6 and obtain an equivalence between the
categories of left R-modules and left Rn-modules. For any M E RMod consider the
functor
M

1-+

nM = HomR(Rn,M),

(4.4.11)

and for P ERn Mod,
(4.4.12)
The functorial property is clear and we have (nM)+ ~ M and n(p+) ~ P. This shows
that the functors (4.4.11) and (4.4.12) provide an equivalence between the categories
RMod and RnMod, for any ring R and any n 2: l.
Two rings R, S with the property that RMod and sMod are equivalent categories
are said to be Morita-equivalent; it can be shown that this happens iff Mod R is
equivalent to Mods. What we have shown above can be expressed by saying that
any ring R is Morita-equivalent to the full matrix ring Rm for any n 2: 1. In general
R may be Morita-equivalent to rings not of the form Rn (e.g. when R is itself a matrix
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ring), but there is an important case where this is the only possibility; this will be
discussed in Section 5.1. A general discussion of Morita-equivalence will be reserved
for FA.

Exercises
1. Verify that in a full matrix ring Rn the centralizer of the matrix units ei j is precisely
R. Show also that ellRnell ~ R.
2. Let R be a ring with two elements u, v such that u2 = v2 = 0, uv + vu = 1. Show
that R ~ 52, where 5 is the centralizer of u, v.
3. Show that there is a natural bijection between the set of two-sided ideals of Rand
the set of (R, Rn)-subbimodules of Rn, and likewise between the set of two-sided
ideals of Rn and (R, Rn}-subbimodules of Rn. Deduce that there is a natural
bijection between the set of all ideals of R and those of Rn.
4. Find the centre of the ring of all upper triangular n x n matrices over the real
numbers (i.e. matrices (aij) with aij = 0 for i > j).
5. Show that if K is a skew field, then Kn is a simple ring (see Section 5.2).
6. Let K be a skew field and n ::: 1. Show that any family of (non-zero) orthogonal
idempotents in Kn has at most n members. (Hint. Consider direct sums in Kn.)
7. Let A 5; B be rings and R =

(~

~),

where B is regarded as (A, B)-bimodule.

Describe the left and the right ideals of R. (Hint. Take first the case where B is a
field.)
8. Show that the ring

(~

~),

where the real numbers R are regarded as (R, Q)-

bimodule, is left Noetherian and Artinian but neither right Noetherian nor right
Artinian.

4.5 Direct Products of Rings
Let (R i ), i E I, be any family of rings. Its direct product is the ring obtained by forming the Cartesian product
(4.5.1)

and defining all operations componentwise, thus (Xi) + (Yi) = (Xi + Yi), (Xi)(Yi) =
(XiYi), 1 = (1i), where Ii is the one of Ri . It is easily seen that R is again a ring; the
natural projections Jri: R ~ Rj are homomorphisms, while the injections
J1i : Ri ~ R preserve addition and multiplication, but not the 1, and so are not
homomorphisms. For the same reason the images of the Ri in R are not subrings,
although they are rings in their own right and in fact they are ideals in R.
We shall mainly be interested in finite direct products; they may be described as
direct sums of ideals:
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Theorem 4.5.1. Let RI , ... , Rt be any rings and denote their direct product by R, with
natural projections TCj : R -+ Rj and injections Jlj : Rj -+ R. Then aj = im Jlj is an ideal

in Rand
R

= al EB ... EB at.

( 4.5.2)

Moreover,
ajaj

= 0 if i

i= j,

ajaj S; aj.

(4.5.3 )

Conversely, any ring R of the form (4.5.2), where each aj is an ideal in Rj, may be
expressed as a direct product of rings R I , ... , Rt , where Rj is isomorphic to aj, qua ring.
On account of (4.5.2), R is sometimes called the 'direct sum' of the Rj, but this is
rather misleading when rings with 1 are considered, as is the case here.

Proof. We have seen that a finite direct product of abelian groups is isomorphic to
their direct sum. Hence in the finite case, (4.5.2) follows from (4.5.1). Now whenever
(4.5.2) holds, then ajaj S; aj n aj because the aj are ideals in R and since aj n aj = 0
for i i= j, (4.5.3) follows. Conversely, any ring of the form (4.5.2) is a product of the
aj as abelian groups, and (4.5.3) ensures that each aj is an ideal in R and the multiplication is performed componentwise. Moreover, the natural homomorphism from
R with kernel Lj#j aj has image aj which is therefore a ring Rj say, and so
R~D·
•
Let R be a ring with ideals CI, ... , Ct and write Rj = Rlcj. Then we have the natural
homomorphisms f; : R -+ Rj which can be combined to give a homomorphism

f: R -+

n

R;.

( 4.5.4)

Explicitly we have f: x 1-+ (xfl, .. " xj;). We ask: when is (4.5.4) an isomorphism?
This is answered by the next result, which generalizes the Chinese remainder
theorem. In a ring R, two additive subgroups U, V (e.g. ideals) will be called
comaximal if U + V = R; for left (or right) ideals this holds precisely when
1 E U + V.
Theorem 4.5.2. Let R be a ring with ideals CI, ... , Ct. Put Rj = Rlcj and let
f: R -+ DRj be the homomorphism (4.5.4). Then

(i) f is injective if and only if n Cj = 0,
(ii) f is surjective if and only if the Cj are pairwise comaximal.

Proof. (i) Clearly ker f = n ker f; = nCh so (i) follows. (ii) If f is surjective, take
x E R mapping to (1,0, ... ,0); then x == 1 (mod CI), x == 0 (mod (2), so
1 = 1 - x + x E CI + C2, hence CI and C2 are comaximal; similarly for other pairs
Cj, Cj.

Conversely, assume that the

Cj

are pairwise comaximal and put
aj =

nCj.
j#j
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Since CI + Ci = R for i > 1, there exist Xi E CI> Yi E Ci such that Xi + Yi = 1, and
therefore Y2 . .·Yt = (1- X2) ... (1- Xt) == 1 (mod cd and Y2·· ·Yt E al> so
CI + al = R. It follows that there exists el E R which maps to (1,0, ... ,0) under
f By symmetry there exist ei E R mapping to the element with i-th component 1
and the rest O. Now for any al, ... , at E R, Laiei 1--* (adl,"" atfr), where
Ii : R --* R/ Ci is the natural homomorphism. Hence f is surjective, as claimed. •
In the decomposition (4.5.2) the unit element ei of ai is idempotent: if = ei,
central: eiX = xei for all X E R, and distinct ei are orthogonal: eiej = 0 for i =I- j. Moreover, their sum is 1:
el

+ .. . + et = 1.

(4.5.5)

Thus a direct decomposition (4.5.2) of R yields a decomposition of 1 as a sum of
pairwise orthogonal central idempotents. Conversely, let R be a ring in which 1
admits a decomposition (4.5.5) as a sum of pairwise orthogonal central idempotents.
Then ai = eiR (i = 1, ... , t) are ideals of R for which (4.5.2) and (4.5.3) hold, so R is
then a direct product of the ai, by Theorem 4.5.1. This proves
Proposition 4.5.3. For any ring R the representations (4.5.2) of R as a finite direct
product correspond to the decompositions of 1 as a sum of pairwise orthogonal central
idempotents.
•

A central idempotent e is said to be centrally primitive if e =I- 0 and e cannot be
written in the form e = u + v, where u, v are central idempotents and uv = 0,
u, v =I- O. From Proposition 4.5.3 it is clear that a non-zero ring R is indecomposable
(into a direct product of several factors) iff 1 is centrally primitive in R.
Any decomposition (4.5.5) with a maximal number of terms has centrally primitive summands. Such maximal decompositions exist in any Noetherian or Artinian
ring (but need not exist in general rings) . For let R be Noetherian say, and choose a
direct decomposition R = al E9 a; in which a; is a (proper) maximal ideal. Then al
will be directly indecomposable. Next write a; = a2 E9 a;, where a; is maximal
among ideals strictly contained in a'l ' Continuing in this way, we obtain a sequence
of decompositions

since R is Noetherian, the ascending chain of ideals al E9 ... E9 at (t = 1,2, ... ) must
break off and we conclude that a~ = 0 at some stage. By the maximality of a;, ai is
directly indecomposable for each i, so we have achieved the desired decomposition of
R. In an Artinian ring we proceed similarly, choosing ai minimal =I- 0 at each stage.
Then the a~ form a descending chain which must again break off. So in either case we
obtain a decomposition of R as a direct product of indecomposable rings. Such a
decomposition must be unique, for if
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where all the aj, bj are indecomposable as rings, then al = al bl EB ... EB al bs and by
indecomposability al bj #- 0 for just one subscript j, say j = 1. Hence al = al bl and
similarly al bl = bl> so al = bl . Now az EB . .. EB at = bz EB . .. EB bs , for each side is
the annihilator of al in R. By induction on t we have s = t and for suitable numbering, aj = bi . Thus we have
Proposition 4.5.4. Any Artinian or Noetherian ring can be written in just one way as a
direct product of a finite number of indecomposable rings; the factors are uniquely determined as the ideals generated by the centrally primitive central idempo ten ts.
•

In rings without finiteness conditions the direct product decomposition (4.5.1)
may be replaced by a representation of R as a sheaf of simpler rings over a certain
topological space, the decomposition space of R. This is defined as the Boolean
space of central idempotents in R (see Pierce [1967]).

Exercises
1. In any ring R define the characteristic as the additive order of 1, if finite. For a ring
R with characteristic n show that nR = 0, and R can be written as a direct product
of rings whose characteristics are powers of distinct primes.
2. Show that if e is a non-zero idempotent in a ring R. then for any x E R,
e + ex( 1 - e) is another non -zero idempotent. Deduce that e is central iff it
commutes with every idempotent in R.
3. Show that if R is a reduced ring (i.e. a ring with no non-zero nilpotent elements),
then every idempotent in R is central.
4. Show that any two decompositions of 1 into sums of pairwise orthogonal central
idempotents have a common refinement (obtained by decomposing the terms
further, resp. taking the products of the idempotents from the two decompositions). Deduce that a decomposition with a maximal number of terms is unique.
5. A ring is said to be strongly regular if for each a E R, the equation xa z = a has a
solution. Show that R is strongly regular iff every principal (left or) right ideal is
generated by a central idempotent. (Hint. Show that R is reduced and compute

(axa - a)z.)
6. A ring is called completely primary if each of its elements is either invertible or
nilpotent. Show that every commutative Artinian ring can be written as a finite
direct product of completely primary rings. (Hint. If c E R is neither invertible
nor nilpotent, find a E Rand n E N such that acn is an idempotent #- 0, 1.)
7. Let R be a commutative ring and CI, ... , Ct be any ideals such that n Ci = 0 and
the ,JCi = {x E Rlxn E Ci for some n} are distinct maximal ideals. Show that
R ~ DR/cj.
8. Let k be a field and ai, ... ,an be distinct elements of k. Show that in the polynomial ring k[x] the ideals (x - ai) are pairwise co maximal. Hence find, for
any th, ... , f3n E k, a polynomial fin k[x] such that f == f3i (mod (x - a;)).
Deduce the Lagrange interpolation formula in the form f = L f3jei, where ej is
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the unique polynomial of degree less than n determined by ei(x)(x - ai) = c;j(x),
the constant Ci being chosen so that ei(ai) = 1. Deduce that the ei are pairwise
orthogonal idempotents whose sum is 1.

4.6 Free Modules
The theory of vector spaces over a field derives its relative simplicity from the fact
that every vector space has a basis. As we have seen in Section 4.3, this holds even
for vector spaces over skew fields, whether finite-dimensional or not. But it fails
for general rings, and this leads to the notion of a free module.
We recall that in any left R-module M, a family of elements Xl, ... , Xn is called
linearly dependent if for some ai E R, not all zero, the relation L aiXi = 0 holds.
More generally, an infinite family is said to be linearly dependent if some finite
subfamily is linearly dependent; explicitly this means that for some family (a,,) of
elements of R, almost all but not all zero, the relation L a"x" = 0 holds. In the contrary case the family is linearly independent. A linearly independent generating set is
called a basis and a module is called free if it has a basis. It is clear that any basis of a
free module is a minimal generating set, i.e. a generating set such that no proper
subset generates the whole module.
For any set I there is a free left R-module PI with a basis of cardinal III, unique up
to isomorphism, obtained by taking the direct sum of III copies of R. Explicitly PI
consists of all families of elements of R indexed by I, with almost all components
zero, with componentwise addition and multiplication by elements of R. If the
family with JL-component O"1l (A, JL E I) is denoted by uA, then (a,,) E PI can be
uniquely written as L aAu" and this shows that the u" form a basis of PI. Any
other free R-module pi with a basis (VA) of the same cardinal is isomorphic to PI
via the correspondence La"u" ~ La"v".
Free modules can also be characterized by their universal property:
Theorem 4.6.1. Let R be any ring. Then for any set I there is a left R -module PI with a
mapping cP : I ---+ PI which is universal for mappings into left R-modules, i.e. given any
mapping f: I ---+ M into a left R-module, there is a unique homomorphism
I' : PI ---+ M such that f = CPl'· The module PI is in fact free on the image of I under cpo

Proof. Let us define PI as above, as the free left R-module on a basis (u,,) (A E I).
Given any mapping f : I ---+ M, if there is a homomorphism I' : PI ---+ M of the
required form, then clearly uAf' = Af; hence we must have
(4.6.1)
This shows that at most one such homomorphism can exist. Now it is easily checked
that Equation (4.6.1) indeed defines a homomorphism f' with the desired
properties.
•
As a useful consequence we have
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Corollary 4.6.2. Any short exact sequence

(4.6.2)

in which Mil is free, is split exact.
Proof. To show that (4.6.2) splits it is enough to find a left inverse of {3. Let I be a
basis of Mil; since {3 is surjective, we can for each).. E I find XA EM mapped to ).. by
{3. The mapping).. 1-+ XA extends to a homomorphism {3' : Mil -+ M, by Theorem
4.6.1, and {3'{3 = 1, by the definition of {3'. Hence the sequence (4.6.2) splits, as
required.
•
The importance of free modules stems from the fact that every module can be
written as a homomorphic image of a free module.
Theorem 4.6.3. Let R be any ring and M be an R-module. Then there is a free
R-module F with a submodule G such that M ~ FIG.

Proof. Let Mbe a left R-module say, with generating family (a A ), ().. E 1). Take a free
left R-module F with basis UA ().. E 1); the mapping).. 1-+ a A extends to a homomorphism f : L CXAUA 1-+ L cxAa A, which is surjective, because the aA generate M;
hence G = ker f is a sub module of F such that M ~ FIG.
•
It is clear that a module M is finitely generated iff it can be written as FIG, where F
is free on a finite set. If M ~ FIG, where F is free and F, G are both finitely generated,
we say that M is finitely presented; if we merely know that G is finitely generated, Mis
said to be finitely related.
We now turn to the question of comparing the cardinals of different bases of a free
module. In the case of vector spaces this cardinal is uniquely determined and is just
the dimension of the space. We shall find that for most of the rings encountered here
the cardinal is again unique, but this does not hold universally. We therefore
consider briefly under what circumstances exceptions can occur.
A free R-module F with a basis of cardinal y is said to have rank y; if all its bases
have the same rank, F is said to have unique rank. In the first place we note that any
free module which is not finitely generated always has unique rank. This result
actually holds in a somewhat more general form. For any subset X of a left
R-module M we shall denote by RX the submodule of M generated by X.
Proposition 4.6.4. Given any ring R, let M be a left R-module with a minimal generating set X. If X is infinite, of cardinal cx, then any generating set of M has cardinal at
least cx. In particular, M is not finitely generated and any two minimal generating sets
have the same cardinal.

Proof. Let Y be any generating set of M, of cardinal {3. Every y E Y is a linear
combination of a finite number of elements from X, hence there is a finite subset
Xy of X such that y E RXy • We assert that
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(4.6.3)

For clearly U Xy ~ X, and R( U Xy) is a submodule containing Y and hence equal
to M. Thus U Xy is a generating set, equal to X, by the minimality of the latter. If
Y were finite, (4.6.3) would express X as a finite union of finite sets, which contradicts the fact that X is infinite. Hence Y must be infinite and from (4.6.3) and
Proposition 1.2.7,

This shows that Y has cardinal at least ex i.e. ex :::: f3. If Y is also minimal, then by
interchanging the roles of X and Y we see that f3 :::: ex, hence f3 = ex.
•
With the help of this result we can establish the general form of Proposition 4.3.9.

Corollary 4.6.5. Any two decompositions of a semisimple module into simple summands have the same number of terms and for suitable indexing corresponding terms
are isomorphic.

i=

Proof. Suppose first that M is an isotypic module, say M = EeISi' Choose Ui 0 in
Si; then the family {u;} generates M and it is clearly a minimal generating set. If
M = Eel Tj is another such decomposition, then III = III by Proposition 4.6.4
when I is infinite, while the finite case is covered by Proposition 4.3.9. This proves

the result for isotypic modules, since Si ~ Tj in this case. In the general case we
can write M as a direct sum of type components: M = EeHex; given any expression
of M as a direct sum of simple modules, if we group all terms of a given type ex
together, we find the ex-socle Hex. Hence in any decomposition the number of
terms of type ex is uniquely determined as the cardinal of a minimal generating set
of Hex.
•
A ring R is said to have the invariant basis property or invariant basis number (IBN)
if every free left R-module has unique rank. By Proposition 4.6.4 we need only consider finite rank; for a free module F of unique rank r we shall write rk(F) = r. Most
rings commonly encountered have IBN and exceptions are usually reckoned among
the pathology of rings (see Exercise 2). A trivial example is given by the trivial ring:
here 1 = 0, so the only module is 0 and om ~ on for all m, n. This case will usually be
excluded in what follows.
Occasionally a stronger condition than IBN is needed. A ring R is said to be weakly
finite if for each n ::: 1, every generating set of n elements of R n is linearly independent. Given any ring R, suppose that R n has a generating set of m elements, for some
m, n. Then we have a surjective homomorphism f3 : Rm -+ Rn , giving rise to an exact
sequence
(4.6.4)
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which splits, by Corollary 4.6.2. Thus we have
R m S:! H Ef) Rn .

(4.6.5)

In terms of matrices, let B be the m x n matrix describing the mapping (3 in (4.6.4),
and let A be the n x m matrix describing the splitting homomorphism, so that
AB = In. We can now restate the conditions for IBN and weak finiteness:
Proposition 4.6.6. (i) For any ring R, the following conditions are equivalent:

(a) R has invariant basis number;
(b) for any m, n, R m S:! R n =* m = n;
(c) for any m, n, if A E nR m, BE mR n and AB = I, BA = I, then m = n.

(ii) For any ring R, the following conditions are equivalent:
(a) R is weakly finite;
(b) for any n, R n S:! H Ef) R n =* H = 0;
(c) for any n, if A, BERn and AB = I, then BA = I.
Moreover, any non-trivial weakly finite ring has IBN.
Proof. (i) (b) is practically a restatement of the definition (a). The isomorphism
S:! Rn is described by matrices as in (c), so the condition for IBN is that m = n.
(ii) To say that an n-element generating set of Rn is linearly independent just
amounts to the assertion that H = 0, and the condition H = 0 holds precisely
when (3{3' = I, i.e. BA = I.
Finally, if IBN fails and R -=f. 0, then we have R m S:! R n for some m -=f. n, say m > n.
Then R n S:! R m - n Ef) R n and by (ii) (b) it follows that R is not weakly finite.
•

Rm

It is clear that the trivial ring is weakly finite, but does not have IBN. For examples
ofrings with IBN that are not weakly finite, see Cohn [1966]. We remark that a ring
R with the property ab = 1 =* ba = 1 is also called 'weakly I-finite'; other names are
'directly finite' 'von Neumann-finite' or 'inverse symmetric'.
The next result assures us that many of the rings we shall meet are in fact weakly
finite (and hence also have IBN).
Theorem 4.6.7. (i) If a ring is weakly finite or has IBN, then the same is true of the

opposite ring.

(ii)
(iii)
(iv)
(v)

Any commutative ring is weakly finite.
Any Artinian or Noetherian ring is weakly finite.
If R is weakly finite, the same holds of any subring.
Given a ring homomorphism f : R -+ S, if S has IBN, so does R.

Proof. (i) follows by the symmetry of conditions (c) in Proposition 4.6.6. To prove
(ii) we note that when AB = lover a commutative ring, then (det A)(det B) = I,
hence A is invertible and AB = BA = I.
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(iii) Suppose that R fails to be weakly finite, so for some n ::: 1, Rn ~ H EB Rn with
H =f=. O. Hence R n is isomorphic to a proper submodule of itself. By repetition this
leads to an infinite descending chain of submodules in Rn , which cannot exist if R
is left Artinian, by Theorem 4.2.3. Similarly, if Rn ~ H EB Rn , we can represent Rn
as a proper homomorphic image of itself and when we repeat the process, the kernels
of these homomorphisms form an infinite ascending chain of submodules of Rn ,
which cannot exist when R is left Noetherian.
To establish (iv) we use (ii) (c) of Proposition 4.6.6, which is clearly inherited by
subrings. Finally, to prove (v), suppose that R does not have IBN and let A, B be a
pair of rectangular (non-square) matrices over R such that AB = I, BA = I. Applying
f, we obtain a pair of non-square matrices Af, Bf satisfying the same equations, hence
IBN also fails for S, and (v) is proved.
•
We conclude this section by noting that any ring other than a field has non-free
modules. It is convenient to include several equivalent conditions. In any ring R, if
ab = 1, we call a a left inverse of band b a right inverse of a.

Theorem 4.6.8. Let R be a non-trivial ring. Any element of R is a unit provided it has a

unique left inverse. Moreover, the following conditions on R are equivalent:
every left R-module is free;
every cyclic left R-module is free;
(c)
R is simple as left R-module;
(d)
every non-zero element of R has a left inverse;
(e)
R is a skew field;
(ao)-(eo) the left-right analogues of (a)-(e).

(a)
(b)

Proof. If ab = 1, then (a + ba - l)b = ab + bab - b = 1 + b - b = 1, so by the
uniqueness of left inverses, ba = 1, and therefore b is a unit.
(a) :::} (b) is clear. To prove (b) :::} (c), let a be a maximal left ideal of R. We have
an exact sequence

o -+ a -+ R -+ F -+ 0,
where F is cyclic and hence free, thus F ~ Rj a. Since a was maximal, F is simple, and
as cyclic free module, F ~ R, therefore R is simple as left R-module.
(c) :::} (d). Take c =f=. 0 in R. Then Rc = R, hence bc = 1 for some bE R and so c
has a left inverse.
(d) :::} (e). Any c =f=. 0 in R has a left inverse b, say, and since b =f=. 0, it has a
left inverse a. Now ab = bc = 1, hence a = a.bc = ab.c = c, so a = c and
bc = cb = 1. This shows R to be a skew field. Now (e) :::} (a) because over a skew
field every module is free, as we saw in Section 4.3 and the equivalence to (ao)(eo) follows by the symmetry of (e).
•
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Exercises
l. Verify that the trivial ring is weakly finite but does not have IBN.
2. Let Vbe an infinite-dimensional vector space over a field k and put R = Endk(V).

Show that R2 ~ R as right R-modules and deduce that R does not have IBN.
3. Show that in any non-trivial ring R without IBN there exist positive integers h, k
such that Rm ~ Rn iff either m = n or m, n :::: hand m == n (mod k). (Hint. Take
(h, h + k) to be the first pair (m, n) in the lexicographic ordering such that m =f. n
and R m ~ Rn.)
4. Let R be a ring without IBN. Show that there is an integer h such that every
finitely generated R-module can be generated by h elements.
5. Show that for any ring R the following conditions are equivalent: (a) for every
n E N there is a finitely generated R-module which cannot be generated by n
elements; (b) for all m, n, R n ~ HEEl R m implies n:::: m; (c) for any A E mRn,
BEn Rm, if AB = I, then n :::: m.
6. A ring with the equivalent properties of Exercise 5 is said to possess UGN
(unbounded generating number). Show that any non-trivial weakly finite ring
has UGN, and any ring with UGN has IBN. (It can be shown that a ring has
UGN iff some non-zero homomorphic image is weakly finite, see e.g. Cohn
(1985) p. 8 or Cohn (1995) p. 190).
7. (M. Akgul) Let Vm,n be the universal non-IBN ring of type m, n: generated by an
m x n matrix A and an n x m matrix B, with defining relations AB = I, BA = I.
Show that for any r E N there is a homomorphism Vm,m+rk --+ Vm,m+k'
8. Let M be a semisimple module and () : N --+ M be a non-zero homomorphism
of a simple submodule N of Minto M. Show that () can be extended to an
automorphism of M. (Hint. Reduce to the case of a given type and apply
Corollary 4.6.5.) Show that the conclusion may fail if N is not simple, even
when () is injective.

4.7 Projective and Injective Modules
Projective modules form a generalization of free modules which is important in
homological algebra. At first sight it looks a little unsatisfactory to replace the
(seemingly) well-known notion of 'free module' by that of 'projective module',
but the latter has the advantage of being defined categorically. By contrast, we
cannot define a free module without using a basis, even though the basis is not an
invariant of the module.
We begin with a property of functors. Let F : d --+ f!4 be a functor between
categories of modules. We shall normally assume that F is additive, i.e. for any
maps a, a ' in d between the same modules, so that a + a ' is defined, we have

(a+a'l =aF +a 'F •
In other words, the mapping d(X, Y) --+ &6(XF, yF) is a group homomorphism.
For example, for any A ERMod, the hom functors JtA : X 1--+ HomR(A, X) and
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hA : X I~ HomR(X, A) are additive functors from RMod to Ab, the category of
abelian groups. On the other hand, the functor A I~ HomR(HomR(A, R), A) IS
not additive.
Consider any sequence
A

J1,

A---+B---+C.

(4.7.1)

Any functor takes zero maps to zero maps and so, if AJl = 0, then AF .JlF = O. We
shall be particularly interested in functors that preserve exact sequences. A functor
F is said to be exact if it transforms an exact sequence of the form (4.7.1) into the
exact sequence
(4.7.2)
Exact functors are rare and we usually have to be satisfied with less. We define a
functor F to be left exact if the exactness of
(4.7.3)
implies that the induced sequence
(4.7.4)
is exact. Similarly, a right exact functor preserves exactness when 0 is at the other end.
Equivalently, F is left resp. right exact iff it transforms an exact sequence
O~ABC

into a sequence 0 ~ AF ~ BF ~ CF ~ 0 which is exact except possibly at CF
resp. AF.
This shows that F is exact iff it is left and right exact. Similarly a contravariant functor G: d ~ flJ is left exact if the corresponding covariant functor
op.G : dO ~ fJl is left exact; a right exact contravariant functor G is defined similarly
by the right exactness of op.G.
To check that F is left exact we need only verify that it preserves kernels. For, given
(4.7.3), we have A ~ ker Jl and (4.7.4) will be exact at AF and BF precisely when
AF ~ ker JlF. Similarly F is right exact iff it preserves cokernels. Further, a contravariant functor is left exact iff it maps cokernels to kernels and right exact iff it
maps kernels to cokernels.
Theorem 4.7.1. For any module category RMod the functor HomR( -, -) is left exact

in each argument.
Proof. Consider the functor hM = HomR(M, -). For any Jl : B ~ C the kernel of
the induced mapping Jl hM : BhM ~ ChM is the set of homomorphisms f : M ~ B
annihilated by Jl, i.e. the maps that factor uniquely through ker Jl = A. Thus
ker(Jl hM) = (ker Jl )hM, as claimed. Similarly, for hN = HomR ( -, N) and any
A : A ~ B we have

•
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The lack of exactness expressed in Theorem 4.7.1 lends importance to the following
Definition. A module P is called projective if the covariant functor hP = HomR(P, -)
is exact; a module I is called injective if the contravariant functor hI = HomR ( -, I) is
exact.
For checking exactness the following lemma will be useful.
Lemma 4.7.2. Given a family of modules and homomorphisms

p;

/1-;

Ai -+ Bi -+ Ci,

(4.7.5)

the following conditions are equivalent:
(a) all the sequences (4.7.5) are exact;
(b) the sequence

n n n

Ci

(4.7.6)

UAi-+ UBi-+ Uc;

(4.7.7)

Ai-+

Bi-+

is exact;
(c) the sequence

is exact.
Proof. Take x E TI Bi, say x = (Xi), and write a = TI ai, {3 = TI {3i. We have 'x{3 = 0'
{:} 'xifJi = 0 for all i', and 'x = ya for some yETI A/ {:} 'Xi = Yi for some Yi E A/.
Hence if (4.7.5) is exact for all i, then (4.7.6) is also exact and conversely. For (c) the
only difference is that x = (Xi) has only finitely many non-zero components, but the
•
argument is the same.
Proposition 4.7.3. Let (Mi ) be a family of modules over any ring R. Then

(i)
(ii)

TI Mi is injective if and only if each Mi is injective,
U Mi is projective if and only if each Mi is projective.

In particular, for each finite family the direct sum MJ EB ... EB Mn is injective or projective if and only if each Mi is.

n

n

n

Proof. (i)
Mi is injective {:} Hom( -, M i) is exact {:}
Hom( -, Mi) is exact,
by (4.2.4) {:} Hom( -, Mi) is exact for each i, by Lemma 4.7.2 {:} Mi is injective for
•
each i. This proves (i); (ii) follows in the same way.
This proposition no longer holds when products and coproducts are interchanged
(see Further Exercises 27 and 28).
We can now give a number of alternative descriptions of projective modules.
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Theorem 4.7.4. Let R be any ring. For any R-module P the following conditions are

equivalent:
(a) P is projective,
(b) every short exact sequence
A
/L
o --+ A ---+
B ---+ P --+ 0

(4.7.8)

with P in third position splits,
(c) P is a direct summand of a free module,
(d) every homomorphism from P to a quotient of a module B can be lifted to B; thus the

diagram below can be completed by a map P --+ B to give a commutative triangle.

Proof. (a) => (b). Given a short exact sequence (4.7.8), we find by (a) that the
sequence of abelian groups

is exact. Now Ip E HomR(P, P) and by exactness there exists f3 E HomR(P, B) such
that f3Jl = I p , hence (4.7.8) splits.
(b) => (c). By Theorem 4.6.3 we can write P as a quotient of a free module:

o --+ G --+ F --+ P --+ O.
This sequence splits, by (b), so P is a direct summand of the free module F.
(c) => (d). By (c) we can write F = P tB pI, where F is free. Given a diagram as
shown, we obtain a homomorphism h: F --+ B" by combining the projection
F --+ P with the map f : P --+ B". Let (Ui) be a basis of F; since g is surjective, we
can choose ai E B such that aig = uih. Since F is free, there is a homomorphism
h' : F --+ B which maps Ui to ai, hence Uih'g = aig = uih and so h = h'g. It follows
that the map f' : P --+ B obtained by combining the injection P --+ F with h' satisfies
f = f'g, so it satisfies the conditions of (d).
(d) => (a). Given a short exact sequence, apply hP = HomR(P, -):
(4.7.9)

.

By left exactness this can fail to be exact only at HomR(P, B"). But by (d) every map
P --+ B" lifts to a map P --+ B and this means that (4.7.9) is exact at HomR(P, B") as
~
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Although a projective module does not in general have a basis, it has a 'projective
coordinate system' with similar properties. We recall that in a free left R-module F
with basis (Ui) every element x can be written as

x = Laiui

(ai

E

(4.7.10)

R).

Here ai is uniquely determined by x as the value of the i-th projection from F to R. If
we denote this projection mapping by O:i and write (O:i, x) for its value at x, so that
(O:i, x) = ai, then (4.7.lO) becomes
(4.7.11)

x = L (O:i, X)Ui.

We shall find that such a representation (4.7.11) still holds for projective modules; in
fact it characterizes them, although of course the coefficients are no longer unique, as
they were in a free module.
Proposition 4.7.5 (Dual basis lemma). Let P be a left R-module (for any ring R), and

(Ui) be a generating system for P. Then P is projective if and only if there exist
O:i E HomR(P, R) such that for any x E P, (O:i, x) vanishes for almost all i and
x = L (O:i, X)Ui

for all x

E

P.

(4.7.12)

Proof Suppose that P is projective; take a free module F on a basis (Vi) in bijective
correspondence with (Ui) and define a mapping 0: : F -+ P by 0: : Vi 1-+ Ui. Since the
Ui generate P, we get a surjective mapping and writing ker 0: = N we obtain an exact
sequence

o -+ N

-+ F -+ P -+

o.

This sequence splits because P is projective; so there exists A : P -+ F such that
XAO: = x for all x E P. Let ni : F -+ R be the projection on the i-th factor and put
O:i = Ani: P -+ R. Then (O:i, x) = 0 for almost all i because this is true for ni.
Hence if x E P, then by (4.7.11) applied to F, we have

x = XAO: = [L (ni, XA)Vi]O:
= L

(O:i, X)Ui,

and so (4.7.12) holds. Conversely, given (4.7.12), a homomorphismf: P -+ B" and
a surjection g : B -+ B" as in Theorem 4.7.4(d), choose ai E B to satisfy aig = u;f,
and define f': P -+ B by the rule xI' = L (O:i, x)ai. Then f' is R-linear:
(rx)I' = L (O:i, rx)ai = L r(O:i, x)ai = r(xI'), and the diagram commutes:
xI'g = (L (O:i, x)ai)g = L (O:i, x)uif = (L (O:i, x)ui)f = xf.
•
The case when the family (Ui) is finite is worth stating separately:
Corollary 4.7.6. The module P is a direct sum of Rn if and only if there exist

UI, ... , Un

E

P,

0:1, ... ,

O:n

E

HomR(P, R) such that (4.7.12) holds.

•
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This means in particular: if P is finitely generated, by n elements say, then it is
projective iff it is a direct summand of Rn. For example, a cyclic module is a
direct summand of R iff it is projective; but a left ideal of R may well be projective
without being a direct summand of R (because it need not be principal). We also
note that the equation (ai, Uj) = 8ij no longer usually holds.
Example 1. Let k be a field (possibly skew). Then every k-module is free and hence
projective; moreover every projective module (in fact every module) is free.
Example 2. R = Z. Every projective module is free (because every subgroup of a free
abelian group is free abelian). More generally, over a principal ideal domain Revery
submodule of a free R-module is free, hence 'projective' and 'free' mean the same in
this case.
Example 3. For any coprime integers m, n we have Z/(mn) = Z/(m) Ef) Z/(n), by the
Chinese remainder theorem (Theorem 4.5.2). Regarding the summands on the right
as Z/(mn)-modules, we see that they are projective, but they are not free, because the
number of elements in a free Z/(mn)-module is divisible by mn.
Example 4. A commutative integral domain in which all ideals are projective is called
a Dedekind domain (see Section 10.5). Every commutative principal ideal domain is
Dedekind, but not conversely; thus the ring of integers in Q(J - 5) is a nonprincipal Dedekind domain.
For injective modules there is a precise analogue of Theorem 4.7.4 (a), (b), (d) but
not (c); this will not be needed here (see FA). For the present we note that a module I
is injective iff every homomorphism A' -+ I, where A' ~ A, can be extended to a
homomorphism A -+ I. Thus the diagram shown can be completed by a map
A -+ I to make the triangle commutative.
0

)A

) A'

/
/
/

1

.t

/

/
/

I

This follows because the property stated is equivalent to the exactness of the
sequence
Hom(A, I) -+ Hom(A', I) -+ O.
The condition for I to be injective can still be simplified: we have to extend a homomorphism from a submodule of A into I to a homomorphism A -+ I. Since we can
ascend to A by adjoining one element at a time, we need only postulate extendability
to modules with cyclic quotients. This idea is made precise in
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Theorem 4.7.7 {Baer's criterion}. Let R be a ring and I be a left R-module. Then I is
injective if and only if every homomorphism a -+ I, where a is a left ideal of R, can be
extended to a homomorphism R -+ I.

Proof. The remark just made shows the condition to be necessary. Suppose that it
holds and let an R-module A with a submodule A' be given, with a homomorphism
f : A' -+ I . We partially order the extensions off with domain in A by writing Ii ::: fz
whenever the domain of fz contains that of fl and Ii, fz agree on the domain of fl.
These extensions form an inductive family, as is easily checked; hence by Zorn's
lemma there is a maximal one f" : A" -+ I. If A" i= A, take a E A \A" and put
B = A" + Ra. The set a = {r E Rlra E A"} is a left ideal of R and the map
fo : a -+ I defined by rfo = (ra)!" is a homomorphism from a to I. By hypothesis
it can be extended to R, i.e. there exists u E I such that rfo = ru. Now write
(x + ra)f'

= xf" + ru (x

E

A", r

E

R).

This is well-defined, for if x + ra = 0, then rEa and so xf" + ru = xf"+
(ra)!" = (x + ra)!" = O. Clearly it is a homomorphism of B into I and this contra•
dicts the maximality of A". Therefore A" = A and f has been extended to A.
Let R be any integral domain; a left R-module M is said to be divisible if the
equation in x:
u=ax(uEM,aER X )

(4.7.l3)

always has a solution in M. Every injective module M is divisible: the map
ra 1-+ ru(r E R) is a homomorphism Ra -+ M; if M is injective, this extends to a
homomorphism R -+ M, and if 1 1-+ m in this homomorphism, then x = m is a
solution of (4.7.l3) . We shall examine the precise relationship between injective
and divisible modules in FA; for the moment we shall show that the converse
holds over a principal ideal domain:

Proposition 4.7.8. Every injective module over an integral domain is divisible. Over a
principal ideal domain the converse holds: every divisible module is injective.

Proof. Only the converse remains to be proved. By Theorem 4.7.7 we must show that
for a divisible module M, any homomorphism of a left ideal a into M extends to a
homomorphism R -+ M. Since R is principal, a = Ra for some a E R; suppose that
a 1-+ u. Then the homomorphism a -+ M is given by f : ra 1-+ ru. By divisibility the
equation (4.7.l3) has a solution x = m say. Now the map f' : r 1-+ rm is a homomorphism extending f, for we have (ra)f' = ram = ru.
•
In particular this tells us what the injective Z-modules are. Examples of divisible
abelian groups are Q and Z(pOO), the group of all pn-th roots of unity, n = 1,2, ... ,
where p is a prime. It can be shown that every divisible abelian group is a direct sum
of groups of the above types. We shall not stop to show this as it will not be needed
in the sequel (see Fuchs (1970) and Exercise 5 below).
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Exercises
1. Show that any finitely generated projective module is finitely presented. Show that

2.
3.
4.
5.

6.

any finitely related module is the direct sum of a finitely presented module and a
free module.
Show that if M is a finitely generated module over a Noetherian ring R, then
M* = HomR(M, R) is again finitely generated.
Show that any quotient of a divisible module is again divisible.
Show that a torsion-free divisible module over a commutative integral domain is
injective.
Show that a divisible abelian p-group is a direct sum of copies of Z(pOO); show
that a torsion-free divisible abelian group is a direct sum of copies of Q. Hence
determine the structure of a general divisible abelian group.
Let I be an injective R-module and a be an ideal in R. Show that the submodule of
I annihilated by a is injective as (R/a)-module.

4.8 The Tensor Product of Modules
The tensor product may be defined for any pair of bimodules, but before doing this
we shall examine the simpler case of modules over a commutative ring. This will help
us to understand the general case; it is also enough for many applications.
Let K be a commutative ring and U, V, W be any K-modules. We shall write them
as left modules, although, as we have seen, it is only a matter of notation whether a
module over a commutative ring is regarded as a left or right module.
We want to consider bilinear mappings from U, V to W, i.e. mappings

f: U x V -+ W,

(4.8.1)

such that f is K-linear in each argument. Our object will be to construct a K-module
T and a bilinear mapping p: U x V -+ T which is universal for all bilinear
mappings (4.8.1), in the sense that to any bilinear mapping f as in (4.8.1) there corresponds a unique linear mapping f' : T -+ W such that the accompanying triangle
commutes.
p

UXV~l
W
A module T with these properties is called a tensor product of U and V and is denoted
by U ®K V or simply U ® V. If it exists it is unique up to isomorphism, as universal
object and we shall speak of the tensor product.
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To prove the existence of Twe form the free K-module A on the set U x V (without the module structure); in A we consider the submodule B generated by all the
elements

(u + u', v) - (u, v) - (u', v), (u, v + v') - (u, v) - (u, v')(u, u'
(au, v) - a(u, v), (u, av) - a(u, v),

a

E

E U,

v, v'

K.

E V)

(4.8.2)

There is a mapping p : U x V --+ AlB, obtained by taking the inclusion mapping
U x V --+ A, followed by the natural homomorphism A --+ AlB. This mapping p
is bilinear, for the elements (4.8.2) generating B were just chosen to ensure this.
We set T = AlB and claim that T, with the mapping p, is the required tensor product. Let f : U x V --+ W be any bilinear mapping; regarded as a set mapping, i.e.
ignoring bilinearity, it may be extended to a unique homomorphism fl : A --+ W,
because A is free on the elements (u, v). We claim that ker fl 2 B; for we have

[(u + u', v) - (u, v) - (u', v)lfl

= (u + u', v)f -

(u, v)f - (u', v)f

= 0,

[(au, v) - a(u, v)lfl = (au, v)f - a[(u, v)f] = 0,
by the bilinearity off, and similarly for the other relations. Hence fl may be taken via
T, by the factor theorem, and this provides the required mapping!, : T --+ W. This
mapping!, is unique since its values are determined on the images of (u, v) in T and
these form a generating set. Our conclusions may be summed up as follows:
Theorem 4.8.1. Let U, V be modules over a commutative ring K. Then there exists a
K-module U 0 V together with a bilinear mapping p : U x V --+ U 0 V which is
universal for bilinear mappings from U x V to K-modules.
•
The image of (u, v) in U 0 V is denoted by u 0 v. Thus U 0 V is a K-module
with generating set {u 0 vlu E U, v E V} and defining relations

(u + u') 0 v = u 0 v + u' 0 v,

u, u'

E

U,

u 0 (v + v') = u 0 v + u 0 v',

v, v'

E

V,

a

E

K.

(au) 0 v = u 0 (av) = a(u 0 v),

There is another way of expressing Theorem 4.8.1 which is often useful. Theorem
4.8.1 states in effect that for any K-modules U, V, W there is a natural bijection
between the set of bilinear mappings U x V --+ Wand the set of homomorphisms
U 0 V --+ W. Now a mapping f : U x V --+ W is linear in the second variable iff for
each Uo E U, the mapping V --+ U x V --+ W given by v 1--+ (uo, v) 1--+ (uo, v)f is
linear. Further, f is bilinear iff in addition the mapping U --+ HomdV, W) given
by u 1--+ (u, -)f is linear, i.e. f E Hom(U, Hom(V, W)). Hence there is a natural
bijection
( 4.8.3)

This is easily verified to be an isomorphism of K-modules. The property expressed in
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(4.8.3) is known as adjoint associativity; later we shall see its general form for
bimodules.
From the definition it is easy to check that tensor products satisfy the associative
and commutative laws:
Proposition 4.8.2. Let U, V, W be any K-modules, where K is a commutative ring.

Then
U®V~

U ® (V ® W) ~

V®U,

(4.8.4)

(U ® V) ® W.

(4.8.5)

Proof. The rule (u, v) 1-+ V ® u is a bilinear mapping U x V -+ V ® U, and hence
gives rise to a homomorphism a: U ® V -+ V ® U, in which u ® v 1-+ V ® u. The
general element of U ® V has the form L Ui ® Vi and it follows that
a : LUi ® Vi 1-+ LVi ® Ui· The same argument shows that f3: LVi ® Ui 1-+
L Ui ® vi is a homomorphism; clearly it is inverse to a, hence a is an isomorphism
and (4.8.4) follows.
The proof of (4.8.5) is quite similar. We consider the mapping a : U x V x
W -+ U ® (V ® W) given by (u, v, w) H U ® (v ® w). For fixed w this is bilinear
in u, v and hence gives rise to a mapping a" : (U ® V) ® W -+ U ® (V ® W), in
which (u ® v) ® W 1-+ U ® (v ® w). The inverse mapping is constructed III the
•
same way and this shows a" to be an isomorphism, which proves (4.8.5).

We observe that it is possible to define U ® V ® W directly by the universal property for trilinear mappings, and a similar proof will show that it is isomorphic to
either of the modules in (4.8.5). The same holds for more than three factors; this
is just the generalized associative law (see Section 2.1). We shall therefore omit
brackets in repeated tensor products.
Next we prove a 'distributive law':
Proposition 4.8.3. For any K-modules U, V', V" we have

U ® (Vi Efj V") ~

(U ® V') Efj (U ® V").

(4.8.6)

Proof. We show that the module on the right of (4.8.6) satisfies the universal
property of the tensor product. A bilinear mapping from U x (V' Efj V") is given
by (u, Vi, v") 1-+ (u ® Vi, U ® v"). If f : U x (V' Efj V") -+ W is any bilinear mapping, then

(u,

Vi,

v")f = (u, v')f + (u, v")f,

and the expression on the right can be regarded as a mapping from
(U ® V') Efj (U ® V"). Thus fis uniquely factored by the standard bilinear mapping,
and the result follows.
•
The definition of the tensor product by a universal property is useful for proving
the existence of mappings from U ® V to a K-module, for we need only find the
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appropriate bilinear mapping from U x V. It also has the merit of generality; but
the definition is not such that it allows the structure of U @ V to be read off. For
example, if r, s are coprime integers, then Z/(r) @ Z/(s) = o. This is seen as follows.
Since r, s are coprime, there exist m, n E Z such that mr + ns = 1. Now for any
a E Z/(r), bE Z/(s) we have

a @ b = mr(a @ b) + ns(a @ b)

= m(ra @ b) + n(a @sb) = o.

It follows that Z/(r) @ Z/(s) = 0, because the tensor product is generated by
elements of the form a @ b.
It is important to bear in mind that the general element of U @ V is not of the
form u @ v, but is a sum of such terms: LUi @ Vi. For example, if V is a free Kmodule, with basis el, ... , em then every element of U @ V can be written uniquely
in the form LUi @ ei(ui E U), i.e. U @ K n ~ un. To prove this fact, let us first take
the case n = 1:
U@K~

U.

(4.8.7)

We have a bilinear mapping (): (u, A) 1-+ UA from U x K to U, and if
f: U x K -+ W is any bilinear mapping, then (u, A)f = (UA, 1)f, hence f = ()j',
where j' : U 1-+ (u, 1)f, and dearly j' is the only mapping with this property.
Thus U satisfies the universal property of Theorem 4.8.1 and (4.8.7) follows. Now
U @ K n ~ un follows by induction on n, using the distributive law (Proposition
4.8.3). Thus we obtain
Proposition 4.8.4. For any K-module U over a commutative ring K, the tensor product
with a free K-module of rank n is a direct sum of n copies of U:
U@ K n ~ un.
•
(4.8.8)

By symmetry a corresponding result holds for the first factor, and combining the
two, we obtain
Corollary 4.8.5. If U and V are free K-modules of finite rank over a commutative ring
K, say U ~ K m, V ~ K n, then U @ V ~ Kmn. In particular, this applies to finitedimensional vector spaces over a field, and we then have dim(U @ V) =
dim U.dim V.
•

Explicitly, if el, ... ,em is a basis for U and fl' ... ,fn is a basis for V, then the
elements ei@h(i= 1, ... , m,j = 1, ... , n) form a basis for U@ V.
We record a property noted before (4.8.7), namely the independence property of
the tensor product:
Proposition 4.8.6. Let U be any K-module and V be a free K-module with basis
el, ... , en over a commutative ring K. Then every element of U @ V is unique of the
form

LUi@ei,

where Ui

E

U.

•

(4.8.9)
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Caution is needed in applying this result. Thus if I: Ui ® Vi = 0 in U ® V and the
are linearly independent over K, then it does not follow that the Ui must vanish. If
the submodule generated by the Vi is denoted by V' (so that the Vi form a basis for
V'), then all we can conclude is that the Ui all vanish if I: Ui ® Vi = 0 in U ® V'.
Now the inclusion V' ----+ V induces the homomorphism

Vi

(4.8.10)

U®V' ----+ U®V,

which however may not be injective. For example, the inclusion 2Z ----+ Z is injective,
but it does not remain so on tensoring with Z/(2). If Z/(2), Z, 2Z are generated bye,
f, f' respectively, then (Z/(2)) ® Z, (Z/(2)) ® 2Z are both isomorphic to Z/(2), by
(4.8.7), with generators e ® f, e ® f' respectively. But f' maps to 2f and e ® f' 1----+
e ® 2f = 2e ® f = O. Thus (4.8.10) is the zero mapping in this case. A more precise
analysis of this phenomenon will be undertaken in FA. For the moment we note that
(4.8.10) is certainly injective if V' is a direct summand in V, by Proposition 4.8.3; so
in that case we can identify U ® V' with its image in U ® V. We note that this
always holds when K is a field.
Let us next consider the effect of the tensor product on homomorphisms. Given
any K-linear maps a: U ----+ U', f3: V ----+ V', there is a unique K-linear map
a ® f3 : U ® V ----+ U' ® V' such that the left-hand square of the diagram below
commutes:
axfJ

a'xf3'

) U'

UxV

1,

V'

1"

a®fJ

U®V

X

) U'®V'

) U"

X

V"

1, ,

(4.8.11)

a'®fJ'

) U"®V"

For the mapping (u, v) 1----+ ua @ vfl from U x V to U' @ V' is bilinear, and hence
can be taken via U @ V, by the universal property of U @ V.
If a' : U' ----+ U", f3' : V' ----+ V" is another pair of homomorphisms, we obtain a
commutative diagram (4.8.11). Since (u, v)(a x f3)(a' x fl') = (uaa', vf3f3') for any
U E U, V E V, we have (a x f3)(a' x f3') = aa' x flf3', and it follows from the
diagram (4.8.11) that
aa' ® f3f3'

= (a @ fl)(a' @ f3').

(4.8.12)

In the special case V" = V' = V, f3' = f3 = 1, (4.8.12) reduces to
aa' ® 1 = (a ® 1)(a' ® 1),

(4.8.13)

and together with the obvious equation 1 ® 1 = 1 this shows that the assignment
U 1----+ U ® V is a functor from K-modules to K-modules, for any given V. By
symmetry the assignment V 1----+ U ® V is also a functor for fixed U. Thus the
tensor product is a bifunctor.
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The above diagram shows that there is a correspondence between pairs of
maps
(a, f3) E HomK(U, U') x HomK(V, V')
and
maps a ® f3 E HomK
(U ® V, U' ® V'). So we have a mapping (a, (3) 1---* a ® f3 which is clearly bilinear;
by the universal property of the tensor product it induces a linear mapping
(4.8.14)
We remark that for a pair of mappings a: U ---* U', f3 : V ---* V' the expression
a ® f3 is ambiguous: it may mean the element of the left of (4.8.14) or the induced
homomorphism from U ® V to U' ® V', and one of these is mapped to the other in
(4.8.14). It will usually be clear from the context which interpretation is intended; in
some important cases the mapping (4.8.14) is an isomorphism and the ambiguity
disappears. For example, when U and V are free of finite rank, say U ~ K m ,
V ~ Kn, then (4.8.14) reduces to U'm ® V In ~ (U' ® V,)mn, by a double application
of Proposition 4.8.3, together with the relation

HOmK(K n, U)

Un,
~

which follows by associating with (uJ,"" un) E un the map ei 1---* Ui, where
eJ,.'" en is the standard basis of Kn. In particular, when U' = U, V' = V, we
obtain
Proposition 4.8.7. If U, V are free modules of finite rank (over a commutative ring K),
then the mapping (4.8.14) induces the isomorphism

When we come to consider tensor products over a non-commutative ring, the
corresponding construction leads in the first instance to abelian groups rather
than modules. Thus let R be any ring, U be a right R-module and V be a left
R-module, and for any abelian group W consider mappings f : U x V ---* W which
are biadditive, i.e. additive in each argument, and R-balanced, i.e.

(ur, v)f

= (u, rv)f

for all u

E

U, v E V, r

E

R.

A mapping which is biadditive and R-balanced will again be called R-bilinear, or
simply bilinear, if the ring R is clear from the context. We can again construct
U ®R V, now merely an abelian group, universal for R-balanced biadditive maps
from U x V to abelian groups. The existence is proved as before, U ® V = AlB,
where A is the free abelian group on U x V and B is the subgroup generated by

(u

+ u', v)

- (u, v) - (u', v), u,

(u, v + v') - (u, v) - (u, v'),
(ur, v) - (u, rv),

u'

E

U,

v, v' E V,

r E R.

Suppose now that U is an (5, R)-bimodule and V is an (R, T)-bimodule, for some
rings 5, T. Then the tensor product U ® V just defined may be regarded as an
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(5,T)-bimodule in the following way. Take s E 5 and consider the mapping
As : U x V -+ U ® V defined by
As : (u, v) 1-+ su ® v.
Clearly this is biadditive and balanced; e.g. to prove the latter, we have
s(ur) ® v = (su)r ® v = su ® rv, by the bimodule property of U. It follows that A
induces a homomorphism U ® V -+ U ® V which is simply denoted by S; thus
we have

S(LUi®Vi) = LSUi®Vi.

(4.8.15)

If we do this for each s E 5, we obtain a left 5-module structure on U ® V, for we
have, for any s, s' E 5,

(ss')(u ® v)

= (ss')u ® v = s(s'u) ® v = s[s'u ® v] = s[s'(u ® v)],

and of course l(u ® v) = u ® v. Similarly we can define a right T-module structure
on U ® V such that (u ® v)t = u ® vt for t E T, and U ® V is an (5,T)-bimodule,
because

s[(u ® v)t]

= stu ® vt] = su ® vt = (su ® v)t = [s(u ® v)]t.

Given any (5, T)-bimodule W, we can as before regard any homomorphism
x V -+ W which is 5-linear in the first, T-linear in the second argument
and R-balanced, as defining for each u E U a T-linear map fu : v 1-+ (u , v)f. The
set of all these T-linear maps has a natural (5,R)-bimodule structure induced from
HomT(V, W) and the map u H fu is a homomorphism of (5,R)-bimodules;
ur 1-+ fur and (ur, v)f = (u, rv)f because f is R-balanced. Thus the natural homomorphism (4.8.3) leads to an isomorphism of 5-bimodules, again called adjoint
associativity:

f :U

(4.8.16)
By symmetry we likewise have an isomorphism of T-bimodules:
Homs(U ®R V, W) ~

HomR(V, Homs(U, W)).

(4.8.17)

Like the hom-functor, the tensor product is not an exact functor; however it is right
exact:
Proposition 4.8.8. For any ring R, the tensor product U ®R V is right exact in each

variable.
Proof. By symmetry it will be enough to show that - ® V is right exact. Given an
exact sequence of right R-modules:
U' ~

ex

U ~

f3

U" -+ 0,

we have to show that for any right R-module V, the sequence
U' ® V

~

U ®V

~

U" ® V -+ 0
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is exact, where a' = a ® 1, fJ' = fJ ® 1. Clearly fJ' is surjective and a' fJ' = 0, i.e. im
~ ker fJ' and it remains to show that equality holds. Since im a = ker fJ = X, say,
it is clear that im a' is the subgroup of U ® V generated by all products x ® v
(x E X, v E V). Further, each u" E U" can be written as u" = ufJ for some u E U,
which is unique (mod X), so we have a bilinear map U" x V --+ (U ® V)/(im a')
given by (u", v) 1--+ u ® v, where u E U is such that ufJ = u". We thus obtain a
homomorphismf: U" ® V --+ (U ® V)/(im a') which maps ufJ ® v to the residue
class of u ® v (mod im a'), and so has the form (fJ ® 1)f = fJ'f on U ® V. Hence it
vanishes on ker fJ' and so im a' = ker fJ', as claimed.
•

a'

The following description of the relations in a general tensor product is often
useful:

Proposition 4.8.9. Let R be a ring and U be a right R-module generated by a family
(u)..), A E I with defining relations E u;..a;..J1, = 0, JL E f. If V is a left R-module with a

family (x;..) of elements indexed by I, almost all zero, such that

L
then there exist elements yJ1,

E

U;.. ® x;.. = 0

(4.8 .18)

in U ® V,

V, almost all zero, such that
(4.8.19)

x;.. = La;..J1,Yw
Proof. By hypothesis U has a presentation
" F ---+
f!
o --+ L ---+

U --+ 0,

where F is free on a family (f;..), A E I, and L is the submodule generated by the
elements Ef;..a;..w Tensoring with V and observing that this operation is right
exact, we obtain an exact sequence

L® V
By hypothesis, (Ef;.. ® x;..)fJ' =
ated by the elements Ef;..a;..J1,'

a'

---+

{3'

F ® V ---+ U ® V

E U;.. ® x;.. =

Lf;.. ® x;..

--+

O.

0, hence by exactness, since L is gener-

= (Lf;..a;..J1, ® yJ1, )a'

for some elements yJ1, E V, almost all zero. Now a' is the homomorphism induced
by the inclusion L --+ F and F is free on the f;... Equating coefficients in F ® V, we
obtain (4.8.19).
•
Here it is important to bear in mind the hypothesis that (u;..) is a generating set
of U and L u;..a;..J1, = 0 is a family of defining relations. If (4.8.18) holds for some
elements in U ® V we cannot conclude that (4.8.19) follows; in fact this comes
close to a criterion for U to be flat (i.e. U ® - to be exact). We note that the
result may be stated in matrix form as follows: Let U be a right R-module with
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presentation matrix A, relative to a generating family u (written as a row), so that
uA = O. If x is a column vector over V with almost all components 0, such that
u ® x = 0, then there exists a column vector y over V with almost all components
o such that x = Ay.

Exercises
1. Define U ® V ® W directly by the universal property for trilinear mappings and
show that it is isomorphic to U ® (V ® W). Do the same for more than three
factors.
2. Give a direct proof that Hom(U, Hom(V, W» ~ Hom(V, Hom(U, W» for
K-modules U, V, W.
3. Let A be a commutative integral domain with field of fractions K. Show that for
any A-module U the kernel of the natural homomorphism U -+ K ® U is the
torsion submodule of U.
4. Show that tensor products preserve infinite direct sums, but not necessarily
Ui) ® V ~
(Ui ® V), but the natural
direct products. Thus prove that
mapping (TI Ui ) ® V -+ TI (Ui ® V) need not be an isomorphism. (Hint.
Take Ui = z/(zi), i E N, V = Q.)
5. Let U=Z/(2) with basis u and V=Z2 with basis el,ez. Verify that
VI = el + ez, Vz = el - ez are linearly independent and u ® VI - u ® Vz = 0,
but u #- O.
6. Let U, V be K-modules (K a commutative ring) and U* = Hom(U, K),
V* = Hom(V, K) be their duals. Find a natural homomorphism
U* ® V* -+ (U ® V)* and give conditions on U and V under which this is
an isomorphism.
7. Show that there is a natural homomorphism U* ® V -+ Hom(U, V) under
which Ci x V corresponds to the map u 1-+ (Ci, u)v. Verify that this is an isomorphism if U is free of finite rank.
8. Show that for any K-module U, the mapping Ci x u 1-+ (Ci, u) defines a homomorphism U* ® U -+ K. Verify that if U is free of finite rank, this defines a
linear map End( U) -+ K, which is just the trace.
9. Write down the matrix multiplication implicit in (4.8.12) and if A, Bare m x m
resp. n x n, deduce that det(A ® B) = (det A)" (det B)m, tr(A ® B) = tr A.tr B.
10. Show that for infinite-dimensional spaces (4.8.14) need not be surjective.

(U

U

4.9 Duality of Finite Abelian Groups
Let G be an abelian group, written multiplicatively. By a character on G one understands a homomorphism of G into the multiplicative group of non-zero complex
numbers, X : G -+ ex. If x(x) = 1 for all x E G, X is said to be trivial. The characters
of G can again be multiplied and form a group G* = Hom(G, eX), called the
character group or dual of G. For example, if G = en is cyclic of order n, with
generator s, and X : en -+ ex is a character, then (V = X(s) satisfies the equation
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= 1, and conversely, every function xes') = (J)', where (J) is an n-th root of 1, is a
Xes) is a homomorphism from G* to
character of Cn. Further, the mapping X I~
C x . In particular, choosing for Xes) a primitive n-th root of 1, we obtain a generator
for C~,
clearly of order n; thus we see that C~ ~ Un, where Un is the group of n-th
roots of 1 in C. Thus C ~ is again cyclic of order n.
Let us now write our abelian group additively and put T = R/Z. We observe that
T, the additive group of real numbers (mod 1), is isomorphic to the multiplicative
group of complex numbers of modulus 1, via the mapping x I~ exp (2rrix). Since T
is divisible, it is injective as Z-module and it follows that the functor
A I~
A * = Homz (A, T) is exact, so for any subgroup B of A we have the exact
sequence
(J)n

o~

(A/B)* ~

A* ~

B* ~

o.

(4.9.1)

Using these facts, we easily obtain
Theorem 4.9.1. Every finite abelian group is isomorphic to its dual:
A* ~A.

(4 9. .2)

Proof. For the cyclic case this has been checked above. In general we can write
= Al X ... x An where each Ai is cyclic, by the basis theorem for abelian
groups. Now it is easily seen that

A

Hom(B xC, T)

Hom(B, T) x Hom(C, T),
~

i.e. (B x C)* ~ B* x C*. By induction it follows that A * ~
have seen that Ai ~ Ai, therefore A* ~ A, as claimed.

Ar x ... x A; and we
•

We note that the isomorphism depends essentially on the choice of basis in A;
there is no natural transformation from A* to A. However, we observe that there
is a natural transformation
a: A
~

of A into its bidual (i.e. second dual), defined as follows. Given x
ax E A ** by the rule

ax: X I~

(4.9.3)

A**,

X(x).

E

A, we define
(4.9.4)

This is a homomorphism from A * to T, as is easily checked. We thus have an element
ax of A **, for each x E A, and it is clear that the mapping x I~ ax is a homomorphism from A to A**, indicated by (4.9.3). To show that a is a natural transformation, take a homomorphism of abelian groups f : A ~ B. It induces a
homomorphism f* : B* ~ A* (since the functor * is contravariant) and hence
f** : A** ~ B**, and we have a diagram as shown below:

A~B
-1,1.\'

-1,1.\'

f"
A** --+ B**

4.9 Duality of Finite Abelian Groups
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Here f** is defined by the equation
(4.9.5)
to say that a is natural means that this diagram commutes, which is just the condition (4.9.5). To find the kernel of a, we note that ax = 0 means X(x) = 0 for all
X E A*. Now if x#- 0, then there is a character XI on the subgroup generated by x
which does not vanish on x, and by (4.9.1), XI can be extended to a character on
A. Therefore we can find X E A* such that X(x) #- 0, and this shows ax in (4.9.4)
to be non-zero when x #- O. Hence the mapping (4.9.3) is injective, for any abelian
group A.
Suppose now that A is finitej then A and A** have the same order, by Theorem
4.9.1, and hence a is then an isomorphism. If we only know that A* is finite, then
so is A**, and since (4.9.3) is injective in any case, we again find that A is finite .
So we have
Theorem 4.9.2. Let A be any abelian group. If either A or its dual A * is finite, then so is

the other and the bidual A ** is naturally isomorphic to A.

•

We observe that for a finite abelian group A, of exponent m say, every character
takes values in Urn, the group of m-th roots of Ij hence A* may then also be defined
as Hom(A, Urn). For this reason all that has been said about finite abelian groups still
applies if we take Q/Z instead of R/Zj we note that Q/Z is just the torsion subgroup
ofR/Z.
We conclude by noting the orthogonality relations of characters. Here G is taken
to be multiplicative and the values are taken in ex.
Theorem 4.9.3. Let G be a finite abelian group of order n. Then

(i) for any

x, 1/1 E

G*,

1/1,
if X #- 1/1;
if X =

(ii) for any x, y

E

G,

1"

- L..- X(x)X(Y
n XEC *

-I

)=

{I0

if x = y,
'f .../.

1

x-r-y.

Proof. (i) For X = 1/1 the result is clear because X(x)X(x- l ) = X(xx- I ) = 1. Otherwise take a E G such that x(a) #- 1/I(a) and replace x by ax. Since ax runs over G
as x does, we have

Hence [1 - x(a)1/I(a -1) 1L x(x)1/I(x- 1 ) = 0, and here the first factor is not zero, by
the choice of a, hence L X(x)1/I(x- 1 ) = O. This proves (i). Now (ii) follows by applying the result to G* and using Theorem 4.9.2.
•
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Exercises
1. Let G be a finite abelian group and H be a subgroup. Show that the annihilator of
H in G* is a subgroup of G* of order (G : H).
2. Show that for any field K (even skew) the correspondence V 1-+ V* =
HomK(V, K) is an exact contravariant functor from left to right vector spaces.

3. Let R be a commutative ring and T be an R-module which is injective and such
that M* = HomR(M, T) =f. 0 whenever M =f. 0 (T is an injective cogenerator). For
N S; M define N.l as the submodule of M* annihilating Nand for P S; M* define
p.l as the submodule of M annihilating P. Show that any submodule N of M satisfies N.l.l = N.
4. Let cp be a non-trivial character on the additive group of a finite field F. Show that
every character ex of F has the form ex = exb, where exb(X) = cp(bx).
5. Let ex be a character of the additive group and fJ a character of the multiplicative
group of Fq, the field of q elements. Show that

IL ex(x)fJ(x) I= ql/2
XEFq

unless ex or fJ is trivial; the sum is 0 if ex is trivial, -1 if fJ is trivial and q - 1 if both
are trivial. (Hint. Evaluate the square of the expression on the left.)

Further Exercises for Chapter 4
1. Let R be a ring such that in any left R-module any maximal linearly independent

set is a basis. Give a direct proof that R is a skew field.
2. Let R be a ring such that in any torsion-free left R-module, given any linearly
dependent set, one (suitably chosen) element of the set is a linear combination
of the rest. Show that R is a local ring (i.e. the set of all its non-units is an ideal).
3. Let M be a left R-module with annihilator AnnR(M) = {x E RlxM = O}. Show
that if M is Noetherian, then R/AnnR(M) is left Noetherian.
4. Show that any module of finite composition length is finitely generated.
5. Let 0 -+ MI -+ ... -+ Mr -+ 0 be an exact sequence of modules. Show that if
each module Mi has finite length ti, then L ( - l)iti = o. Show that this still
holds if the length is replaced by the multiplicity of a given type of simple
module in a composition series.
6. Show that if f is an idempotent endomorphism of a module M, then
M = im fEB ker f.
7. Show that any injective endomorphism of an Artinian module is an automorphism, and dually any surjective endomorphism of a Noetherian module
is an automorphism. Give examples to show that 'Artinian' and 'Noetherian'
cannot be interchanged.
8. Show that a module M is finitely generated iff the set of all finitely generated
proper submodules of M has a maximal member.
9. Show that in a finitely generated module M any generating set contains a finite
subset which generates M.
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10. Show that every non-trivial commutative ring has a homomorphism onto a
field.
11. Let R be a ring which is not right Noetherian. Show that among the right ideals
of R that are not finitely generated there is a maximal one.
12. For which integers n is Z/(n) semisimple as Z-module?
13. A module M is said to be an essential extension of a submodule N if N meets
every non-zero submodule non-trivially. Show that a semisimple module
cannot be an essential extension of a proper submodule.
14. Show that a module is an essential extension of its socle iff every non-zero submodule contains a simple submodule. Deduce that over an Artinian ring every
module is an essential extension of its socle. Give an example of a Noetherian
module which is not an essential extension of its socle.
15. Let M = EeIPi be a direct sum of modules (not necessarily simple) and for J c I
write LJ for the sum of all Pi with i E ]. Show that LI n LK = LInK for any
subsets J, K of I.
16. Show that the submodules of a module M have unique complements iff Mis
semisimple and each a-socle is simple.
17. A module is called semi-Artinian if every non-zero quotient contains a simple
submodule. Show that a module which is Noetherian and semi-Artinian has a
finite composition length.
18. Show that a left R-module is simple iff it is isomorphic to Ria, for some maximal
left ideal a of R.
19. (K. R. Goodearl) Given rings A ~ B and a bimodule A UB, consider the triangular
matrix ring R
morphism f
rule

= (~

~).

For any modules M A , NB and a B-module homo-

: M ®A B --+ N, we can define M EB N
(m, n)(

~

: ) = (ma,f(m ® u)

as a right R-module by the

+ nb).

Verify that this is indeed an R-module and show that every R-module is of this
form.
20. Show that the ideals of

(~

~)

are of the form a EB N Ee b, where a is an ideal

in A, b is an ideal in Band N is an (A, B)-bimodule in M such that

N2 aM+Mb.
21. Show that if Ri is a ring with centre Ci, then the direct product

nC

nRi has centre

i•

22. Let R be a commutative ring in which 1 has infinite additive order (e.g. a field of
characteristic 0). By comparing traces of matrices show that R has IBN.
23. Show that HomR(R, M) ~ M, for any ring R and any R-module M.
24. Show that Hom(Z/(r), Z/(s)) ~ Z/(d), where d = (r, s).
25. Show that Q ®z Q ~ Q, A ®z Q = 0 for any abelian torsion group A.
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26. Let R be a principal ideal domain. Show that a submodule of a free R-module is
free. (Hint. Use the projections on R and apply transfinite induction.)
27. (R. Baer) Fix a prime p and in ZN denote by B the subgroup of elements (ai)
such that for any m :::: 0 almost all the ai are divisible by pm. Assuming that
ZN is free, show that B is free of uncountable rank; show that BlpB is elementary
abelian of countable order and obtain a contradiction. Deduce that ZN is not
free.
28. Show that over a Noetherian ring any direct sum of injective modules is injective
(the Noetherian assumption is necessary as well as sufficient, see FA 4.6).
29. Show that for any ring R and any finitely generated projective R-module P,
HomR(P, M) ~ HomR(P, R) ®R M. (Hint. Establish a natural transformation
and take P = Rn.)

Algebras

Historically the first rings to be studied (in the second half of the 19th century) were
the rings of integers in algebraic number fields. At about the same time the theory of
algebras began to develop; its most important landmarks were the Wedderburn
structure theorems for semisimple algebras, and the study of the radical. The theories
merged when it was realized that the Wedderburn theorems could be stated more
generally for Artinian rings. This is the form in which the results will be presented
here, in Section 5.2 and 5.3; the formulation for general rings (Jacobson radical
and density theorem) will be reserved for FA. As a preparation for this study we
examine the form the tensor product takes for algebras in Section 5.4, and in Section
5.5 we introduce scalar invariants. In Section 5.6 algebras are used to define an
important number-theoretic function, the Mobius function.

5.1 Algebras; Definition and Examples
Most of our rings have a coefficient ring; this is often given as a field, so that the ring
under consideration is a vector space. But it is convenient to frame the definitions
more generally; all we need to impose on the coefficient ring is commutativity. At
a later stage we shall see how even this restriction can be lifted.
Thus let K be a commutative ring; by an algebra over K or K-algebra we understand a ring A which is also a K-module, such that the multiplication in A is bilinear.
Explicitly we have in addition to the ring laws,

ax.y

= x.ay = a(xy),

for any x,y

E

A, a

E

K.

(5.1.1)

For example, K itself is always a K-algebra in a natural way. We also note that any
ring R may be regarded as a Z-algebra by putting

na

= a + a + ... + a(n terms),

( - n)a

= -na,

a E R, n E N.

(5.1.2)

It is easily verified that R becomes a Z-algebra in this way.
A homomorphism of K-algebras is a ring homomorphism which is K-linear, and a
subalgebra of a K-algebra A is a subring admitting multiplication by all the elements
of K. For example, the centre of A, defined as C = {z E Alzx = xz for all x E A} is a
subalgebra of A, as is easily checked.
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From (5.1.1) we find by taking y
Therefore

= 1 that x.a1 = ax, while x = 1 gives a1.y = ay.

a1 .x=x.a1=ax,

xEA,aEK.

Taking x = fJ1, we obtain al.fJ1 = a(fJl) = afJ.1. These rules, together with the
equations (a + fJ).l = a1 + fJ1 and 1.1 = I, which hold in any K-module, show
that the map a 1---+ a1 is a homomorphism of K into the centre of A. Conversely,
given any ring R and a homomorphism f from K to the centre of R, we can define
R as a K-algebra by putting
ax = (af)x,

x

E

R, a

E

K.

This shows a K-algebra A to be nothing more than a ring with a homomorphism
from K to the centre of A. In particular, any ring whose centre contains K may be
regarded as a K-algebra.
Sometimes a K-algebra is defined more generally as a K-module A with a bilinear
multiplication. If A contains an element 1 such that x . 1 = 1. x = x for all x E A, the
algebra A is said to be unital. What we described above is the special case when A
is unital and associative, and so is a ring. Occasionally we shall consider the term
'algebra' in this more general sense, but when nothing is said to the contrary,
K-algebras are understood to be associative and unital.
We remark that for a non-unital K-algebra, i.e. lacking a I, we can always adjoin a
1 by forming the direct sum K EEl A with the multiplication
(a, a)(fJ, b) = (afJ, ab + fJa

+ ab),

a, b

E

A, a, fJ

E

K.

(5.1.3)

The resulting K-algebra is denoted by AI; it has the one (1,0) and is associative if
A is.
A K-algebra A is said to be augmented if there is an algebra homomorphism
c : A ---+ K. The kernel of c is an ideal of A, called the augmentation ideal. Augmented
algebras may be described as follows:

Theorem 5.1.1. A K-algebra A is augmented if and only if the homomorphism
a 1---+ a1 (a E K) is an embedding and A contains an ideal a such that

A=aEElK.1.

(5.1.4)

Proof. Assume that A is an augmented K-algebra and write a = ker c for the augmentation ideal. Any x E A may be written in the form
x = (x -xc) +xc,

where xc EK and (x-xc)c=xc-xc=O, hence a+K.1 =A, and anK.1 =0,
because c restricted to K is injective, so we have the direct sum (5.1.4).
Conversely, if A contains an ideal a and a copy K.1 of K such that (5.1.4) holds,
then the projection on K.1 is an augmentation, as is easily verified.
•
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We observe that for any algebra A without a 1 the algebra AI, formed as in (5.1.3),
is augmented. Conversely, given an augmented algebra as in (5.1.4), we have A = a l ;
the verification is straightforward and may be left to the reader.
If our coefficient ring is a field k, any k-algebra A is a vector space over k and so
has a basis {u;} say. Every element of A can then be uniquely expressed in the form
L aiUi (ai E k, almost all 0). In particular, the multiplication in A is described
completely by the products UiUj' These take the form
UiUj =

L Yijr U"

Yijr

E

k.

The elements Yijr are called the structure constants of A. They determine the algebra
structure completely, by bilinearity, but it must be remembered that (i) the Yijr
depend on the choice of the basis in A, and (ii) the Yijr cannot be assigned arbitrarily,
for they will need to satisfy the equations ensuring that A is associative and unital.
If every non-zero element has an inverse (and 1 =j:. 0), A is a skew field, which is
also called a division algebra when A is finite-dimensional over k.
Let us give some examples of K-algebras, where K is any commutative ring.
Example 1. Let Vbe any K-module and put A = EndK(V). We can regard A as a Kmodule by defining for f E A, a E K, x E V, af : x 1--+ a(x!) = (ax)f. With this
definition it is easily checked that A is indeed a K-algebra. In particular, when V
is the free K-module of rank n, V = Kn, then A ~ 9Jln(K), the full n x n matrix
ring over K. This is easily verified directly, but follows also from Theorem 5.1.3
below and Corollary 4.4.2.
Example 2. 'In (K), the set of all upper triangular n x n matrices over K, i.e. matrices
C = (Cij), where Cij = 0 for i > j.
Example 3. Let A be a finite-dimensional vector space over a field k, with basis
UI, ... , Un say. Then for any elements Cijk E k, a k-algebra on A (not necessarily associative or commutative, or with a one) is defined by setting UiUj = L CijkUk. Thus A
may be defined by its 'multiplication table'.
Example 4. Let M = {uili E J} be a monoid and take A to be the free K-module on M
as basis, with multiplication UiUj = Uk as in M. By linearity this defines a multiplication on A and it is not hard to see that A becomes a K-algebra in this way.
The associativity of A follows from the associativity of M, and the unit element of
M is also the 1 for A. This algebra is usually denoted by KM and is called the
monoid algebra on M; in particular, for a group G we obtain the group algebra
KG. The mapping 8 : L aiUi 1--+ L ai is an augmentation for KM. The following
are particular cases of this construction.
Let M = {I, x, Xl, ... }consist of all powers of a single element x. Then M is the
infinite cyclic monoid and KM consists of all polynomials in x over K, with the
usual multiplication, thus KM ~ K[x].
(ii) Let G be the infinite cyclic group, with generator x. The group algebra is
K[x, X-I], the ring of all Laurent polynomials in the indeterminate x.
(i)
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(iii) Let G = Cn be the cyclic group of order n, with generator u. Then KC n consists
of all 'polynomials' ao + al u + ... + an _ I un - I with the usual multiplication,
but subject to un = 1.
(iv) Let M be the free monoid on XI, ... ,X" i.e. the set of all 'words' Xii Xi, ... Xi"
(1 ::: iv ::: r), with juxtaposition as multiplication, including the empty word
as the neutral element. The monoid algebra on K is called the free associative
algebra on XI, ... , Xr as free generating set and is denoted by K(x I' . .. , xr}.
Example 5. Any subring of C, the complex numbers, contains Z and so is a Zalgebra. Given a E C, consider Z[a], the subring generated by a. As abelian group
this is not usually finitely generated; it is so precisely when a satisfies an equation
(5.1.5)
For if a satisfies (5.1.5), then we can express all powers of a as linear combinations of
1, a, a 2 , •. • , an-I, so Z[a] is the finitely generated as abelian group. The converse
also holds, as is not hard to verify (see Section 9.4). An equation or polynomial
with highest coefficient 1 is called monic, and a complex number satisfying a
monic equation (5.1.5) with integer coefficients is called an algebraic integer. Since
the conjugates satisfy the same equation, they are again algebraic integers, though
they need not lie in Z[a]. For example, Z[i], where i is a root of x2 + 1 = 0, is a
ring, the ring of Gaussian integers.
Example 6. Finite-dimensional algebras over a field. Let k be a field and A be an
n-dimensional k-algebra with basis UI, ... ,Un' As we have seen, A is completely
determined by the n3 structure constants Yijr' If we choose the basis so that
UI = 1, then

= Yilr = Oir,

Ylir

while the associativity is expressed by the equations

L YijvYvrs = L YivsYjrv.
v

v

Example 7. Any Boolean algebra may be regarded as an Fralgebra, as we saw in
Section 4.1.
Let A be an n-dimensional algebra over a field k and consider the right multiplication in A,
Pa : X
I~

xa,

X E

A.

(5.1.6)

This is a k-linear mapping and hence can be represented by an n x n matrix over k.
Bya matrix representation, or simply a representation, one understands a k-algebra
homomorphism into a full matrix ring over k. Now the right multiplication Pa is
a representation of A, as is easily checked. It is called the regular representation of
A; more precisely it is the right regular representation, the left regular representation
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being given by Aa : x
have

1-+

ax. Strictly speaking, A is an anti-representation, because we
(5.1.7)

To describe Pa explicitly, if a = L
Pa : Uj

1-+

ajUj,

L

then

ujajuj

=

L

ajYjjvuv·

jv

Hence Pa is represented by the matrix

relative to the basis {Uj} . We further note that P is faithful, i.e. its kernel as a homomorphism is O. For if Pa = 0, then a = La = IPa = O. We thus obtain an analogue
of Cayley's theorem for groups:
Theorem 5.1.2. Let A be an n-dimensional algebra over a field k. Then A is isomorphic

to a subalgebra of the matrix ring 9J1n (k).

•

The regular representation can of course be defined for any K-algebra as a subring
of EndK(A), or indeed any ring. It turns out that the rings of left and right multiplication are each others' centralizers in End(R). This is an important result, best stated
for general rings:
Theorem 5.1.3. Let R be any ring and regard R as left R-module, by left multiplication.

Then
(5.1.8)

Similarly, EndR(RR) ~ R". Moreover, if R is a K-algebra (over a commutative ring K),
then (5.1.8) is a K-algebra isomorphism.
Proof. Consider the mapping p: a 1-+ Pa from R to EndR(RR), where Pa is given by
(5.1.6). The image is in EndR(RR) because (bx)a = b(xa) for any bE R, and it is
easily verified that Pa+b = Pa + Pb, Pab = PaPb, PI = I, and if R is a K-algebra,
then Paa = apa for a E K. We have already seen that P is injective, and it only
remains to prove surjectivity. Let 0 E EndR(RR), say 1(j = c. Then for all x E R,
xO = (x .1)0 = x. 1(j = xc = XPc and this shows P to be surjective; therefore it is
an isomorphism. The assertion for A follows similarly, but we have an antiisomorphism this time, because of (5.1.7).
•
The result may also be expressed by saying that for any ring R, the multiplication
rings PR, AR are subrings of End(R) and are centralizers of each other.
We can now give the description promised in Section 4.4 of a class of rings whose
only Morita-equivalents are the full matrix rings.
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Theorem 5.1.4. Let R be a ring such that every finitely generated projective R-module is
free. Then the rings Morita-equivalent to R are precisely the full matrix rings 9Jtn (R),
n = 1,2, ....
Proof. We saw in Section 4.4 that Rn is always Morita-equivalent to R. Conversely,
suppose that S is Morita-equivalent to R; then the categories sMod and RMod are
equivalent, and finitely generated projective modules in these categories correspond
to each other, for being projective is a categorical property and so is being finitely
generated: a module is finitely generated iff it cannot be written as the union of a
chain of proper submodules. By hypothesis every finitely generated projective left
R-module has the form Rn , for some n ::: 1. If S corresponds to R" under the category
equivalence, then these modules have isomorphic endomorphism rings. Now
EndR(RR) ~ R, by Theorem 5.l.3, hence by Corollary 4.4.2, S ~ Ends(sS) ~
EndR(R") ~ 9Jt"(R).
•

A ring with IBN having the property of Theorem 5.1.4 will be called projective-free.

Exercises
1. Show that every K-algebra (for any commutative ring K) on a single generator is
commutative and is a homomorphic image of the polynomial ring K[x].
2. Verify that Equations (5.1.2) define a Z-algebra structure on any ring.
3. Show that every 2-dimensional R-algebra has a basis 1, u, where UZ is either 0 or 1
or -1, and verify that no two of these are isomorphic. Classify all 2-dimensional
k-algebras which are (i) unital, (ii) non-unital.
4. Let A be a non-unital k-algebra, where k is a field of characteristic not 2, and
suppose that x Z = 0 for all x EA. Show that xyz = 0 for all x, y, z EA.
5. Show that the group algebra of every finite non-trivial group has zerodivisors.
6. Let S be a semigroup and kS be its semigroup algebra over a field k (defined as
for monoids). Show that if kS has a 1, then so does S.
7. Let R be any ring and Kbe a commutative ring. Show that R ®z K is a K-algebra
r ® 1 is a ring homomorphism
and that the map A : R ~ R ®z K given by r I~
such that for any ring homomorphism f : R ~ A, where A is a K-algebra, there
is a unique K-algebra homomorphism I' : R ® K ~ A such that f = AI'.
8. Let R be a ring such that 1 =I- 0 and axa = a has a unique solution for each
a E R. Show that R is a skew field.
9. Find a non-trivial ring R such that 9Jtz(R) ~ R. (Hint. Use Exercise 2 of Section
4.6 and Theorem 5.1.4.)
10. Let k be a field. Show that (i) any non-trivial unital k-algebra contains an
isomorphic copy of k in its centre and (ii) any ring R whose centre contains a
subfield isomorphic to k can be defined as a k-algebra. Examine what goes
wrong if R contains a subfield isomorphic to k, but not contained in the
centre of R.
11. Show that a Boolean ring R is simple iff R ~ 2. Deduce that an ideal I in a
Boolean ring R is maximal iff R/ I ~ 2.
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12. Verify that a subset of a Boolean algebra is an ideal iff it is an ideal in the
corresponding Boolean ring. Show that an ideal in Y'(S) is maximal iff for
each subset X of S the ideal contains either X or its complement. (Hint. Use
Exercise 11.)
13. Show that over an algebraically closed field of characteristic 0 there are two algebras of dimension 2 and five of dimension 3 (always with 1). How many algebras
are there of dimension 4?
14. 0. Dieudonne) Show that the k-algebra generated by x, y with defining relations
l = yx = 0 is left but not right Noetherian.

5.2 The Wedderburn Structure Theorems
We now come to one of the central results of ring theory, giving an explicit description of simple and semisimple Artinian rings. A ring R is called simple if R =I- 0 and R
has no ideals other than 0 or R. R is called left semisimple if it is semisimple as left
module over itself. It should be noted that a simple ring is not a special case of a left
semisimple ring; in fact we shall see in a moment that a left semisimple ring is also
right semis imp Ie and (left and right) Artinian, whereas there are simple rings that are
not Artinian.
First we note a lemma due to Issai Schur [1905], basic in much that follows.
Lemma 5.2.1 (Schur's lemma). Let R be any ring. If M is a simple R-module, then
EndR(M) is a skew field.

Proof. We have to show that every non-zero endomorphism of M is an automorphism. Let ex : M -+ M be a non-zero endomorphism. Then ker ex is a proper
submodule of M, because ex =I- 0, hence by simplicity, ker ex = o. Similarly, im ex is
a submodule, non-zero and hence equal to M. Thus ex is bijective and its inverse
is easily seen to be an endomorphism. Hence every non-zero endomorphism of M
has an inverse and so EndR(M) is a skew field.
•
We begin by describing simple Artinian rings.
Theorem 5.2.2 (Wedderburn's first structure theorem). For any ring R the follow-

ing conditions are equivalent:
(a)
(b)
(c)
(aD)_(c D)

R is simple and left Artinian;
R is left semisimple non-zero and all simple left R-modules are isomorphic;
R ~ 9J1n (D), where D is a skew field and n ::: 1;
the right-hand analogues of (a)-(c).

Moreover, the integer n in (c) is unique and D is unique up to isomorphism.
Proof. (a) ::::} (b). Let Rc be a minimal left ideal of R. By the simplicity of R we have
R = RcR = L Rca;, where aj ranges over R. The left ideal Rcaj is a homomorphic
image of Rc, by the map rc 1-+ rcaj; so by the minimality of Rc, either Rcaj = 0 or
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Rcai ~ Rc. Hence R is a sum of left ideals isomorphic to Rc and, by Theorem 4.3.4,
a direct sum, so (b) holds. Further, any simple left R-module is a quotient of R by a
left ideal, hence isomorphic to a minimal left ideal.
(b) => (c). Since R is finitely generated (by 1) as a left R-module, and semisimple
by hypothesis, it is a direct sum of finitely many minimal left ideals, all isomorphic
among themselves. Take a minimal left ideal U and suppose that R ~ un. By Schur's
lemma, D = EndR(U) is a skew field; by Corollary 4.4.2, EndR(U n ) ~ 9J1n (D); and
by Theorem 5.1.3, EndR(RR) ~ R; hence R ~ 9J1n (D), as claimed. Here n is uniquely
determined as the composition length of RR, while D is unique up to isomorphism as
the endomorphism ring of the unique simple left R-module type.
(c) => (a). Dn = 9J1n (D) has finite dimension as left D-space; every left ideal is a
subspace, so the descending chain condition holds and Dn is left Artinian. To show
1 = eij' hence
that Dn is simple, take any a = (ai) I:- 0, say ars I:- O. Then eirasj~
the ideal generated by a contains all the eij and so coincides with Dn. This shows
Dn to be simple.
Finally, since condition (c) is left-right symmetric, (aO) and (bO) also hold, and
again imply (c).
•
Since the centre of a skew field D is evidently a field, Dn is an algebra over a field,
so we obtain
Corollary 5.2.3. Any simple Artinian ring is an algebra over a field.

•

This result actually holds without the Artinian hypothesis (Exercise 3).
Next we turn to semisimple rings.
Theorem 5.2.4 (Wedderburn's second theorem). Every left semisimple ring is a
finite direct product of full matrix rings over skew fields:

R

~

9J1nl (D I ) x ... x 9J1n ,(Dr ),

(5.2.1)

where the ni and the isomorphism types of the Di are determined by R. Conversely, every
ring of the form (5.2.1) is semisimple; in particular, every left semisimple ring is right
semisimple and (left and right) Artinian. Moreover, two minimal left ideals of Rare
isomorphic if and only if they lie in the same factor on the right of (5.2.1).
Proof. Since R is left semisimple and finitely generated as left ideal, we have
R = HI E9 ... E9 Hn where Hi ~ I7 i , Ii being a minimal left ideal and different I's
being non-isomorphic. By Schur's lemma, EndR(Ii) = Di is a skew field,
EndR(Hi) ~ 9J1ni (Di) and using Theorem 5.1.3 and Corollary 4.3.8, we have
R~

EndR(RR) ~

n

9J1ni (D i ).

Here ni and the isomorphism type of Di is determined by the type component Hi of
R, which is itself unique, as we have seen in Section 4.3.
Conversely, for any skew field D and any n :::: 1, we have 9J1n (D) ~ rn, where I is a
minimal left D-module, represented for example by a single column of the matrix
9J1ni (D) ~ E9I7i is left semisimple. It has finite composition
ring 9J1 n(D). Hence

n
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length and so is left Artinian. By the evident symmetry of the matrix ring it is also
right semisimple and right Artinian.
•
From this result we see that there is no need to distinguish between 'left' and
'right' semisimple. For finite-dimensional algebras we have a sharper conclusion,
using a sharper form of Schur's lemma for algebraically closed fields (cf. Section 7.3):
Lemma 5.2.5. Let k be an algebraically closed field, R be a k-algebra and U be a simple

R-module which is a finite-dimensional k-space. Then EndR(U)

~

k.

Proof. As R-module, U is also a k-module and by hypothesis it is finite-dimensional,
so each R-endomorphism a of U is represented by a matrix pea). Since k is
algebraically closed, pea) has an eigenvalue A in k. Thus pea) - A.l is singular,
and it defines an endomorphism of U, which by Schur's lemma (Lemma 5.2.1)
can only be the zero map. Hence pea) = A.l and so EndR(U) ~ k.
•
Proposition 5.2.6. Any semisimple finite-dimensional algebra R over an algebraically

closed field k is a direct product of full matrix rings over k.
Proof. If we go through the proof of Theorem 5.2.4, we now find that each Ii is a
finite-dimensional k-space, hence by Lemma 5.2.5, EndR(I;) ~ k and the conclusion
follows from Theorem 5.2.4.
•

Theorems 5.2.2 and 5.2.4 were proved by Joseph H. Maclagan Wedderburn in
1908 for finite-dimensional k-algebras. In 1928 Emil Artin made the observation
that these theorems were valid more generally for any rings satisfying both chain
conditions on right ideals. Emmy Noether remarked in 1929 that Theorem 5.2.2
needed only the descending chain condition. Then in 1939 Charles Hopkins
proved that in any ring the ascending chain condition is a consequence of the
descending chain condition (see Section 5.3 below; this result was also obtained
independently at about the same time by Jacob Levitzki, but owing to wartime conditions only published in 1945). Thus any Artinian ring is necessarily Noetherian
(here the presence of a unit element is essential). For this reason the Wedderburn
theorems are now usually stated for Artinian rings. Issai Schur first proved the
lemma that bears his name in his dissertation in 1901, where he gave a simplified
treatment of group representations, a topic that will be taken up in FA.
From the description of semisimple rings in Theorem 5.2.4 we easily derive other
conditions which are sometimes useful:
Theorem 5.2.7. For any ring R the following conditions are equivalent:

(a)
(b)
(c)
(d)
(ao)-(do)

R is semisimple;
every left R-module is semisimple;
every left R-module is projective;
every left R-module is injective;
the right-analogues of (a)-(d).
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Proof. (a) {} (b). (a) is a special case of (b). When (a) holds, then every direct sum
of copies of R is semisimple, hence so is every homomorphic image, but this includes
every left R-module, by Theorem 4.6.3.
(b) {} (c) {} (d). By Theorem 4.3.4, (b) holds iff every short exact sequence ofleft
R-modules splits, and this is equivalent to each of (c), (d). Now the right-hand
•
analogues follow by the symmetry of (a).
Let R be a simple Artinian ring, say R ~ MT(D). Every left R-module is a direct
sum of copies of the unique simple left R-module. If the number of copies in the
direct sum is a, we may define the dimension of Mover R as
1
[M:R] =- .a.
r

(5.2.2)

This is either a rational number with denominator dividing r or 00. Here the
normalization has been chosen so that [R : R] = 1. In a similar way the dimension
of a module over a semisimple ring could be defined as an m-tuple of rational
numbers, but this will not be needed.

Exercises
1. Show that in a full matrix ring over a skew field each row is a minimal right ideal

and each column is a minimal left ideal.
2. For any ring R and any n :::: 1, show that the centre of Mn(R) is isomorphic to
the centre of R.
3. Show that the centre of a simple ring is a field.
4. Show that the centre of a semisimple ring is a direct product of fields. Show that
if the centre of a semisimple ring is a field, then R is simple.
5. Let R be a semisimple ring such that the endomorphism ring of any simple Rmodule is commutative. Show that RO ~ R, even though RO need not equal R
(the latter equality holds iff R is commutative).
6. Show that the dimension of a module M over a simple Artinian ring R, as
defined in (5.2.2), is a non-negative integer n iff M is free of rank n.
7. Let R = n~ Mn;(Dj). Show that every finitely generated left R-module M is
defined up to isomorphism by an r-tuple of rational numbers a =
(ai, ... , aT) such that njaj E N. What is the condition on a for M to be free?
8. Show that every homomorphic image of a semisimple ring is again semisimple,
but that this need not hold for every subring.
9. Show that every left or right ideal in a semisimple ring is generated by an idempotent, which is central iff the ideal is two-sided.
10. Let R be a simple ring. Show that any two non-zero elements of R have the same
additive order A, which is either a or a prime number. Verify that R may be
defined as a P-algebra, where P is the prime field of characteristic A.
11. Show that if R is left Artinian (or left Noetherian) and n :::: 1, then so is Mn(R).

5.3 The Radical
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5.3 The Radical
In general an Artinian ring need not be semisimple, but we shall find that there is a
uniquely determined 'largest' homomorphic image which is semisimple. The kernel
of this homomorphism is called the radical. To see the form this takes let us consider
for a moment the commutative case. From Theorem 5.2.4 it is clear that a commutative Artinian ring is semisimple iff it is the direct product of a finite number
of fields. The simplest case is that where R is a homomorphic image of a polynomial
ring k[x], k being a field. This is a principal ideal domain, so every ideal has the form
(j), where fis a polynomial in x over k. Let f = p~l ... P~' be a complete factorization
of f into irreducible factors Pi (where the Pi are distinct). By the Chinese remainder
theorem (Theorem 4.5.2), we have
r

R = k[xl!(f) =

IT k[xl!(pf

i ),

i=1

and this is a direct product of fields iff al = ... = a r = 1. It follows that the largest
semisimple homomorphic image of R is k[x]/(PI" 'Pr)' We note that
(PI . .. Pr)m == O(mod f), where m = max (ai, ... , a r ). Thus PI ... pr is nilpotent
(mod f) and we see that R is semisimple whenever it has no nilpotent elements
apart from O. We shall soon see that this condition always holds for commutative
Artinian rings, but it certainly does not hold generally in this form, since e.g. the
2 x 2 matrix ring over a field is semisimple and yet contains the nilpotent element
el2. What is required is a nilpotent ideal; the ideal generated by el2 is not nilpotent
because it contains the non-zero idempotent elJ = el2e2J. An ideal a is said to be
nilpotent if an = 0 for some n, where an is the set of all finite sums of terms
ala2 ... an, ai E a. We shall find that the radical in an Artinian ring can be characterized as the sum of all nilpotent ideals. This will be proved in Theorem 5.3.5
below, but to do so it will be convenient to define the notion of radical in quite
general rings. First we consider what happens in the Artinian case.

Theorem 5.3.1. Every Artinian ring R contains a unique ideal 1)1 such that (i) RlI)1 is

semisimple and (ii) any ideal c of R such that Ric is semisimple satisfies c 2
The ideal

1)1

1)1.

determined in this way is called the radical of R.

Proof If a is any maximal ideal of R, then the quotient RIa is simple Artinian,
because the ideals of RIa correspond to the ideals of R that contain a. Given any
maximal ideals ai, a2, ... of R, we can form the descending chain
(5.3.1)
where at each stage ar+1 is chosen so that al n ... n ar r.t ar+l> to ensure that the
inclusion in (5.3.1) is proper. Since R is Artinian, the chain (5.3.1) must break off,
so for some r, 1)1 = al n a2 n ... n ar contains all maximal ideals of R. Since the
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Ili are distinct and maximal, they are pairwise comaximal, so by Theorem 4.5.2 we
have

n
r

R/'Jl ~

R/lli.

i=1

Each factor on the right is simple Artinian, hence RIm is semisimple. If c is any ideal
of R such that RIc is semisimple, then c can be expressed as an intersection of maximal ideals of R; we need only take the ideals of R corresponding to the maximal
ideals of RIc. Thus c = nb i , where each bi is maximal. Since bi ;2 'Jl, it follows
that c ;2 'Jl. Thus 'Jl has the required properties, and it is clear that 'Jl is uniquely
determined by (i) and (ii).
•
The proof of Theorem 5.3.1 shows that the radical of an Artinian ring R may be
defined as the intersection of all maximal ideals of R. From the structure of semisimple rings it is clear that the radical may also be defined as the intersection of
all maximal left ideals, or equivalently as the intersection of all maximal right ideals.
This property was used by Jacobson in 1945 (taking up an earlier idea of Perlis),
to study the radical in general rings. In fact there are several equivalent properties
of the radical which will also be needed, and we begin by introducing them.
Lemma 5.3.2. Let R be any ring. For an element a E R the following conditions are

equivalent:
for each simple left R-module M, aM = 0;
a belongs to each maximal left ideal of R;
(c)
1 - xa has a left inverse for all x E R;
(d)
1 - xay has an inverse for all x, y E R;
(ao)-(do) the right-hand analogues of (a)-(d).

(a)
(b)

Proof. (a) ::::} (b). Let m be a maximal left ideal of R. Then RIm is a simple left
R-module, hence a(Rlm) = 0 by (a), i.e. aR S; m, and so a E m.
(b) ::::} (c). Assume that (b) holds, but not (c). Then for some x E R, 1 - xa has no
left inverse, i.e. 1 fj R(1 - xa). By Krull's theorem (Theorem 4.2.6) there is a maximal left ideal m ;2 R(1- xa), thus 1 - xa E m, and by (b) a E m, hence xa E m and
1 = 1 - xa + xa E m, a contradiction.
(c) ::::} (a). Let M be a simple left R-module. Given u E M, if au -I- 0, then
Rau = M by simplicity, hence u = xau for some x E R, i.e. (1 - xa)u = 0, and by
(c) it follows that u = O. Hence au = 0 for all u E M and (a) holds.
Now (d) ::::} (c) trivially; we complete the proof by showing that (a) + (c) ::::} (d).
By (a), aM = 0 for any simple module M, hence for any y E R, ayM S; aM = 0, i.e.
ay satisfies (a) and hence (c). Thus 1 - xay has a left inverse 1 - b say:
(1 - b)(1 - xay) = 1.

(5.3.2)

This may be written as b = (b - 1)xay, hence bM = 0 for any simple M, therefore b
satisfies (a) and hence also (c), so 1 - b has a left inverse 1 - c:
(1 - c)(1 - b) = 1.

(5.3.3)
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By (5.3.2), (5.3.3),
1 - c = (1 - c)(l - b)(l - xay) = 1 - xay,

hence c = xay and now (5.3.2), (5.3.3) show 1 - b to be the inverse of 1 - xay.
This proves that (a)-(d) are equivalent; now the symmetry follows because (d) is
left-right symmetric.
•
We note that if 1 - a has the inverse 1 - a', then
a + a' = aa' = a' a.

(5.3.4)

Such an element a' is uniquely determined by a; it is called the quasi-inverse of a.
In any ring R the set J(R) of all a E R satisfying one (and hence all) of Lemma
5.3.2 (a)-(d) is called the Jacobson radical of R. From the remarks following Theorem
5.3.1 it is clear that J(R) coincides with the radical in any Artinian ring. We now give
another proof of this fact which helps to clarify the relation between the two ways of
defining the radical.
Theorem 5.3.3. Let R be a left (or right) Artinian ring and] = J(R) be its Jacobson
radical. Then RI] is semisimple and] is the least ideal with semisimple quotient.

Proof. Pick maximal left ideals [I, Iz, ... in R such that [I n Iz n ... n
as possible. Then

[T -

I

rt. [T as far
(5.3.5)

and since R is Artinian, the chain eventually breaks off, say at the r-th stage. This
means that every maximal left ideal contains [I n ... n [n which therefore coincides
with]. If any Ii, 1 :::: i :::: r, contains the intersection of the others, we omit it; so we
may take the intersection [I n ... n [r to be irredundant, i.e. no [i can be omitted.
Writing ai = nj#i Ij' we now have ai rt. Ii and it follows that ai + ~ = R, because
[i is maximal. Furthermore ai n [i = nili =] and
II n ... n li-I/II n ... n Ii ~

(II n .. . n li-I

+ li)/Ii =

R/li ,

where [I n ... n li-I and [i are co maximal by the maximality of Ii. Since R/li is a
simple module, this shows that the chain (5.3.5) has simple quotients and hence
has finite composition length. Moreover, ad] ~ (ai + li)/Ii = R/li' hence ad] is
simple, and the sum L (a;/]) is direct, for if Xi E ai satisfies LXi == O(mod]),
then XI E al n II =], hence XI == O(mod]), and similarly for each Xi. This shows
R/] = E9( ad]) to be semisimple.
] is the least ideal with this property, for if c is such that R/ c is semisimple, then
there are left ideals bi minimal above c such that R/c = E9(bdc). Clearly if
DI = Li#1 bi , then R/D I = (D I + bl)/D I ~ bl/(D I n bl ) = bd] and this is simple,
hence DI is maximal, and similarly for Di = Lj#i bj . By definition of ], Di ;2],
hence c = n Di ;2 ], as required.
•
This describes the structure of RI] in the Artinian case. It remains to examine]
itself; in particular we wish to identify] in the Artinian case as the maximal nilpotent
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ideal. We first note that every nilpotent element has a quasi-inverse. For, given n:::: 1,
any x satisfies
(1 - x)(1

+ x + ~ + .. + xn -I) = (1 + x + ~ + ... + xn -1)(1 -

x)

=

1 - xn.

This shows that if xn = 0 for some n, then 1 - x has an inverse, i.e. x has a quasiinverse. By a nilideal one understands an ideal in which every element is nilpotent;
every nilpotent ideal is clearly a nilideal, but the converse need not hold (see
Exercise 7, also Section 6.3).
Proposition 5.3.4. Every left or right nilideal of a ring R is contained in J(R). In
particular, this holds for every nilpotent (left or right) ideal.

Proof. This follows directly from the above remarks and condition (d) of
Lemma 5.3.2.
•
We can now give the promised description of the radical in an Artinian ring.
Theorem 5.3.5. In any left (or right) Artinian ring R the sum of all nilpotent ideals is
itself a nilpotent ideal, the radical I, and RlI is semisimple. Moreover, R itself is semisimple if and only if it has no nilpotent ideals other than zero.

Proof. By Proposition 5.3.4, I = J(R) contains all nilpotent left or right ideals and

RlI is semisimple, by Theorem 5.3.3, while no smaller ideal has this property. To
complete the proof, it therefore only remains to show that I itself is nilpotent. We
have I ;2 12 ;2 . .. and since R is left Artinian, equality must hold at some stage:
Jk = Ik+ 1 = .... We put 1= Jk, so that 12 = I; if I "# 0, let n be a minimal left
ideal subject to In"# O. Then for some a E n, Ia "# 0 and I(Ia) = 12 a = la, hence
by the minimality of n, Ia = n. In particular, a = xa for some x E I, so
(1 - x)a = 0; but x E I, hence by Lemma 5.3.2(c), a = 0, and so Ia = 0, which is
a contradiction. Therefore I = Ik = 0, as claimed.
•
Lemma 5.3.2 has an important consequence which is often useful. We state and
prove it in its usual form, for finitely generated modules, though it holds in fact
for all non-zero modules (see Bass [1960)).
Lemma 5.3.6 (Nakayama's lemma). Let R be any ring and M be a finitely generated
non-zero left R-module. Then J(R)M "# M.

Proof. Since M is finitely generated non-zero, it has a maximal proper submodule
M' (Proposition 4.2.5), and MIM' is simple. By Lemma 5.3.2(a), a(MIM') = 0
•
for all a E J(R), hence J(R)M s:; M' and so J(R)M "# M.

We record another form of Nakayama's lemma, which is also used:
Corollary 5.3.7. Let R be any ring, M be a finitely generated left R -module, N be a submodule of M and a be an ideal of R contained in J(R). If aM + N = M, then N = M.
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Proof. We need only apply Lemma 5.3.6 to MIN. By hypothesis M/N =
a(M/N) ~ J(R)(M/N) and MIN is finitely generated, hence M/N = 0, I.e.
N=M

•

The next result is a useful application of Nakayama's lemma.
Theorem 5.3.8. Let R be any ring and let I be an ideal contained in J(R). Given two
finitely generated projective left R-modules P, Q, if P/IP ~ Q/IQ, then P ~ Q.

Proof. Any map 1: P/IP --+ Q/IQ can be lifted to a map f
diagram

: P --+

Q to make the

Q -----+ Q/IQ
commutative, because P is projective and Q --+ Q/IQ is surjective. Since 1 is surjective, Nakayama's lemma shows that f is surjective. Since Q is projective, N = ker f is
a direct summand of Pj it is finitely generated, as homomorphic image of Q, and
N /IN = 0 because ker = O. Hence N = 0, again by Nakayama's lemmaj thus f is
an isomorphism, as claimed.
•

1

We conclude this section by examining the relation between Noetherian and
Artinian rings. A Noetherian ring need not be Artinian, as the example of the
rational integers Z shows. However we shall find that every Artinian ring is
Noetherian (Hopkins' theorem). This is a consequence of the following more general
result:
Theorem 5.3.9. Let R be a left Artinian ring and M be a left R-module. Then the
following conditions are equivalent:
(a) M is Artinian,
(b) M is Noetherian,
(c) M has a composition series,
(d) M is finitely generated.

Proof. The quotient A = R/J of R by the radical] = J(R) is semisimplej moreover, J
is nilpotent, say Jk

= O.

We form the chain of submodules

(5.3.6)
Each quotient Pi = Ji - 1M/ JiM is annihilated by J and so may be regarded as an
A-module, and R-submodules and A-submodules are the same. As A-module, Pi is
semisimple, by Theorem 5.2.7. Now if Mis Artinian, then each Pi is Artinian and
as semisimple Artinian A-module it has a composition series. By composing all
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these series we obtain a composition series for M. Hence (a) =} (c); similarly (b) =}
(c), clearly (c) =} (d), (b) and now (d) =} (a) by Theorem 4.2.3.
•
Applying the result to R itself, we obtain
Corollary 5.3.10 (Hopkins' theorem). Every left Artinian ring is left Noetherian . •

In general a ring may well be left Artinian without being right Artinian, as we
saw in Exercise 8 of Section 4.4. There are also Artinian modules that fail to be
Noetherian (see Hartley [1977); Cohn [1997)).

Exercises
1.
2.
3.
4.
5.
6.
7.

8.

9.

10.
11.

Find the radical of Z/(n), for different n.
Find the radical of the ring of all upper triangular n x n matrices over a field k.
Show that a reduced Artinian ring is a direct product of skew fields.
Show that for any ring R and any n ~ 1, J(R n) = J(R)n'
Let R be a ring and a be an ideal in R. Show that if J(R/a) = 0, then J(R) ~ a.
For any ring R, show that if a E R is such that Ii E R!J(R) is a unit, then so is a.
Let A be the commutative k-algebra generated by XI, X2, ... with defining
= 0 (n = 1,2, ... ). Show that the ideal generated by XI, X2,'"
relations X~+I
is a nilideal but not nilpotent.
By Theorem 5.3.9 every finitely generated module M over an Artinian ring R has
a finite composition series. Find a bound for the composition length in terms of
the number of generators of M and invariants of R.
(S. A. Amitsur) Let A be an algebra (not necessarily Artinian) over a field k.
Show that any element of J(A) algebraic over k is nilpotent. Deduce that if A
has countable dimension over an uncountable field, then J(A) is a nilideal'
(Hint. Show that if a is transcendental over k and Ai are distinct elements of
k, then the elements (a - Ai) - I are linearly independent over k.)
Verify that the ring k[ [x)) offormal power series in X over a field k is an integral
domain with non-zero Jacobson radical.
(A. A. Klein) In a ring R, let a be a right ideal satisfying the identity xn = o.
Choose a E a such that a =j:. 0 and by evaluating (an - IY + at for y E R show
that an-IRa n - 1 = O. Deduce Levitzki's theorem: if R has a non-zero right
ideal which is a nilideal of bounded index, then R has a non-zero nilpotent ideal.

5.4 The Tensor Product of Algebras
Let K be a commutative ring. We recall that a K-algebra is a K-module A with a
bilinear mapping ILo : A x A ---+ A, the multiplication in A. By Theorem 4.8.1 it
comes to the same thing to have a linear mapping
IL : A ® A ---+ A,

(5.4.1)
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and we shall also refer to JL in (5.4.1) as the multiplication in A. Explicitly we have
0:= Xi ® Yi)JL = L XiYi for Xi, Yi EA. The associativity of A is expressed by the
commutativity of the diagram

A0l~:r

IL® 1

A®A--+A
and the existence of a unit element e in A is expressed by the equations
(x ® e)JL = (e ® x)JL = x, while commutativity is expressed by (x ® Y)<JL =
(x ® Y)JL, where < is the transposition
< : x ® YH

Y® x .

(5.4.2)

Given two K-algebras A, B, we can define their tensor product as a K-algebra in a
natural fashion. Let < :B ® A --+ A ® B be defined as in (5.4.2), for x E B, yEA;
this gives rise to the permutation map <I: 1 ® < ® 1 : A ® B ® A ® B --+
A ® A ® B ® B, where

If we combine this with the multiplications JL of A and v of B, we obtain a linear
mapping
(5.4.3)

We claim that this multiplication is associative whenever JL and v are. Put
C = A ® B; then (5.4.3) can be written rr: C ® C --+ C and for any ai E A, bi E B
we have
(al ® bl ® a2 ® b2 ® a3 ® b3)(rr ® l)rr = (ala2 ® b1b2 ® a3 ® b3)rr
= (ala2)a3 ® (b 1b2)b3.

Applying (1 ® rr)rr, we obtain al (a2a3) ® bl (b 2b3), which is the same, by the associativity in A and B. Since the elements on the left span C ® C ® C, the associativity of
rr follows. In a similar way we can show that C is commutative whenever A and Bare.
When A has a unit element e, then the mapping

b H e® b (b

E

B)

(5.4.4)

is a homomorphism from B to A ® B; likewise for a one in B, and if A, B have ones e,
is a one for C. We sum up these results in

f say, then e ® f

Theorem 5.4.1. Let K be a commutative ring and A, B be any K-algebras. Then A ® B

is again a K-algebra, which is associative, commutative or has a unit element whenever
this is so for both A and B.
•
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In what follows we shall assume that our algebras are associative and have a one.
Even when A has a one e, (5.4.4) need not be an embedding (see Exercise 5), but this
is so if K = k is a field and A i- 0, for in that case A has a basis including e and the
subspace spanned by e is a direct summand in A, so we can apply Proposition 4.8.3.
Example 1. Let k be a field and E be an extension field of k. If A is any k-algebra, then
A ® E is an algebra over E, of dimension [A : kJ. Explicitly, if U\, ... , Un is a k-basis
of A, then the elements U\ ® 1, ... , Un ® 1 form a basis of A ® E over E. Regarded as
an E-algebra, A ® E is denoted by AE and is called the algebra obtained from A by
extension of the ground field to E.
Example 2. Let A = 9Jir (K) be a full matrix ring over K. Then A has a basis
(i,j = 1, ... , r) over K (the 'matrix units'), with the multiplication rule

eij

For any K-algebra B, the tensor product A ® B is a free B-module with the same basis
as A, hence
(5.4.5)
By combining Theorem 5.2.2 with (5.4.5) we see that every central simple algebra is a
tensor product of a central division algebra and a full matrix algebra.
If in (5.4.5), B = 9Ji s (K), then the right-hand side becomes 9Jir (9Jis (K» ~
9Jirs (K), for the elements of 9Jir (9Jis (K» are r x r matrices whose entries are s x s
matrices over K. Thus we find
(5.4.6)
As a module isomorphism this follows already from Corollary 4.8.5; the above
argument shows that it is an algebra isomorphism.
Example 3. In any field k of characteristic not 2, take a, b E k and define a 4dimensional algebra with basis 1, u, v, uv and multiplication rules

u2

= a, v2 = b, vu = -uv.

This algebra is called a quaternion algebra and will be denoted by (a, b; k). In this
notation Hamilton's quaternions take the form (-1, -1; R).
There is a simple criterion for an algebra to be a tensor product which is often
useful. Let C be an algebra over a field k. Two subspaces U, V of C are said to be
linearly disjoint over k if for any linearly independent elements Ui in U and Vj in V
the elements UiVj in C are linearly independent over k. Clearly this just means that
the natural mapping U ® V ---* C induced by the mapping (u, v) H UV is injective.
Now the criterion can be stated as follows:
Proposition 5.4.2. Let C be an algebra over a field k. Given subalgebras A, B of C, if (i)
A and B are linearly disjoint, (ii) AB = C and (iii) A and B commute elementwise, then
C~A®B.
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Proof. The mapping (x, y) 1-+ xy from A x B to C is bilinear and so induces a klinear mapping A ® B -+ C. It is injective by (i), surjective by (ii) and a homomorphism by (iii).
•
Next we shall describe centralizers in a tensor product. In any ring R the centralizer
of a subset X is the set
C(X)

= {a E Rlax = xa

for all x EX}.

It is easily verified that C(X) is a subring of R; when R is a K-algebra, C(X) is again a
K-algebra.
We shall also need a formula for intersections in a tensor product. Let U, V be any
K-modules (where K is a commutative ring) and let U', V' be direct summands in
U, V respectively, so the U' ® V, U ® V', U' ® V' may be regarded as submodules
of U ® V, by Proposition 4.8.3. Then
U' ® V

n U ® V' = U' ® V'.

(5.4.7)

For we can write U = U' EEl U", V = V' EEl V"; hence
U ® V = (U' ® V') EEl (U' ® V") EEl (U" ® V') EEl (U" ® V")

(5.4.8)

= WI EEl W2 EEl W3 EEl W4 ,

say. Now the left-hand side of (5.4.7) is (WI EEl W 2 )
is clearly W" so (5.4.7) holds.

n (WI

EEl W 3 ) and by (5.4.8) this

Proposition 5.4.3. Let AI, A2 be algebras over a field k, let Bi be a subalgebra of Ai and
B; be the centralizer of Bi in Ai (i = 1,2). Then the centralizer of BI ® B2 in Al ® A2 is
B~
®B;.
Proof. Let us denote by C the centralizer of BI ® B2 in Al ® A 2. It is clear that
(5.4.9)
where we have identified B~ ® B; with its image in Al ® A 2 • This is justified by the
above remark because k is a field.
It remains to prove equality in (5.4.9). Using a k-basis {v;} of A 2 , we can write
every element of Al ®A2 uniquely in the form Lai ® Vi, where ai E AI' Given
any b E B" we have
(5.4.10)
If L ai ® Vi E C, then the left-hand side of (5.4.10) is 0, hence aib - bai = 0 for all i,
and this holds for all bE BI; therefore ai E B~
and so L ai ® Vi E B~ ® A2. Thus
C ~ B~ ® A2 and similarly, C ~ Al ® B;; it follows that
C~

(AI ® B;)

n (B;

® A 2) = B; ® B;,

by (5.4.7). Together with (5.4.9) this shows that C

= B~

® B; as claimed.

•
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If we take Bi = Ai, then B: is the centre of Ai and we obtain
Corollary 5.4.4. If A I, A2 are algebras over a field with centres ZI, Z2 respectively, then
the centre of Al ® A2 is ZI ® Z2.
•

As we saw in Section 5.2, the centre of a simple algebra A over a field k is a field, E
say. Clearly E ;2 k; if equality holds, A is said to be central simple. While a general
treatment of central simple algebras will be reserved for FA, here are a few results
that we shall use later.
A k-algebra D which is a skew field of finite dimension over k will be called a
division algebra over k, and the dimension will be written [D: k]. For example,
over the complex numbers C the only division algebra is C itself; this is a consequence of the fact that C is algebraically closed, i.e. every algebraic equation over
C has a root in C. More generally, we have
Proposition 5.4.5. The only division algebra over an algebraically closed field F is

F itself

Proof. Let D be a division algebra over F. Given a E D, the powers of a are linearly
dependent over F, because D is finite-dimensional, say

f(a)

= an + Clan - I + ... + Cn = 0

(Ci E

F)

is an equation ofleast degree for a. Since F is algebraically closed, f(x) has a zero A in
F, and hence fix) has the factor x - A : f(x) = (x - A)g(X), where g is of degree
n - 1. We have f(a) = (a - A)g(a) = 0 and by the minimality of n, g(a) =I- 0,
hence a - A = 0, so a = A E F and this shows that D = F.
•
Let A be a k-algebra, E be an extension field of k and consider the algebra AE
obtained by extending the ground field. If UI, •.. , Un is a k-basis of A, then this is
also an E-basis of A E , as we saw earlier. Thus we have
[AE : EJ

= [A : kJ.

For a central simple algebra we have more precise information about the dimension. We shall need the fact, proved in Section 7.3, that any field can be extended to
an algebraically closed field (Theorem 7.3.4 below).
Theorem 5.4.6. The dimension of any central simple k-algebra, if finite, is a perfect

square.
Proof. Let E be an algebraically closed field containing k and form AE = A ® E. By
Theorem 5.2.2, AE = Dn> where D is a skew field; we have [A E : EJ = n2[D : E],
hence D is finite-dimensional over E, and by Proposition 5.4.5, D = E. It follows
•
that [A: kJ = [AE : EJ = n2, as claimed.
To conclude this section we shall show that the collection of central simple kalgebras is closed under tensor products. This will lead to the notion of a Brauer
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group, which will be required briefly in Chapter 8. We shall need a lemma on vector
spaces.
Lemma 5.4.7. Let D be a skew field with an automorphism a and let V be a
right D-space with basis UI,"" Un. Define an action of a on V by setting
(L UjAi)a = L Uj(Aja), so that the Uj are fixed under a. Then any subspace of V

admitting a has a basis left fixed by a.
Proof. Suppose the subspace W of V admits a and is r-dimensional. The quotient
space V/W is spanned by the residue classes of UI, ... 'Un> so we can choose a
basis from them, which by renumbering may be taken as Ur+ I, ... , Un. Modulo W
we can express the remaining u's in terms of them:
n

Uj ==

L UkYkj (mod W),

i = 1, ... , r.

r+1

Put Zj = Uj - L UkYkj (i = 1, ... , r); then ZI, ... , Zr form a basis of W. They are
linearly independent, for if L ZjAi = 0, then L UjAj - L UkYkjAi = 0, hence
Al = ... = Ar = 0, and so the z's form a basis, because W is r-dimensional. We
now apply a and obtain

Zja = Uj -

L uk(Ykja).

(5.4.11)

Since Wadmits a, Zia is a linear combination of the Zj' so we have

Zja =

L ZjAjj = L UjAji - L Uk YkjAjj.

(5.4.12)

Equating (5.4.11) and (5.4.12), we obtain

Uj -

L UjAjj - L Uk (Ykja - L YkjAjj) = 0.

By the linear independence of the u's, all coefficients must vanish; in particular,
Aji = Ojj(i = 1, ... , r), hence by (5.4.12), Zja = Z;, so the z's form the required
basis of W.
•
We can now achieve our aim announced earlier:
Theorem 5.4.8. Let A, B be central simple algebras over a field k. Then the tensor

product A ® B is again a central simple k-algebra.
Proof. By Theorem 5.2.2 and (5.4.5), B has the form Dm ~ km ® D, where D is a
central division algebra; hence A ® B ~ A ® km ® D ~ Am ® D = P, say. Now P is
a D-module under the action x 1---+ a-I xa, for a E D X , and a k-basis of A will be
a basis of P as D-module and fixed under the action of D. By Corollary 5.4.4,
P has centre k and we have to show that P is simple. Let II be a non-zero ideal of
P; then II admits the action of D, therefore by Lemma 5.4.7 it has a basis fixed
under the action of D, i.e. centralizing D. But the centralizer of D in P is Am, so II
has a basis in Am; since Am is simple, II :2 Am' so II contains 1 and hence equals P,
which is therefore simple, as claimed.
•
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For any central simple k-algebra of the form A = kn ® D (D a division algebra) let
us call D the division algebra component or skew field component of A; two central
simple algebras are said to be similar if they have isomorphic division algebra components. Given a tensor product of central simple algebras, P = A ® B, the similarity
class of P clearly depends only on the similarity classes of A and B, not on A, B themselves. These similarity classes form a monoid, by Theorem 5.4.8 and the associativity
of the tensor product. In fact this monoid is a group, with the class of A 0 , the opposite algebra of A, as inverse of the class of A. To see this we shall show that
A 0 ® A ~ kn> where n = dim A. We can interpret kn as the ring of linear transformations of A, and we have a linear mapping A 0 ® A --+ kn in which L ai ® bi
corresponds to the mapping x 1--+ L aixbi. This is easily verified to be a homomorphism; the kernel is 0, since A 0 ® A is simple, by Theorem 5.4.8. Now a comparison of dimensions shows that it must be an isomorphism, hence A 0 ® A ~ kn>
as claimed, and it follows that the similarity class of A 0 is the inverse to the class
of A. We thus obtain

Theorem 5.4.9. For any field k, the similarity classes of central simple k-algebras form
a~

•

This group, first introduced by Richard Brauer in 1928, is called the Brauer group
of k and is denoted by Bk• A closer study of this group will be made in FA.

Exercises
1. Show that if A, B are finitely generated K-algebras, then so is A ® B.
2. Let A be a K-algebra and x be an indeterminate over A. Show that
A[x] ~ A ® K[x].
3. Let Z[i] be the ring of Gaussian integers (obtained by adjoining a root i of
x 2 + 1 = 0 to Z). Show that R ® zZ[i] ~ C.
4. Let B be an algebra with unit element 1. Verify that the map from A to A ® B
defined by x 1--+ X ® 1 is a homomorphism.
5. Let A = Z/(2) as Z-algebra and B = Z. Verify that the natural homomorphism
B --+ A ® B is not an embedding.
6. Fill in the details in the proof of Theorem 5.4.1.
7. Let A, B be algebras with unit elements -=f. 0 over a field, but not assumed to be
associative. Show that if A ® B is associative, then so are A and B.
8. Let A be a k-algebra, where k is a field, and let E be an extension field of k. Show
that A ® E may be defined by taking the multiplication table of A in terms of a
basis over k and regarding it as a multiplication table over E.
9. Let A, B be K-algebras. Given a right A-module U and a left (A ® B)-module V,
show that (U ®K B) ®A0B V ~ U ®A V. (Hint. Use (4.8.7) and the associative
law.)
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Let A be a finite-dimensional algebra over a field k. We have seen in Section 5.1 that
A has a faithful matrix representation over k, the regular representation p. If
UI,"" Un is a basis of A, then the regular representation a 1-+ pea) = (Pij(a)) is
given by the equations

Ui a =

L Pi/a)Uj'

The matrix of the regular representation is still dependent on the choice of basis in A,
but we get an invariant in A by taking the characteristic polynomial

det(xI - pea))

= xn + Alxn- I + ... + An.

(5.5.1)

Here the second and last coefficients are just the trace and the determinant of pea),
apart from sign. We define the trace of a, TA/k(a), and the norm of a, NA/k(a), as

TA/k(a)

= -AI = tr(p(a)),

NA/k(a)

= (-

1)nAn

= det(p(a)).

More briefly we often write T(a), N(a) when no confusion is possible. The properties
of the trace and determinant of a matrix lead immediately to the formulae

= T(a) + T(b), T(Aa) = AT(a),

T(a + b)

T(ab) = T(ba), T(l) = n,
N(ab)

a, b E A, A E k.

(5.5.2)

= N(a)N(b), N(Aa) = AnN(a) , N(l) = l.

As a first application we obtain a criterion for zerodivisors in A in terms of the norm.
Proposition 5.5.1. Let A be a finite-dimensional algebra over a field k and let c E A.

Then the following conditions are equivalent:
(a) c is a non-zerodivisor in A,
(b) c is a unit in A,
(c) N(c) #- o.

In particular, every finite-dimensional algebra without zerodivisors is a division algebra.
Proof. (a) :::} (b). If [A : k1 = n, then the elements 1, e, (2, ... , cn are linearly dependent over k, so we have an equation

Yoc n + YIC n-

1

+ ... + Yn

= 0,

Yi

E

k, not all O.

Choose an equation of least degree r; then since c is a non-zerodivisor, Yr #- 0, and
on dividing by it, we may assume that Yr = 1. Then -(Yoc r- I + ... + Yr- d is an
inverse for c in A.
(b) :::} (c). If c is a unit, then 1 = N(cc- I ) = N(e)N(c- I ), hence N(c) #- O.
(c) :::} (a). If N(c) #- 0, then the matrix pee) of the regular representation is nonsingular, hence the mapping x 1-+ xc is injective, i.e. c is a non-zerodivisor.
•
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To establish the usual transitivity formulae we shall need a lemma. We assume that
the reader has met the matrix reduction over an algebraically closed field.
Lemma 5.5.2. Let Flk be a field extension of degree r and denote by P the regular representation ofF in k; thus P : F -+ 9Jtr(k) is a homomorphism. Denote by Pn the induced
homomorphism 9Jtn(F) -+ 9Jtnr (k). Then for any C E 9Jtn(F),

tr(Pn(C» = tr(p(tr(C»),
det(Pn(C»

= det(p(det(C»).

(5.5.3)
(5.5.4)

Proof. By definition p(c) is an r x r matrix over k; its entries will be written PA/L(C).
Writing C = (Cij), we have on the left of (5.5.3), L PU(Cii) and on the right
L Pu ( L Cii), and these two expressions are equal, by the linearity of the functions

Pu·
Next consider (5.5.4). Since both sides are unchanged on replacing C by p-1CP,
we may, on passing to an algebraic closure of F, replace C by a triangular matrix.
Now Pn(C) is a block triangular matrix, with r x r blocks P(Cii) along the main
diagonal and zeros below it; hence on taking a Laplace expansion by the last r
rows and using induction on n, we obtain det p( Cll) . det p( C22) ... det p( cnn ) on
the left of (5.5.4). On the right we have det P(CllC22 ... cnn )' and these results
agree, because P is a homomorphism. Thus (5.5.4) holds over an algebraic closure
of F, and hence over F itself.
•
Let Flk be a field extension of degree r and A be an F-algebra of dimension n. Then
we may regard A as a k-algebra of dimension rn (see Proposition 7.1.2 below). We
can therefore define norm and trace for A as an F-algebra and as a k-algebra; they are
related by the Transitivity Formulae:

Tpjk(TAjP(C» = TAjk(C),

(5.5.5)

= NAjk(C).

(5.5.6)

Npjk(NAjp(c»

Proof. If PAjP denotes the regular representation of A over F, regarded as a homomorphism A -+ 9Jtn (F), then we clearly have

(5.5.7)
In (5.5.3) let us take C = PAjP(C); the left-hand side can by (5.5.7) be written
tr(PAjk(C» and this is just TAjk(C). The right-hand side is tr PPjk(TAjP(c» =
Tpjk(TAjP(C», and so (5.5.5) is established. Now (5.5.6) follows in the same way from
(5.5.4), putting again C = PAjP(C).
•
As an example let us calculate the trace and norm in a field extension. Let Elk be a
field extension of degree r and take C E E of degree 5 over k. The minimal equation
for C has the form

x!

+ A1x!-1 + ... + As = o.

(5.5.8)
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The extension k(c)/k is of degree s, and the matrix p(c) of c in the regular representation satisfies (5.5.8), hence a comparison of degrees shows that the minimal
polynomial is also the characteristic polynomial of p(c). More explicitly we can
see this by taking the basis 1, c, ... ,c- I of k(c)/k. In terms of this basis we have

,.

C

.c=

{

-AIC

Ci + 1
-I

ifi<s-l,

- ... -A s

ifi=s-l.

Hence the matrix for c is

o
o

o

o

o

1

o
o

o

o
o

o

This is just the companion matrix of the minimal polynomial. Its trace is -AI and its
determinant is (-1) sAs • Since [E: k(c)] = r/s, we have, by transitivity,
TE/k(C) =

~

s

( - AI)'

NE/k(C) = [( - lrAsr/s.

These formulae show that for a separable field extension the definitions of norm and
trace given here coincide with those given in Section 7.9 below.
More generally, given any representation of a k-algebra, a: A -+ 9Jlr (k), we can
define its trace and norm as
Tr(1(x) = Tr(a(x»,

Nm(1(x) = det(a(x»,

and they will again satisfy laws corresponding to (5.5.2). The trace defines a quadratic form Tr(1(x2) on A, which is non-singular iff
(5.5.9)
for a basis UI, ... , Un of A. Such a representation will sometimes allow us to recognize when the algebra is semisimple.
Proposition 5.5.3. Let a be a representation of an algebra A over a field k. If the quad-

ratic form Tr(1 is non-singular, then A is semisimple.
Proof. We first note that if an element c is nilpotent, then so is a(c), hence its trace is
then zero, thus Tr(1(c) = O. Suppose that A is not semisimple; then its radical is nonzero and if a basis VI, ... ,Vn of A is chosen so that VI, ... ,Vr is a basis of HA)
(r ::: 1), then VI Vi is nilpotent for all i; hence the first row of the matrix Tr(1( VI vd

is zero, and so the form Tr(1 is singular.

•

This sufficient condition for semisimplicity is also necessary for a faithful representation in characteristic 0 (see Exercise 4).
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In any commutative algebra the sum and product of two nilpotent elements are
again nilpotent, but neither of these assertions holds in the general case. In these
circumstances it is somewhat surprising that the nilpotence of an algebra follows
from the existence of a nilpotent basis. This is the content of the next result,
proved by Wedderburn in 1937. Note that, although the proof depends on a trace
argument, it holds in any characteristic.
Theorem 5.5.4. Let A be a finite-dimensional algebra over a field k and B be a sub-

algebra with a basis consisting of nilpotent elements. Then B is nilpotent.
Proof. We remark that the conclusion shows that B cannot contain 1, but this is not
obvious at the outset. Let C be the subalgebra of A generated by Band 1; thus if
UI, ... , Un is a nilpotent basis of B, then C is spanned by 1, UI, ... , Un. To prove
that B is nilpotent it will be enough to show that B is contained in every maximal
ideal of C, for then B ~ J( C) and the conclusion follows by the nilpotence of J( C)
(Theorem 5.3.5). Suppose then that there is a maximal ideal m of C not containing
B. Then m + B = C and C/m ~ BI(B n m). If C = C/m and x denotes the residue
class of x (mod m), then the simple algebra C is spanned by UI, ... , Un and for
suitable renumbering, UI, ... , U r is a basis. Each Ui is again nilpotent, so we have
a simple algebra with a nilpotent basis; we shall show that this leads to a contradiction. Let E be an algebraically closed field containing k; then CE is a simple
E-algebra, hence isomorphic to 9'Jt t (E) for some t. Let Tr be the trace function on the
matrix ring 9'Jt t (E); for any nilpotent element u, Tr(u) = 0, and since there is a basis
of nilpotent elements, Tr(x) = 0 for all x E 9'Jt t (E), by linearity. But Tr(ell) = 1 i= 0,
so we have reached a contradiction. Hence B is nilpotent.
•
We remark that the regular representation on Mt(E) would give Tr(ell) = t, and
so cannot be used in finite characteristic. In fact the trace function used here is the
'reduced trace' which we shall meet again in FA.

Exercises
9'Jtn (k) are given by
N(A) = (detA)n, T(A) = n.tr(A). Find the norm and trace of the algebra
'In(k) of upper triangular matrices.
Find the norm and trace for the group algebra of en, the cyclic group of order n.
Likewise for the Klein 4-group V = gp{a, bla 2 = b2 = (ab)2 = I}.
Show that in characteristic 0 a matrix A is nilpotent iff tr(N) = 0 for r = 1, 2, ....
Let (f be a faithful representation of a k-algebra A, where char k = 0 (e.g. the
regular representation). Show that the set n = {x E AITr,,(xa) = 0 for all a E A}
is a nilpotent ideal of A. Deduce that if A is semisimple, then Tr" is non-singular.
Show that a field extension Flk of finite degree is separable (see Section 7.4 below)
iff there is an element c E F such that T( c) i= O.
A field extension Elk is purely inseparable if char k = P is prime and for each x E E
there exists q = pr such that:x'l E k. Show that for a purely inseparable field extension of degree r > 1, N(c) = cr , T(c) = O.

1. Show that the norm and trace of the full matrix algebra

2.
3.
4.

5.
6.
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5.6 Mobius Functions
With each partially ordered set we can associate an algebra, its incidence algebra,
which turns out to be useful in answering enumeration questions. The following
brief account is based on the elegant treatment by Gian-Carlo Rota [1964].
Let P be a partially ordered set and consider the collection f p of square matrices
with entries in R (or any given commutative integral domain), whose rows and
columns are indexed by P:

A = (aij),

where aij = 0 unless i ::: j

(i,j

E

P).

(5.6.1)

For example if P = {a, b, c} with a < c, b < c, and the matrices of f p are indexed by
P in the order a, b, c, then f p consists of all upper triangular 3 x 3 matrices (5.6.1)
with al2 = O. For any finite P an easy induction shows that the elements of P can be
arranged as a sequence so that i precedes j whenever i ::: j, but this is not essential for
our purpose (it means in effect that A in (5.6.1) can be written as an upper triangular
matrix).
If P is finite, so that the matrices in f p have finitely many rows and columns, f p
is closed under the usual addition and multiplication of matrices and so forms a
linear algebra over R, called the incidence algebra of P. Thus let A = (aij),
B = (bij ), C = (Cij) E f p; if C = AB, then

Cik =

L aijbjb

(5.6.2)

j

and here it is enough to confine the summation to indices j such that i ::: j ::: k, by
(5.6.1). For example, for a totally ordered set P, f p is just the set of all upper
triangular matrices. We can also allow P to be infinite, provided that each interval
[i, k] is finite, for then the summation (5.6.2) contains only finitely many nonzero terms, for any pair i, k. A partially ordered set in which all intervals are finite
will be called locally finite. We begin by noting the conditions for a matrix in f p
to be invertible.
Proposition 5.6.1. Let P be a locally finite partially ordered set and f

algebra. Then A

E

f

p

p be its incidence
is invertible if and only if all its diagonal elements are invertible.

Proof. Suppose that A

= (aij)

has the inverse A-I

= (a:).

Then by (5.6.2),
(5.6.3)

hence the condition is necessary. When it holds, we can define a;i by (5.6.3). Given
i, k E P, i < k, assume that a: j has already been defined for all j such that i ::: j < k;
then we can determine k uniquely from

a:

(5.6.4)
for the only unknown term in (5.6.4) is a:k and it occurs with the coefficient akk,
which is invertible by hypothesis. In this way we can determine k for all i ::: k,

a:
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and together with the equation a;k = 0 when i:s k does not hold this defines
•
A' = (a;j) uniquely to satisfy A'A = I. Hence A' is the required inverse.
We note that when A = (aij) is given and A -I = (a;), then a hk depends only on
the values of aij for i,j in the interval [h, kJ. As an example of Proposition 5.6.1
consider the zeta-matrix Z = (Zij) defined by
1 if i :s j,
0 otherwise.

{

Zi j =

By Proposition 5.6.1, Z has an inverse Z-I, usually denoted by M and called the
Mobius matrix. Its importance stems from its use in the inversion formula:

Theorem 5.6.2 (Mobius inversion formula). Let P be a locally finite partially ordered
set with a greatest element w. Given any function f(i) on P, define g by the equation

g(i)

=L

(5.6.5)

f(j),

j ?: i

Then on writing Z-I

= (mij),

we have
(5.6.6)

Proof. By puttingf = (f(i)),g = (g(i)), regarded as column vectors, we can write
(5.6.5) as g = Zf, where the summation is over the interval [i, wJ. It follows that
f = Z-I g = Mg, and this is the first equation (5.6.6). The second equation follows
•
similarly, by regarding f, g as row vectors.

As an illustration consider the set N of natural numbers, partially ordered by
divisibility; this is infinite, but locally finite, with greatest element 1, if we set i :s j
whenever jli. The Z-matrix is Zij = 1 if jli and 0 otherwise. Since Z only depends
on the fraction ilj, we shall write Zij = Wfj); then {en) = 1 for all n E Nand
{(a) = 0 for a E Q\Z. The inverse M = (mij) can again be written p.,(ijj), where
p.,(n), called the Mobius function, is given by
( - 1)r

p.,(n)

={o

if n is the product of r distinct primes,
. d'IVISI
. 'blebyth
'
I'f n IS
e square 0 f
a pnme.

To establish (5.6.7), we note the formula LZijmjk
becomes

{(r)p.,(s)

L

= 8ik; translated to {and p."

= 8nl ·

rs=n

Hence we obtain
p.,(l) = 1,

Lp.,(d) = 0 for n > 1.
din

(5.6.7)
this
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Given n 2: I, let us single out a prime p dividing n and write n = mi, where m is
prime to p. Then

0= LJL(d) = L
din

+ JL(cp) + ... + JL(Cpt)],

[JL(c)

elm

and this will be satisfied if for each factor C of m the sum shown vanishes. Taking
t = I, we find JL(cp) = -JL(c), and for t> I, JL(cpt) = 0, and this leads to (5.6.7),
by an induction on n.
In this case Theorem 5.6.2 reduces to the classical
Mobius Inversion Formula. Let f be any function on N. If g is defined by the equation

g(n) =

L f(d),
din

then f is given in terms of g by the formula
f(n)

= Lg(d)JL(n/d)

or also f(n)

= LJL(d)g(n/d).

din

din

The simplest partially ordered set with more than one element is the 2-element set 2.
Its incidence algebra consists of all upper triangular 2 x 2 matrices; in particular,

We can regard 2 as ,qp(U), where U is a I-element set. More generally, let S be any
finite set and consider f?lJ(S). We assert that for X S; Y S; S,
(5.6.8)
For if we determine mXY by (5.6.4), we have mXY = - I: mxz, where the summation
is over all Z such that X S; Z C Y. Put IYI - IXI = r and assume the result for values
less than r. There are

(~)

subsets Z such that X S; Z C Y and IZI

= IXI = i; hence

by the induction hypothesis,

mXY

= -1 + (~)

- (~)

+ ... + (-I)'(r ~

1)

= (-1)' -

(1- 1)'

= (-1)',

and so (5.6.8) follows.
The Mobius inversion formula of Theorem 5.6.2 can be applied to ,qp(S) as follows.
Let fx be any Z-valued function on ,qp(S) and put

gx

=

Lk

y;::>x

Then by (5.6.6) and (5.6.8) we have

fx = L(-I)IYI-IX lgy .
y;::>x

(5.6.9)
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Let us put
Gr =

L gz·

(5.6.10)

IZI=r

Then on taking X

=0

in (5.6.9) we find, if

f0 =GO-G 1 +G2 -

151 = n,
•••

+(-I)nGn.

(5.6.11)

This is known as the sieve principle or the principle of inclusion-exclusion. If we think
of S as a number of properties which the objects of some collection mayor may
not possess, and fx is the number of objects having precisely the properties in X,
then gx is the number of objects having at least all the properties in X (and possibly
others). Now (5.6.11) states that to find the number of objects having none of the
given properties we take the number of objects, subtract, for each property, the
number of objects having that property; then for each pair of properties, add
the objects having both these properties (because they will have been subtracted
twice); for each triple of properties, subtract. ... To give an example, of two dozen
suitors arriving at the Royal Court, 12 were short, 11 were fair, 14 were plain, 3 were
short and fair, 7 were short and plain, 4 were fair and plain, and none were all three.
By (5.6.10) we see that of the 24 suitors, 24 - (12 + 11 + 14) + (3 + 7 + 4) = 1
was tall, dark and handsome.

Exercises
1. An interviewer questioned 47 people and reported: 22 were male, 18 were
married, 19 were retired, 5 were male and married, 4 retired and married and
2 male and retired. How would you test these data for their consistency?
2. Show that the Mobius matrix for {I, 2, ... , n} with the natural order is I - N,
where N = (nij), nij = 8ji + 1.
3. Find the Mobius matrices of the partially ordered sets in Figure 5.1.

Figure 5.1
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4. Let 5" 52 be two partially ordered sets and 5 = 5, X 52 with the ordering
(x, , X2) ::: (y" Y2) iff Xi ::: Yi (i = 1, 2). Show that if JLi is the Mobius function
for 5i , then the Mobius function JL for 5 is given by JL(i" i2; j" h) =
JL,(i"MJL2(i2,h). Deduce another proof of (5.6.8).
5. A real-valued functionfon N is called multiplicative iff(ab = f(a)f(b) whenever
a, b are coprime. Prove from the definition that the Mobius function on M is
multiplicative, and hence derive (5.6.7).
6. For any real-valued multiplicative function f on N show that
LJL(d)f(d)
din

=

n

[1- f(p)],

pin

where p runs over all primes dividing n.
Show that the Euler function cp(n) indicating the number of positive integers
less than and prime to n satisfies Ldln cp(d) = n, and is multiplicative. Deduce
that cp(n) = n TI (1 - p-'), where the product is taken over all primes p dividing
n. Show further that
cp(n)

=n

n
din

JL(d) ~.

7. Prove that the elements of a finite partially ordered set P can be arranged as a
sequence a" a2, ... , an such that ai < aj implies i < j, and show that the
number of ways of doing it is equal to the number of maximal chains in P*,
the set of lower segments in P.
8. Show that the inverse of the ~-functio
~(s)
= Ln- s is ~(s)-'
= LJL(n)n- S ,
where JL(n) is the Mobius function.
9. Show that for any finite partially ordered set, Z = I + N, where N is a nilpotent
matrix. Hence obtain the formula M = I - N + N 2 - . .. for the Mobius
matrix. What happens in the case of an infinite (but locally finite) set?
10. Show that for any locally finite partially ordered set the number of chains from
i to j is the (i, j)-entry of (2 - Z) -).

Further Exercises for Chapter 5
1. Let A be an n-dimensional algebra (without 1) over a field k. Show that A has a
faithful representation in 9J1n +, (k) and give an example where n + 1 cannot be

replaced by n. (Hint. Take A to be nilpotent.)
2. Find all ideals of 9J1n (Z), for varying n.
3. Let K be any commutative ring and u E Kn, v E nK. Show that the set of all
n x n matrices A such that uA = 0 = Av is a subalgebra of 9J1 n (K) (possibly
without 1). Deduce that the set of 'semimagic squares', i.e. matrices whose
row sums and column sums are 0, is an algebra. Is this true of the set of all
'magic squares' (in which the sums along the two diagonals are also O)?
4. Show that a finite commutative local ring with n units has at most (n + 1)2
elements.
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5. Show that a ring with p3 elements (p prime) is either commutative or isomorphic to 'Iz(Fp).
6. Show that if an element a in a ring R has two right inverses a', a", then
a" + a I a-I is another right inverse. Deduce that any element with more
than one right inverse has infinitely many.
7. Show that a ring R such that nR = 0 for a square-free integer n is a direct
product of algebras over fields.
8. Let A be a finite-dimensional k-algebra, where k is a field of prime characteristic
p, and define a trace function on A as a linear function f : A -+ k such that
f(a P) = f(a)P. Show that any trace function vanishes on the radical.
9. Let A be an algebra satisfying x 3 = 0 (x E A). Show that x Zyx2 = xyxZyx = 0
(x,y E A).

10. Let A be a commutative algebra (not necessarily with 1) and define its duplicate
as A' = (A ® A)/D, where D = {x ® Y - Y ® xix, YEA}. Show that
A' = A Z EB C, where C is isomorphic to the annihilator of A; in particular, for
algebras with 1, A' ~ A. What happens if this definition is applied to a noncommutative algebra?
11. Show that the tensor product of augmented algebras is again augmented.
12. Show that an algebra (possibly without 1) is augmented iff it has an ideal of
codimension 1 not containing AZ.
13. A vector a = (ai, ... , an) E Rn is called stochastic if 0 :s ai :s 1 and £(a) =
L: ai = 1. A matrix is stochastic if its rows are stochastic and an algebra A is
stochastic if it has a basis (called a natural basis) Ui such that in the regular representation p( u;) is stochastic. Show that a basis is natural iff it is obtained from a
natural basis by transformation by a stochastic matrix. Show that an algebra is
stochastic iff it is augmented and the convex hull of the elements satisfying
c(x) = 1 is a simplex closed under multiplication.
14. Show that an algebra A is semisimple provided that the trace with respect to
some representation a satisfies det(Tr,,(uiv)) i- 0, where lUi}, {Vj} are any two
bases of A. By taking as bases for the group algebra kG of a finite group G the
elements UI, Uz, ... of G and Uil, U I, ... , show that kG is semisimple whenever char k does not divide the order of G. (Maschke's theorem, see FA, 6.2.)
15. Let P be a finite partially ordered set with Mobius matrix M. Show that the
Mobius matrix of the set with the opposite ordering (and the same indexing
of rows and columns) is M T , the transpose of M.
16. (L. Weisner) Let L be a finite lattice and b > 0 in L. Show that the Mobius matrix
M = (mX)') of L satisfies, for any a E L,

z

L

mox =

o.

xvb=a

17. Let S be a set of n elements and for X ~ S let fiX) be the number of permutations of S whose set of fixed points is precisely X. Show that the number of
permutations fixing every point of X is L:f(Y), where the sum is over all
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y :2 X. Deduce that the number of derangements of S, i.e. permutations without
fixed point, is
n

n!L( -It/v!.
v=o

(Thus the probability that a permutation has no fixed point is, for large n, close
toe-I.)
18. Let G be a finite abelian group and consider the Mobius matrix M = (mAB) for
Lat( G). Show that mAB vanishes unless A ~ B, and in that case it depends only
on the quotient group BfA. Writing mAB = JL(B/A), show that if
G = GI X ... x Gr is the representation of G as the direct product of its primary
components, then JL(G) = JL(Gd ... JL(Gr ), and for a p-group C, JL(C) =
( - 1)kpk(k -1)/2 or 0 according as C is elementary abelian, of order pk say, or not.

Multilinear Algebra

---

Polynomial rings form a simple example of a graded algebra; such algebras occur
frequently and in Section 6.1 we define this concept. Another important example
is given by free algebras, which are discussed in Section 6.2, as well as the related
notions of tensor algebra and symmetric algebra on a K-module. A graded algebra
has an important invariant, its Hilbert series, essentially a power series whose coefficients indicate the dimensions of the components. In Section 6.3 we show that the
Hilbert series of a commutative Noetherian ring is a rational function and also prove
the Golod-Shafarevich theorem, giving a sufficient condition for a graded algebra to
be infinite-dimensional. The applications, to construct a finitely generated algebra
which is nil but not nilpotent, and a finitely generated infinite p-group, are sketched
in the exercises. Finally Section 6.4 deals with exterior algebras, providing a simple
derivation of determinants, and giving a brief geometrical application.

6.1 Graded Algebras
In a polynomial ring the degree of a polynomial is a useful concept which allows us to
analyse the ring in different ways. Thus we may write the polynomial ring as a direct
sum of its homogeneous components. There are many other rings which share this
property, and it is convenient to describe its general form before applying it.
Throughout, the coefficient ring K is an arbitrary commutative ring. The case
when there is no coefficient ring is included by taking K = Z, since every ring is a
Z-algebra. To avoid trivialities, we shall usually assume that K is non-trivial.
Definition. A graded K-algebra is a family (An) of K-modules indexed by Z, with a
bilinear mapping

(6.1.1)

denoted by (a, b)

1-+

ab, such that for any a E Am, bEAn>
a(bc)

= (ab)c

CE

Ap ,
(6.1.2)

and there is an element e E Ao such that ae = ea = a for all a E An (n E Z). An is
called the component of degree n; if a E An, we say that a is homogeneous of degree
n and write deg a = n.
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We shall assume that distinct An have only 0 in common, so that every non-zero
element has a unique degree, while 0 has all degrees. From the definition it is clear
that Ao is a K-algebra and each An is an Ao-bimodule.
Given a graded K-algebra (An), let us put A = EBnAn; we can define a multiplication on A, using (6.1.1) and the distributive laws. Thus if a = am + am + 1 + ...
+ aM and b = bn + bn + 1 + ... + bN , where ai, bi E Ai, then

It is clear that multiplication is associative, by (6.1.2), and distributive, with e as unit
element; thus A is a K-algebra. Sometimes A is called an internally graded algebra,
corresponding to the externally graded algebra (An). Of course we may be given
an algebra which is internally graded, i.e. A may have the form A = EBnAn> where
(An) is externally graded.
Example 1. Let A = K[XI, ... , Xd] be a polynomial ring in d indeterminates, and
denote by An the submodule of all homogeneous polynomials of total degree n;
then A is internally graded by the An. We observe that in this case An = 0 for
n < 0; this is expressed by saying that A is positively graded. In particular, for
d = 1 we have A = K[x]; here An = Kxn.
Example 2. The ring of 'Laurent polynomials' k[ t, t - I] is an example of a graded
ring with non-zero components for all n E Z. By contrast, the ring of all Laurent
series has no obvious grading (it has a filtration, see Further Exercise 4).
Example 3. Any ring R may be graded by putting Ao
ring is said to be concentrated in degree O.

= R, An =

0 for n

i= O. Such a

Let A be a graded ring. A graded A -module is a family of K- modules (Mn) such that
ArMs ~ Mr+s for all r, s E Z. We can again form an internally graded module by
writing M = EBMn; an element x of M is called homogeneous of degree n if x E Mn.
Every element of M can be uniquely expressed as a sum of finitely many homogeneous elements. We remark that for any graded ring A, a graded A-module M
which is finitely generated can always be generated by a finite set of homogeneous
elements; we need merely take all the components of the given set of generators.
The tensor product (over K) of two graded K-algebras is again a graded K-algebra
in an obvious sense: given A = (An), B = (Bn), we have A ® B = C, where
(6.1.3)

For example, the polynomial ring K[x, y] may be constructed as the tensor product
of K[x] and K[y]. We observe that when A and B are both positively graded, the sum
in (6.1.3) is necessarily finite, but this is not essential for the definition to make sense.
A graded algebra A is said to be anticommutative if
(6.1.4)
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Thus to interchange a and b we change the sign if m and n are both odd and leave it
the same otherwise. For example, if An = 0 for all odd n, then (6.1.4) reduces to the
commutative law. Some writers omit the 'anti' and call (6.1.4) the commutative law
for graded algebras; although there is some justification for this practice, we shall not
follow it but refer to (6.1.4) as the anticommutative law. We remark that if A is anticommutative and K admits division by 2 (e.g. if K is a field of characteristic not 2),
then a2 = 0 for any a of odd degree; this is sometimes made part of the general
definition.
Let A = (An), B = (Bn) be two graded algebras. By a linear mapping of degree r
from A to B we understand a family of K-linear mappings fn : An --* Bn+r' A linear
mapping of degree 0 from A to B which is a ring homomorphism is called a homomorphism of graded algebras. Similarly we can define linear mappings of degree r
between graded A-modules.
The definition of sub algebra and ideal should be clear: if we regard A as internally
graded, a graded sub algebra B of A (also called a homogeneous subalgebra of A) is a
sub algebra B in the ordinary sense such that B = L (B n An); likewise a graded ideal
a of A is an ideal in the usual sense such that a = L (a n An). This condition can be
expressed by saying that for any finite family an E An (n E Z) we have L an E B (or
a) iff each an lies in B (or a). The reader should verify that the image and kernel of a
homomorphism of graded algebras are a graded sub algebra and ideal in this sense.
Conversely, given a graded algebra A and a graded ideal a in A, the quotient A/a
is again graded, and the natural homomorphism A --* Ala is a homomorphism of
graded algebras. Finally we observe that if X is a subset of A consisting of homogeneous elements, then the ideal a of A generated by X is graded, for each element
of a can be written as a sum of terms uxv, again in a, where x E X and u, v are
homogeneous.
A is an ideal called the augmentaIn a positively graded ring A, the set A+ = L~
tion ideal; it is such that A = Ao EB A+. If Ao ~ K under the mapping a 1--* ae
(a E K), A is an augmented K-algebra in the sense of Section 5.1.
In the commutative case Noetherian graded rings have the following convenient
description.
Proposition 6.1.1. A positively graded commutative ring A is Noetherian if and only if
Ao is Noetherian and A is finitely generated as a ring over Ao.

Proof. If Ao is Noetherian and A is generated by XI, ... ,Xd over Ao, then it is a
homomorphic image of the polynomial ring AO[XI, ... ,xdl and hence is Noetherian
by the Hilbert basis theorem (see Section lOA below). Conversely, assume that A is
Noetherian; then so is Ao = AIA+ and A+ is finitely generated as an ideal. By an
earlier remark we may take a family of homogeneous generators XI, •.. ,Xd of A+,
of degrees rl, ... , rd say, and write C for the subring generated by the Xi over Ao.
To complete the proof we show that An S; C, by induction on n. Clearly Ao S; C;
if n > 0 and Ar S; C for r < n, take YEAn. We can write y as a linear combination
of the x's, say y = L aiXi, where ai is homogeneous of degree n - ri ::: O. Since
ri > 0, we can apply induction to conclude that ai E C and so An S; C. It follows
that A = C and so A is finitely generated as a ring over Ao.
•
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In all that has been said about graded algebras, the set Z used to index the components could be replaced by any additive group or even a monoid. The only other
case we shall actually need is that of algebras graded by Z/(2), the group of two elements, briefly: mod 2 graded algebras. Such an algebra has the form A = Ao EB AI>
where AoAI + AIAo s::; AI> AoAo + AlAI s::; Ao; it is often called a superalgebra.

Exercises
1. Let f
2.

3.

4.

5.

: A -+ B be a linear mapping of degree r between graded algebras. Show that
if f is a homomorphism, then r must be o.
Verify that for any homomorphism of graded algebras, the kernel and image are
graded.
Let R be a K-algebra of the form R = K EB a, where a is an ideal (i.e. R is an augmented K-algebra). Describe R as a graded algebra, with a grading monoid of two
elements.
Show that C may be regarded as a mod 2 graded algebra over R. What is the
generalization to binomial field extensions, i.e. extensions generated by a root
of xn = a?
Define a graded tensor product A ® B of graded algebras A, B as a tensor product
Show that the graded
with multiplication (ai ® br)(aj ® b~) = ( - Itaiaj ® br~.
tensor product of anticommutative algebras is anticommutative.

6.2 Free Algebras and Tensor Algebras
We have already encountered the free algebra K(X) on a set X over a field K as
Example 4(iv) of Section 5.1. There it was described as the monoid algebra of a
the free monoid on X, but it may also be regarded as the set of all polynomials in
the elements of X over K, care being taken to preserve the order of the terms
from X. In what follows we shall take K to be any non-trivial commutative ring
and to simplify the notation, take X to be finite (as in Section 5.1),
X = {XI, ... , Xd}. Then each element of K(X) can be uniquely written as
(6.2.1)
where XI = Xii • • • Xi, and the sum is over all distinct sequences I = (il, ... , ir ),
I ::: ir ::: d, with coefficients (XI in K and almost all o. If g = L f3IxI is another
element of K(X), then
(6.2.2)
We can embed X in K(X) by identifying Xi with the element (6.2.1) for which (XI = I
if I = i and 0 otherwise. Relative to this mapping K (X) has the following 'universal
property' characterizing free algebras: given any mapping into a K-algebra
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A, <{J : X --+ A, say Xi<{J = ai, there is just one way of extending <{J to a homomorphism
from K (X) to A, namely by mapping

where ar = ai, ... ai, ifI = (iI, ... , iT)' In the special case where X consists of a single
element x, the free algebra on x is just the polynomial ring K[x], which of course is
commutative, but when X has more than one element, K (X) is non-commutative,
because e.g. XI X2 =1= X2 X I·
In the above construction of K (X) we formed first products and then sums. It is
also possible to carry out these procedures in the opposite order, and it will be
instructive to do this in a more general context. Let U be a K-module and denote
by un the n-fold tensor product of U with itself over K:

un

= U ® U ® ... ® U

(n factors).

(6.2.3)

In particular, U l = U and for n = 0 we shall interpret U O as K. By the associative
law for tensor products we have for any r, s ::: 0,
(6.2.4)
We shall use this isomorphism to define a multiplication on the direct sum
00

T(U)

= EB Un.

(6.2.5)

n=O

In other words, (un) is a graded ring for the multiplication (6.2.3) and T(U) is the
corresponding internally graded ring. This algebra T(U) is called the tensor K-algebra
on the K-module U. Every element a E T( U) is unique of the form a =
an> where
an E un is the homogeneous component of degree n of a. If b = L bn> where
bn E un, is another element, then ab = L amb n and the homogeneous component
of degree n of ab is L apb n_ p' We state the universal property of T( U) in

L

Theorem 6.2.1. Let U be a K-module, where K is a commutative ring. Then there is
a homomorphism A : U --+ T( U) such that every K-linear mapping f : U --+ A into a

K-algebra can be uniquely factored by A..
This is also expressed by saying that the tensor algebra T( U) is the universal

K-algebra for K-linear mappings of U into K-algebras.
Proof. We shall take A. to be the embedding identifying U with its image U I in T( U).
Given a K-linear mapping f : U --+ A, we define, for each n ::: 1, a mapping

Since f is K-linear, this mapping is multilinear and so gives rise to a linear mapping

f(n) : un --+ A. On putting these mappings f(n) together we obtain a mapping

1: T( U) --+ A,

which is a homomorphism because it is linear and for any
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a = al ® ... ® an b = bl ® ... ® bs we have af = alf ... aTf,bf = blf . .. bsf, and
ab = al ® ... ® aT ® bl ® ... ® b" hence
(ab)f = (al ® ... ® aT ® bl ® ... ® bS>f
= (ad) ... (arf)(blf) ... (bsf)
= (af)(bf).

Moreover, it is determined by f because it must agree with f on the generating set
UlofT(U).
•
If U is the free K-module on X = {XI, ... , Xd}, T( U) clearly coincides with the free
algebra K (X) .
Theorem 6.2.1 provides us with a 'free' K-algebra on a given K-module; this
means that the coefficients (from K) lie in the centre of the algebra, but sometimes
we have a more general situation. To describe it we need to generalize the notion of a
K-algebra. Let E be a general ring (not necessarily commutative); by an E-ring we
understand a ring R which is an E-bimodule such that x(yz) = (xy)z for any
X, y, z in R or E. Even when E is commutative, an E-ring is more general than an
E-algebra, because the action of E need not centralize the ring. The difference may
be succinctly described by saying that whereas a K-algebra (K commutative) is a
ring R with a homomorphism from K to the centre of R, an E-ring is a ring R
with a homomorphism from E to R. Frequently it is convenient to assume that
both E and Rare K-algebras and that the homomorphism E -+ R is K-linear. In
this case R will be called an E-ring over K or sometimes an Erring. When the coefficient ring E is a K-algebra, K is usually embedded in E as a subring of the centre, and
by identification we shall assume K to be a central subring of E. An E-bimodule over
K or EK-bimodule is understood to be an E-bimodule U such that au = ua for all
u E U, a E K.
From any EK-bimodule U we can form a tensor Erring T( U) on U as before. We
again define un by (6.2.3), where the tensor products are over E and UO = E,
U I ~ U. Now (6.2.4) is clear and T(U) can again be defined by (6.2.5), this time
as an EK-ring. As before we have
Theorem 6.2.2. Let E be a K-algebra, where K is a commutative ring, and let U be an
EK-bimodule. Then the tensor EK-ring T(U) is the universal Erring for bimodule
homomorphisms of U into Errings. Thus there is a homomorphism A: U -+ T(U)
such that every E-bimodule mapping f : U -+ A, where A is an Erring, can be
uniquely factored by A.
Proof. The proof is similar to that of Theorem 6.2.1 and may be left to the reader .•

When E = K, this reduces to the case of tensor K-algebras considered in Theorem
6.2.1. To give a more general example, for any set X the free EK-bimodule F on X is a
direct sum of copies of E indexed by X. Now T(F), the tensor Erring on F, also
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denoted by EK(X}, may be described as the ring generated by E and X with the
defining relations

ax = xa for all x

E

X, a

E

K.

(6.2.6)

For simplicity we shall often suppress explicit reference to K in what follows. As in
Section 3.3 we can easily verify that the construction ofT(U) from U is in fact a functor from E-bimodules to E-rings. If a : U ---+ V is a homomorphism of E-bimodules
and A: V ---+ T(V) is the canonical embedding, then aA is a homomorphism from U
to T( V) and by the universal property of T( U) we obtain a homomorphism T( a) :
T(U) ---+ T(V), which is easily seen to possess the functorial property.
As an application of Theorem 6.2.2 let us consider derivations. A derivation over E
of an E-ring A is an E-linear mapping 8 of A into an A-bimodule such that

(xy)8=x.l+x 8.y for all x,y EA.
For example, the polynomial ring K [t 1has the derivation f H f I, where f I = df / dt
is the usual derivative. It is often useful to consider a slightly more general situation.
Let a : C ---+ A, f3 : C ---+ B be two homomorphism between E-rings and let M be an
(A, B)-bimodule. By an (a, f3)-derivation over E we understand a mapping
8 : C ---+ M which is linear and satisfies
(6.2.7)
When A = B = C and a = f3 = 1, this reduces to the previous case. If we put
A = B = M = E = k[ t 1 and for a fixed p E K define a : C ---+ K as the evaluation
mapping C 1---+ c(p), then the mapping c 1---+ C' (p) (the derivative of c, evaluated at
p) is an (a, a)-derivation.
We note that an (a, f3)-derivation maps 1 into O. For if we put x = y = 1 in (6.2.7)
and observe that 1a = 1,8 = 1, we find that 18 = O. It is easily checked that the kernel
of 8 is a subalgebra of C, called the algebra of 8-constants.
Given an (A, B)-bimodule M and homomorphisms a : C ---+ A, f3 : C ---+ B, each
m E M defines a mapping
(6.2.8)
This is easily verified to be an (a, f3)-derivation; it is called the inner derivation
induced by m. An outer derivation is one that is not inner.
The study of derivations can be reduced to that of homomorphisms as follows. Let

(~

~)

be the ring of all matrices
(

~

:).

a E A, b E B, x E M,

with the usual matrix addition and multiplication. The (A, B)-bimodule property
ensures that we get an E- ring in this way:

( a x)(al
o b 0

XI)
b'

= (aa l axl+Xb l )
0

bb '

'

Multilinear Algebra

172

and the associative law holds because in a product of three factors,

a(a' x" + x'b")

+ x(b'b") = (aa')x" + (ax' + xb')b".

Now it is easily verified that the mapping of C into
x 1-+ (

aa

o

X8 )
R

b"

(~

: ) defined by

(x E C)

(6.2.9)

is an E-ring homomorphism iff a, fJ are E-ring homomorphisms from C to A, B
respectively and 8 is an (a, fJ)-derivation from C to Mover E.
Let U be any E-bimodule and let a: U -+ A, fJ: U -+ B be E-linear mappings
into E-rings A, B. By Theorem 6.2.2 they extend to unique homomorphisms a',
fJ' of T( U) into A, B respectively. Further, let 8 : U -+ M be an E-linear mapping
of U into an (A, B)-bimodule M. Then for x E U, (6.2.9) defines an E-linear mapping of U into
into

(~

(~

: ) which again extends to a unique homomorphism of T( U)

: ) . Suppose that x

E

T( U) maps to

(~

X;) (it is easily seen that the

(2,I)-entry must be 0). Then x 1-+ a is a homomorphism ofT(U) into A extending

a, hence it must be a'. Similarly x 1-+ b must be fJ', while x 1-+ x' is an (a', fJ')derivation 8' say, by the above remarks. This derivation extends 8 and is uniquely
determined by it. Hence we have
Proposition 6.2.3. Let U be an E-bimodule, let A, B be any E-rings and M be an
(A, B)-bimodule. Given any E-linear mappings a : U -+ A, fJ : U -+ B,8 : U -+ M,
there exist unique homomorphisms a' : T(U) -+ A, fJ' : T(U) -+ B extending a and
fJ respectively, and there is a unique (a', fJ')-derivation over E, 8' : TeU) -+ M,

extending 8.

•

The result can be applied to free algebras by taking E = K and U the free Kmodule on Xl, .. . , xd . Another important special case is that where E = K,
M = A = B = T( U), fJ = 1. The conclusion then takes the following form.
Corollary 6.2.4. Let U be a K-module and T( U) be its tensor algebra. Given any K-

linear mappings a : U -+ T(U), 8: U -+ T(U), there is a unique endomorphism a'
ofT(U) extending a and a unique (a ' , I)-derivation 8' ofT(U) extending 8.
•

Exercises
1. Verify that U 1-+ T(U) is a functor.
2. Given a surjective homomorphism /-L : U -+ V of K-modules, show that
T(/-L) : T(U) -+ T(V) is surjective.
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3. Let K be an integral domain and X be any set. By considering degrees, show that
K (X) is again an integral domain.
4. Prove Leibniz's formula for (1, 1) -derivations:

More generally, show that for a (1, ,B)-derivation 8,

(ab)8 n =

L a8

i • bft(,B,

8),

where !;n(,B, 8) is the coefficient of t i in the expansion of (t,B + 8)".
5. Let ex: C -+ A, ,B: C -+ B be K-algebra homomorphisms and M be an
(A, B)-bimodule. Show that the (ex, ,B)-derivations into M form a K-module
Der( C, M). Taking C = K (X), use Proposition 6.2.3 to deduce that
Der(K(X), M) ~ MX. Verify (6.2.9) for any (ex, ,B)-derivation from C to M.
6. Let K be non-trivial and suppose that K(X) and K(Y) are isomorphic as Kalgebras. Use Exercise 5 to show that X and Yare equipotent. (IXI is called the rank
of the free algebra K (X); this exercise shows it to be uniquely determined by K (X).)
7. Show that for any commutative ring K, the free algebra K(X) admits a unique
antiautomorphism leaving K and X elementwise fixed. Show more generally
that any antiautomorphism of a K-algebra E leaving K elementwise fixed extends
to an antiautomorphism of EK(X) leaving X elementwise fixed.

6.3 The Hilbert Series of a Graded Ring or Module
In the study of finite-dimensional spaces or algebras over a field the dimension
provides a useful comparison, based on the formula for a linear mapping from a
space U:
dim ker f

+ dim imf =

dim U.

(6.3.1)

It is an easy consequence that for a short exact sequence of vector spaces

o -+ Vi -+ V -+ V" -+

0

(6.3.2)

we have the formula
dim V = dim Vi

+ dim V" .

(6.3.3)

Let us generally define an additive function on a class of additive groups as a Z-valued
function)... such that for any short exact sequence (6.3.2), we have
)"'(V) = )",(V')

+ )",(V").

(6.3.4)

As (6.3.3) shows, the dimension is an additive function; more generally, for modules
of finite composition length the length is an additive function. The defining property
extends to longer sequences as follows:
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Proposition 6.3.1. Let A be an additive function on modules. Then for any exact

sequence of modules
(6.3.5)

we have

Proof. Let fi : Mi ~ Mi+1 be the maps in (6.3.5); by exactness we have ker
fi = im fi-I = Ni say, where No = Nr+ I = O. From the short exact sequence
o ~ Ni ~ Mi ~ N i+1 ~ 0 we obtain A(Mi) = A(Ni ) + A(Ni+d, and the result

follows on taking alternating sums.

•

When we are dealing with a positively graded module M = EBMn over a graded
ring we have an infinite sequence A(Mn) of numbers and we define the Hilbert
series, also called the Poincare series, of M as the formal power series

It is a remarkable fact that for finitely generated modules over a commutative
Noetherian ring this function is rational, for any additive function A.

= EBAn be a positively graded commutative
Noetherian ring, generated as Ao-algebra by XI, ... , Xd, homogeneous of positive degrees
rl, ... , rd respectively. If M = EBMn is any finitely generated positively graded Amodule, then each homogeneous component Mn is finitely generated as Ao-module
and the Hilbert series of M, for any additive function A, has the form

Theorem 6.3.2 (Hilbert-Serre). Let A

H(M)

=
n~=1

f(t)

(1- t ri )

,wheref

E

Z[tl.

(6.3.6)

Proof. By hypothesis, M is finitely generated over A, by UI, ... , Uk say, where each Ui
may be taken homogeneous, of degree Si, say. Any v E Mn has the form v = L Uiai,
where ai is homogeneous of degree n - Si, hence Mn is spanned over Ao by all UiCi,
where Ci runs over all products of XI, ... ,Xd of degree n - Si.
To prove (6.3.6) we have to show that
(1 - tri)H(M) is a polynomial in t. We
shall use induction on d, the number of generators of A over Ao. When d = 0,
A = Ao and M is a finitely generated Ao-module, hence Mn = 0 for all large n, so
H(M) is a polynomial in t and the result holds.
Now assume that d > 0 and that the result holds for d - 1. Multiplication by Xd is
a linear mapping of M of degree r = rd, so we have an exact sequence

n

(6.3.7)
Write L = EBL n , N

= EBNn ;

these modules are a quotient and a submodule of M
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respectively and so are finitely generated. Both are annihilated by Xd and so are

AO[XI, ... ,xd_d-modules. Applying).. to (6.3.7) we obtain
)..(Nn) - )..(Mn) + )"(Mn+r) - )"(Ln+r) = O.
If we multiply by t n+r and sum over n, the first term gives trH(N); similarly for the
second term, while the third term gives H(M) except for the first r terms; thus we
obtain H(M) by adding a suitable polynomial. The same applies to the fourth
term and so we have altogether trH(N) - trH(M) + H(M) - H(L) = g, i.e.
(1- t')H(M)

+ [t'H(N) - H(L)] = g,

(6.3.8)

where g is a polynomial in t. Now N, L are AO[XI, ... , xd_d-modules, as we saw;
by induction on d, n~:/
(1- tri)[H(L) - trH(N)] is a polynomial, hence by
(1 - tri)H(M), and (6.3.6) follows.
•
(6.3.8), so is n~=l
Consider the special case where all the Xi are of degree 1, thus

ri

= 1 for all i:

Corollary 6.3.3. If in Theorem 6.3.2 Xl, ... , Xd are all of degree 1 and 8 = 8(M) is the
order of the pole of H(M) at t = 1, then 8 ~ d and there exists a unique polynomial h of
degree 8 - lover Q such that )..(Mn) = hen) for all large n.
Proof. By Theorem 6.3.2 we have H(M) = (1 - t) -df(t). By cancelling any power of
1 - t dividingf, we can write this as H(M) = (1 - t) -~g(t),
where g(1) =f. o. Thus if
g = Laiti, then a = Lai =f. o.
Since (1 - t) - ~

=L

J
(8+
8 _ -1 l ) .
tl, we have H(M)

..
= Lij (8+8 _J-1l ) ait'+J;

hence if g is of degree N, then

)..(Mn) =

Lai (n+8-i-l)
8- 1
N

for n ::: N.

i=O

The sum on the right is a polynomial h in n; the i-th term in the sum has leading
/(8 - 1)!, hence the leading term of h is an~-l
/(8 - 1)!, and this is
term ain~-l
non-zero, by hypothesis. Clearly h is unique, since its value is prescribed for all
•
n ::: N.
When the base ring Ao is Artinian as well as Noetherian, each component Mi is of
finite composition length I(M;). This length function is clearly additive and we may
apply Theorem 6.3.2 and Corollary 6.3.3 with).. = I. In that case the polynomial h of
Corollary 6.3.3 is called the Hilbert polynomial or characteristic polynomial of M.
We note that it is integer-valued for integer arguments, but not necessarily with
integer coefficients. It can be shown that h(~)
is a linear combination of binomial
coefficients

(~}

r = 0,1, ... ,8 - 1 (see Exercises 2 and 3).

To illustrate Corollary 6.3.3 let us take k to be a field and )"(M) to be the dimension of M as vector space over k. For the polynomial ring A = k[XI, ... ,Xd], )"(An) is
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the number of products of the x's of degree n. A typical such product is
(6.3.9)
We form (6.3.9) by taking a row of n + d - 1 blank squares and putting down XI in
the first VI squares, then leaving a blank square, then X2 in the next V2 squares etc.
Such a product is uniquely determined by choosing the d - 1 squares to remain
blank, hence their number is

A{An)

=(

n+d-l)
d-l

,

and the Hilbert series for A is

H{A) = L:(n+d-l)tn = (1- t)-d.
n
d-l

(6.3.10)

As an example let us take d = 3 and use x, y, z; for our graded module we take
M = A/{xl +
Z2). The component Mn for n ~ 2 is spanned by xryn-r and
xryn-r-I z, in all 2n + 1 monomials, hence A(Mn) = 2n + 1 and this holds for
n = 0,1 as well. Thus H(M) = L {2n + l)t n = 2(1- t)-2 - (1- t)-I =
(1 + t)(1 - t) -2. Here oeM) is 2; it can be shown that in generalo{M) is the dimension of the variety whose ideal is the annihilator of M, in this case the cylinder
xl + T = Z2 (see Hartshorne (1977) 1.7).
The Hilbert series for a polynomial ring can be obtained more simply by using

T-

Proposition 6.3.4. If A, B are any graded k-algebras (over a field k), and A is the
dimension function, then the Hilbert series satisfies

H(A ® B)

= H(A)H(B).

Proof. Put C = A ® B; since Cn = LAi ® Bn- i, we have A(Cn )
and so H(C) = LH(Cn)t n = LA{Ai)A(Bn-iW = H{A)H{B).

=L

A(Ai)A(Bn- i ),
•

It is clear that for a polynomial ring in one variable we have H(k[x]) = L t n =
(1 - t) -I, hence H(k[XI,'''' Xd]) = (1 - t) -d.
For the free algebra F = k(Xh ... , Xd) it is clear that A{Fn) = dn, hence (see also

Exercise 1):
(6.3 .11)
Another important result, due to Golod and Shafarevich who use it to construct infinite 'class-field towers' in algebraic number theory, is an estimate for the Hilbert
series of an algebra, which in some cases enables one to recognize from the presentation that the algebra is infinite-dimensional.
Let k be a field and A be any k-algebra, generated by XI, ... , Xd say. The defining
relations will be polynomials in the x's, and if A is graded, these defining relations
may be taken to be homogeneous. We may always assume that there are no relations
of degree I, for if L aiXi = 0 is a non-trivial relation, we can make a linear trans-
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formation to new variables YI, ... ,Yd such that YI = L: ajXj. Then YI = 0 is one of
the defining relations, so A is already generated by Yz, ... ,Yd. Thus a graded algebra
always has a set of defining relations which are homogeneous of degree :::: 2. Now
our intuition tells us that the fewer relations there are, the larger dim A will be,
and here relations of low degree carry more weight than those of higher degree.
How can these ideas be made precise to give a usable estimate? The theorem of
Golod and Shafarevich provides a very satisfactory answer. To state it we shall use
the following convention: we compare two power series over Q by writing
L: ant n :::: L: bnt n to mean: an :::: bn for all n.
Theorem 6.3.5 (Golod and Shafarevich). Let F = k(XI' ... , Xd) be the free algebra
on d generators over a field k, graded by the degree in the x's, and let A = F / a be
the quotient of F by an ideal a with a homogeneous generating set of rn elements of
degree n (n = 2,3, ... ). Then A is infinite-dimensional, provided that

(1 - dt + I>n tn ) -I:::: l.

(6.3.12)

We observe that the series in brackets has integer coefficients and constant term 1,
hence its inverse is again a series with integer coefficients.
Proof. (Vinberg) Assume that (6.3.12) holds and write r = L: rntnj we first show that
g = (1 - dt + r) - I is not a polynomial. By definition (1 - dt + r)g = 1, hence rand
g cannot both be polynomials. Now
(1

+ r)g = 1 + dtg,

(6.3.13)

and r:::: 0 by definition, while the same is true of g, by (6.3.12). If g were a polynomial, r cannot be one, and neither can (1 + r)g, whereas the right-hand side of
(6.3.13) clearly is a polynomial. This contradiction shows that g cannot be a polynomial.
Let V be the vector space spanned by the defining relations of a, so by definition,
H(V) = r = L:rntn, and since H(F) = (1- dt)-I, the inequality (6.3.12) takes the
form
(H(F)-I +H(V))-I:::: l.
(6.3.14)
Take a graded complement B of a in F (as vector space):

F=aEBB.

(6.3.15)

a = aFI +BV.

(6.3.16)

We claim that
For any element of a has the form L:fAPAgA' where fA, gA E F, PA E V and fA, gA, FA
are all homogeneous. If deg gA > 0, we can write gA = L: hjxj and then find that
fAPAgA = L:fAPAhjxj E aFI . If deg gA = 0, the term reduces to fAPA and this lies in
FV, but FV = aV + BV and aV S; aFFI S; aFI . Thus (6.3.16) follows. Computing
dimensions, we find

H(a) :::: H(a)dt + H(B)H(V),

178

Multilinear Algebra

i.e.
H(n)(1 - dt)
Using the equation H(F) = H(n)
remembering (6.3.11), we obtain

~

H(B)H(V).

+ H(B)

from (6.3.15) to eliminate H(n) and

(H(F) - H(B) )H(F) - I ~

H(B)H(V),

which simplifies to
H(B)(H(F) - I

+ H(V))
~

1.

(6.3.17)

Denoting the left-hand side of (6.3.17) by G, we can express H(B) in the form
H(B)

= G(H(F)-I +H(V))-I.

(6.3.18)

By (6.3.17), G ~ 1, while the second factor on the right of (6.3.18) is ~ 1 by (6.3.14);
moreover, H(B) is not a polynomial, for as (6.3.18) shows, it is the product of two
series ~ 1, of which the second is not a polynomial. Therefore H(B) is not a polynomial, and since H(A) = H(B), by (6.3.15) and the definition of the algebra A, it
follows that A is infinite-dimensional.
•
The main application of this result in algebra is the construction of a finitely
generated nilalgebra which is not nilpotent, i.e. an algebra A (without 1) with a
finite generating set, such that every element of A is nilpotent, but An#- 0 for all
n (Exercise 5). This answers a question raised by Kurosh in 1941. By an adaptation
of this example a finitely generated infinite p-group can be constructed, thus answering an earlier question of Burnside in 1902, see Exercise 6.

Exercises

= k(XI' ... , Xd}. Show that F = k EB LXiF; deduce that H(F) = 1 + dtH(F)
and hence show again that H(F) = (1 - dt) -I. What is the corresponding
formula when Xi is of degree i?
2. Define the differencing operator II by llf(x) = f(x + 1) - f(x). Show that
1. Let F

II ( : )

= (n :

1)

and generally, for any polynomial f of degree

n, llf has

degree n - 1.
3. Show that a polynomial over Q has integer values for all integer arguments iff it is
an integral linear combination of binomial coefficients (:). Show that this holds
even for polynomials which take integer values for all integer arguments
some N. (Hint. Use Exercise 2 and induction.)
4. (Golod) With the notation of Theorem 6.3.5, show that iffor some 8,

~

N, for

(6.3.19)
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then
(

1 - dt

' ) -I
1 - (d - 2e)t
+"
~
rntn
>
.
-(1-(d-e)t)2

Show that this expression has positive coefficients, and deduce that Fla is infinitedimensional whenever rn satisfies (6.3.19). (Note that for fixed n, the estimate
(6.3.19) for rn is greatest when e = din.)
5. (Golod) Let F = k(x" ... , Xd), where d ::: 2 and denote the augmentation ideal by
F+. Show that the general polynomial g in F+ of degree v is a linear combination
of q = d + d2 + ... + d V monomials, and that gN can be written as a linear
combination of (N + q -

q-1

1)

forms, where these forms are independent of the

coefficients of g, and have degrees between Nand vN.
Deduce the existence of a sequence U', U", ... of spaces and integers
N" N 2 , ••• such that vNv < N v+' and the homogeneous components of U(v)
are 0 except for degrees in the range [Nv, vNvl. Show that if a(v) is the ideal of
F generated by V(v) = U' + ... + U(v) and rn = dim(V(v»n), then (i) rn satisfies
(6.3.19) for e = din and (ii) for any g E F+ of degree::: v, gNv E a(v). Deduce
that F+la, where a = Ua(v>, is a finitely generated nilalgebra, which is infinitedimensional, and hence not nilpotent. (Hint. Observe that (N + q -

q-1

1) : :

(N + q)q and choose N = N v to satisfy (N + q)q ::: e2(d - 2e)N-2.)
6. (Golod) Let A = Fla be the algebra with nil but not nilpotent augmentation ideal
A+ = F+Ia constructed in Exercise 5, with k = Fp as ground field, where p is a
given prime number. Show that every element of the form 1 + c, c E A+ has
multiplicative order a power of p. Deduce that the group G generated by the
1 + Xi (mod a) is an infinite p-group. (Hint. If G were finite, the degrees of
its members would be bounded, by m say. Now pick a monomial
u, ... Um+1 -=/: 0 in A and consider the element 11(1 + Ui) of G.)

6.4 The Exterior Algebra on a Module
In this section we shall describe an algebra which is useful in the study of subspaces
of a vector space. But the definition can be formulated more generally for modules.
Let U be a K-module, where K is any commutative ring, and let T( U) be the tensor
algebra on U, as graded algebra. In T( U) consider the ideal a generated by all
elements u2 , U E U. Since the elements u2 are homogeneous in T(U), the ideal a
is graded and therefore the quotient T( U)/a is again graded. It is called the exterior
algebra on U and is written A (U). The component of degree r of A (U) is denoted by
N(U); its elements are called r-vectors or multivectors. The multiplication in A(U) is
denoted by x 1\ y. Thus A (U) is the K-algebra generated by the module U with the
defining relations
U 1\ U

= 0

for all u

E

U.

(6.4.1)
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For any u, v E U we have uv + vu = (u
entails the relation u 1\ v + v 1\ U = 0, i.e.
U 1\

+ V)2 -

u2 - v2 in T(U), hence (6.4.1)

v = -v 1\ u for all u, v

E

U.

(6.4.2)

By induction on the degree we find that A(U) is anticommutative; in fact the definition shows that when K is a field of characteristic not 2 then A (U) is the free anticommutative algebra on the K-module U.
On every graded algebra we can define a linear mapping a which multiplies each
homogeneous element of degree r by (-1)'. Since (_1)T( _1)5 = (- 1)T+5, this is
an algebra homomorphism; in fact it is an automorphism, since its square is the
identity mapping. Any mapping =1= 1 whose square is 1 is called an involution, and
a is called the standard involution on A(U). By an antiderivation of A(U) we understand a (a, 1)-derivation of A(U) into itself, i.e. a linear mapping 8 such that

(a

1\

b)8

= a 8 1\ b + a<1 1\ b8

for all a, bE A(U).

(6.4.3)

Such a mapping is entirely determined by its effect on the generating set U of A(U),
and a mapping 8 : U ~ A(U) defines an antiderivation of A(U) provided that

u 8 1\ U

-

U

1\

u 8 = 0 for all u E U.

(6.4.4)

For we can always extend 8 to an antiderivation of T(U), again written 8, and this
will induce an antiderivation of A (U) provided that 8 maps 0, the kernel of the mapping T(U) ~ A(U), into itself. Now by (6.4.4), (u 2)8 = u 8u + u<1u 8 = u 8u - uu 8 E 0
and more generally, for any a, b E T(U), (au 2b)8 = a 8u2b + a<1(u 2)8b + a<1(u<1)2b 8,
and this again lies in o. Thus 8 maps into itself and so induces an antiderivation
on A(U).
To give an example, if u 8 E U, then (6.4.4) reduces to 2u 1\ u 8 = 0; on the other
hand, if u 8 E K, i.e. if 8 E U* = HomK(U, K), then condition (6.4.4) always holds.
Thus any element of the dual module U* defines an antiderivation of degree -1 on
A( U); this is sometimes called interior multiplication.
The structure of A (U) may be described as follows.

°

Theorem 6.4.1. If the K-module U is spanned by el, ... , em then A (U) is spanned by

the elements
ei1 1\ .. . 1\ ei,

where i 1 < ... < iT,

r

= 0,

1, ....

(6.4.5)

In particular, whenever U is finitely spanned by n elements, say, then A(U) can be
spanned by 2n elements. Moreover, when U is a free K-module on el, ... , en as basis,
then the elements (6.4.5) form a basis of A(U).
Proof. From the definition of A (U) as a quotient of the tensor algebra on U it
follows that A(U) is spanned by the products (6.4.5), where the suffixes range
from 1 to n without restriction. By (6.4.2) we can permute adjacent factors by
changing the sign. Thus we can bring the suffixes into ascending order and, if two
are equal, the corresponding product vanishes by (6.4.1). This shows that A(U) is
spanned by the products (6.4.5) with strictly ascending suffix sets, as claimed.
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Now assume that U is a free K-module with el, ... , en as basis. We must show that
the products (6.4.5) are linearly independent. Since A( U) is graded, every relation is
a sum of homogeneous relations; let
(6.4.6)
be a non-trivial relation ofleast degree. Take a dual basis AI, ... , An for the e's, i.e. a
family oflinear functionals on U such that (Ai, ej) = 8ij , and denote the corresponding antiderivations on A (U) again by AI, ... ,An. Suppose that (6.4.6) contains a
non-zero term in which i l = 1. Applying Al to (6.4.6), we obtain

~~

a,.'2 ... lr. ei, /\ ... /\ eir = 0

and this is a non-trivial relation in A(U) Oflower degree. This is a contradiction, and
it shows that no non-trivial relation (6.4.6) exists with i l = 1. Similarly for
i l = 2, ... , n, hence there are no non-trivial relations (6.4.6) and so the elements
(6.4.5) form a basis, as claimed.
•
If U is a free K-module of infinite rank, with a totally ordered basis {ed, then it
follows in exactly the same way that the set of elements (6.4.5) where the ir now
range over the whole index set, form a basis of A(U). All this applies in particular
when K is a field, so that every K-module is free. In that case we have the following
criterion for linear dependence:
Corollary 6.4.2. Let U be a vector space over a field k. Then the elements
UI, ... , Ur E U are linearly dependent if and only if

UI/\ ... /\Ur=O

inA(U).

Proof. If the u's are linearly dependent, one of them can be expressed in terms of the

rest, say UI

= L:; aiui,

hence
r

UI /\ Uz /\ ... /\ Ur =

L aiui /\ Uz /\ ... /\ Ur,
Z

and the right-hand side vanishes because each term has a repeated factor. Conversely,
if UI, ... , Ur are linearly independent, they can be completed to a basis of U and then
UI /\ ... /\ Ur =I- 0 by Theorem 6.4.1 (and the remark following it), because it forms
part of a basis of A(U).
•
The following universal property of A (U) is clear from the definition.
Proposition 6.4.3. Let U be a K-module and A be a K-algebra. Then any linear mapping a : U -+ A such that (u1l')z = 0 for all U E U can be extended uniquely to a homo•
morphism of A (U) into A.

Taking in particular A = A(V), for any K-module V, we see that any linear
mapping f : U -+ V induces a homomorphism A(t) : A(U) -+ A(V). It is easily
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verified that A(fg) = A(f)A(g) and A(l) = 1, so that A is a functor from Kmodules to graded K-algebras.
We next show how determinants can be quite naturally defined in terms of A(U).
Let U be a free K-module of rank nand f : U -+ U be a linear mapping of U into
itself. In terms of a basis el,"" en of U, f is given by an n x n matrix a = (aij),
where

We saw thatfinduces an endomorphism A(f) of A(U), in particular An(f) maps
A n(u) into itself, and since An(u) is free of rank 1, A n(f) is determined by a scalar
factor. Let us find this scalar; we have

The sum on the right is over all suffix sequences (iI, ... , in), but ei] /\ ... ein is zero
unless (il> ... , in) is a permutation of (1,2, ... , n), and then it is ±el /\ ... /\ en with
+ or - according as this permutation is even or odd. We shall denote this sign by
e( ii, ... , in) and recall the definition of the determinant of a matrix a:

A comparison shows that

(el /\ ... /\ en)f

= (det a)el /\ ... /\ en.

(6.4.7)

In fact we can take (6.4.7) as the definition of det a; this associates the determinant
with an endomorphism of U rather than a matrix. Of course it is well known that if
f is given by a matrix A in one coordinate system and by B in another, then
B = P - lAP, for some invertible matrix P, so that det A = det B.
From this definition it is particularly easy to prove the multiplication theorem of
determinants. Writing eT = el /\ ... /\ en, we have for any linear mappings f, g with
matrices a, f3 respectively, eT(fg) = (eTf)g; hence by applying (6.4.7) to both sides,
we find that

det(af3)eT

= (det a)(det f3)eT,

and so det(af3) = (det a)(det f3),
More generally, any endomorphism f of U induces an endomorphism N (f) of

Ar(U), for 1 ::: r::: n; the corresponding matrix air) has

(~)

rows and columns, the

entries being r-th order minors of the matrix a. This matrix air) is called the r-th
compound matrix of a and as before we see that
(6.4.8)
This is an identity of degree r in the entries of a and f3, called the Binet-Cauchy
identity; the case r = n is just the multiplication theorem for determinants.
Let U again be the free K-module with basis el, ... , en and let us find the multiplication table for A(U) in terms of the standard basis (6.4.5). For any subset I of
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{l, 2, ... , n} we denote by eI the product of the ei (i E I) in ascending order; thus if
1= {l, 2, ... ,r} then eI = el /\ ... /\ er . Given any subsets H, K of {l, ... ,n}, if
H n K I- 0, then it is clear that eH /\ eK = o. When H n K = 0, we have

(6.4.9)

where tHK = ±l. Here the number of inversions necessary to arrange the suffixes of
eH /\ eK in ascending order is just the number of pairs i E H, j E K such that i > j. If
this number is n, then tHK = ( - It.
If H is any subset of T = {I, ... , n} and H' is the complementary subset, then
eH /\ ew = tHWey. Suppose that IHI = r; on applying a linear mapping f with
matrix a, we find

= LaHIeI,

eH.Ar(f)

where I runs over all r-element subsets of T and aHI is the minor corresponding to
the rows indexed by H and the columns indexed by 1. Thus by applying f to both
sides of the equation

we obtain

where I runs over all r-element subsets of T and J over all (n - r)-element subsets of
T. It is clear that

if! = I',
otherwise,
where I' is the complement of 1. Hence we obtain the formula
det a

=L

tII'tHWaHIaWI' ,

(6.4.10)

I

for a fixed r-element subset H and its complement H', where the summation is over
all r-element sets I and its complement I'. This is called the Laplace expansion of
det a in terms of the r rows indexed by H. In terms of compound matrices this
can be written briefly as
a(r)a(n_r)

= (det a) .1,

(6.4.11)

for an appropriately defined matrix of cofactors a(n-r).
In a vector space U over a field, any non-zero vector can be transformed into any
other non-zero vector, i.e. the automorphisms of U act transitively on the non-zero
vectors. By contrast the automorphisms of A (U) do not always act transitively on
the set of all non-zero r-vectors for r> 1, e.g. the 2-vectors of the form u /\ v
form a proper subset of A2(U) (at least when dim U> 3), which is mapped into
itself by all automorphisms. An element of A (U) is said to be decomposable if it
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can be written as a product of vectors: UI /\ ... /\ Ur- These decomposable r-vectors
were used to describe r-dimensional subspaces by Hermann Grassmann, who introduced exterior algebras in 1844; the exterior algebra on the dual space U* is also
called the Grassmann algebra of U. As an example let us derive the condition for a
2-vector to be decomposable.
Proposition 6.4.4. Let U be a vector space over a field K of characteristic not 2, with
basis el, ... ,en' Then any 2-vector in A (U) can be written in the form

(6.4.12)

and w is decomposable if and only if, for any four subscripts i, j, k, I,
«6.4.13)

L Cijei /\ ej, but there are no terms in
ei /\ ei, so we may take Cii = 0, and for fixed i, j we have J...ei /\ ej + JLej /\ ei =
(J... - f.L)ei /\ ej = cei /\ ej - cej /\ ei, where c = (J... - f.L)/2. Thus every 2-vector can be
expressed as in (6.4.12). Now let w = p /\ q, where p = L aiei, q = L biei; then
w = L (aibj - ajbi)ei /\ ej. Consider the determinant
Proof. By definition any 2-vector has the form

ai aj
bi b]

ak

al

bk
a·
ai J ak
bi bj bk

bl
al

bl

If we make a Laplace expansion by the first two rows and observe that the determinant vanishes, we obtain (6.4.13), bearing in mind that aibj - ajb i = Cij' Conversely,
given nZ elements Cij of K where Cii = 0 and Cij = -Cji, assume that (6.4.13) holds for
all choices of subscripts. If all the Cij vanish, the 2-vector (6.4.12) is zero and hence
decomposable. Otherwise let C12 =1= 0 say, and put aj = (Clj), bi = (CiZ); then
p = L ajej and q = L biei are such that p /\ q has coordinates

= -C12Cij

by (6.4.13).

Hence w = -C\zlp /\ q is decomposable.

•

We observe that in three dimensions no relations are needed: every 2-vector is
then decomposable. In a four-dimensional space there is just one relation
(6.4.14)
As the proof of Proposition 6.4.4 shows, in n dimensions we need only impose the
conditions (6.4.13) for fixed i, j such that Ci j

=1=

0, and all pairs k, I; thus

relations are needed and the rest are a consequence.

(n ~

2)
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Proposition 6.4.4 has an interesting application to lines in projective 3-space. The
straight lines in three-dimensional projective space are two-dimensional subspaces of
a four-dimensional space, and so can be described by decomposable 2-vectors. From
Proposition 6.4.4 we see that each line is described by six homogeneous coordinates
Cij (i,j = 0,1,2,3) satisfying (6.4.14), the PlUcker or line coordinates. This equation
represents a quadric W in five dimensions (since there are six coordinates), the Klein
quadric; many properties of lines in space can be obtained very simply by regarding
the lines as points of this quadric. To give an example, this interpretation shows that
the lines in 3-space form a four-dimensional variety. A subvariety of codimension
one is called a line complex; such a subvariety can be obtained by imposing certain
algebraic relations on the line coordinates, and a theorem of Klein asserts that any
line complex in projective 3-space can be defined by a single equation besides
(6.4.14). For a proof we note that the coordinate ring of a line complex is obtained
from the coordinate ring A of W by dividing by a minimal prime ideal (minimal
because the subvariety is of codimension one, i.e. maximal). Now it can be shown
that A is a unique factorization domain, hence every minimal ideal is principal
(see Theorem lO.2.lO below) and this means that the quotient of A by a minimal
prime ideal is obtained by imposing a single equation, as claimed (this simple
proof is due to Nagata [1957]; see also Cohn [1973]). For a discussion of the properties of lines using W, see Semple and Roth (1949).
The decomposable r-vectors correspond to the r-dimensional subspaces of U; the
coordinates can generally be taken to be antisymmetric in all subscripts (at least in
characteristic 0). They are again called the PlUcker coordinates of the subspace, and
they can again be characterized by relations like (6.4.13}. Their derivation is straightforward and we shall not stop to give it here (see Exercise 8), but we note the following relation between the multivectors of different subspaces.

Proposition 6.4.5. Let U be an n-dimensional space over a field K. To each rdimensional subspace V of U (1 .:s r .:s n) there corresponds a decomposable r-vector v,
determined up to an element of K X , such that

x

E

V <=> x /\ v =

o.

Given subspaces V, W with vectors v, w, we have v /\ w i= 0 if and only if V n W
and when this is so, then v /\ w is the vector corresponding to V + W.

= 0,

Proof. Let el, ... , er be a basis for V; the corresponding r-vector is v = el /\ ... /\ er •
Any other basis of V is related to the e's by a linear transformation ex and the change
of basis changes v by a factor det ex, by (6.4.7). Now x E V iff x is linearly dependent
on el, ... , er and this is so iff x /\ v = 0, by Corollary 6.4.2. Given subspaces V, W
with multivectors v, w, if V n W i= 0, then for a suitable choice of basis v and w
have a common factor and so v /\ w = o. Otherwise we obtain a basis for V + W
by taking a basis for V and one for W, so v /\ w is a multivector for V + w.
•
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Exercises
1. Show that the elements of even degree of A(U) form a commutative subalgebra.
2. Show that any exterior algebra satisfies the identity [[x, y], z] = 0, where
[x,y] = xy - yx.

3. Find the first power of t in

(1 - dt + (d+l)
2
f- )-1 which has a negative

coefficient (there must be one, by Theorems 6.3.5 and 6.4.1).
4. In a K-module U consider an equation a = L aiUi, where a, Ui
Show that
UI 1\ ... 1\ Ui-I 1\ a 1\ Ui+1 1\ ... 1\ Un

E

U and ai E K.

= ai(ul 1\ ... 1\ Un).

5. Let U be an n-dimensional vector space. Show that the decomposable multivector Wi corresponding to a subspace Wi (i = 1,2) satisfies W2 = z 1\ WI for
some multivector z iff W2 ;:> WI.
6. Let U be a vector space with basis el, ... , en. Show that if UI, ... , Un E U satisfy
LUi 1\ ei = 0, then Ui = L aijej, where aij = aji.
7. Let A be the coordinate ring of the quadric XoX3 = XIX2. Show that A is an
integral domain, but not a unique factorization domain.
8. Let V be a vector space with basis el, ... , en over a field of characteristic 0. Show
that any r-vector can be written as L ail ... i,ei l 1\ ... 1\ ei" where ail'" i, is antisymmetric, and it is decomposable iff
ail ... i,ah ... j, - Lail ... iA-lhh+I ... i,aiAh ... j,

= 0.

9. Prove (6.4.7) by verifying that An (f) satisfies the axioms for a determinant: det
A is an alternating multilinear function of the columns of the matrix A which is
1 for A = I.
10. Show that the determinant of the r-th compound of an n x n matrix a is a
power of det a: det a(r) = (det a)m. By comparing degrees show that

m= (nr -- l1). (Sylvester-Franke theorem. Hint. Use (6.4.11).)
Further Exercises for Chapter 6
1. Let A be a graded K-algebra. Find the condition for the mapping an 1-+ Anan
(where deg an = n and An E K) to be (i) an endomorphism and (ii) a derivation.
2. Let K be a commutative ring. Show that the centre of K (X) is K whenever

IXI

> 1.

3. Show that a homomorphism K(X) -+ K, for any ring K, maps nilpotent
elements to nilpotent elements. If K has no nilpotent elements apart from 0,
the same is true for K(X). (Hint. Take the free monoid on X to be ordered
lexicographically. )
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4. By a filtered K-algebra one understands a K-algebra A with a sequence of submodules

5.
6.

7.

8.

9.
10.

11.

12.

Given such an algebra, put G n = An/An+1 and define a multiplication
Gi x Gj -+ Gi+j by taking for a E G i, fJ E Gj any representative a of a, b of fJ
and defining afJ as the residue class of ab (mod Ai+j+d. Verify that this definition of afJ depends only on a, fJ and not on a, b and that with this definition
(G n ) becomes a graded K-algebra (called the graded ring associated with A and
denoted by gr(A)). Verify that for any ideal a of a ring R, if nan = 0, then
the powers of a define a filtration and so give rise to a graded ring.
Let A be a filtered K-algebra and gr(A) be its associated graded algebra. Show
that if gr(A) is an integral domain, then so is A. Does the converse hold?
Show that for any vector space V over a field, each element of A(V) is either
invertible or nilpotent (a ring with this property is said to be completely
primary).
Let Vbe a vector space over a field. Show that if a p-vector win A(V) is divisible
by UI, ... , Un where the Ui are linearly independent, then it is divisible by
UI 1\ . .. 1\ U r • Deduce that any p-vector w can be written as UI 1\ ... 1\ U r 1\ Y,
where y has no linear factor.
Let P = k(XI, ... , Xd}; given an equation LXiUi = 0, where Ui E P, show that
Ui = o. Deduce that in any element f E P the right-hand cofactor of Xi is
uniquely determined (this is called the transduction with respect to Xi).
Show that in k(x, y} the elements xyn (n = 1,2, ... ) generate a subalgebra which
is free on these generators.
Let X be a finite set and denote by K «X}) the set of all sums (6.2.1), allowing
infinitely many non-zero coefficients. Show that the multiplication law (6.2.2)
defines a K-algebra structure on K«X}}, containing K(X} as subalgebra. Show
that a mapping X -+ K ((X)) extends to an endomorphism of K ((X)) provided
that the image of any X E X has zero constant term (this algebra K ((X)) is the
free power series ring in X over K, see FA Chapter 11).
Let K be an integral domain. Show that K ((X)) is also an integral domain. Show
further that f E K ((X)) is invertible iff its constant term is invertible in K,
whereas an element p of K (X) is invertible iff p reduces to its constant term
and the latter is invertible in K.
Let Vbe a vector space over a field k. Show that for each r = 1,2, ... , n there is a
pairing ( , ) :A(V*) x A(V) -+ k such that
(fl

1\ ... 1\ f,., XI 1\ ... 1\ x r )

= det( (t;, Xj}).

Hence find an injective linear mapping A(V*) -+ (A(V))* which is an isomorphism if V is finite-dimensional.
13. Using Exercise 12 show that if V is n-dimensional, then every (n - 1)-vector in
A(V) is decomposable. Show that (in characteristic not two) a 2-vector p is
decomposable iff p 1\ P = o.
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14. Let Vbe a left k-space and V* be its dual. Iff E End(V) has the matrix a relative
to a certain basis of V, then f* relative to the dual basis of V* again has the
matrix a if V* is regarded as a right k-space (and f* acts on the left), but it
has the transposed matrix aT if V* is regarded as left k-space (with f* acting
on the right). Deduce that det a = det aT.
15. Let Vbe a vector space and a E V. Show that the mapping x 1-+ a 1\ x of V into
A(V) extends to an antiderivation of A(V); obtain its expression in terms of
multiplication by a.
16. Show that the r-th compound matrix a(r) satisfies
(n-I) (n-I)_
all
a ii

(n-I) (n-I)_

ali

ail

-

(n-2)dt
ali,li . e

a,

where subscripts indicate the rows and columns omitted.
17. Show that a square matrix A over a commutative ring K is a zerodivisor iff det A
is 0 or a zero divisor in K.
18. For any square matrix A (over a commutative ring K) define ei(A) to be the i-th
elementary symmetric function of its eigenvalues. Show that ei(A) = tr(A(i»),
where A(i) is the i-th compound, and the characteristic polynomial of A is

L:( -l)rer(A))..n-r.

Deduce that if K = C and AH is the Hermitian conjugate (i.e. transpose of
complex conjugate), then
n

det(AHA

+ AI) = L
o

tr(A(i)HA(i»))..n-i.

Field Theory

Fields form one of the basic algebraic concepts, for which there is an extensive
theory, dealing mainly with the form taken by field extensions. In Section 7.1 field
extensions are described, and the special case of splitting fields is introduced in
Section 7.2, leading to the notion of algebraic closure (Section 7.3). In Section 7.4
we examine the problems arising in finite characteristic. One of the main tools in
this study is Galois theory and this forms the subject of Sections 7.5 and 7.6,
while Sections 7.10 and 7.11 bring its application to the solution of equations.
The special case of finite fields is studied in Section 7.8, using information on the
roots of unity (Section 7.7); Section 7.9 is devoted to generators and some invariants
of extensions.

7.1 Fields and their Extensions
We recall from Section 4.1 that a field is a commutative ring in which 1 =j:. 0 and
every non-zero element has an inverse. It follows that a field F has exactly two
ideals, 0 and F, and hence every homomorphism from a field to a non-trivial ring
is injective (because the kernel is a proper ideal). Obvious examples of fields are
the rational numbers Q and, for every prime number p, the field Fp = Zip of p
elements.
Let us also recall the notion of characteristic, basic in all that follows. In any field F
consider the multiples of 1 : 1, 1 + 1, 1 + 1 + 1, .... We abbreviate these expressions
as 1,2.1,3.1, ... and remark that two cases can arise:
(i) n. 1 =j:. 0 for all n > O. Then F is said to have characteristic O. In this case the
homomorphism n 1---+ n. 1 provides an embedding of Z in F; since F is a field,
we can invert the elements n. 1 and so form the sub field P generated by 1.
This is the prime subfield of F; clearly it is isomorphic to Q. It is contained in
every subfield of F and so is the least subfield of F.
(ii) For some n > 0 we have n. 1 = O. Since F has no zerodivisors, it follows easily
that the least such n is a prime p, say, which is called the characteristic of F in
this case. Now 0, 1,2.1, ... , (p - 1).1 already form a subfield P, isomorphic
to Fp ' which thus is the prime subfield.
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We see that the characteristic of F, often written char F, is either 0 or a prime
number p, and our results can be summed up as follows:
Theorem 7.1.1. Every field F has a least subfield P, the prime subfield of F, which is

contained in every subfield of F. Either (i) char F = 0 and P ~ Q, or (ii) char
F = p, a prime number, and then P ~ Fp.
•
Let F be a field and k be a subfield; we shall often describe k as the ground field, F
as an extension of k and write F/k for the field F considered as an extension of k
(the risk of confusion with quotient rings RIa is small since fields have no nontrivial quotients). Thus F is a k-algebra, in particular it is a vector space over k.
Its dimension is called the degree of F over k and is written [F: kJ; this notation
will sometimes be used even if F is only a vector space. The dimension is a positive
integer or 00; for example, [C : RJ = 2, [R : QJ = 00, and of course for every field k,
[k: kJ = 1. By a finite extension one understands an extension of finite degree. We
note that for every extension F/k, F and k have the same prime subfield, and hence
the same characteristic.
Let F/k be a finite extension, of degree n say. Then there is a basis UI, ... , Un for F
over k and relative to this basis each element a E F can be uniquely expressed in the
form
a

=L

CiiUi,

where Cii

E

k.

(7.1.1)

In order to know F completely we need only know k and the expressions (7.1.1) for
the n2 products UiUj, but it is not particularly easy to work with these n2 expressions
and we shall soon find simpler ways of describing the extension F/k. A k-homomorphism (of extensions of k) is a homomorphism which is k-linear, or equivalently,
one which reduces to the identity on k.
The following product formula is a basic tool in the study of field extensions.
Proposition 7.1.2. Let F/k be a field extension. Given any vector space V over F, we can
regard V also as a vector space over k; its dimension [V : kJ is finite if and only if both

[V : FJ and [F : kJ are finite, and when this is so, then

[V: kJ

= [V: F][F:

kJ.

(7.1.2)

Proof. Suppose first that F/k is finite, with basis UI, ... , Urn say, and that V is finitedimensional over F, with basis VI, ... , v n • For clarity we shall use latin subscripts for
the range 1, ... , m of the first basis, and greek subscripts for the range 1, ... , n of the
F-basis of V. Thus the Ui form a basis for F/k and the VA form an F-basis of V; we shall
prove that the set of products UiVA is a k-basis for V. This will prove that
[V: kJ = mn, and (7.1.2) follows in this case.
Let x E V; since V is spanned by the VA over F, we have
(7.1.3)
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We express each a). in terms of the Ui : a). = L:a~)'iU
values in (7.l.3):

where a).i

E k

and insert these

This shows that the mn products UiV). span V over k. To prove their linear independence, let us assume a relation
(7.1.4)

On writing a). = L a).iUi, we see that this is of the form La). v). = 0, where a). E F,
and hence, by the linear independence of the v). we have a). = 0 (A = 1, ... , n). This
means that L a).iUi = 0 for all A, and since the Ui are linearly independent over k,
we conclude that a).i = 0 for all A, i. Hence the relation (7.104) is trivial and it follows
that the UiV), are linearly independent over k; this then shows that they form a k-basis
for V.
We observe that in order to prove that the UiV). are linearly independent we needed
only the linear independence of the sets {ud, {v).}, not the fact that they were bases.
This means that from any m linearly independent elements of F over k and any n
linearly independent elements of V over F we can form mn linearly independent
elements of V over k. Suppose now that V is of finite dimension N over k; then N
is a bound for the number of elements in a linearly independent set of vectors in
V over k. Hence mn :::: N and it follows that both [V: F] and [F: k] are finite.
Thus [V: k] is finite iff both [V: F] and [F: k] are finite, and when this is so,
(7.1.2) holds.
•
We note particularly the case where V is an extension field E of F. Thus whenever
we have a tower of fields,

k S; F S; E,

(7.1.5)

then we have the product formula:
[E : k]

=

[E : F][F : k],

(7.1.6)

whenever either side is finite.
As in the case of Lagrange's theorem for groups (Theorem 2.1.3), this has the
useful consequence that for any tower of fields as in (7.1.5), the degree [F: k] is a
divisor of [E : k]. For example, an extension Elk of prime degree has no proper subextensions. However, an extension without proper subextensions need not be of
prime degree; examples are easily constructed with the help of Galois theory, as
we shall see in Section 7.6.
Consider any field extension Flk. Given elements al, ... , an of F, we write
k[al,"" an] for the subring and k(al,"" an) for the subfield generated by
ai, ... , an over k. For an extension of finite degree we actually have equality:
(7.1.7)
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for the right-hand side is a finite-dimensional k-algebra without zerodivisors, and so
is a field.
Let us take a closer look at a simple extension, n = 1. Such an extension has
the form k(a), where a E F. Consider first the subring k[a]; we have a unique
k-homomorphism A from the polynomial ring k[x] to k[a] which maps x to a. This
is clearly surjective and it gives rise to the exact sequence
0-+ ker A -+ k[x] -+ k[a] -+ O.

(7.1.8)

There are two cases to consider:
(i) A is injective; it is then an isomorphism: k[ a] ~ k[x]. In this case we say that a is
transcendental over k. The field of fractions k(a) of k[a] is called a purely transcendental extension of k.
(ii) A is not injective; in this case a is called algebraic over k. For complex numbers
these terms are used with reference to the rational numbers Q as ground field;
e.g. --/2 and --/ - 1 are algebraic numbers, while e and 7i are transcendental.
We observe that in (7.1.8) the kernel of A represents the set of all polynomials in x
which vanish for x = a. Thus a is algebraic precisely when it satisfies a non-trivial
polynomial equation over k. By (7.1.8) we have k[a] ~ k[x]/ker A; we claim that
k[a] is finite-dimensional over k. For ker A, being a non-zero ideal, contains a polynomial f = coxn + CIX n- I + ... + Cn which is non-zero, say Co i= O. By definition we
have
(7.1.9)
coa n + ... + Cn = 0,
and since we can divide by co, this equation shows an to be linearly dependent on
1, a, ... ,an-lOVer k. On multiplying (7.1.9) by a, we see that a n+ I is linearly
dependent on a, a 2 , ••• , an and hence on 1, a, ... , an-I. An easy induction shows
that all powers of a are linearly dependent on 1, a, ... ,a n- I and since k[a] is
spanned by the positive powers of a over k, it follows that k[ a] is finite-dimensional
over k. By the previous remark we see that k[a] is already a field. When (7.1.9) holds,
a is called a root of the equation f = 0; it is a zero (or also a root) of f
To study the kernel of A more closely, we recall that the polynomial ring k[x] is a
principal ideal domain. Explicitly, let a i= 0 be an ideal in k[x] and take a non-zero
polynomial p of least degree in a; then any f E a can be written as f = pq + r for
polynomials q, r, where deg r < deg p. Hence r = f - pq E a and by the minimality
of deg p, r must vanish, so that f = pq and a = (p). Hence every ideal of k[x] is
principal and so ker A is generated by the monic polynomial p (i.e. with highest
coefficient 1) of least degree with a as zero. If p has degree n, then k[a] is spanned
by 1, a, ... , an - I and these elements are linearly independent over k, for any dependence would give an equation oflower degree satisfied by a. Thus 1, a, ... ,a n- I is a
basis of k[a] and we see that [k[a] : k] = n = degp. We note that p may always be
taken monic and it is then uniquely determined, for if a satisfied two different monic
equations of degree n, it would also satisfy their difference, an equation of lower
degree, contradicting the minimality of n. The monic polynomial p of least degree
satisfied by a is called the minimal polynomial for a over k, and deg p is called the
degree of a over k.
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We also note that p is irreducible, i.e. an atom in k[x], where an atom is an element
not zero or a unit, which cannot be written as a product of two non-units. For p is
not a unit, because deg p:::: 1, and if p = fg, then 0 = pea) = f(a)g(a), hence
f(a) = 0 or g(a) = 0, so either for g has degree n and the other factor has degree
0, i.e. it is a unit.
We summarize these results as follows:
Proposition 7.1.3. Let Elk be any field extension and a E E. Either

(i) a is transcendental over k; then k(a) ~ k(x), where x is an indeterminate, or
(ii) a is algebraic over k. In that case k(a) = k[a] and if p is the minimal polynomial

for a over k, of degree n, then p is irreducible over k and k(a) ~ k[x]/(p),
[k[a] : k] = n. Moreover, p is uniquely determined as the monic polynomial of
least degree satisfied by a.
•
Of course over a larger field p may become reducible; e.g. over k[a], p has the
factor x - a, and this does not lie in k[x] unless a E k and p has degree 1.
An extension Elk is called algebraic if all its elements are algebraic over k; otherwise
it is called transcendental; thus a transcendental extension may well contain algebraic
elements. It is clear that every finite extension is algebraic, for if [E : k] = n, then for
any a E E, the extension k(a)/k has a degree dividing n, by Proposition 7.1.2. However, not every algebraic extension is finite, as we shall see in Section 7.3. But there is
a converse for finitely generated extensions:
Proposition 7.1.4. Let Elk be an extension generated by a finite number of algebraic
elements over k. Then [E : k] is finite; in particular, the sum and product of algebraic
elements are algebraic.

Proof. Suppose that E is generated by ai, ... , a r over k. For r = 0 the result is clear;
when r > 0, [k(a2, ... , a r ) : k] < 00 by induction on r and since al is algebraic over
k, it is algebraic over k(a2,"" a r ), so [E: k(a2, ... , a r )] < 00. Hence by the
product formula (Proposition 7.1.2) we find that [E: k] < 00, as claimed. It
follows that any element of E is algebraic over k; in particular, this holds for
al

+ a2, ala2·

•

Corollary 7.1.5. A field extension is algebraic if it is generated by algebraic elements.

Proof. Assume that Elk is generated by a set A of algebraic elements and let c E E.
Then c lies in the subextension generated by a finite subset of A, say
c E k(al, ... , a r ), where ai E A. Since the ai are algebraic, k(al,"" a r ) is finite
•
over k and so c is algebraic over k, as claimed.
As an application of the product formula (7.1.6) we briefly indicate how to prove
the impossibility of certain geometrical constructions. In Euclid's Elements the only
allowable constructions are by ruler and compasses. This enables us to construct
from a given length all multiples and submultiples, i.e. all lengths commensurate
with a given length. This means that all rational numbers can be constructed.
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Next, using the fact that a triangle inscribed in a circle on a diameter as base is rightangled (Thales' theorem), we can extract square roots of differences of squares (by
Pythagoras' theorem); hence we can find arbitrary square roots by the formula

Each time we extract a square root, we enlarge our field by an extension of degree 2,
if at all. Therefore all extensions reached in this way have as degree a power of 2.
It follows that a real number ex is constructible by ruler and compasses - it
'admits quadrature' - only when its degree over Q is a power of 2. This condition,
that [Q(ex) : QJ = 2m , though necessary, is not sufficient for constructibility; we shall
meet the precise condition later, in Exercise 1 of Section 7.11.
With the help of the above remark several ruler-and-compass constructions
proposed in ancient Greece can be shown to be insoluble.
Quadrature of the circle. This is the problem of constructing a square equal in
area to the area of a circle of radius 1. What has been said shows that 7r would
have to be algebraic over Q of degree 2m , for some m 2: O. In fact it was proved
by Ferdinand von Lindemann in 1882 that 7r is transcendental over Q, so the
quadrature of the circle is impossible. The proof that 7r is transcendental will
not be given here, see Jacobson (1985) or Lang (1984).
(ii) Duplication of the cube (Delian problem). The oracle at Delos revealed that to
avert a plague, it would be necessary to double the size of a certain altar, built in
the shape of a cube. Since a cube of side a has volume a3 , this entailed the solution of the equation (ax)3 = 2a3, or x 3 = 2. This is an equation of degree 3,
irreducible over Q, so 21/ 3 does not admit quadrature (it is reported that at
first a new altar in the shape of a cube with twice the side of the old altar
was built, whereupon the plague got worse).
(iii) Trisection of an angle. Let ex be a given angle and write ex = 3f3. Then we must
solve cos( 3f3) = cos ex = A, say, or 4 cos3 f3 - 3 cos f3 = A, i.e.
(i)

4x 3 - 3x - A = O.

For example, for A = 1/2 (ex

= 60°) the equation becomes, on putting y = 2x,

l- 3y -1 = O.
This equation is irreducible over Q, as we see by putting y = z + 1 and applying
Eisenstein's criterion (Theorem 7.2.7 below) to the resulting equation. It follows
that the angle 60° cannot be trisected by ruler and compasses.
Of course none of these impossibility proofs affect the practical constructibility,
which is possible to any degree of accuracy; e.g. the 'engineer's method' of trisecting
an angle involves moving the compasses and so is excluded here. Problems (ii) and
(iii) were shown to be insoluble in 1837 by Pierre Wantzel.

7.2 Splitting Fields
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Exercises
1. Find a basis for Q(J2, J3}/Q. Find the minimal polynomial for J2
use it to show that Q(J2, J3} = Q(J2 + J3}.

+ J3 and

2. Let k(x} be the field of rational functions in an indeterminate x. Show that every
element of k[x] which is not in k is transcendental over k.
3. Show that every automorphism of a field leaves the prime subfield elementwise
fixed.
4. Let Flk be a field extension and (J be a homomorphism of F into a field F'. Show
that [Fer: k"] = [F : k].
5. Show that an endomorphism of Flk, as k-algebra, is a field endomorphism of F
leaving k elementwise fixed.
6. Show that if Flk is a field extension of finite degree, then every endomorphism of
Flk is an automorphism. Give examples to show that this may fail to hold for
arbitrary extensions; does it hold for all algebraic extensions?
7. Show that a field extension is algebraic iff every subalgebra is a field.
8. Show that for k ~ E ~ F, if FIE and Elk are algebraic, then so is Flk.
9. Show that k(x}lk((x 3 + 2}/(x 2 + x-I)), where x is an indeterminate, IS
algebraic and find a basis.
10. Verify in detail that the magnitudes constructible by ruler and compasses are just
those obtainable using only square roots and rational operations.
11. Give an algebraic proof that every angle can be bisected by using only ruler and
compasses.
12. Show that in any field extension Flk, the set Fo of elements of F that are algebraic
over k is a subfield.

7.2 Splitting Fields
We have seen in Section 7.1 that every algebraic element over a field k is a zero of
a polynomial. Conversely, suppose that we are given a polynomial f over k; will f
have a zero in k, or in a suitable extension of k? There may be no zero in k itself;
for example the real polynomial x 2 + 1 has no real zeros, but it does have a zero
in the field of complex numbers. We shall see that essentially the same method
used to construct J - 1 works in the general case.
Theorem 7.2.1 (Kronecker). Let f be a polynomial of positive degree over a field k.

Then there exists an extension Elk in which f has a zero.
Proof. The quotient ring R

deg f

= k[xl!(j) is a non-zero finite-dimensional k-algebra,

Let a be a proper ideal of maximal dimension in R;
its dimension being
then a is a maximal ideal, hence E = Ria is a field, and still a k-algebra. Thus we
have a homomorphism k -+ E, necessarily injective. By identifying k with its
image in E we may regard the latter as an extension of k. If x 1-+ ex in the homomorphism k[x] -+ R -+ E, thenf(ex} = 0, so fhas a zero in E.
•
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This proof, depending on the construction of a maximal ideal in k[x]/(f), is not
very explicit; in particular, we should like to know when the ideal (f) will itself be
maximal, and to what extent the construction is unique. Both questions are answered
by the next result. We recall that an ideal a in a commutative ring R is said to be
prime if a =f=. Rand xy E a =} x E a or yEa; a prime element is an element which
generates a prime ideal. In a principal ideal domain (more generally, in a unique
factorization domain) an element is prime iff it is irreducible, as is easily checked
(see Section 10.2 below).
Proposition 7.2.2. Let f be a non-zero polynomial over a field k. Then k[xl!(f) is a
field if and only iff is irreducible.
Given two isomorphic fields kl' kz, let fl be an irreducible polynomial over kl and h.
be the corresponding polynomial over k2. Suppose that fi has a zero ai in an extension Ei
of ki (i = 1,2). Then the isomorphism from kl to k2 can be extended in just one way to
an isomorphism from kl (ad to k2(a2) such that al maps to az.

Proof. We know that R = k[xl!(f) is finite-dimensional over k, so by Proposition
5.5.1, it will be a field iff it is an integral domain, which is the case iff (j) is a
prime ideal, i.e. iff f is prime, which is the case precisely when f is irreducible.
For the second part, let k be a field isomorphic to kl and kz and let CPi : k --+ ki be
two isomorphisms such that CPllcpZ is the given isomorphism between kl and kz.
Further denote by fi the polynomial over ki which corresponds to f over k under
the isomorphism CPi. The isomorphism CPi extends to a unique homomorphism
cP; : k[x] --+ ki[ai] that maps x to ai. Since fi(a;) = 0, this homomorphism maps
f(x) to 0 and so can be factored by the natural homomorphism k[x] --+ k[x]/(f)
to give a homomorphism Ai: k[x]/(f) --+ ki[a;], by the factor theorem (cf.
Theorem 3.3.3).

k[xl!(f)

/~
Clearly this map is surjective, and since f is irreducible, k[xl!(f) is a field. Hence
ker Ai = 0, so Ai is injective and so is an isomorphism. The residue class of x (mod f)
maps to ai under this isomorphism, hence All A2 is an isomorphism from kl [al] to
kz[az] extending CPllCP2 and mapping al to a2. It is plainly unique since it is
prescribed on a generating set of kIfad.
•
With the help of this result we see more clearly what happens in the construction
of a root for a given equationf = 0 (Theorem 7.2.1). Given a polynomialf over k, we
split off an irreducible factor p, say f = pg. Then F = k[xl!(p) is a field, and denoting the residue class of x in F by a, we have pea) = 0, hence f(a) = p(a)g(a) = o.
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For example, over the real field R, the polynomial x 2 + 1 is irreducible, and it leads
to the construction of the complex numbers in the form C = R[xj/(x 2 + 1).
We note that the construction of an extension E in which a given polynomial f
has a zero is not usually unique, but depends on which irreducible factor of f is
chosen. Thus if we are given f = X4 - 4 over Q, we have the factorization

where the factors on the right are irreducible over Q, and correspondingly there are
two non-isomorphic extensions of Q containing a root of X4 - 4 = O. On the other
hand, the equation X4 + 1 = 0 is irreducible over Q and so all extensions generated
by a root of this equation over Q are isomorphic.
Over the complex numbers every non-constant polynomial has a zero; this is the
content of the (fundamental theorem of algebra', which will be proved in Section 7.3.
It follows that every irreducible polynomial over C is linear, by the remainder
theorem. Now whatever the field, by repeating Kronecker's construction (Theorem
7.2.1) we can split any polynomial into linear factors. We shall now carry out this
process in detail, but first we need a definition.
Given a polynomial f over a field k, suppose that in some extension Elk, f can be
expressed as a product of linear factors
(7.2.1)
Then we shall say: f splits over E, and E is called a splitting field off over k. Iff splits
over E but over no smaller field, then E is called a minimal splitting field off over k.
Given any splitting field E off over k, we need only take k(a[, ... , an), where the ai
are as in (7.2.1), to obtain a minimal splitting field. We now show that splitting fields
always exist and the minimal ones are unique up to isomorphism.
Theorem 7.2.3. Let k be a field. For any non-constant polynomial f over k there exists
a splitting field. If degf = n, then any minimal splitting field E satisfies [E: kj :::: nL

Further, let k' be a field isomorphic to k, f' be the polynomial over k' corresponding to
f over k and E' be a minimal splitting field for f' over k'. Then the given isomorphism
between k and k' can be extended to an isomorphism between E and E'.
Proof. Existence: We begin by factorizing f over k:

(7.2.2)
where each Pi is irreducible over k. If each Pi is linear, then k itself is a splitting field
off, otherwise we adjoin a zero of some non-linear factor Pi, using Theorem 7.2.1. In
the resulting extension we can write Pi as the product of a linear factor and another
factor, so we have increased the number of linear factors in a complete factorization
of f If there is another non-linear factor left, we repeat the procedure; after a finite
number of steps we obtain an extension in which f splits into linear factors and this is
the desired splitting field. To estimate the degree of the extension, at the i-th stage we
have at least i linear factors, so the irreducible factor to be split has degree at most
n - i, and the degree of the extension increases by a factor of at most n - i. We start
at stage 0, so the degree is at most n(n - 1) ... 2.1 = n! as claimed.
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Uniqueness: We use induction on the degree [E: kJ. If this is 1, then E = k,
E' = k' and there is nothing to prove. If [E : kJ > 1, then some Pi in (7.2.2), say
PI> has degree greater than 1, and f' has a corresponding factorization
f' = p~ ... p~ over k'. Take any zero a of PI in E and any zero a' of p~ in E'; by
Proposition 7.2.2, k[aJ ~ k'[a'J and [E: kJ = [E: k[aJHk[aJ : kJ > [E: k[all.
Clearly E is a minimal splitting field for f' over k'[a'J; hence by induction,
•
E ~ E' under the isomorphism mapping k[aJ to lc'[a'J.
Example 1. X4 + 1 = O. Let 0 be a root over Q; then so are -0,0- 1 and _0- 1, and
these roots are distinct, for 0 #- -0, because 0 #- 0 and if 0 = ±O-I, then 02 = ±1,
hence ~ + 1 = 2 #- O. Thus we have a complete factorization

over Q(O); the latter is therefore a minimal splitting field. We remark that every automorphism of Q(O) can be described by a permutation of the roots of X4 + 1 = O. The
group of all these permutations is the Galois group of the extension Q(O)/Q, to be
studied in Section 7.6. The same holds over Fp , the field of P elements, when
P #- 2. For P = 2, X4 + 1 = (x + 1)4 splits already over F2 .
Example 2. x 3

-

2 = O. Over the complex numbers we have

x3

-

2 = (x - a)(x - wa)(x - uia),

where a = 3 -J2, w = ( - 1 + -J - 3)/2. Clearly Q(a, wa) = Q(w, a) is a splitting
field, but neither Q(a) nor Q(w) will do, for Q(a) is real and Q(w) does not contain
a. We note that [Q(a, w) : QJ = 6, for w, a have degrees 2, 3 respectively over Q;
hence [Q(a, w)) : QJ is a multiple of 6 and it equals 6 because it is spanned by
1, a, a 2 , w, wa, wa 2 over Q.
Splitting fields naturally lead to an important class of extensions.
Definition. A field extension Elk is said to be normal if it is algebraic and every
irreducible polynomial over k which has a zero in E splits completely in E.
It should be noted that normality is a property of extensions, not of fields. If
k ~ F ~ E and E/k is normal, then ElF is also normal, but Flk need not be. Thus
in Example 2 above, Q(a, w)/Q is normal and so is Q(a, w)/Q(a) but Q(a)lk is
not, because x 3 - 2 has a zero in Q(a) without splitting completely. Our next
result provides a description of the finite normal extensions.

Proposition 7.2.4. A finite extension Elk is normal if and only if it is a minimal splitting field of a polynomial over k.

Proof. Suppose that E is a minimal splitting field for a polynomial f over k and
denote the zeros of f in E by aI, ... , an. Given any irreducible polynomial p over
k, which has a zero f3 in E, we have to show that p splits in E. Let f3' be another
zero of p in some extension of E; we shall show that f3' E E. Since p is irreducible
over k, we have k(f3) ~ k(f3'), by Proposition 7.2.2. Now E is clearly also a splitting
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field of f over k(fJ), while E(fJ') is a splitting field of f over k(fJ'), and as minimal
splitting fields they are isomorphic and [k(fJ): k] = [k(fJ') : k], [E: k(fJ)] =
[EUn : k(fJ')]. Hence

[E: k] = [E : k(fJ)][k(fJ) : k]

= [E(fJ')
= [E(fJ')

: k(fJ')][k(fJ') : k]
: k].

But E is a subspace of E(fJ'); since both have the same degree over k, we have
E = E(fJ') and so fJ' EE, as claimed.
Conversely, let Elk be a finite normal extension. We can write E = k(al' ... ,an),
taking e.g. a basis of E over k for the ai. Let Pi be the minimal polynomial of ai over
k; by hypothesis each Pi splits into linear factors over E. Hence the same is true of
f = PI ... pn and E is generated by the zeros of f, hence it is a minimal splitting
field of f over k.
•
In exactly the same way one can show that a general extension is normal iff it is a
minimal splitting field for a set of polynomials.
Given any finite extension Plk, say P = k(al' ... , an), let Pi be the minimal polynomial for ai over k and put f = PI ... pn. Any normal extension of k containing P
must be a splitting field off over k; if E is a minimal splitting field, it is normal over k
and is contained in any normal extension containing P. Thus Elk may be described as
the least normal extension containing Plk; it is called the normal closure of F/k. The
construction shows that it is unique up to P-isomorphism. It may also be described
as the field obtained by adjoining to P all the zeros of all irreducible polynomials over
k which have a zero in P. Let us note another useful property of normal extensions:
Corollary 7.2.5. Given a tower of finite extensions k S; P S; E, if Elk is normal, then
any k-homomorphism cp : P -+ E extends to a k-automorphism of E.

Proof. By Proposition 7.2.4, E is a minimal splitting field of a polynomial f over k,
hence also over P. Write P' = Pcp; then E is also a minimal splitting field off over P'.
By Theorem 7.2.3, the isomorphism cp: P -+ P' can be extended to an auto•
morphism of E, which must leave k pointwise fixed, because cp does.

Two elements or two subextensions of a normal extension Elk are said to be conjugate if there is a k-automorphism of E which transforms one into the other. We
observe that a subextension is normal precisely when it is equal to all its conjugates
(see Corollary 7.6.4 below). This definition shows the truth of
Corollary 7.2.6. In a finite normal extension Plk the conjugates of a given element are
permuted transitively by the k-automorphisms of P.
•

We conclude this section with a useful test for irreducibility, due to Gotthold
Eisenstein.
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f = ao + alx + ... + anxn E Z[x],
and any prime p, suppose that an is prime to p, ao, ... ,an-I are divisible by p but
ao is not divisible by p2. Then f is irreducible over Q.
Theorem 7.2.7 (Eisenstein's criterion). Given

Proof. Suppose that f is reducible over Q and hence (by Gauss's Lemma, Lemma
7.7.1 below) over Z, say f = gh, where g, h are of positive degrees r, s respectively
(r + s = n) with integer coefficients: g = L bix i, h = L Cjx j • Then ao = boco, so
just one of bo, Co is divisible by p, say plbo. But an = brcs is not divisible by p, so
neither are br , Cs• Thus the first but not the last coefficient of g is divisible by p.
Let bi be the first coefficient of g not divisible by p; then i > 0 and

ai

= biCO + bi-ici + ... + bOCi.

Modulo P this reads biCO == 0 (mod p), which is a contradiction since bi, Co are both
prime to p. Hence f must be irreducible.
•

Exercises
1. Find the degree of a minimal splitting field off over Q in the following cases: (i)
f = X4 - 1, (ii) f = X4 + 1, (iii) f = X4 + 2, (iv) f = X4 + 4.
2. Find the degree of a minimal splitting field of x 6 + lover Q and over F2 •
3. Show that a minimal splitting field over k for a polynomial of degree n is generated over k by any n - 1 of its zeros.
4. Show that x4 - 2X2 - 2 is irreducible over Q, and find two pairs of zeros which
generate non-isomorphic extensions.
5. Find the normal closure of Q(sl/n) over Q.
6. Show that if E and F are normal extensions of k within a field U, then EF, the
subfield generated by E and F, and E n F are normal over k.
7. Show that the field generated by a root of X4 - 2 = 0 over Q is not normal.
Deduce that a normal extension of a normal extension need not be normal.
s. Show that E is a normal closure of a separable extension Flk iff E ®k F is a direct
product of [F : kJ fields isomorphic to E.

7.3 The Algebraic Closure of a Field
In Section 7.2 we defined a splitting field for any polynomial. More generally let §'
be any set of polynomials over a field k. An extension Elk will be called a splitting
field for the set §' if every f E §' splits completely over E. As before we can
define minimal splitting fields and it is easily seen that E is a minimal splitting
field for §' iff each f E §' splits over E and E is generated over k by the set of all
zeros of all the members of §'. If §' is finite, say §' = {fl, ... ,f,.}, then we can
replace it by the product f = ft ... fr. Any splitting field for fl' ... ,fr over k is just
a splitting field for f, and we are in the case considered in Section 7.2. As we
noted after Proposition 7.2.4, an extension Elk is normal iff it is a minimal splitting
field for some set of polynomials over k.
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A field k is said to be algebraically closed if every polynomial over k splits already in
k. This can also be expressed by saying that k is its own splitting field for the set of all
polynomials over it.
Every algebraically closed field is infinite. This follows by arguments used for
Euclid's theorem to show the existence of an infinity of prime numbers:
Theorem 7.3.1. Every algebraically closed field is infinite.

Proof. If k is a finite field, consider the polynomial

f = 1+

n

(x - a).

aEk

f has positive degree and f(a)
cannot be algebraically closed.

= 1 for

all a E k, so f has no zeros in k, hence k
•

We shall see later (in Section 7.8) that the product TI (x - a) is x q - x, where q is
the number of elements of the finite field.
Let k be any field. By an algebraic closure of k we understand an extension Elk
which is algebraic and algebraically closed. Our aim in the section will be to show
that every field k has an algebraic closure and this is unique up to isomorphism
over k. We begin by establishing the isomorphism property for splitting fields.
Proposition 7.3.2. Let k be any field and ff be a set of polynomials over k. Then any

two minimal splitting fields of ff over k are isomorphic.
For the finite case this was proved in Theorem 7.2.3. In the general case we shall give
two proofs.
First proof. Denote by E, E' two minimal splitting fields. Let ff be indexed by A and
for any subset I of A write El for the subfield of E generated by the zeros of all
f;.. ().. E I) over k; in particular EA = E. Now consider the set of all pairs (El , f/Jl),
where f/Jl : El -+ E' is a k-homomorphism; this set is partially ordered by the rule:
(El , f/Jl) ~ (EJ, f/JJ) iff El ~ EJ, f/Jl = f/JJIEl . Our set is clearly inductive: given any
chain {(El , f/Jl)}, we take as its upper bound the union UEl with the union of the
f/Jl as homomorphism. As upper bound of the empty chain we have (k,1). By
Zorn's lemma there is a maximal element (EJ, f/JJ). If J i= A, take A E A \J and let
EJ' be the minimal splitting field of f;.. in E over EJ. By Proposition 7.2.2 this
exists and the homomorphism f/JJ : EJ -+ E' can be extended to a homomorphism
of EJ' into E'. But this contradicts the maximality of (EJ, f/JJ); hence J = A and we
have a homomorphism E -+ E'. Now every f E ff splits over E and the zeros of
all these polynomials are mapped by f/J again to zeros of all the f E ff in E'; but
•
these zeros generate E' over k, hence f/J is an isomorphism.
The second proof is shorter and uses tensor products of fields, which were defined
in Section 5.4.
Second proof. With E, E' as before form the tensor product E ® E' over k. This is a
non-zero commutative ring. Its quotient by a maximal ideal p is a field
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F = (E ® E') /p and we have homomorphisms of E, E' into F. Denote their images
by EI , E~ respectively. Each of EI , E~ as a minimal splitting field is generated by the
•
zeros of all the polynomials in ff; hence EI = E~ and it follows that E ~ E'.
Now it is not hard to show the existence of a splitting field. Suppose first that the
set of polynomials is countable, fl ,f2, . . . . We put Eo = k and define En recursively
as a minimal splitting field of fn over En _ I. Then En _ I ~ En and the union of all the
En> formed as in Proposition 3.2.9, is the required field. This method can be adapted
to deal with the general case. Thus given a family of polynomials indexed by any set
A, take any finite subset I of A and denote by Ii the product of the fA for A E I. By
Theorem 7.2.3 we have a minimal splitting field EI of Ii over k and for I ~ J there is
an embedding EI --+ EJ• By making an obvious identification we can regard EI as a
sub field of EJ and we thus have a set {EI } of fields, partially ordered by inclusion.
Moreover, this set is directed, i.e. given EI , EJ there is a finite set K( = I U J) such
that EI ~ EK, EJ ~ EK. As a consequence we can define a field structure on the
union E of all the EI such that each EI is a subfield. Given x, y E E, say x E EI,
Y E EJ, we can find EK to contain EI , EJ and in EK we can form x + y, xy, x - I (if
x =I- 0); the verification that E forms a field is straightforward and may be left to
the reader. We sum up the result as follows:
Proposition 7.3.3. For every set of polynomials over a field k there is a minimal split-

ting field, unique up to isomorphism.

•

Remark. We have shown that any two minimal splitting fields of a given set of polynomials are isomorphic, by an isomorphism which reduces to the identity on the
ground field. However, this isomorphism is by no means unique; in fact, the
study of the different possible isomorphisms constitutes the subject of Galois
theory, which will be treated in Section 7.6 (and in the infinite case, in Chapter 11).
We can now prove the existence of an algebraic closure.
Theorem 7.3.4. Let k be a field. Then a minimal splitting field

n for the set of all poly-

nomials over k is an algebraic closure of k.
Proof. Since n is generated by algebraic elements over k, it is algebraic, by Corollary
7.1.S. Let fbe a polynomial over n and denote by E the subfield of n generated over
k by the coefficients off Since E is finitely generated over k, it has finite degree. Let E'
be a minimal splitting field of f over E; then [E' : k] = [E' : E] [E : k], and this is
again finite. Hence the zeros of fin E' are zeros of some polynomial g over k; but
g splits over n, so these zeros lie in nand f splits over n, as required.
•

Although Theorem 7.3.4 provides algebraically closed fields in profusion, it does
not tell us whether a given field such as C, the complex numbers, is algebraically
closed. As already mentioned, this is the case, and there are many proofs of this
fact. A very simple one, using complex function theory, is based on Liouville's
theorem: if a polynomial f has no complex zero, then f(z) - I is finite throughout
the complex plane and bounded as z --+ 00, hence (by Liouville's theorem) a
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constant. Other more topological proofs are based on the notion of the degree of a
mapping. If f does not vanish, then the map
Z H

fez)

(7.3.1)

of the 2-sphere (Riemann sphere) into itself omits at least one point from the image,
and hence can be deformed into the constant map. But if f has degree n (as a polynomial), this map can also be deformed into the map z 1-+ zn. This would mean that
the latter map can be deformed into the constant map, which contradicts the fact
that the degree is preserved by deformation.
Whatever method is chosen, the completeness of the complex numbers has to be
used at some stage. In Section 8.8 we shall present another proof, which is more
algebraic and uses a minimum of topological properties of the real or complex
numbers.

Exercises
1. Show that the algebraic closure of a countable field is again countable.

2. Let k be a field and F/k be an algebraic extension. Show that if every finite
algebraic extension of k admits a k-homomorphism into F, then F is an algebraic
closure of k. (Hint. Take any a algebraic over F and form the normal closure of
k(a).)

3. Show that over a finite field there are irreducible polynomials of arbitrarily high
degree.

7.4 Separability
Let k be a field of prime characteristic p. The mapping
X 1-+ x P

(7.4.1)

is an endomorphism of k, for we have
(7.4.2)
Here the last equation holds because the binomial coefficient

(~)

is divisible by p

for 1 ::: r ::: p - 1. The mapping (7.4.1) is sometimes called the Frobenius mapping;
as endomorphism of a field it is necessarily injective. If it is also surjective, and hence
an automorphism, the field k is said to be perfect. Thus k is perfect iff every element is
a p-th power, where p = char k; in addition, every field of characteristic 0 is perfect,
by definition. As an example of perfect fields of non-zero characteristic we have
Theorem 7.4.1. Every finite field is perfect.

Proof. If k is finite, then any injective mapping of k into itself must be bijective, by
Dirichlet's box principle (see Section 1.1).
•
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As an example of an imperfect field consider k(x), the field of rational functions in
an indeterminate x over a field of prime characteristic p. Clearly the indeterminate x
is not a p-th power in k(x). If we write kP for the image of k under the Frobenius
mapping, then it is easily verified that
(704.3)

For example, if k is a finite field, then k P = k and k(x)P consist of all rational
functions in x p•
In order to study extensions of imperfect fields we need to consider the multiplicities of zeros of polynomials more closely. Let f be a monic polynomial of
degree n over a field k. Over a minimal splitting field E of f we have

f = (x - ad m, ... (x - at)m"
where ai, . .. , at are the distinct zeros of f, with ai of multiplicity mi. Let E' be
another minimal splitting field of f; this is isomorphic to E, by Theorem 7.2.3,
and if ai 1-+ a; under the isomorphism, then we have in E'

f -- (x-a l ,)ml ... (x-at')m, .
Thus the multiplicities are independent of the choice of the splitting field.
We can test f for multiple zeros by finding its formal derivative 1'. We recall that
for f = ao + a\x + ... + anx n this is defined as I' = a\ + 2a2x + ... + nanx n- I • We
also recall the familiar rules (which suffice to define it uniquely): (f + g)' = I' + g',
(an' = af'(a E k), (fg)' = f'g + fg', x' = 1. In terms of the derivative we have the
following test for multiple zeros, which can be carried out within the ground field
(because finding the highest common factor (f, g) of two polynomials f, g is a
rational operation):
Proposition 7.4.2. Let k be any field and f E k[ x], where deg f > O. Then the zeros of
f (in some splitting field of f) are simple if and only iff is prime to its derivative 1'.

Proof. The result follows from the observation that for any a in any extension of k,

f = f(a)

+ (x -

a)f'(a)

+ (x -

hence (x - a)2lf iff f(a) = f'(a) = 0, i.e. f and
factor.

I'

a)2g,
have (x - a) as a common
•

A polynomial is said to be separable if all its zeros (in some splitting field) are
simple. If we apply Proposition 704.2 to an irreducible polynomial we obtain
Corollary 7.4.3. An irreducible polynomial f over a field k is separable unless I' = O. In
particular, over a field of characteristic 0 every irreducible polynomial is separable.

Proof. Assume that I' #- 0 and put d = (f,f'). Then deg d S degf' < degf; hence
d, as a proper factor of an irreducible polynomial f, has degree 0, i.e. d = 1 and so f is
prime to 1'; this ensures that f is separable, by Proposition 704.2. If char k = 0, then
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f'

= 0 means that f is of degree 0, contradicting the irreducibility. This proves the

second part.

•

This tells us all we need to know in characteristic 0, but the case of prime characteristic is more complicated.
Lemma 7.4.4. Let k be a field of prime characteristic p. For any polynomial f over k,

f' = 0 if and only if f(x) = g(x P) for some polynomial g.
Proof. Let f = L a;xi; if f' = 0, then ia; = 0 and it follows
prime to p. So f must have the form

that ai

= 0 for

any i

(7.4.4)
Conversely it is clear that any f of the form (7.4.4) satisfies f'

= o.

•

To illustrate the lemma we remark that x P - a has zero derivative, and in fact if
a ¢ kP, then this polynomial has no zero in k, for over its splitting field it takes
the form (x - a)P, where a = a P.
An element a of an algebraic extension F/k is called separable over k if its minimal
polynomial over k is separable. If every element of F is separable over k we call F/k
a separable extension. With the help of perfect fields we can describe separable
extensions.
Proposition 7.4.5. Over a perfect field every algebraic extension is separable.
Conversely, if every algebraic (or even every finite) extension of k is separable, then k
is perfect.

Proof. For characteristic 0 there is nothing to prove: in that case every field is perfect
and every algebraic extension is separable. So we may take the characteristic to be a
prime p.
Let k be a perfect field and fbe any irreducible polynomial over k. Iff is not separable, then f' = 0, hence f(x) = g(x P), say

By hypothesis k is perfect, so ai

= bf for some bi E k,

and now

f = bg + bfx P + .. . + bfxrp

= (b o + b1x + ... + brx'}P;
but this contradicts the irreducibility of f. Hence every irreducible polynomial is
separable and it follows that every algebraic extension is separable.
Conversely, if every finite extension is separable, take a E k and consider a splitting
field of x P - a. If b is a zero, then x P - a = (x - b)P; thus all zeros coincide. It follows that an irreducible factor can only have one zero and so must be linear. Thus
b E k, and a = bP E kP; this shows k to be perfect.
•
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Exercises
1. Show that every finite extension of a perfect field is perfect.
2. Show that if f is irreducible over k, then all its zeros have the same multiplicity.
3. Show that over a field of characteristic p, x P - a is either irreducible or a p-th

power of a linear polynomial.
4. Show that a field of characteristic p cannot have n distinct n-th roots of 1 unless n
is prime to p.
5. Let k be a field of prime characteristic p. Show that if an element a in an extension
of k is separable over k(a P), then a E k(a P). Deduce another proof of the converse
part of Proposition 7.4.5.
6. Let f be a polynomial over a field of characteristic O. Show that f has a zero
which is at least m-fold iff f,!', ... ,j(m-I) have a common factor. Verify that
this still holds for characteristic p if P ::: m; what happens if p < m?
7. Let Flk be any extension of prime characteristic p and write

ko

= {a E FlaP'

E

k for some r ::: O}.

Show that ko is a subfield of F and if F is perfect, then so is ko, but no smaller field
containing k is perfect. Show that any automorphism of Flk leaves ko elementwise
fixed.

7.5 Automorphisms of Field Extensions
Galois theory may be described as the study of field extensions by means of their
automorphisms. A basic aim is to show that under suitable conditions an extension
of degree n has just n automorphisms, and in the next section we shall find conditions for equality. Although Galois developed his theory to deal with roots of equations, the theory was expressed by Dedekind in terms of field extensions, by means of
two key lemmas on automorphisms. The first gives an upper bound on the number
of k-automorphisms of a finite extension of k; we shall state the result more generally
for homomorphisms, since it is no harder to prove in this form.
Consider any finite family of homomorphisms (1i: E --+ E' between fields,
regarded as k-algebras. It will be convenient to write such homomorphisms as exponents. We obtain a k-linear mapping from E to E' by forming a linear combination
of these homomorphisms with coefficients in E':

L(1iai: x

1--+

Lx"iai

(x

E E,

ai

E E').

Of course this need not be a homomorphism. We claim that it is a non-zero mapping except in trivial cases, namely (i) if all the ai vanish, or (ii) if (1i = (1j and

ai

= -aj.

Lemma 7.5.1 (Dedekind's lemma). Any set of distinct homomorphisms of a field E
into another field E' is linearly independent over E'.
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Proof. Let {ad be a family of distinct homomorphisms. If they are linearly dependent, let us take a minimal linearly dependent subset, a" .. . , a r say, where a, is
linearly dependent on 0'2, . . . , ar :
r

x a, = Lxaiai

for all x

E

E, where ai E E'.

(7.5.1)

2

Replace x by xy in (7.5.1):
r

xa'ya, = Lxaiyaiai.

(7.5.2)

2

Now multiply (7.5.1) by ya, and subtract the result from (7.5.2):
r

x ai (ya i - ya, )ai

L

= O.

2

This holds for all x E E, but by hypothesis 0'2, ... , ai are linearly independent, so
(ya i - ya, )ai = O. Since ai #- a" it follows that ai = 0 for all i #- I, and (7.5.1)
•
reduces to the form x a , = 0; putting x = I, we find 1 = 0, a contradiction.
Corollary 7.5.2. Given two extensions E, E' ofk, if[E : kJ

= n, then there are at most n

k-homomorphisms from E to E'.
Proof. Let u" . .. , Un be a k-basis of E and suppose that there are n + 1 distinct khomomorphisms 0'0,"" an to E'. Then the n equations in the n + 1 unknowns Xi:
~

~

have a non-zero solution
hence

Xi

ai

Uj Xi

=0

(.J = 1, ... , n)

= Ci in E'. Any a E E has the form a = 'L,ajuj (aj E k),

•

and this contradicts the lemma.
We note that when E' = E, any homomorphism is necessarily an automorphism
(as injective endomorphism of a finite-dimensional vector space). We are specially
interested in the case where the number of k-automorphisms of E is exactly n; by
Corollary 7.5.2 it cannot be larger. Let us consider some examples to illustrate the
situation.

Example 1. [C: RJ = 2. Here there are two automorphisms, the identity and
complex conjugation.
Example 2. Q(a)/Q, where a is the real root of x 3 = 2. Here [Q(a) : QJ = 3, but
there are no automorphisms other than the identity, for Q(a) contains only one
root of x 3 = 2, which is necessarily mapped to a root of the same equation by
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any automorphism and must therefore stay fixed. The number of automorphisms
falls short of the possible total of three because (as we shall soon see) the extension
is not normal. If we go over to the normal closure Q(a, w}, where w is a root of
x 3 = 1 but w =I- 1, we find six automorphisms of Q(a, w}, and in fact Q(a} has
three Q-homomorphisms into Q(a, w}.

Example 3. Let k be a field of characteristic p =I- 0, P = k(t} be the field of rational
functions in an indeterminate t and a be a root of the equation x P = t. This equation
has at most one root, and the automorphism is determined once the image of a is
fixed. Here the number of automorphisms falls short because the extension is
inseparable.
These examples suggest that in order to get the maximum number of automorphisms of Plk we need to take Plk normal and separable, and this will be carried
out in the next section. As a matter of fact, from any extension Plk we can form the
normal closure, and this will be separable whenever Plk is; but when F/k is inseparable, there is nothing we can do to get 'enough' automorphisms. These ideas are
made precise in Theorem 7.5.4 below, which is preceded by a lemma on the extension of homomorphisms. Two extensions Plk and P' /k' will be called isomorphic if
there is an isomorphism P ~ P' and k maps to k' in this isomorphism.
Lemma 7.5.3. Let Plk, Elk be finite extensions, where Elk is normal. If there is a
k-homomorphism ({J : P --+ E, then any k-homomorphism of a subextension of Pinto E
can be extended to a k-homomorphism of Pinto E.

Proof. Let k ~ D ~ P and let e : D --+ E be a k-homomorphism. If D =I- P, take
a E P and let f be the minimal polynomial of a over D; then f is irreducible over
D and the corresponding polynomial fe is irreducible over D' = De. Let g be the
minimal polynomial of a over k; since g(a) = 0, we have fig, hence (applying e)
we find that felg. Now g has a zero in E, namely a({J; therefore it splits completely
and so fe also splits over E. If a' is any zero of fe in E, then by Proposition 7.3.2,
there is an isomorphism from D(a}/D to D'(a'}/D', in which a maps to a'. So e
has been extended to a homomorphism of D(a} into E, and after a finite number
of steps we reach the required homomorphism P --+ E.
•
We now come to the promised result, showing that any separable extension has
enough homomorphisms into a normal closure:
Theorem 7.5.4. Let Pik be an extension of finite degree nand P' /k' be an isomorphic
extension, say ({J : P ~ pi is an isomorphism and
(7.s.3)

where ({Jo = ({Jlk. If E' /k' is a normal extension containing p i/k ', then there are at most
n homomorphisms P --+ E' which extend the isomorphism ({Jo in (7.s.3), and the normal
closure of P' /k' in E' /k' is the field generated by the images of these homomorphisms.
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Moreover, the following conditions on the extension Flk are equivalent:
(a) there are exactly n = [F : k] homomorphisms from F to E extending CPo,
(b) Flk is separable,
(c) Flk is generated by separable elements.
Proof. By Corollary 7.5.2 there are at most n homomorphisms F ---* E' extending CPo.
Let E" be the subfield of E' generated by all the images of F. Then E" 2 F' and we
have to show that E" Ik' is normal. By construction, E" is generated by all the homomorphic images in E' of elements of F. Take any a E F, let fbe its minimal polynomial over k and denote by f' its image under CPo. Then f' is irreducible over k'
and has a zero in E', hence it splits completely over E'. If a' is any zero of f' in
E', then k(a)/k is isomorphic to k'(a')lk' and by Lemma 7.5.3 this isomorphism
extends to a homomorphism of F into E'; hence a' as image of a lies in E". Moreover, E" is generated by all such elements a'; thus E" is generated over k' by all the
zeros of the polynomials corresponding to minimal polynomials of elements of F,
and so E" Ik' is normal, as claimed.
(a) =} (b). To prove that Flk is separable we must show that each element of F is
separable over k. Let a E F have minimal polynomial f over k, of degree r. If a is not
separable, then the number s of distinct zeros off in a splitting field is less than r. In
particular, there are only s homomorphisms of k(a) into E', for each such homomorphism is determined by the image of a. Each of these homomorphisms extends
in at most [F: k(a)] = nlr ways to a homomorphism of F into E', by Corollary
7.5.2. Hence there are s. nlr < n homomorphisms in all, which contradicts (a).
(b) =} (c) is clear. To prove (c) =} (a), let F = k(al' ... , a r ), where each ai is
separable over k. If al has the minimal polynomial fl of degree nl over k, then
the corresponding polynomial over k' has nl zeros and we obtain nl homomorphisms k(al) ---* E' by mapping al to one of these zeros. Now FIk(al) is separably generated and by induction on the degree, any homomorphism of k(al) into E'
extends in nlnl = [F: k(adl ways to a homomorphism of F into E'. Hence the
isomorphism CPo extends in nl. nlnl = n ways to a homomorphism of F into E',
as claimed.
•

In the next section we shall study the case of separable normal extensions in more
detail; for the moment we shall prove a result which ensures the existence of a sufficient supply of automorphisms under rather different conditions. This is known as
Artin's theorem, although it also goes back to Dedekind (see Dedekind (1894) p. 50).
Theorem 7.5.5 (Artin's theorem). Let E be a field, G be a group of automorphisms of

E and k be the set of elements of E fixed by G. Then k is a subfield of E. Moreover E has
finite degree over k if and only if G is finite; in that case
[E: k] =

IGI.

(7.5.4)

Proof. That k is a field is easily checked. By Corollary 7.5.2, IGI ::5 [E: kl, and it
remains to establish equality. For infinite G this is clear, so let IGI = r and assume
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that we have r + 1 elements of E that are linearly independent over k: uo, ... , Ur •
Consider the r equations in the r + 1 unknowns Xj:

L u'!Xj = 0

for all a E G.

(7.5.5)

They have a non-trivial solution Xj = aj in E. We pick a solution with the fewest nonzero terms; if ao #- 0 say, we can solve for the term in Uo:
r

ug =

L u'!bj

for some bj E E and all a E G.

(7.5.6)

j=1

For a = 1, (7.5.6) reads Uo = L ujbj, so not all the bj lie in k, by the linear independence of the Uj over k, say bl fj. k. By the definition of k there exists rEG such that
bI #- bl . Now replace a in (7.5.6) by a.-I, apply r and note that a runs over G as
ar- I does:
for all a E G.

(7.5.7)

Subtracting (7.5.7) from (7.5.6), we obtain
r

L u'!(bj -

bj) = O.

j=1

This is a shorter relation than (7.5.6), and is non-trivial, because bI #- bl> so we have
a contradiction. It follows that [E : k] ::: r, and this proves equality in (7.5.4). •

Exercises
1. Show that Dedekind's lemma holds for any set of homomorphisms of a group G
into the multiplicative group of a field, i.e. verify that the additive structure of E is
not involved.
2. Use Artin's theorem to show that for any field E with n distinct automorphisms, if
k is the fixed field of this set of automorphisms, then [E: k] ~ n.
3. Find the fixed field F of the rational function field k(x) under the automorphisms
x 1-+ 1 - x, X 1-+ 1/x; show that the degree is 6. Verify that (x2 - x + 1)3/
(X2 - x)2 lies in F and use this fact to find an equation for x over F.
4. Let F be a perfect field; show that the set of elements fixed under all automorphisms of F is a perfect subfield.
5. Let E be a field, G be a group of automorphisms of E and k be the fixed field. Show
that any ex E E is algebraic over k iff it lies in a finite G-orbit.
6. Let Elk be a normal extension. Show that an element of E, of degree rover k, has
at most r conjugates over k, with equality iff it is separable.

211

7.6 The Fundamental Theorem of Galois Theory

7.6 The Fundamental Theorem of Galois Theory
Let E be any field and G be a group of automorphisms of E. With each subgroup H of
G we associate the subset of elements of E fixed by H:
H* = {x

E

Elx" = x

for all a

E

H}.

This is easily seen to be a subfield of E, called the fixed field of the subgroup H. For
example, 1* = E, and for any subgroup H of G, H* clearly contains G*.
Similarly, with each subfield F of E we associate the subset of elements of G leaving
F elementwise fixed:

F*

= {a E Glx" = x

for all x

E

F}.

Again it is easily verified that F* is a subgroup of G, called the group of F-automorphisms of G. Thus, writing ff(E) for the set of all subfields of E and 86(G) for
the set of all subgroups of G, we have mappings PJ(G) -+ ff(E) and ff(E) -+
86(G). These mappings satisfy the rules

r.1

r.2
r.3
r.1

FI ~ F2 => Fr 2 Fi (Fi E ff(E)),
HI ~ H2 => Hr 2 Hi (Hi E PJ(G));

F ~ F**,H ~ H**;
F*** = F*, H*** = H*.

states that the mappings are order-inverting, and follows almost immediately
from the definitions, as does r.2. To prove r.3, we need only use r.1 and r.2: if
we replace H by F * in r.2 we get F * ~ F ***, and if we operate with * on r.2 and
use r.1 we find F*** ~ F*, hence F*** = F*; similarly H*** = H*.
Any correspondence between two partially ordered sets satisfying r.1 and r.2 and
hence r.3 is called a Galois connexion. We are particularly interested to know how
the subfield F and the subgroup H have to be restricted so that the correspondence
becomes a bijection. By r.3 we see that we must consider the subfields F satisfying
F** = F and the subgroups H satisfying H** = H. For the present we shall limit ourselves to the case of finite groups of automorphisms and leave the general case to
Chapter 11. We shall see that every subgroup H of G then satisfies H** = H,
while every field F satisfies F** = F provided that we start as above with a field E
and a group G of automorphisms which singles out certain subfields of E. However,
it is not true that every finite extension is of this form; a finite extension ElF will be
called a Galois extension if F is the fixed field of a group of automorphisms of E. The
group of all F-automorphisms of E is then called the Galois group of the extension
and is written Gal(EIF). With the help of the results in Section 7.5 it is not hard
to describe all Galois extensions.

Proposition 7.6.1. Let ElF be a finite field extension. Then (i) ElF is a Galois extension
if and only if it is normal and separable; (ii) ElF is contained in a Galois extension if
and only if it is separable.
Proof. Let ElF be a Galois extension of degree n with group G and let L be its normal
closure. Then ElF has at most n F-homomorphisms into L, but by Artin's theorem it
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has that many automorphisms, hence by Theorem 7.5.4, ElF is separable and L = E,
i.e. ElF is also normal.
Conversely, suppose that ElF is normal and separable. Then by Theorem 7.5.4, ElF
has [E : F] automorphisms. Let G = F* be the group of all F-automorphisms and
put FI = F**. Then FI ;2 F and by Artin's theorem, IGI = [E: Fdi but by Theorem
7.5.4, IGI::: [E : F]i hence [E: Fd ::: [E : F] = [E : Fd [FI : F]. It follows that
FI = F and so ElF is Galois.
To prove (ii) we note that the condition is necessary because every subextension
of a separable extension is separable. Conversely, assume that ElF is separable and let
L be a normal closure of E over F. Then LlF is normal and separable, as minimal
splitting field of a separable polynomial, and it contains ElF, so by (i), ElF is
embedded in a Galois extension.
•
We now come to the main theorem of Galois theory, establishing the Galois
connexion between fields and automorphism groups.

Theorem 7.6.2. Let E be a field, G be a finite group of automorphisms of E and k be the
fixed field of G. For any field F between k and E define the group of F-automorphisms in
Gas

F*

= {u E Glx = x
C7

for all x

E

F},

and for any subgroup H of G define the fixed field of H as
H* = {x E Elx C7 = x

for all U E H}.

Then the mappings F I~ F*, H I~ H* define a Galois connexion between the set of all
subgroups of G and the set of all fields between k and E, which is an order-inverting
bijection:
E

t
F

,t.
H

t

i

k

G

Proof. We have to show that H** = Hand F** = F. Let H* = Fi then ElF is Galois
by definition, and H** ;2 H. Moreover, H*** = H* = F and hence, by Artin's
theorem, IHI = [E: F] = IH**li therefore H** = H.
Secondly, given F, since Elk is normal separable, by Proposition 7.6.1, so is ElF.
Therefore it is Galois, i.e. F = H* for some H ~ G. It follows that
F** = H*** = H* = F.
•

We note the correspondence between group orders and field degrees:
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Corollary 7.6.3. Let Elk be a Galois extension with group G, and let the subfield F
correspond to the subgroup H. Then

IHI=[E:F],

(G:H)=[F:k].

Proof. By Artin's theorem, [E: k] = IGI, [E: F] = IHI; now the result follows by

division.

•

Next we note that conjugate extensions correspond to conjugate subgroups, and
normal extensions correspond to normal subgroups.
Corollary 7.6.4. Let Elk be a Galois extension with group G and let HI> H2 be any subgroups, corresponding to subfields FI , F2. Then FI and F2 are conjugate under an automorphism a E G if and only if HI and H2 are conjugate subgroups of G: H2 =
a-IHla.
In particular, Flk is normal if and only if H = F* is a normal subgroup of G and
when this is so, then Gal(Fjk) ~ GjH.
Proof. By definition, r E HI {} x' = x for all x E Fl. Let F2 = Ff; then for any
YEF2 , ya- 1 EFI hence ya-1,=ya-1which means that a- I raEH2. Thus
a-IHla s:; H2 and since F~-l
= FI> it follows that aH2a- 1 s:; HI> whence we find
a-lHla = H 2 • Retracing our steps, we obtain the converse.
If F corresponds to H, then Flk is normal iff it coincides with all its conjugates, i.e.
Fa = F for all a E G, and this holds precisely when a-IHa = H for all a E G, i.e.
when H is normal in G. In this case we can define a homomorphism from G to
N = Gal(F jk) by restricting each automorphism of E to F. Each a E G maps F
into itself and so defines an element, (j say, of N; clearly the mapping a 1-+ (j is a
homomorphism. By Corollary 7.2.5 each automorphism of Flk extends to an automorphism of Elk, so every element of N lies in the image. To determine the kernel we
note that (j = 1 iff a fixes F, i.e. a E H. Thus N ~ GjH, as asserted.
•

This result in particular makes it clear why not every field extension is Galois: to a
given separable extension Flk there correspond in general several conjugate extensions, and the relation between them is described by a family of conjugate subgroups
of Gal(Elk), where E is the normal closure of Flk. In fact it was this situation which
first led to an understanding of the concept of a normal subgroup (which is due to
Galois). We also record a condition for the conjugacy of elements; we recall that two
elements of an extension are conjugate if they lie in the same G-orbit.
Corollary 7.6.5. Two elements of a Galois extension Elk are conjugate if and only if

they have the same minimal polynomial over k.
Proof. This is an immediate consequence of Proposition 7.2.2 and Corollary 7.2.5 .•

The following consequence of Dedekind's lemma is often useful.
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Proposition 7.6.6. Let Elk be a Galois extension and suppose that Ul, ... , Un is a
k-basis of E. Then the matrix (un(a E G) is non-singular.
Proof. By Theorem 7.5.4, (un is a square matrix. If this matrix were singular, the
system of linear equations

would have a non-trivial solution, but by Dedekind's lemma the only solution is the
zero solution. Hence the result follows.
•
Strictly speaking we should indicate which index in the matrix (un refers to rows
and which refers to columns, but this does not matter because a matrix over a field is
singular iff its transpose is singular.
We give some examples to illustrate these results.
Example 1. Quadratic extension. An extension Flk is called quadratic if [F : kJ = 2.
In this case F is generated by an element of degree 2 over k (in fact any element of
F\k will do), and any polynomial of degree 2 with a zero in F splits in F, so the extension must be normal. If a E F\k has the minimal polynomial X2 + ax + b, then over
F we have x2 + ax + b = (x - a)(x - {3), where {3 = -a - a. We see that the extension is separable unless char k = 2 and a = O.
Example 2. The symmetric group as Galois group. Let k be any field and write
E = k(Xl, ... ,xn), where the Xi are independent indeterminates. Then E admits
the symmetric group G of all permutations of Xl, ... ,Xn as automorphism group.
Its fixed field F consists of all symmetric functions in the Xi over k. Let el, ... , en
be the elementary symmetric functions in the Xi; then clearly F 2 k(el,"" en)
and Xl, ... ,Xn are roots of the equation
(7.6.1)
Hence E is a minimal splitting field of this equation over k(el' ... , en); as such its
degree is at most n! by Theorem 7.2.3. But we saw that there are n! automorphisms
of Elk(el' ... , en), namely G. Hence F = keel, ... , en) and [E : F] = nL In particular,
it follows that every symmetric function in Xl, ... ,Xn is a rational function in
el, ... , en. This is almost the fundamental theorem on symmetric functions, which
asserts that every symmetric polynomial in the Xi is just a polynomial in the ei.
This example also shows that every finite group occurs as the Galois group of some
extension. For any finite group is isomorphic to a subgroup of some symmetric
group G, by Cayley's theorem (Theorem 2.2.1). Take ElF as above with
Gal(E/F) = G; then each subgroup H of G is the Galois group of an extension
ElK, where K is the fixed field of H. Here we were able to prescribe E, but not K, so
the following question remains: given a field k and a group G, does there exist a
Galois extension Elk with group G? In general the answer is 'no', e.g. for k = C
(and G non-trivial), but for Q we can always find a Galois extension with the
symmetric group, as we shall see in Section 7.11 below. However, many unsolved
questions remain, even when k = Q.
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We can now answer a question raised in Section 7.1, by giving an example of an
extension of prescribed degree, without proper subextensions. All we need is to find,
for any given n, a finite group with a maximal subgroup of index n. This is provided
by S = Symn' the symmetric group of degree n, and T, the stabilizer of a symbol.
Clearly (S : T) = n; if H is a subgroup such that T C H ~ S, then H contains T as
well as a permutation moving the symbol fixed by T; hence it acts transitively and
so, by the orbit formula (see Section 2.1), n = (H : T). It follows that H = Sand
this shows T to be a maximal subgroup. If as in the above example we take
F = k(el, ... , en) with indeterminates ei and adjoin a single root of Equation
(7.6.1), we obtain an extension of degree n without a proper subextension.
Example 3. In general, if we adjoin a root of an equation f = 0, we do not get a
normal extension, i.e. adjoining one root will usually not be enough to split f into
linear factors. If it does, i.e. if we get a splitting field of f by adjoining a single
(suitably chosen) zero of f, the equation f = 0 is said to be normal over k. In
Example 1 we saw that every quadratic equation is normal, and earlier we noted
that x 3 . - 2 = 0 is an example of an equation which is not normal over Q.
As an example of a normal equation, consider
x 3 - 3x -1

= O.

-«()

It may be verified that if () is any root, then so is
+ 1) -I. Taken over Q, the
equation is irreducible, hence a: () 1-+ - «() + 1) -I defines an automorphism of
Q«()/Q. It is easily checked that a 2 : () 1-+ - 1 - ()-I and a 3 = l. Thus a has
order 3 and we have found three automorphisms of Q«()/Q. Since the degree is 3,
this is the most we can have and this shows that Q«()/Q is a Galois extension.
Example 4. So far all our extensions have been finite; to end with, here is an example
of what can happen in the infinite case. Let k be a field of characteristic 0 and
F = k(t) be the field of rational functions in an indeterminate t. On F we have
two automorphisms, each of order 2:

a: t
T: t

1-+ -

1-+

1 - t,

t,

fixed field: k(t2),
fixed field: k(t 2 - t).

The least field containing both k(t 2) and k(t 2 - t) is clearly k(t), while
k(t 2 ) n k(t 2 - t) = k. To see this, let us take f in the intersection, say f = g/h,
where g, h are coprime polynomials in t. By hypothesis, j<'r = f, hence
garh = harg. On comparing degrees, we find that ~r
= Ag , where A E k (because
g and h are coprime), and a comparison of leading terms shows that A = l. Thus
gar = g and har = h. Now aT: t 1-+ t - 1; hence if a is a root of g(t) = 0, then
so is a-I, and by induction, so is a - n, for all n E N. Therefore if g has positive
degree (and hence a zero in some extension field), it has infinitely many zeros, a
contradiction. Thus deg g = 0; similarly deg h = 0, and it follows that k is the
fixed field of the group generated by a and T. But in fact k is already the fixed
field of the cyclic group generated by aT, which is clearly smaller, so we no longer
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have a bijection between subgroups and subfields. Nevertheless there is a Galois
connexion for infinite extensions; this will be dealt with in Section 11.8.
Galois' main results in the theory of equations were published in a memoir in 1846
(some 14 years after his death, at the age of 20, in a duel). Even after this long delay,
his results appeared very novel and it took many years before they were properly
assimilated and further developed. The treatment of Galois theory by Dedekind
(in the famous XIth supplement to the 1894 edition of Dirichlet's Vorlesungen
iiber Zahlentheorie) emphasized the field rather than the equation and gave the
theory its modern 'linear' form. It is also the basis of the account by Artin (1948)
which has served as a model for most subsequent expositions of the theory, including
this one.

Exercises
1. Let k be a field of characteristic not 2. Show that any extension of degree 2 over k
is separable and can be generated by a root of an equation Xl = a, where a is an
element of k not a square. Conversely, any such equation is separable and has
roots ±a; show that the k-automorphisms are 1 and b + ac 1-+ b - ac (b, c E k).
2. Let k be of characteristic 2. Show that any separable extension of degree 2 over k
can be generated by a root of an equation xl + X + a = 0, where a E k; conversely, any such equation is separable over k and has roots, a, a + 1. Show
that the automorphisms are 1 and b + ac 1-+ b + c + ac (b, c E k).
3. Let k be of characteristic 2. Show that any inseparable element a of degree 2 over
k satisfies an equation Xl + a = 0, where a is an element in k not a square, and
conversely, any such equation is inseparable over k with a single root.
4. Let Elk be a Galois extension, F be a field between k and E, and G be the subgroup
of Gal(Elk) mapping F into itself. Show that G is the normalizer of Gal(EIF) in
Gal(Elk) and describe G/Gal(EIF).
5. Let Elk be a Galois extension with group G and Ni be a subextension with group
Gi = GaICE/Nj ) Ci = 1,2). Show that G = GI X Gl iff N;/k is Galois and
NI nNl = k, NINl = E.
6. Let Xl, ... ,Xn be independent indeterminates and let F be the fixed field in
k(XI, ... , xn) under the group of all permutations of all the Xi. Show that Xi has
degree i over F(Xi+ I, ... ,xn ) and deduce that the monomials X~l ... x;
(0 :s: rj :s: i - 1) form a basis of k(XI' ... ,xn ) over F.
7. Let k be a field of prime characteristic p and F = k(t) be the rational function
field. Show that the group of automorphisms generated by a: t 1-+ - t,
r : t 1-+ 1 - t is finite. Find the fixed field Fo and the minimal equation of t
over Fo.
8. Let f be a polynomial over a field k and let E be a minimal splitting field for f.
Show that the automorphisms of Elk permute the zeros of f transitively iff f is
a power of an irreducible polynomial.
9. Show that a finite field extension Flk is Galois iff the only elements of F fixed
under all automorphisms of F over k are the elements of k.
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7.7 Roots of Unity
Let A be an integral domain. An element p of A is called a prime if it is not zero or
a unit and if plab implies pia or plb, for any a, b E A. Clearly it follows that the
residue-class ring A/ (p) is again an integral domain. A domain in which every
non-zero element is either a unit or a product of primes is called a unique factorization domain (UFD); in such a ring any prime factorization of a given element is
unique up to the order of the factors and associates (see Section 10.2 below). Let
A be a UFD and consider an element f of the polynomial ring A[x]. By taking out
common factors of the coefficients we can write f = afl' where a E A and fl is a
polynomial whose coefficients have no common non-unit factor; such fi is called
primitive. Such polynomials have the following property:
Lemma 7.7.1 (Gauss's lemma). Over a unique factorization domain the product of

two primitive polynomials is primitive.
Proof. We begin by proving that for any integral domain A, a prime in A stays a

prime in A[x]. Let p be a prime in A and f,g E A[x]; we have to show that
plfg :::} plf or pig. Write A = A/(p) and denote the residue-class mapping on
A[x] by f I~ 1. Since p is prime, A is again an integral domain, hence so is A[x].
If plfg, then
= 0, hence 1= or g = 0, because A[x] is an integral domain.
But this means that plf or pig, as we wished to show. Now the assertion of the
•
lemma is an immediate consequence.
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Given a ring A and a ring B containing A, we shall say that A is inert in B if for
c E A, such that c = ab for some a, b E B, there exists a unit u in B such that au,
u - I b E A. This just means that every factorization of c in B can be 'pulled down'
to A; in particular, if c is unfactorable in A, it remains so in B.
Theorem 7.7.2. Let A be a unique factorization domain with field of fractions K. Then
A[x] is inert in K[x].

Proof. Let f E A[x] and suppose that f = gh for some g, hE K[x]. By taking a
common denominator of the coefficients of g we can find a o E A such that aog
has coefficients in A. On dividing by any common factor we find a E K such that
gl = ag is a primitive polynomial over A. Similarly there exists f3 E K such that
hi = f3h is over A and primitive. Write af3 = a/b, where a, b are coprime elements
of A. Then

hence af = bgl hi. We claim that a must be a unit. For if not, then there is a prime p
dividing a. Hence plbglhl> but p cannot divide b because a, b are coprime, nor can it
divide gl or hi because they are primitive. This contradicts Gauss's lemma and it
shows that a is a unit. Now af3b=a, and ag=gl> a- I h=a- I bf3h=a- I bh l
both have coefficients in A, and this is what we had to show.
•
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Applied to Z (which we know to be a UFD) this result shows that any polynomial
over Z which can be factorized over Q can be factorized over Z. In particular, if a
monic polynomial over Z can be factorized over Q, we can take all the factors to
be monic with coefficients in Z. Another consequence is the familiar fact that any
rational root of an equation with integer coefficients
(7.7.1)
has a denominator dividing ao and a numerator dividing an.
By an n-th root of 1 (or of unity) we understand any root of the equation

xn

=

1.

(7.7.2)

The basic fact is that this equation, like any equation of degree n, cannot have more
than n roots in any field. For if f = 0 is an equation over a field, of degree n with
n + 1 distinct roots ao, aI, ... , an, then we have the factorization
(7.7.3)
On putting x = ao, we obtain 0 since ao is a root, but none of the factors on the right
of (7.7.3) vanish, which is impossible in an integral domain.
We ask: when does Equation (7.7.2) have precisely n distinct roots? In a splitting
field (7.7.2) has distinct roots provided that xn - 1 is prime to its derivative nxn-l,
and clearly this is the case iff nx n- l =1= o. Thus (7.7.2) has distinct roots whenever the
characteristic is prime to n. In the case when char k = P and n = n'pr, where
(n',p) = 1, we have xn - 1 = (x n' -1)P', so (7.7.2) is then equivalent to the
equation

xn'

=

1.

We shall therefore assume in what follows that the characteristic of the field is prime
to n. We also recall the basis theorem for finite abelian groups (Corollary 2.4.2),
stated in multiplicative form for convenience:

Every finite abelian group can be written as a direct product of cyclic groups:
(7.7.4)

and the order of Bi divides that of Bi+ l (i = 1, ... , r - 1).
It is clear that the exponent v of A is equal to the order of Br , and the representation (7.7.4) shows that A has an element of order v, namely any generator of Br . We
note that the order of A is at least equal to its exponent, with equality iff A is cyclic.

Theorem 7.7.3 In any field k, the roots of the equation x" = 1 (for any integer n ::: 1)
form a cyclic group under multiplication, whose order is a divisor of n.
Proof. Clearly the roots form a group G, say, namely a subgroup of the multiplicative
group P of k. If G has exponent v, then vln and G has at most v elements, because
the equation XV = 1 has at most v roots in k. Thus IGI s v and it follows that we
have equality and G is cyclic.
•
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By a primitive n-th root of 1 one understands a field element whose multiplicative
order is precisely n. In the above proof the generators of G are precisely the primitive
roots of 1 in k.
Alternative proof. We now give a second proof of Theorem 7.7.3, more elementary
and more explicit. It will be enough to show that any finite subgroup of P is cyclic.
If IGI = n, then all the elements of G satisfy (7.7.2). Thus k contains n n-th roots of 1
and we have to find a primitive n-th root. For any din denote by 1/J(d) the number of
primitive d-th roots of 1 in k. If there is a primitive d-th root, say ~, then the roots of
x d = 1 are the different powers of ~, and just cp(d) of them are primitive d-th roots.
Here cp(d), Euler's function, is the number of integers in the range 1,2, ... , d that are
prime to d. Thus we see that 1/J(d) is either 0 or cp(d). Now we observe the following:
(i) For each din there are just cp(n/d) integers x in the range 1 ::::; x ::::; n such that
(x, n) = d, and as d ranges over all divisors of n, every number from 1 to n is

counted exactly once. Hence

where the summation is over all the divisors d of n.
(ii) Every n-th root of 1 is a primitive d-th root for some din. Since there are
altogether n n-th roots of 1 in k, by hypothesis, we find

where the summation is again over all the divisors of n. Thus

L [cp(d) -1/J(d)] = 0,
din

and all the summands are non-negative; hence they must all be zero, in particular, 1/J(n) = cp(n) > o. This shows that any group of order n in P contains
a primitive n-th root of 1; in fact the number is cp(n) and Theorem 7.7.3
follows.
•
If ~1'

... , ~r

(r

= cp(n))

are all the primitive n-th roots of 1, then the polynomial

n
r

<pn(x)

=

(x - ~i)

i=1

is called the n-th cyclotomic polynomial; its degree is cp(n). The word 'cyclotomic'
(circle-cutting) is used because in the complex field C the n-th roots of 1 are
i2 rrik/ n (k = 1,2, ... , n) and are obtained geometrically by dividing the unit circle
about the origin into n equal parts. To obtain an explicit expression for <Pn we
observe that every n-th root of 1 is a primitive d-th root, for a unique divisor d of
n. Hence
xn - 1 =

n

<Pd(X).

din

(7.7.5)
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By Theorem 7.7.2, <1>d(X) is again monic, with integer coefficients. Using the Mobius
function introduced in Section 5.6, we can solve for <1> d and obtain the formula

<1>n(x)

=

n

(x d - l)J1(n/d).

din

For example, <1>1 = x - 1, <1>2 = X + 1, <1>3 = X2 + X + 1, <1>4 = X2 + 1, <1>5 = X4 +
X3 + X2 + X + 1, <1>6 = X2 - X + 1, <1>12 = X4 - X2 + l. It is a curious fact that the
coefficients of cf>n are 0 or ±1 for low values of n, in fact for all n < 105, but
when n = 105, there is a coefficient -2 and as I. Schur has shown, the absolute
values of the coefficients of <1>n are unbounded as n increases.
Let k be a field of characteristic prime to n and ~ be a primitive n-th root of 1 over
k. Then k(~)
is a minimal splitting field of xn = 1 over k; since nx n- I =f:. 0, it is prime
to xn - 1, so the roots are distinct and hence k(~)/
is a Galois extension; it is also
called a cyclotomic extension. Let fbe the minimal polynomial of ~ over k, of degree s
say; then [k(O : k] = s. Clearly fl<1>n, hence s :s q;(n), with equality iff <1>n is irreducible over k. Whether this is so naturally depends on k; we now show that it is the
case for k = Q:
Theorem 7.7.4. The cyclotomic polynomial <1>n is irreducible over Q.

Proof. Let ~ be a primitive n-th root of 1 over Q, and denote its minimal polynomial
over Q by f. Then fl<1>n, say <1>n = fJI and by Theorem 7.7.2, f may be taken to be
monic and over Z.
If P is any prime not dividing n, then ~P is also primitive, with minimal polynomial
g, say. Thus f(x) and g(x P) have a common zero ~, and so

g(x P) = f(x)h(x).

(7.7.6)

We claim that f and g have a common zero. For if not, then the zeros off and g are
distinct zeros of xn - 1, and so

xn - 1 = f(x)g(x)k(x).

(7.7.7)

Now both (7.7.6) and (7.7.7) have integer coefficients, so we can reduce them mod p.
As a polynomial over Fp , the right-hand side of (7.7.7) has distinct zeros, because its
derivative nx n- I is not zero in Fp. But (7.7.6), taken mod p, becomes f(x)h(x) ==
g(x P) == g(x)P, so that f and g have a common zero mod p, a contradiction.
Thus we have shown that f and g have a common zero, and by irreducibility,
taking them both to be monic, we find that f = g. This means that fm = 0 implies
fW) = O. This holds for any p not dividing n, and by induction, for any m prime to
n. Since f(~)
= 0, it follows that f(~m)
= 0 for all m prime to n. Hence f has q;(n)
distinct zeros, and so f = <1>m i.e. <1>n is irreducible, as claimed.
•
We note that over Fp , <1>n may become reducible. For example, if n = 12 and
p = 11, then <1>12 = X4 - x 2 + 1 = (x 2 - 5x + 1)(x 2 + 5x + 1), while for p = l3,
X4 - x 2 + 1 = (x - 2)(x + 2)(x - 6)(x + 6). This is not surprising, for as we shall
see below, <1>12 becomes reducible over Q(J3) and 3 == 52 (mod 11), while 3 == 42
(mod l3).
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Next we examine the Galois group of a cyclotomic extension. For any positive
integer n, let us write U(n) for the multiplicative group of the prime residue classes
mod n, i.e. the group of units of Z/(n). By the definition of <p(n) we have
IU(n)1 = <p(n). Now if ~ is a primitive n-th root of lover Q, then the other primitive
n-th roots are of the form ~m,
where m runs over the prime residue classes mod m.
Thus the automorphisms of Q(~)/
are given by
am : ~ H

~m

(m E U(n)).

Clearly ara s = aTS> so the mapping m 1---+ am is a homomorphism of U(n) onto
Gal(Q~)/,
and since both groups have the same order, they are isomorphic.
Thus we have
Theorem 7.7.5. The Galois group of the cyclotomic extension defined by <t>n over

isomorphic to U(n), the group of units in Z/(n).

Q is
•

This shows in particular that the Galois group of a cyclotomic extension is abelian.
Kronecker first stated that conversely, every abelian extension of Q is contained in a
cyclotomic extension; it was proved by Weber in 1886 and later more simply by
Hilbert (see Weber (1896) Vol. II, p. 762).
As an example of a cyclotomic extension let us take n = 12, <p(12) = 4. The prime
residue classes are 1, 5, 7, 11, and the group Gal(Q~)/
is generated by the set
{a, fi}, where a : ~ 1---+ ~5, fi : ~ 1---+ ~7. We note that afi : ~ 1---+ ~35 = ~l,
thus G is
the Klein 4-group. There are three subgroups of order 2 corresponding to three
quadratic extensions. We find them as follows: ~3 = i is left fixed by a and
~4 = ( - 1 + J - 3)/2 is left fixed by fi, hence we have the intermediate fields
Q(i), Q(J - 3) and Q(J3). Here Q(i) is generated by i, a primitive fourth root
of 1, hence a root of Xl2 = 1; similarly for Q(J - 3). However, the field Q(J3) is
not generated by a 12-th root of 1, for the only such roots contained in it are ±l.

Let us consider <t>n over Fp , where p is a prime not dividing n. Then xn - 1 is separable over Fp and the primitive n-th roots of 1 in Fp are roots of <t>n(x) = 0, where this
equation may now be reducible. We first determine when <t>n has a linear factor over
Fp or, what is the same, when Fp contains a primitive n-th root of 1.
Proposition 7.7.6. The finite field Fp contains a primitive n-th root of 1 if and only if
1 (mod n).

p

=
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Proof. Any element c of Fp satisfies cp- 1 = 1, so if c has order n, then nip - 1.
Conversely, when nip - 1, then since Fp is cyclic of order P - 1, it follows by
Theorem 7.7.3 that Fp contains an element of order n.
•
From this remark it is easy to deduce a special case of Dirichlet's theorem on
primes in arithmetic progressions. This states that for any coprime integers m, n
there are infinitely many primes of the form nr + m (r EN). Most proofs require
or other analytical methods, but for m = 1 there is a
the theory of the ~-functio
simple direct proof.

Theorem 7.7.7. For every positive integer n there are infinitely many primes congruent
to l(mod n).

Proof. Assume that the number of such primes is finite, say PI, " " pro Put
a = npl ... Pr and let t E Z; then <l>n(at) == <l>n(O) == ±1 (mod a), hence a =
npl·· ·Prl<l>n(at) =f 1. As t -+ 00, <l>n(at) -+ 00, so we have <l>n(at) =I- ±1 for large
enough t. Therefore <l>n(at) is then divisible by a prime P, and since nla and
al<l>n(at) =f 1, n is prime to p. This means that at is a primitive n-th root of 1 in F,
i.e. it has multiplicative order n (mod p), hence P == 1 (mod n), by Proposition 7.7.6,
and P =I- Pi because <l>n(at) == 0 (mod p), <l>n(at) == ±1 (mod Pi), i = 1, ... , r. Thus P
is another prime == 1 (mod n).
•

Exercises
1. Let G be a finite group in which there are at most n elements of order dividing n,

for any integer n. Show that G is cyclic.
2. Find <l>n for n = 18,24,50.
3. Let P be a prime, m be a positive integer and q = pm, r = pm <l>q(x)

= 1 +xr +x 2r + ... +x(p - l)r.

1.

Show that

4. Show that <l>m is irreducible over a minimal splitting field of <l>n over Q iff the
highest common factor of m and n is 1 or 2.
5. Prove that <l>n(1) =
d/-L(n/ clJ , where d ranges over all divisors of n. Deduce that
<l>n(1) is 0, P or 1 according as n is 1, pm (p a prime) or divisible by at least two
primes.
6. Solve x 2 = 2 over Fs.
7. Let p, q be distinct primes. Show that x q - 1 splits into linear factors over Fp iff
P == 1 (mod q).
8. Show that L lL(d) = 8n l> L IIL(d)1 = 2k, where each time the sum is over all
divisors d of n, and k is the number of distinct prime factors of n.
9. Show that for a given positive number M the number of integers n such that
<p(n) < M is finite. Deduce that any finitely generated field extension of Q contains only finitely many roots of 1.

n
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7.8 Finite Fields
A field with a finite number of elements is called a finite field, or a Galois field, after its
discoverer. The alternative name is used in some books to avoid confusion with finite
extensions.
Let V be an n-dimensional vector space over Fp, the field of p elements. Taking a
basis UI, .. " Un of V, we can write every element of V uniquely as L(XiUi, where
(Xi E Fp. Since each coefficient can assume p values independently, we obtain pn
elements in all:
Lemma 7.S.1. An n-dimensional vector space over Fp has pn elements.

•

Clearly this result does not depend on p being prime, so it holds more generally for
any finite field.
Any finite field F clearly has prime characteristic p and its prime subfield is Fp.
Hence F is a finite-dimensional space over Fp and it follows that the number of
elements in F is a prime power pn, where p = char F and n = [F : Fpl.
If F is a field of q elements, then the multiplicative group Px of F has q - 1
elements, hence every non-zero element of F satisfies the equation
(7.8.1)
By Theorem 7.7.3 it follows that the group Px is cyclic. Any generator of Px is called
a primitive element of F. If ~ is a primitive element, then every element of F X can be
written as a power ~a, and these powers can be used as logarithms; we shall meet an
example later.
Since (7.8.1) holds identically in PX, it follows that every element of F, zero or not,
satisfies
(7.8.2)
This equation has at most q roots in any field; therefore its roots are precisely the
elements of F. Since IFI = q, it follows that (7.8.2) has distinct roots in F. This
can also be checked directly by taking derivatives and using Proposition 7.4.2:
(x q -x)' = qx q - I -1 = -1-=/= O. We can therefore write

x q -x=

n

(x-a),

(7.8.3)

aeF

and this shows that F is a minimal splitting field of x q - x over its prime subfield Fp.
This description of F shows that it is determined up to isomorphism by q. Thus for
any integer q there can be at most one field of q elements, and only when q is a prime
power. Conversely, when q = pn, where p is a prime and n 2:: 1, there is a field of q
elements, namely the splitting field of (7.8.2) over Fp. To show that this splitting field
has exactly q elements we observe that the roots of (7.8.2) already form a field: if
a q = a and bq = b, then (a - b)q = a q - b q = a - b, (ab)q = aqb q = ab and if
b -=/= 0, then (b-')q = (b q) - I = b-'. We sum up the result as follows.
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Theorem 7.8.2 (E. H. Moore, 1893). For each prime p and each n :::: 1 there is exactly

one field of q = pn elements (up to isomorphism), namely the minimal splitting field of
x q - x over Fp, and these are the only finite fields.
•

The field of q elements is denoted by Fq or sometimes by GF(q) (for 'Galois field').
For q = p this agrees with the notation Fp introduced earlier.
As an example consider F9; this is the minimal splitting field of x 9 - x over F3. Its
degree over F3 is 2, so we need to find an irreducible factor of x 9 - x of degree 2.
Since F9 consists of all the zeros of this polynomial, its irreducible factors must all
be of degree 1 or 2 over F3. We have
x9

-

x = x(x - 1) (x

+ 1)(x 2 + 1)(x 2 + X -

1)(x 2

-

X -

1).

Let a be a root of x 2 + 1 = 0. Then the elements of F9 can be written as a + ab,
where a, b = 0,1,2; in fact, since a 2 = -1, we can regard the elements of F9 as
'complex numbers' over F3. In this example a is not primitive, because a 4 = 1,
but a + 1 is primitive. Writing ~ = a + 1, we have the index table shown in
Table 7.1, where the second row lists the power of ~ representing the entry in the
first row, i.e. the logarithm to base ~:
Table 7.1

2

o

4

2a

I:

at1

2

at2

2at 1

2at2

7

3

5

= ~ = 2. Operating with powers of ~
For example, (a+ 1)(2a+ 1) = ~.3
simplifies multiplication, but addition is now more work. For example, the equation
(a + 2) + (a + 1) = 2a becomes ~7 + ~ = ~2.
To facilitate addition one defines a
=
function Z(n) (the 'Zech logarithm') on the range to, 1, ... , q - I} by ~Z(n)
~n
+ 1 for ~n =1= -1, and uses the formula
~a

+ ~b

= ~Z(a-b)+.

For example, since Z(6) = 1, we have ~7 + ~ = ~1+Z(6)
= ~2.
Let us determine the automorphisms of Fq, where q = p". As a minimal splitting
field of x q = x, Fq is normal and separable over Fp, hence Fq/F p is a Galois extension,
and from Section 7.6 we know that there are [Fq : FpJ = n automorphisms. In this
special case we can describe them explicitly. Firstly we have the Frobenius mapping
a: a

14-

a P,

(7.8.4)

which is an automorphism because Fq is finite (Theorem 7.4.1). The fixed field of a
is the set of solutions of x P = x, i.e. Fp. Iterating a, we obtain

a r : a 14- aP' .
and this is the identity on Fq iff nlr. Thus a has order n, and its powers are the n
automorphisms of Fq/Fp; there can be no more since IGal(Fq/Fp)I = [Fq : FpJ = n.
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Theorem 7.8.3. Let q = pn, where p is a prime and n :::: 1. Then Fq is a Galois exten-

sion of Fp with cyclic Galois group of order n, generated by the Frobenius mapping
(7.8.4).
•
For any d :::: 1, every finite field Fq has an extension of degree d, namely the minimal splitting field of x qd - x, and as in the proof of Theorem 7.8.2 we see that this
extension is unique up to isomorphism. Since each finite extension ofFq is generated
by a primitive element, its minimal polynomial has degree dover Fq; thus Fq has an
irreducible polynomial in each degree d. All these extensions are separable, by
Proposition 7.4.5. Moreover, every finite extension is normal, for its normal closure
has a cyclic Galois group, whose subgroups are therefore all normal. Thus every finite
extension of a finite field is Galois.
To find the subextensions of Fq, where q = pn, we need only look for the subgroups of Cn , the cyclic group of order n. It is well known that they correspond
to the factors of n: if n = dm, then there is a unique subgroup of order d, generated
by am, with corresponding subfield Fpm. Thus we obtain
Theorem 7.8.4. For any prime power q = pm and any integer d the field Fq has an

irreducible polynomial of degree d, and so has an extension of degree d, namely Fqd,
and any two extensions of degree dare Fq-isomorphic. Moreover, Fpm is embeddable
in Fpn if and only if min; thus the subfields of Fpn correspond to the factors of n.
When min, Fpm is the unique subfield of order pm in Fpn and Fpn/Fpm is a Galois extension with cyclic Galois group of order n/m, generated by am, where a is the Frobenius
mapping (7.8.4).
•
One of the major applications of the theory of finite fields is coding theory, which
forms the subject of Chapter 10 of FA.
Finite fields share with Boolean algebras the property of being functionally
complete (Theorem 3.4.2); thus every function can be represented by a polynomial.
Proposition 7.8.5. Every finite field is functionally complete. More precisely, any function on Fq can be represented by a unique polynomial of degree at most q - 1 in each

variable.
Proof. We have to show that every mappingf : F; ---+ Fq is a polynomial. For n = 1
this follows from the Lagrange interpolation formula. In fact we have the 'point
function' 1 - (x - a)q-I, which is 1 at a E Fq and 0 elsewhere, and which leads to
the explicit formula

f(x)

= Lf(a)[1 -

(x - a)q-Ij.

(7.8.5)

aEFq

For general n we have similarly,

n
n

f(xI,"" xn) = Lf(al,"" an)

i=1

[1- (Xi - ai)q-Ij,

(7.8.6)
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where the sum is taken over all (al, . . . , an) E F;. For the product on the right of
(7.8.6) is 1 when Xi = ai (i = 1, . .. , n) and 0 otherwise. Further, (7.8.6) is of
degree < q in each Xi j if we had two such polynomials for f, their difference
would be a polynomial of degree < q vanishing on all of Fq, i.e. on q values,
which is only possible when this difference is zero.
•
We end this section with the remarkable result obtained by Wedderburn in 1905
that all finite division rings are commutative. The proof given here is due to Witt
[1931]. We recall the following elementary fact: if q, m, n are positive integers
such that q> 1 and qm - llqn - 1, then min. For we can write n = ma + b,
where 0:::: b < m, by the division algorithm. Then (mod qm - 1) we have
qn == qmaqb == qb, and this can only be 1 if b = o.
Theorem 7.8.6 (Wedderburn). Every finite division ring is commutative.

Proof. Let E be a finite division ring. Its centre k must be a finite field, with q
elements say, and taking a basis for E over k, we see that lEI = qn, where
n = [E : k]. Let us consider the multiplicative group £X of Ej it has order qn - 1.
If a E E\k, then the centralizer of a is a proper sub algebra e of E, of order qI say.
The group ex has order qd - 1 and since it is a subgroup of E, we must have
qd _ ll q n - 1. By the remark made earlier this is possible only if din. Now the
conjugates (in the group sense) of a in EX correspond to the cosets of ex in
E Xj hence the number of conjugates is (q n - 1) / (q d - 1). This accounts for all elements of E x outside the centre, while the centre has order q - 1. Since the conjugacy
classes form a partition of EX, we obtain the equation

(7.8.7)
where the sum on the right is taken over various proper divisors d of n (possibly
repeated). Now consider the cyclotomic polynomial <l>n(x). It is a factor of
(x n - 1) /(x d - 1) for every proper factor d of n, hence the integer r = <l>n(q) divides
each term in the sum on the right of (7.8.7), as well as the left-hand side. Therefore
r lq - 1.

(7.8.8)

n

But r = <l>n(q) = TI (q where ~ runs over the primitive n-th roots of l. Taking
the roots to be complex numbers, we see that for n > 1, Iq - ~I > q - 1, and hence
r> q - 1. This contradicts (7.8.8), hence n = 1, and so E = k is commutative. •

Exercises
Unless otherwise specified, p is a prime and q is a prime power.
1. How many elements of Fq are generators? How many are primitive?
2. Show that for q = pn, x q - X considered over Fp has irreducible factors of degree
n but of no higher degree.
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3. Show that an irreducible polynomial of degree rover Fq is a factor of xq" - x iff
rln. Deduce that xq" - x = flfi(x), where fi runs over all monic irreducible polynomials whose degrees divide n. Show that if tr is the number of such polynomials, then L rtr = qn, and deduce a formula for tr in terms of q, r and the

Mobius function.
4. Show that x P - x - a (a i= 0) is irreducible over Fp. Over Fq, where q = pn, show
that x P - x - a is irreducible iff it has no linear factor. (Hint. If ex is a zero, then
so is ex + 1.)
5. Let p be a non-zero prime ideal in the ring Z[il of Gaussian integers (see Section
5.1). Show that Z[il/p is a finite field; further show that the only fields that can
occur are of p or p2 elements, where p is a prime. Describe the quotient rings by
the ideals (7), (2 + i), (5); which are fields?
6. For any r> 0, denote by Sr the sum of the r-th powers of the elements of Fq•
If q - 1 does not divide r, find y E F; such that yr i= 1, and deduce that
Sr = O. Prove the formula
Sr

={

-I

ifq-Ilr,

o

otherwise.

7. Put k = Fq, where q = pS, take ii,

... ,fr E k[xj, ... , xnl such that Ldegfi < n
and let V be the subset of k consisting of the common zeros of all the fi. Verify
that P =
(1 - J;q - j) is the characteristic function for V, i.e. for any
~ = (~j,
... , ~n)
E k n,

n

P(~)

=

{

I
0

if
if

~ E

V,

~ \t V.

taken over all ~ E P.
For any f E k[xj, ... , xnl write S(f) for the sum Lf(~)
Deduce that IVI == S(P) (mod p), and by expressing P as a linear combination
of monomials X~1 ... X~"
with L ri < n(q - 1) and using Exercise 6, show that
S(P) = O. Deduce that the number of points on V is divisible by p. If the fi are
homogeneous, they have at least one common solution 0, hence V is then nonempty (Chevalley-Warning).
8. Show that every quadratic form in at least three variables over Fq vanishes at a
point other than 0 (in particular, 'every conic over a finite field has a rational
point').
9. Let w be a primitive (p - 1)-th root of 1 in Fp. Show that the affine group
G : x 1-+ ax + b, a, b E Fp , a i= 0, is generated by the mappings XT = x + 1 and
xp = WX, and the subgroup generated by T is normal in G. Prove that every automorphism of G is inner.

7.9 Primitive Elements; Norm and Trace
We have seen that a finite field extension F/k, regarded as a k-algebra, may be
completely described in terms of k and the basis products UiUj' It is therefore in
our interest to choose the basis in as simple a form as possible. In particular we
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shall examine the case when F is simple, i.e. generated by a single element over k.
Such a generating element for F is called a primitive element over k. We have seen
in Section 7.1 that in this case F has a k-basis of the form 1, a, ... , an-I. We
shall find that every finite separable extension is simple, but some preparation is
necessary.
First of all we recall the density principle for polynomials (sometimes called the
principle of irrelevance of algebraic inequalities): for any non-zero polynomial f
in XI, ... , Xr over an infinite field k there exist CI," " Cr E k such that
f(cI, ... , cr) =f. O. For r = 1 this follows because a polynomial of degree n cannot
vanish at more than n points; for r > 1 the result follows by looking at the coefficients of the powers x~ and using induction on r. Secondly we need an almost
obvious remark on the Galois correspondence:
Lemma 7.9.1. Let Elk be a Galois extension with group G and consider a subgroup H of
G with corresponding subfield F. Given a I, ... , a r E F, we have k( a I, ... , a r) = F if
and only if the group leaving each of ai, ... , a r fixed is equal to H.

Proof. The subgroup fixing ai, ... , a r corresponds to k(al, ... , a r) and so is equal
to H iff k(al, ... , a r) = F.
•

We can now show that finite separable extensions are simple.
Theorem 7.9.2 (Theorem of the primitive element). IfF is a finite separable extension of k then F has a primitive element, i.e. there exists fJ E F such that F = k(fJ).

Proof. When k is finite, then so is F and the conclusion certainly holds by Theorems
7.8.2 and 7.7.3. We may therefore take k to be infinite.
Let E be the normal closure of F over k, with Galois group G, and let H be the
subgroup corresponding to F. If F = k(al,"" a r), then H is the fixed group of
ai, ... , a r and we have to find fJ E F with fixed group exactly H. Since any fJ E F
has fixed group containing H, this means that every element of G\H must move fJ.
Adjoin indeterminates tl,"" tr and consider A = L ajtj. Any (J E G acts by
tj, so (J moves A iff (J ¢ H. Hence
Aa = L

ar

({J(tl, ... , tr) =

n

(A a

-

A) =f. O.

a¥H

By density we can specialize tj to Cj E k such that ({J(CI, ... , cr) =f. O. So if fJ =
then P =f. fJ for (J ¢ H, and it follows that F = k(fJ).

L ajCj,
•

A closer analysis shows that any finite extension k(al, ... , ar)/k, where all but at
most one of the aj are separable, is still simple (Exercise 3), but there are examples of
non-simple extensions generated by two elements (Exercise 5). The situation is
clarified by the following criterion for an extension to be simple.
Theorem 7.9.3 (Steinitz). A finite extension Flk is simple if and only if the number of

fields between F and k is finite.
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Proof. Assume that F = k(a) and let fbe the minimal polynomial for a over k. For
any field E between F and k denote by PE the minimal polynomial for a over E.
It follows that PElf and we have a correspondence E 1---+ PE between subfields and
factors of f. Since a polynomial of degree n has at most 2 n monic factors (as we
see by looking at a complete factorization in a splitting field), we need only show
that the correspondence E 1---+ PE is injective, i.e. that E is determined by PE.
Given E and PE as above, let E' be the field obtained by adjoining the coefficients
of PE to k. Then E' ~ E and PE is irreducible over E', hence [F: E) =
[F : E') = deg PE> and it follows that E' = E. Thus E is determined by PE and we
have shown that when Flk is simple, of degree n, then there are at most 2n intermediate fields.
Conversely, assume that there are only finitely many fields between F and k. The
case where k is finite has been dealt with in Theorem 7.9.2, so we may take k to be
infinite.
Given a, fJ E F and a E k, write Ya = a + afJ. As a runs through k, we get an
infinite family {Ya}, but by hypothesis there are only finitely many fields between k
and F, so there exist a, bE k, a =I- b, such that k(Ya) = k(Yb) = E, say. Then
Ya, Yb E E, and solving the equations

a

for a,

+ afJ = Ya,

a

+ bfJ = Yb,

fJ, we find a, fJ E E and hence
E = k(a,

fJ) = k(y),

where Y = Ya'

Here a, fJ were arbitrary in F, so we see that any extension k(a, fJ) of k is simple. Now
choose a E F such that its degree [k(a) : k) is maximal. If k(a) =I- F, take fJ E F\k(a).
By what has been shown, we have k(a) c k(a, fJ) = k(y) for some Y E F, but this
contradicts the maximality of k(a). Hence k(a) = F, as required.
•
This result shows again that every separable extension is simple, for it is contained
in a Galois extension, by Proposition 7.6.1, and the intermediate fields of the latter
correspond to the subgroups of the Galois group.
With every element a of an algebraic extension we can associate two elements of
the ground field, its trace and norm, analogous to the trace and determinant of an
endomorphism, and in fact equal to the latter for the endomorphism aR of right
multiplication. This may be regarded as a special case of the development in
Section 5.5. Thus let Flk be a separable extension of degree n, L be any Galois extension of k containing F and al = 1, a2, ... ,an be the n automorphisms of Lover k
defining distinct k-homomorphisms of F into L. If G = Gal(Ljk) and H is the subgroup corresponding to F, then (G : H) = nand ai, ... , an is a right transversal of H
in G, i.e. G has the coset decomposition G = UHai. We recall that for any a E F, the
elements aUt = a, aU" ... ,au" are the conjugates of a; they need not lie in F but do
so whenever Flk is normal. We define mappings from F to k as follows:
Np/k(a)

= N(a) =

Tp/k(a) = T(a) =

n

aU',

(7.9.1)

L aU,.

(7.9.2)
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N(a) is called the norm and T(a) the trace of a. Both lie in k, for any T E G permutes
the n cosets: Hai 1-+ HaiT. Hence the elements on the right of (7.9.1), (7.9.2) are
unchanged except for order, and so N(a)T = N(a), T(a)T = T(a). We again have
the formulae for sums and products as in Section 5.5, since the ai are automorphisms:
N(af3)

= N(a)N(f3) ,

N(J...a)

= J...nN(a),
N(1)

T(a + f3)
T(J...a)

= 1,

= T(a) + T(f3),

= J...T(a), (J... E k),

T(1)

= n.

We note that although we needed a Galois extension L to define the norm and trace,
the actual values are independent of the choice of L: the norm and trace can be
defined in terms of any Galois extension containing F and the outcome will be the
same. This is easily verified directly but also follows from Proposition 7.9.4 below.
We note the important
Transitivity Formulae. If E 2 F 2 k are separable extensions, then for any a E E,

(7.9.3)

Proof of (7.9.3). Denote by Uk any Galois extension containing Elk. Let ai, ... , an
be the k-homomorphisms of F into L and extend each ai to an automorphism of
L, again denoted by ai (Corollary 7.2.5). Further let TI, ... , Tm be the F-homomorphisms of E into L. Every k-homomorphism f{J of E into L, when restricted to
F, agrees with some ai, hence CfXJ'i- I leaves F pointwise fixed and so f{JO"i- I = Tj for
some j. Thus f{J = TPi for a unique pair of indices (j,i). Now
TE/k(a)

=L

a Tj<1i

= LTp/k(a Tj ) = Tp/k(TE/p(a)),

•

and similarly for N(a).

Proposition 7.9.4. If Flk is a separable extension of degree n and a E F has the

minimal polynomial x T + alx T -

1

+ ... + aT>

then
(7.9.4)

Proof. This follows by applying the transitivity formula to the tower k ~ k(a)
the latter also shows that rln.

~

F;

•

The trace can be used to define an inner product on E which is often useful. Let us
put

T(x, y) = Tp/k(XY).

(7.9.5)

By the properties of the trace this is k-bilinear and symmetric; thus we have an inner
product defined on F with values in k. Its usefulness derives from the fact that it is
non-singular, i.e. T(x, a) = 0 for all x E F implies a = 0 (see Section 8.1):
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Proposition 7.9.5. For any separable extension Flk, the inner product defined by
(7.9.5) is non-singular.
Proof. We need only show that the matrix T(u;, u) of the form (7.9.5) relative to a
basis Ul, ... , Un of F over k is non-singular (see Section 8.1 below). Let a" ... , an be
the k-homomorphisms of F into a normal closure E; then

T(u;, Uj) =

L uf"Uf"·
v

Hence the matrix (T(u;, Uj» has the form

(T(u;, Uj»

= DDT,

where D = (d;v), d;v

= Uf".

(7.9.6)

Now by Dedekind's lemma (Lemma 7.5.1), the system of equations

has only the trivial solution
singular, as claimed.

Xv

= 0 over E,

hence D and with it (T(u;,

Uj»

is non•

The value of (T(u;, Uj» is called the discriminant of the extension Flk. It is not
quite independent of the choice of basis; when we change the basis, the discriminant
is multiplied by the square of an element of the ground field. So strictly speaking, the
discriminant is a coset of the subgroup of squares in P. If every element in k is a
square, this tells us nothing; but for example, over a real field, if the discriminant
for a given basis is positive, then it is positive for all bases.
In conclusion we note a useful property of norms and traces of finite fields.
Proposition 7.9.6. Let k be a finite field. Then for any finite field extension Flk, the
trace and norm are surjective.
Proof. The trace is a k-linear function from F to k, and it is non-zero, by Proposition

7.9.5, hence it is surjective (because the image is one-dimensional). Here we have not
used the fact that the field is finite, but merely that we have a Galois extension.
To prove that every element of k is a norm we observe that Flk is a Galois extension, with cyclic group generated by r : x 1--+ x q , where q = Ikl. Let [F: k) = nand
consider the norm homomorphism N : F X --+ P. For a E F we have N(a) = at,
where t = 1 + q + ... + q"-l = (qn - 1)/(q - 1); hence ker N consists of the
solutions in F of at = 1. Thus Iker NI ::: t, and so lim NI ::: (qn - 1)/t = q - 1.
Since IP I = q - 1, we must have im N = P, and this shows N to be surjective. •

Exercises
1. Find a primitive element for Q(;J2,3J3,5J5).
2. Let Flk be a separable extension of degree n. Show that an element of F is
primitive iff it has n conjugates in a normal closure of Flk.
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3. By examining the proof of Theorem 7.9.3 show that if a is algebraic and {3 is
separable over k, then k(a, {3)lk is simple. Deduce that k(al, ... , a r )Ik is
simple provided that the a's are algebraic over k and all but at most one of
them are separable.
4. Use Exercise 3 to show that if a non-simple finite extension of k exists, then there
is one generated by two elements.
5. Let k be a field of prime characteristic p, E = k(x, y) be the field of rational
functions in two indeterminates x, y and write F = k(xP,yP). Show that every
element of E has degree 1 or p over F; deduce that ElF is not simple. Find
infinitely many fields between E and F.
6. Let Flk be a separable extension of degree n. Show that n elements ai, ... , an of
F form a basis iff (T(aja) is non-singular.
7. Show that if Flk is a Galois extension of degree n, then ai, ... , an is a basis iff the
matrix (an is non-singular, where the columns correspond to the different elements a of the group Gal(Flk).
8. Let k be a finite field and Flk be a finite extension. Show that every k-linear map
from F to k has the form Aa : x 1-+ T(ax), for a unique a E F.
9. For any al, ... , an define the Vandermonde matrix as the matrix (a{)
(j = 0, 1, ... , n - 1) and call its determinant the Vandermonde determinant.
Show that its value is j> /aj - aj).
10. Let f be a separable polynomial of degree n, irreducible over k, and let a be a
zero of f in a splitting field. By taking a basis of the form 1, a, ... , a n - I for
k(a) over k, show that the discriminant of k(a) over k can be written as a
product of two Vandermonde determinants (see Exercise 9). Deduce that the
discriminant is the product of the squares of the differences of the roots off = o.

n

7.10 Galois Theory of Equations
We have seen that Galois theory may be described as the analysis of field extensions
by means of automorphism groups. However, originally it was associated with the
solution of equations, and in this section we shall describe the connexion. It is
based on the fact that every polynomial equation f(x) = 0 over a field k defines a
minimal splitting field E and iff is separable, Elk is a Galois extension. In particular,
in characteristic 0 (the only case considered classically) all finite extensions are
separable. Even in finite characteristic the separable case is the most important.
For example, in algebraic number theory the residue class fields for prime ideals
are finite fields, and hence perfect. The inseparable case arises mostly in algebraic
geometry.
Consider a separable polynomial f over k, with minimal splitting field E. Then

E = k(al, ... , an),
where al, ... , an are the roots off = 0 in E. The Galois group G = Gal(E/k) is also
called the group of the equation f = 0 over k. Any automorphism of Elk is completely determined by its effect on :E = {ai, ... ,an}; moreover it must send any
root to another root, so it maps:E into itself, and being invertible, it therefore
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defines a permutation of ~ . Thus any automorphism of Elk can be specified completely by the permutation of ~ it induces, and so Gal(Elk) is isomorphic to a subgroup of Symn, the symmetric group of degree n. Of course it will not in general be
the whole of Symn, e.g. any ai which lies in k must stay fixed.
As an example consider the equation x 3 - 2 = 0 over Q. If a is a root and w is a
primitive cube root of 1, then E = Q(a, w) is a minimal splitting field. Any permutation of the roots defines an automorphism of E, hence the group is the full
symmetric group, in agreement with the fact that [E: QJ = 6. Over Q(w) the
same equation has the cyclic group of order 3: the roots a, aw, aw2 can be permuted
cyclically, but not in any other way, while over Q(a) we have the cyclic group of
order 2: we can only interchange aw and aw2 , while a remains fixed.
We first note a criterion for irreducibility in terms of the Galois group.
Theorem 7.10.1. Let f be a separable polynomial over k. Then f is irreducible over k if

and only if its group acts transitively on the roots.

= 0 in some splitting field E. Its group G acts
by permutations on the set of roots. Assume first that f is irreducible over k; then for
each i = 2, ... , n, k(ad ~ k(ai) under a k-isomorphism which maps al to ai, by
Proposition 7.2.2. This k-isomorphism can be extended to a k-automorphism of
E, by Corollary 7.2.5. Thus we obtain an element of G mapping al to ai and so G
is transitive.
Conversely, if G is transitive, and p is the minimal polynomial for al over k, then
p(ad = O. By transitivity there exists for each i, 2 :::: i :::: n, a E G mapping al to ai.
Hence p(ai) = p(af) = [p(al) = 0, so ai is also a root of p = O. This holds for all
i, so all the ai are roots of p = 0, and since the roots are distinct, p must agree with f
except for a constant factor. Thus f is irreducible, as claimed.
•
Proof. Let aI, ... ,an be the roots off

r

To explore the connexion between the group and the equation we need to know
how the group changes when the field is enlarged. We begin by translating the second
isomorphism theorem of group theory, Theorem 2.3.3, to fields. For subfields K, L of
a field E we shall write KL for the subfield of E generated by K and L.
Proposition 7.10.2. Given a Galois extension Elk, let K and L be fields between E and k
such that Uk is normal (and hence Galois). Write Gal(E/k) = G and let H, N be the
subgroups corresponding to K and L, respectively. Then KUK is normal with group
Gal(KL/K) ~ HN /N.

Proof. Since EIKL has group H n N, which is normal in H, it follows that KUK is
normal with group H/(H n N) ~ HN/N.
•

In this result we were limited to extensions Klk which are finite and separable; in
fact a more general result holds:
Theorem 7.10.3 (On natural irrationalities). Let f be a separable polynomial over a
field k, let K be any field containing k and let E be a minimal splitting field off over K.
If L denotes the minimal splitting field off over k contained in E, then ElK and Uk are
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normal and Gal(E/K) is isomorphic to the subgroup of Gal(L/k) corresponding to the
subfield K n L.
Briefly, the assertion is that 'extending the field reduces the Galois group to a subgroup'. An element of L is called a natural irrationality for f
Proof. Since f is separable over k, it is separable over K and so ElK and Uk are
separable, hence Galois. Let aJ, ... , an be the zeros of f in E; then
E = K(aJ, ... , an), L = k(aJ, ... , an) and Gal(EIK), Gal(Uk) may be regarded as
groups of permutations of {aJ,"" an}. Take a E Gal(E/K); its restriction
ao = aiL is a homomorphism of L fixing K n L :2 k, hence a k-homomorphism of
L and so an automorphism because Uk is normal. The mapping a 1-+ a o is a homomorphism from Gal(EIK) to Gal(Uk), as is easily checked. Its image is the subgroup
corresponding to K n L, for every automorphism of L fixing K n L extends to an
automorphism of E, and it is injective, because if a o = 1, then a leaves each ai
fixed, but that can only happen when a = 1.
•
Corollary 7.10.4. Iff is separable over a field k, with group G of prime order, then the
group off over any extension field of k is either G or 1.

Proof. The group must be a subgroup of G, by Theorem 7.10.3, and there are only
the two possibilities stated, by Lagrange's theorem.
•
As another application of Theorem 7.10.3, consider the extension k(w»/k, where k
is a field of characteristic 0 and w is a primitive n-th root of 1. As we have seen,
Q(w)/Q is abelian, i.e. a Galois extension with abelian group, and k may be regarded
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as an extension ofQ; hence k(w)/k is an abelian extension. This is still true in prime
characteristic p, as long as p does not divide n.
When we have a permutation group G, we can always form the subgroup G+ of all
even permutations; this is a subgroup of index 1 or 2 in G. Correspondingly we have,
for every equation over k, an extension of degree 1 or 2 which we now identify.
Theorem 7.10.5. Let k be a field of characteristic not 2 and f be a separable polynomial
over k. Denote the roots off = 0 in a splitting field by ai, ... , an and form

n

8=

(aj - aj).

j<j

If G is the group off, regarded as a permutation group of the roots, then the group G+ of
even permutations corresponds to the field k(8).
Proof. Let D be the fixed field of G+. Clearly D:2 k and 8 E D, hence k(8) S; D.
Further, [D: k] = (G: G+) = 1 or 2; if this index is 1, then k(8) = k and there is
nothing to prove, so assume that [D: k] = 2 and take fJ E D\k. Then there is a
permutation a, necessarily odd, such that fJ(J =j:. fJ. But then 8(J = -8, hence
k C k(8) S; D, and since [D: k] = 2, it follows that D = k(8), as required.
•
We remark that the discriminant

~

( -l)G)

of f (see Exercise 10 of Section 7.9) equals

n

(aj - aj) = 82 .

j#- j

Hence we obtain
Corollary 7.10.6. The discriminant ~ off is a square in k if and only if the group of
f over k consists of even permutations only.
•

Example 1. The quadratic equation x 2 + px + q = 0 (in characteristic not 2) has
discriminant ~ = p2 - 4q. The group over k has order 1 or 2 according as ~ is or
is not a square in k.
Example 2. Consider the cubic f = x 3 + px 2 + qx + r. Iff is reducible, it must have
a linear factor: f = (x - a)g, where a E k and g is a quadratic, to which we can
apply 1. If f is irreducible, the group is transitive, and so is either Sym3 or AIt3 •
Which it is depends on the discriminant ~ = -4p3 r + p2~
+ IBpqr - 4q3 - 27,z.
We conclude this section by examining a special case going back to Lagrange: the
cyclic extensions. An extension F/k is said to be cyclic if it is Galois, with cyclic Galois
group. For example, every finite extension of a finite field is cyclic, as we have seen in
Section 7.B. Bya radical extension we understand a simple extension k(a)/k, where a
is a root of a binomial equation irreducible over k:

xn

= a,

where a

E

k,
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and where n is prime to char k. Clearly radical extensions will be of importance in the
explicit solution of equations; our first observation is that they are closely related to
cyclic extensions:
Proposition 7.10.7. Let k be a field containing a primitive n-th root of 1 (and hence of

characteristic prime to nJ. Then an extension Flk of degree n is radical if and only if Flk
is cyclic.
Proof. Let w be a primitive n-th root of 1 in k. If F = k(a), where an = a E k, then
the equation xn = a has distinct roots a, aw, ... , awn - I in F, and any automorphism of Flk has the form

where i(a) is an integer prime to n. It is easily checked that the mapping a 1-+ i(a) is
a homomorphism from Gal(Flk) to em in fact an isomorphism, since it is injective
and both sides have the same order n. This shows Flk to be a cyclic extension.
Conversely, if Flk is cyclic of degree n, with group generated by a, let us take a E F
and form the 'Lagrange resolvent'

(w,a) =a+w-1a a +w- 2a a' + ... +wl-naan-l.
By Dedekind's lemma this is non-zero for some a

E

(w, at = w(w, a).

F, and

(7.10.1)

Hence (w, a)n E k and by (7.10.1), (w, a) has distinct conjugates, so there are n distinct automorphisms of k((w, a))/k, the minimal equation of (w, a) has degree n
over k and k((w, a)) = F.
•
In case n is a prime number p, we need not assume that w lies in the ground field
and we can say rather more:
Theorem 7.10.8. Let k be a field, p be a prime number and consider the equation

x P = a,

where a

E

k.

(7.10.2)

Either (7.10.2) has a linear factor or it is irreducible over k, according as a is or is not a
p-th power in k.
Proof. If a is a p-th power, say a = bP, then x P - a has the linear factor x-b. Thus if
x P - a is irreducible over k, a cannot be a p-th power in k.
Conversely, suppose that x P - a is reducible over k. A splitting field of (7.10.2)
contains a p-th root of a, say a. If char k = p, then x P - a = (x - a)P and by
hypothesis some factor (x - a)' lies in k[x], where 0 < r < p. Here the coefficient
of X T- 1 is -ra, hence a E k and so a = aP is a p-th power in k. If char k =I- p,
then any splitting field will also contain a primitive p-th root of 1, say w. Now by
hypothesis, x P - a has a non-trivial factorization over k: x P - a = fg, where f, g
are monic of positive degrees r, s respectively and r + s = p. The constant term of
f is the product of r roots awV and hence is of the form b = aTWI> where wf = 1.
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Thus bP = apr = ar , and since 0 < r < p, there exist u, v E Z such that ru + pv = 1.
It follows that a = arua Pv = bPua Pv = (bUaV)P, which shows a to be a p-th power in
k, as claimed.
•
If k contains a primitive p-th root of 1, then x P - a is either irreducible or it splits
completely into linear factors, by Proposition 7.10.7, but for general k this need not
be so. For example, if a = 21/ 3 , then

x 3 - 2 = (x-a)(x 2 +ax+a 2 ),
and here the second factor on the right is irreducible over Q(a), for its zeros are not
real.
We remark that in the case of Proposition 7.10.7 we have (wi, at = wi(w i , a),
hence the n-th powers of the resolvents are in the ground field. For an equation
of prime degree p, the p-th powers of the resolvents formed from the roots satisfy
an equation of degree p - 1 whose coefficients are rational functions of a root of
an equation of degree (p - 2)! over the ground field. This is at the basis of Lagrange's
method of solving cubics (see Exercise 8 of Section 7.11 below). However, when
p = 5, the resolvent has degree 3! = 6, so the method cannot be used for p ~ 5,
and as we shall see in Section 7.11, the general equation of degree 5 or higher
cannot be solved by radicals.

Exercises
1. Let f be an irreducible polynomial over k. Show that in a normal extension of

k, f splits (if at all) into factors that are all of the same degree and are conjugate
over k.
2. Let Flk be a Galois extension with group G. Show that if the adjunction of a to k
reduces G to a subgroup H, then the degree of a over k is a multiple of (G : H).
3. Show that an equation is normal iff all its roots can be expressed rationally in
terms of a single one.
4. Show that if a satisfies the equation x 3 - 3x + 1 = 0, then so does a 2 - 2. Hence
find its group and solve the equation over Q in terms of radicals. (Hint. Put
x

= u + v.)

5. Show that an abelian transitive permutation group acts regularly, i.e. each permutation either moves all symbols or none. Deduce that an irreducible equation with
an abelian group is normal.
6. Suppose that X4 - ax 2 + b = 0 is irreducible over Q. If k is an extension containing no root, show that over k the group is C4 if a2 /b - 1 is a square in k, the Klein
4-group if b is a square, C2 if both hold and the dihedral group of order 8 if
neither holds. Find the group of X4 - 2 over Q.
7. Let k be a field and p be a prime different from char k. Show that for any a E k, the
equation x P = a splits into linear factors over k iff a is a p-th power and k contains
a primitive p-th root of 1.
8. Suppose that char k = P and let Flk be a cyclic extension of degree p. Show that if
a is a generating automorphism, then the linear transformation S : a 1--+ a - a(J
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is nilpotent and hence find an element a in the kernel of 52 but not of 5. Show
that f3 = a/(a" - a) satisfies P = f3 + 1; deduce that f3 satisfies an equation
x P -x- a = O.
9. Let V = (aj-l) be the Vandermonde matrix formed from the roots ai of a separable equation of degree n. By evaluating det(VTV) show that the discriminant is
the determinant of (Si+j-2), where Sr is the sum of the r-th powers of the roots.

7.11 The Solution of Equations by Radicals
The study of algebraic equations goes back to antiquity; the Babylonians knew two
millennia BC how to solve quadratic equations as well as some particular cases of
higher degrees, and examples of cubics were solved by Diophantos (AD 300), but
the general solution of cubic and quartic equations was not accomplished until the
16th century.
The complete solution of the general cubic is due to Scipio Ferro (1515) and
Niccolo Tartaglia, published by Girolamo Cardano in his Ars Magna (1545) (see
Ore (1953)). This was soon followed by the general solution of the quartic equation
(due to Lodovico Ferrari, later also James Gregory). Here 'solving' means giving a
formula, involving repeated radicals, for the roots in terms of the coefficients (the
custom of using letters for the coefficients had been introduced by Fran.yois Viete
in 1591) and attempts continued during the 17th century to obtain the solution
of the general quintic by radicals. At the end of the 18th century Paolo Ruffini
published what he claimed to be a proof of the impossibility of solving the general
quintic by radicals; the proof was incomplete, although it contained some of the
ideas utilized later. This result was finally proved by Niels Henrik Abel in 1826. Of
course it must be borne in mind that the problem of solving an equation by radicals
is theoretical (rather like a ruler-and-compass construction). In practice, given any
equation with numerical coefficients, there are methods for calculating the roots
to any degree of accuracy.
Within a few years of Abel's work Evariste Galois developed the correspondence
between equations and the groups of permutations of their roots, which shed a
very clear light on the subject. The theory of Galois forms the core of modern
field theory, and it leads to an explicit description of field extensions.
Until Ernst Steinitz's fundamental paper of 1910 the complications arising in finite
characteristic had not been contemplated, for although finite fields also went back to
Galois, their algebraic extensions offered no difficulty. Today the problems of'inseparability' arise mainly in algebraic geometry over a finite field; our account here will
deal only with the basic facts, reserving a fuller treatment for Chapter 1l.
An equation f = 0 is said to be soluble by radicals over a given field k, if there exists
a finite tower of radical extensions

k = ko C kl C ... C kr•
such that f splits completely in kr ; (7.11.1) is then called a root tower for

(7.11.1)

f over k.
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We can now establish the connexion with soluble groups; we recall from Section
2.4 that a finite group is soluble iff it has a composition series with factors of prime
order, or equivalently, one with abelian factors.

= 0 over a field of characteristic 0 is soluble
by radicals if and only if the group of f over k is soluble.

Theorem 7.11.1 (Galois). An equation f

Proof. Assume that fhas a soluble group, of order n say; we shall use induction on n
to show that f is soluble by radicals. In the first place, xn - 1 has an abelian, hence
soluble, group of order cp(n) < n, by Theorem 7.7.5. By induction we can find a root
tower (7.11.1) such that kr contains a primitive n-th root of 1. Now fhas a soluble
group over k, and by Theorem 7.10.3, the group of f over kr is a subgroup, which
is still soluble, and so has a normal chain of subgroups with cyclic factors. This
corresponds to a tower of fields

c

kr

kr+ 1 C ...

c

km,

where k;/kj _ 1 is cyclic of order dividing n and hence radical, by Proposition 7.10.7.
Thus f = 0 is soluble by radicals.
Conversely, letf = 0 be soluble by radicals and consider a root tower (7.11.1) for
f, where [k i : ki-d is prime for i = 1, ... , r. If [k r : kJ = n, let w be a primitive n-th
root of 1 and replace the tower (7.11.1) by

k

~

Ko

~

Kl

~

...

~

Kr,

where Ki

= ki(w).

(7.11.2)

By Theorem 7.10.8, the steps which have not become trivial are still radical of prime
degree. We now extend the tower to a Galois extension as follows. We know that
Kdk is Galois. If KdKI is a minimal splitting field of x P - a, a E Kl> we adjoin
all the roots of all equations x P = aT, where r ranges over Gal(Kdk). This gives a
Galois extension containing K2 which can be reached by a root tower. Continuing
in this way we get another root tower (7.11.2) in which Kr/k is Galois. Again by
Proposition 7.10.7, K;/Ki-l is cyclic while Kolk is abelian; hence Gal(Krlk) has a
normal chain with abelian factors and so is soluble. Moreover, Kr contains a minimal
splitting field E off over k; now Gal(Elk) is a homomorphic image of Gal(Krlk) and
•
so is soluble.
It is easily verified that the symmetric groups of degree 3 and 4 are soluble, hence
every equation of degree 3 or 4 is soluble. On the other hand, the symmetric group
Syms is insoluble, since Alts is simple. More generally, Altn for n ~ 5 can be shown to
be simple (see M. Hall (1959) p. 61). For the case n = 5 this may be seen directly as
follows. We first list the 120 elements of Syms by conjugacy classes:

c2: (~)
C3 :

2(~)

= 10 elements of type (1 2);

= 20 elements of type (1

2 3);
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C4 : 30 elements of type (1 2 3 4);

Cs: 15 elements of type (1 2)(3 4);
C6 : 20elementsoftype(12 3)(4 5);
C7 : 24 elements of type (1 2 3 4 5).

The alternating group contains Cl , C3 , Cs , C7 and here Cl , C3 , Cs remain conjugacy
classes, while C7 splits into two classes of 12 each. We thus obtain as class equation
for Alts:
60

= 1 + 20 + 15 + 12 + 12.

(7.11.3)

For a normal subgroup we have to find a union of conjugacy classes including Ci>
and thus some of the numbers on the right of (7.11.3), including 1, have to add
up to a factor of 60; this is easily seen to be impossible except for the trivial
cases 1, 60. This shows Alts to be simple, and it shows incidentally that no Symn
for n ::: 5 can be soluble, because Symn contains Alts as a subgroup and every subgroup of a soluble group is again soluble.
As we saw in Section 7.6, the general quintic
(7.1l.4)
has the symmetric group over k(el' ... ,es), where the ej are independent indeterminates; it is therefore insoluble. To be precise, we can reduce the group to Alts
by adjoining the square root of the discriminant, but no further reduction is possible
because Alts is simple.
It is also possible to construct equations with symmetric group over Q. To do so
we first show that when an equation over Z is reduced mod p, its group is replaced by
a subgroup.
Theorem 7.11.2. Let A be a unique factorization domain with field of fractions K, and

let p be a prime ideal of A, so that 11 = Alp is an integral domain, whose field of
fractions is denoted by k. Iff is a monic polynomial over A, 1 the corresponding polynomial over 11, where 1 is separable, then f is separable and if its group over K is G,
then the group r of lover k is a subgroup of G, as a permutation group of the roots.
Proof. It is clear that iff and its derivative f' have a common factor, then so do 1and
1', hence f must be separable. Let us denote its zeros in a splitting field E over K by
ai, ... , an and with indeterminates tl, ... , tn put A = L tjaj. For any permutation (J
of 1, 2, ... , n we define the action of (J on A by
(7.11.5)
Next form the polynomial

where (J ranges over all n! permutations of 1,2, ... ,n. Clearly its coefficients are
symmetric functions in the aj and so belong to K(tl,.'" t n ). In fact it is clear
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from the construction that the coefficients are polynomials in the ti with coefficients
in A. We take a complete factorization of cP over A[tl, ... , t n ]:

cP = CPl CP2 .•• CPr'

(7.1l.6)

By inertia (Theorem 7.7.2) the CPi are irreducible over K(tl, ... , t n). Since 'A is a zero
of cP, it must be a zero of some CPi, say CPl ('A) = O. We claim that the group G off over
K is precisely the group of all permutations which map CPl into itself. For let a E G;
then a maps 'A to 'A a, satisfying the same irreducible equation. Hence CPl and cpr have
a common factor and so coincide. Conversely, if cpr = CPI, then 'A a is again a zero of
CPl> hence a E G.
We now pass to the residue class ring 11 and obtain a factorization

of course the factors CPi on the right may well be reducible over k. The permutations
of G are precisely the permutations transforming each CPi into itself, while any other
permutation maps CPl to CPi (i -# 1). The permutations of r transform an irreducible
factor of CPl' viz. that containing x - 'A, into itself, and so must transform CPl into
itself. Hence r is a subgroup of G.
•
We shall apply this result with A = Z. Given f E Z[x] and a prime p, let us
factorize f (mod p). If f == fi ... f,. (mod p), where f; is irreducible of degree di ,
then the group of f contains a permutation whose cycle structure is d l , d2 , ••• , d"
For the group r of f (mod p) is cyclic, as Galois group of an extension of finite
fields. The orbits of r correspond to the irreducible factors of f, so the generating
permutation of r consists of a dl-cycle, a d2 -cycle, ... , a dr-cycle, as claimed. It
follows that if f has a factorization into irreducible factors of degrees d l , d2 , .•• , dr
(mod p), then the group off contains a permutation of type dl , d2 , ••• ,dr.
We shall also need a result on generating sets for Symn.
Lemma 7.11.3. Any transitive subgroup of Symn containing a 2-cycle and an (n - 1)cycle is the whole group.

Proof. Let H be the subgroup; by suitable numbering we can write the (n - 1)-cycle
as p = (2 3 ... n). Since H is transitive, we can transform the 2-cycle to include 1,
say (1 i). By conjugating with p we obtain (1 2), (1 3), ... , (1 n) and these transpositions generate the whole group.
•
We can now construct equations with symmetric group over Q.
Theorem 7.11.4. For every n ::: 1 there is an irreducible equation of degree n over

Q

whose group is the symmetric group of degree n.
Proof. For any prime p and any n ::: 1 there are irreducible polynomials of degree n
over Fp, by Theorem 7.8.4. We choose three polynomials over Z as follows: fl is a
product of an irreducible factor of degree n - 1 by a linear factor (mod 2), and fz
is a product of an irreducible quadratic factor and n - 2 linear factors (mod 3).
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Both fl' 12 may be taken to be monic; then 3fl - 212 is again monic and is congruent
to fl (mod 2) and to 12 (mod 3). The same is true of
f = 3fl -

212 + 6h,

for any polynomial h of degree n - lover Z. We now choose h so that all coefficients of f after the first are divisible by 5, but the absolute term is not divisible
by 25. Then f is irreducible over Q, by Eisenstein's criterion (Theorem 7.2.7),
hence its group is transitive. By Theorem 7.11.2 and the remark following it, applied
with p = 2, the group contains an (n - 1)cycle and a transposition, and therefore,
•
by Lemma 7.11.3, it must be the whole of Symn'
By these methods it can also be shown that for any n ::: 1 there is an equation over

Q whose group is the alternating group of degree n. But it is still an open question
whether every finite group occurs as the Galois group of an extension of Q.
Returning to the ruler-and-compass constructions (Section 7.1), we see that
the elements of a Galois extension are constructible whenever the Galois group is
a 2-group, for since any 2-group is soluble (Corollary 2.1.7), there is then a root
tower in which all steps have degree 2. This has an application to the construction
of regular n-gons.
We need to solve the cyclotomic equation <l>n(x) = 0, for if ~ is a root, then
cos(2rr/n) = (~+
C I )12. By Theorem 7.7.5, its group is abelian of order ({I(n). Writwe have ((I(n) = np~i-I(P
- 1), and this is a power of 2 precisely
ing n = np~i,
when each odd prime divisor occurs at most once and has the form p = 2' + 1. If
r has an odd factor, say r = cd, where d is odd, then 2' + 1 is divisible by 2C + 1,
hence for a prime, r has to be a power of 2. The primes of the form Fm = 22m + 1
are called Fermat primes; the first few are 3, 5, 17, 257, 65 537, but it is not
known whether there are others (Fs was proved composite by Euler in 1732). Our
conclusions may be stated as follows:
Theorem 7.11.5. A regular n-gon can be constructed by ruler and compasses precisely

when each odd prime factor of n occurs only once and is a Fermat prime.

•

This result was essentially known to Gauss, who gave an explicit construction of
the regular heptadecagon (l7-gon) in 1796, at the age of 19.
For irreducible equations of prime degree there is another criterion for solubility,
also due to Galois. In these cases the group has a rather remarkable form, whose
description depends on the following result on permutation groups:
Proposition 7.11.6. Let G be a transitive permutation group of prime degree p. Then

the following conditions are equivalent:
(a) G is soluble;
(b) G has a transitive normal subgroup T of order p which is its own centralizer;
(c) G can be written as a group of affine transformations over Fp:

x

== ax + b (mod p),

where a is prime to p,

(7.11.7)

7.11 The Solution of Equations by Radicals

243

which includes the subgroup T of all translations, x

1-+

x + b;

(d) every element =f:. 1 of G fixes at most one symbol.

When this is so, G has a cyclic subgroup M such that MT = G, M n T = 1, and the
order of M divides p - 1. Every non-trivial normal subgroup of G has the form NT,
where N is a subgroup of M.
Proof. We remark that as a transitive group of prime degree p, G has order divisible
by p. Thus it may be regarded as a subgroup of Symp which has order pl, so the
highest power of p dividing IGI is the first. Hence any Sylow p-subgroup of Ghas
order p.
We begin by proving the equivalence of (a), (b) and (c) and then show that
(c) => (d) => (b).
(a) => (b). Let N <I G; since G is transitive, it permutes the orbits under the action
of N transitively, so they must all have the same size. But the total number of symbols
permuted is a prime, hence each orbit of N has either 1 symbol or p symbols, i.e. N is
either the trivial group or it acts transitively. Now G is soluble, hence any minimal
normal subgroup is elementary abelian (see Section 2.4, Exercise 11). Such a subgroup is transitive and of degree p, so it must be the Sylow p-subgroup T of G,
which is therefore normal and contained in every non-trivial normal subgroup N
of G. The subgroup T is of order p and hence cyclic. Let r be a generator; as a
permutation this is a p-cycle. If a E G commutes with r, then a is a permutation
of p symbols which commutes with the p-cycle r. But the only such permutations
are the powers of r, therefore T is its own centralizer.
(b) => (c). By hypothesis T is of order p, hence cyclic. Let r be a generator of T;
then for any a E G there exists a E Z such that
(7.11.8)
Moreover, a is determined uniquely (mod p). We denote the unique residue class
determined by a (mod p) by aa; then

a

aa

1-+

(7.11.9)

F;.

is a homomorphism from G to
If aa = I, then a-Ira = r and so a E T by
hypothesis; conversely, if a E T, then aa = 1, so the kernel of (7.11.9) is T. Let us
number the symbols permuted as 0, 1, ... ,p - 1 in such a way that rV maps 0 to
v. Then x T = X + 1 and x w = x aT ", i.e. (x + 1)0' = x a + a. Taking x = 0, we find
1a = 00' + a, hence by induction on x,

xa

= ax + b,

where b = 00'.

(7.11.10)

(c) => (a) is clear; the translations form a cyclic normal subgroup Tin G with
quotient isomorphic to a subgroup of
(c) => (d). The affine transformation (7.11.7), where a =f:. I, leaves at most one
symbol fixed, because the congruence ax + b == x (mod p) does not hold identically
and so has at most one solution.
(d) => (b). By the orbit formula (see Section 2.1), the 'average number' of symbols
fixed by a permutation is the number of orbits, which is 1. Since the identity fixes p

F; .
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symbols, and the other permutations fix at most one symbol, there are exactly p - 1
permutations fixing no symbol. Each is necessarily a cycle of length p; if one of them
is denoted by T, the others are powers of T and the subgroup T generated by T has
order p. Since there are no other p-cycles in G, T is normal in G, and if a E G satisfies
aT = Ta, then either a fixes no symbol and so lies in T, or a fixes a; then a also fixes
a' -=I- a, and so a = 1. Thus T is its own centralizer in G.
Finally let G be as in (c) and let M be the subgroup of multiplications in G.
Then M n T = 1 and MT = G, as is easily seen, and M is isomorphic to a subgroup
of
and therefore has order dividing p - 1. Every non-trivial normal subgroup of
G contains T and so these normal subgroups correspond to the subgroups of

F;

•
0T~M

We remark that having prime degree is a strong condition on G. The group Gis
the whole affine group Affl (Fp) precisely when G is doubly transitive (i.e. transitive
on ordered pairs of symbols). To apply the above result, suppose that we have
an irreducible equation of prime degree p. Its group is transitive of degree p, by
Theorem 7.10.1, and condition (d) means that any permutation fixing two roots
fixes all, so by the fundamental theorem (Theorem 7.6.2), all roots can be expressed
rationally in terms of any two, whenever the equation is soluble. Thus we obtain
from Proposition 7.11.6 Galois' criterion for the solubility of equations of prime
degree:
Theorem 7.11.7. Let

f=O

(7.11.11)

be an irreducible equation of prime degree p over a field k of characteristic 0, and let E be
a minimal splitting field of k. Then (7.1Ll1) is soluble by radicals if and only if E can be
generated over k by any two roots of (7.11.11). When this is so, its group is a group of
affine transformations mod p including all translations, there is a cyclic extension F of
k over which E has degree p, and every proper normal subextension of Elk is contained
in F.
•
To apply the above results we construct some equations with group Syms over Q.
Example 1. The equation

is irreducible by Eisenstein's criterion; it is X S - 1 (mod 2), which is x-I times an
irreducible factor of degree 4, and it is X S + x 3 (mod 3), which is x 3 times an irreducible factor of degree 2. By Theorem 7.11.2 its group must be Syms.
Example 2. Consider the equation

f(x)

=XS -

5x + 1 = o.

This is again irreducible by Eisenstein's criterion, as we see by putting x

(7.11.12)

=y -

1. By
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Descartes' rule (which tells us that an equation cannot have more positive roots than
the number of sign changes in the sequence of coefficients (ignoring O's)), (7.11.12)
has at most three real roots, and in fact f( -2), f( -1), fO), f(2) have signs
-, +, -, + respectively, hence there are exactly three real and two complex roots.
If (7.11.12) were soluble, all its roots could be expressed rationally in terms of any
two, by Theorem 7.11.7; choosing two real roots, we obtain a contradiction. Thus
the group is Alts or Syms and the former can be ruled out because complex conjugation interchanges the complex roots and so is an odd permutation.

Exercises
1. Show that a real algebraic number admits quadrature iff the Galois group of its
minimal equation over Q is a 2-group.
2. Carry out the construction of a regular n-gon for n = 3,4,5,6.
3. Show that the binomial equation xn = a is soluble over Q but not necessarily
abelian. Describe the group when n is prime, using Theorem 7.11.7.
4. Show that the equation x P - x - t = 0 is not soluble by radicals over Fp(t),
though its group is cyclic.
5. Show that if a separable equation over a field of prime characteristic p is soluble
by radicals, then its group G is soluble (of order at most pep - 1)) and the
converse holds when all prime factors of IGI are less than p.
6. Show that a transitive permutation group G of prime degree p contains a cycle of
length p. If P is odd and G also contains a transposition, then it must be the full
symmetric group. (Hint. G contains an element of order p.)
7. Show that X4 - 5 = 0 has the dihedral group of order 8 over Q.
8. Let f = 0 be a cubic with roots a, f3, y over a field k containing a primitive cube
root w of 1. Verify that () = (a + f3w + y(2)3 is of degree 1 or 2 over k, and show
that k ~ k(()) ~ k(()1 /3) = k(a, f3) is a root tower for the equation. What is the
analogue for quartics? Show that for a quartic, (a - f3 + y - 8)2 has degree 1
or 3.
9. Let f = 0 be a quartic over a field k with a primitive sixth root of 1, and denote
its roots in some splitting field by al, ... , a4. Write y = al + a2,
f3 = ala2 + a3a4 and let 8 be the square root of the discriminant. Show that
k S;; k(8) S;; k(8, f3) S; k(8, f3, y) S; k(aJ, a2, (3) is a root tower.
10. Let f = 0 be a quintic with roots ai, . . . ,as and denote by w a primitive fifth
root of 1. Show that in general () = (al + a2W + ... + asw4/ has degree
dividing 24, but when f is irreducible and soluble, then () has degree dividing 4.
11. (L. Kronecker) Show that if f is an irreducible polynomial over Q of odd prime
degree and soluble by radicals over Q, then f = 0 either has just one real root or
all its roots are real.
12. (E. Galois) Using Proposition 7.11.6 show that a soluble permutation group of
degree 5 has order at most 20. Deduce that the general quintic is insoluble.
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Further Exercises for Chapter 7
1. Let FI and F2 be subfields of a field E. Show that if FI £ F2 and [E : Fd < 00,
then [E : Fd ::: [E : F2], with equality iff FI = Fz.
2. Show that if k £ Fi £ E and Fi is finite over k (i = 1,2), then the subfield L
generated by FI and F2 is finite over k.
3. Show that Q(J2, J - 1) is a normal extension of Q and that X4 - 2X2 + 9 = 0
is a normal equation for it (i.e. the minimal equation of a primitive element; this
is also called the resolvent).
4. Prove that k[x] is a unique factorization domain by using splitting fields.
5. Let F/k be a finite extension and F be perfect. Show that k is perfect.
6. Let k be a field of prime characteristic p and a : x 1--+ x P the Frobenius mapping.
Show that there is a strictly descending tower of subfields k:2 im a :2
im a 2 :2 ... , whose intersection ko is a perfect subfield of k, and show that every
perfect sub field of k is contained in ko.
7. (Konig-Rados) Consider the equation

ao

8.

9.

10.
11.

12.

+ alx + ... + aq_2xq-2 = 0

over Fq , where q is a prime power. By examining the product of the Vandermonde matrix with rows 1, b, ... , b q - 2 (b E F;) and the circulant matrix
whose rows are cyclic permutations of the coefficients ao, al, ... , aq -2, show
that the number of non-zero roots of the above equation in Fq is q - 1 - r,
where r is the rank of the circulant matrix.
Show that in a Galois extension of odd order the discriminant is a square.
Conversely, show that in a cyclic Galois extension of even order the discriminant
is not a square.
Let k be a finite field and n ::: 1. Show that there is an irreducible polynomial of
degree n over k in which the coefficient of x is non-zero. (Hint. Consider the
equation for x - I.)
Let F/k be a finite extension and JkJ = q. Show that T(a q ) = T(a) for all a E F.
Deduce that T(a) = 0 iff the equation x q - x - a = 0 has a root in F.
(Kronecker) Let f = 0 be an irreducible equation over Q of odd prime degree p.
Show that iff is soluble by radicals, then the number of its real roots is either 1 or
p. Moreover, when p == 3 (mod 4), then the number of real roots is p or 1
according as the discriminant is positive or negative.
Let F/k be a Galois extension. If 1 =I a E Gal(F/k), find ai, bi E F (i = 1, ... , n)
such that L aj(b i - bi) = 1. Show that for bo = 1 and suitably chosen ao,
n

L:aibi

o

n

= 1, L:aibf = O.
0

By doing this for each a =I 1 and multiplying the results together, obtain
Uj, Vj E F (j = 1, ... ,r) such that L Ujv,/ = ojO. (This property can be used to
characterize a notion of Galois extension of commutative rings, see Chase et al.
(1965).)
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7.11 The Solution of Equations by Radicals

13. Let p be a prime and n be an integer prime to p. Show that <t>n(x P) =
<t>pn(x)<t>n(x). What happens if pin?
14. (Vahlen-Capelli) Let Flk be a separable extension, say F = k(Ol), where ol has the
minimal polynomial [ over k, and for any polynomial g over k take a complete
factorization of g(x) - ol over F: g(x) - ol = ngi(X). Using the formula
[(x) = N(x - ol), prove that
[(g(x))

15.

16.

17.

18.
19.

20.

21.

=

n

N(gi(X)),

where the norm is relative to the extension F(x)/k(x). If p(x) is an irreducible
factor of [(g(x)) over k, show that gi(x)lp(x) for some i, and hence by passing
to a splitting field of [ over k, deduce that N(gi(x))lp(x). Use this fact to
prove that the above equation is a complete factorization of f(g(x)) over k; in
particular, show that [(g(x)) is irreducible over k iff g(x) - ol is irreducible
over F.
(Vahlen-Capelli) Show that xn = a (where n > 1, a -=f. 0) is reducible over a field
k iff either (i) a = bd for some b E k and 1 < din, or (ii) 41n and a = -4c4. (For
case (ii) use the identity x4m + 4c4 = (x 2m - 2cx m + 2c2)(X 2m + 2cx m + 2c2). In
the other direction use induction on n and Exercise 14; note also the identity
u4 + y4 + (u _ y)4 = 2[(u3 + y3)/(U + y)]2.)
(E. Artin) Let k be a field of characteristic 0 and Klk be a finite extension. Show
that if K is algebraically closed then [K: k] ::: 2 and K = k(J - 1). (The fact
that char k = 0 can actually be proved from the other assumptions. Hint. Use
Exercise 15.)
An equation is said to be reciprocal if with ol, 1IOl is also a root. Show that if an
irreducible equation over Q has a complex root of absolute value 1, then the
equation is reciprocal of even degree.
Show that the group of a reciprocal equation of degree 2m or 2m + 1 is of order
at most 2m . m!. Determine the possible groups for a reciprocal quartic.
Let [ = 0 be an irreducible cubic over Q with three real roots. Show that there
is no root tower for f = 0 consisting entirely of real fields. (This is the 'casus
irreducibilis', which expresses the fact that in this case none of the roots can
be expressed in terms of real radicals alone, in contrast to the case of a cubic
with only one real root.)
Let Elk be separable of degree r. If E = k( ol) and f3 E E, find a polynomial f over k
of degree less than r such that f3 = f(Ol) (Hint. Use Lagrange interpolation, given
that [(Ol(J) = p.)
Let p be a prime and a be an integer. The Legendre symbol (~)
is defined as 0 if
pia, 1 if x 2 == a (mod p) has a solution and -1 otherwise; in the last two cases a
is a quadratic residue, resp. non-residue mod p. Taking a to be an integer mod p,

verify that the map of F; into C2 given by a H

(~)

is a homomorphism. Let p

be an odd prime and z be a generator of the multiplicative group F; . Show that

Z<p-l)/2 = -1 and hence deduce Euler's criterion: for any a prime to p,
(~)
== a(p-l)/2 (modp).
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22. Let p, q be distinct odd primes and denote by w a primitive p-th root of 1 in
an extension of Fq• For any a E
define the Gaussian sum (in an extension
of Fq) as

F;

L (~)wax.

rea) =

XEfX

P

Prove (i) rea)

= (~)r1,

p

= r(q),

(ii) r(1)q

(iii) r(1)2

= (_1)(P-I)/2 p

(Hint.

Evaluate L ~
and use Euler's criterion.)
23. For any odd n, put fen) == (n - 1)/2 (mod 4). Use Exercise 22 to show that
(~)
= r(1)q-l. By evaluating r(1)q-1 = [r(1)2j(q-I)/2 in two ways, prove the

law of quadratic reciprocity:

(~)

(~)

= ( _1)e(p)e(q).

24. For any odd n, put wen) == (n 2 - 1)/2 (mod 8). Let ex be a primitive 8th root of 1
in an extension of Fp and put f3 = ex + ex -I. Show that f32 = 2, and using the
Frobenius endomorphism x 1-+ x P and Euler's criterion to evaluate f3 p - 1 in
two ways, prove that (~)

= (-

1)w(p).

(This formula, together with the law of

quadratic reciprocity and Euler's criterion, enables one to evaluate Legendre
symbols, e.g.

(!:) = (~)

= (~:)

=

(;9) (:9 ) = - ( :9 )= - ( ~ ) = -1,

thus x 2 == 29 (mod 43) has no solution.)
25. Show that for p #- 13, 17, one of 13, 17, 221 must be a quadratic residue mod p.
Use the result to show that X4 - 15x 2 + 1 is congruent mod p to a product of
two quadratic polynomials with integer coefficients, for any prime p. (Hint.
First factorize the quartic over C.)
26. Prove the Euler summation formula relating the Euler and the Mobius function
for ex ::s I, x 2: 2:

"cp(n) = "!L(d),, I-a ~
~
na
~
da ~
q
n:::x

d:::x

q:::x/d

2-ex~

x2-

a

,,!L(d) + O(x l d2

d:::x

x2-

a

1

=- -() + O(x
2 -ex ~ 2

I-a

a

~

,,!L(d))
d

d:::x

logx).

Quadratic Forms and
Ordered Fields

Most readers will have met inner products before. Here we take up the subject in a
more general form and look at the properties of quadratic forms over a general field
and its group of isometries (Sections 8.1-8.3). With each quadratic form a certain
algebra is associated, the Clifford algebra, and with the set of all forms on a field
the Witt group is associated; these form the subject of Section 8.4 and Section 8.5
respectively, with a further development, the Witt ring of a field, in Section 8.9.
In Section 8.10 we take a brief look at symplectic groups and in Section 8.11 we
consider quadratic forms in characteristic 2. We also briefly discuss the related
topic of ordered fields in Section 8.6, leading to a construction of the real numbers
in Section 8.7 and formally real fields in Section 8.8. Some of the later topics are
included for completeness, but do not really have a place in a basic account; thus
at a first reading the later parts of Sections 8.7-8.11 can be omitted.

8.1 Inner Product Spaces
Let k be a field. By an inner product space we understand a pair (V, b) consisting of a
finite-dimensional vector space V over k and a symmetric bilinear form b on V, i.e.
a mapping
b: V x V -+ k,

which is symmetric: b(x, y) = bey, x), and bilinear:
b(ax + {3y, z) = ab(x, z)

+ {3b(y, z),

b(x, ay + {3z) = ab(x, y)

+ {3b(x, z).

There is a second way of defining inner product spaces, in terms of quadratic forms.
By a quadratic form on a given vector space V over k we understand a mapping
q : V -+ k such that
Q.1 q(ax) = a 2 q(x) for all x E V and a E k,
Q.2 q(x + y) - q(x) - q(y) = bq(x, y) is a bilinear form on V.
The pair (V, q) is also called a quadratic space. By the dimension of q is meant the
dimension of the underlying space; we speak of a binary, ternary, or quaternary
form if the dimension is 2, 3 or 4.
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Clearly the function bq in Q.2 is symmetric; it is called the associated bilinear form,
and it can be used to define the inner product structure on V. If char k =j:. 2, then
every symmetric bilinear form b is associated with a quadratic form, namely
b = bq, where q = !b(x, x). This follows because any bilinear form b on V satisfies

b(x + y, x + y) - b(x, x) - bey, y)

= b(x, y) + bey, x).

When b is symmetric, this reduces to 2b(x, y), so in that case bq(x, y) =
q(x + y) - q(x) - q(y) = b(x, y). So in characteristic =j:. 2 there is complete equivalence between quadratic forms and bilinear forms, and we shall use both interchangeably. To be precise, we shall use b(x, y) and q(x) = b(x, x), so that

b(x,y)

=! [q(x + y) -

q(x) - q(y)].

(8.1.1)

In characteristic 2 we can still associate with each quadratic form a bilinear form (as
in Q.2) and each quadratic form can be expressed as b(x, x) for some bilinear form b
(see Exercise 3), but now b cannot in general be chosen to be symmetric. In what
follows we shall concentrate on the case char k =j:. 2 and briefly look at the case
char k = 2 in Section 8.11.
Let V be an inner product space. Relative to the basis el, ... , en of V, its form b is
determined by the coefficients aij = b(ei, ej), for if x = L ~ie'
y = L 17iei, then by
linearity we have b(x, y) = L aij~17.
In matrix form this can be written as

b(x,y) = ~A17T,

(8.1.2)

... , ~n)'
17 = (171, ... , 17n) and T denotes transposition. Since b is
where ~ = (~I'
symmetric, A is a symmetric matrix, i.e. AT = A. Conversely, any symmetric
matrix A defines a symmetric bilinear form on V by the formula (8.1.2).
If the basis of V is changed, let the new coordinates of x, y be the rows ~', 17', where
~ = ~'P,
17 = 17'P for some invertible matrix P (describing the change of basis in V).
Then b(x, y) = ~'A17T
= ~'PApT
17'T. Since this holds for all ~', 17', we conclude that

A' = PApT,

where P is invertible.

(8.1.3)

Two matrices A, A' related as in (8.1.3) are said to be congruent; what we have said
shows that matrices of the form b in different coordinate systems are congruent.
Conversely, if b is represented by the matrix A in one coordinate system and A' is
congruent to A, say (8.1.3) holds, then transformation by P will define a new
basis, relative to which b has the matrix A'. This proves
Proposition 8.1.1. Two matrices represent the same bilinear form in different coordinate systems if and only if they are congruent.
•
The result holds for any bilinear forms, symmetric or not; for symmetric forms in
characteristic not 2, the matrices can also be chosen to be symmetric. Moreover,
given two matrices A, A', related as in (8.1.3), if one of them is symmetric, then
clearly so is the other.
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An isometry between two inner product spaces V, V' (or also between their forms)
is an isomorphism f : V -+ V I which transforms the form of V into that of V '; thus
if the forms are b, b' respectively, then

b'(xf,yf) = b(x,y)

for all x,y

E

V.

Equivalently (in characteristic not 2), if the quadratic forms in V, V' are q, q' respectively, then q'(xf) = q(x) for all x E V. We shall then say that the spaces V, V' are
isometric, and write V ~ V'. Relative to suitable bases the bilinear forms in spaces
that are isometric are represented by the same matrix; hence two spaces with
given bases are isometric iff the matrices of the forms relative to these bases are
congruent.
Let (V, b) be an inner product space. Any subspace U of V is again an inner
product space, the form being bl U, the restriction of the form b to U.
Two vectors x, y E V are said to be orthogonal if b(x, y) = 0; by the symmetry of b
this is a symmetric relation. For any subset S of V we define its orthogonal space as
S.L = {x E Vlb(x,y) = 0 for ally E S} .

(8.1.4)

It is easily seen that S.L is a subspace of V; this holds for any subset S of V, although

we shall mainly use (8.1.4) when S is itself a subspace. In particular, the subspace V.L
is called the radical of V; it consists of all vectors orthogonal to all of V. If V.L ::f. 0,
then the form b (or also the space V) is called singular, otherwise V is non-singular or
regular. An inner product space V over the real numbers is called positive-definite if
its quadratic form q satisfies q(x) > 0 for all x ::f. 0; such a space is just the familiar
Euclidean space.
Let V be an inner product space whose form relative to a basis is given by (8.1.2).
The radical of V is obtained by solving the equations b(x, ei) = 0, i.e. xA = O. These
equations have a non-trivial solution precisely when A is singular, so we obtain
Proposition 8.1.2. An inner product space is singular if and only if the matrix of its
form (relative to any basis of the space) is singular.
•

Let V be a regular space and U be any subspace. If VI, .. . , Vn is a basis of V, chosen
so that VI, ... , Vr is a basis of U, then a vector x = L aiVi is orthogonal to U iff
(8.1.5)
By hypothesis the n x n matrix (b(Vi, Vj)) is regular, hence the n x r matrix consisting of the first r columns has rank r. Therefore the system (8.1.5) has rank r and the
space of solutions has dimension n - r. This proves the first part of
Proposition 8.1.3. If V is a regular inner product space and U is any subspace of V,

then
dim U + dim U.L = dim V

(8.1.6)

U.L.L = U.

(8.1.7)

and
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Proof. It only remains to prove (8.1.7). By (8.1.6) we have dim U + dim U1- =
dim U1- + dim U1-1-, hence dim U H = dim U. Since clearly Us:; U1-1-, it follows
that U1-1- = U.
•

We note that un U1- need not be 0; whether it is will depend on whether U is
regular in the induced metric. We shall deal with this case in the next section.
For a regular space the determinant of the matrix, though not itself invariant,
provides an invariant of the space. By (8.1.3) we have the relation
det A'

= det A. (det p)2.

(8.1.8)

Here (det p)2 can assume the value of any non-zero square in the field k. If we denote
this set of squares by p2, then by (8.1.8) each regular inner product space V determines a unique element of the factor group P /P2, namely the residue class of det A.
This is called the determinant of the space V, or also of the form b.
Finally we remark that by fixing one of the arguments in an inner product, we
obtain a linear functional on the space, i.e. an element of V* = Homk(V, k). The
inner product b of V thus defines a mapping
CfJb : V -* V*,

given by x 1-* b(x, -).

This mapping is linear, as is easily seen. It is injective iff b is regular; since V* and V
have the same dimension, CfJb is then an isomorphism.

Exercises
1. Let V be an inner product space. Show that for each u E V the mapping
Au : x 1-* b(x, u) is an element of V* and that the mapping CfJ: u 1-* Au is an
isomorphism iff V is regular. Examine the case where the coefficient ring is not
a field.
2. Let V be an inner product space and U I , U2 be subspaces. Show that (i)
UI s:; U2 ::::} ut ;2 uf-, (ii) U I s:; ut1-, (iii) ut = ut 1-1-.
3. Given a quadratic form q on a space V in characteristic 2, find a bilinear form h on
V such that q(x) = hex, x). Find the conditions on q for which h can be chosen
symmetric as well as bilinear. (Hint. See Section 8.11.)
4. Show that any quadratic form q satisfies the parallelogram law: q(x + y) +
q(x - y) = 2[q(x) + q(y)].
5. Let V be a regular inner product space and U I , U2 be subspaces. Show that
(U I + U2 )1- = ut n Uf-, (U I n U2 )1- = ut + U{

8.2 Orthogonal Sums and Diagonalization
Let V, V' be inner product spaces with quadratic forms q, q' respectively; their orthogonal sum is defined as the direct sum of the spaces Vand V I with the quadratic form
Q defined by
Q(x + x')

= q(x) + ql(X'),

X E V, x' E Vi

(8.2.1)
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It is easily checked that Q is a quadratic form on V Ell V'; the inner product space so
defined is written V ..1 V'. Clearly V' is orthogonal to V; moreover, if q, q' have the
matrices A, A', then Q has the matrix

It follows that det Q = det q . det q'.
The next result is useful in decomposing a space into an orthogonal sum. Note
that the space itself is not required to be regular, only the subspace.
Lemma 8.2.1. Let V be an inner product space and U be a subspace which is regular
(under the inner product induced from V). Then
V=U.l~

(8.2.2)

Proof. Let el, ... , er be a basis of U; given x
X=

E

V, we write

L~;e+y,

(8.2.3)

and try to solve the equations
(8.2.4)
Since U is regular, the matrix
which express that b(y, ej) = 0 for all j, and so y E U~.
(b(e;, ej» is invertible, hence the system (8.2.4) has a unique solution ~l"'
~r'
Since x in (8.2.3) was arbitrary in V, this proves that V = U + U.L; the sum is
direct because U is regular and so U n U~
= 0, and it is clearly orthogonal.
•
When we have a decomposition of V of the form (8.2.2), ~U
is called the orthogonal complement of U. Such a decomposition always exists in characteristic not 2:
Theorem 8.2.2. Every inner product space over a field of characteristic not 2 is an

orthogonal sum of one-dimensional spaces.
Proof. Let V be the space, with quadratic form q. If q = 0, the result is clear; otherwise take el E V such that q( el) =f. 0 and let U be the subspace spanned by el. Then U
is regular and by Lemma 8.2.1, V = U ..1 U~.
Now the result follows by induction on
dim V, because dim U~
< dim V.
•

In terms of matrices this means that every symmetric matrix in characteristic not 2
is congruent to a diagonal matrix. For example, for the matrix

(11 -1)(0
1 1 01)( -11 11) (-20 20).
=

We see that char k =f. 2 is essential for this example.

(~

~)

we have
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If we write V as an orthogonal sum of I-dimensional spaces and take an adapted
basis el, ... , en this is called an orthogonal basis of V; relative to this basis the quadratic form on V has a diagonal matrix diag(al, ... , an) . Let us write
(8.2.5)
for the inner product space with a matrix of this form; by Theorem 8.2.2 every inner
product space (in char -12) can be expressed in the form (8.2.5). In particular, (a)
denotes a I-dimensional space with the form ax2 ; the n-dimensional space with the
form L axf is (a, a, ... ,a). This will occasionally be written as (an); that notation
will mainly be used for a = 0 or 1, so the risk of ambiguity is slight. We observe
that for any CI, ... , Cn E P, (al,"" an) ~ (cfal,"" c~an).
From the proof of Theorem 8.2.2 we see that if q(el) = a -I 0, then V = (a) .1. V',
for some space V'. Let us say that the quadratic form q represents a E kif q(x) = a
for some x -I O. Then we can express the conclusion as follows:
Corollary 8.2.3. Let V be an inner product space (in characteristic not 2) with
quadratic form q. If q represents a -I 0, then V = (a) .1. V', for some subspace V'

•
~v.

It is often easier to work with regular spaces; this can always be achieved by the
following reduction.
Proposition 8.2.4. Let V be an inner product space and let Va be a complement of

v-L in V (as vector space). Then
V=Vol..V-L.

(8.2.6)

The subspace Va is regular and is determined up to isometry by V.

vt

Proof. Clearly Va is orthogonal to V-L, hence (8.2.6) follows. Moreover,
= V-L
and this meets Va in 0, so Va is regular. Since b(x, y) vanishes for x or yin V-L,
we can define the quotient V /V-L with the natural homomorphism x 1-+ X from
V to V /V-L as an inner product space by putting b(x, y) = b(x, y). With this definition it is clear that V /V.l ~ Va, so the latter is unique up to isometry.
•

The space Va in Proposition 8.2.4 is called the regular part of V; its dimension is
the rank of Vor also of the quadratic form q, written rk q. In view of this result we
can mainly restrict ourselves to regular forms. We note the following criterion for
isometry:
Corollary 8.2.5. Let k be a field of characteristic not 2, in which every element is a
square. Then two inner product spaces over k are isometric if and only if they have
the same dimension and the same rank.

Proof. The condition is clearly necessary; since (a) ~ (1) for any a E P, any space
of dimension n and rank r is isometric to (1', On-r), hence the condition is also
sufficient.
•

8.2 Orthogonal Sums and Diagonalization
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In particular this solves the classification problem for any algebraically closed field of
characteristic not 2.
The last result can be generalized as follows. A quadratic form is said to be
universal if it represents every non-zero element of the field.
Lemma 8.2.6. Let k be a field of characteristic not 2. If every quadratic form of rank v is

universal (for some v :::: 1), then every inner product space of dimension n is isometric to
(ai, ... , a r, 1', on -r-s), where ai, ... ,ar are non-squares in k and r < v.
Proof. Clearly (c) ~ (I) for any non-zero square c in k, therefore any inner product
space Vof dimension n is isometric to (ai, ... , a r, 1', on-r-s), where the ai are nonsquares. To show that r < v we shall use induction on r. Suppose that r :::: v; then
(ai, ... , a r ) represents 1, by hypothesis, so by Corollary 8.2.3, we have
V ~ (a; ... , a~,
1'+1, on-r-s) and we can now apply induction on r to complete
the proof.
•

As an application let us take a finite field k of odd characteristic. In this case the
hypothesis of Lemma 8.2.6 holds for v = 2. To establish this fact we must show that
any binary quadratic form over k is universal; thus we have to solve the equation
ax2 +b/=c

(8.2.7)

for any a, b, c E P. Let A be the set of all elements ax2 (x E k) and B be the set of all
elements c - by2(y E k). If the field k has q elements, it contains (q + 1)12 squares,
because the group endomorphism x 1-+ ~ of P has a kernel of order 2, so there
are (q - 1)/2 non-zero squares, which together with 0 give (q + 1)12 squares.
Hence A, B have (q + 1)12 elements each and so An B i= 0. This provides a
solution for (8.2.7).
Applying Lemma 8.2.6, we see that every quadratic form of rank r over a finite
field of characteristic not 2 has the form (a, 1'-1, OS), where a E P. For a regular
form this becomes (a, In-I). Now either a is a square, then we just have (in); or
a is not a square, then the previous form cannot be simplified. We note that the
determinant of (a, In - I) is a, so we can decide to which case our form belongs
by looking at the determinant. We also note that the ratio of any two non-zero
non-squares is a square, because (P : P2) = 2. The result may be summed up as
Theorem 8.2.7. Let k be a finite field of odd prime characteristic. Then every quadratic
form of rank at least 2 is universal. Further, two regular forms over k are isometric if and
only if they have the same rank and determinant. More precisely, if A is any non-square
in k, then any regular form of rank n is isometric to (in) or (A, 1n- I) according as the
determinant is or is not a square.
•

Exercises
1. Verify that the function Q defined in (8.2.1) is a quadratic form on V EB V'.
2. Show that (in char i= 2) a regular quadratic form which represents 0 is universal.
(Hint. If L aia; = 0, put XI = al (1 + t), Xi = ai(l - t), i = 2, ... , n.)
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3. Show that a regular quadratic form (al, ... , an) represents a =J. 0 iff (aI, ... ,
an, -a) represents O.
4. Show that two binary quadratic forms in characteristic =J. 2 are isometric iff they
have the same determinant and there exists a E P which is represented by both.
5. Let V be a 3-dimensional inner product space of characteristic 2 whose bilinear
form has the matrix

where a =J. o. Find an orthogonal basis. (Hint. Take a basis including (l,l,1)T.)
6. A bilinear form b on an inner product space V is said to be alternating if
b(x, x) = 0 for all x E V. Use the proof of Theorem 8.2.2 and Exercise 5 to
show that in characteristic 2 every inner product space whose form is not alternating has an orthogonal basis.

8.3 The Orthogonal Group of a Space
Let V be an inner product space; the isometries of V with itself are called orthogonal
transformations. Clearly they form a group, called the orthogonal group and denoted
by O(V) or O(V, q) if the quadratic form q is to be emphasized. The elements of
O(V) are the vector space automorphisms () of V such that q(x()) = q(x) for all
x E V. In terms of matrices, if q has the matrix A (relative to some fixed basis of
V), then O(V) consists of all invertible matrices X such that
XAXT =A.

(8.3.1)

When V is regular, we see from (8.3.1) by taking determinants that (det X)2 = 1,
hence det X = ±l. The special orthogonal group SO(V) is defined as the subgroup
of O(V) consisting of all isometries of determinant l. Its elements are the proper
orthogonal transformations, also called rotations; the elements of O( V) not in
SO(V) are called improper. By taking A diagonal in (8.3.1) we see that in char =J. 2
there are always improper orthogonal transformations, so that SO(V) is then a subgroup of index 2 in O(V).
In the special case of a space with the standard quadratic form L
the condition
(8.3.1) for a matrix X to be orthogonal reduces to

x;

XX T = I.
The set of all n x n matrices over k satisfying this condition is usually denoted by
On(k) and is also called the orthogonal group of degree n over k, with the subgroup
SOn(k) of proper orthogonal matrices.
It is clear that isometric spaces have isomorphic orthogonal groups. Explicitly, if
a: V ---+ V' is an isometry, then the map () 1---+ a-I()a is an isomorphism from O(V)
to O(V').
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A vector x =1= 0 in an inner product space V is called isotropic if q(x) = 0; otherwise x is anisotropic. A subspace U of V is isotropic if it contains an isotropic
vector, and anisotropic otherwise. If every non-zero vector in U is isotropic, this
means (in characteristic not 2) that the inner product restricted to U vanishes
identically; in that case U is said to be totally isotropic.
Let us now take a closer look at the orthogonal group O( V) of an inner product
space V. Throughout we shall suppose that char k =1= 2 and that V is regular.
Any ex E O( V) such that ex 2 = 1 but ex =1= 1 is called an involution. Such transformations may be obtained as follows. Let V = U 1- U' be an orthogonal sum
decomposition; we define the reflexion with respect to (U, U') as the linear transformation of V which maps each x E U to -x and leaves U' pointwise fixed. Clearly
this is an orthogonal transformation =1= I whose square is 1, so it is an involution
(provided that U =1= 0). Conversely, let ex be an involution on V and put
U+

= {x E Vlxex = x},

U_

= {x E Vlxex = -x}.

Then U+ n U_ = 0, because char k =1= 2, and V = U+ + U_, since every x E V can
be written as x = u + v, where u = (x + xex)/2, v = (x - xex)/2, and clearly u E U+,
v E U_. Finally, if x E U+, Y E U_ then b(x, y) = b(xex, yex) = -b(x, y); hence
b(x,y) = 0 and so V = U+ 1- U_. This shows that every involution is in fact a
reflexion.
A reflexion with respect to (U, U') is said to be of type p (p EN), if dim U = p.
If we use a basis of V adapted to the decomposition V = U+ 1- U_, then ex is represented by a diagonal matrix with p - 1's and n - p 1's, where n = dim V. For
example, a reflexion of type 2 in Euclidean 3-space is a rotation through an angle Jr.
The reflexions of type 1 are particularly important: they consist of reflexions in a
hyperplane and the general reflexion can be expressed as a product of reflexions of
type l. To obtain an explicit formula for the reflexion with respect to (u, u-L), where
u is an anisotropic vector, consider the mapping

au : x

1-+

x - A(X)U,

where A = A(X) is a linear function of x. This is a linear transformation of V and it
will be orthogonal iff q(x) = q(x - AU) = q(x) - 2Ab(x, u) + q(U)A2. Excluding the
trivial case A = 0, we see that the condition for an isometry is Aq(U)2b(x, u) = 0; hence

au : x

1-+

x-

2b(x, u)
q(u) u

(8.3.2)

is an orthogonal transformation. It is called the symmetry with respect to u and the
vectors x, xau are called symmetric with respect to u. By using a basis adapted to the
decomposition V = (u)1- u-L we see that it is the reflexion with respect to (u, u-L):
the vectors along u are reversed while the hyperplane of vectors orthogonal to u
remains fixed. This makes it clear that the symmetries are just the reflexions of
type l. A reflexion of type p is described in a suitable orthogonal basis el, ... , en
by ei 1-+ - ei (i = 1, ... , p), ei 1-+ ei (i = p + 1, ... , n). But this can be written
as a e, ••• a ep ' hence every reflexion can be written as a product of symmetries. The
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reflexions in turn generate O(V); to establish this fact we first show that any
anisotropic vector can be transformed into any other vector of the same length by
a reflexion.
Lemma 8.3.1. In an inner product space V (in characteristic =1= 2) let u, v be vectors
such that q(u) = q(v) =1= o. Then there is a reflexion of V which maps u to v.

Proof. Since q(u) = q( v), the vectors x = (u + v)/2, y = (u - v)12 are orthogonal, as
is easily checked, and they cannot both be isotropic, because q(u) =1= O. Let X, Y be
the spaces spanned by x, y respectively; if q(x) =1= 0, then V = X 1-X~
and the
reflexion with respect to (X~ , X) maps u = x + Y to v = x - y; if q(y) =1= 0, then
V = Y 1- Y ~ and the reflexion with respect to (Y, Y ~) maps u to v.
•
Theorem 8.3.2. Let V be a regular inner product space (in characteristic =1= 2) of

dimension n. Then any orthogonal transformation in V can be written as a product
of at most n reflexions.
Proof. Let a E O(V) and choose an anisotropic vector el E V. Then q(ed = q(ela),
hence by Lemma 8.3.1 there is a reflexion al such that elal = ela, and so aal leaves
el fixed. It follows that aal also maps V' = ~
into itself, but dim V' = n - 1, so by
induction on n we can write aaI!V ' = a~ ... a;, where a; is a reflexion in V'. Each
a; can be extended to a reflexion aj of V which leaves el fixed. Then aala2 ... an
leaves el fixed as well as every vector in V'. Hence it must be the identity, and so
a = an ... al> as required.
•
Since every reflexion is a product of at most n symmetries, we have
Corollary 8.3.3. Every orthogonal transformation on an n-dimensional regular space
(in characteristic =1= 2) is a product of at most n2 symmetries.
•

This bound can still be improved: if we examine the proof of Lemma 8.3.1 we see
that the reflexion there can be taken to be of type 1 or 2, so the bound n2 can be
replaced by 2n. But there is a more precise result: the Cartan-Dieudonne theorem
states that every orthogonal transformation on an n-dimensional space can be
written as a product of at most n symmetries (see e.g. Artin (1957)). For example,
in three dimensions every orthogonal transformation is a product of at most three
symmetries and a proper orthogonal transformation (=1= 1) is a product of two symmetries; each leaves a plane fixed and these two planes meet in a line, so the transformation must leave a line fixed, i.e. it is a rotation about that line.
Let a be any orthogonal transformation and u be an anisotropic vector in V. Then
for any x E V, x and xa u are symmetric with respect to u, hence xa and xaaua are
symmetric with respect to ua, and so (xau)a = xaauu . Thus we obtain
(8.3.3)

Since O(V) is generated by symmetries au, its derived group O(V)' is generated by all
commutators of symmetries a;; lav-1auav = (aua v)2. For the subgroup H generated
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by all (a u a v )2 is normal in O(V), by (8.3.3), and any symmetries commute (mod H),
hence O(V)/H is abelian, while clearly H ~ O(V)'; therefore H = O(V)'. We can
also express O(V)' in terms of rotations as long as dim V is not too small:
Theorem 8.3.4. Let V be a regular inner product space (in characteristic i- 2) . Then
the derived group O(V)' of the orthogonal group is generated by all (au a v )2(u, v E V).
If dim v> 2, then O(V)' = SO(V)'.

Proof. The first part has been shown and it is clear that SO (V)' ~ O(V)', so it only
remains to show that (a uav)2 is a product of commutators of rotations. When dim V
is odd, -1 is an improper orthogonal transformation and (aUay)2 = [(-a u)( - a y))2
is the required representation. There remains the case when dim V is even and so
dim V::: 4. We note that if w is a vector orthogonal to u, then auawa u = a w,
hence au commutes with a w' Thus if we can find an anisotropic vector w orthogonal
to u and v, then (a Ua y)2 = (a uaw .aya w)2 and this is the desired expression of
(a U a y )2 as a commutator of two rotations. It remains to show that such a vector
w can always be found. If this is not the case, then every vector orthogonal to u
and v is isotropic. Let U be the subspace spanned by u and v; then Ul. is totally isotropic, hence Ul. ~ Ul.l. = U, and dim Ul. = n - dim U ::: n - 2 ::: 2, so U = Ul.
is totally isotropic, which contradicts the fact that q( u) i- O.
•
We shall see later that when dim V
be (see Exercise 4).

= 2, then SO(V) is abelian, but O(V) need not

Exercises
1. Show that a product of r symmetries on an n-dimensional space leaves fixed a

2.
3.

4.
5.

subspace of dimension at least n - r. Deduce that there are orthogonal transformations which cannot be written as a product of fewer than n symmetries.
Show that when dim V = n, then O(V) can be generated by all reflexions of type
n - 1. What can be said about other types?
Show that the reflexion in Lemma 8.3.1 can be taken to be of type 1 or 2. (Hint. If
q(y) = 0, take a reflexion with respect to (H, Hl.), where H is a 2-dimensional
anisotropic subspace containing y and orthogonal to x.)
Find all fields k and dimensions n for which On(k) is commutative.
Show that any orthogonal transformation in the centre of O(V) leaves any
anisotropic vector fixed or reverses it. Deduce that the centre of O( V) is {I, -l}.
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Let (V, q) be a quadratic space; then as we saw in Section 8.1,
B(x, y)

= q(x + y) -

q(x) - q(y)

(8.4.1)
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is a symmetric bilinear form. Suppose that char k i- 2, the case that will mainly
concern us here. Then we define the bilinear form associated with the quadratic
form q by
b(x, y)

1

= "2 B(x, y)

With the help of the symmetric bilinear form b we can reach q by the equation
b(x, x)

= q(x).

(8.4.2)

Thus we can pass from q to b and back, so in characteristic i- 2 quadratic forms and
bilinear forms are equivalent.
Given a quadratic space (V, q), suppose that we have a linear mapping A : V -+ A
into a k-algebra A. The mapping A is said to be admissible and A is compatible with A,
if
(XA)2

= q(x)

for all x

E

V.

(8.4.3 )

On the left we have a product in A and on the right a scalar multiple of the unit element in A. From (8.4.3) we find by linearization
XA.yA

+ yA.XA =

B(x,y),

(8.4.4)

where B is as in (8.4.1). In particular, if x and yare orthogonal vectors in V, then XA
and yA anticommute while by (8.4.3) XA is invertible in A if x is anisotropic.
Conversely, if XA has an inverse c in A, then XA.C = 1, hence q(x)c2 = (XA)2c2 = 1
and so q(x) i- o. Thus XA is invertible iff x is anisotropic. Such algebras exist for
every quadratic form, in fact there is a distinguished one (first described by William
Kingdon Clifford in 1878) which may be defined as follows.
Definition. Let (V, q) be a quadratic space over a field k. A Clifford algebra for (V, q)
is a k-algebra C with a linear mapping /L : V -+ C which is admissible, such that for
any algebra A with an admissible map A : V -+ A there exists a unique homomorphism A' : C -+ A such that A = /LA'. This is also expressed by saying that the
pair C, /L is universal for this property.
We remark that the map /L : V -+ C may be regarded as an initial object in the
category of all admissible maps from V, and as such is unique up to isomorphism.
It only remains to prove the existence of C. To do this we form the tensor algebra on
V, as a mod 2 graded algebra: T(V) = To(V) EB T[(V), where To, T[ are the components of even and odd degree in T(V), respectively. Let I be the ideal of T(V)
generated by the elements xl - q(x)(x E V). Since these elements are homogeneous
of degree 0 (mod 2), I is a graded ideal and the quotient C = T(V)/I is again
mod 2 graded, and it has the required universal property by construction: Given
an admissible mapping A : V -+ A, we can extend A to a homomorphism from
T(V) to A because the former is free; this homomorphism maps I to 0, hence it
can be factored via T(V)/I = C, and it is unique because it is determined on a
generating set of C, namely the image in C of V. Further, C = C(V) is unique up
to isomorphism, as universal object. Let us sum up our findings:
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Proposition 8.4.1.Every quadratic space (V, q) has a Clifford algebra C(V), defined as
the universal algebra compatible with a mapping JLv : V -+ C(V), and isometric spaces
have isomorphic Clifford algebras.
Proof. Only the last part still needs proof. If f : V -+ W is an isometry, then
fJLw : V -+ W -+ C(W) is admissible, hence there is a unique homomorphism
Cf! : C(V) -+ C(W) such that f JLw = JLvCf!· Since f is invertible, so is Cf! and it is the
required isomorphism.
•
As we have seen, the Clifford algebra C of V is mod 2 graded; we write
C = Co EB C[ and call the subalgebra Co the even Clifford algebra; the elements of
Co, C[ are called even and odd respectively.
We shall soon see that the Clifford algebra of an n-dimensional space has dimension 2n; for the moment we observe that when char k =j:. 2,
dim C:::: 2n ,

where dim V = n.

(8.4.5)

For we can take an orthogonal basis e[, ... , en in V (Theorem 8.2.2). If the image of
e; in C is written U;, then C is generated by U[, ... , Un and by (8.4.3) and (8.4.4),
U;Uj = -UjU; (i =j:. j), UJ = q(e;). It follows that any product of U; can be arranged
in ascending order of suffixes by inserting a scalar coefficient. Thus C is spanned
by the elements
(8.4.6)
The number of these products is 2n and (8.4.5) follows.
We pause to give some examples. As before, a space with the quadratic form
(relative to an orthogonal basis) will be denoted by (a[, ... , an).
a[xi + ... + anx~
Example 1. If V is I-dimensional, say V = (a), then C(V) = k[xl/(x2 - a). Both Co
and C[ are one-dimensional and C has a basis 1, U with multiplication u2 = a. If
a =j:. 0, C is either the direct sum of two copies of k or a quadratic extension field,
namely k(.Ja), according as a is or is not a square in k.
Example 2. Let V = (a, b), where a, b E P. Then C(V) is generated by two elements
u, v such that u2 = a, v2 = b, uv = -vU; this is the quaternion algebra (a, b; k),
which we met in Section 5.4.
Example 3. If V has the basis u, v with q(u) = q(v) = 0, b(u, v) = 1, then C(V) has
the basis 1, u, v, uv with defining relations u2 = v2 = 0, uv + vu = 1. This is just the
full matrix ring k2 (see Section 4.4); we note that this applies even in characteristic 2.
Example 4. If the quadratic form on V is identically zero, then C( V) reduces to the
exterior algebra on V, see Section 6.4.
To study Clifford algebras we shall need the notion of a graded product. Given two
graded algebras A = EBA;, B = EBB;, we define their graded tensor product A ®B as
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the algebra whose underlying vector space is A ® B, again graded by total degree,
with multiplication
(8.4.7)
where the suffixes indicate the degree. In particular, this definition applies to mod 2
graded algebras. It is easily checked that the multiplication so defined is associative
and distributive.
We can now describe the structure of Clifford algebras more precisely.
Theorem 8.4.2. Let V be a quadratic space over a field k of characteristic not 2, with an
orthogonal basis el, ... , en. Then the 2n products

(8.4.8)

constitute a basis of C(V); in particular, the admissible mapping J-L : V -+ C(V) is
injective. Thus dim C( V) = 2n and if n > 0, then dim Co = dim CI = 2n- I.
If(V, q), (V', q') are two quadratic spaces and (V 1- V', q + q') is their orthogonal
sum, then
C(V 1- V') ~

C(V)

®C(V').

(8.4.9)

Proof. We begin with the last part. The inclusion V -+ V 1- V' induces a homomorphism f: C(V) -+ C(V 1- V'); similarly we have a homomorphism
I' : C(V') -+ C(V 1- V'). The images of f and I' anticommute, for if x E V,
x' E V', then x.x' = 0 in V 1- V', hence xf.x'f' + x 'I' .xf = 0 in C(V 1- V').
Thus the generators anticommute, and by induction on the degree this holds for
the subalgebras generated. We therefore have a homomorphism of graded algebras:

C(V)

®C(V') -+

C(V 1- V').

(8.4.10)

To find the inverse, consider the mapping

(x, x')

H

x® 1 + 1 ®x'

(8.4.11)

®C(V'). We have
(x ® 1 + 1 ®X')2 = ~ ® 1 + (x ®1)(1 ®x') + (1 ®x')(x ® 1) + 1 ®X'2

of V 1- V' into C(V)

= q(x) + q(x') + x®x' -

x®x'

= q(x) + q(x').
The right-hand side represents the quadratic form on V 1- V', hence the algebra
C(V) ®C(V') is compatible with the mapping (8.4.11), so by the universal property
of C(V 1- V') we obtain a homomorphism inverse to (8.4.10). So (8.4.9) is proved,
as isomorphism of graded algebras.
Let (V, q) be any quadratic space of dimension n and write V = (aI, ... , an). By
what has been proved, we have an isomorphism
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Now dim C(a) = 2 by the special case treated earlier, hence the right-hand side has
dimension 2n. As we saw, the 2n elements (8.4.6) span C(V), hence they form a basis,
in particular el, ... , en are linearly independent, so the admissible mapping J.L is
injective. The assertions about Co, Cl now follow because Cm is spanned by the
products (8.4.8) with r == m (mod 2).
•
This result also provides another proof of Theorem 6.4.1 on exterior algebras,
which is just the special case where the quadratic form is identically zero. In what
follows we shall assume that V is a regular quadratic space, i.e. VJ. = 0; the structure
of C(V) is then expressible in terms of quaternion algebras.
Let us write (a, b) for the quaternion algebra (a, b; k) and (a) for the Clifford
algebra of the space (a). Then we have the formulae

®(b)

(a)

= (a, b),

(8.4.12)
(8.4.l3)
(8.4.14)

where on the right we can omit the because in each case the first factor is even. The
formula (8.4.12) is a special case of (8.4.9). To prove (8.4.l3), let (aj) be spanned by
1, Uj, where uf = aj. The Uj anticommute, hence UIUZ and UZU3 anticommute and
(UIUZ)Z = -alaZ, (UZU3)z = -aZa3, therefore UIUZ and UZU3 generate a quaternion
algebra on the left of (8.4.l3), while UlUZU3 generates a subalgebra of the centre.
Hence the left of (8.4.13) contains the right-hand side, so equality holds, since
both sides are 8-dimensional. This proves (8.4.13); now using (8.4.12) and
(8.4.l3), we have
A

(ai, az)

®(a3, a4) =

(al)

®(az) ®(a3) ®(a4)

i.e. (8.4.14). The formulae (8.4.12)-(8.4.14) can be used to describe the structure of
C( V), but we shall also need the determinant of V. In terms of a basis Ul, ... , Un of V
this is d = det(b(uj, Uj)) and it is determined modulo a square (see Section 8.1).
Sometimes we shall need the discriminant 8 of V, defined as
8 = (_1)n(n-I)/Z d

= (-1) m d,

if dim V

= n = 2m or 2m + 1.

(8.4.15)

We note that the space is regular iff d =I 0, and when dim V == 0 or 1 (mod 4), or
when -1 is a square in k, then 8 = d; otherwise 8 = -d. For a regular quadratic form
the Clifford algebra is close to being a simple algebra:
Theorem 8.4.3. Let (V, q) be a regular quadratic space over a field k of characteristic
not 2, and denote its discriminant by 8.
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If dim V is even then C( V) is simple with centre k; if dim V is odd, then C( V)o is
simple with centre k.
(ii.a) Suppose that 8 is not a square in k. If dim V is odd, then C(V) is simple with
centre k(J8); if dim V is even, then C(V)o is simple with centre k(J8).
(ii.b) Suppose that 8 is a square in k. If dim V is odd, then C(V) is a direct product of
two simple algebras with centre k; if dim V is even, then C( V)o is a direct product of two simple algebras with centre k.
(i)

The relation between C, Co and their centres is easily remembered by bearing in
mind that the dimension of a central simple algebra is a perfect square
(Theorem 5.4.6). Thus if 8 is not a square in k and k(J8) = F, then for dim
V=2m,[C:kJ=2 2m , [Co :FJ=2 2(m-I), and when dim V=2m+l, then
[C: FJ = 22m , [C: kJ = 22m.
Proof. Let V = (ai, ... , an); using (8.4.13) we can step by step replace twodimensional factors by quaternion algebras. At the first stage,

here the number of two-dimensional factors has been reduced by two, while the first
factor is an even quaternion algebra. Suppose that n = 2m; then after m such steps
we have a tensor product of quaternion algebras, hence C(V) is then central simple
over k. If n = 2m + 1, then after m steps we have a product of m quaternion algebras
by « -l)mal .. . an) = (8), but as we have seen, this is k[xl/(x2 - 8), which is k(J8)
in case (ii.a) and k x k in case (ii.b). So we have either a simple algebra with centre
k(J8) or a direct product of two central simple k-algebras.
Now consider Co = C(V)o. When n = 2m + 1, C is the tensor product of m quaternion algebras, which is central simple over k; when n = 2m, we have after m - 1
steps a product of m - 1 even quaternion algebras by the algebra

If the basis of this quaternion algebra is 1, u, v, uv, then (UV)2 = ( -l)mal ...
a2m = 8, so the even part of this algebra is again k[xl/(x2 - 8), which is k(J8) in case
(ii.a) and k x k in case (ii.b), so we again have either a central simple k(J8)-algebra
or a direct product of two central simple k-algebras.
•
Sometimes it is useful to have an explicit expression for the centre of C(V):
Proposition 8.4.4 Let (V, q) be as in Theorem 8.4.3. If dim V = n is odd, then the
centre of C(V) is two-dimensional with basis 1, UI ... Un and no non-zero element

anticommutes with all of C(V). If dim V is even, then the centre of C(V) is k and
any anticommuting element is a scalar multiple of UI ... Un.
Proof. Let UI, ... ,Un be an orthogonal basis of V; we first note how an element
changes under conjugation by Ui:
-I

Ui Ui\··· Ui,Ui

= AUi\
1

...

Ui"
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where A = -1 if an odd number of suffixes ii, ... , ir differ from i and A = 1 otherwise. For a given product both possibilities are realized unless r = 0 or n, and
UI •.. Un commutes with all elements of C for odd nand anticommutes for even
n. The assertion is an immediate consequence.
•
It is possible to relate the orthogonal group of a quadratic space to its Clifford

algebra; to carry this out we shall assume that char k =f=. 2. We recall from Section
8.3 that for any anisotropic vector u we have the symmetry with respect to u:
au : x 1-+ x -

2b(x, u)
q(u) u,

(8.4.16)

which reverses vectors along u and preserves vectors orthogonal to U; thus it is the
reflexion in the hyperplane orthogonal to u. We also recall from Corollary 8.3.3
that in an n-dimensional regular quadratic space any orthogonal transformation is
a product of at most n2 symmetries.
Let (V, q) be a regular quadratic space, O(V) be its orthogonal group and C(V) be
its Clifford algebra. Any () E O(V) can be combined with the canonical inclusion
V -+ C( V) and by the universal property extends to a unique automorphism of
C(V); thus we have a mapping
(8.4.17)

O(V) -+ Aut(C(V)),

which is easily seen to be a group homomorphism. To analyse it further we shall
require a result from FA, the Skolem-Noether theorem, which states that in a central
simple k-algebra every automorphism is inner. Coupled with Theorem 8.4.3 this tells
us that when dim V is even, every automorphism of C( V) is inner. This suggests a
representation of orthogonal transformations by inner automorphisms, but there
are two complications. Firstly, the element inducing an inner automorphism is determined only up to a scalar factor, and secondly we have to take the grading into
account. To meet the first point we shall start by taking an invertible element of
C(V) and use it to define an orthogonal transformation. To allow for the grading
one could develop a theory of central simple graded algebras (as in Lam (1980)
Chapter 4), but for our purpose the following development will be sufficient.
Let u be an anisotropic vector in V. Then u is invertible in C(V) and for any x E V
we have xu + ux = 2b(x, u); hence
u

-I

xu

+x =

2b(x, u)u

-I

=

2b(x, u)
q(u) u.

Thus the symmetry (8.4.16) can be written as
xau = -u-Ixu,

where x, u

E V, q(u) =f=.

O.

(8.4.18)

The anisotropic vectors generate a group under multiplication in C(V), because they
are units; this group is denoted by reV) and is called the Clifford group; its elements
are sometimes called versors. Let Z E reV); if Z = VI ... Vr say (Vi E V), then
Yz = a VI ••• a v, is an orthogonal transformation, which by (8.4.18) can be written
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xYz = ( - 1)r Z-IXZ. If v is the automorphism of C(V) extending the orthogonal
transformation x 1---+ - x of V, then this may be written as
(8.4.19)

It is clear that the mapping Z 1---+ Yz is a homomorphism of r(V) into O(V); since
every orthogonal transformation is a product of symmetries (Corollary 8.3.3), this
mapping is actually surjective. To find the kernel, assume that Yz = 1. Then
xzv = zx for all x E V; writing Z = Zo + Zl> where Zj E Cj, we have x(Zo - Zl) =
(zo + Zl )x, and on equating odd and even components we see that XZo = ZoX,
XZl = -ZIX for all x E V. By Proposition 8.4.4, Zl = 0, Zo E k, hence ker y = P.
We sum up our conclusions as
Theorem 8.4.5. Let (V, q) be a regular quadratic space over k, where char k =f. 2. Then
the mapping y defined by (8.4.19) gives rise to an exact sequence
1 ---+ k X ---+ r(V) ~

O(V) ---+ 1.

•

This means that each orthogonal transformation determines a versor up to a scalar
multiple, and it shows that (8.4.17) is an isomorphism, with inverse induced by y,
once the grading has been allowed for.
To make the correspondence more precise we restrict ourselves to versors of
norm I, which are obtained as follows. The mapping x 1---+ - x of V can also be
extended to a unique antiautomorphism x 1---+ x' of C(V), called the fundamental
involution, and the norm Non C(V) is then defined as
N(x)

= xx',

for x

E

C(V).

(8.4.20)

It is clear that N defines a group homomorphism from r(V) to P such that
= N(x). The versors x such that N(x) = 1 form a subgroup of r(V) called
the reduced Clifford group and denoted by pin(V), for reasons which will soon
become clear. Its image under y is called the reduced orthogonal group or spinor
kernel and will be denoted by O'(V). To identify the cokernel of the map
O'(V) ---+ O(V) we define a homomorphism e: O(V) ---+ PjPZ by the following
rule: any a E O( V) may be written as a product of symmetries:

N(xV)

(8.4.21)

When (8.4.21) holds, we define
e(a)

== q(Ul) ... q(ur) (mod pZ).

(8.4.22)

To show that this is well-defined we have to verify that when aUt ... au, = I, then
q( ud ... q( ur) is a square in k. In this case r is even, because 1 is a rotation, therefore
the element a = Ul ••• Ur of C(V) induces the identity on V and so lies in the centre
of C(V). Hence a E k and

q(ud ... q(ur) = Ul

•.•

urur ... Ul

= aa' = a Z,

which proves the assertion. Thus e(a) is a well-defined residue class mod pz, and it
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is clear that ()(af3) = ()(a)()(f3). The resulting homomorphism () is called the spinor

norm.
We remark that () is not invariant under a scale change: if we replace q by Aq, then
()(au ) changes by a factor A. For this reason () is usually restricted to SO(V); now a

scale change q 1----+ Aq replaces ()(a) by Ar()(a) and since r is even, this is a square. We
also note that ()( - 1) is the determinant of the quadratic form.
The relations between the various groups may be summarized in the following
commutative diagram with exact rows and columns:
1

i
1 ----+ { ± 1}-+pin(V)-+O'(V) ----+ 1

i iy i

1 ----+ P -+ reV) -+ O(V) ----+ 1

i
1 ----+ p 2 -+

i(}

iN
P -+

(8.4.23)

P /P2 ----+ 1

i
We note that the spinor norm is trivial whenever every norm is a square, e.g. for the
complex numbers or a positive definite form over the real numbers.
If we restrict ourselves to proper orthogonal transformations and assume that
every norm is a square, we obtain the following exact sequence, corresponding to
the first row of the diagram (8.4.23) and revealing the (whimsical) origin of pin:
1 ----+ {± I} ----+ Spin(V) ----+ SO(V) ----+ 1.

(8.4.24)

Here SO(V) is the special orthogonal group and Spin(V), called the spin group, is the
inverse image under y (restricted to piney)) of SO(V). The exactness follows by
definition.
As an example consider a regular two-dimensional space V = (a, b). Its Clifford
algebra is the quaternion algebra (a, b). Specializing to the real quaternions
we have a = b = -1; the algebra has the basis 1, i,j, ij = k and
N(xo + xli + X2j + X3k) = x~ + xi + x~ + x~.
Thus every norm is a square in R;
moreover, Spin(V) is the group of all matrices P
det P = xx + yy
the form

= (; ;), x,y E C.

We have

= 1, which is the special unitary group SU2 (C). Now (8.4.24) takes

This is the double covering of the rotation group in 3-space, also called the spin

representation.
As a second example consider a two-dimensional quadratic space H with a basis u,
v such that q( u) = q( v) = 0, b( u, v) = 1. This is known as a hyperbolic plane with
hyperbolic pair u, v (see Section 8.5 below). On changing the basis to
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e = u + v,f = u - v we find that b(e,f) = 0, q(e) = -q(f) = 1; thus H = (1, -1).
Its Clifford algebra has basis 1, u, v, uv, and is easily seen to be the full matrix ring
with matrix units el2 = u, e21 = v, ell = UV, e22 = vu. More generally, we may consider a hyperbolic space, which is an orthogonal sum of hyperbolic planes. To find its
Clifford
algebra
we
note
by
(8.4.14)
that
( - 1, 1) ®(1, -1) =
(1, 1) ® (1, -1). Thus we can replace the graded by the ungraded tensor product and
so find as the Clifford algebra of a 2r-dimensional hyperbolic space Wl 2 ,(k).

Exercises
1. Show that the graded tensor product of anticommutative algebras

IS

again

anticommutative.
2. Prove Theorem 8.4.2 for infinite-dimensional quadratic spaces.
3. For any quadratic space V, find the relation between V.l (the radical of V) and the
Jacobson radical of C(V).
4. Show that every Clifford algebra is a graded tensor product of a Clifford algebra
on a regular quadratic space and an exterior algebra.
5. Let V be a quadratic space and u be an anisotropic vector in V. Verify that right
multiplication by u defines an isomorphism C(V)o s:: C(u.l).
6. Verify that C(1k+2) s:: C( - 1)k) ® C(l2), C( _1)k+2) s:: C(1k) ® C( _1)2).
7. In any quadratic space (V, q) verify that ()( - 1) is the determinant of q.
8. Show that (): O(V) --+ P /p 2 is the unique homomorphism such that
(au )(} == q(u) (mod P2) for all anisotropic vectors u.
9. Show that a non-zero quaternion u is pure (i.e. of trace 0) iff u (j. k, u2 E k. Verify
that every pure quaternion u of non-zero norm is invertible and satisfies
xau = -uxu - I for all pure quaternions x.

8.5 Witt's Cancellation Theorem and the Witt Group of
a Field
So far we have studied a single quadratic form over a field. We now come to a
construction which embodies information about the totality of all quadratic forms
over a given field. Throughout this section k is a field of characteristic not 2.
We have seen in Theorem 8.2.2 that the matrix of a quadratic form can always be
taken in diagonal form, for a suitable choice of basis. However, this is not always the
most convenient form, particularly as the diagonal elements of the matrix are not
invariants, and the relation between different diagonal matrices is not straightforward. We shall return to this point in Section 8.9, but for the moment consider
a different way of decomposing an inner product space. This is the theory developed
by Ernst Witt in 1937, which leads to an invariant of the space; moreover, these
invariants form an abelian group, the Witt group associated with the field k.
We begin with a cancellation theorem which is often useful.
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Theorem 8.5.1 (Witt's cancellation theorem). Let V be an inner product space (in
characteristic not 2) and VI, V2 be regular subspaces. If VI ~ Vz, then vt ~ Vf-.

Proof. Assume first that VI, Vz are one-dimensional, spanned by VI, V2 respectively,
where q(vd = q(vz) -# O. By Lemma 8.3.1 there is an orthogonal transformation ()
mapping VI to Vz; hence () also maps vt to vt, so these spaces are isometric, as
claimed.
In general we have V = VI ~ vt = Vz ~ vt ' by Lemma 8.2.1. Now we may take
VI ~ V2 ~ (ai, ... , ar ), by Theorem 8.2.2, and applying the case just proved to (al)
we obtain

(az, ... , ar ) ~ vt ~

(az, ... , ar ) ~ vf-.

•

The result now follows by induction on dim VI.

We observe that the result may be stated in the form (for a regular subspace U)
U

~

WI

~

U

Wz => WI
~

Wz.
~

This form accounts for the name 'cancellation theorem'. In characteristic 2 the result
does not hold: let H be a two-dimensional inner product space in characteristic 2
with matrix

(~

~}

then (1)

~

H

~

(1, 1, 1)

~

(1)

~

(1, I), by Exercise 5 of

Section 8.2, even though H is not isomorphic to (1, 1). However, the cancellation
theorem does hold in characteristic 2 for alternating forms (see Further Exercise 5).
For any field k we define a monoid M(k) as follows: the elements of M(k) are the
isometry classes of regular inner product spaces over k. If the isometry class of V is
written [V], we can define an addition by the formula
[U]

+ [V] = [U ~

V].

(8.5.1)

If U ~ U', V ~ V', then U ~ V ~ U' ~ V'; this shows the right-hand side of (8.5.1)
to depend only on [U], [V], not on U, V themselves; so the addition of classes is
well-defined. The operation is clearly associative, with the class of the zero space
as neutral element, so we obtain a monoid in this way. Now Theorem 8.5.1 shows
that this monoid M(k) satisfies cancellation.
Theorem 8.5.1 leads to a further reduction; to describe it we must first look at the
spaces which are to be regarded as 'trivial'. They are the hyperbolic planes, as defined
in Section 8.4, which may also be characterized as follows:
Proposition 8.5.2. For any two-dimensional inner product space V in characteristic

not 2, the following conditions are equivalent:
(a) V is a regular isotropic space;
(b) V has a basis u, v such that b(u, v)
(c) V ~ (1, -1);
(d) V has determinant -l(mod pZ).

= 1, q(u) = q(v) = 0;

A basis u, v as in (b) is called a hyperbolic pair for V.
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Proof (a) ::::} (b). Let u be an isotropic vector and complete it to a basis u, Vi of V.
Then b( u, Vi) #- 0, because V is regular, and on multiplying Vi by a suitable scalar we

may assume that b(u, Vi) = 1. Now for any a E k, b(v' - au, Vi - au) = q(v ' ) - 2a
and we can choose a so that the right-hand side is 0; then u and v = Vi - au form a
hyperbolic pair for V.
(b) ::::} (c). If u, v is a hyperbolic pair, then e = u + v/2, f = u - v/2 is an
orthogonal basis and q(e) = -q(f) = 1.
(c) ::::} (d) is clear. To prove (d) ::::} (a) we have by Theorem 8.2.2, V 3:' (a, b),
where -ab is a square, say -ab = c2 • Then -a 2 b = 2a and now ax2 + bi = 0
•
for x = c, y = a, so V is isotropic.
From (b) or (c) it is clear that a hyperbolic plane is unique up to isometry. In
studying the monoid M(k) we shall regard orthogonal sums of hyperbolic planes
as trivial. The reason for this is clear when one considers the Clifford algebra: hyperbolic planes are the spaces whose Clifford algebras are full matrix rings. Orthogonal
sums of hyperbolic planes, called hyperbolic spaces, may be defined more simply as
split spaces. An inner product space V is said to be split if it is regular and has a subspace U (the splitting space) such that U.l = U. It is clear that an orthogonal sum of
hyperbolic planes is split: if
(8.5.2)
where each Hi is a hyperbolic plane, with hyperbolic pair Uj, Vj say, write U for
the subspace spanned by UJ, •.. , ur • Then it is clear that U is totally isotropic,
hence U ~ U.l. If x = L ajUj + L f3jVj E u.l, then 0 = b(x, Uj) = f3j, hence
x = L ajUj E U. This shows that U.l ~ U, so that U splits V.
The fact that conversely, every split space is of the form (8.5.2), follows from the
next result, which is slightly more general.
Theorem 8.5.3. Any regular inner product space V (in characteristic 2) can be written

in the form
V 3:' HI..l ... ..lHr..l U,

(8.5.3)

where HI, ... ,Hr are hyperbolic planes and U is an anisotropic space. Here r is
uniquely determined as the maximal dimension of a totally isotropic subspace of V
and U is determined up to isometry.
The decomposition (8.5.3) is called the Witt decomposition of V, and the integer r
is called the Witt index of V, while U is called the anisotropic part of V. Thus the form
(1', ( - 1)5) has Witt index min(r, s).
Proof. Let W be any totally isotropic subspace of V, with basis

UI, ... , Us and choose
V such that b(uJ, VI) #- 0, b(uj, VI) = 0 for i> 1; since V is regular, this is
always possible. The subspace H spanned by UI, VI is regular and it contains the
isotropic vector Ul> hence it is a hyperbolic plane, and by Lemma 8.2.1 we have
the decomposition
VI E

V=HI..lV',
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where V' = Ht. Now V' contains U2,"" us; hence by induction on s there
exist V2, ... , Vs E V' such that ui, Vi span a hyperbolic plane Hi and we have a
decomposition
V ~

HI .l ... .lHs .l U.

(8.5.4)

If U is isotropic, we can split off more hyperbolic planes, and the process ends when
we reach a component U which is anisotropic. Thus we always have a decomposition
(8.5.3) where U is anisotropic, and by construction r::: s. It is clear that V given by
(8.5.3) contains a totally isotropic subspace of dimension r, hence r is uniquely determined as the maximal dimension of a totally isotropic subspace of V. Finally, U is
unique up to isometry by the Witt cancellation theorem (Theorem 8.5.1).
•
If V itself is split, by a subspace W of dimension r, and we take a decomposition
(8.5.3) of V, then since Wl. = W, we have U = 0 and hence we obtain

.

Corollary 8.5.4. Any split space in characteristic i= 2 is an orthogonal sum of hyperbolic
~

For any field k of characteristic not 2 we now define the Witt group W(k) as
follows. In the monoid M(k) let us identify any two classes [V], [V'] whose
spaces have anisotropic parts that are isometric. Writing again [V] for the class of
V, we now have
[V]

=

[Vi] {} V .l mH ~

Vi .lnH,

where nH stands for the orthogonal sum of n hyperbolic planes. We thus obtain a
monoid W(k), which is in fact a group. For if V is an n-dimensional space with
regular form q, and Viis a space with form -q, then we can by Theorem 8.2.2
write V ~ (al,"" an), V' ~ (-al,"" -an); therefore V .l V' ~ (ai, -al, ... ,
an, -an). Now (ai, -ai) is regular isotropic, hence a hyperbolic plane, and so
V .l V' ~ nH. It follows that [V] has the inverse -[V] = [V'], so W(k) is indeed
a group, the Witt group. Clearly it is an invariant of the field k. For example, for
an algebraically closed field the Witt group is of order 2; for the real field R, quadratic
forms can be classified by n - 2v, where v is the index, hence we have W(R) ~ Z.
In Section 8.9 we shall see that a ring structure can be defined on W(k), giving
the Witt ring of k.
By examining the proof of Theorem 8.5.3 we obtain a useful result on extending
partial isometries:
Theorem 8.5.5 (Witt's extension theorem). Let V be a regular inner product space
(in characteristic i= 2) and W be a subspace of V. Then any isometric mapping
() : W ~ V can be extended to an orthogonal transformation of

v.

Proof. Let Wo be the radical of Wand write W = Wo .l X. Here X is regular, so by
Lemma 8.2.1, V = X .lXl.. Now Xl. :2 Wo and as in the proof of Theorem 8.5.3 we
can write Xl. = Z .l Y, where Z is a regular subspace split by Woo Since X ~ XO, we
have, by Theorem 8.5.1, Xl. ~ (XO)l.; but (XO)l. :2 wg because Wo is orthogonal to
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X. Therefore we can write (X8)1.

wg.

= Z' ..1 Y', where Z' is a regular subspace split by

Let U[, ••• , Us be a basis of Wo and write Z = H[ ..1 '" ..1 H"
..1 ... ..1 H~,
where Hj has the hyperbolic pair (Uj, Vj) and H: has the hyperbolic pair (uf, v;). The mapping Uj H uf, Vj I~
is an isometry Z ~ Z' whose
restriction to Wo agrees with {I; thus we have extended {I to the regular space
U = X ..1 Z. Again we have U ~ U 8 , so U1. ~ (U 8 )1. and this latter isomorphism
gives the desired extension of (I to all of V = U..l U1..
•

Z'

= H~

v;

Exercises
1. Show that a space V is split iff it is regular and has a linear mapping a into itself
such that q(x) + q(xa) = 0 for all x E V.
2. Show that an orthogonal transformation of a split space which is the identity on a
maximal totally isotropic subspace is a rotation.
3. Show that a hyperbolic plane has exactly two isotropic lines (i.e. every isotropic
vector is proportional to one of exactly two vectors). Show also that each
vector of a hyperbolic pair uniquely determines the other.
4. Show that an orthogonal transformation of a hyperbolic plane is a symmetry iff it
interchanges the two isotropic lines.
5. For any hyperbolic plane H show that SO(H) ~ P. Describe the orthogonal
group of H. What is the orthogonal group of H ..1 (O)?
6. Prove Theorem 8.5.5 in the special case where W (as well as V) is regular. When
can the orthogonal transformation in Theorem 8.5.5 be chosen to be a rotation?
7. Give a direct proof (not using Theorem 8.5.3) that any two split spaces of the
same dimension are isomorphic.
8. Give a proof of Theorem 8.5.1 using Theorem 8.5.5.

8.6 Ordered Fields
In the further theory of quadratic forms reality conditions play an important role,
and it is useful to develop these ideas in a more general form for ordered fields.
By an ordered ring we understand a non-trivial ring R (not necessarily commutative) with a strict total ordering' >' compatible with the ring operations, in the sense
that the following rules hold:

0.1

0.2

x>x',y>y'::::}x+y>x'+y',
x > 0, y > 0 ::::} xy > O.

If in 0.2 we replace x,y by x - x', y - y' and rearrange the result, using 0.1, we
obtain the more general rule

0.2'

x> x',y > y'::::} xy+x'y' > xy' +x'y.

In discussing the ordering on R we shall, as usual, write 'x 2: y' to mean 'x > y
or x = y' and use ::::, < for the opposite ordering; x is called positive if x > 0 and
negative if x < O.
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For any element a of an ordered ring we define the absolute value by

lal = {
Clearly

a

if a > 0,

-

-a if a ::s

o.

lal ::: 0 with equality iff a = 0, and we have the triangle inequality
la + bl

::s lal + Ibl,

(8.6.1)

as well as the product rule

labl = lal.lbl·

(8.6.2)

Of these, (8.6.2) is an immediate consequence of the formula lal = J a2 • To prove
(8.6.1) we remark that this clearly holds (with equality) when a, b have the same
sign. If a::: 0 ::: b say, then a + b ::s a ::s a - b = lal + Ibl and -a - b ::s
-b::s a - b = lal + Ibl, hence (8.6.1) follows in this case. By symmetry (8.6.1) also
holds when b ::: 0 ::: a.
An ordered ring can also be described by its order set; this is a subset P containing
1 but not 0 and containing with any x, y also x + y, xy. For example, in an ordered
ring R, the set consisting of all strictly positive elements

P = {x E Rlx > O}
is an order set, called the positive order set of R. Moreover, since R is totally ordered,
the ordering defines a trichotomy on R:
each x

E

R lies in just one of the sets {O}, P, -P

= {-

xix

E

Pl.

(8.6.3)

Conversely, every order set satisfying (8.6.3) defines an ordering on R: we put x > y
iff x - YEP. We note that any ordered ring, and more generally any ring with an
order set, is non-trivial, i.e. 1 =F O.
Proposition 8.6.1. Any ordered ring is an integral domain, and the square of any nonzero element is positive.

Proof. Let R be an ordered ring; then 1 =F 0 by definition. Given x, y E R, if x, Y > 0,
then xy > O. Similarly, if x,y < 0, then -x, -y > 0 and so xy = ( - x)( - y) > O.
There remains the case when x, y have opposite signs, say x > 0 > y. Then
x, -y > 0, hence -xy = x( - y) > 0 and so xy < 0; similarly if x < 0 < y, then
xy < O. In each case xy =F 0, hence R is an integral domain. In particular, when
x = y, the last two cases cannot occur and x2 > O.
•
For the rest of this section all our rings will be commutative. Thus an ordered
commutative ring is an integral domain, and hence has a field of fractions K. We
claim that there is just one way of ordering K so as to extend the ordering of R,
namely by the rule:
for any a, b E R, where b =F 0, alb> 0 in K iff ab > O.

(8.6.4)

In the first place, since alb. b2 = ab and b2 > 0, any ordering of K which extends that
on R must satisfy (8.6.4). It remains to show that (8.6.4) defines an ordering. It is
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well-defined, for if afb = a' fb', then ab' = ba' and hence abb'z = a'~b.
It follows
that ab > 0 {} abb'z > 0 {} a'~b
> 0 {} a'b' > O. Further, it clearly defines a
trichotomy on K as in (8.6.3), and if alb l > 0, a2b2 > 0, then (alb z + a2bl)blb2 =
alb~
+ azbzbf > 0, ala2blb2 = albla2b2 > O. This shows that if the fractions
f; = a;/b i satisfy f; > 0 (i = 1,2), then fl + fz > 0,fI!2 > O.
We also note that 1, 1 + 1, . .. are all > 0, hence R and with it K must be of
characteristic O. The result may be summed up as

.

Theorem 8.6.2. Any ordered commutative ring is an integral domain of character-

istic O. The ordering can be extended to an ordering of its field of fractions in just
~

As an example consider the integers Z; in any ordering 1, 1 + 1, ... must all be
positive, and since these numbers and their negatives, with 0, exhaust Z, there is
only one way of ordering Z, namely the familiar 'natural' ordering of the integers.
By Theorem 8.6.2 the same applies to Q and we have
Corollary 8.6.3. There is only one way of making Q into an ordered field, namely by
the usual ordering.
•

The real numbers R also admit only one ordering, but for a different reason: every
square must be positive (or 0), and since the squares, their negatives and 0 exhaust R,
no other ordering is possible apart from the usual one. We shall return to this point
in Section 8.8. An example of a field with different orderings is Q(a), where a is a
root of x2 = 2. There are two ways of embedding this field into R, mapping a to
../2 or to - ../2, and correspondingly two ways of ordering it.
Two rings R, R' are said to be order-isomorphic if there is a ring isomorphism
x 1--+ x' from R to R' which preserves the ordering, i.e. x> 0 {} x' > 0; clearly it
is enough to require that x > 0 =* x' > O. For example, the prime subfield of any
ordered field K is order-isomorphic to Q; we also say that there is an orderembedding of Q in K.

Exercises
1. Show that in any ordered field, a > b > 0 implies b - I > a - I.
2. Let K be an ordered field. Given a, b E K, show that if a < b, then there exists
c E K such that a < c < b. (This property, that between any two elements of K
a third can be found, is expressed by saying that K is dense in itself.)
3. Let Kbe an ordered field. Show that the polynomial ring K[x] can be ordered by
taking as positive order set the set of all polynomials with positive highest coefficient; hence obtain an ordering of the rational function field K(x). Compare
this with the ordering of K(x) obtained by taking the polynomials with positive
coefficient of the lowest term as positive order set.
4. Show that the mapping Q(x) --+ R defined by x 1--+ 1T provides an ordering of
Q(x); compare this with the orderings obtained in Exercise 3.

8.7 The Field of Real Numbers
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5. Show that a skew field D can be ordered iff D X has a subgroup of index 2 closed
under addition.

8.7 The Field of Real Numbers
There are essentially two ways of constructing the real numbers: (a) Dedekind's
method of completion by cuts and (b) Cantor's method of sequences. Of these
(a) is logically the simpler, while (b) corresponds more closely to the practical
way of approximating real numbers. For us (b) has the further advantage of
making it easier to define the algebraic operations; we shall therefore concentrate
on (b). Later on, when we come to study valuations (in Chapter 9), we shall find
that the same construction can be used for the p-adic numbers.
Let K be an ordered field. By a null sequence in K we understand a sequence
{anHa n E K) such that for any £ > 0 in K there exists no EN such that lanl < £
for all n > no. As usual in analysis we also say 'an converges to 0 as n tends to 00'
and write 'an ~ 0' or 'lim an = 0'. A sequence {an} is said to converge to
a E K, an ~ a, if an - a ~ 0, and we shall call a the limit of the sequence; it is
clear that the limit, if it exists, is unique.
The following is a familiar necessary condition for the convergence of a sequence,
which does not mention the value of the limit:
Cauchy's Condition. If a sequence {an} converges to a limit, then the double sequence

{c mn }, where Cmn

= am -

an, converges to O.

In detail this means: given £ > 0, there exists no such that lam - ani < £ for all
m, n > no. This condition follows easily from the triangle inequality.
We shall call {an} a Cauchy sequence if lam - ani ~ 0; thus Cauchy's condition
states that every convergent sequence is a Cauchy sequence. The converse need
not hold, e.g. the rational numbers 1, 1.4, 1.41, 1.414, ... obtained in calculating
successive approximations to .../2 form a Cauchy sequence, but they are not convergent within Q. The case where the converse holds is an important property of
ordered fields and we make the
Definition. An ordered field is said to be complete if every Cauchy sequence of its
elements is convergent.
Cauchy's Convergence Principle just states that R with the usual ordering is complete. Although an ordered field need not be complete, it always has a completion,
constructed in a canonical fashion, as in the process that leads from Q to R. If K
is any ordered field, a subfield K' is called dense in K if between any two elements
of K there is an element of K'. An embedding as a dense subfield is called a dense
embedding.
Theorem 8.7.1. Let K be an ordered field. Then there exists a complete ordered field K
and a dense order-embedding A : K ~ Ksuch that to each order-embedding f : K ~ L

276

Quadratic Forms and Ordered Fields

into a complete ordered field L there corresponds a unique order-embedding t' : K --+ L
such that f = At'.
This is just the universal property of completions; to prove it in detail is somewhat
lengthy (although not difficult). We therefore outline the main steps and leave some
of the verifications to the reader.
Let R be the set of all Cauchy sequences in K; this is a subset of KN, the set of all
sequences in K. Now KN is a ring, the direct power of K, and R is clearly a subring,
the operations being carried out componentwise: {an} ± {b n} = {an ± bn},
{anHb n} = {anb n}. Since every constant sequence is clearly a Cauchy sequence, we
can regard K as a subfield of R by mapping c E K to the constant sequence
c, c, .... Consider the set n of all null sequences in R; we claim that n is an ideal
in R. Let us show e.g. if {an} E R, {b n} E n, then {anb n} E n. Since {an} is a Cauchy
sequence, there exists no such that lam - ani < 1 for all m, n > no, hence
laml < lanol + 1 for m > no. It follows that laml < M, where
M = max{lad, la21,···, lano-d, lanol

+ l};

thus every Cauchy sequence is bounded. Now bn --+ 0, hence for any £ > 0,
Ibnl < £IM for n> nl> so lanbnl < £ for n> nl> i.e. anb n --+ o. This proves that
{anb n} E n, and the remaining properties of n are established similarly.
We claim that n is a maximal ideal in R. For n is proper, e.g. the constant sequence
1, 1, ... is a Cauchy sequence but not a null sequence. Moreover, if {an} is a Cauchy
sequence which is not null, then it has an inverse (mod n). To prove this fact, let {an}
be not null; then by definition there exists p E K, P > 0, such that to each n there
corresponds n' > n with lan'l :::: p. Since {an} is Cauchy, there exists no such that
lam - ani < pl2 for all m, n > no. Choose any n > no and take n' > n as before; then

Therefore the sequence a;;' is bounded for n > no. If we define
for n :::: no,
for n > no,
then {b n} is a Cauchy sequence and {anb n} converges to 1, i.e. {an}. {b n} == 1 (mod n).
This shows n to be maximal.
Hence Rln is a field, which we denote by K. We write A for the natural homomorphism K --+ R --+ Rln obtained by mapping a E K to the residue class of the
constant sequence a, a, . . .. Like every homomorphism between fields, this is an
embedding, and we shall identify K with its image in K.
It is clear how to extend the ordering to K: given a E K, represented by a Cauchy
sequence {an}, either this is a null sequence or there exists £ > 0 and no such that
an > £ for n > no, or there exists n, such that an < -£ for n > n,. Moreover, all
Cauchy sequences representing a have the same property and accordingly we set
a = 0, a> 0 or a < o. We leave the reader to verify that K is dense in K. Now
given a Cauchy sequence {an} in K, either an is constant from some n onwards,
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then it is a Cauchy sequence in K and so it converges to a limit in K; or {an} contains
infinitely many distinct terms, in that case, omitting repetitions, we may assume all
the an to be distinct. For each n we can choose an E K to lie between an and an + I;
the resulting sequence {an} is easily seen to be a Cauchy sequence in K which has a
limit a in K. Clearly lim an = lim an = a, and this shows K to be complete.
Finally let f : K --+ L be an order-embedding in a complete field L. Any element a
of K is obtained as the limit of a Cauchy sequence {an} in K; it is easily seen that {an!}
is a Cauchy sequence in L and so has a limit b, say. Any other Cauchy sequence tending to a differs from {an} by a null sequence, hence its image in L again tends to b;
therefore b depends only on a and we may put at' = b. Now the reader may verify
without difficulty that t' is an order-embedding such that f = At' and that it is the
only mapping satisfying this equation.
•
The field K whose existence is proved in Theorem 8.7.1 is called the completion of
K; since it is obtained as the solution of a universal problem, it is determined up to
order-isomorphism by the properties listed in Theorem 8.7.1. For example, if we take
K = Q, then K = R.
The real numbers, as ordered field, have other important properties which can also
be used to characterize them. Below we briefly look at two of them.
An ordered field K is said to be Archimedean if for any a E K there exists n E N
such that n > a. We note that this is so precisely when Q is dense in K. For if Q
is dense in K and a .::: 0 in K, then 1 > a. If a > 0 in K, then 0 < (2a) - I < a - I,
hence there exists a E Q such that (2a)-1 < a < a-I, so if a = min, then a <
nlm < n; this shows K to be Archimedean. Conversely, assume that K is Archimedean and let 0 < a < b in K. Then (b - a) - I < n for some n E N, hence
o < lin < b - a; further, na < m for some mEN. With the least such m we have
(m - l)ln .::: a, hence min.::: a + lin < a + (b - a) = b, and so we have
a < min < b. If a < b < 0, we can find a E Q between -b and -a and so
a < -a < b, while for a < 0 < b we can take a = o. Thus we obtain

Proposition 8.7.2. An ordered field K is Archimedean if and only if the prime subfield

Q is dense in K.

•

In particular this result shows R to be Archimedean. If K is an ordered subfield
of R, then Q is again dense in K, so K is Archimedean. Conversely, if K is any
Archimedean ordered field, then Q is dense in K, by Proposition 8.7.2, and now
the proof of Theorem 8.7.1 shows that there is an order-embedding of K in R.
Thus we have proved

Theorem 8.7.3. Any ordered subfield of R is Archimedean, and conversely, any
•
Archimedean ordered field is order-isomorphic to a subfield of R.

Clearly no proper subfield of R is complete; we therefore have
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Corollary 8.7.4. Any complete Archimedean ordered field is isomorphic to R.

•

A second important property of the real numbers is the upper bound property. In
any partially ordered set S the supremum of any subset X, when it exists, is unique. It
mayor may not be a member of X, e.g. {O, -1, -2, ... } and { - 1, -1/2, -1/3, ... }
both have the supremum 0, which belongs to the first set but not the second. A set is
said to be bounded above if it has an upper bound.
In terms of upper bounds we can characterize the real numbers by the
Upper Bound Property. Every non-empty subset that is bounded above has a least

upper bound.
We observe that any field possessing the upper bound property is Archimedean.
For if a E K but n ~ a for all n E N, then the set N = {I, 2, ... } is bounded
above and so has a supremum y, say. It follows that y - 1 < y hence y - 1 < n
for some n E N and so y < n + 1, which contradicts the definition of y. Thus
n > a for some n E N and so K is Archimedean, as asserted.
We can now give a characterization of the real numbers in terms of the upper
bound property.
Theorem 8.7.5. The field R of real numbers possesses the upper bound property, and

any ordered field with the upper bound property is order-isomorphic to R.
Proof. Let X be any set of real numbers, bounded above. If X has a greatest element

a, then a = sup X. Otherwise let Y be the set of all its upper bounds and X' be the
complement of Y in R. Then X S; X I and the members of X I may be characterized as
the numbers that are exceeded by some member of X. Moreover, every number in X'
is less than every number in Y. Since they are complementary, we can, for each
n = 1,2, ... find aZn-l E X', aZ n E Y such that

Clearly {an} is a Cauchy sequence; let a be its limit. If n E N, then a + l/n is an
upper bound for X, for it exceeds some aZ r and so is in Y, while a-I / n is less
than some aZr-l and so lies in X'. It follows that a = sup X, so the upper bound
property holds in R.
Now let K be any ordered field possessing the upper bound property. By the
remark preceding the theorem we see that K is Archimedean, and hence, by Theorem
8.7.3, order-isomorphic to a subfield of R. We may therefore identify K with a subfield of R; clearly K contains Q as a subfield. But every element a of R may be
expressed as a supremum of some subset A of Q, and A also has a supremum a '
say in K, by the upper bound property. Clearly a ~ a ' ; if the inequality were
strict, we could find a E Q such that a < a < a', and this would contradict the
fact that a ' = sup A in K. Hence a ' = a, and it follows that K = R.
•
As a consequence we have the intermediate value property of real numbers:
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Proposition 8.7.6. Given a polynomial f in R[x] and a, fJ E R such that a < fJ, if
f(a)f(fJ) < 0, then there exists y E R such that a < y < fJ and f(y) = O.

Proof. By hypothesis f(a), f(fJ) have opposite signs, and we may assume that
f(a) < 0 < f(fJ), replacing fby -f if necessary. Let A be the set of real numbers t
such that t < fJ and f(t) < O. This set contains a, is bounded above (by fJ) and so
has a supremum y say, where a'::: y < fJ. This means that for y < t < fJ,
f(t) ::: 0, but if t < y, we can find t1 such that t < t1 < y and f(td < o. Now express
f(y + x) as a polynomial in x:

f(y

+ x) = aoxn + ... + an,

where an

= f(y)·

If an =I- 0, then the right-hand side has the same sign as an for sufficiently small x. But
we have seen that fit) changes sign in each interval about y; hence an = 0, i.e.
f(y) = o.
•
The proof shows incidentally that
established directly.

f

is continuous; this can of course also be

Exercises
l. Show that an Archimedean ordered field has no order-preserving automorphism
other than the identity.
2. Let K be an ordered field, algebraic over a subfield E. Show that if E is Archimedean, then so is K.
3. Fill in the details omitted in the proof of Theorem 8.7.1.
4. Adapt the proof of Theorem 8.7.3 to prove that every Archimedean ordered skew
field is commutative. (Hint. Conjugation is an order-preserving automorphism
fixing Q.)
5. Show that if an ordered field K has an Archimedean subfield dense in K, then K is
itself Archimedean.
6. Show that the ordered fields constructed in Exercise 3 of Section 8.6 are not
Archimedean. Use the method of Exercise 4 of Section 8.6 to find uncountably
many distinct Archimedean orderings on Q(x).

S.S Formally Real Fields
After a brief look at general ordered fields in Section 8.6 we developed the theory of
real fields in Section 8.7, but there is an algebraic theory of ordered fields that puts
the special role of real fields clearly in evidence. This theory goes back to a classic
series of papers by Emil Artin and Otto Schreier in the 1920s, but there was further
development in the later 20th century, which helped to simplify the basic theory.
We recall from Section 8.6 that an ordered ring may be described by its positive
order set P; let us define a cone as a subset containing all squares but not -1 and
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closed under sums and products. If R is an ordered ring with order set Po, then
P = Po U {OJ satisfies
R=Pu-p,pn-p={o}.

(8.8.1)

In an integral domain R, any cone P satisfying (8.8.1), with 0 removed, is the positive order set of an ordering on R. For a field the second condition in (8.8.1) is
redundant, for if P n -P contains a non-zero element c, then c, -c E P, hence
-1

= c.( -

c).(C- 1)2 E P.

To study the possible orderings of a field it is helpful to consider the elements that
are positive under every ordering. For any field K let us define its core as the set C of
sums of squares

We observe that C is closed under addition, multiplication and inversion. For
addition this is clear; next if a = L af, b = L bJ, then ab = Lij (aibj)2 and
a-I = a( a-I )2. By definition C contains every square in K, so it is a cone precisely
when -1 fj C.
If K is an ordered field, then clearly all non-zero elements of C(K) are positive, in
particular, -1 fj C(K). A field is said to be formally real if its core does not contain
-1, and so it is a cone. By what has been said, every ordered field is formally real.
Further, every formally real field is of characteristic 0, for C contains 1, 1 + 1, ...
and these must all be different from -1. The following rephrasing of the definition
is often useful:

.

Proposition 8.8.1. A field is formally real if and only if -1 cannot be written as a sum
~

Our first task is to show that every formally real field can be ordered. It is no
harder to prove a relative version, using a relative notion of core.
Let K be any field with a subfield F and suppose that F is ordered. Then the F-core
of K is the set rp(K) of all sums of squares with positive coefficients from F:
rp(K)

= {LaiA;IAi E K, ai E F, ai

>

oJ.

(8.8.2)

If K is any field of characteristic 0, it contains Q as prime subfield and this is ordered;
now the Q-core of K is just the core defined earlier. As in that case we can show that
rp(K) is closed under addition, multiplication and inversion and contains all
squares. Hence r p(K) is a cone iff it does not contain -1. If K has an ordering
extending that of F, then r p(K) clearly does not contain -1 and so is a cone. We
shall show conversely that if r p(K) is a cone, then the ordering of F can be extended
to K. We single out two properties of cones:
Lemma 8.8.2. Let K be any field.
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E P, then either P + aP or P - bP
is a cone.
(ii) Every cone on K is contained in a maximal cone and any maximal cone P satisfies

(i) If P is a cone on K and a, b E K are such that ab

PU -P = K.

Proof. (i) Clearly P + aP, P - bP contain P and they admit addition, multiplication
and inversion. For example, if x = Xl - bxz, Y = Yl - bY2, then xy = XlYl +
bZxzyz - b(XlY2 + xzyd, and similarly for the other cases. Hence if neither
P + aP, P - bP is a cone, then both contain -1, say X + au = -1 = Y - bv; it
follows that -abuv = 1 + X + y + xy and so -1 = x + y + xy + abuv E P, a contradiction.
(ii) The existence of a maximal cone containing a given cone follows by Zorn's
lemma. Now let P be a maximal cone and take a E KX. Then a2 E P, hence by (i),
P + aP or P - aP is a cone, say P + aP; but P + aP ;2 P, so by maximality
•
P = P + aP and thus a E P.
Now it is an easy matter to establish a criterion for extendibility:
Theorem 8.8.3. Let K be a field with an ordered subfield F. Then the ordering of F can
be extended to an ordering of K if and only if the F-core rp(K) is a cone, i.e.

-1

~Tp(K).

Proof. We have seen the necessity of this condition. Conversely, when it holds, then
by Lemma 8.8.2(ii), rp(K) is contained in a maximal cone P and P U -P = K.
It follows that P defines an ordering on K and this ordering extends the ordering
on F because P contains rp(K), which by construction contains the positive cone
ofF.
•

If we apply this result to a field K of characteristic 0, taking F to be Q, we see that K
can be ordered iff it is formally real. More precisely we have
Corollary 8.8.4. Let K be a formally real field and P be any cone on K. Then P is the
intersection of all maximal cones containing P. In particular, K can be ordered. Thus a

field can be ordered if and only if it is formally real.
Proof. It is clear that the intersection of maximal cones containing P is again a cone
containing P, so to prove the first part we have to find, for any a f/. P, a maximal cone
containing P but not a. We note that P - aP is a cone, for if not, then -1 = x - ay
for some x, YEP, and so ay = x + 1, hence a = (x + l)y-l E P, which is a contradiction. By Lemma 8.8.2 there is a maximal cone Q containing P - aP; hence Q ;2 P,
but a f/. Q because -a E Q. Now it follows that the intersection of all maximal cones
containing P contains no element not in P and so equals P. The second part follows
because a formally real field always has a cone, namely its core.
•
From Corollary 8.8.4 we see that in any formally real field K the core is just the
intersection of all maximal cones. In other words, an element of K is a sum of squares
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iff it is positive under every ordering of K. Such an element is also called totally
positive.
We next investigate which algebraic extensions of ordered fields allow an extension
of the ordering. A field is said to be real closed if it is formally real but has no algebraic extensions that are formally real; thus a real closed field is a maximal formally
real extension field in its algebraic closure. By the real closure of a formally real field K
we understand a maximal formally real extension of K in its algebraic closure. For
example, the field of all real algebraic numbers is real closed and it is the real closure
of Q. It is easy to see that such a real closure always exists.
Theorem 8.8.5. Every formally real field has a real closure.

Proof. Let K be formally real; by Corollary 8.8.4 we may take it to be ordered.
Consider the family fF of all ordered extensions of K in its algebraic closure; fF
itself is partially ordered by order-preserving inclusions, thus for E1 , Ez E fF we
write El ~ Ez if Ez is an extension of El and the ordering of El is induced by that
of Ez. Clearly fF is inductive, and so by Zorn's lemma it has a maximal member
E. This is the required real closure of K.
•

Real closed fields can be described more explicitly; to do so we need to look at two
particular cases of algebraic extensions.
Lemma 8.8.6. Let K be an ordered field and L be a finite algebraic extension of K. Then

the ordering of K can be extended to L provided that either [L:
L = K(Ja), where a E K, a> O.

KJ

is odd, or

Proof. Suppose first that UK is an extension of odd degree n. We shall use induction
on n. Since char K = 0, the extension is simple, by the theorem of the primitive element (Theorem 7.9.2), say L = K(a), where the minimal polynomial p of a over K
has degree n. For n = 1 the result clearly holds, so assume that n > 1. By Theorem
8.8.3 we have to show that rK(L), the K-core of L, is a cone. If this is not so, it must
contain -1, so we have

(8.8.3)
where Ai > 0 in K and each Ii is a polynomial over K of degree at most n - 1. Since p
is the minimal polynomial of a, we have the identity
-1

=L

AiNx)z + p(x)q(x),

(8.8.4)

for some polynomial q. Now L AiNx)z has even degree, because the highest term is
a sum of squares with positive coefficients and so cannot vanish. Moreover, this
degree is positive, for otherwise (8.8.3) would give a contradiction, and it cannot
exceed 2n - 2, because deg Ii ~ n - 1. Thus pq has even degree ~ 2n - 2, hence q
has odd degree ~ n - 2. It follows that q has an irreducible factor of odd degree
< n, and if f3 is a zero, then by induction on n the ordering extends to K(f3), but
on putting x = f3 in (8.8.4) we find -1 = LAiNf3)z, a contradiction. Hence
rK(L) is a cone and this shows that the ordering of K can be extended to 1.
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Next let L

= K(-Ja) and suppose again that rdL) is not a cone. Then
-1

= I>"i(Xi +Yi-Ja)2.

Multiplying out and observing that 1, -Ja are linearly independent over K, we obtain
the relation
-1

= I:>i(X; + y;a)

> 0,

which is a contradiction. Hence rK(L) is a cone and the result follows.

•

It is useful at this point to introduce a special type of ordered field. A field K is
called Euclidean if for each a E K X exactly one of a, -a is a square; this just
means that the set of all squares in K is the positive cone of an ordering. Such a
field can always be ordered by writing a ::: 0 iff a is a square; clearly this is the
only possible ordering of K. Our next result, essentially due to Emil Artin, in a
presentation following Winfried Scharlau (1985), shows how Euclidean fields are
related to real closed fields.
Theorem 8.8.7. For any field K the following conditions are equivalent:
(a) K is real closed,

(b) K is Euclidean and every equation over K of odd degree has a root in K,
(c) K is not algebraically closed but K(-J - 1) is algebraically closed.

Proof. (a) =} (b). If K is real closed it is formally real and so can be ordered, by
Corollary 8.8.4. By Lemma 8.8.6 this ordering can be extended to K(-Ja) for any
a> 0, and since K(-Ja) = K by the maximality of K as formally real field, it
follows that a is a square in K. Of course every square is ::: 0, so K is indeed
Euclidean, and no equation of odd degree > 1 can be irreducible, because it
would lead to a larger ordered field, by Lemma 8.8.6. Hence every equation of
odd degree > 1 is reducible over K, and by induction on the degree it has a root
in K, thus (b) holds.
(b) =} (c). Assume (b); then -1 is not a square in K, so K is not algebraically
closed. Moreover, since K is Euclidean, it can be ordered by writing a ::: 0 iff a is
a square. Now consider K(-J - 1) and write i = -J - 1; we have to show that K(i)
is algebraically closed. In the first place, every element is a square, for if c E K,
either c 2: 0 and -Jc E K or c < 0 and -J - c E K. Next if c E K(i), say c = a + bi,
where a, b E K and b i- 0, then we have to solve

a + bi

= (u + vi)2 = u2 - v2 + 2uvi.
(8.8.5)
By (8.8.5) we have a2 + b2 = (u 2 + V 2)2; now a2 + b2 > 0 in K, hence it is a square
in K, say a2 + b2 = d2, and it remains to solve
(8.8.6)
Now d is only determined up to sign and we may assume that d 2: O. Then d is a
square, say d = e and the first equation (8.8.6) can be replaced by u2 + v2 = e.
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Either b or -b is a square; if b is a square, then i2 + b > 0, hence i2 + b = h2, and if
we now solve for u, v from u + v = h, u - v = a/h, we find that (8.8.5) holds with
these values. Similarly, if -b is a square, then i2 - b > 0, hence i2 - b = k2 and we
have instead to solve u - v = k, u + v = a/k. Thus every element of K(i) has a
square root, and the usual formula for quadratic equations shows that every
quadratic equation over K(i) has a root.
Suppose now that K(i) is not algebraically closed. Then any finite extension of
K(i) is contained in a Galois extension UK (recall that char K = 0, so every finite
extension is separable). Let G = Gal(L/K), take a Sylow 2-subgroup S of G and
denote by H the fixed field of S. Then [H : KJ = (G: S) is odd, by the definition
of S, hence any element a of H has odd degree over K, but by (b) all such elements
belong to K, so H = K and G = S is a 2-group. It follows that the Galois extension
UK(i) also has a 2-group T, say. By Corollary 2.1.7, every non-trivial 2-group has a
subgroup of index 2. A subgroup of index 2 in T corresponds to an extension of K( i)
of degree 2, but this contradicts the fact that every quadratic equation over K(i) has a
root in K(i). Hence T = 1 and L = K(i), i.e. K(i) has no proper algebraic extensions,
and is therefore algebraically closed.
(c) =} (a). It is enough to show that K is formally real; this will follow if we show
that a2 + b2 is a square for all a, b E K. Over K(i), a + bi has a square root, thus
•
a + bi = (a + f3i)2 say, and hence a2 + b2 = (a 2 + f32)2.
As we saw, every Euclidean field can be ordered in just one way; hence we have

.

Corollary S.S.S. Every real closed field can be ordered in just one way; for this ordering

every positive element has a square root, and any automorphism necessarily preserves
~

With the help of Theorem 8.8.7 we can also deduce the fundamental theorem of
algebra (see Section 7.3). We shall need the intermediate value property established
in Proposition 8.7.6, which depended on the continuity of polynomials over R.
Proposition S.S.9. An ordered field is real closed if and only if it has the intermediate
value property for polynomials.
Proof. Let K be a real closed field, f be any polynomial over K and a, f3 E K, say
a < f3, such that f(a)fif3) < 0. Since its algebraic closure is of degree 2 over K (by
Theorem 8.8.7), we can write f as a product of linear and quadratic factors,
irreducible over K. Each irreducible quadratic factor has the form

and here q - p2/4 > 0, by irreducibility. Hence this factor is positive for all values of
x, so f can change sign only when a linear factor changes sign, and this happens only
at a zero of f, so there must be a zero lying between a and f3.
Conversely, when the intermediate value property holds for K, then we shall show
that K is real closed by verifying Theorem 8.8.7(b). Let a > in K; the polynomial
f = x 2 - a is positive for x = 1 + a and negative for x = 0, hence it has a zero, and

°
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this is the required square root. Similarly if f is a polynomial of odd degree, then f
has the same sign as its leading coefficient for large positive x and the opposite
sign for large negative x, hence it changes sign and so has a zero in K. Thus Theorem
•
8.8.7(b) holds and it follows that K is real closed.
We have seen in Proposition 8.7.6 that R has the intermediate value property,
hence we obtain
Corollary 8.8.10. The field R of real numbers is real closed and the field of complex
numbers, defined as C = R( J - 1) is algebraically closed.
•
This proof of the fundamental theorem of algebra (and the part of Theorem 8.8.7
on which it depends) is due to E. Artin.
In Theorem 8.8.5 we saw that every formally real field has a real closure and we
now ask to what extent this real closure is unique. The answer is at first disappointingly vague, but it can be made precise once the problem is reformulated: by
Theorem 8.8.5 and Corollary 8.8.8 every formally real field can be ordered. If we
now take an ordered field K as our starting point, we shall find that its real closure
is unique, up to a unique K-isomorphism. One method of proof is by Sturm's
theorem, which determines the exact number of real roots of an equation over R
in any interval (see Exercise 12). We shall instead use the proof of Knebusch 1972,
as simplified by Becker and Spitzlay 1975, see Scharlau (1985).
Let K be any ordered field. A quadratic form q over K is called positive-definite if
q(x) > 0 for all x -=I- 0; if this holds for -q, q is said to be negative-definite. Given any
quadratic space (V, q) over K with a regular form q, we can write Vas an orthogonal
sum
V

= V+ -L V-

(8.8.7)

of two subspaces, V+ where q is positive-definite and V- where q is negativedefinite. These subspaces are not unique, but their dimensions are unique, and the
difference
(8.8.8)
is called the signature of q. For the case K = R this just reduces to Sylvester's law of
inertia and the uniqueness proof is the same as in that case: if V = W+ -L W- is
another such decomposition, then W+ n V- = 0, hence dim(W+) :::: dim(V) dim(V-) = dim(V+); by symmetry we find that dim(W+) = dim(V+), hence also
dim(W-) = dim(V-).
The definition (8.8.8) can still be used for singular spaces, by taking the signature
of the regular part.
Consider a finite-dimensional K-algebra A. We have the trace form on A, given by
the trace of the regular representation. If Pa : x I~ xa, then the trace of a, tr(a), is
defined as the trace of the linear mapping Pa. This provides us with a quadratic
form tr(x2 ) on A, which is regular whenever A is semisimple. For consider the set
91 = {y

E

Altr(xy)

=0

for all x

E

A}.

(8.8.9)
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This set sn is an ideal in A, because tr(x(ay)) = tr((xa)y), tr(x(ya)) = tr((ax)y).
By definition (8.8.9), for any a E sn, all powers of Pa have zero trace, hence Pa is
nilpotent, and so a is nilpotent, because P is faithful. Hence sn is a nilpotent ideal
and so sn = 0, because A is semisimple. This shows the quadratic form tr(x2) on
A to be regular.
We shall need the following lemma, which goes back to Sylvester.
Lemma 8.8.11. Let K be an ordered field, with real closure K. Iff is a polynomial in x

over K, A = K[x)/(f) and q is the quadratic form on A defined by q(x) = tr(xl), then
sgn(q) equals the number of distinct zeros off in K. Hence the number of these zeros
depends only on the ordering of K, not on K.

Proof. Over K the polynomial f splits into factors that are either linear or quadratic:
f(x) = PI (X)"l ... Pr(x)"',
hence
AI(

= K[x)/(f) = EI

x ... x Er,

where Ei

= K[x)/(pfi).

(8.8.10)

It is clear that the signature of q is the same over K and over K, and to compute it

over K we may use a basis adapted to the decomposition (8.8.10). The polynomial Pi
has degree 1 or 2; we consider these cases separately; in K[x)/((x - a)") we can take
as our basis 1, x - a, ... , (x - a),,-I . The quadratic form has rank 1 and tr(1) = 1,
tr((x - a)i) = 0 for i > 0, hence the signature is 1 in this case.
If E = K[xl/(p"), where p = x 2 + Ax + /1, and 4/1 > ).,2 (because p is irreducible
over K), then on writing y=(2x+).,)(4/1-).,2)-1/2, we can express this as
K[y)/((f + 1)"). Taking as our basis 1,y,y2 + 1,y(f + 1), (f + 1)2, ... , we find
that our quadratic form now has rank 2 and tr(yi(f + 1Y) = 0 if j ~ 1, tr(1) = 2,
trey) = 0, tr(f) = -2; therefore the signature is O. Thus in each case the signature
equals the number of distinct zeros of fin K, as claimed.
•
We shall use this result to examine the extensions of the ordering of K to a simple
extension:
Proposition 8.8.12. Let K be an ordered field and L = K(a) be a simple algebraic
extension, with quadratic form defined by the trace on L: q(x) = trL/K(x2). If

sgn(q) = r > 0, then L has an ordering extending that ofK and there are at most r distinct orderings of L extending the ordering on K, obtained by taking r K-homomorphisms of L into a real closure of K.

Proof. Denote by K a real closure of K; by Lemma 8.8.11, r is the number of zeros of
the minimal polynomial of a in K, and each zero ai gives rise to an embedding O"i of
Lin K by mapping a 1-+ ai. The ordering induced in L in this way clearly extends the
ordering of K. If there is an ordering > 0 of L distinct from these r, then for
i = 1, ... , r there exists Ci E L such that Ci >00, but i < 0 in K. By repeated application of Lemma 8.8.6 the ordering > 0 extends to

cr

(8.8.11)
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for a primitive element y over K with minimal polynomial g. Now K(y) has a real
closure M, which is a real closed algebraic extension of K, and so is a real closure
for K. Since g has a zero in M, g also has a zero in K, by Lemma 8.8.11. Hence
there is an embedding T : K(y) -+ K; the restriction of T to K must equal one of
the ai, say al. But then cft = cI = «.JCl)T)2 > 0, which contradicts the fact that
~<Q

•

If L is an algebraic extension of an ordered field K, then the ordering cannot necessarily be extended to L; but when it can, then the bound given in Proposition 8.8.12
is always attained. This can be proved at the same time as the uniqueness of the real
closure.
Theorem 8.8.13. Let K be an ordered field, L be a finite algebraic extension, say

L = K(y), and let r = sgn(q), where q(x) = trLjK(x2). If the ordering of K can be
extended to L, there are exactly r such extensions and for each such ordering L has
an order-preserving embedding in the real closure K of K.
Further, any two real closures of K are isomorphic by a unique isomorphism and this
isomorphism preserves the ordering.
Proof. We first show that any ordered algebraic extension L of K has an orderembedding in K. For by Zorn's lemma there is a maximal subfield Lo of L with an
order-embedding in K. If Lo i= L, say a E L\Lo, then Lo(a) is an ordered algebraic
extension of Lo and by Proposition 8.8.12, Lo(a) has an order-embedding in K;
this contradicts the maximality of Lo, hence Lo = L and so L has an order-embedding
in K.
Next we prove the last part. Suppose that L I, L2 are real closures of K; by what has
been shown there exists a K-homomorphism a: LI -+ L2. Since the image Lf is real
closed, we have Lf = L2 and so a is an isomorphism; since (a 2)0" = (aO")2 for any
a ELI> we have a > 0 in LI iff aO" > 0 in L2, thus a preserves the ordering. Let
T : LI -+ L2 be another isomorphism; we have to show that aO" = aT for any
a ELI. Denote by fthe minimal polynomial of a over K and by al, .. " a r its conjugates in LI> where al < ... < a r say. Since a, T are order-preserving, we have

af

< ... < a~,

aI < ... < a;.

Now af, ... , arO" are the zeros offin L2 and likewise aI, ... , a,', hence aiO" = a;' for
i = 1, ... , r, and so aO" = aT, as required.
Finally let L = K(y) be as stated; then there are r embeddings aI, ... , a r in K and
we have to show that they define distinct orderings of L. If aI, a2 define the same
ordering on L, take a real closure M of L for this ordering. By the first part, al
and a2 can be extended to K-isomorphisms M -+ K and we now have distinct
K-isomorphisms between the real closed fields M, K; but we have seen that there is
only one such isomorphism. Hence there are r distinct orderings on L.
•
Several ways are known of estimating the number of roots of an equation, such as
the Harriot-Descartes rule, which dates from 1637. However, this leaves the question
of finding the exact number of real roots open, and it was not until nearly 200 years
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later that this problem was solved, by Jacques-Charles-Franl):ois Sturm (his solution,
announced in 1829, was first published in 1835). We shall prove Sturm's theorem
here using only the intermediate value property of R established in Proposition
8.7.6. It holds for any real closed field and can be used to give another proof of
the uniqueness of the real closure of a formally real field, but we have preferred
the above more direct method. The result, though of independent interest, will
not be needed later and can be omitted without loss of continuity.
Our object is to determine the exact number of real roots of a given equation
over R. More precisely, given real numbers a < f3, we shall describe a method of
calculating the number of roots y satisfying a < y < f3.
Let f be a polynomial over R; by a Sturm sequence of polynomials for f in the
interval [a, f3l we understand a sequence of polynomials over R:

fo

= f,fi,···,fr

(8.8.12)

such that

S.l fr has no zeros in [a, f3l;
S.2 fo(a),fo(f3) i- 0;
S.3 for i = 1, ... , r - 1, if Ji(y) = 0, where a < y < f3, then f;-I (y)f;+ I(y) < 0;
S.4 if f(y) = 0, where a < y < f3, then fo(x)fl (x) is an increasing function of x at
x = y, thus fofl changes from negative to positive values in a small enough
interval about y.
We shall soon find how to construct such sequences; for the moment we show
how a Sturm sequence can be used to answer the question raised above. In any
sequence of real numbers AI, ... , An we shall define the number of sign changes
as the number of times there is a change from a positive to a negative value or
vice versa, ignoring zeros; e.g. 2,0,3, -1, 0, 0, 4 has two changes.
Theorem 8.8.14. Let f be a real polynomial of degree n, with Sturm sequence (8.8.12)
in the interval [a, f3l, and for any y E R denote by 8(y) the number of sign changes in

the sequence
fo(y)'fl(Y),··· ,f,(y).
Then the number of distinct zeros off in [a,

(8.8.13)

f31 is 8(a) - 8(f3).

Proof. Consider how the sequence (8.8.13) changes as y varies from a to f3. The only
sign changes happen when y passes through a zero of some f; (by the intermediate
value property for R). We first take the case i > o. By S.l we also have i < r, thus
f;(y) = 0 and by S.3, f;-I(y)f;+I(y) < 0, say f;-I(y) < 0 <f;+I(y). Then in the
section f;-I> f;,f;+1 of (8.8.13) there is one change of sign. We still have
f;-I (y') < 0 < f;+ I(y') for any y' near y; for such y' the number of sign changes
in the sequence f;-I,f;,f;+1 is still 1, whatever the value of f;(y'). Hence the
number of sign changes in (8.8.13) remains constant as the argument passes through
a zero off; (i > 0). Next take the case when the argument passes through a zero yof
fo; then fl (y) i- 0 by S.3 for i = 1. By taking a sufficiently small interval about r we
may assume that y is the only zero offo in this interval and that fl has no zeros there.
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Assumefirstthatfo(y') < Ofory' < y;thenfl(y') > ObyS.4, and eitherfo(y") > 0,
fl (y") > 0 for y" > y, or fO(Y") < 0, fl (y") < 0 for y" > y. In the second case fl
changes from positive to negative values and hence vanishes, against the hypothesis.
Thus the first alternative must hold, and as x increases from y' < y to y" > y, the
sequence fo(x), j) (x) changes from -, + to +, +, so one sign change is lost as x
passes through a zero of f The same argument applies if fo(y') > 0 for y' < y. By
addition we find that the number of sign changes in [a,,81 is 8(a) - 8(,8), as
asserted.
•
Now let f be any polynomial and define the standard sequence for f as follows:
fa = f, fl = f' (the derivative) and for i::: 1, fi is defined as the remainder in the
division algorithm, with the sign changed:
fi-I = fiq; - fi+ I,

degfi+1 < degfi.

(8.8.14)

Let f,. be the last non-zero remainder; by the Euclidean algorithm, f,. is the highest
common factor of f and f'. Thus if fhas no repeated zeros, fr is a non-zero constant.
We claim that in this case fO,fI' ... ,f,. is a Sturm sequence for f, for any interval
[a, ,81 such that f(a)f(,8) #- o. S.l holds since f,. is constant, and S.2 holds by assumption; further no two successive fi can vanish for the same value of x, for if they did,
then by (8.8.14) all succeeding fi must vanish and this contradicts S.l. Now if
fi(y) = 0, then by (8.8.14), fi-I (y)fi+ I(y) < 0, so S.3 holds. Finally S.4 holds
because if fey) = 0, then
has a minimum at x = y and so (P)' = 2foj) is
increasing at x = y.
Suppose now that f is an arbitrary polynomial and let d be the highest common
factor of f and f', say f = dgo, f' = dg l . Clearly d is a factor of each fi, so writing
f; = dgi , we have

P

gi-I = giqi - gi+l,

deggi+1 < deggi.

(8.8.15)

We claim that go, gl, ... ,gr is a Sturm sequence for go. S.l-S.3 follow as before; to
establish S.4 we note that when go(y) = 0, then fey) = 0, P has a minimum and so
(P)' = 2d 2g og1 is increasing at x = y. Clearly 2d 2 is non-negative, so gogl is
increasing at x = y.
We thus find that
(8.8.16)
is a Sturm sequence for go. Now the sequence

fo,j),··· ,f,.

(8.6.17)

is obtained by multiplying each term of (8.8.16) by d; hence the numbers of sign
changes of (8.8.16) and (8.8.17) are the same at any point r not a zero of d. We
can therefore use (8.8.17) to determine the zeros of go. But they are just the distinct
zeros of f, so we have proved
Theorem 8.8.15 (Sturm's theorem). Let f be a polynomial over R and let
f,fl = f',ji, ... ,f,. be the standard sequence for f Given a,,8 E R, not zeros of
f, such that a < ,8, the number of distinct zeros off (not counting multiplicities) in

10 =

[a,,81 is 8(a) - 8(,8).

•
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We note that by taking a, f3 sufficiently large negative and positive numbers
respectively, we obtain a formula for the total number of real zeros of f It may be
shown that if f = xn + alxn- l + ... + an and M = max {lad, ... , lanl} + I, then
all the real zeros of [lie in the interval [ - M, M].

Exercises
1. Verify that any cone satisfying (8.8.1) defines an ordering.
2. Let R be any ring and P be a maximal cone in R. Show that P U - P = Rand
P n -Pis a prime ideal in R.
3. Let K be a field of characteristic not 2 which is not formally real. Show that the
core of K is the whole of K. Deduce that every element of K is a sum of squares.
4. Show that there is a least Euclidean subfield E of R and verify that E is not real
closed.
5. Show that there is a least subfield F of R over which every equation of odd degree
has a root in F; verify that F is not Euclidean.
6. Show that a field is real closed iff its algebraic closure is of finite degree > lover
it.
7. Let f = 0 be an equation with real coefficients, without repeated roots. Show
that if the number of pairs of conjugate complex roots of f = 0 is 5, then the
discriminant of f has sign (_1)5.
8. In Theorem 8.8.7 show that (b) =} (c) without using Sylow theory by forming,
for any equation f = 0 with roots al, ... , an the equation with roots
ai + aj + Aaiaj (i < j), where A is chosen to make all these values distinct,
using induction on the 2-power dividing deg f
9. Let K be a field such that x 2 + 1 is irreducible over K, while K(-J - 1} is
algebraically closed. Show that any polynomial over K splits into linear and
quadratic factors, and that the sum of two squares in K is a square. Deduce
that K is formally real and in fact real closed. (Hint. See the proof (c) =} (a)
of Theorem 8.8.7.)
10. Apply Sturm's theorem to determine the roots of X4 - 3x 3 - x 2 + 8x - 4 = 0 to
the nearest integer.
11. The Legendre polynomials, defined as
P (x)

n

1 dn 2
-(x = -2nn!
dxn

1)

n

'

(n = 0, 1, ... ) satisfy the relations

nPn - (2n -1}xPn(1 - X2)p~

1

+ (n -l)Pn- 2 = 0,
+ nXPn -

nPn-

1

=0

(n

= 1,2, ... ).

Show that for any n~O,P-I
... 'Po is a Sturm sequence for Pn in
[ - 1, 1]. Deduce that Pn has n distinct zeros in [ - 1, 1] which are separated
by those of Pn - l •
12. Prove the last part of Theorem 8.8.13 by using Theorem 8.8.15.
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8.9 The Witt Ring of a Field
In Section 8.5 we associated with any field k the monoid M(k) whose elements are
equivalence classes (under isometry) of regular quadratic spaces. By the Witt cancellation theorem (Theorem 8.5.1) this is a cancellation monoid, hence M(k) is
embedded in its universal group W(k) (Proposition 2.1.8). Formally the elements
of W(k) can be written as differences of isometry classes: [U] - [V], and we have
[U] - [V] = [U ' ] - [V'] iff U ..l V' ~ U'..l V. Our next object is to define a multiplication on W(k) which will make it into a ring.
Let V, V' be regular quadratic spaces with associated bilinear forms b, b'; we can
define a bilinear form on the tensor product V ® V' by the formula
F(x ® x', Y ® y')

= b(x, y)b'(X', y')

(x, y E V, x', y' E Vi).

By linearity this determines F completely; we observe that in terms of the corresponding quadratic forms q, q', P we have
P(x ® x')

= q(X)q'(X'),

but this formula by itself is not enough to determine P, because P is not linear and we
need to define it for sums LXi ® xi, not merely products x ® x'. In terms of
matrices, if the forms on V, V' have the matrices A, A' respectively (relative to
any bases), then the matrix for V ® Viis the Kronecker product A ® A'. From
the properties of the tensor product it is clear that this operation induces a multiplication on W(k):
[U][V] = [U ® V].

Clearly this multiplication is associative and commutative, and on the basis of the
formula
U ® (V ..l V') ~

U ® V ..l U ® Vi

it follows easily that the distributive law holds in W(k). Further, we have
U ® (1) ~ U and if Z is the zero-dimensional space, then U ® Z ~ Z. Hence
W(k) is a commutative ring with the zero space as 0 and (1) as unit element; it is
called the Witt-Grothendieck ring of quadratic forms over k. In terms of a diagonal
representation we have

For any a, b E k, if a, b, a + b =f. 0, we have the Witt relation
(a, b)

~

(a

+ b, (a + b)ab).

(8.9.1)

For if u, v is an orthogonal basis for (a, b), then u + v, bu - av is again an orthogonal
basis and q(u + v) = a + b, q(bu - av) = b2 a + a2 b = (a + b)ab, so we obtain the
right-hand side of (8.9.1). Thus in W(k), (a) + (b) = (a + b) + ((a + b)ab).
We next try to find a presentation for W(k). To this end let us define an abstract
ring A(k) with generators [a], a E P and defining relations
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R.l [1] = 1;
R.2 [a][b] = lab) for all a, bE P;
R.3 [a] + [b) = [a + b] + [(a + b)ab] for all a, b E P such that a -I- -b.
By R.2, A(k) is commutative; we also note the following consequence of R.I-R.3:
(8.9.2)

To see this we put a = b in R.3: 2[b) = [2b] + [2b 3]. Multiplying by [a/2b) we get
2[a/2) = [a] + [ab Z), and since the left-hand side is independent of b, it follows that
[a~)
= [a1Z] = [aJ, i.e. (8.9.2). As a relation in W(k), (8.9.2) is obvious, since it
states that (ab Z) ~ (a), which follows by a change of variable.
We have seen that R.I-R.3 hold for the generators of W(k); therefore there is
a unique ring homomorphism cp: A(k) -+ W(k) defined by [a] H (a)(a E P);
we claim that cp is an isomorphism. Since W(k) is additively generated by the (a),
cp is surjective. Now any element of A(k) can by R.2 be written in the form
(8.9.3)

ifker cp -I- 0, we may choose a non-zero element (8.9.3) ofker cp so as to minimize n.
This means that (ai, ... , an) ~ (bb ... , bm ) and hence m = n, by the invariance of
the rank. Here we must have n > 1, for otherwise al = blxz and so [ad = [bd by
(8.9.2). Now since bl is represented by (al,"" an), we have an expression
(8.9.4)

Suppose that the ai in (8.9.3) are chosen so as to minimize pin (8.9.4). If P > 1, then
is non-zero and by R.3 and (8.9.2),

d = alxi + azx~

[ad + [az)

= [alxi) + [az~)

= [d) + [d.alxiz~)

= [d] + [dalaz).

and
now
[ad + ... + [an] = [d] + [dalaz) + [a3) + ... + [an]
bl = d + a3~
+ ... + apxj" which contradicts the choice of p. Thus P = 1,
bl = alxi, hence [bd = [ad and by Witt's cancellation theorem (Theorem 8.5.1),
ker cp contains
Therefore

[az] + ... + [an) - [b z ) - ... - [b n).
This contradicts the minimality of n, hence ker cp = 0 as claimed.
Thus we have proved
Theorem 8.9.1. Let k be a field of characteristic not 2. Then the Witt-Grothendieck ring

W(k) has a presentation with generators (a), a E P and defining relations
W.l (1) = 1;
W.2 (a) (b) = (ab) for a, b E P;
W.3 (a) + (b) = (a + b) + «a + b)ab) for a, bE P such that a -I- -b.

•

A closer examination reveals a further consequence. Let us call two diagonal forms

(ab"" an) and (b l , ... , bn) simply related if there exist i, j such that
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(ai, aj) ~ (hi, hj ) and ak = hk for all k #- i,j. Here i may equal j, in which case we
interpret (ai, ai) as (ai)' Now the proof of Theorem 8.9.1 shows the truth of
Theorem 8.9.2. (Witt's chain equivalence theorem). Let q, q' he two regular
diagonal quadratic forms (over a field of characteristic not 2) which are equivalent.

Then there is a sequence of diagonal forms ql = q, q2, ... , qr = q' such that for
i = 2, ... , r, qi-l is simply related to qi.
•
Every invariant of quadratic forms gives rise to a function on W(k). Consider for
example the rank; clearly isometric forms have the same rank, hence the rank function induces a mapping
rk : W(k) -+ Z,

(8.9.5)

and since rk( U .1 V) = rk U + rk V, rk( U ® V) = rk U. rk V, rk( 1) = 1, it follows
that (8.9.5) is a ring homomorphism; the kernel I(k) is called the augmentation ideal
of W(k). Since (8.9.5) is split by the natural mapping Z -+ W(k), we have a direct
decomposition
W(k) ~

Z EB I(k).

A second important ideal in W(k) consists of the split spaces. We recall from
Section 8.5 that a split quadratic space is an orthogonal sum of hyperbolic planes.
Hence a space is split iff its dimension is even, say n = 2r, and relative to a suitable
basis its matrix is

(~

~

). A quadratic space is split whenever it is regular of even

dimension 2r and has a totally isotropic r-dimensional subspace; for then its matrix
relative to a suitable basis has the form

where P, Q are r x rand P is invertible. Now we have

( I
A

0)( 0

B

pT

and this reduces to

(~

P)(I AT)
Q 0 BT -

~)

(0

BpT

PB T
)
BpTAT + APBT +BQBT '

when B = (pT)-l, A = -(l/2)BQBT.

We also recall Theorem 8.5.3, which states that in characteristic not 2 any regular
quadratic space V can be written as
V

= L.l U,

(8.9.6)

where L is split and U is anisotropic. If dim L = 2r, then r, and hence the isometry
type of L, is uniquely determined as the maximal dimension of a totally isotropic
subspace of V, while U is unique up to isometry.
The decomposition (8.9.6) is called the Witt decomposition of V, r is the Witt index
and U is the anisotropic part of V.
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If L is any split space, then so is L ® U, for any regular space U. For if dim L = 2r,
dim U = n, then L has a totally isotropic subspace Lo of dimension r, hence Lo ® U
is a totally isotropic subspace of L ® U of dimension rn. This means that the additive
group spanned by the split spaces in W(k) is already an ideal. We shall often write H
for the element of W(k) representing the hyperbolic plane, thus H = [(1, -1)]; the
ideal of split spaces may then be written ZH. The residue class ring W(k) =
W(k)/ZH is called the Witt ring of k. A more direct description of W(k) is given in
Proposition 8.9.3. Let k be any field of characteristic not 2. The correspondence

V H

[V](mod ZH)

(8.9.7)

induces a bijection between the set of isometry classes of anisotropic spaces and the Witt
ring W(k); the negative of (V, q) is (V, -q). Given two anisotropic spaces U, V, neither
U ...L V nor U ® V need be anisotropic, but if we take their anisotropic parts provided by
the Witt decomposition we obtain the sum and product in W(k).
Proof. Let us call two spaces (or also their forms) similar if their anisotropic parts
(obtained from the Witt decomposition) are isometric. It is clear that similar
spaces have the same image in W(k). Since H = [(a, -a)] for any a E P, it follows
that - [(a)] = [(-a)] in W(k); hence every element of W(k) is represented by a space
V. If we take a Witt decomposition V = Vh ...L Va, where Vh is split and Va is
anisotropic, then V is similar to Va and so [V] = [Va] and it follows that (8.9.7)
is surjective. Now let [U] = [V]; then in W(k) we have [U] = [V] + nH, where
n E Z. If n :::: 0, say, then U ~ V...L nH, hence U and V are similar. This shows
that (8.9.7) is injective, as claimed. Now the rest is clear.
•

There is another presentation of W(k), related more closely to k, which is often
useful. Let us write Q(k) for the multiplicative group of classes mod squares of k:
(8.9.8)
We shall use multiplicative notation for Q(k), writing (a) for the class of a E P.
Each element of Q(k) corresponds to a one-dimensional quadratic form and the product in Q(k) corresponds to the tensor product of forms. Hence we have a homomorphism ({J of Q(k) into the unit group U(W(k», which extends to a ring
homomorphism ZQ(k) -+ W(k), again denoted by ({J. Likewise there is a homomorphism (j; : Q(k) -+ U(W(k», which can again be extended to a homomorphism
(j; : ZQ(k) -+ W(k). Since every quadratic space has an orthogonal basis, it follows
that ({J and (j; are surjective.

ZQ(k)
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Theorem 8.9.4. Let k be a field of characteristic not 2 and define Q(k) as in (8.9.8)
above. Then the Witt-Grothendieck ring and the Witt ring can be described in terms
of the group ring ZQ(k) by

W(k) ~

ZQ(k)/a,

W(k) ~

where a is the ideal generated by (1 + (a})(l - (1
generated by a together with 1 + (-I) .

ZQ(k)/b,

(8.9.9)

+ a}), a=/=- 0, -1, and b is the ideal

= kercP, b = ker cp and it remains to determine these ideals. Now the proof of Theorem 8.9.1 shows that a is generated by
(a) + (b) - (c) - (d), where (a, b) ~ (c, d), and clearly also by 1 + (b) - (c) - (d),
where (1, b) ~ (c, d). Here (b) = (cd), since the determinants are equal, so also
(d) = (be), and hence

Proof. It is clear that (8.9.9) holds with a

1 + (b) - (c) - (d) = (1

+ (b})(l- (c)).

(8.9.10)

Now c = i2 + y2b; if x = 0, then (c) = (b) and (8.9.10) reduces to O. Otherwise we
have (c) = (1 + a), where a = x- 2 y2b and (a) = (b), so the right-hand side of
(8.9.10) reduces to (1 + (a})(l- (1 + a}). This confirms the description of a; now
W(k) ~ W(k)/Z(l + (-I}), so b is generated by a and 1 + (-I) as claimed.
•
The two ideals I(k) and ZH of W(k) lead to the following commutative diagram
with exact rows and columns:
o
0

o---+
A

o -+ I(k)
t

o -+ I(k)
t

o

t

t

ZH ---+
A

2Z -+ 0

rk

-+ W(k) ---+ Z -+ 0

t

t
e

-+ W(k) ---+ Z/2 -+ 0

t
o

t
o

From the diagram we see that the rank mapping (8.9.5) induces a homomorphism
e : W(k) -+ Z/2, called the dimension index. Its kernel is I(k) = l(k), the set representing forms of even rank.
By contrast the determinant function on W(k) cannot in general be factored via
W(k), because det(H) =/=- 1 in general (i.e. when -1 is not a square). The discriminant dis(q), defined as in (8.4.15), has the advantage that dis(H) = 1, but we now
have dis(q 1. q') =/=- dis(q). dis(q') in general. In order to restore multiplicativity we
can proceed as follows. Consider again the group P /P2, now written additively,
and define the set E(k) = Z/2Z x P /p 2 as a group by the rule

(e, d)

+ (e', d')

= (e + e', d + d'

+ ee'{ -

I}),
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where { - I} is the class of -1. Clearly this is an abelian group with P / P 2 as a subgroup of index 2. We can also define a multiplication on E(k) by setting

(e, d)(e', d')

= (ee', ed' + e'd),

and with this definition it is easily verified that E(k) is a commutative ring. Now it
can be shown that the mapping

qH

(e(q), {dis(q)}),

(8.9.11)

where e(q) is the rank of q (mod 2), defines a surjective homomorphism from W(k)
to E(k) with kernel I(k)2 = {I: aib;lai, bi E I(k)}. This shows that I(k)2 consists of all
classes of even-dimensional forms of discriminant 1.
Returning for a moment to Clifford algebras, we recall that for any quadratic form
q, either C or Co is central simple (depending on whether the rank is even or odd).
Thus each quadratic form gives rise to an element of the Brauer group Bk (see
Section 5.4), called the Witt invariant of q. By taking the graded structure of C
into account, one obtains a larger group, the Brauer-Wall group BWk. We shall
not enter into details here but confine ourselves to the remark that the quotient
BWk/Bk is isomorphic to the additive group of E(k) (see Lam (1980)j Scharlau
(1985)).

Another invariant of q, equivalent to the Witt invariant, but a little easier to
handle, is obtained by writing q in diagonal form: q = (ai, ... , an) and taking the
element of Bk corresponding to

n

(ai, aj; k),

i< j

where (ai, aj; k) is the quaternion algebra defined in Section 5.4. This is called the
Hasse invariant; it is not hard to verify (using Theorem 8.9.2) that this is in fact
an invariant of q. It can be shown that two forms of the same dimension :::: 3 are
isometric iff they have the same determinant and the same Hasse invariant (see
Exercise 11).
The ideal structure of W(k) is closely related to the ways of ordering k, and to end
this section we describe the connexion.
Let k be an ordered field and V be a quadratic space over kj it is clear that the
signature a(V) depends only on the class of V in W(k), so that we have a mapping

a: W(k) -+

z.

(8.9.12)

Moreover, since a(U 1- V) = a(U) + a(V), a( (ab)) = a( (a) )a( (b)), a( (1)) = 1, it
follows that (8.9.12) is a ring homomorphism. Its kernel is generated by the Witt
classes of all forms (1, -a) = 1 - (a) such that a > o. In particular, if k is Euclidean,
then every positive element is a square, so all such forms split and a is an isomorphism. Thus we have
Proposition 8.9.5. For any Euclidean field k the signature mapping (8.9.12) is an

isomorphism; in particular this holds for every real closed field.

•
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From Theorem 8.8.5 we know that any ordered field k has a real closure K and it is
clear that the inclusion i : k 1-+ K induces a homomorphism i* : W(k) -+ W(K).
But W(K) ~ Z, by Proposition 8.9.5, hence W(k)/ker i* ~ Z. Thus each ordering
of k determines a prime ideal of W(k) with residue class ring Z. The full connexion
between orderings and prime ideals is described in Theorem 8.9.7 below, but first we
need a lemma.

Lemma 8.9.6. Let p be a prime ideal in W(k), for any field k. Then W(k)/p is
isomorphic to Z or ZIp, for some prime number p.

Proof. A = W(k)/p is an integral domain by definition of p, and for any a E P,
((a) + 1)( (a) - 1) = (a 2 ) - 1 = 0, hence (a) == ±1 (mod p). Since W(k) is additively
generated by (a), a E P, the additive group of A is cyclic and hence is a homo•
morphic image of Z, as claimed.
A prime ideal pin W(k) is said to be of characteristic 0 or p according as W(k)/p is
isomorphic to Z or ZIp.

Theorem 8.9.7 {Harrison-Lorenz-Leicht}. Let k be any field and W(k) be its Witt

ring with augmentation ideal I(k). Then I(k) is the unique prime ideal of characteristic 2 in W(k). For an odd prime p there is a natural bijection between (i) the orderings
of k, (ii) the prime ideals of characteristic 0 in W(k) and (iii) the prime ideals of
characteristic p in W(k).
Proof. Let p be a prime ideal of characteristic 2 in W(k). Then (a 2 ) == 1 (mod p),
hence (a) == 1 (mod p) for all a E P, because p is prime, and so I(k) S; p. Since
I(k) is maximal, it follows that I(k) = p, so I(k) is the unique prime ideal of characteristic 2 in W(k).
In the remark after Proposition 8.9.5 we have seen how to associate with each
ordering P of k a prime ideal p of characteristic 0 in W(k). Since W(k)/p ~ Z, the
ideal pZ in Z corresponds to a prime ideal p of characteristic p in W(k). Now let
p be any prime ideal of odd prime characteristic p in W(k) and define

P = {a

E

kl(a)

==

l(mod p)}.

We claim that P is the positive order set of an ordering on k. It is clear that 0 ¢ P and
that P is closed under multiplication. Further, if a, b E P and c = a + b, then c f 0,
for otherwise (b) = (-a) == -1 (mod p), i.e. 2 == 0 (mod p), which contradicts the
fact that p is odd. Now (a) + (b) = (c)(l + (ab)) by W.3, hence 2(c) = 2, and so
(c) == 1 (mod p); this shows that P is closed under addition. Moreover, any
a E P satisfies a == ±1 (mod p), so either a or -a is in P, but not both and therefore
P defines an ordering on k.
It only remains to show that the mappings P 1-+ p, P 1-+ p, P 1-+ P when carried
out in succession lead back to the same ordering, resp. prime ideal; this is straightforward and may be left to the reader to check.
•
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Let k be a field such that W(k) ~ Z; then k can be ordered and the signature a is
an isomorphism, hence (a) = 1 for all a > O. Thus every positive element of k is a
square, i.e. k is Euclidean. Together with Proposition 8.9.5 this proves
Corollary 8.9.8. A field k is Euclidean if and only if W(k) ~

Z.

•

Exercises
1. Verify the homomorphism (8.9.11) of W(k) into E(k) and show that the kernel is
l(kf. (Hint. Define a map E(k) -+ W(k)II Z by (0, {a}) H < 1, -a> +l z,
(1, {a}) H (a) + 12.)
2. Show that E(k) splits over Q(k) (see (8.9.8» iff -1 is a square in k.
3. Show that the inverse image of Q(k) in the homomorphism (8.9.11) is 1 = l(k),
hence that l11 z is a W(k)ll-module. Deduce that W(k) is Noetherian iff Q(k) is
finite. (Hint. Recall that W(k) is additively generated by the (a), a E P.)
4. Show that the Witt ring W(k) has no idempotents apart from 0 and 1.
5. Show that if k is real closed then W(k) ~ Z EB Z, and determine the multiplication. Determine W(k) when (i) k is finite, (ii) every element of k is a square.
6. Show that k is not formally real iff W(k) is a local ring, and the unique maximal
ideal is then l(k).
7. Show that k is formally real iff W(k) is not a torsion group.
B. A field is said to be Pythagorean if every sum of squares is a square. Show that a
formally real field k is Pythagorean iff W(k) is torsion-free.
9. Let A be an anisotropic space. Show that if U and U ..1 A are both split, then
A = O. Deduce that V corresponds to the 0 of W(k) iff V is split.
10. Show that the Witt ring of the p-adic number field Qp (see Section 9.3 below) is
given by WCQ p) ~ WCFp) EB WCFp) for p =j:. 2, W(Qz) ~ Cs EB C z EB C z.
11. Show that any regular ternary (i.e. 3-dimensional) quadratic form of determinant -1 can be written (a, b, -ab). Verify that its Hasse invariant is (a, b; k)
and deduce that two ternary forms of the same determinant and the same
Hasse invariant are isometric.
12. Show that a field is Euclidean iff it is formally real and IQ(k) I = 2.

8.10 The Symplectic Group
Let k be any field. By a symplectic space V over k we understand a vector space V over
k with a regular bilinear form b which is alternating, i.e. such that

b(x, x)

=0

for all x

E

V.

(B.I0.1)

By linearization we find that b is antisymmetric: bey, x) = -b(x, y), and relative to a
basis of V, B is described by an alternating or skew-symmetric matrix, i.e. a matrix A
such that AT = -A. If dim V = n, we find by taking determinants, det
A = det AT = det( - A) = ( - It det A. Since the space is regular, det A =j:. O.
When char k =j:. 2, it follows that n must be even, but this will follow generally
(even for char k = 2) from Theorem B.lD.1.
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Symplectic spaces are of some importance in the Hamiltonian theory of dynamics.
Their theory is considerably simpler than that of inner product spaces, for as we saw,
every symplectic space is even-dimensional, say n = 2m, and as in the proof of
Proposition 8.5.2 we can find a basis of the form UI, ... , Urn, VI, •.. , Vrn such that
b(ui' Vj) = Oij, b(ui, Uj) = b(vi, Vj) = 0; such a basis is said to be symplectic. Any
pair of vectors u, V satisfying b(u, v) = 1 is called hyperbolic; thus a symplectic
basis consists of mutually orthogonal hyperbolic pairs. Relative to a symplectic
basis the matrix of a symplectic form becomes
(8.10.2)
Let us again derive the existence of a symplectic basis in a slightly more general
form. Any 2-dimensional symplectic space clearly has a basis consisting of a hyperbolic pair; we shall call it again a hyperbolic plane.
Theorem 8.10.1. Let V be a symplectic space, U be any subspace and Uo be a maximal
totally isotropic subspace of U. Then dim U :::: 2dim Uo and any basis UI, ... , Ur of Uo

can (after suitable renumbering) be completed to a basis UI> ... , Un VI> ... , Vs ofU such
that (Ui, Vi) (i = 1, ... , s :::: r) are mutually orthogonal hyperbolic pairs. This basis of U
can be completed to a symplectic basis of v; in particular, V is an orthogonal sum of
hyperbolic planes and so dim V is even.
Proof. Let U, Uo be as stated and let UI, ... , Ur be a basis of Uo. If Uo i- U, then any
vector of U\ Uo cannot be orthogonal to all of UI, ... , Un so we can choose VI E U
such that b(ui, VI) = 0 for all i except one, say (by renumbering the Ui),
b(uI' VI) i- O. On multiplying VI by a suitable scalar we may assume that
b(uI' VI) = 1. If (Uo, VI) i- U, we can repeat the process and after a finite number
of steps we reach the required basis of U. By the maximality of Uo we have s :::: r,
hence dim U = r + s :::: 2r.
Now if s < r we can in V find Vr such that b( Ui, vr) = Oin because V is regular, and
continuing in this way we obtain UI, ... , Ur, VI, •.. , Vn a symplectic basis for a subspace W of V. If Wi-V, we have V = W ..1 W~
and by induction on dim V we can
find a symplectic basis of W~
which together with the basis of Walready found is a
symplectic basis of V. As sum of hyperbolic planes V has even dimension.
•
The isometries of V are also called symplectic mappings; they form a group
Spzrn(k), called the symplectic group. If we refer all our mappings to a fixed symplectic
basis, we see that the symplectic mappings are described by matrices P such that

Plp T

= I,

where I is as in (8.10.2).

A matrix P satisfying (8.10.3) is said to be symplectic.
In a special case the symplectic group is easily identified:
Proposition 8.10.2. For any field k, Spz(k) S:' SLz(k).

(8.10.3)
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Proof. Let u, v be a symplectic basis. Any linear transformation has the form
U 1-+ U I

V 1-+

= au

+ bv,

v' = cu + dv,

and this will be symplectic iff b(u ' , v') = 1, i.e. ad - bc = 1. Hence Sp2(k) consists
precisely of the matrices with determinant 1, as claimed.
•
As for linear groups we can define the projective symplectic group
PSP2m(k) = SP2m(k)/C, where C is the centre; it can be shown that C = { ± I}
(see FA Section 3.6).
Let us consider some examples of symplectic matrices. We have
(8.10.4)

and
RQ

=

(1o

Q),
1

where Q E km, QT

= Q.

(8.10.5)

It is easily verified that Sp, RQ , Rb all lie in SP2m(k). In fact these matrices form a

generating set:
Theorem 8.10.3. The symplectic group SP2m(k) is generated by the matrices Sp
(P E GLm(k» and RQ , R~
(Q E km' QT = Q).

Proof. Consider the general matrix in SP2m(k):
p=

(~

~).

(8.10.6)

A,B,C,DEkm .

The condition P E SP2m(k) means that PJp T = f. On writing this out, we obtain
(8.10.7)

so if A and C are regular, A - I Band C-1D must be symmetric. Then it is easily
verified that
(8.10.8)

In the general case we use induction on the nullity of A, i.e. m - r, where r is the rank
of A. By left and right multiplication by suitable matrices Sp we can reduce P to the
form
where Al =

(~

~

).
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The condition that B[A; is symmetric means that B[ has the form
B[ =

(~

;).

Since F[ is non-singular, it follows that
where Q =

(~

~).

where G is symmetric.

K ::f. O.

If we multiply FI on the right by R'{;,

partitioned in conformity with Ai> we obtain
F2 =

(A2 B2),
C2

whereA 2 =

D2

(I

0

H),
K

and this has smaller nullity than A. Now the result follows by induction.

•

Exercises
1. Show that SP2m(k) is generated by Sp (P E GLm(k», RQ (Q E km, QT = Q) and J.
2. Show that PSp2(F 2) ~ Sym3' PSp2(F3) ~ Alt4.
3. Let V be a 4-dimensional symplectic space over F2 and define a pentagon as a
5-tuple of vectors u[, ... , Us satisfying b(Ui, Uj) = 1 for i ::f. j. Show that (i) every
pentagon contains 20 hyperbolic pairs, and (ii) every hyperbolic pair occurs in
exactly one pentagon. Deduce that there are exactly 6 pentagons. Use the results
to show that Sp4(F2) ~ Sym6'
4. Verify directly that if FE SP2m(k), where F is as in (8.10.6), and A is invertible,
then CA -I is symmetric (this is implicit in the formula (8.10.8) for F).
5. Show that SP2m(k) contains a subgroup isomorphic to GLm(k). (Hint. Consider a
maximal totally isotropic subspace.)

8.11 Quadratic Forms in Characteristic Two
In the treatment of quadratic forms we have at various points used the possibility of
dividing by 2; we shall now consider the case of characteristic 2, where this is no
longer possible. In particular, there is now no longer an equivalence between quadratic forms and symmetric bilinear forms.
Let us first suppose that we have a space V over a field of characteristic 2, with a
symmetric bilinear form B. If B is alternating, i.e. B(x, x) = 0 for all x E V, then the
rank of B is even, equal to 2m say, and in a suitable basis the form has the matrix

0 1m 0)
( 1m 0 0 ;
o

0

(8.11.1)

0

by Theorem 8.10.1. Since the property of being alternating is clearly independent of
the choice of basis, it follows that we cannot transform B to diagonal form, unless
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it is identically zero. But for any symmetric bilinear form that is non-alternating,
such a transformation exists:
Proposition 8.11.1. Let V be a vector space over a field k of characteristic 2, with a
symmetric bilinear form B which is not alternating. Then V has an orthogonal basis.
Proof. By hypothesis there exists UI E V such that B(UI, ud -=1= o. We have
and we can use induction on dim V unless B is alternating on
V = (UI) ..L
= U. In that case we can take a basis in U so that the matrix takes the form
(8.11.1). Consider the subspace of V spanned by UI and a hyperbolic plane in U
(which will exist unless the form is zero on U). Its matrix is

ut

ut

00 0)
1 ,
010
c

(

o

where c = B(UI, ud -=1= O. Let UI, U2, U3 be the corresponding basis and put
VI = UI + U2 + U3; then B(VI, VI) = c -=1= 0 and
has the basis V2 = UI + CU2,
V3 = UI + CU3. The matrix in this basis is

vt

c

o

o c
o c+2

(

and the earlier argument shows that this can be diagonalized; now the diagonaliza•
tion can be completed by induction on dim V.
This result, together with the earlier remark on alternating forms deals with the
case of bilinear forms, and we now turn to the case of a quadratic form q. From
it we obtain as before a symmetric bilinear form B, given by

B(x,y)

= q(x + y) -

q(x) - q(y),

(8.11.2)

but in characteristic 2 this is always alternating: B(x, x) = 0, so it cannot be used to
reconstruct q. Nevertheless it is possible to define q(x) in terms of a bilinear form
b(x, y), but this form cannot always be chosen to be symmetric.
Given a quadratic form q and its derived bilinear form B given by (8.l1.2), we
define a bilinear form b in terms of a basis UI, ... , Un of V by
if i < j,
if i

= j,

(8.11.3)

if i > j.
Together with bilinearity this defines b on V and we have

b(x, x)

= q(x)

for all x

E

V,

(8.11.4)

as is easily checked. We define orthogonality for q in terms of the alternating form
B given by (8.11.2). If this form B is regular, the form q is said to be non-defective.
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In that case the dimension is even: n = 2m, and we can find a symplectic basis
UI, ... , Um, Vb ... , vm; thus B(Ui, Vi) = B(Vi, Ui) = l(i = 1, ... , m), while all other
products are zero.
If the subspace spanned by the pair Ui, Vi is denoted by Vi, then we have

V

= VI 1-

... 1- Vm,

and the form b defined by (8.11.3) has the matrix P

Pi

=(

ai
0

1)

= PI EB ... EB Pm, where

ai = q(Ui), bi = q(Vi).

bi '

We remark that the matrix P is not uniquely determined by the given basis, since
P + N, for any alternating matrix N, determines the same form. However, P is the
unique upper triangular matrix for this basis.
Since the matrix of a quadratic form is only determined up to a summand which is
alternating, its determinant is not an invariant, but there is an invariant to take its
place, which was introduced by Cahit Arf in 1940 and is known as the Arf invariant.
To define it we remark that for any field k of characteristic 2 the set {x + xlix E k} is
a subgroup of its additive group, denoted by p(k) (see Section 11.10 below).
Theorem 8.11.2 (c. Arf). Let V be a vector space over a field k of characteristic 2, with

a non-defective quadratic form q. Then for any symplectic basis UI, ... , Um,
of V the expression
8(q)

=L

VI, ... ,

Vm

(8.11.5)

q(Ui)q( Vi)

is unique modulo p(k).
The element of k/p(k) defined by 8(q) is called the Arf invariant of the form q.
Proof. The matrix of q relative to the given basis is

(~

~

), where A, Bare

diagonal matrices, and 8(q) = tr(AB). If we add an alternating matrix, A, Bare
replaced by A' = A + M, B' = B + N, where M, N are alternating. Now M, N have
zeros on the main diagonal; so do AN, MB and tr(MN) = 0, hence tr(AB) = tr(A'B').
Thus 8(q) is independent of the matrix chosen for q in the given basis and it
remains to show that it is unchanged mod p(k) by a change of symplectic basis.
It is enough to verify this for the generating set of SP2m(k) given in Theorem
8.10.3. Consider first Sp; we have

(~pT)

~)(:T

and tr(PApT . P - TBP - I)

(~

;)(~

= tr(AB).

~)(

p~I)=(PA:T

P-T~I).

For RQ we have

~)

=

(A+~QB

I+BQB).

Bearing in mind the relation tr( C 2) = tr( C)2 (in characteristic 2), we find that
tr«A + Q + QBQ)B) = tr(AB + QB + (QB)2) = tr(AB) + tr(QB) + tr(QBf. Hence
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RQ does not change the residue class of 8(q), and a similar argument applies to ~.R
Since SP2m(k) is generated by all Sp, RQ, R~,
this shows 8(q) to be invariant.
•

Exercises
In these exercises the ground field is assumed to have characteristic 2.
1. Show that over a perfect field any diagonal quadratic form of dimension > 1 is
singular.
2. Let Jbe the matrix (8.11.1) for a regular form (of dimension 2m). Show that any
isometry is given by a matrix P satisfying PJp T = f.
3. Let V be an inner product space. Show that the set I = {x E Vlq(x) = O} is a
subspace containing the radical and give examples where these two spaces are
distinct. Prove Theorem 8.2.2 in the case I = V~.
4. Let q be a 2-dimensional quadratic form which is non-defective. If there exists
u =I- 0 such that q(u) = 0, show by choosing a symplectic basis including u,
that q is equivalent to the form XIX2'
5. Verify that 8(ql 1.. q2) = 8(ql) + 8(q2).
6. Show that a two-dimensional form q is isotropic iff 8(q) = O.
7. Show that a two-dimensional form is determined up to isometry by its Arf
invariant and a single value, i.e. two forms ql, q2 are isometric iff 8(qd = 8(q2)
and ql (xd = q2 (X2) for some vectors XI, X2 =I- O.
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8. Show that the Clifford algebra of an even-dimensional regular quadratic space
over a finite field k is a full matrix ring over k. What happens in odd dimensions?
9. Show that the Clifford algebra C(V) forms an algebra for the multiplication

a 1\ b = ab - ( - l)mnba,

where m = deg a, n = deg b,

and that the subalgebra generated by V is just the exterior algebra on V.
10. Show that an orthogonal transformation of a split space which is the identity on
a maximally isotropic subspace is a rotation.
11. Let L/K be a field extension. Show that an ordering on K has an extension to L iff
the signature homomorphism on W(K) maps the kernel of the natural homomorphism W(K) -+ W(L) to o. Deduce another proof of Lemma 8.8.6.
12. Let L = K(a) be a quadratic extension, where a 2 = a E K. If Vis an anisotropic
K-space such that the extended space VL is isotropic, show that V splits off a subspace isometric to (c, -ac), for some c E K. (Hint. Take an isotropic vector
x + ay and consider the space spanned by x, y.)
13. (A. Pfister) Let L = K(a) be a quadratic extension, where a 2 = a E K. Show that
the kernel of the natural homomorphism W(K) -+ W(L) is the ideal generated
by (1, -a).
14. Show that for extensions of odd degree, the natural map W(K) -+ W(L) is injective.
15. Show that in a field k of characteristic not 2 every element is a square iff W(k) is
of order 2.
16. Prove the uniqueness of the limit of a convergent sequence from the definitions.
17. In any ordered field K the subset A = {a E KII a I ::: n for some n E N} is a subring whose non-units form an ideal m, the set of inverses of elements of K\A.
Show that Aim has a natural ordering and is isomorphic to a subfield of R.
18. Given a polynomial f over R and a < b in R, show that there exists c E R,
a < c < b, such that f(b) - f(a) = (b - a)f'(c).
19. Let I be the augmentation ideal in W(K). Show that there is a homomorphism
from 12 to the Sylow 2-subgroup of the Brauer group BK (the symbol homomorphism; Merkuryev showed in 1981 that 12 /1 3 is isomorphic to the Sylow
2-subgroup of BK ).
20. Let A be a symmetric matrix over R and denote by f;(x) the principal minor of
order i (i.e. formed from the first i rows and columns) of xl - A. Show that
figi - hf = fi+ lfi- 1> where gi, hi are certain polynomials in x. (Hint. Use Further
Exercise 16 of Chapter 6.)
21. Show that the number of real roots of a polynomial equation f = 0 can be determined from the leading terms of a Sturm sequence. Show that the number of
non-real roots is the number of sign changes of 1, so, 1So
SI

Sl
S2

I, ... , where the

are the power sums of the roots.
22. Let r = r(x) be a rational function of x. At a pole ~ of r define the index of r to be
1 if r(x) changes from negative to positive values as x increases through ~, -1 if
-r has index 1 at ~ and 0 otherwise. Write r = f1lfo, where fo,fl are coprime
polynomials and let fa, h ,fz, ... be the sequence of negative remainders in the
Euclidean algorithm for fo,k If a < f3 are not poles of r, show that the sum
Si
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of the indices of r(x) in [a, III is 8(a) - 8(P), where 8 is defined as in Theorem
8.8.14. Deduce Theorem 8.8.15 as a corollary.
Show that (a 2 + 1? + c2 + d 2)(2 + d 2) = (ac + bd)2 + (ad - bC)2 + (2 + d 2)2.
Deduce that if -1 is a sum of three squares, then it is also a sum of two squares.
Show that in a field of characteristic =f=. 2 every element is a square iff the Witt
ring W(k) has just two elements.
Let UK be a finite extension of degree d. Show that there is an injective homomorphism SP2m(L) -+ SP2dm(K).
Show that over a perfect field of characteristic 2, a non-defective quadratic form
of dimension 2m has Witt index at least m - 1 and is determined up to isometry
by its dimension and its Arf invariant.

Valuation Theory

Valuation theory may be described as the study of divisibility (in commutative rings)
in its purest form, but that is only one aspect. The general formulation leads to the
introduction of topological concepts like completion, which provides a powerful
tool. It also emphasizes the parallel with the absolute value on the real and complex
numbers. After the initial definitions (in Section 9.1) we shall prove the essential
uniqueness of the absolute value on Rand C (in Section 9.2) and go on to describe
the p-adic numbers in Section 9.3 and integral elements in Section 9.4, before looking at simple cases of the extension problem in Section 9.5.

9.1 Divisibility and Valuations
Let R be a (commutative) integral domain with field of fractions K; our object will be
to study the divisibility on R. We note that the divisibility can be defined on K as well
by writing for any a, b E KX, alb (a divides b) whenever b = ac for some c E R. This
relation is reflexive and transitive, thus it is a preordering of KX. Moreover, this
preordering is preserved by multiplication:
alb:::} adlbd

for all a, b, d

E

KX ,

and so K may be regarded as a preordered group. It is not generally ordered, because
alb, bla need not imply a = b; but if we define
a '" b whenever alb and bla,

then we obtain an equivalence on KX. Its classes are just the classes of associated
elements of K X , and these classes form a partially ordered group r. If v(a) denotes
the class of a E K, then a 1-+ v(a) is a homomorphism from K to r. We shall write
the operation in r as addition and put v(a) .::: v(b) or v(b) ::: v(a) to indicate that
alb. Then the mapping v satisfies the conditions:
V.I v(a), v(b) > y:::} v(a
V.2 v(ab) = v(a) + v(b);
V.3 a E R {} v(a) ::: O.

+ b) >

y, for all y
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It is convenient to define v on the whole of K, including O. To achieve this we shall
introduce a symbol 00 satisfying 00 + y = 00, while y < 00 for all y E r. Ifwe now
put v(O) = 00, then V.I-V.3 hold for all a, bE K and y E r U {oo}. Of course this is
just a formal device, designed to ensure that our formulae hold without exception; in
defining v we can ignore v(O) since its value is prescribed.
Given a field K, it is clear that any function v from K to a partially ordered group
r, satisfying V.I, V.2, determines the subset R = {x E Klv(x ::: O}, which is easily
seen to be a subring, and V.3 holds for this R. So here we have another way of
describing R, which stresses the divisibility in R. In general this offers no advantage
over the usual description, but it suggests looking at rings for which r has a particularly simple form.
An important simplification is obtained by assuming r to be totally ordered. Then
V.I can be replaced by

V.I' v(a + b) ::: min {v(a), v(b)}.
In this case v is called a valuation on K and K is valuated. Thus a valuation on K is a
mapping v : K X ~ r to a totally ordered group r, together with v(O) = 00, satisfying V.I' and V.2. The ring R defined by V.3 is then called the valuation ring, or the
ring of valuation integers. It is easy to characterize valuation rings directly:
Proposition 9.1.1. Let K be a field. Then a subring V of K is a valuation ring in K if

and only if for any x

E

KX, either x

E

V or

X-I E

V.

Proof. Let v be a valuation on K and V = {x E Klv(x) ::: O} be the ring of integers.
Then for any x E K, v(x) + v(x- I ) = v(xx- I ) = v(l) = 0; hence either v(x) ::: 0 or
v(x- I ) ::: 0, so V satisfies the given conditions. Conversely, let V be a subring of K
satisfying this condition and denote by r the group of classes of associated elements,
defined as above. Then for any value Y E r, y = v(x) for some x E KX. Now either
x E V or X-I E V and accordingly y ::: 0 or -y ::: 0; this means that r is totally
ordered.
•
Frequently the group r will be still further restricted. Thus if r = R, we speak of
a real-valued valuation. When r = Z, the simplest non-trivial case, we speak of a
principal valuation; this is sometimes called a discrete rank one valuation.
Every field has the trivial valuation, given by

v(x)

= {0
00

if x :;to 0
if x = o.

Here are other examples, important in what follows:
Example 1. The p-adic valuation on Q. Every rational number can, up to sign, be
written uniquely as a product of powers of different primes. Fix a prime p; for
any a E QX let pV (where v E Z) be the exact power of p occurring in a and
define v(a) = v. This is easily seen to be a valuation, called the p-adic valuation.
For example, taking p = 3, we have v(lll) = I, v(lOj9) = -2. We remark that
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this valuation is completely determined by its values on Z. This is a general property:
if K is the field of fractions of an integral domain A, then any valuation defined on A
has a unique extension to K (see Exercise 2).
Example 2. On k(x), the field of rational functions in x over a field k, a valuation may
be defined by writing any element cp of k(x) in reduced form: cp = f /g, where f, g are
polynomials in x over k which are coprime, and setting v( cp) = deg g - deg f. The

integers in this valuation are the rational functions remaining finite at 00. Other
valuations of k(x) are obtained by singling out an irreducible polynomial p over k
and defining the value of cp as the exponent of p in a complete factorization of cpo
In particular, for k = C (or any algebraically closed field) any irreducible polynomial
has the form x - ex, for some ex E C (up to a constant factor) and the integers for the
corresponding valuation are the rational functions that remain finite at x = ex. Thus
the valuations we have found correspond to the different places on the Riemann
sphere.
In what follows we shall mainly be concerned with principal valuations; although
some of the results will hold for the general case, we shall not always mention this
fact explicitly.
If v is a principal valuation on a field K, then the image v(KX) is a subgroup of Z.
It is either 0, when v is trivial, or it is of the form v(KX) = rZ for some r > 0, and
hence isomorphic to Z. In that case (l/r)v(x) is again a valuation, this time with
value group exactly Z. We call the valuation normalized if the value group is the
whole of Z and express the preceding statement by saying: every non-trivial (principal) valuation can be normalized. Nevertheless, it is not always expedient to
normalize our valuations; e.g. a normalized valuation on K may be non-trivial on a
subfield F and yet not normalized on F.
We now turn to the consequences of the definition. As in every homomorphism of
groups, the neutral element is preserved, i.e. v( 1) = O. It follows that
v( - 1) = 0

and v( - x) = vex)

v( - 1) + v( - 1) = v(( - 1)2)
v( - x) = v( - 1) + vex) = vex).

for

= v(l) = 0,

for all x,

hence

v( - 1)

(9.1.1)

=0

and

now

The following relation will frequently be needed:

Lemma 9.1.2. For any x, y in a field with a valuation v,

vex - y) ::: min {vex), v(y)},
with equality unless vex)

(9.1.2)

= v(y).

Proof. From V.I' we have vex - y) ::: min {vex), v( - y)} = min {vex), v(y)}, by
(9.1.1), and this proves (9.1.2). If vex) =f. v(y), say vex) > v(y), then
v(y) ::: min {vex), vex - y)} and vex - y) ::: v(y) by (9.1.2), hence vex - y) = v(y).
Similarly if v(y) > vex).
•
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By an easy induction we find that v( L~
we obtain, as in Lemma 9.1.2,

ai) ::: min {v(al), ... , v(a n)}, and hence

n

if

L ai = 0, then v(ai) = v(aj) for some i :j:. j.

(9.1.3)

I

If we think of vex) as indicating the degree of divisibility of x by a certain prime,
property (9.1.2) is obvious. Later (in Section 9.2) we shall meet a less obvious
interpretation.
We have already seen that associated with every valuation there is a ring

v=

{x

E

Klv(x) ::: O},

the ring of valuation integers. The set of all non-units in this ring is

I' = {x

E

Klv(x) > O};

clearly this is an ideal in V, by V.I', V.2, and it is maximal, since a proper ideal
cannot contain any units. Moreover, it is the unique maximal ideal of V. Hence
the quotient ring VII' is a field K, called the residue class field of the valuation v.
If v is the trivial valuation, then V = K, I' = 0 and the residue class field is just K
itself. Leaving this case aside, we may characterize the valuation rings of principal
valuations as follows:
Proposition 9.1.3. Let K be a field with a valuation v and valuation ring V. Then v is a
principal valuation if and only if V is a principal ideal domain, and in that case K
contains an element p such that

K X = (p) x

u,

where (p) is the (multiplicative) cyclic group on p and U is the group of units of V
Thus every element a of K X has the form a = pnu, where n E Z and u E U, and if v
is normalized, then v(a) = n; in any case a E V if and only if n ::: o.
The element p is called a uniformizer or also a prime element of v; it is determined
up to a unit factor.
Proof. Let v be a principal valuation and take an element p of least positive value. By
taking v to be normalized we may assume that v(p) = 1; hence for any a E KX, if
v(a) = nEZ, then v(ap-n) = v(a) - nv(p) = 0, so ap-n = u E U, and we can
therefore write a = pnu, where n = v(a), u E U. It is clear that the representation
is unique once p has been chosen. Moreover, V is principal; all its ideals have the
form 0 or (pn), n ::: o.
Conversely, assume that V is principal; then its maximal ideal can be written in the
form (p). We claim that n(pn) = o. For if not, suppose that n(pn) = (q); then
q = anpn(a n E V) for all n::: 0, hence qp-I = anpn-I for all n::: 1, so qp-I E
n(pn) = (q), say qp-I = qb(b E V). Thus q(l - pb) = 0, but q:j:. 0, hence pb = 1, a
contradiction, and this shows that n(pn) = o. Now take a E KX; by what has been
proved, a ~ (pn + I) for some n. Choose the least such n; then a E (pn), so
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a = pnu, U E V, and here u is a unit, for if u E (p), we would have a E (pn+I). Thus
we have expressed a in the form a = pnu (u E U), and this form is unique, for if
pnu = pmv, where u, v E U and n 2:: m, say, then pn-m = vu- I E U, hence n = m,
v = u. It follows that v(a) = nv(p) for a E K, and v is normalized iff v(p) = 1. •
A valuation ring which is also a principal ideal domain but not a field is called a
principal valuation ring. This term (due to Mumford) seems preferable to the usual
term for such rings: 'discrete rank 1 valuation ring'.
Two valuations VI, V2 on a field K are said to be equivalent if there is an orderisomorphism () between their value groups such that V2 (x) = VI (x)o for all x E K.
It is clear from this definition that two valuations have the same valuation ring iff
they are equivalent:
Theorem 9.1.4. On any field K there is a bijection between the equivalence classes of

valuations on K and valuation rings in K. In this correspondence principal valuation
rings correspond to principal valuations.
•
We have already briefly mentioned some examples of valuations. Generally, in any
unique factorization domain R with field of fractions K, we can write each element of
K X in the form

where PI, ... , Pr are pairwise non-associated prime elements of R. We single out a
prime p and write a = pVa', where a' is prime to p (i.e. the exponent of p in the
factorization of a' is 0). If we now put v(a) = v, this provides a valuation on K
associated with the prime p, called again the p-adic valuation on K. Here the valuation ring V is the set of all elements pna', with n 2:: 0, i.e. the set of elements with
denominator prime to p, while the maximal ideal in V is the set of all elements
with numerator divisible by p.
In the particular case R = Z we get a p-adic valuation for each prime number p
(introduced by Kurt Hensel in 1908). The elements of V are then called p-adic integers, e.g. 5/24 is a 7-adic integer, but not a 3-adic integer. No other valuations exist
on Q, by
Proposition 9.1.5. The only non-trivial valuations on Q are the p-adic valuations.

Proof. By Theorem 9.1.4 it is enough to determine all valuation rings on Q. Let Vbe
a valuation ring on Q, with maximal ideal p, say. Since 1 E V, it follows that Z ~ V.
Now Z n p is a prime ideal in Z, and either Z n p = 0; then every non-zero element
of Z is a unit in V, so V = Q and the valuation is trivial. Or Z n p = pZ for some
prime number p; then every n E Z is either divisible by p or prime to p, and
•
hence a unit in V. This means that we have the p-adic valuation on Q.

If we examine what makes this proof work, we find that it depends essentially
on the fact that Z is a principal ideal domain; e.g. the proof also applies to the
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polynomial ring k[x] over a field k. Here the valuations of the field offractions k(x)
which are trivial on k are the p-adic valuations for the different irreducible polynomials p in k[x], and one extra valuation is associated with the degree. For let V
be a valuation ring in k(x) containing k and assume first that x E V. Then
k[x] ~ V, and the same argument as in the proof of Proposition 9.1.5 shows that
the valuation is associated with some irreducible polynomial, because every maximal
ideal of k[x] has such a polynomial as generator. If x ¢ V, then y = X-I E V and the
same conclusion holds with x replaced by y. Moreover, y is a non-unit in V, so if we
are given! = ao + alx + ... + anxn(a n ::j:. 0), then! = (aoyn + ... + an)y-n, and so
v(f) = -no Thus we get an extra valuation v(f) = -deg f. In particular, when k is
algebraically closed, then the valuations correspond to the elements of k, together
with a 'point at infinity', as we have seen in the case k = C. The residue class field
is k at each point, while the valuation indicates the order of the function at the
given place: if! = (x - ex u or! = x - n u, n indicates the order to which! vanishes
at ex or at 00.

t

Exercises
1. Show that a finite field has only the trivial valuation.
2. Let v be a mapping from a commutative ring R to a totally ordered group r (with
v(O) = 00) such that V.I' and V.2 hold. Show that R is an integral domain and
there is exactly one extension of v to its field of fractions, defined by
v(a/b) = v(a) - v(b).
3. Show that the relation alb in an integral domain R is an ordering iff 1 is the only
unit in R. Give examples of such rings.
4. Show that a principal ideal domain with a single maximal ideal is either a principal valuation ring or a field.
5. Show that every automorphism of the additive group of R which preserves the
natural order is of the form x 1-+ AX, where A > o. Deduce that two realvalued valuations VI, Vz are equivalent iff vz(x) = Avl (x) for all x E K and a
fixed A> O.

9.2 Absolute Values
It is possible to interpret a valuation as a distance function. This is a fruitful
approach, which enables us to introduce metric notions such as completion. We
begin with a quite general definition.
Let R be a commutative ring. An absolute value on R is a real-valued function
x 1-+ Ixl on R such that

A.I Ix + yl :s Ixl + Iyl (triangle inequality),
A.2 Ixyl = xl.lyl,
A.3 Ixl :::: 0 with equality iff x = o.
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Any non-trivial ring R with an absolute value, briefly a valued ring, is an integral
domain. For 1 -=I- 0 by definition, and if x, y -=I- 0, then Ixyl = Ixl.lyl -=I- 0, hence
xy -=I- O. Conversely, any integral domain has at least one absolute value: we put
Ixl

=

{Io

~f x -=I- 0,
If x = O.

(9.2.1)

This is called the trivial absolute value, all others are non-trivial. A field with the
trivial absolute value is said to be discretely valued, or discrete. If K is a field with
a real-valued valuation v, then we can define an absolute value on K by putting

A.2, A.3 are immediate, while A.I holds in the stronger form:
A.I' Ix + yl ::: max {lxi, Iyl}

(ultrametric inequality).

As in Lemma 9.1.2 we derive from A.I' the consequence
Ix - yl ::: max {lxl,lyl},

with equality unless Ixl

= Iyl·

(9.2.2)

Geometrically this may be expressed by saying that 'all triangles are isosceles'.
An absolute value is called non-Archimedean if it satisfies A.I', Archimedean otherwise. If II is non-Archimedean, then by setting v(x) = -logzlxl we obtain a valuation; hence the non-Archimedean absolute values just correspond to the real-valued
valuations, with the trivial absolute value corresponding to the trivial valuation.
An example of an Archimedean absolute value is the usual absolute value on Q,
or more generally, the absolute value defined on any Archimedean ordered field,
as in Section 8.7.
The following criterion for a non-Archimedean absolute value is often useful.
In the proof we shall need an elementary limit: for any real positive ex,
lim (1

n-+

+ nex)!/n = 1.

(9.2.3)

00

To prove (9.2.3) we note that (1 + nex)!/n ::: 1 for all n ::: 1; further, for any 8 > 0
we have (1 + 8)" ::: 1 + nex for all sufficiently large n (by the binomial theorem), and
so (1 + nex)!/n ::: 1 + 8. Since 8 was arbitrary, (9.2.3) follows.

Proposition 9.2.1. For any absolute value

lion a field K the following conditions are

equivalent:
(a) II is non-Archimedean,
(b) In.ll::: 1 for all nEZ,
(c) In.ll is bounded for all nEZ,
(d) Izl::: 1 ~ 11 + zl ::: 1.

Proof. (a) ~
(b) holds.

(b). If II is non-Archimedean, then In.ll ::: max {Ill, ... , Ill}

= 1, so
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(b) :::} (c) is clear, and to prove (c) :::} (d), suppose that In.ll :::: M for all n
Then for any Z E K such that Izl :::: 1, we have

E

N.

Taking n-th roots, we find that
11

+ zl

:::: (1

+ n)l/nMI/n;

letting n tend to 00 and remembering (9.2.3), we obtain (d).
Finally to prove (d) :::} (a) take x, y E K. Without loss of generality we may suppose that x, y # O. Suppose that Ixl ::: Iyl; then Iy Ixl :::: 1, hence by (d), 11 + y Ixl :::: 1
and multiplying by IxI, we obtain Ix + yl :::: Ixl = max {ixl,lyl}, which is (a).
•
Since Proposition 9.2.1(c) clearly holds in finite characteristic, we deduce
Corollary 9.2.2. A field with an Archimedean absolute value must be of

characteristic O.

•

If R is a ring with an absolute value I I, we can define a metric on R by putting
d(x, y) = Ix - yl. This makes R into a metric space; the ring operations are continuous by A.I, A.2, so that we have a topological ring. We shall indicate how to form
the completion of such a ring, rather in the fashion in which R was formed from Q in
Section 8.7. The same method applies, because the construction in Section 8.7
depended not on the ordering of Q but only on the ordering of the absolute
values. We shall sketch the method, using the fact that R is already known to be
complete.
As in Section 8.7, we shall say that the sequence {cv} of elements of R converges to
c E R if lev - cl -+ 0 as v -+ 00. Bya Cauchy sequence we understand a sequence {c v }
such that ICIL - cvl -+ 0 as J-L, v -+ 00. As before we see that every convergent
sequence is a Cauchy sequence; if the converse holds, R is said to be complete with
respect to the absolute value. When R is not complete, we can form the completion
by taking the set C of all Cauchy sequences over R and verifying that this is a ring
under componentwise addition and multiplication, with the constant sequences
(a v = a for all v) as a subring isomorphic to R. By identifying a E R with the constant sequence {a, a, ... }, we can embed R in C. The sequences convergent to 0,
the null sequences, again form an ideal n in C; here we use the fact that for every
Cauchy sequence {cv} the sequence levi is bounded. Clearly R n n = 0, so if we set
R = C/n, we have a mapping R -+ C -+ Cjn = R, which is an embedding, because
the kernel is R n n = 0, by the second isomorphism theorem.
We extend the absolute value to R by putting l{cv}1 = lim ICvl; by the completeness
of R this defines an absolute value on R, which extends the given absolute value on R.
Moreover, R is dense in R, i.e. every element ofR is a limit of elements of R. Suppose
further that R is a field; then so is R. For if c E R, say c = lim cv , and c # 0, then as in
Section 8.7 we can show that Cv is bounded for all v > Vo and c;': 1 - c; 1 =
C;.:I(cv - CIL)C;I -+ 0 as J-L, v -+ 00, so {c;l} (v> vo) is again a Cauchy sequence,
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convergent to the element c- I ofR. It only remains to show that R is complete and is
determined up to isomorphism by R; this follows as before. Summing up, we have
Theorem 9.2.3. Let R be a commutative absolute-valued ring. Then there exists a complete absolute-valued ring R and an embedding R ~ R preserving absolute values, such
that the image of R is dense in R, and R is uniquely determined by R, up to (metric)
isomorphism. If R is a field, then so is R.
•

The ring R is again called the completion of R with respect to the absolute value.
For example, consider Q with the p-adic valuation vp , for a given prime p. The completion is called the field of p-adic numbers and is denoted by Qp. The elements x of
Qp such that vp(x) ::: 0 form a subring Zp, the ring of p-adic integers. Each element of
Qp may be written in the form of a series
00

a=

L

aipi

(0:::: ai < p).

(9.2.4)

i=-k

If ai = 0 for i < 0, we have an element of Zp. The finite series form a subring of Zp
isomorphic to Z; here (9.2.4) reduces to the expression of an ordinary integer in the
base of p.
We note that if the absolute value on a field K corresponds to a principal valuation, then the value groups for K and its completion K are the same; for v(K) is a
discrete subgroup of R, hence closed, and v(a) = lim v(a v ) whenever av ~ a E K.
The residue class field likewise is unchanged by completion: let V, V' be the valuation rings and 1', 1" be their maximal ideals in K, K respectively. Then V ~ V',
I' ~ 1"; since V n 1" 2 I' and V n 1" # V, we have V n 1" = I' by the maximality
of the latter, and V + 1" = V', because any c E V' can be written c = Co + (I>
where Co E V, CI E 1". Hence V'/p' = (V + 1")/1" ~ V I(V n 1") = V II'.
We have seen that an absolute value defines a topology. Two absolute values on a
field K are said to be equivalent if they induce the same topology on K. Any absolute
value on a field inducing the discrete topology must be trivial: if I I is not trivial,
then for some a E K, lal # 0, 1, hence a #
and x = a or x = a -I satisfies
Ixl < 1; it follows that xn ~ O. The relation between equivalent absolute values
can be described quite explicitly as follows:

°

III, liz be any two non-trivial absolute values on a field K. Then
the following conditions are equivalent:

Proposition 9.2.4. Let

(a) III is equivalent to liz,
(b) Ixll < 1 => Ixlz < 1 for all x E K,
(c) Ixll = Ixl~
for all x E K and some real constant y.

The third condition shows that the notion defined here agrees with the definition of
equivalence of valuations given in Section 9.1. We also note that not every value of y
in (c) will give an absolute value. Given an absolute value II, the function Ixl Y is again
an absolute value for < y:::: 1, and in certain cases (e.g. if II is non-Archimedean)
y may be taken > 1, but not always.

°
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Proof. (a) =} (b). If (a) holds and Ixil < 1, then x ---+ 0 in the III-metric, hence also
in the liz -metric, and so Ixlz < l.
(b) =} (c). We first show that (b) is in fact symmetric, i.e.
Ixii < 1 #- Ixlz < 1.

(9.2.5)

If this were not so, then for some a E K, lalz < 1 and lail ~ 1, or on writing
b = a -I, Ibi l ::: 1 and Iblz > 1. Choose c E K such that 0 < !elI < 1; then by (b),
o < !elz < 1, hence Ibnci l < 1 for all n ~ 0, so Ibnclz < 1, i.e. Ibl~ < Ie-liz for all
n, which is possible only if Iblz ::: l. This contradiction shows that (9.2.5) holds.
Let us write f;(x) = -log Ixli (i = 1,2); then (9.2.5) takes the form
(9.2 .6)
and we must show that fz (x) = cfI (x) for some c > 0, bearing in mind that
+ f;(y), by the definition and A.2. Take a E K X such that fI(a) > 0;
then for any x E K and non-zero integers m, n we have

f;(xy) = f;(x)

hex) > (m/n)h(a)

#- h(xna- m ) > 0
#-

fz(xna- m ) > 0

#-

fz(x) > (m/n)fz(a).

Thus for all rational r we have

Letting r tend to fl (x) / fl (a) from below, we find that

by symmetry we have equality here, thus

fz(x) fz(a)
------c
hex) - fI(a) - ,
for all x E K, which shows that (c) holds. Finally, to prove (c) =} (a), when (c) holds
•
for any y > 0, we clearly have lavil ---+ 0 #- lavlz ---+ 0, i.e. (a).
Just as this result shows that equivalent absolute values are very much alike, so the
next result shows that inequivalent ones are very different.
Theorem 9.2.5 (Approximation-theorem, Artin-Whaples,1945). Let III,"" lin
be non-trivial absolute values on a field K which are pairwise inequivalent. Then for
any aI, ... , an E K and any £ > 0, there exists a E K such that

la - aili <

£

for i = 1, ... , n.
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Proof. First we observe that for any absolute value

I {O

ar
lim-1 + aT

I

if
1 if

lal
lal

I I, as r --* 00,
< 1,
> 1.

(9.2.7)

Our next objective is to find e E K such that

lel l

> 1,

leli

< 1

fori=2, ... ,n.

(9.2.8)

III and liz are inequivalent, we can by Proposition 9.2.4 find a E K such that
lalz and bE K such that Ibl l :::: 1 < Iblz . Now e = ab- I satisfies
lelz. This is (9.2.8) in case n = 2; we may therefore take n > 2 and use
induction on n. By hypothesis there exists a E K such that laiJ > 1 > lali
(i = 3, ... , n) and there exists bE K such that Ibl l > 1 > Iblz. Either lalz:::: 1;
then we put er = arb; now lerll > 1 > lerlz for all r, and if r is large enough, then
lerli < 1 for i = 3, ... , n also. Or lalz > 1; then we put er = arb/O + ar). By
(9.2.7), as r --* 00, lerll --* Ibh > 1, lerlz --* Iblz < 1, lerli --* 0 (i = 3, ... , n),

Since

lall
lell

> 1 2:
> 1>

hence (9.2.8) is satisfied by e = er when r is large enough.
Take e satisfying (9.2.8); from (9.2.7) it follows that the sequence er /0 + er ) tends
to 1 at III and to 0 at Iii for i = 2, ... , n. Thus, given 8 > 0 and 1 :::: i:::: n, we can
find Ui E K such that lUi - 11 < 8, Iudj < 8 for j =f. i. We take such Ui for
i = 1, ... , n and put ex = Laiui. Then

lex - aili :::: lai(ui -Oli +

L lajujli < 8nM,
j#-i

where M = maxij {lajlJ So by choosing 8 < e/nM we obtain the required
•
element ex.
Corollary 9.2.6. If III,

... , Ilr are inequivalent non-trivial absolute values, then there is

no relation
Ixl~'

... Ixl~'

= 1 for all x E K,

except the trivial one, where rl = ... = r n = O.
Proof. If rl =f. 0, say, choose x E K so that Ixll is small and Ix - Iii is small for
i = 2, ... , n. Then Ixl;; is near 1 for i > 1 and the given relation cannot hold. •

By contrast, for infinitely many absolute values there is a product formula of this
form (see Exercise 6).
Later we shall study methods of extending absolute values to extension fields, and
it is convenient to treat the existence and uniqueness separately. The uniqueness can
be proved under quite general conditions, namely for any finite-dimensional space
over a complete valued field. We digress briefly to introduce the necessary definitions.
Let K be a field with an absolute value II. A normed vector space over K is a vector
space V over K with a function x 1--* Ilxll taking values in R and satisfying the
following conditions:
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N.1 Ilx+yll::::: IIxil + IIyll for allx,y E V;
N.2 IIaxil = lal.llxll for x E V, a E K;
N.3 Ilxll :::: 0, with equality if and only if x

= o.

Clearly any field extension, with an absolute value extending that of K, is a normed
vector space. Moreover, any finite-dimensional vector space over K has at least one
norm, the cubical norm, defined as follows. Pick a basis el, ... , en in V and for
x = L aiei define IIxil = max {lad, ... , Ian I}. It is straightforward to verify that
this is a norm. We can define convergence, Cauchy sequences and completeness in
Vas in the case of fields (see Section 8.7), using the norm in place of the absolute
value. Then we have
Proposition 9.2.7. Let V be a normed space of finite dimension over a complete
absolute-valued field K. Then V is complete and its topology is induced by any cubical
norm on V; thus the topology on V is uniquely determined.

Proof. We first show that V is complete in the cubical norm. Let el, ... , en be a basis
of V and let Xv = L aivei be a Cauchy sequence: IIx/L - xvII -+ 0, hence
lai/L - aivl -+ 0 for i = 1, ... , n. By the completeness of K, lim aiv = ai exists in
K. Put x = L aiei; then lai - aivl -+ 0 as v -+ 00 (i = 1, ... , n), hence
IIx - xvII -+ 0, i.e. Xv -+ x, and so V is indeed complete in the cubical norm defined
by the ei.
Now let N(x) be any norm on V; we must show that this defines the same topology
as the cubical norm 1111. We use induction on dim V, which is finite by hypothesis.
For dim V = 0 there is nothing to prove, so let dim V > O. In the first place, if
x = L aiei, then

Thus N(x) ::::: cllxll for a fixed c, hence convergence in the cubical topology entails
convergence in the N-topology (i.e. the cubical topology is finer than the Ntopology). Conversely, let {xv} be a sequence such that N(xv) -+ 0 and suppose that
IIxvil does nottend to O. Write Xv = LaivCi, so that IIxvil = maxdlaivl}. If laivl -+ 0
for each i, we would have IIxvil -+0. This is not so, hence for some i, say i = 1, laivl
does not tend to O. Going over to a subsequence, we may assume that lalvl :::: E for
some E> 0 and all v. We write Yv = (alv)-lx v = Lf3;vei, where fhv = 1 by construction. Then

N(yv)

= lalvl-1N(xv)::::: E-1N(xv),

hence again N(yv) -+ 0, and so L~
f3;vei -+ -el in the N-topology. But e2, ... , en
span an (n - I)-dimensional subspace; by induction on n this has a unique topology
and is complete, hence closed. Thus el belongs to the subspace spanned by e2, ... , en>
a contradiction. Therefore Ilxv II -+ 0 and the result follows.
•
Any discrete space is necessarily complete; hence we have
Corollary 9.2.8. Any finite-dimensional normed space over a discrete field is itself
discrete.
•
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As a further consequence we have the uniqueness property of extensions.
Theorem 9.2.9. Let K be a complete valued field and L be a finite algebraic extension

field of K. Then the absolute value on K has at most one extension to L, and L is
complete.
Proof. Let II be the absolute value on K and let III, liz be two absolute values on
L extending II. By Proposition 9.2.7 both induce the same topology on L, and L is
complete in this topology. If II is trivial, then K is discrete, hence so is Land
III, liz are both trivial. Otherwise we have Ixll = Ixl~ for all x ELand some y, by
Proposition 9.2.4, and there exists a E K such that lal # 0, 1. Taking x = a we see
that y = 1, hence III = liz.
•

Any absolute value on a finite field must be trivial, since the topology is discrete.
More directly, in a field of q elements, every x # 0 satisfies Xl-I = 1, hence
Ixl q - I = 1 and so Ixl = 1. More generally, this clearly holds for any algebraic extension of a finite field.
We end this section by determining all complete valued fields with an Archimedean absolute value, following Ostrowski (with simplifications by E. Artin).
It turns out that besides the two well-known examples of Rand C there are no
others.
Theorem 9.2.10 (Ostrowski's first theorem). Any non-trivial absolute value on Q is

equivalent either to the usual absolute value or to a p-adic valuation.
Proof. Let f be any absolute value on Q. If f is non-Archimedean, then the
corresponding valuation must be p-adic for some prime p, as we have seen in
Proposition 9.1.5; so we may assume that f is Archimedean. We observe that for
any n E N, fen) ::: f(l) + ... + f(l) = n, hence

fen) ::: n for all n E Z.

(9.2.9)

Given any integers m, n > 1, we express m in the base of n:
(9.2.10)
In particular, m ::: nV and so
logm
v<--.
- logn
By (9.2.10), f(m) ::: f(ao)
fore

+ f(adf(n) + ... + f(an)f(n)V,

f(m) ::: n[1

(9.2.11)
but f(ai) ::: ai < n, there-

+ fen) + ... + f(n)V].

According as fen) ::: 1 or > 1, we replace all terms in the brackets by the first or last
term and so obtain

f(m) ::: nO + v) max {1,f(n)V}.
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By (9.2.11) we can rewrite this as

f(m)::s n(1

+ ~:).

max {1,f(n)log mllog "}.

In this formula replace m by m r and take r-th roots:

f(m)
Letting r -+

00

I
II
::s n l/r ( 1 + r.IOgm)l/r
log n
. max {1,f(n) og m og"} .

and remembering (9.2.3), we obtain

f(m)

::s max {l,f(n)log mllog "}.

(9.2.12)

Since f is Archimedean, we know that f(no) > 1 for some no, by Proposition 9.2.1.
Taking m = no, we see that fen) > 1 for all n > 1, so we can rewrite (9.2.12) as

f(m)

::s f(n)log mllog "

I.e.

logf(m) logf(n)
.
logm - logn

---="--- <

By symmetry we have equality, say both sides equal y. Then logf(m) = y log m for all
m ::: 1, i.e. f(m) = mY. It follows that f( - m) = f(m) = mY and f(mjn) = (mjn)Y,
•
hence f is equivalent to the usual absolute value on Q, as claimed.
It remains to determine the Archimedean absolute values on arbitrary fields. As a
complete proof from first principles is rather long (and the result is not needed elsewhere in this book), we shall merely indicate how it follows from standard results in
analysis.

Theorem 9.2.11 (Ostrowski's second theorem). Let K be a field with an Archime-

dean absolute value for which K is complete. Then K ~
value is equivalent to the usual absolute value.

R or K ~ C, and the absolute

Proof. Let f be the given absolute value on K. By Corollary 9.2.2, K has characteristic
> 1 for
some n, so fis non-trivial on Q and by Theorem 9.2.lO there exists ex E R such that

o and so contains Q as a sub field. Moreover, since f is Archimedean, fen)
Ixl = f(x)a for all x

E

Q.

(9.2.13)

We shall use (9.2.13) to define II over the whole of K; this extends the usual absolute
value and, moreover, it satisfies the triangle inequality on K. For we have

f(x + y)

::s f(x) + fey) ::s 2 max {f(x),f(y)}'

hence by (9.2.13),

Ix + yl ::s 2a. max {lxl,lyll.
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By repeated application we have for any

IXI + ... + xml :::: (2

T

Xi E

)"'.

K, 1 :::: i :::: m

=2

T,

(9.2.14)

max {Ixd, ... , IXmll.

Given XI, .•. ,Xn E K, we can choose r so that 2'-1 :::: n <
with this value of r, we get

2T.

If we apply (9.2.14)

IXI + ... +xnl :::: (2n)",.max{lxd, ... , IXnll.
In particular,

" [2(n

+ I) [". max { [a[",

:::: [2(n + l)]"'(lal

G

}a["-' [b[, ... , fbi"

I

+ Iblt.

Taking n-th roots, we have

la + bl :::: [2(n + l)]"'ln(lal + IbJ),
and letting n ---+

00,

we obtain by (9.2.3) and the fact that lim 2"'ln = 1,

la + bl :::: lal + Ibl for all a, b E K.
Thus we have an extension of II to K satisfying the triangle inequality as well as being
multiplicative. Since K is complete, it must contain R. If xl- + 1 = 0 has a root in K,
we adjoin this root to R and find that C ~ K, and we have to show that K = C or
K(i) = C respectively, where i is a root of x2 + 1 = O. In either case we have a
complete normed space over C, where in the second case the norm is given by

It is easily seen that this is indeed a norm on K(i). By Proposition 9.2.7 K(i) is then a
complete space and it only remains to show that a field K which is a complete

normed space over C is C itself (Gelfand-Mazur theorem). We shall outline the
proof, referring e.g. to Rudin (1966) for details.
Suppose that C E K\C; then c - a#-O for all a E C and so (c - a) - I is an element
of K for all a E C. Consider linear functionals on K, i.e. C-linear mappings from K to
C. Such a functionalfis bounded if If(x)1 :::: ylixil for some constant y depending on
f When K is finite-dimensional over C, it is algebraic over C and hence K = C,
because C is algebraically closed. In the infinite-dimensional case f is bounded iff
it is continuous, or equivalently, if the hyperplane ker f is closed. Given b E K X ,
we can find f such that f (b) #- 0, by constructing a closed hyperplane not containing
b, and this can be done by Zorn's lemma (this is the assertion of the Hahn-Banach
theorem).
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Now return to (e - a) -I and consider J((e - a) -I), for a bounded linear functional f This is an analytic function of a for all a E C and it is bounded as
a --+ 00, hence by Liouville's theorem it is a constant, so for any a, f3 E C,
J((e - a) -1 - (e - (3) -I)

= J((e -

a) -I) - J((e - (3) -I)

= o.

Since this holds for all f, we must have (e - a) - I - (e - (3) - I = 0, which is a
contradiction when a =1= f3. Hence K = C and the theorem follows.
•

Exercises
1. Show that an absolute value N(x) on a field satisfies the triangle inequality whenever N(x) ~ 1 ::::} N(l + x) ~ 2, and the ultrametric inequality if N(x) ~ 1 ::::}
NO +x) ~ 1.
2. In a non-Archimedean metric show that two open balls either are disjoint or one
is contained in the other. Does this hold for closed balls?
3. Let II be a non-Archimedean absolute value. Show that if an infinite series L an is
convergent and lanl < lad for all n> 1, then I Lanl = lad (this is called the
principle of domination).
4. Show that on a field with a non-Archimedean absolute value, an infinite series is
convergent iff the n-th term tends to 0 (sometimes called (the Freshman's
dream').
5. Show that the trivial valuation on a field has no non-trivial extension to an
algebraic extension field.
6. Show that the absolute values on Q can be normed so that f1i lali
1 for all
a i= o. Do the same for k(x), where k is a finite field.
7. Show that every non-trivial subgroup of R is either of the form aZ, where a > 0,
or is dense in R. Deduce that every discrete R-valued valuation is principal.
8. Let F be a complete field for an Archimedean absolute value. Show directly (without using Ostrowski's theorem) that 1 + a is a square whenever 41al < 141.

=

9.3 The p-adic Numbers
The definition of the p-adic field Qp as a completion of Q in Section 9.2 suggests that
the methods of analysis may be applicable. This is indeed the case, as was first
observed by Kurt Hensel, and in this section we shall look at ways of solving
equations over Qp. Throughout this section, p will be a fixed prime number, arbitrary except when otherwise specified. The p-adic valuation on Qp will be denoted
by v or vp.
Every natural number a has a p-adic expansion, i.e. we can write it in the base p:
(9.3.1)

In terms of the valuation vp we can think of a as being obtained by successive
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approximations: ao, ao + alP, ... ,a. Similarly the general element of Zp can be
written as an infinite series
(9.3.2)
it is the limit of the sequence of integers formed by its partial sums bo, bo + blP, ....
For the elements of Qp we also have to allow a finite number of negative powers of p:
C

= CkP- k + CI_kp l - k + ... +

CIP- I

+

Co

+ CIP +....

(9.3.3)

For example, when P = 7, we have
-1 = 6 + 6.7 + 6.72 + ....

(9.3.4)

Rational numbers are in Z7 as long as their denominators are prime to 7. Thus to
find the 7-adic expansion of 112 we have 1/2 = ( - 6 + 7)/2 = -3 + (l/2). 7 =
-3 - 3.7 - 3.72 - ... , hence
1

8- 7

2 =-2- =

1
2
4- 2 .7 = 4+3.7+3.7 + ....

(9.3.5)

With the help of this expansion we can solve x 2 = 2 in Z7, using the binomial
theorem. We have x 2 = 2 precisely when (2X)2 = 8 = 1 + 7, hence 2x = (l + 7)1/2,
and
_ 1
1/2 -_ "~x--(l+7)
2

1 (1/2) .7n -4+5.7+4.7
_
2 +5.7 4 + ....
n

2

The latter is an element of Z7, as we see by using (9.3.5). We shall soon meet a
systematic way of solving such equations.
Clearly Zp is a principal valuation ring, the ideal of non-units being generated by
p. If we adjoin an inverse for P, we obtain Qp = Zp [p - I]. Let us write U for the
group of units of Zp; then every x E Q p can be uniquely written in the form
x = pVu,

where v = v(x) and u

E

U,

and of course x E Zp iff v ::: o.
If in (9.3.2) we ignore all terms after pn - I , we obtain an integer mod pn; thus we
have a natural homomorphism en : Zp -+ Z/pn which consists in mapping b, given
by (9.3.2), to the residue class (modpn) of bo + blP + ... + bn_Ipn-l. Clearly en is
surjective, with kernel pnzp, so we have an exact sequence
(9.3.6)
where pn indicates multiplication by pn. In particular this shows that
(9.3.7)
Let us consider a polynomial f with coefficients in Qp. On multiplying by a suitable
power of p we may assume the coefficients off to lie in Zp. Moreover, we can always
arrange for f to be primitive; in the present case this means that at least one of the
coefficients is a unit. If we apply en to the coefficients off, we obtain a polynomial
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with coefficients in Z/pn which we shall denote by enf. Suppose that the equation
enf = 0 has a solution in Z/pn for all n; we wish to show that f = 0 has a solution
in Zp,
Let

an = ano + anlP + ... + ann_Ipn-1
be a root of enf

(0

s

aij < p)

= O. Then we have an infinite sequence of integers

(9.3.8)

Consider the numbers in the first column on the right: ato, a20, ... ; they can assume
only finitely many values 0, 1, ... , p - 1, so at least one of these values must occur
infinitely often. By choosing an appropriate subsequence of the equations (9.3.8) we
may therefore assume that ato = a20 = ... = bo say. Next consider the sequence of
coefficients of p in the equations that remain: a21, a31, ... ; again we can pass to an
infinite subsequence in which all coefficients of p are the same, say bl • Continuing
in this way, we obtain a p-adic integer

b = bo + blP + ... ,
with the property that for each no there is an n > no such that enb = an and hence
enf(b) = O. Thus feb) == 0 (mod pn) for arbitrarily large n, and it follows that
feb) = 0; the same conclusion holds for more than one variable. This establishes
Proposition 9.3.1. Let f E Zp[x), where p is any prime number. If the equation
enf = 0 has a root in Z/pn for all n, then f = 0 has a root in Zp. More generally,
this applies for polynomials in several variables.
•

For the benefit of readers who have met inverse limits we remark that instead of
forming Zp as a completion we can also construct it as an inverse limit of the rings
Z/pn. Each of the latter, being finite, is compact and the diagonal argument in the
proof of Proposition 9.3.1 can also be used to deduce the compactness of Zp from
this fact.
In practice it is not necessary to solve each of the equations enf = 0; it suffices to
solve one or two and then improve the approximation by a method analogous to the
Newton-Fourier rule for calculating roots. We state the essential step separately in
the next lemma, where f' as usual denotes the derivative of f
Lemma 9.3.2. Given f E Zp[x), suppose that a E Zp satisfies f(a) == 0 (mod pn) and
v(f'(a)) = r, where 0 S 2r < n. Then fJ = a - f(a)If'(a) is in ZP'

f(fJ)

== 0 (modpn+l), v(f'(fJ))

= r,

325

9.3 The p-adic Numbers

and

Proof. We write f3 = a + ypn-r and try to determine y E Zp, To this end consider
f(a + h); if we regard this as a polynomial in h and expand it in powers of h, we
obtain

f(a

+ h) =

f(a)

+ hf'(a) + h2g(h),

where g

E

(9.3.9)

Zp[x].

The form of the coefficient of h follows by Taylor's theorem, but we note that a
straightforward application of Taylor's theorem to derive (9.3.9) would not make
it clear that g has integral coefficients.
If we now put h = ypn-r in (9.3.9), we get
f(f3)

= f(a) + pn-ryf'(a) + p2n-2r c,

for some c E Zp, By hypothesis, f(a) = apn, f'(a) = upr, where a E Zp and u E U,
the unit group of Zp. Hence f(f3) = [a + yu + pn-2r c]pn; we can solve a + yu == 0
(mod p) for y, because u is a unit, and with this value for y we have f(f3) == 0
(mod pn+l) and f3 == a (mod pn-r). The last congruence shows that f'(f3) == f'(a)
(mod pn-r), hence f'(f3) == pru (mod pn-r), and since n - r > r, we see that
v(f' (f3)) = r. It is easily seen that y = -a/ u, and this gives the stated value for f3 .•
Explicitly, if a is an approximate zero of f (and v(f'(a)) is not too high), then
a - f (a) / f' (a) is a better approximation. Now the general result follows by iteration:
Theorem 9.3.3. Let f E Zp[XI, ... , xm], a

f(a)

= (al,""

am)

E

Z; be such that

== 0 (mod pn).

Suppose that for some j, r (1 :5:: j :5:: m, 0:5:: 2r < n), v(D/(a)) = r, where Di is the
partial derivative with respect to Xj. Then there is a zero f3 = (f3I, ... , f3m) off in
and f3i == ai (modpn-r).

Z;

Proof. Assume first that m = 1. We apply the lemma to a(O) = a and obtain
a(I) E Zp such that a(1) == a(O) (mod pn-r) and f(a(1)) == 0 (mod pn+I),
v(f'(a(I))) = r. By induction on k we obtain a sequence taCk)} such that

(9.3.10)
and further,f(a(k)) == 0 (modpn+k), v(f'(a(k))) = r. The congruence (9.3.10) shows
that {a(k)} is a Cauchy sequence; its limit f3 satisfies f(f3) = 0, f3 == a (mod pn-r), and
this is what we had to prove.
Now the general case is easily deduced by writing fl(x)=f(al, ... ,aj-I,x,
aj+l>"" am) and applying the result just proved to k
•
When n

= 1, r = 0, we obtain the usual form of Newton's rule:
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1 be the polynomial obtained by reducing the
coefficients mod p, thus 1 = fIf. Then every simple zero of 1 in ZIp can be lifted to
•
a zero in Zp.

Corollary 9.3.4. Let f E Zp[xl and let

For multiple zeros this breaks down, e.g. :x? + 1 = 0 has a root (mod 2), but no
root in Z2' A look at Theorem 9.3.3 suggests that we reduce mod 4, not mod 2,
and indeed, x2 + 1 == 0 (mod 4) has no solutions. In the case of a double zero off,
Theorem 9.3.3 tells us that we need to start from a root ex of f(x) == 0 (mod p3) when
p ::j:. 2, and for p = 2 find a root of f(x) == 0 (mod 4).
We now examine the structure of Qp more closely. We know already that
~ Z x U, by Proposition 9.1.3, and it remains to describe the group of units
U. Each element of U is of the form

Q;

u = ao

+ alP + a2p2 + ... ,

1~

ao < p, 0 ~ ai < p (i > 0).

Consider the natural homomorphism U -+ Z/pn obtained by ignoring powers of
p higher than pn - I. The kernel is the set Un = 1 + pn Zp and we have the chain
(9.3.11)
U I is called the group of I-units ('Einseinheiten'); they are the p-adic units that are
congruent to 1 (mod p). We note that the first factor group in the series (9.3.11) is
isomorphic to the multiplicative group of Fp while the remaining factors are
isomorphic to the additive group of Fp:

UO/U I ~ F;,

Un/Un+1 ~

For when n > 0, we have (1 + pnx) (1
Next consider the equation

Fp

(n > 0).

+ pny) == 1 + pn(x + y)

xp-

I

= 1.

(mod pn+I).
(9.3.12)

It has p - 1 roots in Fp , all distinct, and so each can be lifted uniquely to a solution in

Zp. Thus (9.3.12) has p - 1 roots in Zp; these roots form a subgroup L of U, called
in Zp, We assert that
the set of multiplicative representatives of

F;

(9.3.13)
For any x E U can be written c(1 + alP + ... ) E LUI> and this representation is
unique, because the only element of L with constant term 1 is I, so that
L n UI = 1. This establishes (9.3.13).
It remains to find the structure of U I ; here we need a homomorphism from the
additive to the multiplicative group of Qp. In the case of R such a mapping is provided by the exponential function. Now exp x can still be defined as a power series
over Qp, but it will no longer converge for all x, because the coefficients lin! do not
tend to 0 as n -+ 00. Instead we shall use the binomial series.
Lemma 9.3.5. For any Z E Zp and n E N, (:) E Zp.

327

9.3 The p-adic Numbers

Proof. Given any integer N, we can write Z = ZN + jl'z', where ZN E Z and z' E Zp.
Now for any polynomialf,f(x) - f(y) = (x - y)g(x, y), where g is a polynomial in x
and y which only depends on! Taking x

( nZ)

-

(ZN)
n

= z,y = ZN,f(X) = (:). we find that
= pN,
Z g(z, ZN)'

(9.3.14)

Here the coefficients of g lie in Qp and depend only on n, not on N, so for large
enough N the right-hand side of (9.3.14) lies in Zp. Since clearly
have (:)

E

(Z;)

Zp, as claimed.

E

Zp, we

•

Now consider the binomial series in Zp:
(9.3.15)
By the lemma (:) E Zp' hence the series converges for all x E Zp, and as in elementary analysis one proves that

So we have a homomorphism ({J: Zp -+ U1 given by x 1-+ (1
kernel, we write x = apr + ... , where a is prime to p. Then

+ pt.

To find the

at least for p =1= 2. This is impossible if (1 + pt = 1, hence the mapping ({J is injective
for p =1= 2. When p = 2, suppose that (1 + pt = 1; then 1 = (1 + 2)2X = (1 + 23 ) \
and now we can argue as before: if x = a2' + . .. , where a is odd, then
(1 + 23t == 1 + a2,+3 (mod 2'+4), which is again a contradiction. Thus we have
an injection even for p = 2.
The mapping ({J : Zp -+ U1 induces homomorphisms
({In : Zp -+ UJ/Un+ 1

(n

= 0,1, ... ),

and it is clear from the previous argument that ker ({In
induced mapping

= pnzp for p =1= 2. Hence the

is an injection for p =1= 2. Here both sides have the same finite order pn, hence qJ is an
isomorphism. In particular, this shows qJn and with it ({In to be surjective. It follows
from the construction of U 1 that ({J: Zp -+ U 1 is surjective, hence it is an isomorphism. This proves the case p =1= 2 of
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Theorem 9.3.6. For any odd prime p, Zp ~
U 1 ~ (-1) X U2•

U" while for p = 2, Z2

~

U2 and

Proof. It only remains to consider the case p = 2. The formula (9.3.15) still applies
and it gives an injection Z2 -+ U1, but this is no longer surjective. We note that now
UJ/U3 is not cyclic: (1 + 2)2 == 1 (mod 23 ), so UJ/U3 is isomorphic to the Klein
4-group. Instead of q; we shall use the mapping 1fr : Z2 -+ U2 given by

Clearly this is injective, and as before we get an isomorphism

1frn : Zz/2 nZ 2 -+ U2 /Un+ 2 •
Hence 1fr is an isomorphism, and clearly U1 = U2

X

(-1).

•

If we combine the expression for U1 obtained in this theorem with earlier results,
we obtain
Corollary 9.3.7. The multiplicative structure of Qp is given by

Q; ~

Z x Zp

X

Cp-

Q; ~

Z x Z2

X

C2.

1

for P i= 2,

•

The study of functions on Qp shows many features quite different from the familiar
case ofR. We shall not go into detail, but content ourselves with giving a criterion for
the continuity of functions on Zp (see Mahler (1981)).
Let f be any function on Zp with values in Qp. With f we associate a series of
coefficients {an}, defined as
(9.3.16)

These are just the iterated differences off at 0; we define the translation operator T by

Tf(x)

= f(x + 1),

and the difference operator D as T - 1:

Df(x)

= (T -

1)f(x)

= f(x + 1) -

f(x).

Then (9.3.16) is equivalent to the formula

We remark that the definition of an uses only the values of f on N; moreover, we
regain f by the formula
(9.3.17)
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For on substituting the values of ak we find

L:( ~

)Dkf(O)

= (1 + Dtf(O) = Tnf(O) = f(n).

Now the continuity criterion states that f is continuous iff the an tend to 0:
Theorem 9_3.8 A function f from N to Zp is continuous if and only if its coefficients an
given by (9.3.16) tend to 0 as n -+ 00. Moreover, when this is so, then f has a unique
continuous extension f* to Zp, given by

(9.3.18)
Proof. Let us state the condition for f to be continuous; since Zp is compact,
continuity and uniform continuity mean the same thing on Zp:

f is continuous on Zp iff, given sEN, there exists tEN such that
v(f(x) - f(y)) :::: s for all x, y

E

Zp such that v(x - y) :::: t,

(9.3.19)

and of course the same condition applies iffis only defined on Z. In particular, iffis
periodic with period pt, then f(x) = f(y) whenever v(x - y) :::: t, and it follows that
such a function is always continuous. From another point of view such a function
could also be described as a step function.
We begin by proving the result for periodic functions; thus we show that for a
periodic function f, with period q = pt say, the coefficients an = Dnf(O) tend to o.
The translation operator T, restricted to the space of functions with period q, satisfies
Tq = 1, hence by the binomial theorem,
Dq

= (T -

l)q

= Tq + pG -

1

= pG,

where G is an operator with integral coefficients. It follows that Dqs
any n > qs,

= pSG s and for

because f has period q. Since D, G have integer coefficients, it follows that v(a n ) :::: s
for n :::: l s, and so an -+ 0, as claimed.
Next we show that any continuous function can be approximated by periodic
functions with sufficiently small period. Let f be continuous, so that (9.3.19)
holds, and fix s :::: l. For each x E Zp there is a unique rational integer g(x) in the
range

0:::: g(x)

< p'

(9.3.20)

such that

v(f(x) - g(x)) :::: s.

(9.3.21)
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Since fis continuous, we can choose t so that (9.3.19) holds; if x, y
t, then by (9.3.19) and the definition of g, we have

Zp are such that

E

v(x - y) ~

v(g(x) - g(y» ~

min {v(f(x) - g(x», v(f(x) - f(y», v(f(y) - g(y))}

~

s.

Thus g(x) == g(y) (mod pS), and by (9.3.20) it follows that g(x) = g(y). On writing
+ q we have g(x + q) = g(x), so g has period q, and from (9.3.21) we see
that it approximates f
If f, g have coefficients an, bn respectively, then by (9.3.21) and Lemma 9.3.5,

y= x

v(an - bn) = v(

L (- 1)k (:) rt(n - k) - g(n -

k)])

~

s.

Since g has period q, bn -+ 0, so for large enough n, v(a n ) ~ s. But 5 was arbitrary, so
this shows that an -+ 0, as claimed.
Conversely, if {an} are the coefficients for f and an -+ 0, then the series (9.3.18) for

f* converges for all x
for, given

5 E

E

Zp' because (:)

E

Zp by Lemma 9.3.5, and it is continuous,

N, we can choose no such that v(a n)

v(x - y) so large that v( ( : ) - ( : ) )

~

5

~

5

for n > no and then choose

for n = 1,2, ... , no . Comparing

(9.3.17) and (9.3.18), we see thatf* agrees withfon N. It follows thatfis continuous
and f* is its extension to Zp' unique because N is dense in Zp.
•

Exercises
1. Solve x 3 = 4 in Z5' Z2' Z3 when possible.
2. How can the positive expression (9.3.5) be reconciled with the negative expression
for 1/2 in the line above? (Hint. Remember (9.3.4).)
3. Show that exp x converges for v(x) > 1/(p -1). Use exp instead of the binomial
function to prove Theorem 9.3.6. (Hint. Show first that v(n!) = [nip] +
[n/p2] + .. . , where [~]
is the greatest integer sO
4. Show that a p-adic number I: ai is rational iff the ai from some index onwards
are periodic. Describe the set of all p-adic numbers represented by a finite series
L:aipi.
5. Show that the equation x 2 + 1 = 0 is irreducible over Q2. (Hint. Try x = a + 2b.)
Do the same for x 2 - 2 = O.
6. Let p be an odd prime. Show that if a, P are units in Zp' then ax2 +
= 1 has a
solution in Zp. Deduce that two regular quadratic forms f, g of the same rank over
Qp are equivalent iff det f and det g define the same residue class in Q; /Q;2.
7. Let x E
have the form x = pnu (n E Z, u E U). Show that x is a square iff n is
even and u is a quadratic residue mod p when p is odd, and u == 1 (mod 8) when
p = 2. Hence find Q; /Q;2.
8. Let p i- 2 and v(ad = v(a2) = v(a3). Show that a[xi + a2~
+ a3~
is isotropic
over Qp. Deduce that any quadratic form in at least five variables over Qp is
isotropic. Conclude that Qp cannot be ordered.

PI

Q;
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9. Let f be a p-adic function with coefficients an. Show that "LJ(n)xn =
(I + t) L an tn, where t = x( 1 - x) - I. Deduce that the function g defined by
g(n) = ( - Ita n has coefficients bn = ( - 1)nf(n).

9.4 Integral Elements
Let S be a commutative ring and R be a subring of S. An element of S is said to be
integral over R if it satisfies a monic equation with coefficients in R:
(9.4.1)
This generalizes the definition of an algebraic integer given in Section 5.1, which was
the special case R = Z. Even in that case we have, besides the obvious instances such
as ../2, also integers like ~ ( - I + H), which arises as root of x 3 = 1.
There are several equivalent ways of expressing the definition, which are often
useful:
Proposition 9.4.1. Let R ~

S be rings. For any c E 5 the following conditions are

equivalent:
(a) c is integral over R;
(b) R [c] is finitely generated as R-module;
(c) there is a finitely generated R-submodule M ofS with zero annihilator in R[c], such

that cM
~

M.

When c is a unit in S, all are equivalent to
(d) c E R[c- I ].

Proof. (a) => (b). Let c satisfy (9.4.1); we claim that R[c] is generated as R-module by
1, c, 2, ... , cn- I. For it is clearly generated by all the powers cV , and for v ~ n we
have, on multiplying (9.4.1) for x = c by cv - n and rearranging:
CV

=

-(alc V - 1 + ... + anc V - n).

By induction on n this expresses all powers of c in terms of I, c, ... , cn -I, and (b)
follows. We note that when c is a unit in 5, we find in the same way
(9.4.2)
Thus when a unit c of S is integral over R, then c E R [c - I]. Conversely, if c E R[ C -1],
we have an equation of the form (9.4.2) with ai E R, and this can be rearranged as
(9.4.1) (with x = c); hence c is then integral over R. This shows that (a) {} (d) when
c is a unit in S.
(b) => (c) is clear, since R[c] is a submodule of the required sort, and to prove
(c) => (a), let M be generated by UI, ... , Un. Then
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Hence Lj (COjj - ajj)uj = 0; if we write A = (ajj) and multiply by adj(cI - A), we
obtain
det(cI - A)uj = 0,

i = 1, ... , n.

By hypothesis, the annihilator of all the Uj in R[c) is 0, and it follows that
•
det(cI - A) = 0, which on expansion gives a monic equation for cover R.
Given a ring S with a subring R, S is said to be integral over R if every element of S
is integral over R. We note that if CI, ... , Cn E S are integral over R then R[cl, ... , cn)
is finitely generated as R-module. For R[cd is a finitely generated R-module and
C2, ... , Cn are integral over R [cd, therefore R [cl, C2, ... , cn) is a finitely generated
R-module, by induction on n. This enables us to prove the transitivity of integrality:
Corollary 9.4.2. Let R be a ring, S be an integral extension of Rand T be an integral
extension of S. Then T is integral over R.
Proof. We have to prove that every element of T is integral over R. Any C E T satisfies an equation cn + al cn- I + ... + an = 0, where aj E S. Each aj is integral over R,
so by the above remark, R[al, ... , an) is a finitely generated R-module, say
r

R[al,"" an)

= LRuj.
j=1

Likewise S[c) is a finitely generated R[ab ... ,an)-module, so that
5

S[c) = LR[al, ... ,an)Vh
h=1

Thus S[c)
~R

IS

a finitely generated R-module and this proves that c

IS

integral

•

The set R of all elements of S integral over R is easily seen to be a subring of S.
It is called the integral closure of R in S, and R is said to be integrally closed or an
order in S ifR = R. Generally an integral domain is called 'integrally closed' (without

qualification) if it is integrally closed in its field offractions. For example, Z[ J - 1)
is integrally closed, as is easily verified, but Z[ J - 3) is not, for its integral closure
contains the element ~ ( - 1 + .;=3).
There is a close connexion between the integral closure and general valuation
rings; to describe it we shall need an existence lemma for valuation rings, which is
also useful elsewhere. On any field K we consider pairs P = (R, a) consisting of a
subring R of K and a proper ideal a in R Given two such pairs P = (R, a),
pi = (R', a ' ), we shall say that pi dominates P, in symbols pi ::: P, if R' ;2 Rand
a ' ;2 a, and use ::::, <, > as usual.
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Lemma 9.4.3 (Chevalley). Let K be a field, R be a subring of K and a be a non-zero
proper ideal in R. Then there is a subring V with an ideal p such that (V, p) is maximal
among pairs dominating (R, a). Further, any such maximal pair (V, p) consists of a
valuation ring V =I- K and its maximal ideal p.

Proof. The family of pairs dominating (R, a) is clearly inductive and so, by Zorn's
lemma it has a maximal element (V, p). It remains to show that V is a valuation
ring in K and p is its maximal ideal. Let c E K; we must show that c E V or
c- 1 E V. Assume the contrary; then since c (j. V, we have V C V[c], and if the
ideal pi generated by pin V[c] is proper, then (V[c], pi) > (V, p), which contradicts
the maximality. Hence pi = V[c], i.e. we have an equation

(9.4.3)
Similarly, since c- 1 (j. V, we have an equation
(9.4.4)
We may assume that m, n are chosen as small as possible, and by symmetry we may
take m ~ n. Multiplying (9.4.4) by c m we get
(9.4.5)
If we now multiply (9.4.3) by 1 - bo and substitute for (1- bo)cm from (9.4.5), we
obtain an equation of the form (9.4.3), but with a lower value for m. This is a contradiction, and it shows that either cor c- 1 lies in V, i.e. V is a valuation ring in K.
Further, p is a maximal ideal of V, by the maximality of the pair (V, p). Finally,
V =I- K, for if V = K, then its maximal ideal would be 0 and so could not
contain a.

•

In this lemma we assumed that a =I- o. If a = 0, we can still apply the lemma,
replacing a by any non-zero proper ideal, as long as R is not a field. Even when R
is a field, if K is transcendental over R, we can enlarge R to a subring R[x] not a
field and proceed as before. However, if R is a field and K is algebraic over R,
then any subring between Rand K is a field; in that case any pair dominating
(R,O) is of the form (L, 0), where L is a field between Rand K.
We can now characterize the integral closure of a subring as follows.
Theorem 9.4.4. Let K be a field and A be a subring. Then the integral closure A of A in

K is the intersection of all general valuation rings of K containing A.
Proof. Let {VA} be the family of all valuation rings in K that contain A, and denote by
PA the maximal ideal of VA. If c is integral over A, then either c = 0 or its monic
equation over A may be written

(9.4.6)
Suppose that c (j. VA; then c- 1 E PA and now (9.4.6) shows that 1 EPA' a contradiction; hence c E nvA • Conversely, if c is not integral over A, then c =I- 0 and by
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Proposition 9.4.1, crtA[c- I ], hence (c- I ) is a proper ideal in A[c- I ]. By
Lemma 9.4.3 there exists a valuation ring V =2 A[c- I ] with maximal ideal containing (c- I ). It follows that crt V, so crt nv.. ; therefore we have A = nv.. as
claimed.
•
We observe that Theorem 9.4.4 provides another proof that the elements of a field
integral over a given subring themselves form a ring. The theorem also shows that a
subring of a field K is integrally closed iff it is the intersection of all the valuation
rings containing it. Here it is of course important to include all valuations, not
merely the principal ones.
We note that a UFD may also be described as the intersection of the valuation
rings associated with the various atoms. Hence we obtain
Corollary 9.4.5. A unique factorization domain is integrally closed (in its field of

fractions).

•

For some applications it is useful to have a characterization of real-valued
valuations.
Theorem 9.4.6. Let K be a field with a subring V. Then V is a valuation ring of a non-

trivial real-valued valuation on K if and only if V is a maximal subring of K which is not
a field.
Proof. Let V be the valuation ring of a non-trivial real-valued valuation v on K.
Any ring strictly containing V contains an element c such that v(c) < 0. Now for
any x E K there exists n E N such that nv(c) < v(x), hence v(xc- n) > 0, so
a = xc- n E V and therefore x = cna E V[c]. Hence V[c] = K and this shows V to
be a maximal proper subring of K.
Conversely, suppose that V is a maximal proper subring of K which is not a field.
By Lemma 9.4.3, V is a valuation ring. We complete the proof by showing that
its value group r is Archimedean ordered, for then it can be embedded in R (see
Theorem 8.7.3). Let a, b E V, a-I rt V; then V[a- I ] = K, hence b- I = ca- n for
some c E V and some n :::: 0, and so v(anb- I ) = v(c) :::: 0, i.e. nv(a) :::: v(b). Thus
r is indeed Archimedean ordered and we can embed r in R by fixing ex E r,
ex > 0, and defining
ep(f3) = inf{m/nlmex:::: nf3}.

•

Hence v is equivalent to a real-valued valuation.

Another important consequence of Lemma 9.4.3 is the extension theorem; to
describe it we need yet another way of looking at valuations.
Let K be a field. By a place of K in a field k we understand a mapping

ep: K -+ ku {(X)},
such that kep - I = V is a subring of K and the restriction epl V is a ring homomorphism. Thus with the usual operations on 00 we have

(x - y)ep

= xep -

yep, lep

= 1,

(xy)ep

= xep.yep,
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whenever the right-hand side is defined (i.e. different from 0.00 and 00 - 00). The
set hp - I is called the set of elements where cp is finite.
For example, a valuation on K with valuation ring V and maximal ideal P defines a
place on the residue class field Vip, which is finite on V. Conversely, if cp is a place of
K in k and V is the set where cp is finite, then if x f/ V, we have x - I E V, for otherwise we should have 1 = xcp. x - I cp = 00.00 = 00, a contradiction. Hence V is a
valuation ring and cp/V : V -+ V jp is the residue class homomorphism. It is clear
that two places CPi : K -+ ki (i = 1,2) correspond to the same valuation iff there is
an isomorphism a : kl -+ k2 such that CPla = CP2. In this case the places are said to
be equivalent. The situation is summed up in
Proposition 9.4.7. The valuations on a field K correspond to the places of K, with

equivalent valuations corresponding to equivalent places.

•

For the next result we need a special case of localization, which forms the subject
of Section 10.3. We shall describe this briefly here and refer the reader who wants to
know more to Section 10.3.
Let R be a ring and S be a subset of R. A ring homomorphismf : R -+ R' is called
S-inverting if it maps the elements of S to invertible elements in R'. It is easily seen
that the set of all elements inverted by a given homomorphism is multiplicative, i.e. it
contains 1 and is closed under multiplication. If R is an integral domain with field of
fractions K, and S is a multiplicative subset of R, then the set

Rs = {x

E

Klx = aju, where a E R, u E S}

is easily seen to be a subring of K containing R; it is called the ring of fractions with
denominators in S. In particular, when S is the complement of a prime ideal p, then
Rs is a local ring, i.e. the set of all non-units forms an ideal. In this case one usually
writes (somewhat illogically) Rp to mean Rs; the risk of confusion is small, since the
multiplicative set S does not usually contain 0, whereas p always does.
Theorem 9.4.8 (Extension theorem). Let K be a field containing a subring A and let
f : A -+ E be a homomorphism ofA into a field E. Then f can be extended to a place of K
in an extension F of E.

Proof. Write p = ker f and S = A \p; then f is S-inverting and so can be extended
to a homomorphism of the local ring Ap into E. If Ap is a field and K is algebraic
over it, then we can extend f further to K, by Lemma 7.5.3. Otherwise there exists
by Lemma 9.4.3 (and the remark following it) a valuation ring V with maximal
ideal m dominating Ap and its maximal ideal Pi> say. Thus m nAp 2 PI and in
fact equality holds here, because every element of Ap not in PI is a unit. Thus we
have the diagram:
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here Alp is a subfield of VIm, hence the embedding can be extended to one of VIm in
a field F 2 E, and this is a place of K in F.
•

A closer analysis shows that the field F can be taken within an algebraic closure of
E, but this fact will not be needed here (see Exercise 8).

Exercises
1. Verify that Z [-J - 1] is integrally closed.
2. Let R ~ S be rings. Show that an element c integral over R is a non-zero divisor iff
the constant term in the monic equation of least degree for c is a non-zerodivisor
in S.
3. Let R C R' be integral domains such that R' is integral over R. Show that for every
prime ideal p of R there is a prime ideal p' of R' such that p' n R = p.
4. Let Klk be a finitely generated field extension. Show that there exists a valuation
trivial on k but non-trivial on K iff Klk is not algebraic.
5. In Lemma 9.4.3 show that if a is prime, then p can be chosen so that p n R = a.
(Hint. See the proof of Theorem 9.4.8.)
6. Let A be an integral domain, integrally closed in its field of fractions K. Show that
for any monic polynomials f, g over K, if fg E A[x], then f, g E A[x]. Give an
example to show that the condition (on integral closure) cannot be omitted.
7. Let A be an integrally closed domain and L be any field containing A. If
al, ... , an E L are such that for each i = 1, ... , n there exists mj EN such that
a~i
= j;(al, ... , an), where f; is a polynomial of degree < mj with coefficients
in A, then ai, ... , an are integral over A. Deduce that any extension of A finitely
generated as A-module is integral over A.
8. Show that if the field F in the proof of Theorem 9.4.8 is transcendental over E, it
can be replaced by a place of F in an extension of E. Deduce that F can always be
chosen to be algebraic over E.

9.5 Extension of Valuations
We now turn to ways of extending a valuation given on a field to a larger field. There
are essentially two cases to consider, the algebraic and the transcendental extensions.
It is possible to treat both at once, but we shall take these cases separately, since it is
then possible to treat the algebraic case more simply, while the transcendental case
can be treated more explicitly.
Let UK be any field extension, and let v be a valuation on K, with an extension w
to L. We shall write V, p, r for the valuation ring, maximal ideal and value group of
v, and W, \P, fl. for the corresponding entities for w. Clearly we have r = v(K) ~
w(L) = fl., hence r is a subgroup of fl.. The index
(fl. : r) = e

(9.5.1)
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is always denoted by e and is called the ramification index. Next we have IlJ n V
hence the natural homomorphism
Vip -+

W/1lJ

= p,

(9.5.2)

is an embedding, so denoting the residue class fields by K, I respectively, we see that

I is an extension of K. The degree

[I:Kl =f

(9.5.3)

is called the residue degree. From the properties of the index and the degree it is clear
that both the ramification index and the residue degree are multiplicative under
extensions.
For example, let K = Q, L = Q(,J2). The 2-adic valuation V2 has an extension to
L for which e = 2, f = 1 (2 is 'ramified' in L). If P is an odd prime, either 2 is a quadratic residue mod p (i.e. x 2 == 2 (mod p) has a solution), then 2 is a square in Qp and
vp has two extensions to Land e = f = 1; or 2 is a quadratic non-residue mod p,
then 2 is not a square in Qp (p is 'inert' in L), now v has just one extension to L,
e = 1, f = 2 and the residue field is enlarged from Fp to Fp (,J2). This illustrates
the general situation described in Theorem 9.5.7 below.
In comparing the values of v and w the following relation is often useful: let
Uj, ... , Ur E W be such that their residues mod 1lJ, Uj, ... , ur say, are linearly independent over K = V /p. Then we claim that for any aj, ... , a r E K, we have
w(ajUj

+ ... + arur ) =

min {v(ad, ... , v(a r )}.

(9.5.4)

To prove this assertion we may assume, after appropriate renumbering, that
v(ad = ... = v(ak) < v(aj)(j > k), so that a;/aj E V for all i. Since Ui =1= 0, it
follows that W(Ui) = 0, so that the left-hand side of (9.5.4) has a value::: v(ad.
If this value is > v(ad, then after dividing by aj and reducing mod IlJ we get
Uj

+ (Ci2lCidu2 + ... + (Cir/Cidu r

This contradicts the linear independence of the Ui over
in (9.5.4).
An important relation between e and f is given by

=

o.

K and it establishes equality

Theorem 9.5.1. Let UK be a finite field extension of degree n, and let v be a valuation

on K with an extension w to L. Then the ramification index e and residue degree f satisfy
the relation
ef ::: n.

(9.5.5)

If v is real-valued, or principal, or trivial, then so is w.
If moreover K is complete and v is principal, then equality holds in (9.5.5).
Proof. Denote the valuation rings of K, L by V, W respectively, so that W n K = V,
and denote by p, IlJ the corresponding maximal ideals. Let Uj, ... , Ur E W be such
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that their residues mod

IlJ

are linearly independent over Vip, and take nl, ... ,

L

(XijUinj

ns E L such that the w(nj) are incongruent mod r, the value group of v. We assert
that the rs elements Uinj are linearly independent over K. For if there is a relation

= 0,

where (Xij

E

K,

(9.5.6)

let us write aj = Li Ui(Xij, so that (9.5.6) reads L ajnj = o. If the aj are not all 0, it
follows that w(ahnh) = w(aknk) for some h, k, 1:::: h < k :::: s. This means that
w(nh/nk) = w(nh) - w(nk) = w(ak) - w(ah). Here the right-hand side is in r, by
(9.5.4), but the left-hand side is not, which is a contradiction. Hence all the ai
vanish, and so, again by (9.5.4), the (Xij must also vanish, which shows the Uinj to
be linearly independent. It follows that rs:::: n; in particular, e and f must be finite
and taking s = e, r = f, we obtain (9.5.5).
From the definition of e it follows that ell ~ r, where Il is the value group of w;
thus if r is embedded in R, so is Il, and if r ~ Z, then by renormalizing we can
ensure that r ~ eZ; it follows that ell ~ eZ, i.e. Il ~ Z. If v is trivial, then r = 0,
hence ell = 0 and so w is also trivial.
Now assume that v is principal and K is complete. Then so is L, as a finitedimensional K-space, by Proposition 9.2.7. Let n, n be uniformizers for v, w respectively; then every element of L can be written as L (Xi n i , where (Xi belongs to a
transversal of the residue field I in W. Instead of the powers ni we can also use
ni, nni, ... , ne-Ini , and instead of a transversal of I in W we can take elements
UI, ... , uf of W such that til, . .. , tif form a basis of lover K and use L (XiUi,
where the (Xi run over a transversal ofK in V. Then every element of L may be written
00

X=

L
LaJLViUJLnvni,
i=-N JLV

whereaJLvi EK .

This shows that L is spanned by the ef elements uJL nv over K. Hence [L : K) :::: ef and
it follows that we have equality in (9.5.5).
•
We begin by looking at transcendental extensions; here we need not postulate
completeness, nor even assume that the valuation is principal.

Proposition 9.5.2. Let K be a field with a valuation v and residue class field K. If K(t)
is a purely transcendental extension of K, then there is just one extension of v to K(t)
such that t remains transcendental over K. This valuation on K(t) has the same
value group as v and has the residue class field K(t).
The valuation on K(t) determined in this way is called the Gaussian extension of v
to K(t).
Proof. If there is such an extension w of v, then on K[t) it is given by

(9.5.7)
by (9.5.4). This is already enough to determine won the field of fractions K(t). Thus
there can be at most one such extension, and there is one, since w given by (9.5.7)
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clearly satisfies all the conditions. It is clear from (9.5.7) that v and w have the same
value group. Further, the residue class field clearly contains K(t), and for any element
fig such that w(flg) ~ 0 we can find u E K(t), Ii E K(t) such that w(f /g - u) ~ 0;
this is most easily seen by writing fig as a Laurent series in t. This shows K(t) to
•
be the residue class field.
Next we prove that extensions always exist in the algebraic case.
Proposition 9.5.3. Let UK be a field extension of finite degree and let v be a valuation
on K. Then v has an extension to L; moreover, any such extension is real-valued, principal or trivial whenever v is.
If v is real-valued and K is complete, then there is a unique extension w of v to L,
given in terms of the norm by

w(y)

= [L: K]-lv(NL/K(y»

for Y E L.

(9.5.8)

Proof. We already know from Theorem 9.5.1 that if v is real-valued, principal or
trivial, then so is any extension to L. It only remains to prove the existence.
Let V be the valuation ring of v on K. Then V ~ L and by the extension theorem
(Theorem 9.4.8) the natural homomorphism V --+ V /p = K can be extended to a
place of L in an extension field of K. This gives the required valuation on L.
When K is complete (for a real-valued valuation v), then the extension w to L is
unique, by Theorem 9.2.9. Now take any Y E L, suppose that f is its minimal polynomial over K, of degree n say, and let E be a splitting field off over Li w has a unique
(x - Yi), where
extension to E, still denoted by w. Over E we can write f =
Yl = Y say. Since f is irreducible over K, we have K(Yi) ~ K(y) for i = 1, ... , n,
hence by uniqueness, W(Yi) = w(y) and so v(NK(y)/K(Y» = LW(Yi) = nw(y). If
[L : K(y)] = r, then [L: K] = rn and so v(NL/K(y» = rv(NK(y)/K(Y)) = rnw(y);
on division by rn this yields (9.5.8).
•

n

We observe that this result has an analogue in the Archimedean case: then K must
be R or C, by Ostrowski's second theorem (Theorem 9.2.11) and [L : K] is 1 or 2.
The only non-trivial case is that where K = R, L = C and the absolute value on C
is given by

Ilxll = IxXll/2,
which is the multiplicative analogue of (9.5.8).
The following necessary condition for irreducibility over a complete field is an easy
consequence of Proposition 9.5.3.
Corollary 9.5.4. Let K be a field, complete under a real-valued valuation v. If

f = aoxn

+ alXn- 1 + ... + an

is an irreducible polynomial over K, then

v(ai)
Proof. Suppose first that v(ao)

~

min {v(ao), yean)}.

::s yean), so that v(an/ao)
~

(9.5.9)
0, and consider the monic
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polynomial a(j If. If its zeros in a splitting field are ai, ... ,an> and w denotes the
unique extension to E, then

Hence the elementary symmetric functions of the ai are integers, and so
v(a;j ao) :::: 0, i.e. v(ai):::: v(ao), and so (9.5.9) is proved in this case. When
v(ao) > v(ai), we can make a reduction to the previous case by the substitution
y = l/x, hence (9.5.9) holds generally.
•
For complete fields there is a useful method for lifting factorizations over the
residue class field, known as Hensel's lemma. It is usually proved by a somewhat
lengthy verification, but it can be obtained more directly from Theorem 9.4.8 and
Theorem 9.2.9 (asserting the existence and uniqueness of extensions). We single
out the essential step as a lemma.
We note that a polynomial f over a valuation ring V is primitive (i.e. its coefficients
have no common factor) precisely when its image in the residue class ring Vip is
non-zero.
Lemma 9.5.5. Let K be a complete field under a real-valued valuation v, with valuation

ring V, maximal ideal p and residue class field V /p =
class map V -+ V /p. If

K. Write a

H

a for the residue
(9.5.10)

is any irreducible polynomial over V, then one of the following three cases will arise:
(i) ao, an are both units and a(j If is a power of an irreducible polynomial,
(ii) ao is a unit and = aoxn,
(iii) an is a unit and = an.

1
1

Proof. Suppose first that ao is a unit. Let E be a splitting field off over K and w be the
unique extension of v to E. We write W for the valuation ring of w in E and SfJ for its
maximal ideal, so that its residue class field is W/SfJ = E. If a is an automorphism of
E over K and Y E E, then we)?) = w(y), because)? and yare conjugate over K. This
shows that a maps W into itself and likewise SfJ, so it induces an automorphism (j of
W/SfJ = E over K. Now f is irreducible over V, hence it is also irreducible over K, by
inertia (Theorem 7.7.2), and if its zeros are ai, ... , an' then

by Proposition 9.5.3. This shows that ai E W and we can therefore factorize the
image 1 of f over E as 1 = ao (x - ai). For any i, j in the range 1, ... , n there is
an automorphism a of ElK such that a'[ = aj, hence a'[ = aj, and so the zeros of
are permuted transitively by the automorphisms of E/K. It follows that is a
power of an irreducible polynomial. If an is a unit, we are in case (0, while for
an E p, 1 has the factor x and so it must be a power of x, and we have case (i0.

n

1

1
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Now suppose that ao is a non-unit. Since fis primitive, some ai is a unit, hence an is a
unit by (9.5.9). Consider g(y) = ynf(y-I); this is again irreducible and case (ii)
applies because the highest coefficient is a unit, while the constant term is not, so
g = anyn; therefore = an and we have case (iii).
•

1

Theorem 9.5.6 (Hensel's lemma). Let K be a complete field for a real-valued valua-

tion v, with valuation ring V, maximal ideal I' and residue class field V /1'
primitive polynomial f over v, suppose that go, ho E V[x] are such that

f == goho(mod 1'),

= K. Given a
(9.5.11)

and that go, ho are relatively prime (mod 1') and go is monic. Then there exist unique
polynomials g, h E V[x] such that g is monic and g, h satisfy
f = gh, g == go, h == ho(mod 1').

(9.5.12)

Moreover, deg g = deg go.
Proof. We factorize f over V[x] as f = TI~
p;', where the Pi are distinct and irreducible over V, hence by inertia also irreducible over K. Since f is primitive, each Pi is
primitive, and by Lemma 9.5.5, either Pi = i for some irreducible polynomial Jri
over K and Si::: 1 (cases (i), (ii)), or Pi = Jri E K (case (iii)).

n1

Suppose first that the highest coefficient of f is a unit. On dividing by it we may
take f monic, and all the Pi (and hence the Jri) may also be taken monic. We have
g)io = TI~
Jr~iS
and since go' ho are relatively prime we can number the Pi so that
go = TI: <iSi, ho = TI~+
I Jr?Si; here the Jri need not be distinct, but if Jri = Jrj then
i,j::: tor i,j > t. Hence there is just one way to satisfy (9.5.12), namely by putting
t

g = np~i,
I

m

h = np?
t+1

If the highest coefficient of f is a non-unit, then case (iii) will occur, i.e. Pi E K for
some i. Now we can number the Pi so that PI, ... , Pu are monic, while pu+ I, ... , Pm
have a non-unit as highest coefficient, and of course u < m. We can further ren· h TImt+IJr;",
r·s·
h
were
t:::u. Now
number t he PI, ... ,Pu so t h at go= TI tIJri",O=
there are several ways of satisfying (9.5.12), by taking one or more of the factors
pu + I, ... , Pm to g, but if g is to be monic, we must have g = TI~ p~i ,
h = TI~+
I p~i.
This then is the unique solution; since g = go and both g, go are
monic, they have the same degree.
•
We remark that in the proof of Hensel's lemma we assumed the field K to be
complete. This is a 'topological' condition, involving limiting processes; thus the
completion of a field generally has a higher cardinal than the field itself. Sometimes
it is preferable, instead of completeness, to assume the conclusion of Hensel's lemma.
A field with this property is called Henselian, and every field with a real-valued valuation has a least Henselian extension, its 'Henselization'. This obtained by a purely
algebraic process, analogous to forming the algebraic closure. We also note that a
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field is Henselian iff its valuation has a unique extension to any finite field extension
(see Endler (1972) and Exercise 9 below).
We next consider algebraic extensions of incomplete fields. In Section 11.7 we
shall show that for two fields E, F over a common subfield k, such that F/k is separable of degree n, we have
(9.5.13)
where KI , ... , Kr are fields containing a copy of E and of F and generated by them.
Let a E F and write f, gi for the characteristic polynomial of a over k, and of its image
in Ki over E respectively. Then f = gl ... gr; for by definition, f(x) = det(xI - A),
where A = (aij) and aVi = LaijVj for a basis VI, .•. , Vn of F/k. Clearly fis also the
characteristic polynomial of a as an element of E ® F over E, because the Vi will
be a basis for E ® F over E. We now change the basis in E ® F by choosing a
basis adapted to the decomposition on the right of (9.5.13). Each Ki is mapped
into itself by a, hence we have f = gl ... gr' In particular, comparing last coefficients
and second coefficients in this equation we find

n

Np/K(a)

=

Tp/K(a)

=L

NK;/E(a),

(9.5.14)

h;jE(a).

(9.5.15)

With these preparations we can describe the relation between the ramification
indices and residue degrees which takes the place of (9.5.5) in the incomplete case.
Theorem 9.5.7. Let k be a field with a principal valuation v, and let K/k be a separable
extension of degree n. Then there are r extensions WI, ... , Wr of v to K, where 1 :'S r :'S n,

and if Wi has ramification index ei and residue degree f;, then

Leif;

= n.

(9.5.16)

Moreover, if k, K have completions k, Ki under v, Wi respectively, then
(9.5.17)
Proof. Since we are dealing with principal valuations whose restrictions to k are all
equal, two extensions of v to K are equivalent iff they are actually equal.
If K is a completion of K with respect to a valuation W extending v, then k is isomorphic to a subfield of K. We shall identify it with its image; then kK is a dense
subset of K, but since K/k is finite, it is a complete k-space by Proposition 9.2.7,
so K = kK. Conversely, given a field of the form ie = kK, there is by Proposition
9.5.3 a unique valuation W on ie extending the valuation v defined on k, and ie is
complete by Proposition 9.2.7. Since k is dense in k, K is dense in ie, so ie is the completion of K with respect to the restriction of W to K. Thus we have a bijecto~
between the set of valuations of K extending v and the set of fields generated by k
andK.
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By (9.5.13) we have a decomposition of the form (9.5.17), where the Kj are fields
generated by k and K, and hence are the completions of K with respect to the
different valuations extending v.
Finally let [Ki : kJ = nj. For a principal valuation the residue class field and value
hence by Theorem 9.5.1, nj = ejf;
group are not affected by passinl;Z to co~pletins,
and by (9.5.17), n = [K: kJ = [k ® K : kJ = L ni = L ej'f;.
•
We again observe that this result has an analogue for Archimedean absolute
values. There k = R or C and if e.g. R ® K = KI X ... X K" we then have
[Kj : RJ = 1 or 2 according as Kj is real or complex.
For Galois extensions the statement of Theorem 9.5.7 can be simplified:
Corollary 9.5.8. If in Theorem 9.5.7 K/k is Galois, then the automorphisms of k ® K

induced by Gal(Kjk) permute the Kj transitively. Hence ej
of i, and
[K:

= e,f; = f

independently

kJ = efr,

where r is the number of extensions of v to K.
Proof. The result will follow if we can show that for some a E Gal(Kjk), WI = awz,
i.e. WI (x) = wz(xD') for all x E K. To this end consider the valuations of K defined by

x

1--+ WI (xD') ,

X 1--+ wz(xD'),

as a ranges over Gal(Kjk) = G. If these two sets of valuations are disjoint, then by
the approximation theorem there exists a E K such that WI (aD') > 0, wz(aD' - 1) > 0
for all a E G. Hence wz(aD') = 0 and v(N(a)) = L wz(aD') = 0, but also v(N(a)) =
L WI (aD') > 0, which is a contradiction. Hence the sets are not disjoint, say
WI(XD') = wz(x T ) for some a, rEG, and so WI = a-I.rwz as desired. This shows
•
that the Kj are permuted transitively and the rest is clear.
We remark that the factors r, f, e correspond to the three kinds of extension:
decomposition, residue class field extension and ramification respectively.

Exercises
1. Let K be a field with a principal valuation. Show that the residue class field has

the same characteristic as K iff the valuation is trivial on the prime subfield of K.
2. Prove the first part of Proposition 9.5.3 for real-valued valuations by finding a
maximal proper subring containing the valuation ring of v and using Theorem
9.4.6.
3. Use Proposition 9.5.2 and Theorem 9.4.4 to show that if an integral domain R is
integrally closed, then so is the polynomial ring R[xJ.
4. Let K be a complete valued field with residue class field k of characteristic O.
Show that K contains a subfield ko isomorphic to k and mapped to k by the
residue class mapping. (Hint. Use Lemma 9.3.2.)
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5. Let K be a field with a valuation v and consider the rational function field K(t).
If x is another generator, say x = (at + b)(ct + d) -I, find the conditions under
which x and t define the same Gaussian extension of v.
6. Let K be a field with a principal valuation v and let K(t) be the rational function
field. With a positive real number A define a function w by w(ao + alt + ... +
antn) = mini {v(ai) + iA}. Show that w is a valuation on K[tl which can be
extended to K(t). Determine its value group and residue class field.
7. Let ElK be a field extension of degree n and suppose that E is complete under a
principal valuation v. Denote the valuation rings in K, E by V, Wand their residue class fields by K, E. Show that ifE/K is a separable extension then W is a free
V-module with basis 1, ex, ... , ex n - I for a suitable ex E W. (Hint. Use Theorem
9.5.1 and the fact that a separable extension is simple.)
8. Use Hensel's lemma to find a root of x 5 = 2 in Q7'
9. Let K be a field with a real-valued valuation v which has a unique extension to
any finite extension of K. Show that formula (9.5.8) holds, and that Corollary
9.5.4, Lemma 9.5.5 and Theorem 9.5.6 all still hold. (This exercise suggests
that we can obtain the Henselization of K by taking each irreducible polynomial
f over K, primitive and with coefficients in V, say, and if can be factorized into
relatively prime factors over K, say = gh, adjoining enough elements from an
algebraic closure of K to K to enable us to lift g, h to K; see Endler (1972).)
10. Let K be a field with a real-valued valuation v. Show that v has a unique extension to any purely inseparable extension of K.

1

1

Further Exercises for Chapter 9
1. Let r be any totally ordered abelian group. Verify that the group algebra kr (for
any field k) is an integral domain. (If r is written additively, it is convenient to
write the elements of kr as formal 'polynomials' L caxa, where Ca E k, ex E r,
with the rule xax fJ = x a+ fJ .) Show that the field of fractions K of kr has a valuation with value group r. Determine the valuation ring and maximal ideal of this
valuation. Examine the particular case r = Z.
2. Show that Theorem 9.2.3 still holds for non-commutative rings.
3. Show that a function f from Zp to Qp takes integer values on Z iff all its coefficients Dnf(O) are integers.
4. Show that Qp and Qq for distinct primes p, q are not isomorphic. (Hint. Look for
solutions of x 2 = p.)
5. Let E, P, G be fields, let ex be a place of E in P and f3 be a place of Pin G. Show
that exf3 (suitably defined) is a place of E in G.
6. Let k c K be fields and V be a minimal valuation ring in K containing k. Using
Exercise 5, show that the corresponding place is algebraic over k. Use Zorn's
lemma to show that such minimal valuation rings always exist. Deduce that if
A is a subring of a field K, then any homomorphism of A into an algebraically
closed field E can be extended to a place of K in E.
7. Let A be an integral domain and K be its field of fractions; A is called completely
integrally closed in K if for any x E K for which there exists d E K X such that
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8.
9.

dxn E A for all n > 0, it follows that x E A. Verify that a completely integrally
closed ring is integrally closed, and show that the intersection of any set of principal valuation rings is completely integrally closed.
Show that a valuation ring is completely integrally closed iff its value group is
Archimedean ordered (see Exercise 7 and Section 8.7).
A finite extension ElK of complete valued fields is said to be totally ramified if
[E : KJ = e is the ramification index. Given an extension ElK with a principal
valuation v and with uniformizers p, n in K, E respectively, show that ElK is
totally ramified iff n satisfies an equation x e + alPxe- 1 + ... + ae-lPx + aep = 0,
where v(ai) ::: for i = 1, ... , e - 1, v(a e ) = 0, and E = K(n). (Such an equation
is called an Eisenstein equation and the corresponding polynomial is an Eisenstein
polynomial. )
(a) Show that any polynomial over Q close (in the usual absolute value) to a
polynomial with n simple real zeros itself has n simple real zeros. (b) Show
that a polynomial over Q close (in the p-adic valuation) to an Eisenstein polynomial for the prime p is itself Eisenstein and hence irreducible. (c) For any integers
n ::: m construct an irreducible polynomial over Q of degree m with
exactly n real zeros.
(Krasner's lemma) Let L be a complete field under a non-Archimedean absolute
value and K be a complete subfield. Given ot, fJ E L, where ot is algebraic over K
and fJ is separable algebraic over K(ot), show that if ot is closer to fJ than are any
of the conjugates of fJ over K, then fJ is fixed under all automorphisms of
K(ot, fJ)/K(ot) and deduce that fJ E K(ot).
Let K be a complete valued field. Show that iff is monic, irreducible and separable over K, then any polynomial g sufficiently close to f is also irreducible, and
to any zero ot off there corresponds a zero fJ of g such that K(ot) = K(fJ).
Let K be an algebraically closed field with a real-valued valuation. Show that its
completion k is again algebraically closed. (Hint. First show that the zeros of a
polynomial are continuous functions of the coefficients. Now any polynomial f
over k may be approximated by polynomials fv over K, and if f is separable of
degree d, then the zeros of these polynomials fv can be arranged in d Cauchy
sequences. )
Let K be a complete valued field and F be its algebraic closure. Show that the
valuation has a unique extension to F, which is real-valued if the original valuation was so, and in that case the completion of F is again algebraically closed.
In the algebraic closure F of Qp take any sequence (an) such that aT is a power of
as for r ::: s (e.g. aT could be taken a primitive (r!)-th root of 1); denote the
degree of aT over Qp by nT. Show that for any n < nT and any hEN there
exists k > h such that aT satisfies no congruence of degree n (mod pk).
Deduce the existence of a sequence of integers kl < kz < ... such that aT satisfies
no congruence of degree < nT (mod pk,), and hence show that the series L arpk,
converges to an element transcendental over Qp. Deduce that F is not complete
(its completion is algebraically closed, by Exercise 13).

°

10.

°: :

11.

12.

13.

14.

15.
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Commutative ring theory has its origins in number theory and algebraic geometry in
the 19th century. Today it is of particular importance in algebraic geometry, and
there has been an interesting interaction of algebraic geometry and number
theory, using the methods of commutative algebra. Here we can do no more than
describe the basic techniques and take the first steps in the subject. In Section 10.1
we define the various operations on ideals and use them in Section 10.2 to study
unique factorization. In Section 10.3 we give an account of fractions and examine
the effect of chain conditions in Section IDA. Many rings of algebraic numbers
fail to have unique factorization of elements, but instead have unique factorization
of ideals, and the consequences are studied in Sections 10.5 and 10.6. Sections
10.7-10.10 deal with the properties of rings used in algebraic geometry (but also
of importance in commutative ring theory): equations (Section 10.7), decomposition
of ideals (Section 10.8), dimension (Section 10.9) and the relation between ideals and
algebraic varieties (Section 10.10).
Throughout this chapter all rings will be commutative, unless otherwise stated; for
this reason there is no need to distinguish between left and right modules.

10.1 Operations on Ideals
Historically the first ring to be studied was the ring Z of integers; the term 'ring' was
first used by David Hilbert (1897) in his Zahlbericht for a ring of algebraic integers
(Zahlring). In Z every ideal is principal; in fact ideals were first introduced (by ErnstEduard Kummer) as 'ideal numbers' in rings of algebraic integers which lacked
unique factorization. In Z we can from any two numbers a, b form their highest
common factor (HCF; also called greatest common divisor) (a, b), their product
ab and their least common multiple (LCM) [a, b]. These operations correspond to
operations on ideals in any ring.
We shall denote ideals in a ring R by small gothic letters a, b, C, •..• If a is an
ideal in a commutative ring R, generated by elements al, ... , an> we write
a = (aI, ... , an); then the elements of a are all the linear combinations L riai
(ri E R). In particular, when n = 1, a is principal; thus (a) is the ideal consisting
of all elements ra (r E R).
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Given ideals a, b in R, we define their sum as

a + b = {x + ylx

E

a,y

E

b}.

It is easily seen that this is an ideal, the least ideal containing a and b. If a, b are principal, say a = (a), b = (b), then their sum, if principal, has the form (d), where d is
an HCF of a and b. For example in Z, (36) + (10) = (2); on the other hand in Z[x],
(x) + (2) = (x, 2) and this cannot be simplified.
Similarly the product is defined as

This operation is again associative and commutative, so that ideals form a commutative monoid under multiplication, with (1) = R as neutral element. If b = a,
the product aa is written a2 and generally an is defined recursively by an = an - I a.
A third operation is the intersection a n b, which corresponds to the LCM when
all ideals are principal.
Let us note the form these definitions take for finitely generated ideals.
If a = (al, . .. , ar ), b = (b l , ... , b,), then a + b = (al, ... , ar , bl , .. . , bs ), while
ab = (alb l , a l b2, ... , albs, a2bl, ... , arb,). This shows in particular that the sum
and product of finitely generated ideals are again finitely generated. By contrast
there is no simple expression for an b, and it need not be finitely generated, even
when both a and b are, but we note that there is a short exact sequence relating
an b to a + b:

o~

A

JJ,

an b ----+ a EEl b ----+ a + b ~

o.

(10.1.1)

Here f.L is defined as (x, y)f.L = x - y (x E a, y E b) and ker f.L ~ an b; this is easily
verified and will be left to the reader to do.
There is also a form of division for ideals. Given ideals a, b, we define

a: b = {x

E

Rlxb ~

a}.

The reader will have no difficulty in verifying that this is an ideal. This is so even if b
is an arbitrary subset of R, not necessarily an ideal. Thus for any subset 5 of R we
have

a: 5 = {x

E

RlxS ~

a}.

The addition, multiplication and intersection of ideals are associative and commutative and satisfy the distributive law: a(b + c) = ab + ac, as is easily checked.
Division is related to the other operations by the formulae:
(a: b)b ~
(n ai) : b = n(ai : b),

a~
a:

a: b,

(I: bi) = n(a: bi ),

(a : b) : c= a : be.

(10.1.2)
(10.1.3)
(10.1.4)
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For example, to prove (10.1.4), we have, for any x
a : b {} xbe ~ a {} x E a : be.
The other rules are established similarly.

E

R, x

E (a:

b) : e {} xc

~

Exercises
1. Prove the formulae (10.1.2)-(10.1.4).
2. Show that (a n b) (a + b) ~ ab for any ideals a, b in a ring R, and give an example
in Z[x] where the inequality is strict.
3. Show that (a + e)(b + c) ~ ab + e for any ideals a, b, e in a ring R, and give
examples where the inequality is strict.
4. Let a, b be finitely generated ideals in an integral domain. Show that if a + b is
principal, then an b is finitely generated. (Hint. Use the exact sequence (10.1.1).)
5. Let K = k(x, y, Zl, Z2, ... ), where k is a field and x, y, Zi (i = 1,2, ... ) are indeterminates. Show that in the k-subalgebra of K generated by x, y, Zi, xy-I zi
(i = 1,2, ... ) neither (x) n (y) nor (x) : (y) is finitely generated.

10.2 Prime Ideals and Factorization
In any integral domain R an element is said to be irreducible or an atom if it is a nonunit, which cannot be expressed as a product of two non-units. For example, in Z the
atoms are just the prime numbers; Z has the further important property that every
integer can be written as a product of prime numbers in essentially only one way. Let
us define more generally a unique factorization domain (UFD) as an integral domain
in which every non-unit has a complete factorization, i.e. it can be written as a
product of atoms, and in any two complete factorizations of an element the factors
are the same except for the order and unit factors. In order to study UFDs it is convenient to single out another property of atoms. By a prime we shall understand an
element p in an integral domain R, not zero or a unit such that for any a, b E R,
plab =} pia or plb. Any prime is necessarily an atom, for if p is a prime and
p = ab (a, b i= 0), then by definition, pia or plb, say pia. Hence a = pc = abc; it
follows that bc = 1, so b is a unit and p is an atom, associated to a (i.e. differing
by a unit factor). We note that the converse, with a finiteness condition, characterizes
UFDs:
Theorem 10.2.1. Let R be an integral domain. Then R is a unique factorization

domain if and only if
(i) every element of R not zero or a unit has a complete factorization and
(ii) every atom is a prime.

Proof. If R is a UFD, then every element not zero or a unit has a complete factorization. Now let p be an atom and suppose that plab, say ab = pc. Take complete
factorizations a = PI ... pn b = ql ... qs' C = ZI ••• Zt. Then PZI ... Zt =

350

Commutative Rings

PI ... Prql ... qs and by unique factorization P must be associated to some Pi or qj
and accordingly pia or plb.
Conversely, assume (i), (ii) and take two complete factorizations of an element
(which exist by (i)):
c = PI· .. Pr

= ql ... qs·

(10.2.1)

We have to show that r = s and after suitable renumbering each qi is associated to Pi.
We shall use induction on r; for r = 1 there is nothing to prove, for then s is also 1.
Now let r > 1; PI is an atom, hence prime and Pllql ... qs, therefore Pllqj for some j,
say j = 1 (by renumbering the %). Since ql is also an atom, it must be associated to
PI> say PI = ql U for a unit u. Dividing (10.2.1) by ql> we obtain

UP2 ... Pr

= q2 ... qs·

By induction, r - 1 = s - 1, hence r = s; moreover, we can renumber q2, ... , qr so
that Pi is associated to qi. This also holds for i = 1 and it proves the uniqueness of the
factorization (10.2.1), so R is a UFD.
•
Thus a UFD may be characterized as an integral domain in which every element
not zero or a unit can be written as a product of primes. An integral domain satisfying (i) will be called atomic.
It is easily seen that every Noetherian domain is atomic. For let R be Noetherian
and take a E R. If a is not 0 or a unit, we can split off a non-unit factor bl and continue in this way: a = blcl = blb2C2 = .... Since the bi are non-units, we have an
ascending chain

this chain must break off, so some Ci must be an atom. We now repeat the process,
taking each bi to be an atom (as we may, by what has just been shown) and so obtain
a factorization of a as a product of atoms. Thus we have
Corollary 10.2.2. Any Noetherian domain is a unique factorization domain if and only
if every atom is a prime.
•
Corollary 10.2.3. Every principal ideal domain is a unique factorization domain.

Proof. Let R be a PID; then R is Noetherian, so we need only prove that every atom is
prime. Let a be an atom and suppose that a divides bc but not b, say bc = ah. Let
(a, b) = (d); then d is a common factor of a and b, and so must be a unit, which
may be taken to be 1, i.e. au + bv = 1. Hence c = auc + bcv = a(uc + hv), so alc,

as required.

•

For example, the well-known unique factorization of the integers follows from
Corollary 10.2.3 because Z is a PID. This is most easily proved by the division
algorithm, which states that given a, b E Z, where b =f=. 0, there exist q, r E Z such that

a = bq + r,

Irl

< Ibl.

(10.2.2)

10.2 Prime Ideals and Factorization
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More briefly, there exists q E Z such that

la - bql

<

Ibl.

More generally, a commutative integral domain R is said to be Euclidean if with each
element a ERa non-negative integer lal is associated such that labl 2: lal for all
a, b i= 0 in Rand q, r exist to satisfy (10.2.2). Such a ring is always a PID, for if a
is any ideal in R, if a i= 0, let c E a be such that iel is least. Given a E a, we can
write a = cq + r, where Irl < lei; clearly r = a - cq E a, so by minimality of iel we
have r = 0, therefore c E (a) and this shows a to be principal. Thus we have
Corollary 10.2.4. Every Euclidean domain is a principal ideal domain and hence also a

unique factorization domain.

•

In the study of algebraic number theory it was found that rings of algebraic
integers always satisfy (i) but not (ii) of Theorem 10.2.1, so they may not be
UFDs; certain pairs of elements a, b fail to have an HCF, so that (a, b) is nonprincipal. It was this fact that led Kummer and Dedekind to develop ideal theory.
Here the analogue of an atom is a maximal ideal, i.e. an ideal which is maximal
among proper ideals (see Section 3.2). Even more important is the notion of
prime ideal. In any commutative ring R a prime ideal is a proper ideal p such that
xy E p implies x E p or yEp; note that R itself is not a prime ideal. To illustrate
the definition, an element p is prime iff (p) is a non-zero prime ideal. An illustration
of non-principal prime ideals is the following chain of prime ideals in the polynomial
ring k[Xl, ... , xnl, where k is a field:

We note that an ideal p in a ring R is prime iff Rip is an integral domain. Since p is
maximal iff Rip is a field, we deduce
Proposition 10.2.5. In a commutative ring R every maximal ideal is prime. In particular, every non-trivial commutative ring has prime ideals.

Proof. The first part is clear by what has been said. The second part follows because
by Krull's theorem (Theorem 4.2.6), every non-trivial ring has maximal ideals. •

Krull's theorem has a useful generalization. Let us call a subset 5 of R multiplicative
if 1 E 5 and x, yES implies xy E S .

a be an
ideal of R disjoint from S. Then there exists an ideal m in R which contains a, is disjoint
from 5 and is maximal subject to these conditions. Any such ideal m is prime.
Theorem 10.2.6. Let R be a commutative ring,S be a multiplicative subset and

Proof. Let d be the set of all ideals a' with the properties a' ;2 a, a' n 5 = 0. d is
inductive, for if {c}.} is a chain of ideals in d, their union c is an ideal containing a;
of course if the chain is empty, then c = a. If c n 5 i= 0, take x E c n 5; then x E C}.
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for some A and so CA n S #- 0, a contradiction. Hence d is inductive; by Zorn's
lemma it has a maximal member m and this is an ideal with the required properties.
Now let m be as stated; since 1 E S, 1 fj. m, so m is proper. If b, c fj. m, bc E m, then
by the maximality ofm, (m + (b)) n S #- 0, say s = bu + XES, where u E R, x E m,
and similarly t = cv + YES, where v E R, Y E m. Then S contains

st

= (bu + x)(cv + y) = bcuv + x(cv + y) + buy E m,

and this contradicts the fact that m n S = 0; it follows that m is prime.

•

If S is a multiplicative subset of R such that 0 fj. S, then we can apply Theorem
10.2.6 with a = 0 and obtain
Corollary 10.2.7. Given a multiplicative set S not containing 0 in a commutative ring

R, there exist ideals in R that are maximal subject to being disjoint from

s.

•

As examples of multiplicative sets we mention (i) the multiplicative set generated
by an element f of R, viz. {l,f,P, ... }, (ii) the complement of a prime ideal and (iii)
the set 1 + a = {I + ala E a}, where a is an ideal.
A multiplicative set S is said to be saturated if ab E S implies a E S. Since ab = ba,
it then also follows that b E S. Clearly the complement of any prime ideal is multiplicative and saturated. In the opposite direction we have
Proposition 10.2.8. Let R be a commutative ring and S be a subset. Then S is multi-

plicative and saturated if and only if its complement R\S is a union of prime ideals.
Proof. Clearly the complement of any union of prime ideals is multiplicative and
saturated. Conversely, if S is multiplicative and saturated, let a fj. S; then ab fj. S
for all b E R, hence (a) n S = 0, so by Theorem 10.2.6 there is a prime ideal p containing a and disjoint from S. It follows that the union of all prime ideals disjoint
from S is precisely R\S.
•

We can also use Theorem 10.2.6 to describe the intersection of all prime ideals in a
ring.
Proposition 10.2.9. In a commutative ring R, the set »1 of all nilpotent elements is an

ideal, equal to the intersection of all prime ideals.
Proof. We have to show that

»1 = np,

(10.2.3)

where the intersection is over all prime ideals of R. If a E »1, then an = 0 for some
n ::: 1. Hence for any prime ideal p, an E p and so a E p; thus »1 S; n p. Now let
a fj. »1; then an #- 0 for all n ::: 1, hence 0 fj. {l, a, a2 , ••• } and by Theorem 10.2.6
there is a prime ideal disjoint from {I, a, a2 , ••• }. Hence the right-hand side of
(10.2.3) does not contain a and it follows that we have equality.
•

10.2 Prime Ideals and Factorization
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The ideal 1)1 consisting of all nilpotent elements of R is called the nilradical of R.
Given any ideal a of R, we can define the radical of a in R as

Ja = {x

E

Rlxn E a for some n ::: I}.

Thus J a is the inverse image, under the natural homomorphism R -+ Rj a, of the
nilradical of Ria. Applying Proposition 10.2.9 and bearing in mind that the prime
ideals of Ria are the images of prime ideals of R containing a, by the third isomorphism theorem, we see that Ja is the intersection of all prime ideals containing a. An ideal coinciding with its radical is called a radical ideal.
In terms of prime ideals there is another criterion for unique factorization.
Theorem 10.2.10. An integral domain is a unique factorization domain if and only if

every non-zero prime ideal contains a prime element.
Proof. In any domain R let S be the set of all products of prime elements and units.
Clearly S is multiplicative; it is also saturated, for if ab E S, either ab is a unit; then a,
b are both units; or ab = PI ... Pru (r ::: 1, Pi prime, u a unit), then PI lab, hence Plla
or pdb, say the former, a = pial. Then alb = P2 ... pru; now by an induction on rwe
see that ai, b E S, hence also a = pial E S, so S is indeed saturated. By Proposition
10.2.8 its complement is a union of prime ideals. But any prime element belongs to S,
so the prime ideals disjoint from S contain no prime elements. Therefore if R satisfies
the conditions of the theorem, then S consists of all non-zero elements and so R is
then a UFD.
Conversely, let R be a UFD and p be a non-zero prime ideal. Take 0 =1= a E p; by
unique factorization, a = PI ... P" where Pi is prime, r ::: 1 and PI ... pr E p, hence
Pi E P for some i, because p is a prime ideal. This shows the condition to be
necessary.
•
In a UFD every minimal non-zero prime ideal is principal. For let p be a minimal
non-zero prime ideal and P be a prime element in p; then 0 c (p) ~ p, hence
p = (p), by minimality, and so p is principal. In Noetherian rings the converse
holds: a Noetherian domain in which each minimal non-zero prime ideal is principal
is a UFD (see e.g. Nagata (1962) Theorem 13.1).

Exercises
1. Show that J Ja = Ja and Jan = Ja, for any n ::: 1.
2. Show that J(ab) = J(a n b) = Ja n Jb and J(a + b) = J(Ja + Jb).
3. Show that in an Artinian ring every prime ideal is maximal.
4. Show that the intersection (and union) of any chain of prime ideals is again
prime. Deduce the existence of minimal prime ideals in any non-trivial ring.
5. Show that if am = bn = 0, then (a + b)m+n-I = O. Hence give a direct proof
that the set of all nilpotent elements in a (commutative) ring is an ideal.
6. Show that an integral domain is Euclidean provided it has a norm function lal
such that labl = lal.lbl and for any a, b with lal ::: Ibl there exists c such that
la - bcl < lal·
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7. Show that an ideal a in a ring R is prime iff it is proper and for any ideals b, e in
R, if be ~ a, then b and e cannot both contain a properly.
8. Show that for any ideal a in a Noetherian ring, (,Jat ~ a, for some n depending
on a. Give an example to show that this may fail without the Noetherian
condition.
9. Let R be a ring and 1)1 be its nilradical. Show that the following conditions are
equivalent: (a) R/1)1 is an integral domain, (b) ab = 0 :::} a 2 = 0 or b2 = 0, (c)
xy = 0 :::} x or y is nilpotent.
10. Show that A = {f E Q[xllf(O) E Z} is a ring in which every irreducible element
is prime. Is it a UFO?

10.3 Localization
In the construction of the field of fractions of an integral domain the essential
property of the set of denominators is its closure under multiplication. Let us now
take any commutative ring R, not necessarily an integral domain, and let S be a
multiplicative subset of R. Then we can construct fractions a/s with denominators
in S as follows. We define an equivalence relation on the product set R x S by setting
(a,s) "" (a', 5') {} (as' - sa')t

=0

for some t

E

S.

(10.3.1)

This relation is clearly reflexive and symmetric; to prove that it is transitive, let
(a,s) "" (a', 5') and (a', 5') "" (a", 5"), say (as' - sa')t = 0, (a's" - s'a")t' = 0,
where t, t' E S. Then
(as" - sa")s'tt'

= as's"tt' - sa's"tt' + sa's"tt' - sa"s'tt'
= (as' - sa')t. 5" t' + (a' 5" - 5' a")t'. st
=0.

Since s'tt' E S, this proves that (a,s) "" (a", 5"), and it follows that (10.3.1) is indeed
an equivalence relation. The proof shows why we had to introduce t in definition
(10.3.1). If S contains only non-zerodivisors we can replace the condition in
(10.3.1) by as' - sa' = O.
Let us write ~ or a/s for the equivalence class containing (a,s) and define addition
and multiplication by the rules
a a' as' + sa'
-+-=--5

5'

55'

a a'
5

5'

aa'
55'

(10.3.2)

It is routine to verify that these operations are well-defined and that the set Rs of all
equivalence classes forms a ring under the operations (10.3.2), with 0/1 as zero and
1/1 as unit element. The natural mapping A : R --+ Rs given by
A : x 1--+ x/I

(10.3.3)
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is clearly a homomorphism which maps every element of 5 to a unit in Rs, for if
s E 5, then (s/1)(1/s) = sis = 1. This ring Rs is called the ring of fractions with
denominators in 5.
Given any ring R and a subset 5 of R, we say that a homomorphism f : R -+ R' is
5-inverting if it maps the elements of 5 to invertible elements of R'. As we have just
seen, the homomorphism (10.3.3) is 5-inverting, but we can say more than that:
Theorem 10.3.1. Let R be a commutative ring and 5 be a multiplicative subset of R.
Then there exists a ring Rs and a homomorphism A : R -+ Rs which is universal
5-inverting, i.e. it is 5-inverting and for every 5-inverting homomorphism f : R -+ R'
there is a unique homomorphism t' : Rs -+ R' such that f = At'. Moreover, this

property determines Rs up to isomorphism.
The elements ofRs can be written as fractions a/s (a E R, s E 5), where a/s = a' lSi if
and only if (as' - sa')t = 0 for some t E 5; the addition and multiplication in Rs are
defined by (10.3.2) and A is given by (10.3.3), with kernel
ker A = {a

E

Rlat

= 0 for some t E 5}.

Proof. We saw that A as defined in (10.3.3) is 5-inverting. Now letf : R -+ R' be any
5-inverting homomorphism and define a mapping fl : R x 5 -+ R' by

This is possible because f is 5-inverting, and fl takes the same value on equivalent
pairs: if (as'-sa')t=O, then (af .s'f-sf.a'f)tf=O and hence af.(sf)-I=
a'f. (s 'f) -I. Thus we obtain a well-defined mapping t' : Rs -+ R' by putting
(a/s)t' = af. (sf) -I. This mapping is easily seen to be a homomorphism, with the
help of (10.3.3), and it has the property

(a/1)f' = af,

(10.3.4)

i.e. At' = f. Moreover, it is the only such mapping, for (10.3.4) determines the values
of t' on the elements all and its value on 11s must then be the inverse of its value on
sl1. The uniqueness of Rs follows as usual by universality. Finally take a E ker A; by
(10.3.3) this means that a/I = 0/1, i.e. at = 0 for some t E 5.
•
We see in particular that the mapping A : R -+ Rs is injective precisely when 5
consists of non-zerodivisors. For example, when R is an integral domain and
5 = RX, then Rs is just the field of fractions of R. At the other extreme, if 0 E 5,
then a/s = 0 for all a E R, s E 5, because (a. 1 - s.O)O = 0; hence Rs = o. Leaving
this trivial case aside, we may suppose that 0 ¢ 5.
An important application is to the case where 5 is the complement of a prime ideal
p. Here one often writes Rp in place of Rs, as we have done in Section 9.4. The ring
Rp just constructed is a local ring; in the canonical homomorphism R -+ Rp the
prime ideal p corresponds to the unique maximal ideal of Rp consisting of all the
non-units. This ring Rp is also called the local ring of R at p, and the process of forming R is called localization.
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It is essential to be clear about the distinction between R/p and Rp. In rough terms
we may think of R/p as being formed from R by 'putting the elements in p equal to
0', while Rp is formed by 'making the elements outside p invertible'. These two rings
arise whenever we have a homomorphism from a ring into a field, f : R -+ K say,
such that K is generated, as field, by the image of f The kernel of this homomorphism is a prime ideal p say, and there are two ways of analysing f, which
form a commutative diagram:

We can either take Rip, an integral domain, and form its field of fractions, or we can
take the local ring Rp and form the quotient by its maximal ideal, called the residue
class field of Rp. Each time we get the same field K. Although one habitually uses the
first route, it turns out that the second route (via Rp) is easier to generalize to noncommutative rings (see Cohn (1985) Chapter 7).
It is important to know the relation between ideals in R and in Rs. With every
ideal a in R we associate an expanded ideal as or ae of R generated by the image aA:

ae = {a/sla

E

a, s E S}.

To verify that ae is an ideal, we note that if als, a'/s' E ae, then a/s+a'/s' =
(as' + sa')/ss' E ae and for any bit E Rs, a/s.b/t = ab/st E ae. Now take an ideal Qt
in Rs and define the corresponding contracted ideal in R by
QtC

= QtA -1 = {x E RIXA E Qt} .

Clearly this is an ideal, and the next result shows when these operations are inverse:
Proposition 10.3.2. Let R be a commutative ring, S be a multiplicative subset and Rs

be the corresponding ring of fractions, with the natural homomorphism A : R -+ Rs.
Then
(i) for any ideal Qt of Rs, Qtce = Ql;
(ii) for any ideal a of R, a ~ aec, with equality if and only if no element of S is a

zerodivisor on Ria.
When equality holds in condition (ii), we shall say that S is a-regular. Thus S is
a-regular iff for any s E S, x E R, sx E a implies x E a.
Proof. (i) Qtce is the ideal of Rs generated by (QtA -1 )A; clearly (QtA -1)A ~ Qt, hence
Qtce ~ Qt and we must prove the reverse inclusion. Let a/s E Qt; then a E Qtc and
a/ s E Qtce, hence Qt = Qtce as claimed.
(ii) For any x E a, x/I E ae and so x E aec ; this shows that a ~ aec . Now assume
that a = aec or more generally, a = Qtc for some ideal Qt of Rs and let sx E a, where
x E R, s E S. Then sx/I E Qt, hence x/I = sx/s E Qt, so x E a; this shows that S must
be a-regular. Conversely, if S is a-regular, then x E aec {} x/I E ae {} x/I = a/s for
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some x E a, s E S. This means that (sx - a)t = 0 for some t E S, hence xst E a and
by regularity we may cancel st and find that x E a. Thus aec ~ a and equality
follows.
•
This result shows that there is a bijection between the set of ideals of Rs and that of
ideals a of R for which S is a-regular. In particular, if a is a prime ideal, S is a-regular
iff S n a = 0 and we obtain
Corollary 10.3.3. With the notations of Proposition 10.3.2 the correspondence Q(

*+ Q(c

is a bijection between the set of all prime ideals of Rs and the set of all prime ideals of R
that are disjoint from S. In particular, for any prime ideal p of R the correspondence
Q( *+ Q(c is a bijection between the set of all prime ideals of Rp and that of all prime
ideals of R contained in p.
•
This result shows that the localization of a local ring need not be local, e.g. invert

x + y in the power series ring k[[x, y]], but it does hold for local Bezout domains,
i.e. valuation rings.
The formation of fractions can also be extended to modules. Let R be a commutative ring and M be an R-module. Given any multiplicative subset S of R, we
can define Ms as the set of equivalence classes on M x S, where (m, s)
(m', s')
iff (ms' - sm')t = 0 for some t E S. As before we can verify that this is indeed an
equivalence and Ms becomes an Rs-module relative to the operations
"V

m/s + m'/s'

= (ms' + sm')/ss',

m/s.a/t

= rna/st.

(10.3.5)

Of course we can equally well regard Ms as an R-module, using the equation

x.a

= x(aA),

x EMs,

a E R,

to define the R-action in terms of the Rs-action. This is described as 'pulling the
action of Rs back along A', or more briefly defining the action of R by pullback. In
detail, the action of Rs on Ms is defined by a homomorphism Rs -+ End(Ms)
(given by the second equation (10.3.5)); we define the action of R by pullback
along A, using the composite map R -+ Rs -+ End(Ms).
There is a canonical mapping /L : M -+ Ms given by m 1-+ mil, whose kernel is
given by
ker /L = {m

E

Mlms = 0 for some s E S}.

(10.3.6)

The universal property of Ms is described in
Proposition 10.3.4. Let R be a commutative ring, S be a multiplicative subset and M be
an R-module. Then there is an R-module Ms with a homomorphism f.L : M -+ Ms
which is universal for homomorphisms of Minto R-modules on which S acts by automorphisms.
Proof. This is straightforward and may be left to the reader to prove.

•
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We remark that the correspondence M I~
Ms is a functor; this is not hard to
verify, and also follows from the fact (easily checked) that
(10.3.7)
In general the functor M I~ Ms need not be faithful, since e.g. S may contain an
element annihilating M. But we can obtain a faithful functor by localizing at all
prime ideals, or even at all maximal ideals.
Proposition 10.3.5. Let R be a commutative ring and X be the set of all maximal ideals
of R. Then the functor

MH OMm

(10.3.8)

mEX

is faithful.
Proof. Let a: M ~ N be a non-zero mapping, say xa =j:. 0, and define
Ann(xa) = {a E RI(xa)a = O}. This is an ideal of R, proper because xa =j:. 0, and
so is contained in some m EX. Hence xa f/ ker(N ~ N m) and so the induced mapping am : Mm ~ N m is non-zero; this shows (10.3.8) to be faithful.
•

For any R-moduIe M, the set of prime ideals p in R such that Mp =j:. 0 is called
the support of M, written Supp(M). By (10.3.6) any x E M maps to 0 in Mp iff
Ann(x) <t. p. Hence we see that for a finitely generated R-module M, Supp(M)
consists of those p for which p ;2 Ann(M).
A further useful property of our functor is given by
Proposition 10.3.6. Let R be a commutative ring and S be a multiplicative subset.

Then the functor M
I~

Ms is exact.

Proof. Given a sequence
a

P

A ---+ B ---+ C,

(10.3.9)

exact at B, consider the corresponding sequence
as

Ps

As ---+ Bs ---+ Cs.

(10.3.10)

We have to show that im as = ker f3s. Clearlyasf3s = 0; conversely, let bls E Bs and
suppose that (bls)f3s = 0, i.e. bf3ls = O. Then bf3.t = 0 for some t E S, hence
(bt)f3 = O. By exactness of (10.3.9), bt = aa for some a E A and so bls = (alst)as,
and this shows (10.3.10) to be exact.
•

If we recall (10.3.7), we see that tensoring with Rs is an exact functor, by Proposition 10.3.6. This is expressed by saying that Rs as left R-module is flat, a fact which
can also be verified directly (see also FA).
We end with a useful relation between factorization in R and in Rs. The first part is
well known, the converse is essentially due to Nagata [1957].
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Theorem 10.3.7. Let R be a commutative integral domain and S be a multiplicative

subset of R x .
(i) If R is a UFD, then so is Rs.
(ii) If R is an atomic domain, S consists of products of primes and Rs is a UFD, then R
is a UFD.
Proof. (i) We may regard R as a subring of Rs, because the natural mapping
A : R -+ Rs is injective, and since the elements of S are units in Rs, every element

of Rs is associated in Rs to an element of R. In R each element has a factorization
into primes, so (i) will follow if we show that every prime p in R either becomes a
unit in Rs or stays prime, depending on whether or not p divides an element of S.
If pis E S, then clearly p becomes a unit in Rs. Otherwise let plab in Rs; here a, b
may be taken in R, by passing to associates. Then ab = pd, where d = cis
(c E R, s E S), hence abs = pc. By hypothesis, p does not divide s, but p is prime
in R, hence pia or plb, and this shows that p is prime in Rs. Thus every element
of Rs has a factorization into primes, and this shows Rs to be a UFD.
(ii) We must show that every atom in R is prime. Thus let p be an atom in R; we
claim that either p remains an atom in Rs or it becomes a unit. For let p = ab in Rs;
we shall show that a or b is a unit in Rs. Write a = ails, b = b' It, where ai, b' E R,
s, t E S, so that pst = a'b ' . By hypothesis st can be written as a product of primes:
st = ql ... qr and pql ... qr = a'b ' . Each qi divides either a' or b' in R, and cancelling
them one by one we obtain

p= a"b",

(10.3.11)

where a", b" are the quotients of ai, b' respectively, after division by the qi. In Rs all
the qi are units, hence a" is associated to a ' and so also to a within Rs; similarly b" is
associated to bin Rs. Now p is an atom in R; by (10.3.11) either a" or b" is a unit,
and accordingly, a or b is a unit in Rs. This shows P to be an atom or a unit in Rs.
We now treat these two cases separately.
(ex) p remains an atom in Rs, hence p is prime in Rs because the latter is a UFD. If
plab in R, then plab in Rs , hence p divides a or b in Rs, say the former:
a = pd, d = cis (c E R, s E S), so

as

= pc.

(10.3.12)

Now s is a product of primes in R : s = Sl ... Sr say, and no Si divides p in R, for if
silp, then p would be associated to Si in R and so would become a unit in R, which is
not the case. Hence by (10.3.12), sdc in R for i = 1, ... , r and cancelling Sl, ... , Sr in
turn from (10.3.12), we are left with the equation a = pc ' , i.e. pia in R. This shows P
to be prime in R.
(f3) P becomes a unit in R. Then p divides some s E S, say s = pc, and on cancelling
the prime factors of s one by one we find that p is divisible by (and hence associated
•
to) some prime factor s' of s, therefore p itself is prime in R.
Our aim is to show that a polynomial ring over a UFD is again a UFD. We recall
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Gauss's lemma (Lemma 7.7.1): if A is an integral domain, then every prime in A stays
prime in A[x].
Theorem 10.3.S. If R is a UFD, then so is the polynomial ring R[x].

Proof. Let K be the field of fractions of Rj by the Euclidean algorithm K[x] is a PID
and hence a UFD. Now K[xj = R[XjRx and R X consists of products of primes,
because R is a UFD. Moreover, by Gauss's lemma, these primes stay prime in
R[x]. It only remains to show that R[xj is atomic. Given f = aoxn + ... + an
(ao f. 0), if ao can be written as a product of k prime factors, then f can be factorized
into at most k + n non-unit factors, for the leading term of each factor must either
contain x or a non-unit factor of ao. Thus R[xj satisfies all the conditions of Theorem
•
10.3.7 relative to the multiplicative set R X , and so R[x] is a UFD, as claimed.

Since a field is trivially a UFD, we obtain by induction,
Corollary 10.3.9. For any field k, the polynomial ring k[Xl' ... ,xn] in a number of

indeterminates is a UFD.

•

Exercises
1. Show that the set inverted in a homomorphism R ---* R' is multiplicative and
saturated.
2. Show that every ring of fractions of Z/n has the form Z/m. When n is given, what
integers m can occur?
3. Let R be a ring and S be a multiplicative subset of R. Show that if R is Noetherian,
then so is Rs.
4. Let a be an ideal in Rand S be a multiplicative subset. Show that in Rs,
(Jah = Jas.
5. Prove the isomorphism (10.3.7) by defining a bilinear mapping from M and Rs
to Ms.
6. Show that a local ring has characteristic 0 or a prime power.
7. Verify that for a finitely generated R-module M, Supp(M) consists of the prime
ideals of R containing Ann(M). Give an example to show that this fails for
general R-modules.
8. Show that for a short exact sequence 0 ---* M' ---* M ---* Mil ---* 0, Supp(M) =
Supp(M') U Supp(M").
9. Let M be an R-module and A, B be submodules of M. Show that A ~ B iff
Am ~ Bm for all maximal ideals m of R.
10. Let R be an integral domain with field of fractions K, so that every localization of
R is embedded in K. Show that nRm = R, where m runs over all maximal ideals
of R. (Hint. Apply Proposition 10.3.5 to the R-linear maps from R to KIR.)
11. In Proposition 10.3.2 show that aee = {a ERisa E a for some s E S}.
12. Show that the following are equivalent, for any commutative ring R: (a) Rp is a
domain for each prime ideal pj (b)Rm is a domain for each maximal ideal mj (c)
if ab = 0 in R, then Ann(a) and Ann(b) are comaximal in R.
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10.4 Noetherian Rings
We recall from Section 4.2 that a ring is Noetherian if every ascending chain of ideals
breaks off, or equivalently, if every ideal is finitely generated. For example, any
principal ideal domain is Noetherian, and so are many of the rings encountered in
number theory and algebraic geometry.
= 0 for some natural
In a Noetherian ring R the nilradical sn is nilpotent, i.e.
number n. For let sn = (aI, ... , ar ) and suppose that a~i + I = 0; write v = L Vi and
consider sn v + I. It is spanned by the products of v + 1 factors ai, hence some ai must
occur to a power :::: Vi + 1 and so each product is zero; thus sn v + I = O. More
generally, this argument shows that for any ideal a of R, some power of J a is
contained in a.
As we saw in Section 10.2, every Noetherian domain is atomic. This also follows
from the decomposition lemma (Lemma 3.2.7). The most important source of
Noetherian rings is provided by the following result:

snn

Theorem 10.4.1 (Hilbert basis theorem). Let R be a Noetherian ring. Then the poly-

nomial ring R[xJ is again Noetherian.
Proof. (H. Sarges) We assume that A = R[xJ is not Noetherian and show that R
cannot be Noetherian. Let a be an ideal of A which is not finitely generated, and
take a non-zero polynomial fi of least degree in a. By induction, if we have found
fl' ... ,A E a, we can take fk+ I E a\ L~ f;A of least possible degree. Since a is not
finitely generated, we thus obtain an infinite sequence of polynomials fi ,f2, ... in
a. Let f; have degree ni and leading coefficient ai. We have nl :::: n2 :::: ... and we
claim that

(I 0.4. 1)
is an infinite ascending chain, which will contradict the fact that R is Noetherian. If
the chain (I0.4.1) breaks off, we have ak+1 = L~
aibi for some bi E R, but then
A+I - L~f;xnk+l-ib
would be an element in a\L~f;A
of degree less than nk+l>
which contradicts the definition of fk+ I. This establishes the result.
•
By induction on n we obtain
Corollary 10.4.2. If R is Noetherian, then so is R[XI,"" xnJ. In particular,
k[XI, ... , xnJ is Noetherian for any field k and any n :::: 1.
•

Of course this result does not extend to infinitely many indeterminates; thus for
any non-zero ring R we have

and we can form the union R[XI, X2, ... J as a polynomial ring in countably many
indeterminates Xi (i EN). This is an integral domain if R is, but it is not Noetherian,
for the ideal (XI, X2, ... ) cannot be finitely generated.
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Proposition 10.4.3. Let K be a commutative Noetherian ring. Then any commutative

ring R which is finitely generated as a K-algebra is Noetherian.
Proof. Let R be generated by CI, ••• ,Cn over K. Then R is a homomorphic image
of the polynomial ring K[XI,"" xnl obtained by mapping X; 1-.+ Ci, say R ~
K[XI,"" xnl/a. Thus the ideals of R correspond to the ideals of K[XI, ... , xnl which
contain a, and hence satisfy the maximum condition, because the polynomial ring
~L

•

Exercises
1. Show that every Noetherian domain is atomic by considering the monoid of

classes of associated elements and applying Lemma 3.2.7.
2. Show that if R is a Noetherian ring, then so is R[[xll, the ring of formal power
series in x.
3. Show that the polynomial ring k[XI' x2, ... l in countably many indeterminates
over a field k is a UFD.
4. Ifkis an infinite field, show that the subringk + xR ofR = k[x, yl is not Noetherian.
5. Let R be a ring and al,"" an be ideals of R such that nai = O. Show that if Rlai
is Noetherian for i = 1, ... , n, then R is Noetherian.
6. Let a be a finitely generated ideal in a ring R. Show that if a2 = a, then a is
generated by a single idempotent element.
7. Show that the relation a = Ann(b) between ideals a and b in a ring R defines a
Galois connexion which is a lattice anti-isomorphism between annihilator
ideals. Show that if every ideal of R is the annihilator of a finite set, then R is
Artinian.

10.5 Dedekind Domains
The phenomenon of non-unique factorization was first encountered by Kummer
in his work on Fermat's last theorem, a famous conjecture which states that the
equation
(10.5.1)
has no solution in non-zero integers x, y, z. It was asserted by Pierre de Fermat without proof and after intensive efforts by many mathematicians was proved in 1994 by
Andrew Wiles, using methods from algebraic geometry. Previously Gerd Faltings had
shown in 1983 that for any n ::: 3 there are at most a finite number of solutions with
x, y, z coprime.
An early method of attack was to factorize the left-hand side of (10.5.1) in Z[~n],
where ~n is a primitive n-th root of 1. If Z[~nl
is a UFD, this leads to a proof of
Fermat's last theorem for this value of n. But in general Z[~nl
is not a UFD, and
Kummer's investigations of such rings led him to the creation of his theory of
'ideal numbers' and hence led Richard Dedekind to his ideal theory. One of
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Kummer's discoveries was that every non-zero ideal in Z[{n] can be written uniquely
as a finite product of prime ideals. Later, Dedekind showed that the same is true in
the ring of integers of any algebraic number field, i.e. the integral closure of Z in a
finite extension field of Q. This property is also of interest in algebraic geometry,
where it describes the rings of non-singular curves.
Before examining these rings abstractly let us look at some concrete examples. In
Section 10.2 we saw that every Euclidean domain is a UFD; this enables us to show
that the ring Z[i] of Gaussian integers is a UFD. We shall do this by verifying that the
ring is Euclidean with respect to the usual norm
N(x

+ iy)

=

J? + I.

We have to show that for any a, bE Z[i], b -=f=. 0, there exists c such that
N(a - be) < N(b).

(10.5.2)

We note that Z[i] is the precise ring of integers in Q(i). On dividing by b and recalling that N is multiplicative, we obtain N(a/b - c) < 1. In other words, we have to
show that for each y E Q(i) there exists c E Z[i] such that
N(y - c) < l.

(10.5.3)

Put y = x + iy, where x, yare rational numbers. Every rational number is within 112
of an integer, so we can find rational integers u, v such that Ix - ul ::::: 1/2,
Iy - vi ::::: 1/2, and on writing c = u + iv, we have
N(y - c) = (x -

U)2

+ (y -

V)2 :::::

1/4 + 1/4 = 1/2 < l.

Thus (10.5.3) is established and it shows Z[i] to be Euclidean. The same method can
be used on the ring of integers in Q(.J - d), for d = 2, 3, 7, 11 (see Exercise 6).
Next consider Q(.J - 5); its ring of integers is Z[.J - 5) and we have
6

= 2.3 = (1 + .J -

.J -

5)(1 -

(10.5.4)

5).

By considering norms we see that 2, 3,1 ±.J - 5 are atoms. For example, N(2) = 4,
so if 2 is composite, then a proper factor must have norm 2, but the equation
u 2 + 5v2 = 2 has no solution in integers. Similarly for 3, 1 ± .J - 5; hence
(10.5.4) represents two distinct (i.e. non-isomorphic) factorizations of 6, and this
shows that Z[.J - 5] is not a UFD. However, the ideal (6) can be expressed uniquely
as a product of maximal ideals:
(6)

= (2, 1 + .J -

5)2. (3, 1 + .J - 5). (3, 1 -

.J -

5).

°

We begin with the most general case. Let be an integral domain and K be its field
of fractions. By a fractional ideal of we understand an o-submodule 2l of K such
that

°

zo

~

2l

~

uo,

for some z, u

We note that (10.5.5) certainly holds when 0

-=f=.

2l

~

E

KX.

(10.5.5)

o. Thus an ordinary ideal

11
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o is a fractional ideal iff it is non-zero; the non-zero ideals of 0 will be called the
integral ideals. The usual multiplication can be defined for fractional ideals:
(10.5.6)

and it is clear from (10.5.5) that this product is again a fractional ideal. Hence in any
integral domain 0 the fractional ideals form a monoid (with 0 itself as neutral),
which will be denoted by I = 1(0).
For each fractional ideal 2{ we can define an 'inverse'
(0:

= {x E Klx2{ ~

2{)

a}.

If zo ~ 2{ ~ uo, then u-1o ~ (0: 2{) ~ Z-I O, and if CEO, then x2{ ~ 0 implies
cx2{ ~ x2{ ~ o. This shows that (0 : 2{) is again a fractional ideal. Any fractional
ideal 2{ satisfies
2{(0 : 2{) ~

0,

but here equality need not hold. If it does hold, then 2{ is said to be invertible and we
also write 2{ - I in place of (0: 2{). For example, any non-zero principal ideal ao is
invertible, with inverse a - I o. We remark that if 2{113 = 0 for some fractional ideal
113, then 113 ~ (0: 2{), hence 0 = 2{113 ~ 2{(0 : 2{), and it follows that 2{(0 : 2{) = 0,
so that 2{ is then invertible. Thus the invertible fractional ideals are just the units
of the monoid 1( 0).
We note that in any integral domain 0 an ideal is isomorphic to 0 iff it is non-zero
principal; further, any fractional ideal is isomorphic to an integral ideal, for if
2{ ~ uo, then u- l 2{ ~ 0 and the ideals 2{, u- l 2{ are isomorphic via the mapping
x 1--+ u-1x.
We first give some characterizations of Dedekind domains, first defined in
Section 4.7, including one in homological terms.
Proposition 10.5.1. For any integral domain

(a)
(b)
( c)
(d)

0

the following conditions are equivalent:

the set 1(0) offractional ideals is a group under the multiplication (10.5.6),
every fractional ideal of 0 is invertible,
every integral ideal of 0 is invertible,
every ideal of 0 is projective.

Moreover, any ring satisfying (a)-(d) is Noetherian.
Proof. (a) {} (b) =?- (c) are clear.
(c) =?- (d). Let a be an ideal in 0; we may assume that a -=I o. By hypothesis a is
invertible, say ab = o. Hence there exist ai E a, bi E b (i = 1, ... ,n) such that
L aibi = 1 and abi ~ o. It follows that multiplication by bi defines a homomorphism a --+ o. Now for any x E a, bix EO and
x

=L

ai(bix);

(10.5.8)

therefore by the dual basis lemma (Proposition 4.7.5), a is finitely generated
projective.
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(d)
thus

=>

(b). Let (ai), (f;) (i

E

I) be dual bases for the non-zero projective ideal a;

x

=L

ai(f;, x).

(10.5.9)

Given x, yEa, we have, for any i E J, (f;, x)y = (f;, xy) = (f;, y)x. If x -=f. 0, we can
write bi = (f;, x)x- I ; the bi lie in K, almost all are 0 and biy = (f;,y) for all yEa;
hence bia S; 0 and (10.5.9) reduces to (10.5.8). Dividing by x, we have L aibi = 1,
so on putting b = L bio, we have ab = 0, and this shows a to be invertible.
This proves (a)-(d) to be equivalent; moreover, we saw that every invertible ideal
is finitely generated, so 0 must be Noetherian.
•
We remark that the proof shows an ideal in an integral domain to be invertible iff
it is non-zero projective.
An integral domain satisfying any of these equivalent conditions is called a Dedekind domain. It is clear from (c) or (d) that any principal ideal domain is a Dedekind
domain. A ring in which every ideal is projective is also called hereditary; thus
Dedekind domains may be described as hereditary commutative integral domains.
If S is a multiplicative set in a Dedekind domain 0, then the ideals of the ring of
fractions Os correspond to the contracted ideals of 0, by Proposition 10.3.2. Using
Proposition 1O.5.1(c), we obtain
Corollary 10.5.2. Let 0 be a Dedekind domain and S be a multiplicative subset. Then
Os

is again a Dedekind domain.

•

Dedekind domains have been characterized by E. Noether as Noetherian integrally
closed domains in which all non-zero prime ideals are maximal. To prove this result
we need a variant of the decomposition lemma (Lemma 3.2.7), which has a similar
proof.
Lemma 10.5.3. Any ideal a of a non-trivial Noetherian ring R contains a finite product
of non-zero prime ideals:

a 2 PI ... 1'"

where Pi is a prime ideal -=f. 0,

unless a = 0 and R is an integral domain, or a = Rand R is a field.
Proof. Assume the contrary and let a be a 'maximal offender', i.e. a is maximal
among the ideals that do not contain a finite product of non-zero prime ideals. If
a = R, there is nothing to prove, since every ring not zero or a field has non-zero
prime ideals. If a -=f. R, then either a is prime, but then a = 0 and this leads to the
excluded case, or there exist ideals bI, b2 such that bI b2 S; a C bI, b2 • By maximality,
bl 2 PI ... P r , b2 2 Pr+ I .. ·P s' where the Pi are non-zero prime ideals. Hence
a 2 bl b2 2 PI .. ·Ps; this is a contradiction, and the conclusion follows.
•
We can now state E. Noether's result; it is convenient to include several
characterizations.
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Theorem 10.5.4. Let

0

be an integral domain. Then the following conditions are

equivalent:
(a) 0 is a Dedekind domain;
(b) 0 is Noetherian and Om is a principal valuation ring (or a field) for all maximal

ideals m of 0;
(c) 0 is Noetherian, integrally closed and every non-zero prime ideal is maximal;
(d) every non-zero prime ideal of 0 is invertible.

Proof. (a) => (b). Let 0 be a Dedekind domain; by Proposition 10.5.1 it is Noetherian
and by Corollary 10.5.2, om is a Dedekind domain, for any maximal ideal m of o. By
Proposition 1O.5.1(c), if a, bE Om are non-zero and Q{ = aO m + bo m , then
a(om : Q{) + b(om : Q{) = Om. But this ring is local, so one of the two ideals must be
the whole ring. If a(om: Q{) = Om, then a-I E (om: Q{) and so a-Ib E Om. Thus
either a - I b or b - I a is in Om' so Om is a valuation ring; being Noetherian, it must
be either a field or a principal valuation ring.
(b) => (c). Assume (b), thus 0 is Noetherian and for every maximal ideal m, Om is a
valuation ring. If x E Om, say x = a/s, where a, s E 0, s (j. m, then s E (0 : xo) and so
on (0: xo) meets o\m. It follows that if x E nOm, then 0 n (0: xo) meets the complement of each maximal ideal and so must be the whole of 0, hence (0: xo) ;2 0,
and so x E o. This shows that 0 = nOm, and so 0 is integrally closed, by Theorem
9.4.4. Finally, if p is a non-zero prime ideal of 0, then p is contained in a maximal
ideal m and so POm is a non-zero prime ideal in Om' which can only be mOm, by
(b); therefore p = m by Corollary 10.3.3 and (c) follows.
(c) => (d). Let p be a non-zero prime ideal of 0 and let 0 :f:. a E p. By Lemma
10.5.3 we have (a) ;2 PI ... Pr , where the Pi are non-zero prime ideals. Let us
choose r minimal; since p ;2 (a) ;2 PI ... Pr and p is prime, we have P ;2 Pi for
some i, say i = 1. By (c), PI is maximal, so p = PI and by the minimality of r we
can find bE P2'" Pr such that b (j. (a). However, bp ~ (a), i.e. a-Ibp ~ 0, so
a-Ib E (0: p). Now p ~ (0 : p)p ~ 0, hence (0: p)p must be p or o. If (0: p)p = p,
then a-Ibp = p, and by Proposition 9.4.1(c), a-Ib is then integral over o. Since 0
is integrally closed, this means that a - I b E 0, but this contradicts the fact that
b (j. (a). Therefore (0: p)p = 0 and p is invertible, as claimed in (d).
(d) => (a). Suppose that (d) holds and (a) fails. Then the set [1jJ of non-invertible
integral ideals of 0 is non-empty. Under the ordering by inclusion [1jJ is inductive, for
if {aA} is a chain in f1jJ and a = UaA is invertible, then it is finitely generated and so
a = aA for some A, a contradiction. Thus [1jJ is inductive and by Zorn's lemma it has a
maximal member m, say. By (d), m is not prime or equal to 0, so there exist a, b (j. m
such that ab E m, thus b Em: (a) :J m. By the maximality of m, m + (a) and m : (a)
are both invertible, hence so is a(m: (a)) = m n (a). Now consider the short exact
sequence

o~

A

{/,

m n (a) ---+ m E& (a) ---+ m + (a)
~

0,

(10.5.10)

where (x, ya)J.1 = x - ya. The third term m + (a) is invertible and hence projective;
therefore (10.5.10) splits and we have m E& (a) ~ [m n (a)] E& [m + (a)]. Here the
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right-hand side is projective, hence m is projective, which contradicts the fact that
•
m E fYJ. It follows that fYJ is empty, as claimed.
The advantage of Dedekind domains over UFDs is that the former survive integral
extensions, whereas the latter may not, as we saw at the beginning of this section. We
now apply Noether's characterization to prove that a finite separable integrally closed
integral extension of a Dedekind domain is again Dedekind; this still holds in the
inseparable case, but with a different proof (see Exercise 10).
Theorem 10.5.5. Let 0 be a Dedekind domain with field of fractions K. Given a finite

separable extension L of K, the integral closure D of 0 in L is again a Dedekind domain.
Proof. The ring D is integrally closed by construction. To show that non-zero prime
ideals are maximal, let s,p ~ s,p' be prime ideals in D such that s,p n 0 = s,p' n o.
Given x E s,p', we take a monic equation for x over 0 and consider it mod s,p:

xn

+ alxn- 1 + ... + an == 0 (mod s,p),

where ai

E

o.

Choose such a congruence for which n has its least value. We have
an E s,p' n 0 = s,p n 0, hence x(x n- 1 + alxn- 2 + ... + an- d E s,p, and since s,p is
prime, we have x E s,p, by the minimality of n. This shows that s,p' = s,p. Since
every non-zero prime ideal of 0 is maximal, the same holds for D.
It remains to show that D is Noetherian. Let Ul, .. " Un be a K-basis for L; on
multiplying by suitable elements of K we may assume that Ui ED. Since the trace
T(xy) is a non-singular pairing on L (see Proposition 7.9.5), we can find a dual
basis VI> ••• ,Vn for the Ui relative to T; thus we have T(UiVj) = Oij. Now if xED,
we have x = L CliVi for some Cli E K, and in fact Cli = T(UiX) E 0, hence
D ~ L OVi· Therefore D is a submodule of a finitely generated o-module, and
since 0 is Noetherian, it follows that every ideal in D is finitely generated, hence
•
D is Noetherian.
As a consequence, the ring D of integers of an algebraic number field L is a
Dedekind domain, since Z is clearly a Dedekind domain with field of fractions Q.
Similarly the ring of functions integral over k[x] in a finite separable extension of
k(x) is a Dedekind domain.
We now come to the unique factorization property of Dedekind domains
mentioned at the beginning of this section; in fact it yields another characterization.
Theorem 10.5.6. For any integral domain 0, the following properties are equivalent:
(a) 0 is a Dedekind domain,

(b) every integral ideal of 0 can be expressed uniquely as a finite product of maximal

ideals,
(c) every integral ideal of 0 can be expressed as a finite product of prime ideals.
Proof. (a) ~ (b). Let 0 be a Dedekind domain and Io be the set of integral ideals of 0
which can be expressed as a finite product of maximal ideals. Clearly Io contains 0, as
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the empty product. If some integral ideal does not belong to Io, then since 0 is
Noetherian, we can find a maximal such ideal a, say. Since a -=f. 0, a £; m C 0 for
some maximal ideal m. By Proposition 1O.5.1(c), a = mb for some integral ideal
b, and since I(o) is a group and m -=f. 0, we have a -=f. b. Thus a C b, but b E I o by
the maximality of a, hence a = mb E Io, a contradiction. Thus every integral ideal
can be expressed as a finite product of maximal ideals. Such an expression is
unique, for if PI ... Pr = ql ... qs' then since PI 2 ql ... qs and PI is prime, we
have PI 2 qi for some i. But qi is maximal, so PI = qi and we may cancel these
terms, because I( 0) is a group. By induction it follows that r = s and the expression
is unique up to the order of the factors and this proves (b).
(b) :::} (c) is clear. To prove (c) :::} (a), we first show that any invertible prime ideal
P of 0 is maximal. If P is not maximal, then there exists a E 0 such that
pcp + (a) C 0, and by (c) we can write P + (a) = PI . .. Pr , P + (a 2) = ql ... qs'
where Pi' qj are prime ideals containing p. In 0 = oip we then have (a) = PI· .. Pr'
Let n be minimal among the Pi' Clj' say n = PI. Since
(a2 ) = cIJ ... CIs =
PI 2 Clj for some j, we find that PI = Clj and so PI = qj. Further, PI is invertible as
factor of the invertible ideal (a) and so may be cancelled. By induction we find
that s = 2r and each Pi is equal to two of the Clj' thus we have (PI··· Pr? =
ql ... qs· It follows that

pi ... 1';.

P £; P + (a)2 = [p + (a)]2

£;

p2

+ (a);

because a fj. p, we have P n (a) = p. (a), and so

+ (a» = p2 + (p n (a» = p2 + P. (a).
Since P is invertible, we can cancel it and find that P + (a) = 0, which is a contraP = P n (p2

diction. This shows P to be maximal.
Now let m be any non-zero prime ideal of o. If 0 -=f. a E m, then m;2 (a) =
PI ... Pr, hence m 2 Pi for some i. But Pi as factor of (a) is invertible, therefore it is
maximal and so m = Pi' which shows m to be invertible. Thus every non-zero prime
ideal of 0 is invertible, hence 0 is Dedekind, by Theorem 10.5.4.
•
In spite of this unique factorization property Dedekind domains by no means
include all UFDs, as will be clear from Corollary 10.5.8 below.
Corollary 10.5.7. A ring is a principal ideal domain if and only if it is a unique factor-

ization domain in which all prime ideals are maximal.
Proof. The condition is clearly necessary. When it holds for a ring R, we see from the
remarks following Theorem 10.2.10 that every minimal non-zero prime ideal in a
UFD is principal. Hence every non-zero prime ideal of R is principal, so invertible,
and by Theorem 10.5.4, R is a Dedekind domain. By Theorem 10.5.6 every non-zero
ideal can be written as a product of (principal) prime ideals, and so is principal; thus
R is a principal ideal domain.
•
This result clearly has the following further consequence:
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Corollary 10.5.S. A Dedekind domain is a unique factorization domain if and only if it

is a principal ideal domain.

•

We can also use Theorem 10.5.6 to describe the group of fractional ideals more
closely.
Proposition 10.5.9. In a Dedekind domain
abelian group on the non-zero prime ideals.

0

the set 1(0) offractional ideals is a free

Proof. Let {m} be the set of all non-zero prime ideals of 0 and take a fractional ideal
2l ~ uo. For some v i= 0 we have vu E 0 and v E 0, hence v2l ~ 0 and we can write
v2l = TI m em , (v) = TI m/m , where em,fm ::: 0 and so 2l = TI m em -1m, hence the m's
generate 1(0). If there is a relation between them, we may write this as
TI mam = TI mbm , where am, bm ::: OJ by Theorem 10.5.6, am = bm, hence the m's
•
are indeed free (abelian) generators of I( 0).

We can now give a precise description of the valuations on a Dedekind domain.
Let 0 be a Dedekind domain, not a field, and K be its field of fractions. For each
maximal ideal P of 0 there is a mapping vp : K X -+ Z given by vp(u) = ep if
(u) = TI mem • It is easily verified that vp is a valuation on 0, called the p-adic valuation. Let us show that every non-trivial valuation v whose valuation ring contains 0 is
of this form. Let V be the valuation ring of v and m be its maximal idealj then
p = m n 0 is a prime ideal of 0, and p i= 0, because v is non-trivial. By Theorem
10.5.4(b), op is a principal valuation ring and op ~ V C K. By Theorem 9.4.6, op
is a maximal valuation ring of K, so op = V and it follows that v is equivalent to vp.
With this information we can derive an approximation theorem which strengthens
Theorem 9.2.5.
Theorem 10.5.10 (Strong approximation theorem). Let 0 be a Dedekind domain
with field of fractions K. Given any non-trivial inequivalent valuations VI, ... , Vr on
0, nl, ... , nr E Z and XI, ... , Xr E K, there exists X E K such that Vi(X - Xi) :::: ni for
i = 1, ... , rand v(x) :::: 0 for any valuation von 0 not equivalent to any Vi.

Proof. Without loss of generality we may assume that ni :::: 0 (i = 1, ... , r). By the
remark preceding the theorem we know that Vi = vPi for non-zero prime ideals
PI' ... 'P r of o. Let us write Xi = YiS-I, where Yi, s E o. We have (s) = pVp(sl, so
vp(s) = 0 for almost all p, and by increasing r we may assume that vp(s) = 0 for
vp i= VI, ... , v" Now put mi = ni + Vi(S)j the pr i are clearly pairwise comaximal,
so by Theorem 4.5.2 there exists yEo such that y == Yi (mod pri). Now it follows
that X = ys - I has all the desired properties.
•

TI

Corollary 10.5.11. If in Theorem 10.5.10 the Vi are normalized valuations, then there
exists X E K such that Vi(X) = ni and v(x) :::: 0 for all other valuations v.

Proof. We can find Xi E K such that Vi(Xi) = ni; by the theorem there exists X E K
such that Vi(X - Xi) > ni, hence Vi(X) = Vi(Xi) = ni.
•
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Let 0 be a Dedekind domain with field of fractions K. The group 1( 0) has a subgroup consisting of all principal ideals, and the corresponding quotient group is
called the ideal class group of 0, written C(o). The mapping which associates with
each a E K X the fractional ideal (a) gives rise to an exact sequence
1~

~

U

~

KX

~

1(0)

C(o)

~

1,

where U denotes the group of units of o. It is clear that 0 is a principal ideal domain
precisely when C( 0) = 1, so this group measures the departure from being principal.
It is a remarkable fact, proved by Kummer in 1847, that the ring of integers in an
algebraic number field has a finite ideal class group (see e.g. Cohn (1991)
Section 3.4). By contrast, the class groups of general Dedekind domains include
all abelian groups (see Fossum (1973) §14). The structure of U was determined by
Dirichlet, who showed that for an algebraic number field with r1 real and 2r2 complex conjugates, U is the direct product of a finite cyclic group and a free abelian
group of rank r1 + r2 - 1 (see Cohn (1991) Section 3.3).
If L is a finite extension of K and ,0 is the integral closure of 0 in L, then by
Theorem 10.5.5 and Exercise 10 below, ,0 is again a Dedekind domain. This shows
in particular that any (integrally closed) ring of algebraic integers is a Dedekind
... \lJ~',
domain. For any non-zero prime ideal p in 0 we can write pD = \lJ~1
ei > o. Thus P splits into a finite number of prime ideals in ,0; we indicate that
\lJi is a factor of p by writing \lJilp. If ei > I, P is said to be ramified at \lJi; in fact
ei is the ramification index of the extension of the p-adic valuation on K to the
\lJcadic valuation on L. The homomorphism from 1(0) to 1(,0) defined by
a I~ aD is called the conorm mapping; in terms of the free generators it sends p
to TI \lJti. Further it maps principal ideals to principal ideals, and so induces a homomorphism C(o) ~ C(D), which may be summed up in the commutative diagram
1~

1

~

Uo ~

Uo

~

KX ~

1(0) ~

p

1(,0)

~

~

C(o) ~

C(D)

~

1

1.

Exercises

= (c) is principal, then a is invertible, and
express its inverse in terms of band c.
2. Show that in the ring 0 = k[x, y) the ideal (x, y) is not invertible. (Hint. Find
1. In an integral domain show that if ab

(0: (x,y)).)

3. Show that for a square-free integer d =j:. I, the number 2 is not prime in Z[Jd).
Show also that 2 is an atom if d ~ -3.
4. Find the kernel of the homomorphism Z[J - 1) ~ Z/(10) given by
J - 1 H 3, and deduce that Z[J - 11/(3 - J - 1) ~ Z/(lO).
5. Let d be a square-free integer and let ,0 be the ring of integers in Q(Jd), i.e. the
integral closure of Z in Q(Jd). Show that if d == 2 or 3 (mod 4), ,0 has a Z-basis
I, Jd, and if d == 1 (mod 4), ,0 has a Z-basis I, (1 + Jd)l2. Determine the
ramified primes in each case.
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6. Find the norm of a general element of the ring of integers in QCJ - d), when
d 3 (mod 4), and show that this ring is Euclidean with respect to the norm
for d = 2, 3, 7,11.
7. Let d be a square-free integer > 11 or d = 5. Show that the ring 0 of integers in
Q(J - d) is not Euclidean for any function cp such that cp(ab) 2: cp(a) for
a, b :j:. o. (Hint. Take y :j:. 0 with minimal cp(y) and show that lo/yol = N(y);
deduce that y must be a unit.)
8. Show that for an odd prime p, the p-adic valuation on Q has two extensions to
Q(J - 1) if P = 1 (mod 4) and one if p =3 (mod 4). Show that all such extensions are unramified. By decomposing p into prime ideals over Z[J - 1] show
that p can be written as a sum of two squares iff p = 1 (mod 4) or p = 2
(Fermat). (Hint. Recall that U(p) is a cyclic group.)
9. Show that the group of units in the ring of integers in Q(J - d), for a squarefree positive integer d, is C2 = {± I} except when d = 1 or 3, and determine the
group in these cases.
10. Let 0 be a Dedekind domain with field of fractions K, let L be a finite extension
of K and let D be the integral closure of 0 in L. Prove that D is a Dedekind
domain. (Hint. By Theorem 10.5.5 reduce to the purely inseparable case, say
L ~ K1/q. Since K ~ Kq, the image Ol/q of 0 is a Dedekind domain such that
Ol/q ;2 D. If Q( is a fractional ideal of D, then we have 'Laibi = 1, where
ai E Q(, bi E (Ol/q : Q(), because Ol/q is Dedekind. Now raise this equation to
the q-th power and note that 'Lai.a;-lb; = 1.)
11. For any field k of characteristic not 2 show that the k-algebra generated by x, y
with the defining relations x 2 + y2 = 1 is a Dedekind domain, but the k-algebra
generated by x, y, z with the defining relation x2 + y2 + Z2 = 1 is not. Find the
class group of k[x, yl!(x2 + y2- 1).
12. Let 0 be a Dedekind domain with field of fractions K. Show that any ring
between 0 and K is a Dedekind domain.
l3. (B. Iversen) Show that a fractional ideal Q( in an order 0 of a quadratic algebraic
number field is invertible iff End(Q() ~ o.
14. Let K be a field and ff be a family of principal valuations on K such that (i) for
any x E K, vex) 2: 0 for almost all v E ff and (ii) given v, Vi E ff and n 2: 0,
there exists a E K such that v(a - 1) > n, v'(a) > n, and w(a) 2: 0 for all
w:j:. v, Vi. If R is the intersection of the corresponding valuation rings, show
how to describe a fractional ideal in terms of the valuations in ff. Deduce
that the fractional ideals form a group, and hence R is a Dedekind domain.

=

10.6 Modules over Dedekind Domains
We have seen that an integral domain is Dedekind iff it is hereditary. This also leads
to a convenient description of projective modules.
Proposition 10.6.1. Every finitely generated projective module over a Dedekind domain

can be written as a direct sum of modules isomorphic to ideals.
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Proof. We remark that the ideals can be taken to be integral since every fractional
ideal is isomorphic to an integral ideal. Now let 0 be a Dedekind domain and P
be a finitely generated projective o-module; P is sub module of a free module of
finite rank, say P S; or . We project on the last factor 0 and denote the image, an
ideal of 0, by a. Thus we have a surjective map A : P -+ a, which leads to an exact
sequence
o -+ pi -+ P -+ a -+ 0,
(10.6.1)

where pi = ker A = P n or-I. By induction on r, pi is isomorphic to a direct sum of
ideals, and since a is projective, the sequence (10.6.1) splits and we obtain the desired
decomposition for P.
•
We note that the proof shows every submodule of a free module of finite rank to
be projective; this actually holds for all submodules of free modules, and it accounts
for the name 'hereditary'.
To study modules over Dedekind domains, we need a reduction theorem, which
allows us in many cases to replace the ring by a principal ideal domain (PID).
Proposition 10.6.2. A Dedekind domain with only finitely many prime ideals is a
principal ideal domain.

Proof. Let 0 be a Dedekind domain whose non-zero prime ideals are 1'" ... 'P r and
denote by Vi the valuation associated with Pi' Given any integers n" ... , nr ~ 0, there
exists a E 0 such that vi(a) = ni, by Corollary 10.5.11, and clearly
(a)

= p~l

... P~';

hence every ideal of 0 is principal.

•

Corollary 10.6.3. Let 0 be a Dedekind domain and a be an integral ideal of o. Then ola

is a principal ideal ring.

Proof. Write a = p~l ... P~',
where the Pi are distinct prime ideals containing a. Let S
be the set of elements of 0 which become units mod a, i.e. elements x such that
a + (x) = o. Then S is multiplicative and Os is a domain whose group of fractional
ideals is freely generated (as abelian group) by 1'" ... , Pro Hence it is a Dedekind
domain with finitely many prime ideals, and so is a PID, by Proposition 10.6.2.
Now the natural homomorphism 0 -+ ola is S-inverting, and hence can be taken
•
via Os, and as homomorphic image of Os, ola is principal.

Of course 01a will not in general be a domain; in fact it has zerodivisors unless it is
a field (the case r = 1, n, = 1).
Corollary 10.6.4. Every integral ideal a of a Dedekind domain

0 can be generated by
two elements, one of which may be chosen arbitrarily as non-zero element of a. Moreover, this element may be chose prime to a given element, itself prime to a.

Proof. Take 0 i- a E a; then a/(a) is an ideal of o/(a) and therefore principal. If
a == (b) (mod (a)), then a = (a, b). Moreover, given CEO, prime to a, we have
cu + a = 1 for some u E 0, a E a and we can start with this a.
•
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Corollary 10.6.5. Let a, b be fractional ideals in a Dedekind domain 0 with field of
fractions K, and suppose that b is integral. Then there exists u E K X such that

ua + b = o.

(10.6.2)

Proof. Choose c E K X such that ca is integral. Then ca/cab is an ideal in o/cab,
and hence is principal: ca = (v) + cab. On multiplying by (ca) - I we obtain
(vc-I)a- I + b = 0, and now (10.6.2) follows if we put u = vc- I and replace a by
a-I.

•

We recall that for abelian groups we have the basis theorem (Theorem 2.4.1)
which tells us that every finitely generated abelian group is a direct sum of cyclic
groups. The generalization to modules over a PID is well known; such a module,
if finitely generated, is again a direct sum of cyclic modules, in particular, every
finitely generated torsion-free module over a PID is free. We shall find that
corresponding results hold for finitely generated modules over Dedekind domains,
with projective modules taking the place of free modules.
Proposition 10.6.6. A finitely generated module over a Dedekind domain is projective
if and only if it is torsion-free.

Proof. Let 0 be the ring and K be its field of fractions. If M is projective, then it is a
submodule of a free module and hence torsion-free. Conversely, let M be finitely
generated torsion-free. Then the natural mapping
M -+ M0 0 K

(10.6.3)

is an embedding, and M 0 K is a finitely generated K-module, hence isomorphic
to K r , for some r ~ O. Let M be generated by UI, ... ,Un and let c be a common
denominator for the expressions of the images of the Ui in the embedding
(10.6.3). Then cM ~ or, hence M is isomorphic to a submodule of a free module;
since 0 is hereditary, it follows that M is projective (see the remark after Proposition
10.6.1).
•
Corollary 10.6.7. Let M be a finitely generated module over a Dedekind domain. Then

M = tM EEl P where P is a torsion-free submodule of M and tM is the torsion sub-

module.
Proof. We have the exact sequence

0-+ tM -+ M -+ M/tM -+ 0;
here M/tM is torsion-free and finitely generated, because M is. Hence it is projective
and so the sequence splits: M = tM EEl P, where P ~ M/tM.
•
This result shows that we may consider the torsion part and the torsion-free part
separately; we begin with the torsion part. Thus let M be a finitely generated torsion
module over a Dedekind domain o. If UI, ... ,Un is a generating set and ni is the
annihilator of Ui (i = 1, ... , n), then n = nl ... nn annihilates every element of M.
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Let S be the set of all elements of 0 prime to n; then for any s E S there exists tEO
and a E n such that st + a = 1, hence xst = x for all x E M. Thus the action of son
M is an automorphism with inverse t. It follows that the natural mapping
(10.6.4)
M~®os

is an isomorphism of abelian groups. More precisely, (10.6.4) provides a natural
transformation from o-modules to os-modules, which for modules annihilated by
n is an isomorphism. Now Os has only finitely many prime ideals, hence by Proposition 10.6.2, Os is a PID, so we can apply the basis theorem for modules over PIDs (see
Cohn (2000) Chapter 3), which states that any finitely generated module over a PID
is a direct sum of cyclic modules, each a homomorphic image of the next, and a free
module. So we have

and this decomposition is unique up to isomorphism. It follows that M admits a
corresponding decomposition into cyclic o-modules, with ideals of 0 corresponding
to the ai. Thus we obtain
Theorem 10.6.8. Any finitely generated torsion module M over a Dedekind domain 0 is

a direct sum of cyclic o-modules:
(10.6.5)

•

and this decomposition is unique up to isomorphism.

As in the case of abelian groups we can, for any torsion module, indeed for any
module, define for each non-zero prime ideal p, the p-primary part
M

= {x E Mlxpn = 0 for some n::::

I},

and in the same way as for abelian groups prove
Proposition 10.6.9. Any torsion module M over a Dedekind domain is a direct sum of
its primary parts, in a unique way:

and when M is finitely generated, only finitely many terms on the right are different
from zero.
•
It remains to classify the torsion-free modules. This is done in the next theorem,
which is essentially due to Ernst Steinitz [1912]. Before stating it we note a lemma
which is needed in the proof.
Lemma 10.6.10. Let R be an integral domain with field offractions K. If a, b are frac-

tional ideals of Rand f : a ~ b is a homomorphism of R-modules, then there exists
xf = cx for all x E a. In particular, f is either zero or injective.

c E K such that
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Proof. For a, x

E

a we have

af.x

= (ax)f = xf·a.

Fix a =f=. 0 and write c = af.a- I ; then c E K and xf
In particular we see that a

~

b iff a

= cx.

= cb for some c E KX.

•

Theorem 10.6.11. Let 0 be a Dedekind domain. Any finitely generated torsion-free

o-module has the form or ED a, where a is an ideal of 0, and
or ED a ~

OS

ED b {} r = s and a
~

b.

More explicitly, if ai, ... , ar , bl , ... , bs are any fractional ideals of 0, then
(10.6.6)
Proof. By Propositions 10.6.6 and 10.6.1, any finitely generated torsion-free module
is a direct sum of ideals. Let us first prove the necessity of the conditions in (10.6.6).
In Lemma 10.6.10 we have seen that any homomorphism a --+ b is obtained by
multiplying by an element of K, hence any homomorphism

y : al ED ... ED a r --+ b l ED ... ED bs

is obtained by multiplying by an s x r matrix over K : bi = L Cijaj. Clearly y is an
isomorphism iff the matrix C = (Cij) has an inverse; in particular we must then
have r = s. We claim further that in this case
(10.6.7)
For, given aj E aj, we have cijaj E bi, hence (det C)al ... a r ~ bl ... b" By symmetry
we have the reverse inclusion, and hence equality in (10.6.7). This proves the necessity of the conditions (in either formulation); we observe that it holds in any integral
domain, not necessarily Dedekind.
To establish the converse we shall show that al ED ... ED a r ~ or-I ED al ... ar ;
clearly the desired conclusion follows from this. Consider first the case r = 2:
a ED b ~

0

ED abo

(10.6.8)

On multiplying a, b by elements of K we may assume them to be integral, and then
by Corollary 10.6.5 we may further assume that a + b = O. Then we have an exact
sequence
(10.6.9)
where A: (x,y) 1--+ x - y and ker A = an b = ab, because a, bare comaximal. Now
(10.6.9) splits and so we obtain (10.6.8). It follows that

by induction on r, which is what we had to show.

•
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The result may be summed up by saying that a complete set of invariants for the
projective module al EB ... EB aT consists of the integer r and the isomorphism class
of the fractional ideal al ... aT"

Exercises
1. Show that every projective module over a Dedekind domain, which is countably
but not finitely generated, is free. (This actually holds without the countability
restriction, by a theorem of Kaplansky [1958].)
2. Show that if the definition of torsion-free module in the text is applied to general
rings, then a ring which is not an integral domain has no non-zero torsion-free
modules. (A module over a general ring R is sometimes called torsion-free if multiplication by any non-zerodivisor of R is injective, but we shall have no need to use
this definition.)
3. Show that any module over a Dedekind domain has the form M = I EB E, where I
is injective and E has no non-zero injective submodules.
4. Let a be a Dedekind domain and K be its field of fractions. Show that for any
prime ideal p =I- 0 the p-primary part of Kia is indecomposable injective. It is
called a module of type poo. Show that every divisible a-module is a direct sum
of a K-space and of modules of type poo, for different p. Deduce that every
divisible a-module is injective.
5. Show that a finitely generated indecomposable module over a Dedekind domain a
is either torsion-free or of type a/pn.

10.7 Algebraic Equations
Algebraic geometry may be defined as the study of the solutions of polynomial
equations over fields. An equation f(x) = 0 in one variable has a finite number of
roots, but the solutions of an equation in several variables form an algebraic variety,
e.g. the equation x 2 + y2 = 1 defines a circle in the (x, y)-plane. Our task will be to
explain how rings arise in this context.
Let K be a commutative ring and consider a system of polynomial equations over
K, in the indeterminates XI, ... , X n • This means that we have a family of equations
(10.7.1)

where the left-hand sides are members of the polynomial ring K[XI, ... , xn]. Let L be
a K-algebra; by a solution of the system E in L we understand an n- tuple (a I, ... , an)
of elements of L such that f)..(al, ... , an) = 0 for all A E I. The set of all such solutions is denoted by VL(E).
Two systems E and F in the same variables over K are said to be equivalent if
VL(E) = VL(F) for all K-algebras L. Among all systems equivalent to E there is a
maximal one, namely the ideal generated by E in the polynomial ring:
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Theorem 10.7.1. Let E be a system of equations in XI, ... , Xn over a ring K, denote by a

the ideal of K[XI, ... , xnl generated by the left-hand sides of E and put
A = K[xj, ... ,xnl/a. Then each solution of E in a K-algebra L may be described by
a K-algebra homomorphism from A to L and the mapping so obtained is a natural
bijection:
(10.7.2)
The algebra A is called the function ring or coordinate ring of the system E.
Proof. We shall verify the universal property of A. Any homomorphism from A to L

gives rise to a homomorphism cp : K[XI,"" xnl --+ L mapping E to O. If cp maps
Xj

1--+ ~j,

(10.7.3)

... , ~n)
is the corresponding solution. Conversely, let (~I'
... , ~n)
be a soluthen (~I'
tion of the system E in L and let cp be the unique K-algebra homomorphism from
K[XI, ... , xnl to L defined by (10.7.3). Then E S; ker cp, because (~I'
... , ~n)
was a
solution of E. Hence cp can be factored by the natural homomorphism
K[XI,"" xnl --+ A to give a homomorphism A --+ L, and these two constructions
are evidently mutually inverse.
•

A system E is said to be consistent if it has a solution in some non-trivial K-algebra,
i.e. VL(E) f. 0 for some L f. 0; if VL(E) = 0, E is inconsistent. By Theorem 10.7.1.
we have
Corollary 10.7.2. A system E of equations over K is consistent if and only if the ideal

generated by the left-hand sides is proper in K[XI,"" xnl.
Proof. Clearly the ideal in question is proper iff the algebra A in Theorem 10.7.1
is non-trivial. Now assume VL(E) f. 0; then by Theorem 10.7.1, Hom(A, L) f. 0
for some non-trivial L, hence A f. O. Conversely, if A i= 0, then VA(E) =
Hom(A, A) i= 0, since there is always the identity mapping.
•
We can apply the Hilbert basis theorem and obtain
Proposition 10.7.3. Let K be a Noetherian ring. Then every system of equations in
XI, ... ,Xn over K is equivalent to a finite system.

Proof. By the Hilbert basis theorem (Theorem 10.4.1), R = K [XI, ... , Xn 1 is
Noetherian. Let E be any subset of R and a be the ideal generated by E. As a

system of equations, E is equivalent to a, and since R is Noetherian, we can write
•
a = (fl, ... ,fr), so a is equivalent to the finite system fl, ... , fr.
Theorem 10.7.1 leads to a correspondence between systems of equations and function rings which have their counterparts in the geometrical objects formed by the
solution sets. Thus let k be a field and E be a system of equations in XI, ... , Xn
over k. If L is a field containing k, then VL(E), the set of solutions of E in L, is a
subset of L. When k is a subfield of the real numbers and n = 2 or 3, we thus
obtain a representation of E in the plane or in space, and the geometric language
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suggested by this example is used even when n > 3 and the coordinates lie in a
general field.
To give an illustration, the equation

~+l=1

(10.7.4)

defines a circle in the plane and its function ring is generated by x, y over k, subject to
the relation (10.7.4). This function ring is Noetherian, by Proposition 10.4.3, but not
a UFD, for x 2 has the two factorizations x.x = (1- y)(1 + y), and it is not hard to
show (e.g. using the norm over k(x)) that x, 1 + y, 1 - yare atoms in the ring, but
not primes.
The circle in space corresponding to (10.7.4) is given by the system

x2 + l

= 1,

z

= o.

Clearly it has the same function ring as the circle in the plane. The geometric object
may consist of several parts, e.g. the system
(10.7.5)

consists of a sphere and a line (the z-axis).
Let us consider more closely the correspondence between subsets of n-dimensional
space and ideals in R = k[xJ, ... , x"l. For simplicity we shall work over k itself
(rather than an extension), so that our space is k". To each subset E of R there
corresponds the set Vk(E), or simply V(E), of solutions in k. A subset of k" is said
to be closed or an algebraic set if it has the form V(E) for some E ~ R. Likewise
with each subset S of k" we associate the set 1(S) of all polynomials vanishing on
S, and thus obtain a Galois connexion:

V(E) = {p
1(S)

E

k"l!(p) = 0 for all fEE},

= {f E Rlf(p) = 0 for all pES}.

It is clear that 1(S) is an ideal in R; moreover, it coincides with its own radical, for if
E 1(S), then f(p)' = 0 for all PES and so f(p) = 0, i.e. f E 1(S). By Proposition
10.7.3, every algebraic set can be defined by a finite set of equations.
As in every Galois connexion we have the following rules:

r

(i) V1(S);2 S,
1V(a) ;2 a,
(ii) SI ~ S2 :::} 1(SI) ;2 1(S2),
(iii) 1V1(S) = 1(S),
V1V(a)

al ~

= V(a).

a2 :::} V(ad ;2 V(a2),

Proof. (i) f E 1(S) means that f(p) = 0 for all PES, hence PES implies p E V1(S);
similarly for the other inclusion.
(ii) If f(p) = 0 for all p E S2, then this holds for all P E SI> hence 1(Sd ;2 1(S2);
again the second relation follows similarly.
•
Now (iii) follows from (i) and (ii), as we have seen in Section 7.6.
What has been proved shows that the relation f (p) = 0 defines an order-inverting
bijection between the subsets of k" of the form V(a), the algebraic sets, and the
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subsets of R of the form I(S). We have seen that each I(S) is an ideal equal to its
own radical; later we shall find, as a consequence of the Hilbert Nullstellensatz, in
Section 10.10, that over an algebraically closed field every ideal equal to its own
radical is of this form.
We observe that the descending chains of closed sets in kn correspond to ascending
chains of ideals in k[XI, ... , xn], and since the latter ring is Noetherian, the ideal
chains break off. It follows that k satisfies the descending chain condition on
closed subsets. Of course the ascending chain condition will not generally hold,
since e.g. every finite set is closed.
A closed set S in k is said to be reducible if S = 0 or S = SI U S2, where SI, S2 are
proper closed subsets of S; otherwise it is called irreducible or a variety. Thus the
circle (10.7.4) is a variety, but the sphere-and-line (10.7.5) is reducible. However,
even a variety may consist of several pieces in real space (see Exercise 5). There is
a simple algebraic criterion for irreducibility:
Proposition 10.7.4. A closed set S in kn is irreducible if and only if I( S) is a prime ideal

in k[XI, ... , xnl.
Proof. Write a = I(S) and suppose that a is not prime; if S =

0, there is nothing to

prove; otherwise a is proper and there exist /J, iz rf. a but fIl2 E a. Hence there exist
PI, P2 E S such that f;(p;) :j:. O. Put Si = V(a + (f;» (i = 1,2); then Si is closed
and a proper subset of S. Moreover, SI U S2 = V((a + (fI)(a + (f2))) =
V(a 2 + (fliz» = S, so S is reducible. Conversely, suppose that S = SI U S2, where Si
is closed and Si C S, and write ai = I(Si). Then ai ~ a, hence there exists f; E ai\a.
•
Now fIl2 E al n a2 = a, and this shows that a is not prime.
If V is a variety in kn, then I(V) is a prime ideal and hence there is an extension
field F of k containing the function ring of V, namely the field of fractions of
k[XI,"" xnl/I(V). If ~i is the image in F of Xi under the natural homomorphism,
then every point of V can be obtained by 'specializing' the point (~I'
... , ~n)
E F
(in a sense which needs to be made precise); this point is therefore called a generic
point of V. Conversely, any algebraic set with a generic point is a variety, e.g. a
generic point for the circle (10.7.4) is ((1 - tz)/(1 + t 2 ), 2t/(1 + t 2 ».

Exercises
1. Show that a system of equations is consistent iff it has a common solution over

some extension field.
2. Show that every algebraic set in kn can be written as a union of a finite number of
irreducible sets. (Hint. Use the Hilbert basis theorem.)
3. Show that over an algebraically closed field k, the irreducible subsets of k2 are
points, curves and k2 •
4. Let cp be the homomorphism from k[x, yl to k[xl x k[yl given by f(x, y) H
(f(x, 0),[(0, y». Show that ker cp = (xy), im cp = (f(x), g(y» with f(O) = g(O).
5. Verify that the curve = x 3 - x is irreducible, but consists of two pieces (in the
real plane).

r
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6. Find the function ring of the hyperbola xy = 1 (over a field of characteristic
not 2) and compare it with that of a straight line.
7. Find the function ring of the 'semicubical parabola' T =~,
and show that it is
not integrally closed. Find the integral closure, and a curve of which it is the
function ring.
8. Verify that V(ab) = V(a) U V(b), V(U aA) = nV(aA ), V({l}) = 0, V({O}) = kn.
(This means that the algebraic sets form the closed sets of a topology on k, known
as the Zariski topology, see Section 10.10 below.)
9. Show that every covering by open sets of kn has a finite subcovering (since kn is
not Hausdorff, this is known as quasicompactness of kn).

10.8 The Primary Decomposition
In Z or, more generally, in any UFD, each non-zero element has a factorization into
primes:

a=

up~'

... P~'

(u a unit,

Pi

distinct primes,

(Xi >

0, r ::: 0).

(l0.8.1)

In terms of ideals this can be written as
(a) = (p~')

n ... n (p~,).

(10.8.2)

Of course (10.8.2) is less precise than (l0.8.1), but it has the advantage of holding
for a much wider class of rings. We shall find that a decomposition of this form
is true for any Noetherian ring. For k[x" ... , xnl this was proved in 1905 by
Emanuel Lasker (also world chess champion from 1894 to 1921) and extended to
general Noetherian rings by Emmy Noether in 1921. Following Bourbaki we shall
derive a decomposition for modules, which of course includes ideals as a special case.
Let R be a commutative ring and M be an R-module. A prime ideal p of R is said to
be associated to M if it occurs as the annihilator of an element: p = Ann(u) for some
u EM. The set of all associated primes of M is denoted by Ass(M) (the 'assassinator'
of M). If P = Ann(u), the mapping x 1-+ ux of R into M shows that Rip is embedded
in M and conversely, if Rip is embedded in M, then p = Ann(u) for some u E M;
hence p is associated to M iff Rip is embedded in M. We also note that
Ass(R/p) = {p}, since every non-zero element of Rip has annihilator p.
Proposition 10.8.1. Let M be an R-module; any maximal member of the set of
annihilators of non-zero elements of M is a prime ideal of R.

Proof. The annihilator of u i- 0 is a proper ideal. Suppose that p = Ann(u) is
maximal and let ab E p, a rf. p. Then ua i- 0, uab = 0, hence bE Ann(ua) 2 p.
By the maximality of p we have equality, hence b E P and this shows p to be
prime.
•
The converse is false: a member of Ass(M) need not be maximal, but if
Ann(u) E Ass(M), then Ann(u) is maximal among the annihilators of submodules
of uR. Of course there may be no such maximal elements (see Exercise 3), but if R
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is Noetherian and M i= 0, then we can be sure of such maximal annihilators,
and they will be prime, by Proposition 10.8.1. Together with the obvious fact that
Ass(O) = 0, this proves
Corollary 10.8.2. Let R be a Noetherian ring. Then for any R-module M, Ass(M)

if and only if M

= O.

=0
•

Let us call a ERa zerodivisor on M if it annihilates some non-zero element of M.
Since every annihilator is contained in some maximal annihilator, we obtain
Corollary 10.8.3. Let R be a Noetherian ring and M be an R-module. Then the set of
zerodivisors on M is U{plp E Ass(M)}.
•

Let M be an R-module and M' be a submodule; we have the formula
Ass(M') ~ Ass(M) ~ Ass(M') U Ass(MIM').

(l0.8.3)

The first inclusion is clear. To prove the second, let P E Ass(M), say P = Ann(u).
Either uR n M' i= 0, and since any non-zero element of uR ~ Rip has annihilator
p, we see that P E Ass(M'); or uR n M' = 0, in which case the natural mapping
M -+ MIM', restricted to uR, is injective, so uR is embedded in MIM' and

P E Ass(MIM').

•

We remark that Ass(M) is the set of prime ideals which equal some Ann(x)
(x EM), while Supp(M) is the set of prime ideals which contain some Ann(x)
(x EM). A Noetherian module M has finite length iff Ass(M), or equivalently,
Supp(M), consists entirely of maximal ideals.
We can now show that for a finitely generated module M over a Noetherian ring,
Ass(M) is finite. More precisely, we have

Proposition 10.8.4. Let R be a Noetherian ring and M be a finitely generated
R-module. Then there is a finite chain of submodules

o = Mo
such that M;/ Mi _ I ~

C

MI

C ... C

Mr

= M,

(l0.8.4)

Rlpi for some prime ideal Pi of R, and

Ass(M) ~ {PI'"'' Pr}'
Proof. For M = 0 there is nothing to prove. Otherwise M has a submodule MI of the
form Rip, by Corollary 10.8.2, and we can take PI = p. If we have found a chain
MI C ... C Mr with M;/Mi _ 1 ~ Rlpi and Mr i= M, then MIMr has a submodule
of the form Rip, where P E Ass(MIMr), say Mr+dMr ~ Rip. We can then put
Pr+ I = P and continue the chain. Since R is Noetherian, the chain must break off
and we obtain (l0.8.4). Now by induction we have, from (l0.8.3),

Ass(M) ~ Ass(MdMo) U ... U Ass(MrIMr-

l)

= {PI"'"

Pr}.

•
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Let M be an R-module; an element a E R is said to be locally nilpotent on M if for
each x E M there exists n = n(x) such that xa n = o. If M is finitely generated, by
UI, ... , U r say, and uja n; = 0, then by taking n = max {nl' ... , nr } we find that an
annihilates M, so in this case the action of a on M is nilpotent.
When R is Noetherian, we observe that a is locally nilpotent on M iff
a E n{plp E Ass(M)}. For if a is locally nilpotent, then for any p E Ass(M), an E p
for some n, hence a E p. Conversely, if a is not locally nilpotent, then there exists
x E M such that xa n i- 0 for all n. Among such x choose one, say XI, with maximal
annihilator p = Ann(xd. We claim that p is prime. Clearly p i- R; if be E p, then
xlbc = 0, hence c E Ann(xlb) ;2 p. Either xlba n i- 0 for all n; then by maximality,
c E p. Or xlba n = 0 for some n, in which case bE Ann(xla n) ;2 p, and
xla n .a m i- 0 for all m, so bE p, again by maximality. This shows that p is prime.
Clearly p E Ass(M) and a 1. p. This proves
Proposition 10.8.5. For a Noetherian ring R and any R-module M, an element a of
R is locally nilpotent on M if and only if a E n{plp E Ass(M)}.
•

Let R be a Noetherian ring and M be an R-module. A submodule Q of M is said to
be primary (in M) if Ass(MIQ) consists of a single element. If Ass(M/Q) = {p}, we
also say that Q is p-primary. In particular, this defines primary ideals in R. Thus an
ideal q in R is primary precisely if q i- R and every zero divisor in R/q is nilpotent;
then Jq = p is a prime ideal and q is p-primary. For example, in Z, the p-primary
ideals are (pr), r = 1,2, ... , but in general the p-primary ideals need not be powers of
p, e.g. in k[x,y]' (x,yZ) is (x,y)-primary, but (X,y2) i- (x,y)' for all r. Neither is it
true that each power of a prime ideal is necessarily primary (see Exercise 9).
Lemma 10.8.6. Let R be a Noetherian ring and M be an R-module. IfQI, ... , Qr are
submodules of M which are p-primary for the same prime ideal p, then QI n ... n Qr is
also p-primary.

Proof. We have a natural homomorphism
(10.8.5)
obtained by composing the mappings from the left-hand side to M/Qj. If the module
on the right is written N, then Ass(N) = {p} by (10.8.3), and since (10.8.5) is
clearly injective, the same holds for the module on the left, hence QI n ... n Qr is
p-primary, as claimed.
•
Our objective will be to obtain an embedding of our module into a direct sum of
quotients by primary submodules:
M -+ M/QI E9 ... E9 M/Qr.

(10.8.6)

Such a mapping clearly exists for any primary submodules QI, ... , Qr and (10.8.6)

will be injective precisely when
QI n ... n Qr

= o.

(10.8.7)
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Such a representation of 0 as intersection of primary submodules is called a primary
decomposition in M. To show that such decompositions exist let us define a submodule N of M to be meet-reducible if N = M or N = NI n N 2 , where Ni :> N;
otherwise N is meet-irreducible. By the decomposition lemma (Lemma 3.2.7), any
submodule of a Noetherian module can be written as a finite intersection of meetirreducible submodules. It remains to observe that meet-irreducible submodules
are primary:
Lemma 10.8.7. Let R be a Noetherian ring and M be any R-module. Then any meetirreducible submodule of M is primary.

Proof. Let N be a submodule of M; we assume that N is not primary and show it to
be meet-reducible. If N =1= M, then Ass(MIN) contains at least two primes 1'1,1'2 say;
hence M has submodules Ni ~ R/pi' Every element of Ni \N has annihilator Pi' hence
NI n N2 = N, and this shows N to be meet-reducible, as claimed.
•
Thus we find that every finitely generated module over a Noetherian ring has a
primary decomposition (10.8.7). Of course the decomposition will not usually be
unique, e.g. some terms in (10.8.6) might be redundant. To obtain some uniqueness
we shall modify (10.8.6) as follows. Firstly, using Lemma 10.8.6, we collect together
primary submodules for the same prime ideal, so that if Qi is pi-primary, all the 1:\
are distinct. Secondly we may suppose that
no Qi contains

n

Qj'

(10.8.8)

ji-i

for otherwise we could omit Qi from (10.8.7) without affecting the result. If the
family {QI,"" Qr} satisfies these two conditions, the primary decomposition is
called irredundant. For such decompositions we have the following first uniqueness
theorem:
Theorem 10.8.8. Let R be a Noetherian ring and M be a finitely generated R-module.
Then there is a primary decomposition in M:

o = QI n ... n Qr,

where Qi is Pi -primary,

(10.8.9)

and (10.8.9) may be chosen irredundant, i.e. so that the Pi are distinct and (10.8.8)
holds. When this is so, the Pi are uniquely determined as the members of Ass(M).
Proof. We have seen that decompositions (10.8.9) always exist, and that we can
modify such a decomposition so as to become irredundant. As a result we have the
embedding (10.8.6) and it follows that Ass(M) ~ {PI"'" PrJ. For r ::: 1 there is
nothing to prove. If r > I, put N = Q2 n ... n Qr; then N =1= 0 by irredundancy.
N=N/(QI nN) ~ (QI +N)/QI ~M/Ql>
hence
Ass(N) ~
We
have
Ass(M/Qd = {pd, so PI is associated with N and hence with M; similarly for the
other Pi'
•
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For an ideal a in R we can, by taking M = Rj a in Theorem 10.8.8, obtain the usual
primary decomposition for a, generalizing (l0.8.2):

a = ql n ... n q"

where qi is pi-primary.

(10.8.10)

From (l0.8.1O) it follows that

Ja = PI n ... n PT'

(l0.8.ll)

We note that if in (l0.8.1O) PI ~ Pi for all i > 1, then Ja is prime, but aneed not be
primary.
From (l0.8.1l) we find in particular, taking a = 0 and remembering the definition
of the Pi as annihilators:
Corollary 10.8.9. In a Noetherian ring R the nilradical SJ1 can be written as intersection
of finitely many prime ideals: SJ1 = n~ Pi' and then
Pi is the set of all zerodivisors

U;

in R.

..

Theorem 10.8.8 does not tell us whether the primary components of a are unique,
and in general the answer is 'no'. Thus in the polynomial ring k[x, y] we have

(x 2,xy)

= (x) n (X,y)2 = (x) n (~,y).

The primary component for (x) is the same in each decomposition, but not that for
(x, y). Geometrically this ideal defines the y-axis and the origin with an 'infinitesimal
arrow', represented by a nilpotent in the local ring. Without trying to make this idea
more precise, we note that it was the non-maximal geometrical component which
failed to be unique. To obtain a more precise uniqueness result, we shall need a
lemma which is also useful elsewhere, the prime avoidance lemma:
Lemma 10.8.10. Let R be any (commutative) ring.

(i) If P is a prime ideal in Rand
n

P2n ai'

(10.8.12)

i=1

then P 2 ai for some i. Moreover, if P = nai, then P = ai for some i. Thus every
prime ideal in R is meet-irreducible.
(ii) If a is an ideal in Rand
(10.8.13)

where each Pi is a prime ideal, then a ~ Pi for some i.
Note that in (ii) UPi is not generally an ideal, and the result is false with
ofUPi'

L Pi in place

Proof. (i) Suppose that P contains no ai and choose Xi E ai \p. Then x = XI ... Xn E nai
but x fj. P because P is prime; this contradicts (l0.8.12), so P 2 ai for some i. If
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now P = naj, then P ~ ai for all i, and by what has already been proved, equality
must hold for some i.
(ii) We use induction on n, the case n = 1 being trivial. Suppose that no Pi contains a; then by induction, no Uj#iPj contains a (for i = 1, ... , n); hence there exists
Xi E a, Xi ~ Pj for all j -j. i, and so Xi E Pi by (lO.8.l3). Consider y = XI + X2 ... Xn; by
construction Xi E a, so yEa. But XI E PI' X2 ... Xn ~ PI' so Y ~ PI and for i > 1,
XI ~ Pi while X2 .•. Xn E Pi' so again y ~ Pi' Thus y lies in a but in no Pi' a contra•
diction, and the result follows.
For any ideal a of R, the minimal terms in Ass(R/a) are called the minimal or
isolated components of a, while the other terms are said to be embedded. Thus in
the above example, (x, y) is an embedded prime ideal and (x) is isolated. More
generally, a subset ~ of Ass(R/a) is called isolated if any P E Ass(Rja) such that
P ~ pi E ~ satisfies P E ~; in other words, ~ is a lower segment in Ass(R/a).
We remark that the isolated primes of a are precisely the primes that are minimal
among all the primes containing a. For if P is any prime containing a, then
P 2 a = nqi, P = Jp 2 J n qi = npi' hence P 2 Pi for some i, by Lemma lO.8.lO.
We can now state the second uniqueness theorem.
Theorem 10.S.11. Let a = ql n ... n qr be an irredundant primary decomposition of
an ideal a in a ring R, and let Jqi = Pi be the associated prime ideal. If {Pi l , ••• Pi,} is
an isolated subset, then qi l n ... n qi, is independent of the choice of the decomposition
for a. In particular, for any minimal Pi' qi is uniquely determined.
Proof. To simplify the notation, let us number the Pi so that the isolated subset is
{PI"'" Pt}· The set S = R\PI U ... U Pt is multiplicative and by hypothesis, if
Pi n S = 0, then Pi ~ PI U ... U Pt> hence i:::: t. Thus S meets Pt+I"'" Pr and
no others. Now form Rs; since Pi n S = 0 for i :::: t, we have qfC = qi (recall Proposition lO.3.2), while for i > t, Pi n S -j. 0. Take a E Pi n S; then an E qi for some n,
but an is a unit in R s , hence (qi>S = (1) and it follows that

This provides a description which is independent of the decomposition.

•

If P is a prime ideal in Rand S = R\p, then (pr)s n R = p(r) is sometimes called the
symbolic r-th power of P; we note that it is the p-primary component of pro

Exercises
l. Find all possible primary decompositions of
Z[x,yJ.

(X2,

xy) in k[x, y J. Do the same in

2. Show that the members of Ass(M) can also be defined as the ideals a for which
there is a submodule L of M such that a = Ann(L' ) for every non-zero submodule L' of L.
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J and take M to be the R-module generated by elements
with defining relations UrXs = 0 (s:::: r). Show that Ass(M) has no
maximal element.
4. Let A be a local ring with maximal ideal m. For a given A-module M show that if
m consists of zerodivisors on M, then m E Ass(M).
5. Let R be a ring and S be a multiplicative subset. Show that for any non-zero
R-module M, any maximal ideal of the form Ann(u) (0 =f. U EM) and disjoint
from S is prime. By taking a Noetherian localization of R show that such
maximal ideals exist, and deduce that Ass(M) =f. 0.
6. In a ring R let qi be pi-primary (i = 1,2), where PI J P2 but neither of ql' q2
contains the other. Show that a = ql n q2 is not primary although ab == 0
(mod a) implies ar == 0 or b' == 0 (mod a) for some r, s. (An ideal with this
property is sometimes called quasiprimary.)
7. Show that if Ja is maximal, then a is primary.
S. Let a be an ideal and PI' ... ' Pr be prime ideals in R. Given c E R, if
cR + a ct UPi' show that c + a rf. UPi for some a E a.
9. Consider the mapping f : k[x, y, zJ -+ k[tl given by x 1-+ t 3 , y H t 4 , z 1-+ tS.
Show that its kernel is P = (y2 - XZ, yz - x 3 , Z2 - x 2y). Verify that P is prime
and that p2 is quasiprimary but not primary.
10. Show that if in a module M, QI, Q2 are primary submodules of which neither
contains the other and QI n Q2 is p-primary, then QI, Q2 are both p-primary.
11. Show that if N = A n B is an irredundant primary decomposition in a module
and B C BJ, then B is meet-reducible.
12. Show that in Lemma 1O.S.1O(ii) the conclusion still holds if all but at most two
of the Pi are prime.
13. Show that if an ideal a of a ring R has no embedded components, then
P E Ass(Rja) iff a C; P, a c a: p.
14. Show that a ring has a unique prime ideal iff it is completely primary, i.e. every
non-unit is nilpotent.
15. Let R be a Noetherian ring and M be a finitely generated R-module. Show that if
an ideal a consists entirely of zerodivisors on M, then there exists u E M, u =f. 0,
such that ua = o.
16. Let R be the function ring of the quadric xy = z2. Show that P = (x, z) is a prime
ideal, but p2 is not primary.
17. In any ring R, if q is a p-primary ideal, show that for any ideal a, (i) if a c q, then
q :a = (1); (ii) if a ct p, then q: a = q; (iii) if a C; P but a ct q, then
q c q : a C (1). Deduce that if a has an irredundant primary decomposition
(10.S.1O), then for any ideal b, a: b = a iff b ct Pi for all i.
IS. Let R be a ring and a be an ideal of R. Show that if mr C; a C; m for some
maximal ideal m and some r:::: 1, then a is m-primary.
3. Let R =

k[XI, X2, ...

UI, U2, ...

10.9 Dimension
The dimension of an algebraic variety may be defined as the maximum length of a
chain of subvarieties. Since varieties correspond to prime ideals in the coordinate
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ring (Proposition 10.7.4), this suggests defining the dimension of a commutative ring
in terms of chains of prime ideals.
In any commutative ring R, consider a chain of prime ideals
Po C PI C ... CPr'

(10.9.1)

This chain is said to have length rj note that r is the number of links in the chain.
Now the Krull dimension, or simply the dimension, of R, written dim R, is defined
as the supremum of the lengths of chains of prime ideals in R (possibly infinite).
For example, any field has the dimension 0, dim Z = 1, more generally, any PID
has dimension I, and as we shall see in Section 10.10, dim k[XI, ... , xnl = n. The
dimension of an R-module M may be defined as the supremum of the lengths of
chains of prime ideals in Supp(M).
Our first result is the observation that an integral extension does not raise the
dimensionj this will follow from the going-up theorem.
Let R be a ring, R' be a ring containing R as a subring and such that R' is integral
over R. We shall say more briefly: R' is an integral extension of Rj here neither R nor
R' need be an integral domain. We first examine the behaviour of integral extensions
under formation of quotient rings and rings of fractions.

Proposition 10.9.1. Let R' be an integral extension ofR. Then (i) ifS2t is an ideal in R'
and a = S2t n R, then R'/S2t is an integral extension of Ria; (ii) if S is a multiplicative
subset of R, then R~ is an integral extension of Rs.
Proof. (i) The inclusion R 4- R' induces a homomorphism Ria 4- R'/S2t, given by
with kernel (S2t n R)la = 0, hence an injection. Let ~ E R'/S2t, say ~ = X,
where x E R' satisfies the monic equation xn + aIx n- I + ... + an = 0 (ai E R)j
when reduced mod S2t this becomes ~n + aI~n+ ... + an = 0, a monic equation
for ~, which is therefore integral over Ria.
is injective, for any element of
(ii) It is clear that the induced mapping Rs 4- R~
Rs has the form als, a E R, s E S, and al s = 0 iff at = 0 for some t E S. Now consider
an element of R~,
say xis, where x E R', s E S. If x satisfies the equation
xn + aIx n- I + ... + an = 0, then xis = y satisfies yn + at/s.yn-I + ... + anls n = 0,
and a;jsi E Rs, so xis is integral over Rs.
•
The key lemma for what follows is the next result:

a 14-

a,

Lemma 10.9.2. Let R' be an integral extension of R and assume that R' is an integral
domain. Then R' is a field if and only if R is a field.
Proof. Assume that R is a field and let y E R', Y =f:. O. Then y satisfies an equation
+ aIyn-I + ... + an = 0, where ai E R, and since R' is an integral domain, we
may take an =f:. O. It follows that a;; 1 E R, and so y-I = -a;; I(yn-I + aIyn-l + ...
+ an-I) E R'. Conversely, if R' is a field, take x E R, x =f:. O. Then X-I E R' and so we
have an equation x- m + CIX I - m + ... + Cm = 0, where Ci E R. Therefore
X-I = -(CI + C1X+ ... + cmx m- I ) E R.
•

yn

For arbitrary integral extensions this yields
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$ be a prime ideal in R' and
Then $ is maximal in R' if and only if p is maximal in R.

Corollary 10.9.3. Let R' be an integral extension of R,

P= $

n R.

Proof Since R' /$ is an integral domain, integral over Rip by Proposition 10.9.1, we
can apply the lemma to reach the conclusion.
•
Given R

$ n R = p.

c

R' and ideals p in R, $ in R', we shall say that $ lies over p if

Corollary 10.9.4. Let R' be an integral extension of R and let p be a prime ideal in R. If
$ ~ $' are two prime ideals in R' both lying over p, then $' = $; thus the prime
ideals lying over a given prime ideal of R are pairwise incomparable.

Proof. Put S = R\p; then R~ is integral over Rs (= Rp) and the latter is a local ring
then both contract
with maximal ideal ps' If m, m' are the extensions of $, $' to R~,
to Ps in Rs, so by Corollary 10.9.3 both are maximal. But m ~ m', hence they are
equal and $ = m n R = m' n R = $'.
•
The essential idea of this proof already occurred in the proof of Theorem 10.5.5
(cf. the proof of Lemma 10.9.2).

The existence of prime ideals lying over a given prime ideal is assured by
Lemma 10.9.5. Let R' be an integral extension of R and let p be a prime ideal in R.

Then there exists a prime ideal $ in R' lying over p.
Proof. Put S = R\p and form Rs, R~
with canonical mappings
A : R ---* Rs, A' : R' ---* R~.
If m is any maximal ideal in R~,
then m n Rs is maximal
in Rs, by Corollary 10.9.3, so m n Rs = Ps. Now the inverse image of m in R' is a
prime ideal:$ = mA'-I, and by the commutativity of the diagram below, we have
$ n R = p, so $ is the desired prime ideal.
A'

R' -----+ R~

r

A

r

R -----+ Rs

•

Theorem 10.9.6 (Going-up theorem). Let R' be an integral extension of R. Given a

chain of prime ideals in R:
PI C P2 C ... C

Pn'

(10.9.2)

and a chain
$1 C $2 C ... C $m (m .::: n)

(10.9.3)

in R', where $i n R = Pi(i = 1, ... , m), we can find prime ideals $m+ I' ... , $n lying
over Pm+I"'" Pn respectively, to extend the chain (10.9.3).
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Proof. When m = 0, the second chain is absent and we can find '+ll lying over PI by
Lemma 10.9.5. Now let m :::: 1, put R = RIPm' R' = R'/'+lm, so that R' is an integral
domain integral over R, and Pm+ I = Pm+ dPm is a prime ideal ofR. Then by Lemma
10.9.5 there is a prime ideal '+lm+ I in R' lying over Pm+ I' The inverse image of '+lm + 1
in R' is a prime ideal '+lm+1 containing '+lm such that '+lm+1 n R = Pm+I' Now the
•
result follows by induction on m.

With the help of this result it is easy to show that integral extensions preserve the
dimension.
Corollary 10.9.7. If R' is an integral extension of R, then dim R'

= dim R.

Proof. Let '+lo C '+ll C ... C '+lr be a prime ideal chain of length r in R' and put
Pi = '+li n R; then by Corollary 10.9.4, the Pi are distinct and we get a chain

Po C PI C ... CPr

(10.9.4)

in R; this shows that dim R' S dim R. Conversely, over any chain (10.9.4) in R we can
by Theorem 10.9.6 find a chain in R' and so conclude that dim R' = dim R.
•
For a prime ideal P in a ring the height of P is defined as the supremum of the
lengths of chains of prime ideals below p.
A natural question at this point concerns the relation between dim R and dim
R[x], where R is a ring and x is an indeterminate. Given a prime ideal chain of
length r in R, say (10.9.4), let '+li be the ideal of R[x] generated by Pi; then
R[xl/'+li ~ (Rlp;)[x]; since the latter is an integral domain, '+li is a prime ideal.
Likewise '+li + (x) is prime, because R[xl/('+li + (x)) ~ Rlpi' Thus
(10.9.5)
is a prime ideal chain oflength r + 1 in R[x], for the inclusions in (10.9.5) are clearly
proper. It follows that
dim R[x] :::: dim R + 1.

(10.9.6)

For Noetherian rings equality holds in (10.9.6) (see Matsumura (1985); Nagata
(1962)), but not in general (Seidenberg).
It is easy to determine the zero-dimensional rings completely. For this task we
shall need
Lemma 10.9.S. Let R be a ring in which 0 can be written as a product of maximal
ideals. Then any R-module is Artinian if and only if it is Noetherian.

Proof. Assume that ml ... mr = 0, where the mi are maximal ideals of R, not necessarily distinct, and for any R-module M consider the chain

(10.9.7)
Write ki = Rlmi; since mi is maximal in R, ki is a field, and the quotient MIMml can
be considered as a kl-module, i.e. a vector space over kl> for two elements of R have
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the same effect on M/Mml if they are congruent mod mi. Such a vector space is
finite-dimensional iff it satisfies the maximum condition on subspaces, or equivalently the minimum condition, so we have a composition series from M to Mml
iff the modules between M and Mml satisfy the maximum or equivalently, the
minimum condition. The other links in the chain (10.9.7) can be treated similarly,
hence M has a composition series (of R-modules) iff it satisfies the maximum or
the minimum condition on submodules.
•
Theorem 10.9.9. Let R be any (commutative) ring. Then R is Artinian if and only if

R is Noetherian and zero-dimensional.
Proof. Suppose that R is Artinian. We first note that an Artinian domain is a field,
for if a E R, a i- 0, then (a) ;2 (a 2 ) ;2 ... is a descending chain, which must terminate, say (a') = (a,+I), hence a' = a,+lb, and so ab = 1. It follows that in an
Artinian ring every prime ideal is maximal, hence dim R = O. Further, R is
Noetherian, by Hopkins' theorem (Corollary 5.3.10).
Conversely, when R satisfies these conditions, take a primary decomposition of
0: 0 = ql n ... n q,. This shows that R has finitely many minimal prime ideals
Pi = .Jqi; but each Pi is also maximal because dim R = O. Hence
1)1 = PI n ... n p, is the nilradical, and since R is Noetherian, I)1k = 0 for some k
(see Section 10.4), so again (PI' .. p,)k = 0 and by Lemma 10.9.8 we find that R is
Artinian.
•

To study I-dimensional rings we first look at the form taken by the primary
decomposition. We recall from Section 4.5 that for a family of pairwise co maximal
ideals, their intersection equals their product. Moreover, if .Ja, .Jb are co maximal,
then so are a, b. For if a + b is proper, it is contained in some maximal ideal m, say,
thus a £; m and so .Ja £; .Jm = m, and similarly .Jb £; m, but this contradicts the
comaximality of .Ja and .Jb.
Proposition 10.9.10. In a Noetherian domain of dimension 1, every non-zero ideal can

be written uniquely as a product of primary ideals with distinct radicals.
Proof. Any non-zero ideal a has a primary decomposition a = ql n ... n q, which
may be taken irredundant, so the Pi = .Jqi are all distinct. The Pi are non-zero,
hence maximal, and so coprime. By the remark preceding Proposition 10.9.10 the
qi are pairwise comaximal, hence a = ql ... q,. If we also have a = q; ... q~, where
the .Jq: are distinct, then this is q'l n .. . n q ~ and here the q: are uniquely deterand qi coincide
mined as the isolated components of a, hence s = r and the
except for order.
•

q:

To get a more precise description we want to be able to say that the qi are actually
powers of prime ideals; for this to hold the ring must be integrally closed and we thus
again reach the class of Dedekind domains (Theorem 10.5.4).
Theorem 10.9.11. A Noetherian domain of dimension 1 is Dedekind if and only if

every primary ideal is a prime power.

10.10 The Hilbert Nullstellensatz
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Proof. Let R be a I-dimensional Noetherian domain in which every primary ideal is a

power of a prime ideal. By Proposition 10.9.10 every non-zero ideal is then uniquely
expressible as a product of powers of distinct prime ideals, hence R is then a
Dedekind domain, by Theorem 10.5.6. Conversely, let R be a Dedekind domain
and a be a non-zero ideal in R. By Theorem 10.5.6 we can write a = p~l ... P~',
where the Pi are maximal and ni > O. Clearly y'a = PI ... PT ' so a is primary iff
•
r = 1, and then a is a power of a prime ideal.

Exercises
1. Let S be an integral domain and R be a subring. If a :j: 0 is a finitely generated
ideal in Rand c E S is such that ca S; a, show that c is integral over R.
2. Let R' be an integral domain and R be a sub ring and define the conductor of R in
R' as f = {x E RlxR' S; R}. Show that f is the largest ideal in R which is also an
ideal in R'. Let f be the conductor of a ring in its integral closure; show that
for any multiplicative set S in R, if f n S :j: 0, then Rs is integrally closed.
Is the converse true?
3. Give an example of a local ring of infinite dimension.
4. Show that the ring k[XI, X2, ... IXiXj = 0 for i :j: jl is zero-dimensional but not
Artinian (so not Noetherian).
5. Show that an Artinian ring has only finitely many prime ideals. (Hint. Use Lemma
10.8.10.) Deduce that any Artinian (commutative) ring is a finite direct product
of local rings.
6. Let K be a field and k be a subfield. Show that if K is finitely generated as kalgebra, then K is algebraic over k.
7. Let R be a Noetherian ring and a be an ideal of R. Show that Ria has finite length
as R-module iff the associated prime ideals are all maximal. Show that the same
holds for a finitely generated R-module M iff every ideal in Supp(M) is maximal.
8. Give a direct proof that dim k[XI' ... , xnl ::: n.

10.10 The Hilbert Nullstellensatz
We now return to the subject of Section 10.7; our object will be to establish a
bijection between algebraic sets and radical ideals. We begin with a lemma on finitely
generated extensions of fields.
Lemma 10.10.1 (Noether normalization lemma). Let R be an integral domain,
finitely generated as a ring over a field k. Then there exist XI, ... ,Xn E R, algebraically
independent over k, such that R is integral over k[XI' ... ,xnl.

Proof. Let R be generated by YI, ... ,Yn over k; if the Yi are algebraically independent,
there is nothing to prove. Otherwise there will be a relation [(y!, ... ,Yn) = O. We
write
Zi

= Yi -

YIr

i- 1

(

i

= 2, ... , m),
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where the integer r is to be determined. Then our relation becomes

f( y"
Each monomial

ni

i

Z2

+ y\,r ... , Zm + y,r

in f gives rise to a term

m - 1)

yf,

= o.

(10.10.1)

where

c = b, + rb2 + ... + rm - 'b m ,

(10.10.2)

plus terms in Zi but oflower degree in y" We now choose r so that all sums (10.10.2)
corresponding to the different terms in f are distinct; this can be done by avoiding
the positive integers,t satisfying the equations L ti-'(b i - bD = 0, corresponding
in f Then (10.10.1) is an equation for y, over k[Z2, ... , zml
to terms
which on multiplying by an element of k becomes monic, because by construction
only a single term in f contributes to the leading term in y,; hence y, is integral
over k[Z2' ... , zml. Now the result follows by induction on m and the transitivity
of integral dependence.
•

nii,nli

Corollary 10.10.2. For any field k and indeterminates X" ... , Xm

dim k[x" ... , xnl

= n.

Proof. Write R = k[x" ... , xnl; we know from (10.9.6) that dim R ::: n. Now let

o = Po c p, c ...

C

(10.10.3)

Pr

be a prime ideal chain in R and consider R = Rip,. If a 1--* Ii is the residue class map,
then R is generated by x""" xn over k and by Lemma 10.10.1, there exist
y" ... ,Ym E R, algebraically independent over k, such that R is integral over
S = k[y" ... ,Yml. Moreover, the Xi are algebraically dependent, because p, I- 0,
hence m < n. Using induction on n, Corollary 10.9.7 and the chain (10.10.3), we
obtain
n> m = dim S = dim R::: r - 1,

•

hence r ::: n and it follows that dim R = n.

The Hilbert Nullstellensatz (literally: zero-point theorem or solution-set theorem)
shows that a family of polynomials over an algebraically closed field has a common
solution whenever the ideal they generate in the polynomial ring is proper.
Theorem 10.10.3 {Nullstellensatz, weak form}. Let k be an algebraically closed field.
Then each maximal ideal m in R = k[x" ... , xnl has the form

m = (x, - a" ... , Xn - an), where ai

In particular, V(a) I-

0

E

k.

(10.10.4)

for any proper ideal a of R.

Proof. The ideal m given by (10.10.4) is maximal, because it is the kernel of the
surjective mapping Xi 1--* ai from R to k.
Conversely, let m be a maximal ideal in R. Then K = Rim is a field, finitely
generated as k-algebra; hence by Lemma 10.10.1, K is integral over k[y" ... , Yr l,
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for suitable Yl,"" Yr algebraically independent over k. By Lemma 10.9.2,
k[Yl, ... , Yr 1is a field, which means that r = 0, so K is integral over k, i.e. algebraic.
But k is algebraically closed, hence K = k. If Xi 1--* ai E k in the natural homomorphism from R to Rim = k, then m;2 (Xl - ai, ... , Xn - an). Here the righthand side is maximal, so equality holds and m has the form (10.10.4).
Now let a be any proper ideal in R. Then a <; m for some maximal ideal m, hence
V(a) ;2 V(m) = (a) =f. 0.
•
It is now an easy matter to deduce that every radical ideal is of the form I(5) for
some subset 5 of kn.
Theorem 10.10.4 (Nullstellensatz, full form). Let R = k[Xl, ... ,xnl be a polynomial

ring over an algebraically closed field k. Then for any ideal a in R,
IV(a)

= Ja.

Proof. ('Rabinowitsch trick') Clearly Ja <; IV(a), for if V(a) = 5 andf E Ja, then
rEa say, and so f(a)' = 0 for all a E 5, hence fla) = 0, i.e. f E I(5).
Conversely, assume that fla) = 0 for all a E V(a); we have to show that f E Ja.
We form the ring R' = R[xol in a further indeterminate xo and in it consider the
ideal b = aR' + (1 - X{Jf). If b were proper, it would have a zero a, by Theorem
10.10.3. This means in particular that all elements of a vanish at a, so f(a) = 0;
but also 1 - aof(a) = 0, a contradiction. Hence b is improper, i.e. if a = (gl, ... ,gt),
then
1 = Lgihi

+ (1- xof)h,

where h, hi

E

R'.

We replace xo by 1If, then the second term on the right reduces to 0, while each hi is
now a polynomial in Xl, ... , Xn and lIf If we clear the denominators, we obtain an
equation

r = L gi h;,

where h;

Thus rEa and so f E J a, as required.

E

R.
•

We thus have an order-reversing bijection between the closed sets on kn and the
radical ideals in k[XI,"" xnl. Moreover, the closed sets satisfy the following
relations:
(i) nV(ai) = V(I: ai),
(ii) V(ad U V(a2) = V(al n a2) = V(ala2),
(iii) V(O) = kn , V(1) = 0.

These relations are easily verified and they show that the sets of the form V(a) may
be regarded as the closed sets of a topology on kn. This is called the Zariski topology.
Although very different from the classical topologies (it is non-Hausdorff), it is
useful in discussing relations in kn. For example, a subset 5 of kn is said to be
dense in kn if its closure (in the Zariski topology) is the whole of kn; this means
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that any polynomial vanishing on S vanishes on all of kn. If f is a non-zero polynomial over an infinite field k, then the points where f does not vanish form a
dense subset of kn. This is just a restatement of the density property for algebraic
inequalities (see Section 7.9).

Exercises
1. Show that the Nullstellensatz holds for any function ring of an algebraic set in the
following form: Let k[X] be the function ring of a subset X of kn , where k is an
algebraically closed field. If f E k[X] vanishes at all the points of X where
gl,··· ,gr vanish, thenf E .y'(gl, ... ,gr).
2. Given an algebraic set X over an algebraically closed field k with function ring
k[X], let f, g E k[X] be such that fig is defined at each point of X. Show that
there exists h E k[X] such that f = gh. (Hint. Write f /g = ix/gx, where fx, gx
are defined at x E X and use the fact that the gx are elements of k[X] which
have no common zero.)
3. Show that the Nullstellensatz is false over any field that is not algebraically closed.
4. Let R be an integral domain generated by XI, ... , Xn over a ring K. Show that there
exist polynomials UI, ... , U r in the Xi with integer coefficients, which are algebraically independent, and a non-zero element a E K such that R[ a - I] is integral over
K[a-l,uI, ... ,Ur ].

5. Show that if a ring R is finitely generated (over Z or a field), then its Jacobson
radical is nilpotent.
6. Give a direct proof of the Nullstellensatz for primary ideals and deduce the
general form by applying Theorem 10.9.9 and the fact that for any p-primary
ideal q over a Noetherian ring, pr ~ q ~ p for some r.

Further Exercises for Chapter 10
1. Let m, n be positive integers. When is it true that (m) : (n) = (m/n)? When is
(m) : (n) = (m)? What other cases can arise?
2. Show that the set of all zerodivisors and 0 in any (commutative) ring is a union
of prime ideals.
3. Let R be a reduced ring. In R[x], if fg = 0, where f = aixi, g = bjx j , show
that aibj = 0 for all i, j.
4. (M. Zafrullah) Show that the set of all polynomials in an indeterminate X over
the real numbers, with rational constant term, is an atomic integral domain, but
not a UFD.
5. Let us call a polynomial full if the ideal generated by its coefficients is the whole
ring. Show that for any ring R and any f, g E R[x], fg is full iff f and g are both
full.
6. Let S be the set of all full polynomials in R[x]. Show that S is a multiplicative set
which contains no zerodivisors. (Hint. Observe that iff E R[x] is a zerodivisor,
then it annihilates an element of R.) Deduce that if R is a local ring, then so is
R[x]s·

L

L
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7. (M. Nagata) Let q(XI, ... ,xn ) be a non-singular quadratic form in n ::: 5 variables over C. Show that the ring R = C[XI,'" ,xn)/(q) is a UFD. (Hint.
Write q as XIX2 + ql (X3, ... ,xn ), where ql is non-singular and use Theorem
10.3.7.)
8. Show that an infinite UFD with a finite group of units has infinitely many
primes.
9. Let R be a ring and S be a multiplicative set. Given R-modules M, N, where M
is finitely presented, and any homomorphism ({J: Ms ~ N s, find a homomorphism f: M ~ Nand S E S such that (xll)({J = xf I s for all x E M.
Deduce that a finitely presented R-module M is projective if Mm is free for all
maximal ideals m.
10. Let R be a ring and M be a finitely generated R-module. Show that if a is an ideal
such that Ma = M, then there exists a E a such that 1 + a annihilates M. (Hint.
If U = (UI' ... , un) is a row of elements generating M, find a matrix C over a
such that uC = U and hence obtain M. det (I - C) = 0.) Deduce a proof of
Nakayama's lemma (Lemma 5.3.6) for commutative rings.
11. Let R be a Noetherian ring, a be an ideal in Rand M be a finitely generated Rmodule. Defining Mw = nMa n, show that Mw = {x E Mlx(l- a) = 0 for some
a E a}. Deduce that if Mw ~ N ~ M, then Mw = N w. (Hint. Use Exercise 10.)
12. (Krull's intersection theorem) Let R be a Noetherian ring and a be an ideal in R.
Show that nan = 0 iff there is no zerodivisor == 1 (mod a). Deduce that (i) in a
Noetherian domain every proper ideal a satisfies nan = 0, and (ii) in a Noetherian local ring the maximal ideal m satisfies nmn = o.
13. Let 0 be a Dedekind domain with field of fractions K, let L be a finite separable
extension of K and 0 be the integral closure of 0 in L. For any subset X of L
define the complementary set X' as X' = {y E LIT(xy) E 0 for all x EX},
where T is the trace TL / K • Show (i) X' is an o-submodule of L, (ii)
X ~ Y =} X';2 Y', (iii) zX ~ X =} zX ' ~ X', (iv) (zX)' = z-IX'. Deduce
that the complementary set of a fractional ideal is again a fractional ideal, and
if 0 = ora) and f is the minimal polynomial of a over 0, then (0 ,)-1 =
(f'(a», where f' is the usual derivative (here (0,)-1 is called the different).
(Hint. If [L : K) = n, then 1, a, ... , a n - I is an o-basis of 0; if f(x)/(x - a) =
bo + bl X + ... + bn _ I xn - I, use the Lagrange interpolation formula to show that
the b;/f'(a) form a dual basis.)
14. Show that an ideal maximal among the non-finitely generated ideals in a ring is
prime. Deduce 1. S. Cohen's theorem, that if all prime ideals of a ring are finitely
generated, then the ring is Noetherian. Similarly, prove that if all the prime ideals
of a ring are principal, the ring is a principal ideal ring. (Hint. Recall the proof of
Theorem 10.5.4 (d) =} (a).)
15. Prove the identity (a + b + e)(be + ea + ab) = (b + e)(e + a)(a + b) between
ideals in any (commutative) ring. Deduce that R is a Dedekind domain if it is
a Noetherian domain in which every 2-generator ideal =j:. 0 is invertible
(Dedekind).
16. Show that in a UFD an ideal is projective iff it is principal.
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17. Let 0 be a Dedekind domain distinct from its field of fractions K. Show that a
non-zero o-submodule of K is a fractional ideal iff it is finitely generated. Give
an example of a non-zero o-submodule of K which is not a fractional ideal.
18. Show that if 0 is a Dedekind domain and a is an integral ideal of 0, then % is
Artinian.
19. Let 0 be a ring and I: 0---+ M be a homomorphism from an invertible ideal a
into an o-module M. Show that if L ajbj = 1, where aj E a, bj E a -I, then
the map x 1---+ L a;f . bjx is a homomorphism from 0 to M. Deduce that every
divisible module over a Dedekind domain is injective.
20. Show that for a Dedekind domain 0, the monoid of projectives under direct
sums has cancellation and so has a group of fractions Ko(o). Show that Ko(o)
becomes a ring under the tensor product and that Ko(o) ~ Z EB C(o), where
C(o) is the projective class group, i.e. the quotient of Ko(o) by the submonoid
of free modules, with zero multiplication. (Hint. Use (10.6.8) to verify the
isomorphism. )
21. Let R be the function ring over k of an algebraic set X. Show that the functions
which vanish at a given point p of X form a prime ideal I' in R, and that Rp (the
'local ring at p') may be interpreted as the ring of functions defined at p.
22. A mapping I: X ---+ Y between algebraic sets X, Y is called regular if for any
polynomial function p on Y, the map x 1---+ p(xf) is a polynomial function on
X. Verify that the correspondence which assigns to each algebraic set its function
ring is a contravariant functor from algebraic sets and regular mappings to kalgebras and homomorphisms. Show that injective homomorphisms correspond
to regular mappings with dense image (in the sense of the Zariski topology).
Verify that the projection of the hyperbola xy = 1 on the x-axis has a dense
image but is not surjective.
23. Let R be a ring and 5 be a multiplicative subset. For any R-module M show that
I' 1---+ I's defines an injection from the subset of Ass(M) consisting of primes
disjoint from 5 to Ass(Ms). Show that moreover, this is a bijection when R is
Noetherian.
24. Show that Ass(M) ~ Supp(M) for any module M. Further show that if R is
Noetherian, then Ass(M) and Supp(M) have the same minimal members.
25. Let Ass(M) = 5' US", where 5' n 5" = 0. Show that the family ff of submodules M' such that Ass(M') ~ 5' is inductive. Verify that for a maximal
M' in ff, Ass(M/M') ~ 5". Deduce that Ass(M') = 5', Ass(M/M') = 5".
26. Let II, ... ,1m be polynomials in x\, ... Xn over an algebraically closed field K.
Show that the equations 1\ = . . . = 1m = 0 may have no solution in any extension field of K, but when they do, they already have a solution in K.
27. Show that if a is any ideal in k[x\, . . . , xn ], where k is an algebraically closed
field, then 0= n{mlm maximal ideal and m;2 a}. (Geometrically this states
that an algebraic variety is the union of its points.)

Infinite Field Extensions

Chapter 7 was almost entirely devoted to field extensions of finite degree and concentrated on Galois theory. However, even an introductory account should make
some mention of infinite field extensions, and we shall discuss them in the present
chapter, including transcendental extensions (Section 11.3) and infinite Galois
theory (Section 11.8). The notion of algebraic dependence has similarities to linear
dependence, which are described in abstract form in Section 11.1 and applied in
Section 11.2. In addition there are concise accounts of topics that are useful in commutative ring theory and algebraic geometry, besides being of independent interest:
separability (Sections 11.4 and ll.S), the interactions of two or more subfields
(Sections 11.6 and 11.7), applications of Galois theory (Section 11.9) and abelian
extensions of finite exponent (Section 11.1 0).

11.1 Abstract Dependence Relations
The notion of algebraic dependence is similar to that oflinear dependence in a vector
space, but there is not the same intuitive picture. For this reason it is advisable to
begin by presenting an account of abstract dependence relations; this concept also
occurs elsewhere, e.g. in some geometrical constructions, and in this section we
shall derive their general properties.
Let S be a set; by a dependence relation on S we understand a rule which associates
with each finite subset X of S certain elements of S, said to be dependent on X, and
subject to the following conditions:
D.O If X = {Xl, ... ,xnL then each Xi is dependent on X.
D.1 (Transitivity) If z is dependent on Y and each member ofY is dependent on X, then
z is dependent on X.
D.2 (Exchange property) If y is dependent on {Xi> ... , xnL but not on {X2, ... , xnL
then Xl is dependent on {y, X2, ... , xn}.
We note that by D.O and D.1, if Y is dependent on X' and X'S; X, then
dependent on X.
The notion of dependence can be extended to infinite sets by saying that
dependent on an infinite subset X of S if there is a finite subset X' of X such
y is dependent on X'. Then it is easily seen that if the exchange property
397
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holds for finite subsets, it also holds for infinite subsets. Similarly D.O and D.I hold
for arbitrary subsets.
As an example let us consider linear dependence in a vector space over a field or,
more generally, in a module M over a ring R. Given a left R-module M and a subset X
of M, an element y of M is said to be linearly dependent on X if

y

= L CiXi

for some

Ci

E R, where Xi EX.

(11.1.1)

The element y is said to satisfy a non-trivial relation with the elements of X if

by +

L aiXi = 0 for some ai, b E R, b i= 0,

where Xi EX.

(11.1.2)

It is clear that (11.1.1) implies (11.1.2) (with b = 1, ai = -Ci). Conversely, if (11.1.2)
holds with an invertible element b, then (11.1.1) follows by taking Ci = -b - I ai. This
shows in particular that (11.1.1) and (11.1.2) are equivalent for vector spaces over a
field.
Now D.O-D.2 are easily verified for linear dependence as defined by (11.1.1) or
(11.1.2) over a field. We prove D.2 as an example. If y is dependent on x[, ... , Xn
then we have a relation (11.1.2), and if y is not dependent on X2, ••• , Xn then al
cannot be zero, so (11.1.2) shows XI to be dependent on y, X2, ••• , X n •
For modules over a ring, (11.1.1) and (11.1.2) are no longer equivalent. The relation (11.1.1) always satisfies D.O and D.I but not always D.2. For example, in Z2 (as
Z-module) (2,2) depends on (1,0) and (0,1) but not on (0,1) alone, yet (1,0) does
not depend on (2,2) and (0,1), i.e. there is no relation (1,0) = m(2, 2) + nCO, 1),
m, n E Z. Similarly the relation (11.1.2) satisfies D.O and D.2 but not necessarily
D.I (see Exercise 2).
Given a dependence relation on a set 5, we define for each X S; S the span of X as
the set (X) of all elements of 5 dependent on X; we also say that (X) is spanned by X.
From D.O we see that(X) 2 X and D.I shows that every element dependent on (X)
itself belongs to (X).
A family X = {xiii E I} of elements of 5 is said to be independent if no Xi is dependent on {xjlj i= i}; otherwise X is called dependent. Clearly an independent family
consists of distinct elements. Moreover, being independent is a property of finite
character, for a family is dependent whenever this is true of some finite subfamily.
An independent family which spans 5 is called a basis of S. This of course generalizes
the usual definition of a basis for a vector space; as in that case, we can recognize
bases in the following way:

Proposition 11.1.1. Let S be a set with a dependence relation. Then for any subset X of
5 the following conditions are equivalent:
(a) X is a maximal independent subset of 5,
(b) X is a minimal spanning set,
(c) X is a basis of S.

Proof. (a) {} (c). Let X be a maximal independent subset of 5; we have to show that
every element of 5 is dependent on X. Given YES, if Y E X, then y is dependent on X
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by 0.0, and if Y ¢ X, then X U {y} is dependent, by maximality, so some element is
dependent on the rest, say x E X is dependent on X' U {y}, where X' = X\{x}. Since
X is independent, x is not dependent on X', hence by 0.2, Y is dependent on
X' U {x} = X, and this shows that X spans 5. Conversely, if X is a basis, it is independent, but every element not in X is dependent on X, so X is maximal independent.
(b) <=} (c). Let X be a minimal spanning set; we have to show that X is independent. If X were dependent, say x E X is dependent on the rest of X, then we could
omit x from X and still have a spanning set, by 0.1. This contradicts the minimality,
hence X is a basis. Conversely, if X is a basis, it is independent, so no element is
dependent on the rest, and hence X is a minimal spanning set.
•
It is instructive to go through this proof in a particular case, and the reader is
advised to do this, say for vector spaces over a skew field, taking first the case
where the basis is finite and then the general case.
Our main aim will be to show that every set with a dependence relation has a basis,
and that any two bases of a given set have the same number of elements. This will
again show that a vector space, even infinite-dimensional, has a basis, and a uniquely
defined dimension. We first obtain an important consequence of 0.2.

Lemma 11.1.2 (Exchange lemma). Let 5 be a set with a dependence relation. If X is an

independent subset and Y is a spanning set of 5, then we can complete X to a basis of 5
by elements from Y, i.e. there is a subset Y' ofY such that X nY' = 0 and XU Y' is a
basis of 5. Moreover, if Y is finite, then X is finite and
IX U Y'I ::: IYI·

(11.1.3)

Proof. Consider the collection f of all independent subsets Z of 5 such that
X~ZUY.

(11.1.4)

Since independence is a property of finite character, f is inductive, and so by Zorn's
lemma f has a maximal member B, i.e. a maximal independent set B such that
X ~ B ~ XU Y. This shows that B consists of X together with some elements of
Y, thus B = X U Y'; by omitting from Y' elements that are also in X we ensure
that X nY' = 0. Now every element of Y depends on B, by maximality, hence
(B) 2 (Y) = 5, therefore B is a basis, as claimed.
Assume now that Y is finite. We shall show that starting from any finite subset X'
of X we can obtain a basis by adjoining at most IYI - IX'I elements of Y. This will
show that IX'I ::: IYI and for X' = X we reach the desired conclusion (11.1.3). We
shall use induction on IX'I; when IX'I = 0, we can by the first part choose a
subset of Y which is a basis. Now suppose that IX'I = r > 0 and that we have
a basis Br- l = {Xl, ... ,Xr-l, Yr, ... ,Yn}, where Xi EX', Yj E Y. With another element Xr of X' we form the spanning set Br- l U {xr} which contains the independent
subset {Xl, ... , x r}. By the first part it contains a basis Br including Xl, ... ,X" but
Br cannot include all of y" ... ,Yn because the family {Xl, ... , Xr, Yr, ... ,Yn} is
dependent eXr is dependent on the rest); hence Br has the required form and it
contains at most n elements. By induction we obtain a basis of at most IYI elements,
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consisting of X' together with some elements of Y. In particular, IX'I ::: IYI and since
X' was any finite subset of X, it follows that X is finite and if the basis is X U Y', then
IX U Y'I ::: In
•
By the last part, the number of elements in an independent family is bounded by
the number of elements in a finite spanning set. In particular, given two bases B, e, if
B is finite, then lei::: IBI and so by symmetry, IBI = Ic!. Thus we have
Corollary 11.1.3. Let S be a set with a dependence relation. If S has a finite spanning

set e, then any independent family has at most IC! members and any two bases have
the same number of elements.
•
Our next task is to show that any two bases, finite or not, have the same cardinal.
For the case of infinite bases this is true in a rather wider context, which we shall now
explain, as it is sometimes useful.
Suppose that instead of a dependence relation we have a relation satisfying only
D.O and D.I (not necessarily D.2); let us call this a spanning relation. We can as
before define the span of a subset X as the set (X) of all elements dependent on X.
If we examine the proof of Proposition 11.1.1 we find that for a spanning relation
(c) {} (b) ~ (a), but a maximal independent set need no longer be a basis. In fact
the term 'basis' in this context tends to mislead and we shall only speak of minimal
spanning sets. The example of the rational numbers Q (as Z-module) shows that
minimal spanning sets need not exist. But when they do, we have the following
relation, generalizing the situation for modules (see Proposition 4.6.4).
Proposition 11.1.4. Let S be a set with a spanning relation and suppose that S has
a minimal spanning set X. If X is infinite, of cardinal ex, then any spanning set of S
has at least ex elements. In particular, S has no finite spanning set and any two minimal
spanning sets of S have the same cardinal.

Proof. This is similar to the module case and again uses the relation ~o{3
= {3 for infinite cardinals (Proposition 1.2.7). Let Y be any spanning set of S, of cardinal {3. Each
yE Y is dependent on X and hence is dependent on a finite subset Xy of X. We claim
that
(11.1.5)

For the span of the right-hand side contains each y E Y and so must be S. Thus UXy
is a subset of X spanning S, and (11.1.5) follows by the minimality of X. If Y were
finite, then (11.1.5) would express X as a finite union of finite sets, but this contradicts the fact that X is infinite. We thus have

Hence ex ::: {3; if Y is also minimal, we can interchange the roles of X and Y and so
conclude that ex = {3.
•
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This result applies in particular to modules, since as we observed earlier, the relation 'y lies in the submodule generated by X' is a spanning relation. We thus obtain
Proposition 4.6.4 as a special case.
Applying Proposition 11.1.4 to the case of dependence relations, we obtain
Theorem 11.1.5. Let S be any set with a dependence relation. Then S has a basis; more
precisely, if X is an independent subset and Y is a spanning set of S such that X ~ Y,
then there is a basis B such that
X
~B

~

Y,

(11.1.6)

and any two bases have the same cardinal.
Proof. Let X, Y be as stated; then X U Y = Y and by Lemma 11.1.2 there exists a basis
B satisfying (11.1.6). In particular, taking X = 0, Y = S, we see that there always is a
basis. The last part follows by Corollary 11.1.3 and Proposition 11.1.4.
•
As a consequence we see that every vector space has a basis and that any two bases
have the same cardinal. For example, R considered as a Q-module has a basis, but the
proof (involving Zorn's lemma) is non-constructive, and no explicit construction of
such a basis is known. Any Q-basis of R is called a Hamel basis of the real numbers.
Occasionally we shall have to deal with a relation satisfying D.O and D.2 but only
a weakened form of D.l obtained by assuming Y independent. Thus our relation
satisfies
D.l' If z is dependent on the independent set Y and each element ofY is dependent on
X, the z is dependent on X.
We still find that bases are just maximal independent sets, for the proof (a) {} (c)
of Proposition 11.1.1 did not use D.l, and maximal independent sets always exist, by
Zorn's lemma, so every independent subset is contained in a basis. Now the proof of
Lemma 11.1.2, in the case where X, Yare finite bases, uses D.l only in the weaker
form D.l', so we still have the following conclusion:
Corollary 11.1.6. Let S be a set with a relation satisfying D.O, D.l' and D.2. Then any
independent subset is contained in a basis, and if S has a finite basis, then any two bases
have the same cardinal.
•
The axiomatic study of dependence relations turns out to have connexions with
many other fields such as graph theory, combinatorial theory, block designs etc.
See Welsh (1976), White (1986).

Exercises
1. In a set with a dependence relation prove the exchange property for infinite subsets: if y is dependent on X U {z} but not on X, then z is dependent on X U {y}.
2. Verify that the relation defined by (11.1.2) over a commutative integral domain
satisfies D.O-D.2. Give an example of a commutative ring with zerodivisors for
which D.l fails.
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3. Check that in the proof of Proposition 11.1.1, (c) => (a), (b) only uses D.O; (a) =>
(c) only uses D.O and D.2; and (b) => (c) only uses D.O and D.l. Give examples
to show that the axioms listed here cannot be omitted.
4. Let S be a set with a dependence relation and for each subset X write reX) for the
cardinal of a basis of (X). Show that (i) r(0) = 0; (ii) reX) ::: reX U {y}) :::
reX) + 1; (iii) if reX) = reX U {y}) = reX U {z}), then reX U {y, z}) = reX).
Show that any function reX) on the subsets of a set S with integer values, satisfying (i)-(iii) leads to a dependence relation on S.
5. Show that for any n :::: 1 there is a minimal spanning set for Z (as Z-module) of
n elements.
6. How many dependence relations are there on a set of 3 elements?
7. Two dependence relations on a set S are called equivalent if we can pass from one
to the other by a permutation of S. Show that there are 3 equivalence classes of
dependence relations on a set of 3 elements. How many classes are there on a
4-element set?
8. Show that any dependence relation on a set S is determined by the collection of
bases of S.
9. Show that any dependence relation on a set S is determined by the collection of
all minimal dependent subsets.
10. Show that every additive mapping of R into itself is Q-linear, but not necessarily
R-linear. (Hint. Use a Hamel basis.)

11.2 Algebraic Dependence
There is a notion of algebraic dependence that is entirely analogous to the notion of
linear dependence. Like the latter, it satisfies axioms D.O--D.2 for an abstract dependence relation, so we shall be able to use the consequences proved in Section 11.1.
Given any field extension Elk, let u\, ... , Urn, vEE; we shall say that v is algebraically dependent on u\, ... , Urn over k if v is algebraic over the field k( u\, ... , urn). This
just means that v satisfies an equation with coefficients in k(u\, . .. , urn); on multiplying by a common denominator, we obtain an equation for v:
(11.2.1)

where ai E k[u\, ... , urn] and ao =I- O. It is easily seen that this dependence relation
satisfies rules D.O--D.2 of Section 11.1:
D.O Each Ui is algebraically dependent on U\, ... , Urn .
D.I If w is algebraically dependent on v\, ... , Vn and each Vi is algebraically dependent
on U\, ... , Urn then w is algebraically dependent on U\, ... , Urn.
D.2 If v is algebraically dependent on u\, ... , Urn but not on uz, ... , Urn then U\ is
algebraically dependent on v, uz, .. . , Urn.
D.O holds trivially. To prove D.I, we are given that Vi is algebraic over
k(ui> ... , urn); hence in the tower
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each extension is of finite degree; moreover, w is algebraic over k( VI •• •• • vn ) and a
fortiori also over k(ul • . .. • Urn. VI ••••• vn). By the product formula for the degrees,
k(uI •...• Urn. VI ••••• V n• w) is of finite degree over k(uI •...• urn), and this shows w
to be algebraically dependent on UI •...• Urn.
Finally, to prove 0.2, we have by hypothesis a relation (11.2.1), i.e. a linear dependence over k between the power products in UI •.. . • Urn. v. Let us arrange the lefthand side as a polynomial in UI:
(11.2.2)
where bi E k[U2 • ...• Urn. vJ. By hypothesis, ao =I- 0 in (11.2.1); if boo bl • •• • , br - I all
vanish, then (11.2.2) reduces to br = 0, a polynomial relation between U2 • .. . , Urn, V
and since this is obtained by rearranging (11.2.1), it would show that V is algebraically dependent on U2, ... , Urn' against the hypothesis. Hence bo, ... , br - I do not all
vanish and now (11.2.2) shows that UI is algebraically dependent on U2, ... , Urn, v.
Thus algebraic dependence is a dependence relation in the sense of Section 11.1
and we can use the concepts introduced there, and the facts proved about them.
From the definitions given there we see that a subset X of E is algebraically
independent over k if no element of X is algebraically dependent on the rest.
If X = {XI, ... , xn}, this means that the power products X~l ... x~n
are linearly
independent over k, but the definition applies even if X is infinite. A subset B of E
which is algebraically independent and such that every element of E is algebraically
dependent on B over k is called a transcendence basis of E over k. From Lemma 11.1.2,
Corollary 11.1.3 and Proposition 11.1.4 we now obtain
Theorem 11.2.1. Given any field extension Elk, any algebraically independent subset of
E can be completed to a transcendence basis of Elk and any two such bases have the same
number of elements.
•

The number of elements in a transcendence basis of Elk is called the transcendence
degree or dimension of Elk and is written tr.deg(Elk). An extension of transcendence
degree zero is called algebraic. Thus an extension Elk is algebraic precisely if every
element of E is algebraic over k. As we saw in Corollary 7.1.5, it is enough to
assume that E has a generating set of algebraic elements, for Elk to be algebraic.
We remark that a field extension Elk which is finitely generated, by XI,"" Xn say,
is of finite degree over k iff each Xi is algebraic over k, but in general an extension
may well be algebraic and yet of infinite degree over k. For example, the algebraic
closure of a field is always algebraic but not generally of finite degree.
The transcendence degree of a repeated extension is given by the following
formula:
Proposition 11.2.2. For any fields k S; E S; F we have

tr.deg(F/k)

= tr.deg(F/E) + tr.deg(E/k).

(11.2.3)
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Proof. Let X be a transcendence basis for Elk and Ybe one for FIE. Then no element
of Y is in E, but every element of X is, hence X n Y = 0 and to establish (11.2.3) it
will be enough to show that XU Y is a transcendence basis for Flk. Any element z of F
is algebraic over E(Y); by writing down an equation for z we see that z is algebraically
dependent on a finite set over k, say Ul, •.. , u r , Yl, . . . ,Ys' where Ui E E, Yj E Y.
Each Ui is algebraically dependent on X over k, hence (by transitivity) z itself is
algebraically dependent on X U Y over k. Secondly we must show that X U Y is
algebraically independent. Suppose not; then there is a non-trivial polynomial
relation
f(xl,'"

,Xr,Yl,'"

,yJ = 0,

Xi E X,Yj E

Y,

(11.2.4)

with coefficients in k, i.e. the power products in the Xi, Yj are linearly dependent over
k. Here some Yi must occur because X is algebraically independent over k. Since
Xi E E, (11.2.4) is an algebraic relation between the Yi over E; but Y was algebraically
independent over E, so if we rewrite (11.2.4) as a polynomial in the Yi, all the
coefficients vanish. But these coefficients are polynomials in the Xi, so we obtain
an algebraic relation between the Xi, which is a contradiction. Thus X U Y is
algebraically independent over k, hence it is a transcendence basis for Flk and
(11.2.3) follows.
•
In particular, for algebraic extensions this shows the truth of
Corollary 11.2.3. An algebraic extension of an algebraic extension is again algebraic. •

A field extension is called transcendental if it is not algebraic; thus a transcendental
field extension is one of positive transcendence degree. An extension Elk is said to be
purely transcendental if there is an algebraically independent subset X of E such that
E = k(X). Such a purely transcendental extension of k is determined up to isomorphism by its transcendence degree: given any cardinal ex, take a set X of cardinal
ex, construct the polynomial ring k[X] in the indeterminates X over k and form its
field of fractions k(X) . This field, consisting of all rational functions in the indeterminates X over k, is a purely transcendental extension of tr.deg.ex over k, and it is
clearly the only one, up to isomorphism.
If E = k(Xl, ... , x r ) is a purely transcendental extension of k, then any permutation of Xl, ... ,Xr defines a k-automorphism of E; thus any permutation group
of the Xi acts in a natural way as a group of k-automorphisms of E. It is an old
problem (known as E. Noether's problem) whether the fixed field under a given permutation group is a purely transcendental extension of k. This was answered negatively by Richard G. Swan [1969] for n = 47 and a cyclic transitive group. More
general results have been obtained by V. E. Voskresenskii [1973] and H. W. Lenstra
[1974]. The latter gives a complete solution of Noether's problem for abelian transitive groups in a most readable account which also includes a survey of earlier
results.
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Exercises
1. Show that the fixed field in k(xJ, ... ,xn ) under the group of all permutations of

the Xi is a purely transcendental extension of k, of transcendence degree n.
2. Show that the extension of C defined by x, y subject to x 2 + T = 1 is purely transcendental, but for the equation x 3 + y3 = 1 it is not. (Hint. Write x = f /h,
y = g/h and examine the degrees off, g, h. Try differentiating.)
3. Let E be the extension of R defined by x, y subject to x2 + T + 1 = O. Show that
any element of E\R is transcendental over R and deduce that EIR is not purely
transcendental.
4. Show that tr .deg( C/Q) = c, where c = 2~o.
Deduce that the automorphism group
of C has order 2'.
5. Show that a field extension Elk is algebraic iff every subalgebra of E over k is a
subfield.
6. Let Flk be any finitely generated field extension and k ~ E ~ F. Show that E is
finitely generated over k.
7. Let k be any field and E = k( (x)) be the field of formal Laurent series L~N
avxv
in an indeterminate x. Show that E has k(x) as a subfield and that E is not
algebraic over k(x), even though it contains elements that are algebraic over k(x).

11.3 Simple Transcendental Extensions
We have seen that a purely transcendental extension of a field k, of finite transcendence degree d, is just the field k(xJ, ... ,Xd) of all rational functions in d independent indeterminates. The general study of such fields raises some difficult questions,
but in the case d = 1 the situation is rather better. We then have a field of rational
functions in one variable k(x), also called a simple transcendental extension, and we
shall now examine this case.
Let E = k(x) be a simple transcendental extension; its elements are rational functions in x over k, and so may be written

f(x)

u

= g(x) ,

where f, g

E

k[x], (f, g) = 1 and g is monic.

(11.3.1)

The degree of u is defined as deg u = max {degf, deg g}. It is positive unless u is
constant, i.e. u E k, and although the representation (11.3.1) depends on the choice
of the generator x, the degree of u is independent of this choice, by the next result.
Given any field extension Elk, we shall say that k is relatively algebraically closed in E
if every element of E\k is transcendental over k; in other words, any element of E
algebraic over k already lies in k.
Proposition 11.3.1. Let k(x) be a simple transcendental extension ofk. Then k is rela-

tively algebraically closed in k(x), and for any u E k(x)\k the degree of u is given by
deg u = [k(x) : k(u)).

(11.3.2)
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Proof. If u is given by (11.3.1), x satisfies the equation in the indeterminate X:

f(X) - ug(X)

= o.

(11.3.3)

Let bi be a non-zero coefficient in g(X) and ai be the corresponding coefficient in
f(X); then the corresponding coefficient in (11.3.3) is ai - Ubi. This is non-zero,
for otherwise u = a;/b i E k against the hypothesis. Thus not all the coefficients of
(11.3.3) vanish, and it follows that x is algebraic over k(u). If u were algebraic
over k, then x would also be algebraic over k, which is clearly not the case; hence
u is transcendental over k.
The left-hand side of (11.3.3), as a polynomial in X, is irreducible over k(u), for
if it could be factorized over k(u)[X], then by Theorem 7.7.2 it can be factorized
over k[u, X]. Since it is linear in u, one factor must be independent of u and the
other linear in u, but this is impossible, because f, g are coprime. So (11.3.3) is
an irreducible polynomial for x over k(u). It has degree deg u and so (11.3.2)
follows.
•
The case n = 1 is of particular importance; it applies iff u generates k(x), so we
obtain
Corollary 11.3.2. Let u be an element of a simple transcendental extension k(x) of k.

Then k(u) = k(x) if and only if
ax+b
u = --,
cx+d

where a, b, c, d

E

k and ad - be =f.

o.

Proof. By Theorem 11.3.2, k(u) = k(x) iff deg u = 1, i.e. f and g are linear; now the
condition ad =f. be just ensures that u ¢ k.
•

This result makes it easy to determine the automorphisms of k(x) over k. Any such
automorphism must map x to a generator, and conversely, any mapping from x to a
generator determines a unique automorphism. Thus we have
Proposition 11.3.3. The group of automorphisms of a simple transcendental extension

k(x)/k is the group PGL2 (k) of projective linear transformations
x

ax+b
cx+d'

1-+ - -

where a, b, c, d E k and ad - be .../.
r

o.

•

(11.3.4)

We observe that PGL2 (k) is the quotient of the general linear group GL 2 (k) by its
centre; each matrix A in GL2 (k) defines a transformation (11.3.4), which is the identity precisely when A lies in the centre, i.e. A = AI for some A E P. Thus the constants in (11.3.4) are determined up to a constant multiple; this means that we can
normalize our transformations, at least in the case k = C, by requiring that
ad-bc=1.
Proposition 11.3.1 has an important generalization:
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Theorem 11.3.4 (Uiroth's theorem). Let k(x) be a simple transcendental extension of

a field k. Then every field E such that k c E S; k( x) is of the form E = k( u), where U is
transcendental over k.
Proof. Since E:J k, there exists U E E\k; in Proposition 11.3.1 we saw that x is
algebraic over k(u), hence x is algebraic over E. Let the minimal polynomial for x
over E be

(/I(X)

= Xn + u\Xn- 1 + ... + Un,

where

Uj E

E.

Here the Uj are rational functions of x and on multiplying by a lowest common
denominator we obtain a polynomial
<t>(X, x) = va(x)X n + VI (x)X n-

1

+ ... + vn(x),

(11.3.5)

in which the coefficients Vj are polynomials in x without a common (non-constant)
factor, i.e. <t> is primitive, as a polynomial in X. Since x is transcendental over k, the
Uj = vi/va are not all in k; we pick Uj f/. k, so that m = deg Uj > O. By Proposition
11.3.1, x has degree mover k(uj), while its degree over E is n, thus

m

= [k(x)

: k(u)]

= [k(x)

: E][E : k(uj)]

= n[E: k(uj)]'

and it follows that

[E: k(uj)]

= min.

Now the proof will be complete if we can show that m
(11.3.6). Let us write Uj in lowest terms as

(11.3.6)

= n, for then E = k(uj), by

f(x)

Uj

= g(x)'

(11.3.7)

where f, g are coprime and g is monic, while m = max {deg f, deg g}, by the definition of m. The polynomial [(X) - Ujg(X) does not vanish identically, but has x as
a zero, and so is divisible by (/I(X). If we replace Uj by its value from (11.3.7) and
multiply up by g, we obtain by (11.3.5),

f(X)g(x) - g(X)f(x)

= Q(X, x) <t>(X, x),

(11.3.8)

where Q is a polynomial in X and by the primitivity of <t>, also one in x. The left-hand
side of (11.3.8) has degree m in x, and on the right <t> has degree at least m in x.
Hence Q must be independent of x; if Q has positive degree in X, it has a zero a
in an algebraic extension of k. Thus f(a)g(x) - g(a)f(x) = 0, and f(a), g(a) =I- 0,
because f, g are coprime, so

f(a) f(x)
-----u·
g(a) - g(x) - J'
hence Uj is algebraic over k, which is a contradiction. This shows Q to be independent
of X as well. Now the left-hand side of (11.3.8) has degree m in X, while the righthand side has degree n in X, by (11.3.5). Hence m = n and so E = k(uj), as
claimed.
•
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For fields in two variables k(x, y) the analogue need not hold, though it does hold
when k is algebraically closed (Theorem of Castelnuovo-Zariski). However, for more
than two variables the result fails even over algebraically closed fields (see Deligne
[1973]).
Let us return to the subject of Proposition 11.3.3. By Galois theory, any finite subgroup of PGL2 (k) corresponds to a subfield F of k(x) such that [k(x) : F} is finite.
In the special case k = C any such subfields may be determined as follows. *
By stereographic projection the unit-sphere in real 3-space R3 corresponds to the
complex line, i.e. the real plane, with the North pole corresponding to the point at
infinity. Any rotation in R3 corresponds to a fractional linear transformation (of the
type (11.3.4)) of the complex line with two fixed points, corresponding to the axis of
rotation. Taking the fixed points to be 0, 00, we obtain the form
Xl

= KX,

where IKI

= 1,

(11.3.9)

for our transformation; this is known as an elliptic transformation of the line. In the
form (11.3.4) (with ad - bc = 1) an elliptic transformation is characterized by the
condition that a + d is real and la + dl < 2; for this is an invariant condition
which just ensures that IKI = 1 in (11.3.9). Conversely, an elliptic transformation
corresponds to a rotation, as we see by transforming the fixed points to 0, 00, respectively. Now any transformation (11.3.4) of finite order is elliptic. To see this we
observe that the fixed points of (11.3.4) are given by

If An = I, then the minimal equation of A has distinct roots, so A is similar to a
diagonal matrix, which gives the fixed points 0, 00 on the line. Moreover, the
roots are roots of 1, reciprocal and so conjugate over R, hence a + d is real and

la+dl

< 2.

Thus it follows that any finite subgroup of PGL2 ( C) corresponds to a finite group
of rotations in R3. These groups are well known; they are the cyclic and dihedral
groups, and the tetrahedral, octahedral and icosahedral groups. The latter three
groups are isomorphic to Alt4, Sym4 and Alts respectively; thus the only non-abelian
simple group that occurs is the alternating group of degree 5 (for more details, see
Klein (1884); Weber (1894)).
By contrast, there are many different finite extensions of k(x); they form the field
of study of the theory of algebraic functions of one variable, of importance in function theory, as well as algebraic geometry (see Chevalley (1951); Cohn (1991)) .

• The remarks that follow assume some acquaintance with the rudiments of complex function theory; they
will not be used later in this work.
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Exercises
1. Show that if cp, 0/ are any rational functions of degrees m, n (as defined after
(11.3.1)), then cp(o/(x)) is of degree mn.

2. Show that any simple subextension of a purely transcendental extension is purely
transcendental.
3. Let k(x)lk be a simple transcendental extension. Show that for any n 2: 1 there
exists an extension E of k(x) of degree n, such that E is again simple transcendental over k. Use this result to prove the existence of an infinite algebraic extension F of k(x) such that any finitely generated subextension of F is simple
transcendental over k.
4. Show that ex : x 1-+ X-I and f3 : x 1-+ 1 - x generate an automorphism group
r 9;! Sym3 of k(x) and that the fixed field is k((r - x + 1)3/r (X - 1)2).
5. Let k be a finite field of q elements. Show that Gal(k(x)/k) has order q3 - q and
find the exact fixed field.
6. Let k be a field and x be an indeterminate. Show that a k-subalgebra R of k[x) is of
the form k[y) or k iff R is integrally closed. (Hint. Use Wroth's theorem to show
that R has a field of fractions of the form key) (or k if R = k) and prove that R is
contained in all valuation subrings of key) except at most one. Now use the
characterization of integrally closed rings in Theorem 9.4.4.)
7. (E. Noether) Show that a subfield E of k(x) has a generator in k[x) iff
En k[x) ::J k. (Hint. Use Exercise 6.)

11.4 Separable and p-radical Extensions
Separable extensions were defined in Section 7.4; we shall now take a closer look at
the inseparable case, bearing in mind that it only arises in prime characteristic. Over
a field of characteristic 0 every extension is separable.
We have seen in Theorem 7.5.4 that finite separable extensions may be characterized as finite extensions Elk possessing exactly [E: k) k-homomorphisms into a
normal closure of Elk. Here we may instead of a normal closure take an algebraic
closure of E, for the latter contains a normal closure.
Let us define, for any finite extension Elk, the separable degree [E: kl s as the
number of k-homomorphisms of E into an algebraic closure of E. Then we have,
by Theorem 7.5.4,
[E: kl s S [E: kJ,

with equality holding precisely when Elk is separable. Our first observation is that the
separable degree is again multiplicative:
Proposition 11.4.1. Let k be a field and F

[F : k)s
whenever either side is finite.

2 E 2 k be algebraic extensions. Then

= [F : EUE : kl s,

(11.4.1)
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Proof. Let Fa be an algebraic closure of F; since FIE is algebraic, Fa is also an algebraic
closure of E. If s = [F : E]s, we have s E-homomorphisms of F into Fa; it follows that
any isomorphism f{J : E -+ E' can be extended in just s ways to a homomorphism of
F into an algebraic closure of E', for if we use f{J to identify E with E', the problem is
reduced to extending the identity mapping on E, i.e. to finding E-homomorphisms
of F, and we saw that there are just s such extensions. We now apply this argument to
a k-homomorphism 1fr of E into Fa. There are [E : kJ, = r such mappings, and each
can be extended in s ways, giving rs k-homomorphisms of F into Fa. But every
k-homomorphism of F into Fa can be obtained in this way; thus there are just rs of
them and so (11.4.1) follows whenever either side is finite.
•
In contrast to the separable extensions we now consider the p-radical or purely
inseparable extensions, defined as algebraic extensions Elk of prime characteristic
p, such that there is only one k-homomorphism of E into an algebraic closure of
E. In particular this means that each element a of E has only one conjugate over
k, for if a had a conjugate a' #- a, then the k-isomorphism k(a) ~ k(a') in which
a maps to a' could be extended to a k-homomorphism different from 1 on E,
which contradicts the hypothesis.
Let Elk be any p-radical extension, where E :J k. This means that p = char k is a
prime and the minimal polynomial f of any a E E has only one zero. If its degree
is n = mq, where q = pr and m is prime to p, let us write a q = a. The minimal polynomial for a is f = (x - at = (x q - a)m = xmq - max(m - i)q + ... ; it follows that
a E k and so m = 1 and the minimal polynomial for a is of the form

f = (x -

a)q

= xq -

a,

where a q = a E k and q = pro

(11.4.2)

An element a of E is said to be p-radical or purely inseparable over k if a q E k, where
q = pr (p = char k). Here the least value of r is sometimes called the height of a. By
(11.4.2) every element of a p-radical extension is p-radical; the converse also holds, in
a slightly sharper form:
Proposition 11.4.2. An extension Elk is p-radical if and only if it is generated by

p-radical elements.

Proof. We have seen that a p-radical extension consists entirely of p-radical elements.
Conversely, assume that E is generated over k by a set X of elements that are p-radical
over k. In any k-homomorphism of E, any x E X must map to a root of the minimal
equation of x and hence remains fixed. Therefore E = k(X) has only one k-homo•
morphism into an algebraic closure of E, so Elk is p-radical, as claimed.
Our next task is to see how a general algebraic extension is built up from separable
and p-radical extensions. We shall need:
Lemma 11.4.3. Let a be algebraic over a field k, where char k = p. Then for some
q = pr, a q is separable over k.
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Proof. We shall use induction on the degree of a over k. Let f be the minimal
polynomial of a over k. If f has distinct zeros, it is separable and the result follows.
Otherwise f has a repeated zero and so is not prime to its derivative f'. Since f is
irreducible over k, this means that flf', and by comparing degrees we see that this
can happen only when f' = O. If f = L a;x;, this means that ia; = 0; hence a; = 0
unless pli and so f(x) = g(x P) for some polynomial g of lower degree than f Now
a P is a zero of g, hence by induction on the degree of f, for some power q of p,
(aP)q = apq is separable over k, as claimed.
•
Let Elk be an algebraic extension. Then the elements of E that are separable over k
form a subfield, by Theorem 7.5.4, which will be denoted by ks and called the separable closure of kin E. We note that E is p-radical over ks, for if a E E, then for some
q = pr, a q is separable over k, by Lemma 11.4.3, and so a q lies in ks. Thus we have
[E: ksJs = 1; now if Elk is finite, then [E: kJs = [E: ksJJks : kls by (11.4.1), and of
course [ks : kJs = [ks : kJ, hence
(11.4.3)

[ks : kJ = [E : kJs'

We shall define the degree of inseparability or simply the inseparable degree of Elk as
(11.4.4)

[E : kl; = [E : ksJ.

Like the total and the separable degree it is again multiplicative. This is clear from the
definition, which may be written
(11.4.5)

[E: kJ = [E : kJJE : kl;.

We remark that [E: kJ; must be a power of p, if finite, since it is the degree of the
p-radical extension Elk. The situation may be summed up as follows:
Theorem 11.4.4. Every algebraic extension Elk, where char k = P is prime, may be
obtained by taking a separable algebraic extension followed by a p-radical extension:
k ~ ks ~ E. Moreover, when Elk is finite, then

[E : kJs

= [ks : kJ,

[E : kl;

= [E : ksJ.

•

(11.4.6)

The set of all p-radical elements of an algebraic extension Elk also forms a subfield kp
say, called the perfect closure of k in E. For if a, {3 E k, say a P' , {3P' E k and r ::::: s say,
then (a - {3)P' = a P' - {3P' E k and of course (a{3)P' = a P' {3P' E k. Strictly speaking,
kp should be described as the relative perfect closure of k in E, to distinguish it from
the following absolute notion.
~
Let k be any field of prime characteristic p. A perfect closure of k is a field k containing k as a subfield such that k is perfect and klk is p-radical.
Proposition 11.4.5. Every field k of prime characteristic p has a perfect closure, unique
up to isomorphism.
Proof. We define k as the relative perfect closure of k in its algebraic closure. Every
element of k is p-radical over k, hence klk is p-radical, and k is perfect because every
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of k has a p-th root in the algebraic closure of k, and so this root also lies in
k. The uniqueness is clear: if E, F are two perfect closures of k and a E E, then a q E k
for some q = pT and there is a unique element a' E F such that a'q = a q. The
correspondence a '""""* a' is a homomorphism, for if fJ '""""* fJ', then for a high
enough power q = pT we have a q, fJ q E k and so (a + fJ)q = a q + fJ q = a'q + fJ'q

= (a' + fJ,)q, therefore a + fJ '""""* a' + fJ' and similarly afJ '""""* a' fJ'. Clearly it is
bijective and preserves 1, so it is an isomorphism and E ~ F.
•

This result may also be proved directly, without recourse to the algebraic closure
of k (see Ex!!rcise 3). The relation of the perfect closure to its relative version should
be clear: if k denotes the perfect closure of a field k and E is an extension field of k,
then the relative perfect closl}re of k in E is the largest subfield of E which is
k-isomorphic to a sub field of k .
Let Elk be an algebraic extension. We have in E the separable closure ks and the
perfect closure kp of k. As we saw in Theorem 11.4.4, E/ks is then p-radical, so E
can be obtained by a separable extension followed by a p-radical extension. However,
E/kp need not be separable, so the order of the extensions cannot in general be
reversed (see Exercise 4). In the special case where it can, we have a more precise
description of the extension. First we prove an auxiliary result. We write
P = {x"lx E E} for any n E N.
Lemma 11.4.6. Let Elk be a finite separable extension of characteristic p and let
·Then u q1 , ... , urnq IS. again
. a b·fi
Ul, ... ,Urn be a baSls.
aSIS, or any q -_ T
p , r >1
_ .
Proof. Since E ;:2 Eqk ;:2 k, it follows that E is p-radical as well as separable over Eqk,
hence E = Eqk. Hence
u:J, again spans E over k and so is a basis.
•

ui, ... ,

We can now achieve our aim, to prove that a p-radical extension followed by a
separable extension always decomposes as a tensor product.
Theorem 11.4.7. Given extensions k s;:: E s;:: F, where Elk is p-radical and FIE is

separable, we have
0l.4.7)

where ks is the separable closure of k in F.
Proof. In proving 01.4.7) we may assume Flk to be finite; for when that case has
been proved, the general case follows because the algebraic extensions Flk, Elk can
be written as ascending unions of their finite subextensions, and tensor products
preserve ascending unions.
Further, if we can find a k-basis for ks which is also an E-basis for F, then the
natural homomorphism E ®k ks """"* F is injective, by the independence property of
the tensor product. Now the image Eks in F is a k-algebra, finite-dimensional over
k and without zero divisors, and therefore is a field. Moreover, FIE is separable
and F /ks is p-radical, so F is both separable and p-radical over Eks and therefore
F = Eks. So it only remains to find a k-basis of ks which is an E-basis for F.
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Let U\, ... , Urn be any k-basis of ks; then U\, ... , Urn span F over E, by what we have
seen, and we claim that they are linearly independent over E. Suppose that
L ajUj = (aj E E). Since Elk is p-radical, a; E k for some q = pT, so L a;u; = 0,
but the
are linearly independent over k, by Lemma 11.4.6, hence
= 0, so
aj = 0 and this proves that the Uj are linearly independent over E.
•

°

u;

a;

It is clear that in Theorem 11.4.7, E is just the perfect closure of k in F. The result
can be applied to describe the structure of normal extensions. We recall from Section
7.2 that an extension Elk is called normal (or sometimes quasi-Galois) if it is algebraic
and every irreducible polynomial over k which has a zero in E splits completely over
E. We shall need a generalization of a property of normal extensions, proved in
Corollary 7.2.5, to the infinite case.
Proposition 11.4.S. Let n/k be a normal extension. Then any two isomorphic subextensions are conjugate, i.e. any isomorphism <P: E -+ F of subextensions can be
extended to a k-automorphism of n.

Proof. Consider the family of all k-homomorphisms <P).. : E).. -+ n, where E).. ;2 E and
<p)..IE = <po These homomorphisms can be partially ordered by writing (<p).., E)..) .:::
(<pI" EJ1,) if E).. ~ EJ1, and <pJ1,IE).. = <p)... This family is clearly inductive; by Zorn's
lemma there is a maximal element <Po: Eo -+ n, and we claim that Eo = n.
If Eo =1= n, take a E n\Eo, let f be the minimal polynomial of a over Eo and g its
minimal polynomial over k. Then g<po = g and so both f,f <Po divide g. Since f has
the zero a in n, hence so does f<po. We can therefore extend <Po to Eo(a) by mapping
a to a zero off<Po. This contradicts the maximality of <Po, hence Eo = n and <Po is the
desired automorphism of n over k.
•
This result can be used to characterize normal extensions:
Corollary 11.4.9. An algebraic extension Elk is normal if and only if every

k-automorphism of any field

n containing E maps E into itself

Proof. The condition is necessary because when Elk is normal, then every element
of E satisfies an irreducible equation over k whose roots are permuted by any
k-automorphism of n. Conversely, when it holds, let fbe any irreducible polynomial
over k which has a zero a in E. Take a normal extension nlk containing Elk such that
f splits completely in n (e.g. a normal closure of the splitting field off over E). If f3 is
any zero of fin n, then a H f3 under an isomorphism k(a) ~ k(f3), hence a and f3
are conjugate in n, by Proposition 11.4.8, and so f3 E E. Thus f splits completely over
E and this shows Elk to be normal.
•
We now come to the structure theorem for normal extensions. For simplicity we
shall limit ourselves to the finite case; the general case is quite analogous but requires
some ideas from Section U.8 below.
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Theorem 11.4.10. Let Elk be a finite normal extension and denote by ks the separable
closure and by kp the perfect closure of k in E. Then ks is a Galois extension of k and
we have

Proof. Any k-automorphism of an extension of E maps E into itself, hence it maps ks
into itself. Therefore kslk is normal, and being also separable it is Galois (Proposition
7.6.1). Now the fixed field under all automorphisms is kp, so Ejkp is Galois and the
result follows from Theorem 11.4.7.
•

Exercises
1. Show that a finite extension Elk of characteristic p is separable iff E = EPk.
2. Show that for a given extension Elk, the perfect closure of k in E need not be
perfect. Under what conditions on E is the perfect closure of every subfield
perfect?
3. Let k be a field of prime characteristic p. Show that there is a tower of fields
k = ko S; kJ S; ... , such that the p-th power mapping x 1-+ x P induces an
isomorphism kr -+ kr-l> and that the union Ukr is the perfect closure of k.
4. Let p be an odd prime and k = Fp(s, t), where s, t are indeterminates. Show that if
a is a root of the equation
K-P

+ 2sxP + t = 0,

then the perfect closure of k in k(a) is k itself, but that k(a)/k is not separable
(such extensions are sometimes called exceptional).
5. Let Qlk be a normal extension and E, F be any subfields of Q that are conjugate.
Show that any normal extension of k containing E also contains F.
6. Show that if Flk is generated by finitely many algebraic elements, all but at
most one separable over k, then Flk is simple. (Hint. Use Steinitz' criterion,
Theorem 7.9.3.)
7. For a finite p-radical extension Flk define the height as the least exponent r such
that FP' S; k. Show that for any finite extension Flk there exists a p-radical extension E of k, of the same height as F over k" such that Flk is contained in ks ®k E.

11.5 Derivations
It is well known and easily checked that a polynomial fhas no repeated factor iff it is

prime to f', its formal derivative. From this fact it is not hard to derive a criterion for
the separability of simple extensions in terms of derivations, and it is reasonable to
expect that derivations can also be used to study more general extensions. In a ring R
generated by a set X, any derivation is uniquely determined by its values on X, but
usually not every map of X into R can be extended to a derivation. We shall return to
this topic in FA Chapter 2, but in this section one of our main tasks will be to find
conditions for this to be possible, for certain field extensions.

11.5 Derivations
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The derivations used here are always (1,I)-derivations, in the terminology of
Section 6.2, i.e. they are mappings a 1-+ da satisfying

d(ab) = da.b + a.db,
besides being additive. We recall that the kernel of a derivation d is a subring, the ring
of constants for d, and a derivation d of a k-algebra is said to be over k if k ~ ker d.
When the derivation is defined on a field, the set of constants actually forms a field.
We begin by noting how a derivation on an integral domain extends to the field of
fractions.
Proposition 11.5.1. Let R be an integral domain with field of fractions K. Then any
derivation d on R can be extended in just one way to a derivation of 1(, again written
d, and given by the formula

d(
Proof. The mapping a 1-+

(~

~)

= da.b b

b2

a.db

(11.5.1)

'

d:) of Rinto ( :
~)

maps each non-zero

element of R to an invertible element and so extends to a unique homomorphism

Gd: ) Gd: r

.

u 1-+ (U

dU). Hence U 1-+ du is a derivation of K, whose precise form (11.5.1)

follow,

,:.Juating

~y

The chain rule, familiar from calculus, can be extended to arbitrary derivations,
where it takes the following form. Let R = K[XI, ... , xnl be a polynomial ring in
n variables over a ring K. We shall write DI or a/axi for the derivation with respect
to XI; this is the derivation over K which maps XI to 1 and the other variables to O.
Since R may be regarded as a polynomial ring in XI over K[X2,"" xnl, this
derivation certainly exists. Now Di = a/aXi (i = 2, ... , n) is defined similarly. Next
consider an arbitrary commutative ring R, generated by n elements aI, ... , an over K.
Any element c of R may be written (possibly in more than one way) as
c = f(al, ... , an), where f is a polynomial with coefficients in K. If d is a derivation
of Rand fd denotes the polynomial obtained from fby applying d to the coefficients,
then the chain rule asserts
n

df(al, ... , an) = fd(al> ... , an)

+ L D;f(al, ... , an)· dai·

(11.5.2)

I

Here D;f is understood to mean formal differentiation with respect to the i-th argument in f For the case when f is a monomial, (11.5.2) follows by induction on the
degree, and the general case follows by linearity. In fact the result holds even for
rational functions, as we see by writing f = g/h and using the formula (1l.5.1),
but we shall not need this fact. We now establish conditions under which a derivation can be extended; the reader should compare this with the parallel discussion in
Section 6.2.
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Theorem 11.5.2. Let E = k(al,"" an) be a finitely generated field extension of k,

denote by a the ideal in k[Xl, ... , xnl of all polynomials f(xl, ... , xn) vanishing for
Xi = ai and let {jA(X)} be a generating set for a. Given any derivation d on k and
any Ul, ... , Un E E, the derivation d can be extended to a derivation d* of E such
that d*ai = ui(i = 1, ... , n) if and only if
(11.5.3)

Moreover, d* is then uniquely determined and is given by
(11.5.4)
Proof. Consider the diagram

k[xl

~

J-L

) k[al

t

) k(a)
/

I
I
I 0'
I

/
/
/
/

/ 0"

i/

(~ ~)

where v is the reduction mod a and JL is the inclusion, while () maps x to ( ai
The subring of

(E
o

E)

generated by these elements over

E

kis comuta~ive

hence this mapping extends to a homomorphism (): f(x)
I~

Ui ).

a~nd

(f(a)

where d' is the unique (v, v)-derivation extending d such that ai
chain rule shows that
I~

d'f(a))
,
o f(a)
Ui. Now the

Hence if an extension d* is to exist, we must have d'f = 0 for all f E a and (11.5.3)
follows. Conversely, when (11.5.3) holds for a generating set {fA} of a, then ker
() 2 a, hence by the factor theorem we obtain a vertical dotted arrow ()', and now
by Proposition 11.5.1 we obtain the arrow ()". This is a homomorphism of the form
()" : c I~

( 0c d*C)
C
' and d* is the required derivation.

•

Consider in particular a simple extension k(ex). If ex is transcendental over k, there
is no condition, so any derivation of k has a unique extension mapping ex to a prescribed element of k(ex). If ex is algebraic over k, let fbe its minimal polynomial; the
condition that there should exist an extension of d mapping ex to U E k(ex) is that
(11.5.5)

417

11.5 Derivations

Now two cases can arise. If a is separable over k, then f'(a) -=J. 0 and we see that d
has an extension iff u = -f'(a) -lfd(a), and with this value the extension is unique.
If a is inseparable, then f'(a) = 0 and (11.5.5) holds precisely when fd(a) = 0, and
u can then be chosen arbitrarily. But fd is a polynomial of lower degree than f, for
the highest coefficient of f is 1 and so maps to O. Hence fd(a) = 0 only when fd
vanishes identically, i.e. when all the coefficients of f are constant. We can sum up
the result as
Theorem 11.5.3. Let k be a field with a derivation d and let a be an element of some

extension field E of k. Then
if a is transcendental over k and u is any element of E, then d extends to a unique
derivation of k(a) into E such that da = u;
(ii) if a is separably algebraic over k with minimal polynomial f, then d extends in just
one way to a derivation of k( a) into E and the value of da then satisfies
(i)

fd(a) + f'(a).da = 0;
(iii) if a is inseparable over k, then d can be extended to k(a) if and only if the minimal

polynomial for a has constant coefficients, and when this is so, there is just one
extension for each value of da, where da can be chosen arbitrarily.
•
By induction we obtain in the special case where k ~

ker d:

Corollary 11.5.4. Let Elk be a finitely generated field extension. Then there is no nonzero derivation of E over k if and only if E is separably algebraic over k.
•

This leads to another useful criterion for separability:
Proposition 11.5.5. Given a finitely generated extension E = k(al, ... ,an) over a field
k, if there are polynomials f, (i = 1, ... ,n) in n variables over k such that
f,(al, ... ,an) = 0 (i = 1, ... , n) and det(af,jooj) -=J. 0, then Elk is separably algebraic.

Proof. By Corollary 11.5.4 we need only show that every derivation of E over k is
zero. Let d be a derivation of Elk; then df,(a) = 0, hence by the chain rule,
Lj DJ;(a). daj = O. Since det(Djf,) -=J. 0 by hypothesis, these equations have only
the zero solution, hence daj = 0 and d must be zero on E.
•

Exercises
1. Let k be a field of odd prime characteristic p. Show that any extension generated
by a, fJ such that a P+ afJ2 = 1, ba 2 + fJP = 1 (a, b E k) is separably algebraic iff
ab -=J. O.
2. Complete the details in the proof of Proposition 11.5.1.
3. Use Proposition 11.5.5 to establish the transitivity of separably algebraic
extensions.
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4. Prove Corollary 11.5.4.
5. Let Elk be a separably algebraic extension. Given an E-space V, show that any
derivation of k into V has a unique extension to a derivation of E into V.
(Hint. Adapt the proof of Theorem 11.5.3 and use induction on the degree.)
6. Let Elk be a finitely generated extension of characteristic p. Show that an element
of E lies in EPk iff it is constant for every derivation of Elk.

11.6 Linearly Disjoint Extensions
Let k be a field and n be any,field extension; in this section we examine the way in
which different extensions of k in n interact. All our extensions will be algebraic and
we may take n to be an algebraic closure of k, but this is not essential.
We recall from Section 5.4 that two sub algebras A, B of n are called linearly
disjoint over k if the mapping

A ®k B -+

n :L

ai ® bi 1-+

L aibi

(11.6.1)

is injective. We shall be concerned with conditions for linear disjointness of subalgebras, and in particular, of subextension fields of n/k.
It is clear that if A, B are linearly disjoint and A' ~ A, B' ~ B, then A', B' are again
linearly disjoint. In the opposite direction, A, B are linearly disjoint whenever all
finitely generated subalgebras of A and B are linearly disjoint; this follows because
the condition involves only finite sets of elements. We also note that any subalgebra
of n is an integral domain; if it is algebraic, it must be a field, for then any element a
satisfies an equation

where Cn =f=. 0 if a =f=. 0, and then a-I = -c; I(an - I + cla n - 2 + ... + cn - d.
From the structure of tensor products we obtain the following equivalent conditions for linear disjointness:
Proposition 11.6.1. For any k-algebras A and B in

n the following conditions are

equivalent:
A, B are linearly disjoint over k;
any k-basis of A remains linearly independent over B;
any k-basis of B remains linearly independent over A;
if(ui) is a k-basis for A and (Vj) is a k-basis for B, then the products UiVj are linearly
independent over k;
(e) if K, L are the subfields of n generated by A, B respectively, then K, L are linearly
disjoint over k.

(a)
(b)
(c)
(d)

Proof. The equivalence of (a)-(d) is an immediate consequence of the independence
property of the tensor product (Proposition 4.8.6). (e) =? (a) is clear, and to prove
(a) =? (e), let ai E K, bi E B be such that L aibi = o. Write ai = a;!s, where a;,
sEA; then L a;bi = L (aibi)s = 0, so if A, B are linearly disjoint, it follows that
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I: a; ® bi = 0, hence I: ai ® bi = O. Thus if A, B are linearly disjoint, then so are
K, B, and by another application, so are K and L.
•
As an example, suppose that Klk is p-radical and Uk is separable, then
{I: aibilai E K, bi E L} is separable over K, and as we shall see in Proposition
11.6.3, K and L are linearly disjoint over k (see also Further Exercise 12).
We record the following transitivity property:

KL =

Proposition 11.6.2. Let k ~ K, k ~ E ~ F be extension fields of k. Then K and Fare
linearly disjoint over k if and only if K and E are linearly disjoint over k and KE and F
are linearly disjoint over E.
Proof. We have the evident relation

Thus the mapping
(11.6.2)
can be carried out in two stages, first mapping K ®k E to n, and then KE ®E F to n,
and here it is immaterial, by Proposition 11.6.1, whether we take ICE to be the subfield or the subalgebra generated by K and E. Thus the mapping (11.6.2) is injective
iff the latter two mappings are, and this proves the assertion.
•

Proposition 11.6.3. Given subfields K, L of n, if Klk is p-radical and Uk is separable,
then K, L are linearly disjoint over k and L is the separable closure of k in KL.
Proof. Put E = KLj since Uk is separable, so is ElK, and the result will follow from
Theorem 11.4.7 if we can show that L is the separable closure of k in E. If this
separable closure is denoted by ks, then clearly L ~ ks and we have to prove equality.
Thus, given a E ks , we must show that a E L, and here we may assume K, L to
be finitely generated, and hence finite over k. Any k-basis of L spans E over K,
and its elements are separable over K, hence [E: K]s :::: [L : k]s. Now [E: k]s =
[E : K]s[K : kls = [E : Kls :::: [L: k]s :::: [E: LUL : k]s = [E : k]s' hence equality
holds throughout, and [E : L]s = 1, so L has no separable extension in E. It follows
that any a E ks lies in L, as claimed.
•
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Let K, L be two algebraic subextensions of Q'/k; to find out whether K, L are linearly disjoint, we consider the natural mapping
(11.6.3)

If the tensor product on the left is a field, then the kernel must be trivial and so K, L
are then linearly disjoint. Conversely, when K, L are linearly disjoint, then K ®k L
can be embedded in n by (11.6.3). As a subalgebra of n generated by algebraic
elements it is algebraic and hence a field. Thus we have
Proposition 11.6.4. Two algebraic subextensions K, L of n/k are linearly disjoint if and
only if K ®k L is a field.
•

It is clear that for linearly disjoint extensions K, L of k we must have K n L = k.
In an important case this necessary condition is also sufficient.
Theorem 11.6.5. Let K, L be two subextensions of n/k of which one is normal and one

(possibly the same) is separable. Then K, L are linearly disjoint over k if and only if
KnL=k.
In order to prove this result we restate it in absolute form:
Theorem 11.6.5'. Let K/k, Uk be two extensions of which one is normal and one

(possibly the same) is separable. Then K ® L is a field if and only if K, L have no isomorphic subfields properly containing k.
Proof. Suppose that K, L each have a subfield isomorphic to a proper extension of k.
We may as well take this to be simple, say k(a), where a is algebraic of degree n > l.
Let

+ CIXn- 1 + ... + Cn = 0 (co = 1)
be the minimal equation of a over k, so L Cia n - i = o. Consider the product
coxn

(~

I:

Cia" - i - j

®aj-

1)

(a

® 1 - 1 ® a).

(11.6.4)

.=0 }=l

The coefficient of Ci is

Hence (11.6.4) becomes

This shows that K ® L has zerodivisors, so it cannot be a field.
To prove the converse it will be enough to show that under the given conditions
K ® L has no zerodivisors, and for this we may take K, L to be finitely generated and
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hence finite over k. Suppose first that K/k is both separable and normal, hence Galois,
and so simple, say K = k(a), where a has the minimal polynomialfover k. Over L
we have a factorization

f = PI ... pr, Pi irreducible over L,

(11.6.5)

and K ® L is a field iff r = 1. Assume that K ® L is not a field; then r > 1 and if LI is
the subfield of L generated by the coefficients of all the pi, then LI #- k. Let us enlarge
L to a minimal splitting field off, this will contain a splitting field Lo off over k and
clearly Lo :2 L I . But K as a Galois extension of k generated by a is also a minimal
splitting field off over k. By uniqueness, K ~ Lo; now LI is a subfield of L and is contained in 10, hence it is isomorphic to a subfield of K. This contradicts the hypothesis
and it shows the condition to be necessary.
There remains the case when one of K, L, say K is normal and L is separable.
Taking K again finite, we have by Theorem 11.4.10,
(11.6.6)
where ks is the separable closure and kp is the perfect closure of k in K. Here ks is
Galois and we have

Under the given hypothesis ks and L have no isomorphic subfield J k, hence ks ® L is
a field, by what has been proved. It is generated by separable elements over k and
hence is a separable extension. Therefore ks ® L ® kp is a field, by Proposition
•
11.6.3, and thus K ® L is a field, as required.
It is now easy to deduce Theorem 11.6.5. If K, L are subfields of n having isomorphic subextensions K I , LI and K is normal, then LI is isomorphic to Kb hence
conjugate to KI in n, by Proposition 11.4.8, and so LI ~ K by the normality of
K. It follows that K n L #- k. Conversely, when K n L #- k, then it is clear that K, L
have isomorphic subextensions J k; now we can apply Theorem 11.6.5' to complete
the proof.
•

Here is an example to show that normality cannot be omitted in Theorem 11.6.5.
Let Elk be an extension of degree n without proper subextensions (e.g. E corresponds
to a maximal subgroup of index n within a Galois extension). Let E' be conjugate to
E within n but distinct from it. Then EnE' = k but [EE' : k] :s n(n - 1), hence E
and E' are not linearly disjoint.
Linear disjointness may be used to study field extensions in prime characteristic P,
and here it is useful to define separability in a wider setting. The remainder of this
section will not be needed in what follows and so may be omitted without loss of
continuity.
We recall that a commutative ring A is said to be reduced if it has no nilpotent
elements #- 0, i.e. if given x E A, xn = 0 for some n > 0 implies x = O. Now a commutative k-algebra A is called separable if A ®k F is reduced for all field extensions F
of k. For example, any purely transcendental extension is separable, because
k(x) ® F = F(x) for an indeterminate x, and similarly for several indeterminates.
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It is clear that a k-algebra is separable iff all its finitely generated subalgebras are
separable. Our first concern is to show that for fields the terminology agrees with
that introduced earlier.
Proposition 11.6.6. An algebraic field extension Elk is separable if and only if E is
separable as a k-algebra.

Proof. By the remark just made we can take Elk to be finitely generated and hence
finite. If Elk is separable as field extension, it is simple (Theorem 7.9.2) and so has the
form E = k(ex), where ex has a minimal polynomialfwith distinct zeros in any field.
Let F be an extension field of k and suppose that f = PI ... Pr is the complete factorization of f over F. Then E ® F ~ Al X . •. x An where Ai ~ F[Xl!(Pi) is a field;
hence E ® F is reduced and so E is separable as k-algebra. On the other hand, if
Elk is not separable as field extension, then ks , the separable closure of k in E is distinct from E. For any ex E E\ks the minimal polynomial f of ex over ks has the form
f = (x - ex)q, where q = pt > 1. Moreover, we have

E ®k E ~ E ®k ks ®k, E,
and ex q E ks , hence (ex ® 1 - 1 ® ex)q = ex q ® 1 - 1 ® ex q = 0 in (E ® ks ) ® E, while
ex ® 1 - 1 ® ex =f. O. So in this case E is not separable as k-algebra.
•
We observe that in a commutative ring the set S)1 of all nilpotent elements is an
ideal, the nilradical, which may also be expressed as the intersection of all prime
ideals (see Proposition 10.2.9). As a result we have
Theorem 11.6.7. A commutative ring A is reduced if and only if it is a subring of a

direct product of fields. If A is a finite-dimensional k-algebra and is reduced, then it
is a direct product of fields.
Proof. Let A be reduced; by the result quoted, we have np). = 0, where p). ranges
over all prime ideals of A. The quotient algebra Alp). is an integral domain and so
has a field of fractions E).. The natural mappings f). : A -+ E). can be combined to
a homomorphism f : A -+
E). whose kernel is np). = 0, so A has been embedded
in a direct product of fields. The converse is clear.
If A is a finite-dimensional k-algebra which is reduced, then it is Artinian with zero
radical and so can be expressed as a direct product of fields, by Wedderburn's
theorem (Theorem 5.2.4).
•

n

Corollary 11.6.8. If A, B are separable k-algebras, then so is A ®k B.

Proof. We first show that if A is separable and B is reduced, then A ® B is again
reduced. By Theorem 11.6.7 we have an embedding f : B -+
E)., where the E).
are fields; let f). : B -+ E). be the projection on E).. Then 1 ®f). : A ® B -+ A ® E).
is a homomorphism into a reduced k-algebra A ® E).. Combining these mappings
we obtain a mapping qJ: A ® B -+
(A ® E).), which is an embedding in a reduced
k-algebra; its kernel is n(A ® ker f).) = 0, and so A ® B is reduced.

n

n
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Now if A and B are separable, then B ® E is reduced for any field E, hence
A ® B ® E is reduced, by what we have shown, and this means that A ® B is separable, as claimed.
•
In characteristic 0 every field extension is separable, as algebra; this is clear by
writing it as an algebraic extension of a purely transcendental extension. Now let A
be a reduced k-algebra, where k is of characteristic O. Then A ® E is reduced for any
field E, by Corollary 11.6.8, hence we obtain
Corollary 11.6.9. Let k be a field of characteristic O. Then every reduced k-algebra is

separable; in particular every field extension is separable.

•

In testing for separability it is enough to take p-radical field extensions. This is
made precise in
Theorem 11.6.10. Let A be any commutative k-algebra, where k is a field of prime

characteristic p, denote by kp the perfect closure of k and put k1/ p = {x
Then the following conditions are equivalent:
(a)
(b)
(c)
(d)

E

kplxP

E

k}.

A is separable;
A ® kp is reduced;
A ® k1/ p is reduced;
if a family (ai) of elements of A is linearly independent over k, then so is the family
(af)·

Proof. Since kp ;2 kl/P, it follows that (a) :::} (b) :::} (c). To prove that (c) :::} (d), take
any linearly independent family ai E A and assume that L Aiaf = O. In k1/ p there
exists ILi such that ILf = Ai and we have (L ILi ® ai)P = L Aiaf = 0, hence
L ILi ® ai = 0 by Cc), and so ILi = O. It follows that Ai = ILf = 0, i.e. Cd).
(d) :::} (a). Let CUi) be a k-basis of A and suppose that Elk is a field extension. To
prove that A is separable we must show that A ® E is reduced, i.e. x P = 0 implies
x = 0, for any x E A ® E. We can write x = LAi ® Ui (Ai E E), and we have
0= xP =
® uf; by Cd) the uf are linearly independent, so
= 0, hence
Ai = 0 and so x = O. This shows A to be separable.
•

LAf

Af

We can also write down an intrinsic condition for separability. Let E = k(Xl, ... , xn)
be a finitely generated field extension; we shall say that E is separably generated over k
if there is a transcendence basis Ul, ... , Ur such that E is separably algebraic over
k(Ul, ... , ur ). The Ui are then called a separating transcendence basis for Elk. To
find conditions for such a basis to exist we can of course restrict ourselves to
prime characteristic p.
Theorem 11.6.11 (Mac Lane's criterion). Let k ~

E ~ Q, where Q is algebraically
closed, of prime characteristic p and write kp for the perfect closure of k in Q. Then
the following conditions are equivalent:
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(a)
(b)
(c)
(d)

Elk is separable;
E is linearly disjoint from kp over k;
E is linearly disjoint from k l/p over k;
every subfield of E containing k and finitely generated over k is separably generated.

Here (d) is often used as general definition of separable. Condition (c) is sometimes
called 'Mac Lane separable'.
Proof. (a) => (b) => (c) is again clear. To prove (c) => (d), let F = k(XI' ... , xn) ~ E;
then F is linearly disjoint from k l / p because E is. We use induction on n, the case
n = 0 being trivial. Likewise, if the Xi are algebraically independent over k, there is
nothing to prove. Otherwise choose a polynomial of least degree:
(11.6.7)

If f involves XI and not merely as p-th power, i.e. af laxl =1= 0, this is a separable
equation for XI over k(X2' ... ,xn), thus F is separable over k(X2' ... ,xn), the latter
is separably generated over k by induction on n, and now the result follows because
separability is transitive. A similar argument holds if afI aXi =1= 0 for some
i = 2, ... , n. This only leaves the case where f is a polynomial in xf, ... , x~.
Then
we can write f as f = L a),.Mf, where each M),. is a monomial in the Xi and
a),. E k. By the minimality of deg f the monomials M),. are linearly independent
over k, so they are also linearly independent over kl / p , by (c), but we have the relation

where bf = a),.. Hence this must be trivial, i.e. b),. = 0, so a),. = 0 for all A, which is a
contradiction. So this case cannot occur.
(d) => (a). To prove (a) we can limit ourselves to finitely generated subfields,
so let E be separably generated over k, say E is separably algebraic over
k(UI, ... , ur ) = k(u), where the Ui are algebraically independent over k. We claim
that k(u) and kl/p are linearly disjoint over k. For the distinct monomials M),. in
the Ui form a basis for k[ UI, ... , Ur 1 and they are linearly independent over kl/p
because if
(11.6.8)
then

LcfM[=O.
Here the M[ are distinct and hence linearly independent over k, so (11.6.8) must be
trivial. Next E and kl/P(u) are linearly disjoint over k(u), for the first is separable and
the second is p-radical over k(u) (Proposition 11.6.3). Now we can apply Proposition
11.6.2 with k l/p, k(u), E for K, E, F respectively, and conclude that E and k l/p are
linearly disjoint over k; then E ® k l / p is a field and hence by Theorem 11.6.10, E is
separable, so (a) holds.
•
The following immediate consequences are often useful.
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Corollary 11.6.12. Any finitely generated subextension of a separably generated exten~

Corollary 11.6.13 (F. K. Schmidt). If k is perfect, then any finitely generated extension

is separably generated.

•

In conclusion we examine briefly a class of separable extensions which is of importance in algebraic geometry. A field extension Elk is said to be regular if E ® F is an
integral domain for any field extension Flk. It is again easy to check that Elk is
regular iff this is so for any finitely generated subextension. Our object is to give
some alternative characterizations, but to do so we shall need a lemma. We recall
Gauss's lemma (Lemma 7.7.1) which states that for any integral domain A, a
prime element of A remains prime in A[x]. Hence for any UFD A with field of
fractions K, a polynomial f E A[x] is irreducible over A iff it is irreducible over K
and primitive in A[x]; this follows because every factorization over K[x] can be
pulled down to A[x], i.e. A[x] is inert in K[x] (Theorem 7.7.2).
Lemma 11.6.14. Let Elk be a field extension, where k is relatively algebraically closed in
E. If YI, ... ,Yn are indeterminates over E and f is a polynomial in x with coefficients in
k(YI, ... ,Yn) which is irreducible over this field, then it is irreducible over E(YI, ... , Yn).

Proof (H. Flanders) We have to show that f

k(Yh ... ,Yn)[x] is irreducible over
f by a unit of
k(YI, ... ,Yn) so that fbecomes an irreducible element of k[YI, ... ,Yn, x]. We shall
show that f is still irreducible in E[YI, ... , Yn, x]. For convenience we denote x by
Yo and write Y = {Yo, ... ,Yn}' Suppose that f = gh in E[Y]; choose an integer
N > degf and consider the homomorphism cp: E[Y] --+ E[t] defined by
Yi H r'i. We have f'" = g"'h'" and on multiplying g by a unit in E and h by its
inverse, we may assume that the leading coefficients of g'" and h'" lie in k. By
taking a complete factorization of f'" over an algebraic closure of E we see that the
coefficients of g'" and h'" are algebraic over k and lie in E, hence g"', h'" E k[t], by
the hypothesis on k. But cp is injective on polynomials of degree less than N, because
y~o ... Yr." 1--+ t C , where C = Co + CI N + ... + cnNn. It follows that g and h have coefficients in k, so one of g, h must be a unit and we have proved that fis irreducible in
E[Y]. By Gauss's lemma it now follows that f is irreducible in E(YI,"" Yn)[x] . •
E

E(YI,'" ,Yn)' By the remark just made, we may multiply

For any field E let us denote its algebraic closure by Ea. If k S; E, we may clearly
take ka to be a subfield of Ea.
Theorem 11.6.15. For any field extension Elk the following conditions are equivalent:

(a) Elk is regular,
(b) E and ka are linearly disjoint in Ea,
(c) k is relatively algebraically closed in E and E is separable over k.

Proof. (a) => (b). Assume that Elk is regular. Then E ®k ka is an integral domain,
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and hence a field F, say. If Fa is an algebraic closure, then it is clear that E and ka are
linearly disjoint in Fa, and hence also in an algebraic closure of E, so (b) holds.
(b) ::::} (c). When E and ka are linearly disjoint, it is clear that k is relatively
algebraically closed in E, and since ka contains a perfect closure kp of k, Mac Lane's
criterion is satisfied, hence Elk is separable.
(c) ::::} (a). To prove that Elk is regular we may assume that it is finitely generated;
thus we may assume E to be separably generated over k. Our aim is to prove that
E ® F is a domain for any F ;2 k, and here we may also assume Flk to be finitely
generated, with transcendence basis Y say. If we put K = k(Y), then FIK is a finitely
generated algebraic extension, hence finite. Denote by Ks the separable closure of K
in F; then Ks = K[a] for some a E Ks and so Ks = K[xl!(f), where fis the minimal
polynomial for a over K. By Lemma 1l.6.14, f is still irreducible over E(y), so
Ks ®k(Y) E(Y) ~ E(Y)[x]/(f) and this is a field, which may be denoted by E(Y)[a].
Since Elk is separably generated, it follows that E(Y)[a]/k(Y)[a] is again separably
generated. Now F ~ (Ks)p' therefore by Mac Lane's criterion, F ®K, E(Y)[a] is a
domain. But
F ®k E = F ®K, (Ks ®K (K ®k E)) ~

F ®K, (Ks ®K E(Y))

= F ®K, E(Y)[a],

and it follows that F ®k E is a domain. Therefore Elk is regular, as claimed.

•

The reader is advised to draw a diagram.
For an algebraically closed ground field the conclusion can clearly be simplified:
Corollary 11.6.16. If k is algebraically closed, then any extension of k is regular.

•

Comparing Theorem 11.6.11 and Theorem 1l.6.15 we see that whereas separability
of Elk means that E is linearly disjoint from the p-radical elements over k, regularity
means that E is linearly disjoint from all the algebraic elements over k. In particular,
the notion of regularity is not vacuous even in characteristic zero.

Exercises
1. Show that in a finitely generated extension which is separably generated, every
generating set contains a separating transcendence basis.
2. Let K = k(x, y), where x, yare transcendental over k and satisfy x 2 = y3 - l.
Show that if char k = 2, then Klk(y) is not separable, but that Klk(x) is and
hence Klk is separably generated. If char k = 2 and a, fJ are non-squares in k,
show that k(x, y), where ax2 + fJy2 = 1, is not separably generated over k.
3. Let Klk be a function field of one variable, i.e. a finitely generated extension of
transcendence degree l. Show that if k is perfect, then for any x E K transcendental over k there exists y E K such that K = k(x, y). If k is imperfect, say
a 9- kP, where char k = P and K = k(x, y), where xP + yP = a, show there is
no such pair including xP which generates K.
4. Show that a root a of an irreducible equation with insoluble group over Q is
such that an is irrational for all n i- o. With such a and a transcendental element
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u of C put E = Q(u), F

= Q(au). Verify that En F = Q but that E, F are not
Q. (Hint. To show that En F = Q use formal Laurent

linearly disjoint over
series in u.)
5. Two extensions E, F of k, both contained in some field Q, are said to be free over
k if any set of elements of E which is algebraically independent over k is also
algebraically independent over F. Show that if E, F are free over k, then so are

F,E.
6. Show that if E, F are linearly disjoint over k, then they are free over k. Does the
converse hold? (Hint. Any algebraic extensions of k are free over k.)
7. Show that if E, F are free over k and E is separably generated over k, then EF is
separably generated over F.
8. Show that if ElF and Flk are regular, then so is Elk.
9. Let A be an integral domain with field of fractions K and suppose that A has an
irreducible element (i.e. an atom) c such that A/(c) is not reduced. Show that
A[x] has irreducible polynomials which become reducible over K.
10. Let F = Fp ' E = F(co, ... , Cp_l, a), where the Ci and a are indeterminates, and
define k = F(cg, ... ,
I , a), K = k(a, {J), where a is a root of x P = a and {J
P
is a root of x = L g- I cf ai . Show that Klk, Elk are both normal, but K ®k E has
zerodivisors.
11. Show that an extension Elk is separable iff E &h E is reduced.
12. An extension Elk is called self-regular if E ® E is an integral domain. Show that if
Elk is self-regular, then k is relatively algebraically closed in E. (Hint. Look at the
proof of Theorem 11.6.5.)
13. Find an example of a self-regular extension which is not regular.
14. Show that if E, F are free over k, then En F is algebraic over k.
15. Let Q/k be a field extension, E, F be subextensions and X be a transcendence
basis of Elk. Show that E, F are free over k iff k(X) and F are linearly disjoint
over k.

cI-

11.7 Composites of Fields
In the last section we discussed how two extensions of k which are both subfields of a
given field can interact. We now consider the case where there is no common field
containing them and examine what fields can be formed to contain them both.
Given two fields E, F with a common subfield k, we can always find a common
extension field: the tensor product R = E ®k F is a commutative algebra, and if m
is a maximal ideal, then Rim = K is a field with homomorphisms of E and F into
K, given by x 1-+ [x ® 1], Y 1-+ [1 ® y], where x E E, Y E F and [ ] denotes the residue class mod m. Like every homomorphism between fields, these mappings are
embeddings, so E and F have been embedded in K. At this point three questions
arise. Firstly we shall want to know how far K is determined by E and F; secondly
we may ask under what conditions E ® F is itself a field or at least an integral
domain; and thirdly there is the question of the role played by the common subfield k.
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The third point is easily dealt with. If two fields E and F are to be subfields of a
third, they must have the same characteristic, hence their prime subfields are isomorphic and so may be identified. This shows that it represents no loss of generality
to assume that E and F have a common subfield. The second question will be
answered in Proposition 11.7.3 and we now turn to the first question, concerning
the different possible composites; we have to begin by defining this term.
Let E, F be two extension fields of k. By a composite of E and F over k we understand a field extension K/k with k-homomorphisms E --* K, F --* K such that K is
generated (as a field) by the images of E and F. Two composites K and K' are
said to be equivalent over k if there is a k-isomorphism f : K --* K' such that the
diagram below commutes:

F

Our first result gives a survey of the different composites. Given an integral domain
R, we shall write $'(R) for its field offractions.
Theorem 11.7.1. Let k be any field and E, F be two extension fields of k. Then there

exists a composite of E and F over k. Moreover, the equivalence classes of composites
of E and F over k correspond to the different prime ideals in R = E ®k F.
Proof. We have already seen that composites arise as homomorphic images of R by
maximal ideals, which exist by Krull's theorem (Theorem 4.2.6). Now let a composite K of E and F be given, with embeddings ex : E --* K, f3 : F --* K. Then there
is a homomorphism y: R --* K, given by y = ex ® f3. If P = ker y, then Rip is
embedded in K, hence an integral domain, so p is a prime ideal in R, and from
the definition of K we see that K = $'(Rjp). Conversely, every prime ideal p of R
gives rise to a composite $'(Rlp) of E and F in this way. For $'(Rlp) is a field
and we have k-homomorphisms from E and F to $' (Rip) by combining the inclusion
in R with the residue class mapping. Moreover, equivalent composites clearly have
the same kernel and conversely, the kernel determines the composite up to
equivalence.

•

If one of E, F is finite-dimensional over k, the result can still be simplified. We
shall need a lemma on general commutative algebras, which uses the results of
Section 5.3:
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Lemma 11.7.2. Any finite-dimensional non-trivial commutative k-algebra A has only
finitely many prime ideals, all maximal, ml, ... , mr say. The quotients Almi = Ki are

extension fields of k and if sn = min ... n mr is the radical of A, then
Alsn ~ KI x ... x Kr

01.7.1)

Proof. Any finite-dimensional k-algebra which is an integral domain must be a field
(by Proposition 5.5.1), therefore any prime ideal in A is maximal. The radical sn of A
is the intersection of all its maximal ideals and is nilpotent; further, Alsn is semisimple and so is a direct product of a finite number of fields, by Wedderburn's
theorem (Theorem 5.2.4), so we obtain a representation 01.7.1). The homomorphism from A to the right-hand side of 0l.7.1) combined with the projection
on Ki is a homomorphism onto Ki with kernel mi, a maximal ideal, and
sn = ml n ... n mr is the kernel of the homomorphism to the product on the
right of (1 l.7. 1). It remains to show that there are no other prime ideals. Let p be
any prime ideal of A; then Alp is an integral domain, hence a field, and the mapping
A ---+ Alp induces on each Ki either an isomorphism or the zero mapping.

Ki
It must be an isomorphism for at least one i; thus we have the commutative triangle

shown and it follows that the kernels of the residue class mappings agree; hence
p = mi. Thus ml, ... , mr are the only prime ideals of A.
•
If [F: k] < 00, then E ® F is a finite-dimensional E-algebra and we can apply
Lemma 11.7.2 with E for k:
Proposition 11.7.3. Let E, F be fields over k, one of which, say F, is finite-dimensional
over k. Then the number of composites of E and F is finite, say KI , ... , Kr (r ::: 1), and
(E ®k F)/sn ~

KI x ... x Kr,

(11.7.2)

where sn is the radical of E ®k F. In particular, E, F have a single composite precisely if
E ® F has a prime ideal consisting of nilpotent elements.
•
Specializing further, let us take F/k to be a simple extension, say F = k(a), where a
has minimal polynomial f over k. Then F = k[xl!(f), so we have an exact sequence
0---+ (f) ---+ k[x] ---+ F ---+

o.
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Tensoring with E we obtain the exact sequence

0--+ (f) --+ E[xJ --+ E ® F --+ 0,
and so E ® F ~ E[xJ/(f). Let the decomposition of f into irreducible factors over E
... P~';
then the maximal ideals in E ® F are (Pi), i = 1, ... , r, and their
be f = p~l
intersection is 1)1 = (PI .. 'Pr)/(f). In particular, if Flk is separable, then all the a's
are 1 and 1)1 = O. In that case (11.7.2) shows that

[F : kJ

= [E ® F : EJ = I)Ki : EJ.
i

Hence we obtain
Corollary 11.7.4. If Flk is a finite separable field extension, Elk is an arbitrary field
extension and K I , ... ,Kr are the inequivalent composites of E and F over k, then the

Ki correspond to the irreducible factors over E of the minimal polynomial for a generator
of F over k, and
(11.7.3)

moreover, [F: kJ

=L

[Ki : EJ.

Proof. This follows from what has been said, if we remember that any finite separable
field extension is simple (see Section 7.9).
•

Ki

In particular, if = E for all i, then (11.7.3) expresses E ® F as a direct product of
copies of E; we then say that Elk splits F.
When Flk is a Galois extension and E = F, then the minimal polynomial for a generator of F splits into linear factors over F (because Flk is normal); hence we obtain
Corollary 11.7.5. If Flk is a finite Galois extension of degree n, then

F ®k F
~

FI

X .•.

x Fn ,

where Fi
~

F.

•

Exercises
1. Show that if E ®k F is a field, then either E or F must be algebraic over k.
2. Show that two fields can be embedded in the same field iff they have the same
characteristic.
3. Let E, F be finite separable field extensions of k, with generators having minimal
polynomials f, g respectively. Show that f splits into as many irreducible factors
over F as g does over E. Deduce that for any irreducible separable polynomials
f, g over k,f remains irreducible over k[xJ/(g) iff g remains irreducible over
k[xJ/(f). What happens when f, g are no longer separable?
4. Let E = k(a), F = k(fJ), where an = fJn = a E k and n is prime to char k. Show
that an idempotent in E ® F is ~ (1 + A + ... + An-I), where A = a/ fJ.
5. Let Flk be a finite separable field extension of degree > 1, let f be the minimal
polynomial of a generator of F and let E be a minimal splitting field of f over
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k. Suppose further that the Galois group off over k is 2-fold transitive. Show that
E and F have composites that are k-isomorphic as fields, but inequivalent.
6. Let Fik be a finite separable field extension of degree > 1 and suppose that the
minimal polynomial for a generator of F has a 2-fold transitive Galois group.
Show that F ® F is the direct product of F and another field. Illustrate this by
considering x3 - 2 over Q.
7. Show that if Elk is purely inseparable and Fik arbitrary, then E ® F is primary.
Deduce that there is just one composite of E and F over k. If moreover, Flk is
separable, then E, F are linearly disjoint in this composite.

11.8 Infinite Algebraic Extensions
We recall from Section 7.3 that a field K is said to be algebraically closed if every polynomial equation f(x) = 0 over K has a root in K. By the remainder theorem this
amounts to requiring every polynomial (in one variable) of positive degree over K
to have a linear factor, and an induction on the degree shows that then every polynomial in x over K can be written as a product of linear factors. Given a field k, an
algebraic closure ka is a field containing k which is algebraic over k and algebraically
closed. In Section 7.3 we saw that every field has an algebraic closure. Below we shall
give another existence proof. We begin by establishing the uniqueness.
Proposition 11.8.1. Let k be any field. Then any two algebraic closures of k are iso-

morphic.
Proof. Let K, K' be algebraic closures of k and consider the algebra A = K ®k K'.
This is a k-algebra containing K, via the embedding c 1-+ c ® I, and likewise K',
and A is generated by them; hence every element is algebraic over k. Let m be a maximal ideal of A and consider the field L = Aim. The natural homomorphism
K -+ A -+ L is an embedding, because the kernel is a proper ideal of K. Thus L
again contains K and K' and is generated by them and is algebraic over k. Let
c ELand consider its minimal polynomial f over k. By hypothesis f splits into
linear factors over K : f(x) =
(x - Q!j); hence
(c - Q!j) = 0 and since L is a
field, we have c = Q!j for some i. Thus c E K and this shows that K = L. By symmetry
we also have K' = L, so the identity mapping of L is a k-isomorphism between K
and K'.
•

n

n

Next we note a property which will facilitate the existence proof of the algebraic
closure.
Proposition 11.8.2. Let Elk be an algebraic extension. If every polynomial equation
over k has a root in E, then E is an algebraic closure of k.

Proof. We have to show that every polynomial over k splits into linear factors over E,
and here we may clearly limit ourselves to irreducible polynomials. Let f be an
irreducible polynomial over k and denote its minimal splitting field by F. Since
Flk is normal, we can write F = L ®k M, where L is Galois and M is p-radical over k,
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by Theorem 11.4.10. By the theorem of the primitive element (Theorem 7.9.2) Uk
is generated by a single element a, say. The minimal polynomial g of a over k is
irreducible and so has a zero fJ in E; moreover, k(fJ) ~ k(a) = L, so E contains a subfield isomorphic to L. Any element y of Mis p-radical over k, and so is a root of an
equation xq = cover k, where q = pro It follows that there is a unique element y' of
E with the same minimal equation as y, and the correspondence y 1--+ y' is clearly a
homomorphism M --+ E. Thus E contains a subfield isomorphic to M. By Proposition 11.6.3, E contains a subalgebra isomorphic to L ® M ~ F, and it follows that f
splits over E. Now any element algebraic over E is algebraic over k, and so by what
has been proved, belongs to E; hence E is algebraically closed. It is also algebraic over
k and hence is an algebraic closure of k.
•
Theorem 11.8.3 (Steinitz). Let k be any field. Then k has an algebraic closure and any

two algebraic closures are isomorphic over k.
Proof (E. Artin) Let ff be the set of all irreducible polynomials over k of degree at
least two, and let X = {xf}(f E ff) be a family of indeterminates indexed by ff. We
form the polynomial ring R = k[X] in these indeterminates and consider the ideal a
of R generated by the elements f(xf),f E ff. This ideal is proper, for if not, we
would have an equation

(11.8.1)
If we adjoin to k zeros ai, ... , an of fl, ... , fn respectively, we obtain an algebraic
extension k' of k and replacing xfi in (11.8.1) by ai and xf by 0 for f =P 1;, we
obtain the equation 1 = 0 in k', a contradiction. Hence a is proper; it is therefore
contained in a maximal ideal m of R (Theorem 4.2.6). The residue class ring
K = Rim is a field because m was maximal, and the homomorphism
k --+ k[X] --+ K obtained by composing the inclusion with the natural mapping is
an embedding of fields. Now in K every irreducible polynomial over k has a zero,
the zero of f being the image of xf in K. Hence every polynomial over k has a
zero in K; moreover, K is generated by the images of the xf' algebraic over k, and
so K is itself algebraic over k. By Proposition 11.8.2, K is an algebraic closure of k,
and by Proposition 11.8.1 it is unique up to isomorphism.
•
We shall usually denote an algebraic closure of k by ka • Although any two algebraic
closures of k are isomorphic, the isomorphism between them is not generally unique,
for ka usually has many k-automorphisms. To study these automorphisms let us
define an algebraic Galois extension or simply Galois extension as an extension Klk,
where k is the fixed field of a group G of automorphisms of K, acting with finite
orbits. It follows that K/k is algebraic, for if c E K lies in the orbit {cl,"" cr },
then f = TI (x - Ci) is a polynomial over k with c as zero. As in the finite case, an
algebraic extension Klk is said to be separable if every element of K is separable
over k.
Our first task is to extend the characterization of Galois extensions to the infinite
case. We shall again write Gal(Klk) for the group of k-automorphisms of a Galois
extension Klk:
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Theorem 11.8.4. For any algebraic extension Klk the following conditions are

equivalent:
(a) Klk is Galois,
(b) Klk is normal and separable,
(c) K is the minimal splitting field of a family of separable polynomials over k.
Proof. (a) => (b). Letfbe an irreducible monic polynomial with a zero a E K. If the
orbit of a under the group of Klk is {al, ... a r }, we form g = fl (x - ai); now g is
fixed by all k-automorphisms of K and so has coefficients in k, hence fig, but g was
constructed as a factor of f, therefore f = g. This shows that f splits over K and has
distinct zeros, so Klk is normal and separable.
(b) => (c). Let K be generated as k-algebra by a family {a;} of separable algebraic
elements, and denote the minimal polynomial of ai over k by f;. If Klk is normal, f;
splits over K, hence K is the minimal splitting field of the family If;} of separable
polynomials.
(c) => (a). Let G be the group of all k-automorphisms of K and suppose that K
is the minimal splitting field of a family {f;li E I} of separable polynomials. Any
element a of K dearly lies in the minimal splitting field E of some finite subfamily
{fili E I'}. Now Elk is normal and by hypothesis also separable, hence Galois. So if
a fj k, then there exists a E Gal(Ejk) such that a (f i= a. By Proposition 11.4.8, a
can be extended to a k-automorphism a ' of K. It follows that the fixed field of G
is k; moreover, the conjugates of any element satisfy the same equation over k and
•
so are finite in number. Hence G acts with finite orbits and Klk is Galois.
Corollary 11.8.5. Any separable extension Elk is contained in a Galois extension Klk.

Proof. Let E be generated by X = {x;}, take the minimal polynomial f; of Xi over k
and let K be a minimal splitting field of the f; over k. Then K is a field containing
E and K!k is normal and separable, hence Galois, by Theorem 1l.8.4.
•
Let us now investigate how finite Galois theory carries over to the algebraic case.
The results are best stated in topological terms, but only a basic acquaintance with
topological notions will be needed. Given an algebraic Galois extension Klk with
group G, we define for any intermediate field L,

L*

= {a E Glx(f =X for all x E L},

(11.8.2)

and for any subgroup H of G we put
H* = {x

Klx (f = x for all a

E

E

H}.

(11.8.3)

As in the finite case we have a Galois connexion
(11.8.4)
(11.8.5)

L
~

L**,H
~

H**

(I 1.8.6)
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and hence

L*** = L*, H*** = H*.

(11.8.7)

Moreover, K / L is Galois, by Theorem 11.8.4(b), so L* ~ Gal(K/L) and thus L** = L.
However, in contrast to the finite case, H** need not equal H, as we shall soon see.
Let us therefore denote H** by H+ and call it the closure of H in G. If H+ = H, His
said to be closed in G. We can now state the fundamental theorem for algebraic
Galois extensions.
Theorem 11.8.6. Let Klk be an algebraic Galois extension with group G. Then the mappings L 1-+ L*, H 1-+ H* define a Galois connexion between the set of all fields between
k and K and the set of all closed subgroups of G. An extension Uk is normal if and only if
L* is a normal subgroup of G, and when this is so, then Gal(L/k) ~ G/L*.
Every closed subgroup H of finite index in G corresponds to a finite extension L such
that [L : kl = (G : H). Moreover, if ff denotes the set of all closed normal subgroups of
finite index in G, then for any subgroup H of G, its closure is given by

H+=

n

HN.

(11.8.8)

NEfF

Proof. By the definition of closure we see that H** = H for any closed subgroup H
of G. If L is an intermediate field, then L* is a closed subgroup by (11.8.7), and we
have seen that L** = L, so we have a Galois connexion.
For any a E G, (L (1)* = a-I L*a, so Uk is normal (and hence Galois) iff L* <l G.
When this holds, there is a map G -+ Gal(L/k) defined by a H aiL; clearly this
is a homomorphism with kernel L *. As in the proof of Theorem 11.8.4 we see
that this homomorphism is surjective, so we conclude that G/L* ~ Gal(L/k).
Suppose now that Uk is a finite extension, where L S; K. We can find a finite
Galois extension Elk such that L S; E S; K. By the previous result, Gal(E/k) ~ G/E*
and Gal(E/L) ~ L* /E*, so by finite Galois theory, [L: kl = (G/E* : L* /E*) =
(G: L*). Conversely, if H is a closed subgroup of finite index in G, then the co sets
Ha give rise to distinct k-homomorphisms H* -+ K, hence (G: H) ::: [H* : kl s•
Similarly distinct k-homomorphisms H* -+ K give rise to distinct cosets of
H** = H in G, therefore [H* : kl s ::: (G: H**) = (G : H).
Finally, let H be an arbitrary subgroup of G. If NEff, then N is closed of finite
index in G, hence it is open (as the complement of a finite collection of closed subsets) and so HN is also open and hence closed of finite index. Therefore H+ S; HN,
and it follows that H+ S; n HN, where the intersection is taken over all NEff. To
prove equality, suppose that a ¢ H+, i.e. for some ex E H*, ex l1 =j:. ex. Let Elk be a
finite Galois extension such that k(ex) S; E S; K; then E* E ff, but Hand E* fix ex,
hence a ¢ HE* ;2 nHN, and this establishes equality in (11.8.8).
•

We remark that the 'closed' subgroups arise indeed as the closed subgroups of a
certain topology on G in which the group operations are continuous, i.e. we have
a. topological group. This topology, called the profinite or Krull topology, may be
defined by taking as the base for the open sets the collection of all cosets Ha,
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where H E 5', a E G. Since any algebraic extension is the direct limit of its finite
extensions, its Galois group is the inverse limit of a system of finite groups, i.e. a
profinite group. As an example let us show that the topology of a Galois group is
always Hausdorff. This means that distinct points have disjoint neighbourhoods,
and it will follow if we show that n5' = 1. For if a =1= r, then 5' contains H such
that ar- I fj. H, hence Ha n Hr = 0 and we have found disjoint neighbourhoods
for a, r. Now n5' = 1 just expresses the fact that 1 = K* is closed (Theorem 11.8.6).
We also remark that G is compact, as an inverse limit of finite groups. On the
other hand, not every subgroup of finite index need be closed (see Exercise 8).
Any pro finite group of automorphisms of a field gives rise to a Galois group,
under suitable conditions, by the following result.
Proposition 11.8.7. Let K be a field with a profinite group G of automorphisms and
fixed field k. If the stabilizer of any x E K, Sex) = {a E Glx lT = x} is an open subgroup
of G and nS(x) = 1, then G = Gal(Kjk).

finite set of elements al, . .. ,an E K, the subgroup
is again open, hence so is the intersection N of all its
conjugates. The finite group GIN acts faithfully on E = k(ar, ... , a~)
and has fixed
field k. Hence Elk is a finite extension with group GIN. Now K is the union of all
such fields E, and the intersection of all such subgroups N is 1; hence
•
Gal(Kjk) ~ lim+- Gal(Ejk) ~ lim+- GjN ~ G.
Proof.

For

H = S(al)

any

n ... n Sean)

As an illustration of algebraic Galois extensions let us take the field Fp and form its
algebraic closure (Fp)a. We know from Section 7.8 that any finite extension ofFp has
the form Fq, where q = pn for some n::: 1, and this field may be described as the
minimal splitting field of x q - x. Since any algebraic extension is determined by
its finite subextensions, every subextension of (Fp)a is the minimal splitting field
of a family {xP" - xln E I}for some family I of positive integers. From the results
of Section 7.8 it is clear that we do not change the field by assuming I to be
closed under taking factors and LCMs, and we then have a bijection between such
sets of integers and algebraic extensions of Fp. To describe this situation concisely
we introduce the notion of a supernatural number. Let PI, pz, ... be all the prime
numbers in some order. Bya supernatural number (also called Steinitz number) we
understand a formal product
N

= npfi

(ai E No or ai

= 00).

(11.8.9)

When all the ai are finite and almost all are 0, this reduces to an ordinary positive
integer. Given two supernatural numbers, N given by (11.8.9) and P = Opfi, we
write NIP to mean ai :::: f3i for all i. It is easy to see that any supernatural number
is completely determined by its finite divisors. Hence an algebraic extension E of
Fp corresponds to a unique supernatural number N such that E has a finite subfield
of degree n over Fp iff nlN, and in this way the algebraic extensions of Fp are
described by supernatural numbers; conversely, to each supernatural number there
corresponds such an extension.
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Let G = Gal((Fp)a/Fp); to give an example of a non-closed subgroup of G, consider the subgroup H generated by the Frobenius endomorphism x 1--+ x p • Clearly
H* = Fp, hence H** = G; but for any infinite algebraic extension EIFp such that
E -=1= (Fp)a, Theorem 11.8.4 shows that there exists a E G such that a -=1= 1 and a
fixes E. It follows that a ¢ H and so H -=1= G. We note that by Theorem 11.8.6,
H+ = G; this may be expressed by saying that H is dense in G.

Exercises
1. A group is called locally cyclic if every finitely generated subgroup is cyclic.
Show that a locally cyclic torsion group is of the form A = EB Ap, where Ap, the
p-primary component, is either cyclic of order pm (for some m ::: 0) or of type
Z(pOO). Deduce that each locally cyclic torsion group can be described up to
isomorphism by the supernatural number whose factors are the orders of its
cyclic subgroups.
2. Let K be any field. Show that the torsion subgroup of K X is locally cyclic of type
N, where N is divisible by 2 if char K = 0, and N is of the form

N

3.
4.

5.

6.
7.

= lim (pm -

1),

mJM

(where M is supernatural) if char K = P -=1= o. Verify that all supernatural numbers
can occur.
Show that any union of a tower of abelian extensions is abelian.
Let p be a prime and k = ko C k\ C ... be a tower of fields such that kn/k is cyclic
of degree pn. Show that K = U kn is an abelian extension of k and that all finite
quotients of Gal(K/k) have p-power order. Verify that Gal(K/k) = Zp, the
additive group of p-adic integers.
Show that Gal( (Fp)a/Fp) = Z = lim ...... Z/n, and deduce that the dual of this group
is Hom(Z, Q/Z) ~ Q/Z.
Show that Z= lim+-- Z/n is a topological ring and Z~
Zp is a ring homomorphism. Verify that every closed subgroup of Z is an ideal.
Let Elk be a Galois extension with group G. Given u\, ... , U r E E, if

n

L bi(uf -

uf)

= 0,

for fixed bi E E not all 0, a fixed ex E G and all f3 E G, then 1, u\, ... , U r are
linearly dependent over k.
8. Let E be the extension of Q obtained by adjoining all square roots. Show that
G = Gal(E/Q) is a 2-group, uncountable, hence with an uncountable basis, as
vector space over F2 • Thus G has uncountably many subgroups of index 2, but
Q has only countably many quadratic extensions. Deduce that G has non-closed
subgroups of finite index.
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Let E be a field with an automorphism a and let V be a vector space over E. By a
O'-semilinear transformation of V we understand a mapping a" : V -+ V such that

(x

+ y)a" = xa" + ya",
().,x)a"

= ).,"xa",

x, y
).,

E

E

V,

E.

(11.9.1)
(11.9.2)

To give an example, taking k to be a subfield fixed by a, let Vo be a vector space
over k and put V = E ®k Vo. In terms of a basis (Ui) of Vo we can write every element
of V uniquely as x = L !;iUi, where !;i E E. Now the mapping a" defined by
(11.9.3)
is O'-semilinear, as is easily verified. Suppose that Elk is a Galois extension with group
G, and for some k-space Vo the mappings a" for all a E G are defined on
V = E ®k Vo by (11.9.3). Then Vo can be recovered as the set of elements of V
fixed by a" for all a E G; for clearly, by (11.9.3), xa" = x holds iff !;t =!;i and
this holds for all a E G iff !;i E k. This process of passing from V to Vo by means
of the a" is called Galois descent. A vector space V over E which is of the form
V = E ®k Vo for some k-space Vo is called a space with a k-form Vo and any ksubspace fixed by G is said to be k-rational. In such a vector space we always have a
family of semilinear mappings a" defined as in (11.9.3), and moreover, as is easily
seen,
(11.9.4)
Conversely, any such family of mappings on an E-space V defines a k-form on V. For
the proof we recall that if U\, ... , Un is a basis of a finite Galois extension Elk, then
the matrix (un (a E G) is invertible. Given a vector space V over E with a family of
mappings a" (a E G), satisfying (11.9.1), (11.9.2), (11.9.4), this defines an action of
G on V by semilinear transformations, and V will be called a space with a G-action.
The subset fixed by all the a" is called the set fixed by the G-action; it turns out that
this fixed subset is actually a k-form:
Theorem 11.9.1. Let Elk be a finite Galois extension with group G. Given a vector space

V over E with a G-action, denote by Vo the fixed subspace of V. Then Vo is a k-form of
V. Moreover, any subspace W of V admitting the G-action is a direct summand:
V= W$ Wi,

(11.9.5)

with a complement W' also admitting the G-action.
Proof. It is clear that Vo is a k-subspace of V and the mapping

)., ®x 1-+ Ax

( 11.9.6)

of E ® Vo into V is k-linear; we claim that it is an isomorphism. To find its kernel,
take a basis (yJ of E over k. Any element of E ® Vo can be written as LYi ® Xi
(Xi E Vo) and if LYiXi = 0, then LytXi = 0 for all a E G. But these equations
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only have the trivial solution because the matrix is non-singular, by Proposition
7.6.6, so (11.9.6) is injective. Now let f be a linear form on V which vanishes on
Vo and take x E V. For any A E E, UJ.. = L" (h)a" E Vo, hence f(uJ..) = 0, i.e.
LA "f(xa,,) = o. By Dedekind's lemma (Lemma 7.5.1), f(xa,,) = 0 for all cr E G.
Taking cr = 1, we find that f(x) = 0, and so f = o. This shows the mapping
(11.9.6) to be an isomorphism.
Now let Wbe a subspace of V admitting the G-action. By applying the first part of
the proof to W, we see that it has the form W = Wo ® E, where Wo, the subset of W
fixed by G, is a k-form. Now Wo is a k-subspace of Vo, so it has a complement:
Vo = Wo EI1 W~,
and so (11.9.5) follows by tensoring with E.
•
As a consequence there is a useful reduction theorem for families of matrices
indexed by the Galois group, which was proved by Andreas Speiser in 1919.
Theorem 11.9.2. Let Elk be a finite Galois extension with group G. Given a matrix

family U"

E

GLr(E), cr E G, there exists P E GLr(E) such that
(11.9.7)

if and only if
(11.9.8)
Equations (11.9.8) are often called Noether's equations, at least in the scalar case.
Proof. If (11.9.7) holds, then U;Ur = prr(pr)-Iprp-I = U,," so (11.9.8) is necessary. Conversely, assume (11.9.8) and consider the elements of E' as rows, with the
k-form defined by x" = (xf, ... , xn. The mappings
(11.9.9)
form a family of linear mappings satisfying (11.9.1), (11.9.2), (11.9.4), as is easily
verified. Hence the subspace Vo fixed by these mappings is a k-form, by Theorem
11.9.1. Take a basis UI, .•. , U r of Vo; thus each Ui E E'. Let A be the matrix
formed by these rows. Then A = (un is invertible and A aUa = A, because the Ui
are fixed under (11.9.9); now put P = A -I. Then Ua = p"p-I, i.e. (11.9.7).
•
Consider the special case of Theorem 11.9.2 where G is cyclic of order n, with
generator cr. If Ua = C, then by induction on i we have

and so in particular,
I

= Ua " = C u

n- 1

U

... C C.

(11.9.10)

Now Theorem 11.9.2 shows that any matrix Cover E satisfying (11.9.10) has the
form C = pap - I. In (11.9.10) let us take r = 1; then we have an element of norm
1 and Theorem 11.9.2 takes the following form. It was first stated as Theorem 90
of Hilbert's Zahlbericht (1897) and is generally known as 'Hilbert's Theorem 90':
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Corollary 11.9.3. Let Elk be a cyclic Galois extension and a be a generator of the Galois
group. Then any c E E has the form c = a(J a -1 for some a E E if and only if N(c) = l.
Moreover, a is unique up to a factor in k.

Proof. Only the last part still needs proof, and this is clear, because if

a(Ja- l

= b(Jb-I, then (b-la)(J = b-la, hence b-la E k.

•

Corresponding results exist for the action of G on the additive group of E; in order
to prove them we need another result of independent interest, the normal basis
theorem. Given a finite Galois extension Elk, any basis of the form c(J(a E G), consisting of all the conjugates of a single element c of E, is called a normal basis. We
know that the extension Elk is simple, so there exists c E E such that the c(J are all
distinct, but there is nothing so far to tell us when we have a normal basis. In fact
every finite Galois extension has a normal basis. To prove this we begin with a
preparatory result on the algebraic independence of automorphisms.
Let Elk be a finite Galois extension and take any k-basis el, ... , en of E. Any
element a E E has the form L (Xiei, where (Xi E k, and so

a (J = ""'
~(Xie'

(J

where a ranges over G = Gal(Ejk). We know from Proposition 7.6.6 that the matrix
(en is invertible. Conversely, given n elements el, ... , en E E such that (en is
invertible, it follows that el,"" en are linearly independent over k, and hence
form a basis.
Proposition 11.9.4. Let k be an infinite field and Elk be a Galois extension with group
G = {ai, ... , an}. Iff E E[Xl, ... ,xnl satisfies f(u U1 , • • • , u(Jn) = 0 for all u E E, then

f=O.
Proof. Let us take a basis el, ... , en of Elk and define a polynomial g by the equation

Then g(al, ... , an) = 0 for all ai E k, by hypothesis. Since k is infinite, the polynomial g is identically zero. But the matrix (e~j)
is invertible; if its inverse is (Pij)
and Xi = LYie~\
then Yj = LX;Pij and

f(xl,"" xn) = g(Yl, ... , Yn) = 0,
so f vanishes identically.

•

We can now prove
Theorem 11.9.5 (Normal basis theorem). Any finite Galois extension Elk has a

normal basis.
Proof. (i) Assume that k is infinite and let G be the Galois group. We know that a
family of n elements el> ... , en of E is a basis iff the matrix (en (a E G) is invertible,
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hence the sequence (aa) is a normal basis iff (aa,) is an invertible matrix. Let us
put
ar

= ({J(a, r),

(11.9.11)

and consider the following polynomial over k:

f(x a, x', ... ) = det(xCP(a,,»).
We claim that f does not vanish identically. For by (11.9.11) we see that for any
r, ({J(a, r) = ({J(a ' , r) :::} a = a'i thus for fixed r the mapping a 1--+ ({J(a, r) is a permutation of G. Hence each row of the matrix ofthe determinant f(1, 0, ... , 0) has
one non-zero entry, equal to 1, and likewise each column, so f(1, 0, ... , 0) is the
determinant of a permutation matrix, hence equal to ±1. This establishes the
claim that f =f. O. Now

f(x a, x', ... ) = det(xCP(a,,»),
and by Proposition 11.9.4 there exists c E E such that det(cCP(a,r») =f. 0, hence (c a ) is
then a normal basis.
(ii) k is finite. In this case Elk is cyclic, with generator a say. We may regard a as a
linear transformation of E as k-space. Let /L(x) be its minimal polynomial; then deg
/L .::: n = [E : k]. But by Dedekind's lemma, 1, a, ... , a n - 1 are linearly independent
over E, hence also over k, so there exists a E E such that a, aa, ... , aa n - 1 are linearly
•
independent over k, and by counting we see that they form a basis.
We also note the additive analogue. Here the place of the norm is taken by the
trace: T(a) = L aa.
Theorem 11.9.6. Let Elk be a finite Galois extension with group G. Given a family (b a )

of elements of E indexed by G, there exists a E E such that ba = aa - a if and only if
(11.9.12)

Proof. Suppose that ba = aa - a; then b~ + b, = (aa - a)' + a' - a = aa,_
a = baT and so (11.9.12) holds. Conversely, assume (11.9.12); by Dedekind's lemma
there exists c E E such that T( c) =f. O. Put ba = ca - c, d = - T( c) - I, and consider
a = d L bac a. We have

a' - a = d

L (b~ca,

- bac a )

a

a

= -dT(c)b,

= b,.

•
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We note again the case of a cyclic Galois group. If c is such that T(c) = 0, then
(11.9.12) holds for b l = 0, bai = c + ca + ... Ca'-l. Hence we obtain
Corollary 11.9.7. For any cyclic extension Elk with generating automorphism a, an
element bEE has the form b aa - a for some a E E if and only if T(b) O. •

=

=

For example, if Elk is a Galois extension of degree p, where char k = p, this shows
that there exists a E E such that a a = a + 1.
For infinite algebraic Galois extensions similar results may be obtained, using the
topological Galois groups introduced in Section 11.8 (see Serre (1979)).

Exercises
1. Show that Proposition 11.9.4 fails when k is finite.
2. State and prove an analogue of Theorem 11.9.6 for matrices.

11.10 Kummer Extensions
Abelian field extensions are of importance because they include all extensions of
finite fields, and in the case of an algebraic number field K it is possible to classify
the abelian extensions of K by subgroups of K X itself. This is the subject of class
field theory, an extensive theory which is beyond the framework of this book (see
Neukirch (1986)), but the special case of Kummer theory can be described in
elementary terms.
We recall that a group G is said to be of exponent m if xm = 1 for all x E G and m
is the least positive integer with this property. A Galois extension Elk is said to be of
exponent m if its group has exponent dividing m; this then means that am = 1 for all
a E Gal(E/k). By a Kummer extension one understands an abelian extension Elk of
finite exponent m, where k contains exactly m distinct m-th roots of 1. It follows
that such an extension has characteristic prime to m.
Throughout the discussion the ground field k will be fixed, and all extensions lie in
a given algebraic closure ka of k. Moreover, we shall assume that k contains all m-th
roots of 1 :WI = 1, (Uz, ... , Wm say. Then for any a E k, the roots of xm = a are
a = wla, wza, ... ,wma. When a f:: 0, these roots are distinct, and each generates
the same field over k, which we may unambiguously write as k(a l / m ). We shall put

k xm = {cmle

E

kX},

and for any subgroup P of P containing pm we shall write k(pl/m) or Ep for the
subfield of ka generated by all subfields k(e l / m) for c E P. By what has been said,
Ep is determined uniquely as a subfield of k, and it is normal over k, for if c E P,
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then xm - c splits in Ep. Since its zeros are distinct, Ep/k is also separable, and is
therefore a Galois extension. It is in fact a Kummer extension, for it is generated
over k by the elements a such that am E P. If a, rEG = Gal(Ep/k), then
aU = uxx, aT = a/a, hence aUT = a W = {J){J)'a and a um = wma = a, so that
am = 1. This shows that G is abelian of exponent dividing m.
Given any Kummer extension Elk of exponent m, let us write N = {a E Pia = am
for some a E E}. In the particular case where E = Ep , it is easily verified that P ~ N;
below, in Theorem 11.10.1, we shall see that equality holds here. Let us put
G = Gal(E/k); then there is a natural homomorphism N -+ G= Hom(G, P)
defined as follows. Given a E N, choose a E E such that am = a; then for any
a E G we have aU = wua, where w':) = 1. Thus the mapping

fa : a 1-+ Wu

= aU a-I

(11.10.1)

is a homomorphism G -+ P, because aUT = (wua)T = wuwTa. Moreover, Wu
depends only on a and a, not on a; if a' is another root of xm = a, then a' = Aa,
where Am = 1, and so A E k, hence a'u = Aa U = wuAa = wua'. Thus fa E G; moreover, the mapping a 1-+ fa is a homomorphism, for if am = a, 13m = b, then
(af3)m = ab and (af3)u(af3)-l = a Ua- 1f3uf3-1, so fab = Iafb. This may be summed
up by saying that the mapping G x P -+ k X given by
(11.10.2)
is bimultiplicative, i.e. multiplicative in each argument. This mapping (11.1 0.2) can
be used to give the following description of Kummer extensions.
Theorem 11.10.1. Let k be a field containing m distinct m-th roots of 1 (and hence of
characteristic prime to mY, let P be a subgroup of P including pm and write
Ep = k(p 1/m). Then Ep/k is a Kummer extension of exponent m and ifGal(Ep/k) = G,

we have an exact sequence
(11.10.3)

where f is the mapping a H fa defined by (11.1 0.1). The extension Ep / k is finite if and
only if the group P /pm is finite, and when this is so, then

IGI

= [Ep : k] = (P : kxm).

(11.10.4)

Moreover, every Kummer extension of exponent m is of this form, so that P 1-+ Ep is a
bijection.
Proof. We have already seen that Ep/k is a Kummer extension of exponent m, and it
is clear that N defined before satisfies N;2 P. Consider the mapping (11.10.2); if we
think of G and P as being written additively, this is a bilinear mapping and it therefore defines a duality. The kernel in G is 1, for if (a, a) = 1 for all a E P, then a fixes
Ep and so a = 1. The kernel in E is pm, for if (a, a) = 1 for all a, then a = a1/ m
satisfies aU = a for all a and so a E k, i.e. a E pm. It follows that the groups
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Gwhenever either side is

Pjpm and G are dual to each other, in particular, Pjpm ~
finite, and then

(1 LlO.5)
where the last equality follows by Galois theory and the second by duality theory.
We remark that Pjpm ~ Geven in the infinite case, provided that G is correctly
interpreted, see Exercise 5 below.
Now consider the homomorphismf : N --* Gdefined by (1 LlO.1). If X E G, then
since Xa E k, we have

Xar

= XaXr = X~r,

hence X satisfies Noether's equations and so by Corollary 11.9.3, Xa = aaa- I for
some a E Ep • Sincex;;' = 1, it follows that (am)a = am, i.e. am E k, so fis surjective.
The kernel consists of all a E N such that aa = a for a = al / m and all a E G, i.e.
a E pm. This establishes the exact sequence (11.10.3), with N in place of P. It follows
that

and for finite extensions this together with (11.10.5) shows that N = P. In general Ep
is the union of its subextensions Ep ' for pi such that (Pi: pm) is finite, and from
this the equality N = P follows in the general case. Finally, if Elk is a Kummer
extension of exponent m and N is defined as before, then it is clear that
EN = k(NI/m) = E, so the correspondence P 1--* Ep is indeed a bijection.
•
In a field of characteristic p =1= 0 there is an analogous theory for extensions of
exponent pn. For the case n > 1 this requires Witt vectors, and the description
would take us too far afield, but we shall briefly outline the case n = 1.
Let Elk be a cyclic extension of degree p, where char k = p. The element 1 E k
satisfies T( 1) = p. 1 = 0, hence by Corollary 11.9.7 there exists y E E such that
ya _ y = 1, where a is a generator of Gal(Elk). Thus we have ya = y + 1, so the
conjugates of yare y, y + 1, ... , y + p - 1 and the minimal equation for y is

n
p

xP - x - c = 0,

where c =

(y

+ i).

(1 LlO.6)

i=1

This is to be regarded as the analogue of the binomial equation in characteristic p.
We shall write fJx = xl' - x; then (11.10.6) may be written fJX = c and a root of
this equation will be denoted by fJ - 1c. Let P be the subgroup of the additive
group k+ containing fJk = {fJala E k} and put Ep = k(fJ - 1P), the field obtained
by adjoining all the elements fJ-1a, a E P, to k. Writing G = Gal(Epjk), we have
a mapping G x P --* Fp such that
a, a 1--* [a, a}

= aP -

a,

where fJa

= a.

(1 LlO.7)

It is easily verified that this mapping is multiplicative in the first and additive in the
second argument. Moreover, its kernel in Gis 1 and in P it is fJk. We thus obtain the
following analogue of Theorem 11.1 0.1:
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=I 0 and a subgroup P of k+ containing f)Jk, define Ep = k(f)J-t P). Then Ep/k is an abelian extension of exponent p,
and if G = Gal(Ep/k), we have an exact sequence
Theorem 11.10.2. Given a field k of characteristic p

(11.10.8)

where g is the mapping a 1-+ ga and ga : a 1-+ [a, a). The extension Ep/k is finite if and
only if the group P/ f)Jk is finite, and when this is so, then

IGI = [Ep : k] = (P : f)Jk).
Moreover, every abelian extension of k of exponent p is of this form.
Proof. This is exactly analogous to that of Theorem 11.10.1, using Corollary 11.9.7
instead of Corollary 11.9.3.
•

Extensions Elk of the form described in Theorem 11.10.2 are sometimes called
Artin-Schreier extensions.

Exercises
In Exercises 1-3 k is any field containing a primitive m-th root of 1.
1. Show that when xm - a and xm - b are irreducible, they have the same minimal
splitting field over k iff bar E pm for some r prime to m.
2. Show that the finite Kummer extensions of exponent m are just the minimal splitting fields of (x m - at) ... (x m - ar ). What are the degrees of these extensions?
3. Show that any field k as above is contained in a unique maximal Kummer extension K of exponent m, of degree (P : pm). Deduce that Q has infinitely many
non-isomorphic quadratic extensions.
4. Let char k = P =I O. Show that x P - x = a is a normal equation over k, for any
a E k.
5. Let Ep/k be an infinite Kummer extension of exponent m. Show that every homomorphism from p/pm into the group Um(k) of m-th roots of 1 in k is realized by
the form (11.10.2), for a suitable element a of G = Gal(Ep/k), while a homomorphism a of G into Um(k) is realized by (11.10.2), for some a E k iff a is
continuous, as a homomorphism of G (with the Krull topology) into Um(k)
with the discrete topology.
6. Let Ep/k be an infinite Artin-Schreier extension of exponent p. Show that every
homomorphism from P to Fp is realized by the form (11.10.7) for a suitable
element a of G = Gal(Ep/k); and a homomorphism a of G into Fp is realized
by the form (11.10.7) for some a E k iff a is continuous.
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Further Exercises for Chapter 11
1. Let 5 be a set with a dependence relation. A subset of 5 is said to be closed if it
contains all the elements dependent on it. Show that the intersection of any
family of closed sets is closed. Find conditions on a dependence relation
under which the union of any two closed sets is closed.
2. Let 5 be a set with a spanning relation (D.O and D.l) and let A be the set of all
a E 5 which can be omitted from any spanning set, i.e. if X U {a} spans 5, then so
does X. Show that A is the intersection of all maximal closed proper subsets of 5
(see also Section 2.6).
3. Show that a non-zero vector space of dimension a over a countable field has
cardinal max {a, ~o}.
Deduce that the Hamel basis of R has 2 ~o elements.
4. (H. Whitney) Let 5 be a finite set with a dependence relation <I> and let <1>* be
the set of complements of bases of 5 for the relation <1>. Show that there is a
dependence relation on 5 whose collection of bases is <1>*. (Hint. Show that
there is a dependence relation whose independent sets are the complements of
the spanning sets of 5.)
5. (Mac Lane-Ingleton) Let 5 = {I, 2, ... , 9}; show that there is a dependence relation on 5 with minimal dependent families {I, 2, 3}, {4, 5, 6}, {I, 7, 5}, {I, 8, 6},
{2, 7, 4}, {2, 9, 6}, {3, 8, 4}, {3, 9, 5}. Show that there is no set of vectors in a
vector space with this dependence relation. (Hint. Use Pappus' theorem to
show that {7, 8, 9} would have to be dependent.)
6. A matroid may be defined as a finite set M with a family of subsets called circuits
such that (i) no proper subset of a circuit is a circuit, and (ii) if X, Yare distinct
circuits and a E X nY, then X U y\{a} contains a circuit. Verify that the minimal cycles in a graph form a matroid. Show also that the minimal dependent
subsets in a vector space form a matroid.
Given a matroid M, let us call a E M dependent on a set X S; M if X contains a
subset X' such that X' U {a} is a circuit. Show that this defines a dependence
relation on M. (Thus the theory of dependence relations is coextensive with
the theory of matroids.)
7. Show that two uncountable algebraically closed fields are isomorphic iff they
have the same characteristic and the same cardinal. Does this remain true in
the countable case?
8. Let F2 (x, y) be the rational function field in two indeterminates x, y over the field
F2 of two elements, and consider the subset 5 = {x,y, xy, x + y}. Show that
under algebraic dependence the independent subsets are the subsets of S of at
most two elements. Show that there is no vector space over F2 with a subset
{a, b, c, d} such that the linearly independent subsets are precisely the subsets
of cardinal at most 2.
9. Find the subfields of C(x) corresponding to the cyclic and the dihedral groups.
10. (S. Abhyankar) Let f, g be polynomials over a field k of degrees m, n respectively.
Given a simple transcendental extension k(x), write u = f(x), v = g(x). Show
that u, v satisfy an equation of degree n in u and m in v, monic in v if f was
monic. (Hint. Use the resultant to express the fact that f(x) - u and g(x) - v
have a common zero.)
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11. Let k be a field of prime characteristic p with perfect closure kp• Show that an
irreducible polynomial f over k can over kp be written as f = gq, where q = pr
and g is irreducible with distinct zeros.
12. Let Elk be separable and F/k be p-radical and form L = E ®k F. Verify that L is
p-radical over E; deduce that L has no zerodivisors and so is a field.
13. Let Elk be any extension in prime characteristic p, F = k(a) be a p-radical extension with minimal equation a q = a E k (q = pn) and let a r = al be the least
power of a in E. Show that E ®k F is the E-algebra generated by x, y subject
to xr = al - y, yq/r = o. (Hint. Prove the case r = 1 first.)
14. Let k be any field. Show that the field of formal Laurent series k((x)) has nontrivial derivations over the rational function field k(x).
15. Let E be a field of prime characteristic p. Given Xl, ... , Xn , y E E, Y is said to be
p-dependent on Xl, ... , Xn if y E EP(Xl, ... , x n), and otherwise p-independent.
Verify that this is a dependence relation. Show that Elk is separable iff any
p-independent family in k remains p-independent in E.
16. Let L/k be a finite field extension containing subextensions Elk, Flk of degrees r, 5
respectively. Show that if r, 5 are coprime, then the subfield generated by E and F
has degree rs over k. Deduce that E and F are linearly disjoint over k.
17. Let L/k be a finite Galois extension and Elk, Flk be subextensions. Put
G = Gal(L/k) and let H, K be the subgroups of G fixing E, F respectively.
Show that EF has the group H n K and that E, F are linearly disjoint over k
iff HK = G. (Hint. Express the condition [EF : k] = [E ® F : k] in terms of G.)
18. With the notation of Exercise 17, show that E, F have no non-trivial isomorphic
subextensions iff H and a-I Ka generate G, for any a E G. Find subgroups H, K
of Sym4 to satisfy this condition, but HK =I- G. Deduce the existence of a Galois
extension with group Sym4 and two subfields whose tensor product has zerodivisors.
19. Show that if Elk is regular, then for any commutative k-algebra A there is a
natural bijection between the set of prime ideals of A and those of A ® E.
Show that if k is separably closed in E, then for any Flk, F is separably closed
in E ® F. Further show that if Elk, Flk are regular, then the field of fractions
of E ® F is regular over k.
20. Let k be a field of characteristic 0 and K = k( (x)) be the field of formal Laurent
series in an indeterminate x. Givenf = arxr + ar+IXr + 1 + ... E K, where r =I- 0,
find y = X + C2X2 + ... E K such that f = aryr. Deduce that for any f E K\k
there is an automorphism of K fixing k but moving f
21. (G. Cauchon) Let E be a field, a be an automorphism of E of infinite order and F
be the fixed subfield of a. Show that for any n > 1 there is at most one subextension of E of degree n over F, namely the fixed field of an.
22. (W. Waterhouse) Let G be any profinite group and Flk be a Galois extension
with a surjective homomorphism f : G --+ Gal(F /k). With a set X indexed by
the transversals of open normal subgroups of G form L = F(X) (treating the elements of X as indeterminates) and define an action of G on L by (Na)' = Nar
for Na E X and rEG, and aU = aUf for a E F. Verify that this action is faithful
and the stabilizer of any element is an open subgroup. Use Proposition 11.8.7 to
show that G ~ Gal(L/E), where E is the fixed subfield of G and En F = k.
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23. Given a finite Galois extension Elk, let tbe a polynomial over E which is such
that its zeros are permuted by any element of Gal(Elk). Show that there exists
C E EX such that cf has coefficients in k.
24. Examine Kummer extensions of finite fields.
25. Let k be a field of characteristic p =I- O. Show that if x P - x - a is irreducible over
k and has a zero ex in an extension field, then x P - x - exp-1a is irreducible over
k(ex). Deduce that if k has a separable extension of degree p, then it has separable
extensions of arbitrarily high degree.
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matrix representation 134
- ring 97
matroid 445
maximal 8
maximum condition 60, 89
maxterm 72
meet 52
meet-(ir)reducible 63, 383
minimal element 8
- generating set 105
- polynomial 192
minimum condition 61, 89
minterm 72
Mobius function 158, 248
- inversion formula 158f.
modular lattice 55
-law 28,55
module 81ff.
monic polynomial 134
monoid 30
- algebra 133, 168
Morita equivalence 100, 135f.
morphism 65
multiplication 79, 147
- table 133
multiplicative function 161
- representatives 326
- set 335, 351
multivector 179
Nakayama's lemma 144f., 395
natural duality 71
- homomorphism 34
- irrationality 233f.
- transformation 66

463

Subject Index
negation 71
negative 273
neutral element 25
Newton-Fourier rule 324
nilideal 144
nilpotence class 40
nilpotent group, chain 39
- ideal 141
nilradical 353
Noether normalization lemma 391
Noether's equations 438
- problem 404
Noetherian induction 60
- module 89
- ring 89, 361
non-defective form 302
non-generator 46
norm 153, 230
- on Clifford algebra 266
normal basis theorem 439
- chain 36
- closure 199
- equation 215
- extension 198, 413
- subgroup 27
normalized valuation 309
normalizer 30
normed vector space 317
null sequence 275, 314
Nullstellensatz 392ff.
object 65
one 79
opposite category 66
- ring 82
orbit 29
order 332
order of an element 26
- of a group 28
order set 273
order-isomorphism 9, 54, 274
order-preserving mapping 54
order-type 9ff.
ordered ring 272
ordinal (number) 11
orthogonal basis 254
- group, transformation 256
- idempotents 103
- sum, complement 252f.
- vectors, space 251
orthogonality relations 127
Ostrowski's theorems 319f.
outer derivation 171
p-adic integer, valuation 308, 311, 315, 369
p-dependent 446
p-group 30
p-radical extension 410
parallelogram law 35, 85
partially ordered monoid 63
path 17
pentagon lattice 59

perfect closure 411
- field 203
- group 39
permutation 26
- group 32
perspective intervals 56
PID principal ideal domain 80, 90, 372
place 334
Plucker coordinates 185
Poincare series 174
- 's theorem 32
point 15
polynomial 133, 166
positive order set 273ff.
positive-definite 251, 285
power of the continuum 7
power set 6
preordering xi
primary decomposition 383
- submodule 374, 382
prime avoidance lemma 384
- element 196, 310, 349
- ideal 196, 351
- subfield 189
primitive element 223f., 228
- n-th root of 1 219
- permutation group 50
- polynomial 217
principal ideal 78, 80, 90
- valuation 308
- - ring 311
principle of domination 322
- - inclusion-exclusion 160
product formula 191ff.
profinite group 434f.
projective intervals 56
- module 112ff.
projective-free ring 136
proper orthogonal 256
pullback action 86, 357
- diagram 88
purely inseparable 156, 410
- transcendental 404
pushout 88
Pythagorean field 298
quadratic extension 214
- form, space 249
- residue 247
quadrature of circle 194
quartic equation 238, 245
quasi compactness 380
quasi-Galois extension 413
quasi-inverse 143
quasiprimary ideal 386
quaternion algebra 148, 263f.
- group 26, 50
quintic equation 238f., 245
quiver 17
quotient group 28
R-module 81£.
Rabinowitsch trick 393
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radical of inner product space 251
- - ideal 353
- - ring 141ff., 353
- extension 235
ramification index 337, 370
ramified 370
Ramsey number, theorem 20
rank of free algebra 173
- - - module 106
- - quadratic form 254
real closed field 282
reciprocal equation 247
recursive definition 13
reduced ring 104, 421
reducible algebraic set 379
refinement 36, 61
reflexion 257
regular field extension 425
- mapping 396
- part of quadratic space254
- permutation group 34, 237
- representaton 134, 253
- quadratic form, space 251
relation, relator 26
relative complement 56
relatively algebraically closed 405
represent 254
residue class field 310, 356
- degree 337
resolvent 246
retraction 94
ring 79, 170, 347
root 192
- tower 238
rotation 256
ruler-and-compass construction 194
saturated set 352
Schreier refinement theorem 37
Schroder-Bernstein theorem 4,77
Schur's lemma 137ff.
section 94
self-regular 427
semi-Artinian module 129
semidirect product 41
semigroup 30
semilinear transformation 437
semisimple module 91
- ring 137
separable algebra 421
- closure 411
- degree 409
- element, polynomial 204f.
- extension 205, 432
separably generated 423
separating transcendence basis 423
set 1
signature of a form 285
similar algebras 152
- quadratic forms 294
simple extension 192, 228
- group 34
- module 91
- ring 137

Basic Algebra
- transcendental extension 405
simplicity of Alts 239f.
singular form 251
skeleton 68
skew field 80
- symmetric matrix 298
small category 65
socle 94
soluble (by radicals) 238
- group 39
solution 376
source 65
spanning (set) 398
- relation 400
special orthogonal group 256
Speiser's theorem 438
Sperner's lemma 22
spin group, representation 267
spinor kernel, norm 266f.
split exact 85
split inner product space 270
- quadratic space 293
splitting field 197, 200
- extension 430
stabilizer 29
standard involution 180
Steinitz number 435
- criterion 228
stochastic matrix, algebra 162
strongly regular ring 104
structure constants 133
Sturm sequence, theorem 288ff.
subring 80
sup, supremum 51
superalgebra 168
supernatural number 435
support 358
Sylow subgroup theorems 37
Sylvester-Franke theorem 186
Sylvester's law of inertia 285
symbol homomorphism 305
symbolic power 385
symmetric difference 81
- functions 214
- group 26
symmetry 257
symplectic basis, group 299f.
- space 298
target 65
tensor algebra 169f.
- product 117ff.
theorem of the primitive element
228
tiled ring 99
torsion (sub )module 90, 373
- element 90
- group 26
torsion-free 90, 376
totally ordered set 8
- positive element 282
trace 153, 230, 285
transcendence basis, degree 404
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Subject Index
transcendental extension 192, 404
transduction 187
transfinite induction 13, 61
- number 2
transitive 29
transitivity formulae 154, 230
transposition 33
transversal 28
tree 19
triangle inequality 273, 312
triangular matrix ring 99
trisection of an angle 194
trivial absolute value 313
- group 26
- ring 79
- valuation 308
type component 94
UFD, unique factorization domain 217, 349, 359,
395
UGN unbounded generating number llO
ultrametric inequality 313
unary operator 70
uniformizer 310
unit 80
unit -element 25, 79
unital algebra 132
universal mapping property 67
- quadratic form 255
upper bound 8
- - property 278
- central series 40

valency 17
valuation (ring) 308ff.
Vandermonde determinant, matrix 232,238
variety 379
versor 265
vertex 15
weakly finite ring 107
Wedderburn structure theorems 137ff.
- nilpotence theorem 156
- theorem on finite fields 226
well-ordered set 8
width of ordered set 17
Witt (Grothendieck) ring 291ff.
- group 271
- identity 43
- index, decomposition 270, 293
- invariant 296
- ring 270, 294
- cancellation theorem 269
- chain equivalence theorem 293
- extension theorem 271
Yoneda's lemma 78
Zariski topology 380, 393
Zassenhaus lemma 37, 56
Zech logarithm 224
zero 192
- element 25, 79
zerodivisor 80, 381
Zorn's lemma 10

