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PREFACE

Advanced Algebraand its companion volumeBasic Algebrasystematically de-
velop concepts and tools in algebra that are vital to every mathematician, whether
pure or applied, aspiring or established. The two books together aim to give the
reader a global view of algebra, its use, and its role in mathematics as a whole.
The idea is to explain what the young mathematician needs to know about algebra
in order to communicate well with colleagues in all branches of mathematics.

The books are written as textbooks, and their primary audience is students
who are learning the material for the first time and who are planning a career in
which they will use advanced mathematics professionally. Much of the material
in the two books, including nearly all ofBasic Algebraand some ofAdvanced
Algebra, corresponds to normal course work, with the proportions depending on
the university. The books include further topics that may be skipped in required
courses but that the professional mathematician will ultimately want to learn by
self-study. The test of each topic for inclusion is whether it is something that a
plenary lecturer at a broad international or national meeting is likely to take as
known by the audience.

Key topics and features ofAdvanced Algebraare as follows:

• Topics build on the linear algebra, group theory, factorization of ideals, struc-
ture of fields, Galois theory, and elementary theory of modules developed in
Basic Algebra.

• Individual chapters treat various topics in commutative and noncommutative
algebra, together providing introductions to the theory of associative algebras,
homological algebra, algebraic number theory, and algebraic geometry.

• The text emphasizes connections between algebra and other branches of math-
ematics, particularly topology and complex analysis. All the while, it carries
along two themes fromBasic Algebra: the analogy between integers and
polynomials in one variable over a field, and the relationship between number
theory and geometry.

• Several sections in two chapters introduce the subject of Gr¨obner bases, which
is the modern gateway toward handling simultaneous polynomial equations in
applications.

• The development proceeds from the particular to the general, often introducing
examples well before a theory that incorporates them.

xi



xii Preface

• More than 250 problems at the ends of chapters illuminate aspects of the text,
develop related topics, and point to additional applications. A separate section
“Hints for Solutions of Problems” at the end of the book gives detailed hints
for most of the problems, complete solutions for many.

It is assumed that the reader is already familiar with linear algebra, group
theory, rings and modules, unique factorization domains, Dedekind domains,
fields and algebraic extension fields, and Galois theory at the level discussed in
Basic Algebra. Not all of this material is needed for each chapter ofAdvanced
Algebra, and chapter-by-chapter information about prerequisites appears in the
Guide for the Reader beginning on page xvii.

Historically the subjects of algebraic number theory and algebraic geometry
have influenced each other as they have developed, and the present book tries to
bring out this interaction to some extent. It is easy to see that there must be a close
connection. In fact, one number-theory problem already solved by Fermat and
Euler was to find all pairs(x, y) of integers satisfyingx2 + y2 = n, wheren is a
given positive integer. More generally one can consider higher-order equations
of this kind, such asy2 = x3 +8x. Even this simple change of degree has a great
effect on the difficulty, so much so that one is inclined first to solve an easier
problem: find therational pairs satisfying the equation. Is the search for rational
solutions a problem in number theory or a problem about a curve in the plane? The
answer is that really it is both. We can carry this kind of question further. Instead
of considering solutions of a single polynomial equation in two variables, we
can consider solutions of a system of polynomial equations in several variables.
Within the system no individual equation is an intrinsic feature of the problem
because one of the equations can always be replaced by its sum with another of
the equations; if we regard each equation as an expression set equal to 0, then
the intrinsic problem is to study the locus of common zeros of the equations.
This formulation of the problem sounds much more like algebraic geometry than
number theory.

A doubter might draw a distinction between integer solutions and rational
solutions, saying that finding integer solutions is number theory while finding
rational solutions is algebraic geometry. Experience shows that this is an artificial
distinction. Although algebraic geometry was initially developed as a subject that
studies solutions for which the variables take values in a field, particularly in an
algebraically closed field, the insistence on working only with fields imposed
artificial limitations on how problems could be approached. In the late 1950s and
early 1960s the foundations of the subject were transformed by allowing variables
to take values in an arbitrary commutative ring with identity. The very end of this
book aims to give some idea of what those new foundations are.

Along the way we shall observe parallels between number theory and algebraic
geometry, even as we nominally study one subject at a time. The book begins with
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a chapter on those aspects of number theory that mark the historical transition
from classical number theory to modern algebraic number theory. Chapter I deals
with three celebrated advances of Gauss and Dirichlet in classical number theory
that one might wish to generalize by means of algebraic number theory. The
detailed level of knowledge that one gains about those topics can be regarded as
a goal for the desired level of understanding about more complicated problems.
Chapter I thus establishes a framework for the whole book.

Associative algebras are the topic of Chapters II and III. The tools for studying
such algebras provide methods for classifying noncommutative division rings.
One such tool, known as the Brauer group, has a cohomological interpretation
that ties the subject to algebraic number theory.

Because of other work done in the 1950s, homology and cohomology can be
abstracted in such a way that the theory impacts several fields simultaneously,
including topology and complex analysis. The resulting subject is called homo-
logical algebra and is the topic of Chapter IV. Having cohomology available at this
point of the present book means that one is prepared to use it both in algebraic
number theory and in situations in algebraic geometry that have grown out of
complex analysis.

The last six chapters are about algebraic number theory, algebraic geometry,
and the relationship between them. Chapters V–VI concern the three main
foundational theorems in algebraic number theory. Chapter V goes at these
results in a direct fashion but falls short of giving a complete proof in one case.
Chapter VI goes at matters more indirectly. It explores the parallel between
number theory and the theory of algebraic curves, makes use of tools from analysis
concerning compactness and completeness, succeeds in giving full proofs of the
three theorems of Chapter V, and introduces the modern approach via adeles and
ideles to deeper questions in these subject areas.

Chapters VII–X are about algebraic geometry. Chapter VII fills in some
prerequisites from the theories of fields and commutative rings that are needed to
set up the foundations of algebraic geometry. Chapters VIII–X concern algebraic
geometry itself. They come at the subject successively from three points of
view—from the algebraic point of view of simultaneous systems of polynomial
equations in several variables, from the number-theoretic point of view suggested
by the classical theory of Riemann surfaces, and from the geometric point of view.

The topics most likely to be included in normal course work include the
Wedderburn theory of semisimple algebras in Chapter II, homological algebra
in Chapter IV, and some of the advanced material on fields in Chapter VII. A
chart on page xvi tells the dependence of chapters on earlier chapters, and, as
mentioned above, the section Guide for the Reader tells what knowledge ofBasic
Algebrais assumed for each chapter.

The problems at the ends of chapters are intended to play a more important
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role than is normal for problems in a mathematics book. Almost all problems are
solved in the section of hints at the end of the book. This being so, some blocks of
problems form additional topics that could have been included in the text but were
not; these blocks may be regarded as optional topics, or they may be treated as
challenges for the reader. The optional topics of this kind usually either carry out
further development of the theory or introduce significant applications to other
branches of mathematics. For example a number of applications to topology are
treated in this way.

Not all problems are of this kind, of course. Some of the problems are
really pure or applied theorems, some are examples showing the degree to which
hypotheses can be stretched, and a few are just exercises. The reader gets no
indication which problems are of which type, nor of which ones are relatively
easy. Each problem can be solved with tools developed up to that point in the
book, plus any additional prerequisites that are noted.

The theorems, propositions, lemmas, and corollaries within each chapter are
indexed by a single number stream. Figures have their own number stream, and
one can find the page reference for each figure from the table on page xv. Labels
on displayed lines occur only within proofs and examples, and they are local to the
particular proof or example in progress. Each occurrence of the word “PROOF”
or “PROOF” is matched by an occurrence at the right margin of the symbol� to
mark the end of that proof.

I am grateful to Ann Kostant and Steven Krantz for encouraging this project
and for making many suggestions about pursuing it, and I am indebted to David
Kramer, who did the copyediting. The typesetting was byAMS-TEX, and the
figures were drawn with Mathematica.

I invite corrections and other comments from readers. I plan to maintain a list
of known corrections on my own Web page.

A. W. KNAPP

August 2007
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GUIDE FOR THE READER

This section is intended to help the reader find out what parts of each chapter are
most important and how the chapters are interrelated. Further information of this
kind is contained in the abstracts that begin each of the chapters.

The book treats its subject material as pointing toward algebraic number
theory and algebraic geometry, with emphasis on aspects of these subjects that
impact fields of mathematics other than algebra. Two chapters treat the theory
of associative algebras, not necessarily commutative, and one chapter treats
homological algebra; both these topics play a role in algebraic number theory and
algebraic geometry, and homological algebra plays an important role in topology
and complex analysis. The constant theme is a relationship between number
theory and geometry, and this theme recurs throughout the book on different
levels.

The book assumes knowledge of most of the content ofBasic Algebra, either
from that book itself or from some comparable source. Some of the less standard
results that are needed fromBasic Algebraare summarized in the section Notation
and Terminology beginning on page xxi. The assumed knowledge of algebra
includes facility with using the Axiom of Choice, Zorn’s Lemma, and elementary
properties of cardinality. All chapters of the present book but the first assume
knowledge of Chapters I–IV ofBasic Algebraother than the Sylow Theorems,
facts from Chapter V about determinants and characteristic polynomials and
minimal polynomials, simple properties of multilinear forms from Chapter VI,
the definitions and elementary properties of ideals and modules from Chapter VIII,
the Chinese Remainder Theorem and the theory of unique factorization domains
from Chapter VIII, and the theory of algebraic field extensions and separability
and Galois groups from Chapter IX. Additional knowledge of parts ofBasic
Algebra that is needed for particular chapters is discussed below. In addition,
some sections of the book, as indicated below, make use of some real or complex
analysis. The real analysis in question generally consists in the use of infinite
series, uniform convergence, differential calculus in several variables, and some
point-set topology. The complex analysis generally consists in the fundamentals
of the one-variable theory of analytic functions, including the Cauchy Integral
Formula, expansions in convergent power series, and analytic continuation.

The remainder of this section is an overview of individual chapters and groups
of chapters.

xvii



xviii Guide for the Reader

Chapter I concerns three results of Gauss and Dirichlet that marked a transition
from the classical number theory of Fermat, Euler, and Lagrange to the algebraic
number theory of Kummer, Dedekind, Kronecker, Hermite, and Eisenstein. These
results are Gauss’s Law of Quadratic Reciprocity, the theory of binary quadratic
forms begun by Gauss and continued by Dirichlet, and Dirichlet’s Theorem on
primes in arithmetic progressions. Quadratic reciprocity was a necessary prelimi-
nary for the theory of binary quadratic forms. When viewed as giving information
about a certain class of Diophantine equations, the theory of binary quadratic
forms gives a gauge of what to hope for more generally. The theory anticipates
the definition of abstract abelian groups, which occurred later historically, and
it anticipates the definition of the class number of an algebraic number field, at
least in the quadratic case. Dirichlet obtained formulas for the class numbers
that arise from binary quadratic forms, and these formulas led to the method by
which he proved his theorem on primes in arithmetic progressions. Much of the
chapter uses only elementary results fromBasic Algebra. However, Sections 6–7
use facts about quadratic number fields, including the multiplication of ideals
in their rings of integers, and Section 10 uses the Fourier inversion formula for
finite abelian groups, which is in Section VII.4 ofBasic Algebra. Sections 8–10
make use of a certain amount of real and complex analysis concerning uniform
convergence and properties of analytic functions.

Chapters II–III introduce the theory of associative algebras over fields. Chap-
ter II includes the original theory of Wedderburn, including an amplification by
E. Artin, while Chapter III introduces the Brauer group and connects the theory
with the cohomology of groups. The basic material on simple and semisimple
associative algebras is in Sections 1–3 of Chapter II, which assumes familiarity
with commutative Noetherian rings as in Chapter VIII ofBasic Algebra, plus the
material in Chapter X on semisimple modules, chain conditions for modules, and
the Jordan–H¨older Theorem. Sections 4–6 contain the statement and proof of
Wedderburn’s Main Theorem, telling the structure of general finite-dimensional
associative algebras in characteristic 0. These sections include a relatively self-
contained segment from Proposition 2.29 through Proposition 2.33′ on the role
of separability in the structure of tensor products of algebras. This material is the
part of Sections 4–6 that is used in the remainder of the chapter to analyze finite-
dimensional associative division algebras over fields. Two easy consequences of
this analysis are Wedderburn’s Theorem that every finite division ring is com-
mutative and Frobenius’s Theorem that the only finite-dimensional associative
division algebras overR areR, C, and the algebraH of quaternions, up toR
isomorphism.

Chapter III introduces the Brauer group to parametrize the isomorphism classes
of finite-dimensional associative division algebras whose center is a given field.
Sections 2–3 exhibit an isomorphism of a relative Brauer group with what turns
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out to be a cohomology group in degree 2. This development runs parallel to
the theory of factor sets for groups as in Chapter VII ofBasic Algebra, and
some familiarity with that theory can be helpful as motivation. The case that the
relative Brauer group is cyclic is of special importance, and the theory is used in
the problems to construct examples of division rings that would not have been
otherwise available. The chapter makes use of material from Chapter X ofBasic
Algebraon the tensor product of algebras and on complexes and exact sequences.

Chapter IV is about homological algebra, with emphasis on connecting homo-
morphisms, long exact sequences, and derived functors. All but the last section is
done in the context of “good” categories of unital leftR modules,R being a ring
with identity, where it is possible to work with individual elements in each object.
The reader is expected to be familiar with some example for motivation; this can
be knowledge of cohomology of groups at the level of Section III.5, or it can be
some experience from topology or from the cohomology of Lie algebras as treated
in other books. Knowledge of complexes and exact sequences from Chapter X
of Basic Algebrais prerequisite. Homological algebra properly belongs in this
book because it is fundamental in topology and complex analysis; in algebra
its role becomes significant just beyond the level of the current book. Important
applications are not limited in practice to “good” categories; “sheaf” cohomology
is an example with significant applications that does not fit this mold. Section 8
sketches the theory of homological algebra in the context of “abelian” categories.
In this case one does not have individual elements at hand, but some substitute is
still possible; sheaf cohomology can be treated in this context.

Chapters V and VI are an introduction to algebraic number theory. The theory
of Dedekind domains from Chapters VIII and IX ofBasic Algebrais taken as
known, along with knowledge of the ingredients of the theory—Noetherian rings,
integral closure, and localization. Both chapters deal with three theorems—the
Dedekind Discriminant Theorem, the Dirichlet Unit Theorem, and the finiteness
of the class number. Chapter V attacks these directly, using no additional tools,
and it comes up a little short in the case of the Dedekind Discriminant Theorem.
Chapter VI introduces tools to get around the weakness of the development in
Chapter V. These tools are valuations, completions, and decompositions of tensor
products of fields with complete fields. Chapter VI makes extensive use of metric
spaces and completeness, and compactness plays an important role in Sections
9–10. As noted in remarks with Proposition 6.7, Section VI.2 takes for granted
that Theorem 8.54 ofBasic Algebraabout extensions of Dedekind domains does
not need separability as a hypothesis; the actual proof of the improved theorem
without a hypothesis of separability is deferred to Section VII.3.

Chapter VII supplies additional background needed for algebraic geometry,
partly from field theory and partly from the theory of commutative rings. Knowl-
edge of Noetherian rings is needed throughout the chapter. Sections 4–5 assume



xx Guide for the Reader

knowledge of localizations, and the indispensable Corollary 7.14 in Section 3
concerns Dedekind domains. The most important result is the Nullstellensatz
in Section 1. Transcendence degree and Krull dimension in Sections 2 and 4
are tied to the notion of dimension in algebraic geometry. Zariski’s Theorem
in Section 5 is tied to the notion of singularities; part of its proof is deferred to
Chapter X. The material on infinite Galois groups in Section 6 has applications
to algebraic number theory and algebraic geometry but is not used in this book
after Chapter VII.

Chapters VIII–X introduce algebraic geometry from three points of view.
Chapter VIII approaches it as an attempt to understand solutions of simulta-
neous polynomial equations in several variables using module-theoretic tools.
Chapter IX approaches the subject of curves as an outgrowth of the complex-
analysis theory of compact Riemann surfaces and uses number-theoretic methods.
Chapter X approaches its subject matter geometrically, using the field-theoretic
and ring-theoretic tools developed in Chapter VII. All three chapters assume
knowledge of Section VII.1 on the Nullstellensatz.

Chapter VIII is in three parts. Sections 1–4 are relatively elementary and
concern the resultant and preliminary forms of Bezout’s Theorem. Sections
5–6 concern intersection multiplicity for curves and make extensive use of lo-
calizations; the goal is a better form of Bezout’s Theorem. Sections 7–10
are independent of Sections 5–6 and introduce the theory of Gr¨obner bases.
This subject was developed comparatively recently and lies behind many of the
symbolic manipulations of polynomials that are possible with computers.

Chapter IX concerns irreducible curves and is in two parts. Sections 1–3 define
divisors and the genus of such a curve, while Sections 4–5 prove the Riemann–
Roch Theorem and give applications of it. The tool for the development is discrete
valuations as in Section VI.2, and the parallel between the theory in Chapter VI
for algebraic number fields and the theory in Chapter IX for curves becomes more
evident than ever. Some complex analysis is needed to understand the motivation
in Sections 1 and 4.

Chapter X largely concerns algebraic sets defined as zero loci over an alge-
braically closed field. The irreducible such sets are called varieties. Sections 1–3
are concerned with algebraic sets and their dimension, Sections 4–6 treat maps
between varieties, and Sections 7–8 deal with finer questions. Sections 9–12
are independent of Sections 6–8 and do two things simultaneously: they tie the
theoretical work on dimension to the theory of Gr¨obner bases in Chapter VIII,
making dimension computable, and they show how the dimension of a zero locus
is affected by adding one equation to the defining system. The chapter concludes
with an introductory section about schemes, in which the underlying algebraically
closed field is replaced by a commutative ring with identity. The entire chapter
assumes knowledge of elementary point-set topology.



NOTATION AND TERMINOLOGY

This section contains some items of notation and terminology fromBasic Algebra
that are not necessarily reviewed when they occur in the present book. A few
results are mentioned as well. The items are grouped by topic.

Set theory
∈ membership symbol
#Sor |S| number of elements inS
∅ empty set
{x ∈ E | P} the set ofx in E such thatP holds
Ec complement of the setE
E ∪ F, E ∩ F, E − F union, intersection, difference of sets⋃
α Eα,

⋂
α Eα union, intersection of the setsEα

E ⊆ F, E ⊇ F containment
E � F, E � F proper containment
(a1, . . . ,an) orderedn-tuple
{a1, . . . ,an} unorderedn-tuple
f : E → F, x 	→ f (x) function, effect of function
f ◦ g or f g, f

∣∣
E composition off following g, restriction toE

f ( · , y) the functionx 	→ f (x, y)
f (E), f −1(E) direct and inverse image of a set
in one-one correspondence matched by a one-one onto function
countable finite or in one-one correspondence with integers
2A set of all subsets ofA

Number systems
δi j Kronecker delta: 1 ifi = j , 0 if i �= j(n

k

)
binomial coefficient

n positive,n negative n > 0, n < 0
Z, Q, R, C integers, rationals, reals, complex numbers
max, min maximum/minimum of finite subset of reals
[x] greatest integer≤ x if x is real
Rez, Im z real and imaginary parts of complexz
z̄ complex conjugate ofz
|z| absolute value ofz

xxi



xxii Notation and Terminology

Linear algebra and elementary number theory
Fn space ofn-dimensional column vectors
ej j th standard basis vector ofFn

V ′ dual vector space of vector spaceV
dimF V or dimV dimension of vector spaceV over fieldF
0 zero vector, matrix, or linear mapping
1 or I identity matrix or linear mapping
At transpose ofA
detA determinant ofA
[Mi j ] matrix with (i, j )th entry Mi j( L
��

)
matrix of L relative to domain ordered basis�
and range ordered basis�

x · y dot product
∼= is isomorphic to, is equivalent to
Fp integers modulo a primep, as a field
GCD greatest common divisor
≡ is congruent to
ϕ Euler’sϕ function

Groups, rings, modules, and categories
0 additive identity in an abelian group
1 multiplicative identity in a group or ring
∼= is isomorphic to, is equivalent to
Cm cyclic group of orderm
unit invertible element in ringR with identity
R× group of units in ringR with identity
Rn space of column vectors with entries in ringR
Ro opposite ring toR with a ◦ b = ba
Mmn(R) m-by-n matrices with entries inR
Mn(R) n-by-n matrices with entries inR
unital left R module leftR moduleM with 1m = m for all m ∈ M
HomR(M, N) group ofR homomorphisms fromM into N
EndR(M) ring of R homomorphisms fromM into M
kerϕ, imageϕ kernel and image ofϕ
Hn(G, N) nth cohomology of groupG with coefficients

in abelian groupN
simple leftR module nonzero unital leftR module with no proper

nonzeroR submodules
semisimple leftR module sum (= direct sum) of simple leftR modules
Obj(C ) class of objects for categoryC
MorphC(A, B) set of morphisms from objectA to objectB
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Groups, rings, modules, and categories, continued
1A identity morphism onA
C S category ofS-tuples of objects from Obj(C)
product of{Xs}s∈S (X, {ps}s∈S) such that ifA in Obj(C ) and

{ϕs ∈ MorphC(A, Xs)} are given, then there
exists a uniqueϕ ∈ MorphC(A, X) with
psϕ = ϕs for all s

coproduct of{Xs}s∈S (X, {i s}s∈S) such that ifA in Obj(C ) and
{ϕs ∈ MorphC(Xs, A)} are given, then there
exists a uniqueϕ ∈ MorphC(X, A) with
ϕi s = ϕs for all s

C opp category opposite toC
Commutative rings R with identity and factorization of elements
identity denoted by 1, allowed to equal 0
ideal I = (r1, . . . , rn) ideal generated byr1, . . . , rn

prime idealI proper ideal withab ∈ I implying a ∈ I or b ∈ I
integral domain R with no zero divisors and with 1�= 0
R/I with I prime always an integral domain
GL(n, R) group of invertiblen-by-n matrices, entries inR
Chinese Remainder TheoremI1, . . . , In given ideals withIi + I j = R for i �= j .

Then the natural mapϕ : R → ∏n
j =1 R/I j yields

isomorphismR
/⋂n

j =1 I j
∼= R/I1 × · · · × R/In

of rings. Also
⋂n

j =1 I j = I1 · · · In.
Nakayama’s Lemma IfI is an ideal contained in all maximal ideals

andM is a finitely generated unitalR module
with I M = M , thenM = 0.

algebraA over R unital R module with anR bilinear multiplication
A × A → A. In this book nonassociative
algebras appear only in Chapter II, and each
associative algebra has an identity.

RG group algebra overR for groupG
R[X1, . . . , Xn] polynomial algebra overR with n indeterminates
R[x1, . . . , xn] R algebra generated byx1, . . . , xn

irreducible elementr �= 0 r /∈ R× such thatr =ab impliesa∈ R× or b∈ R×
prime elementr �= 0 r /∈ R× such that wheneverr dividesab, then

r dividesa or r dividesb
irreducible vs. prime prime implies irreducible; in any unique

factorization domain, irreducible implies prime
GCD greatest common divisor in unique factorization

domain
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Fields
Fq a finite field withq = pn elements,p prime
K/F an extension fieldK of a field F
[K : F ] degree of extensionK/F , i.e., dimF K
K (X1, . . . , Xn) field of fractions ofK [X1, . . . , Xn]
K (x1, . . . , xn) field generated byK andx1, . . . , xn

number field finite-dimensional field extension ofQ
Gal(K/F) Galois group, automorphisms ofK fixing F
NK/F ( · ) and TrK/F ( · ) norm and trace functions fromK to F

Tools for algebraic number theory and algebraic geometry
Noetherian R commutative ring with identity whose ideals

satisfy the ascending chain condition; has the
property that anyR submodule of a finitely
generated unitalR module is finitely generated.

Hilbert Basis Theorem R nonzero Noetherian impliesR[X] Noetherian
Integral closure
Situation: R = integral domain,F = field of fractions,K/F = extension field.
x ∈ K integral overR x is a root of a monic polynomial inR[X]
integral closure ofR in K set ofx ∈ K integral overR, is a ring
R integrally closed R equals its integral closure inF
Localization
Situation: R = commutative ring with identity,S = multiplicative system inR.
S−1R localization, pairs(r, s) with r ∈ R ands ∈ S,

modulo(r, s) ∼ (r ′, s′) if t (rs′ − sr′) = 0
for somet ∈ S

property ofS−1R I 	→ S−1I is one-one from set of idealsI in R
of form I = R ∩ J onto set of ideals inS−1R

local ring commutative ring with identity having a unique
maximal ideal

RP for prime idealP localization withS = complement ofP in R
Dedekind domain Noetherian integrally closed integral domain in

which every nonzero prime ideal is maximal, has
unique factorization of nonzero ideals as product
of prime ideals

Dedekind domain extensionR Dedekind,F field of fractions,K/F finite
separable extension,T integral closure ofR in K .
ThenT is Dedekind, and any nonzero prime ideal
℘ in R has℘R = ∏g

i =1 Pei
i for distinct prime

idealsPi with Pi ∩ R = ℘. These have
∑g

i =1 ei fi
= [K : F ], where fi = [T/Pi : R/℘].



CHAPTER I

Transition to Modern Number Theory

Abstract. This chapter establishes Gauss’s Law of Quadratic Reciprocity, the theory of binary
quadratic forms, and Dirichlet’s Theorem on primes in arithmetic progressions.

Section 1 outlines how the three topics of the chapter occurred in natural sequence and marked
a transition as the subject of number theory developed a coherence and moved toward the kind of
algebraic number theory that is studied today.

Section 2 establishes quadratic reciprocity, which is a reduction formula providing a rapid method
for deciding solvability of congruencesx2 ≡ m mod p for the unknownx when p is prime.

Sections 3–5 develop the theory of binary quadratic formsax2 + bxy+ cy2, wherea,b, c are
integers. The basic tool is that of proper equivalence of two such forms, which occurs when the two
forms are related by an invertible linear substitution with integer coefficients and determinant 1. The
theorems establish the finiteness of the number of proper equivalence classes for given discriminant,
conditions for the representability of primes by forms of a given discriminant, canonical representa-
tives of the finitely many proper equivalence classes of a given discriminant, a group law for proper
equivalence classes of forms of the same discriminant that respects representability of integers by
the classes, and a theory of genera that takes into account inequivalent forms whose values cannot
be distinguished by linear congruences.

Sections 6–7 digress to leap forward historically and interpret the group law for proper equivalence
classes of binary quadratic forms in terms of an equivalence relation on the nonzero ideals in the
ring of integers of an associated quadratic number field.

Sections 8–10 concern Dirichlet’s Theorem on primes in arithmetic progressions. Section 8
discusses Euler’s product formula for

∑∞
n=1 n−s and shows how Euler was able to modify it to

prove that there are infinitely many primes 4k + 1 and infinitely many primes 4k + 3. Section 9
develops Dirichlet series as a tool to be used in the generalization, and Section 10 contains the proof
of Dirichlet’s Theorem. Section 8 uses some elementary real analysis, and Sections 9–10 use both
elementary real analysis and elementary complex analysis.

1. Historical Background

The period 1800 to 1840 saw great advances in number theory as the subject
developed a coherence and moved toward the kind of algebraic number theory that
is studied today. The groundwork had been laid chiefly by Euclid, Diophantus,
Fermat, Euler, Lagrange, and Legendre. Some of what those people did was
remarkably insightful for its time, but what collectively had come out of their
labors was more a collection of miscellaneous results than an organized theory.
It was Gauss who first gave direction and depth to the subject, beginning with

1
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his bookDisquisitiones Arithmeticaein 1801. Dirichlet built on Gauss’s work,
clarifying the deeper parts and adding analytic techniques that pointed toward
the integrated subject of the future. This chapter concentrates on three jewels of
classical number theory—largely the work of Gauss and Dirichlet—that seem on
the surface to be only peripherally related but are actually a natural succession
of developments leading from earlier results toward modern algebraic number
theory. To understand the context, it is necessary to back up for a moment.

Diophantine equations in two or more variables have always lain at the heart of
number theory. Fundamental examples that have played an important role in the
development of the subject areax2+bxy+cy2 = m for unknown integersx andy;
x2

1 + x2
2 + x2

3 + x2
4 = m for unknown integersx1, x2, x3, x4; y2 = x(x −1)(x +1)

for unknown integersx andy; andxn + yn = zn for unknown integersx, y, z.
In every case one can get an immediate necessary condition on a solution by

writing the equation modulo some integern. The necessary condition is that
the corresponding congruence modulon have a solution. For example take the
equationx2 + y2 = p, where p is a prime, and let us allow ourselves to use
the more elementary results ofBasic Algebra. Writing the equation modulo
p leads tox2 + y2 ≡ 0 mod p. Certainly x cannot be divisible byp, since
otherwisey would be divisible byp, x2 and y2 would be divisible byp2, and
x2 + y2 = p would be divisible byp2, contradiction. Thus we can divide,
obtaining 1+ (yx−1)2 ≡ 0 mod p. Hencez2 ≡ −1 mod p for z ≡ xy−1. If p
is an odd prime, then−1 has order 2, and the necessary condition is that there
exist somez in F×

p whose order is exactly 4. SinceF×
p is cyclic of orderp − 1,

the necessary condition is that 4 dividep − 1.
Using a slightly more complicated argument, we can establish conversely that

the divisibility of p − 1 by 4 implies thatx2 + y2 = p is solvable for integers
x and y. In fact, we know from the solvability ofz2 ≡ −1 mod p that there
exists an integerr such thatp dividesr 2 + 1. Consider the possibilities in the
integral domainZ[i ] of Gaussian integers, wherei = √−1. It was shown in
Chapter VIII ofBasic AlgebrathatZ[i ] is Euclidean. HenceZ[i ] is a principal
ideal domain, and its elements have unique factorization. Ifp remains prime in
Z[i ], then the fact thatp divides(r + i )(r − i ) implies thatp dividesr + i or
r − i in Z[i ]. Then at least one ofrp + i 1

p and r
p − i 1

p would have to be inZ[i ].

Sincei 1
p is not in Z[i ], this divisibility does not hold, and we conclude thatp

does not remain prime inZ[i ]. If we write p = (a + bi)(c + di) nontrivially,
then p2 = |a + bi |2|c + di |2 = (a2 + b2)(c2 + d2) as an equality inZ, and we
readily conclude thata2 + b2 = p.

This much argument solves the Diophantine equationx2+y2 = p for p prime.
For p replaced by a general integerm, we use the identity

(x2
1 + y2

1)(x
2
2 + y2

2) = (x1x2 − y1y2)
2 + (x1y2 + x2y1)

2,
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which has been known since antiquity, and we see thatx2 + y2 = m is solvable
if m is a product of odd primes of the form 4k + 1. It is solvable also ifm = 2
and if m = p2 for any primep. Thusx2 + y2 = m is solvable wheneverm is a
positive integer such that each prime of the form 4k + 3 dividingm dividesm an
even number of times. Using congruences modulo prime powers, we see that this
condition is also necessary, and we arrive at the following result; historically it
had already been asserted as a theorem by Fermat and was subsequently proved
by Euler, albeit by more classical methods than we have used.

Proposition 1.1.The Diophantine equationx2+y2 = m is solvable in integers
x andy for a given positive integerm if and only if every prime numberp = 4k+3
dividing m occurs an even number of times in the prime factorization ofm.

The first step in the above argument used congruence information; we had
to know the primesp for which z2 ≡ −1 mod p is solvable. The second step
was in two parts—both rather special. First we used specific information about
the nature of factorization in a particular ring of algebraic integers, namelyZ[i ].
Second we used that the norm of a product is the product of the norms in that
same ring of algebraic integers.

It is too much to hope that some recognizable generalization of these steps with
x2 + y2 = m can handle all or most Diophantine equations. At least the first step
is available in complete generality, and indeed number theory—both classical and
modern—deduces many helpful conclusions by passing to congruences. There
is the matter of deducing something useful from a given congruence, but doing
so is a finite problem for each prime. Like some others before him, Gauss set
about studying congruences systematically. Linear congruences are easy and had
been handled before. Quadratic congruences are logically the next step. The
first jewel of classical number theory to be discussed in this chapter is the Law
of Quadratic Reciprocity of Gauss, which appears below as Theorem 1.2 and
which makes useful deductions possible in the case of quadratic congruences. In
effect quadratic reciprocity allows one to decide easily which integers are squares
modulo a primep. Euler had earlier come close to finding the statement of this
result, and Legendre had found the exact statement without finding a complete
proof. Gauss was the one who gave the first complete proof.

Part of the utility of quadratic reciprocity is that it helps one to attack quadratic
Diophantine equations more systematically. The second jewel of classical number
theory to be discussed in this chapter is the body of results concerning representing
integers by binary quadratic formsax2+bxy+cy2 = m that do not degenerate in
some way. Lagrange and Legendre had already made advances in this theory, but
Gauss’s own discoveries were decisive. Dirichlet simplified the more advanced
parts of the theory and investigated an aspect of it that Gauss had not addressed
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and that would lead Dirichlet to his celebrated theorem on primes in arithmetic
progressions.1

Lagrange had introduced the notion of the discriminant of a quadratic form
and a notion of equivalence of such forms—two forms of the same discriminant
being equivalent if one can be obtained from the other by a linear invertible
substitution with integer entries. Equivalence is important because equivalent
forms represent the same numbers. He established also a theory of reduced forms
that specifies representatives of each equivalence class. For an odd primep,
ax2 + bxy+ cy2 = p is solvable only if the discriminantb2 − 4ac is a square
modulo p, and Lagrange was hampered by not knowing quadratic reciprocity.
But he did know some special cases, such as when 5 is a square modulop, and he
was able to deal completely with discriminant−20. For this discriminant, there
are two equivalence classes, represented byx2 + 5y2 and 2x2 + 2xy + 3y2, and
Lagrange showed for primesp other than 2 and 5 that

x2 + 5y2 = p is solvable if and only if p ≡ 1 or 9 mod 20,

2x2 + 2xy + 3y2 = p is solvable if and only if p ≡ 3 or 7 mod 20;

the fact aboutx2 + 5y2 = p had been conjectured earlier by Euler. Lagrange
observed further that

(2x2
1 + 2x1y1 + 3y2

1)(2x2
2 + 2x2y2 + 3y2

2)

= (2x1x2 + x1y2 + y1x2 + 3y1y2)
2 + 5(x1x2 − y1y2)

2,

from which it follows that the product of two primes congruent to 3 or 7 modulo
20 is representable asx2 + 5y2; this fact had been conjectured by Fermat.

Legendre added to this investigation the correct formula for quadratic reci-
procity, which he incorrectly believed he had proved, and many of its conse-
quences for representability of primes by binary quadratic forms. In addition,
he tried to develop a theory of composition of forms that generalizes Lagrange’s
identity above, but he had only limited success.

In addition to establishing quadratic reciprocity, Gauss introduced the vital no-
tion of “proper equivalence” for formsax2+bxy+cy2 of the same discriminant—
two forms of the same discriminant being properly equivalent if one can be
obtained from the other by a linear invertible substitution with integer entries
and determinant+1. In terms of this definition, he settled the representability
of primes by binary quadratic forms, he showed that there are only finitely many
proper equivalences classes for each discriminant, and he gave an algorithm for

1These matters are affirmed in Dirichlet’sLectures on Number Theory. The aspect that Gauss
had not addressed and that provided motivation for Dirichlet is the value of the “Dirichlet class
number”h(D) defined below.
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deciding whether two forms are properly equivalent. The main results of Gauss in
this direction appear as Theorems 1.6 and 1.8 below. In addition, Gauss showed,
without the benefit of having a definition of “group,” in effect that the set of
proper equivalence classes of forms with a given discriminant becomes a finite
abelian group in a way that controls representability of nonprime integers; by
contrast, Lagrange’s definition of equivalence does not lead to a group structure.
Gauss’s main results in this direction, as recast by Dirichlet, appear as Theorem
1.12 below.

The story does not stop here, but let us pause for a moment to say what La-
grange’s theory, as amended by Gauss, says for the above example, first rephrasing
the context in more modern terminology. We saw earlier that unique factorization
in the ringZ[i ] of Gaussian integers is the key to the representation of integers
by the quadratic formx2 + y2. For a general quadratic formax2 + bxy+ cy2

with discriminantD = b2 − 4ac, properties of the ringR of algebraic integers in
the fieldQ(

√
D ) are relevant for the questions that Gauss investigated. It turns

out thatR is a principal ideal domain if Gauss’s finite abelian group of proper
equivalence classes is trivial and that whenD is “fundamental,” there is a suitable
converse.2

With the context rephrased we come back to the example. Consider the
equationx2+5y2 = p for primesp. The discriminant ofx2+5y2 is−20, and the
relevant ring of algebraic integers isZ[

√−5 ], which is not a unique factorization
domain. Thus the argument used withx2 + y2 = p does not apply, and we
have no reason to expect that solvability ofx2 + 5y2 ≡ 0 mod p is sufficient for
solvability ofx2+5y2 = p. Let us look more closely. The congruence condition
is that−20 is a square modulop. Thus−5 is to be a square modulop. If we
leave aside the primesp = 2 and p = 5 that divide 20, the Law of Quadratic
Reciprocity will tell us that the necessary congruence resulting from solvability
of x2 + 5y2 = p is that p be congruent to 1, 3, 7, or 9 modulo 20. However, we
can compute all residuesn of x2 + 5y2 modulo 20 forn with GCD(n,20) = 1 to
see that

x2 + 5y2 ≡ 1 or 9 mod 20 if GCD(x2 + 5y2, 20) = 1.

Meanwhile, the form 2x2 + 2xy + 3y2 has discriminant−20, and we can check
that solvability of 2x2 + 2xy + 3y2 = p leads to the conclusion that

2x2 + 2xy + 3y2 ≡ 3 or 7 mod 20 if GCD(2x2 + 2xy + 3y2, 20) = 1.

Lagrange’s theory easily shows that representability of integers by a form depends
only on the equivalence class of the form and that all primes congruent to 1, 3,

2In each of the situations (a) and (b) of Proposition 1.17 below,R is a principal ideal domain
only if Gauss’s group is trivial. In all other cases, Gauss’s group is nontrivial, andR is a principal
ideal domain only if the group has order 2.
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7, or 9 modulo 20 are representable by some form. This example is special
in that equivalence and proper equivalence come to the same thing. Gauss’s
multiplication rule for proper equivalence classes of forms with discriminant
−20 produces a group of order 2, withx2 + 5y2 representing the identity class
and 2x2 + 2xy + 3y2 representing the other class. Consequently

p ≡ 1 or 9 mod 20 implies x2 + 5y2 = p solvable,

p ≡ 3 or 7 mod 20 implies 2x2 + 2xy + 3y2 = p solvable.

In addition, the multiplication rule has the property that ifm is representable by
all forms in the class ofa1x2 + b1xy + c1y2 andn is representable by all forms
in the class ofa2x2 + b2xy + c2y2, thenmn is representable by all forms in the
class of the product form. It is not necessary to have an explicit identity for the
multiplication. Thus, for example, it follows without further argument that ifp
andq are primes congruent to 3 or 7 modulo 20, thenx2 + 5y2 = pq is solvable.

Let us elaborate a little about the rephrased context for Gauss’s theory. We let
D be the discriminant of the binary quadratic forms in question, and we assume
that D is “fundamental.” LetR be the ring of algebraic integers that lie in the
field Q(

√
D ). It turns out to be possible to define a notion of “strict equivalence”

on the set of ideals ofR in such a way that multiplication of ideals descends to a
multiplication of strict equivalence classes. The strict equivalence classesof ideals
then form a group, and this group is isomorphic to Gauss’s group. In particular,
one obtains the nonobvious conclusion that the set of strict equivalence classes
of ideals is finite. The main result giving this isomorphism is Theorem 1.20.
This rephrasing of the theory points to a generalization to algebraic number fields
of degree higher than 2 and is a starting point for modern algebraic number theory.

Now we return to the work of Gauss. Even the example withD = −20 that was
described above does not give an idea of how complicated matters can become.
For discriminant−56, for example, the two formsx2+14y2 and 2x2+7y2 take on
the same residues modulo 56 that are prime to 56, but no prime can be represented
by both forms. These two forms and the forms 3x2 ± 2xy + 5y2 represent the
four proper equivalence classes. By contrast, there are only three equivalence
classes in Lagrange’s sense, and we thus get some insight into why Legendre
encountered difficulties in defining a useful multiplication even forD = −56.
Gauss’s theory goes on to address the problem thatx2 +14y2 and 2x2 +7y2 take
on one set of residues modulo 56 and prime to 56 while 3x2 ± 2xy + 5y2 take
on a disjoint set of such residues. Gauss defined a “genus” (plural: “genera”)
to consist of proper equivalence classes like these that cannot be distinguished
by linear congruences, and he obtained some results about this notion. Gauss’s
set of genera inherits a group structure from the group structure on the proper
equivalence classes of forms, and the group structure for the genera enables one
to work with genera easily.
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The third jewel of classical number theory to be discussed in this chapter is
Dirichlet’s celebrated theorem on primes in arithmetic progressions, given below
as Theorem 1.21. The statement is that ifm andb are positive relatively prime
integers, then there are infinitely many primes of the formkm+b with k a positive
integer. The proof mixes algebra, a little real analysis, and some complex analysis.

What is not immediately apparent is how this theorem fits into a natural
historical sequence with Gauss’s theory of binary quadratic forms. In fact, the
statement about primes in arithmetic progressions was thrust upon Dirichlet in at
least two ways. Dirichlet thoroughly studied the work of those who came before
him. One aspect of that work was Legendre’s progress toward obtaining quadratic
reciprocity; in fact, Legendre actually had a proof of quadratic reciprocity except
that he assumed the unproved result about primes in arithmetic progressions for
part of it and argued in circular fashion for another part of it. Another aspect
of the work Dirichlet studied was Gauss’s theory of multiplication of proper
equivalence classes of forms, which Dirichlet saw a need to simplify and explain;
indeed, a complete answer to the representability of composite numbers requires
establishing theorems about genera beyond what Gauss obtained and has to make
use of the theorem about primes in arithmetic progressions.

In addition, Dirichlet asked and settled a question about proper equivalence
classes for which Gauss had published nothing and for which Jacobi had conjec-
tured an answer: How many such classes are there for each discriminantD? Let
us call this number the “Dirichlet class number,” denoting it byh(D). Dirichlet’s
answer has several cases to it. WhenD is fundamental, even, negative, and not
equal to−4, the answer is

h(D) = 2
√|D/4|
π

∑
n≥1,

GCD(n,D)=1

(
D/4

n

)
1

n
,

with the sum taken over positive integers prime toD. Here whenp is a prime
not dividing D,

(D/4
p

)
is +1 if D/4 is a square modulop and is−1 if not. For

generaln = ∏
pk prime to D,

(D/4
n

)
is the product of the expressions

(D/4
p

)k
corresponding to the factorization3 of n. WhenD = −4, the quantity on the right
side has to be doubled to give the correct result, and thus the formula becomes

h(−4) = 4

π

∑
n odd≥1

(−1

n

)
1

n
= 4

π

∑
n odd≥1

(−1)(n−1)/2

n
.

The adjusted formula correctly givesh(−4) = −1, since Leibniz had shown
more than a century earlier that 1− 1

3 + 1
5 − 1

7 + · · · = π
4 . Dirichlet was able to

3The expression
(D/4

n

)
is called a “Jacobi symbol.” See Problems 9–11 at the end of the chapter.
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evaluate the displayed infinite series for generalD as a finite sum, but that further
step does not concern us here. The important thing to observe is that the infinite
series is always an instance of a series

∑∞
n=1χ(n)/n with χ a periodic function

on the positive integers satisfyingχ(m+ n) = χ(m)χ(n). Dirichlet’s derivation
of a series expansion for his class numbers required care because the series is only
conditionally convergent. To be able to work with absolutely convergent series,
he initially replaced1

n by 1
ns for s> 1, thus initially treating series he denoted by

L(s, χ) = ∑∞
n=1χ(n)/n

s.
As a consequence of this work, Dirichlet was familiar with seriesL(s, χ) and

was aware of the importance of expressionsL(1, χ), knowing that at least when
χ(n) = (

D
n

)
, L(1, χ) is not 0 because it is essentially a class number. This

nonvanishing turns out to be the core of the proof of the theorem on primes in
arithmetic progressions. Dirichlet would have known about Euler’s proof that
the progressions 4n + 1 and 4n + 3 contain infinitely many primes, a proof
that we give in Section 8, and he would have recognized Euler’s expression∑∞

n=1 (−1)n/(2n + 1) as something that occurs in his formula forh(−4). Thus
he was well equipped with tools and motivation for a proof of his theorem on
primes in arithmetic progressions.

2. Quadratic Reciprocity

If p is an odd prime number anda is an integer witha �≡ 0 mod p, theLegendre
symbol

(
a
p

)
is defined by(

a

p

)
=
{ +1 if a is a square modulop,

−1 if a is not a square modulop.

SinceF×
p is a cyclic group of even order, the squares form a subgroup of index 2.

Thereforea 	→ (
a
p

)
is a group homomorphism ofF×

p into {±1}, and we have(
a
p

)(
b
p

) = (
ab
p

)
whenevera andb are not divisible byp.

Theorem 1.2 (Law of Quadratic Reciprocity). Ifp andq are distinct odd
prime numbers, then

(a)

(−1

p

)
= (−1)

1
2 (p−1),

(b)

(
2

p

)
= (−1)

1
8 (p

2−1),

(c)

(
p

q

)(
q

p

)
= (−1)[

1
2 (p−1)][ 1

2 (q−1)] .
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REMARKS. Conclusion (a) is due to Fermat and says that−1 is a square modulo
p if and only if p = 4n + 1. We proved this result already in Section 1 and will
not re-prove it here. Conclusion (b) is due to Euler and says that 2 is a square
modulo p if and only if p = 8n ± 1. Conclusion (c) is due to Gauss and says
that if p or q is 4n + 1, then

(p
q

) = (q
p

)
and otherwise

(p
q

) = −(qp). The proofs of
(b) and (c) will occupy the remainder of this section.

EXAMPLES.

(1) This example illustrates how quickly iterated use of the theorem decides
whether a given integer is a square. We compute

(
17
79

)
. We have

(
17

79

)
=
(

79

17

)
=
(

11

17

)
=
(

17

11

)
=
(

6

11

)
= −

(
3

11

)
= +

(
11

3

)
=
(

2

3

)
= −1,

the successive equalities being justified by using (c), the formula
(a+kp

p

) = (
a
p

)
,

(c) again,
(a+kp

p

) = (
a
p

)
again, the formula

(
a
p

)(
b
p

) = (
ab
p

)
and (b), (c) once more,(a+kp

p

) = (
a
p

)
once more, and an explicit evaluation of

(
2
3

)
.

(2) Lemma 9.46 ofBasic Algebraasserts that 3 is a generator of the cyclic
groupF×

n whenn is prime of the form 22
N + 1 with N > 0, and Theorem 1.2

enables us to give a proof. In fact, thisn hasn ≡ 2 mod 3 andn ≡ 1 mod 4.
Thus

(
3
n

) = (
n
3

) = (
2
3

) = −1. SinceF×
n is a cyclic group whose order is a power

of 2, every nonsquare is a generator. Thus 3 is a generator.

We prove two lemmas, give the proof of (b), prove a third lemma, and then
give the proof of (c).

Lemma 1.3. If p is an odd prime anda is any integer such thatp does not
dividea, thena

1
2 (p−1) ≡ (

a
p

)
mod p.

PROOF. The multiplicative groupF×
p being cyclic, letb be a generator. Write

a ≡ br mod p for some integerr . Since
(

a
p

) = (−1)r anda
1
2 (p−1) ≡ (br )

1
2 (p−1) =

(b
1
2 (p−1))r ≡ (−1)r mod p, the lemma follows. �

Lemma 1.4(Gauss). Letp be an odd prime, and leta be any integer such that
p does not dividea. Among the least positive residues modulop of the integers
a,2a, 3a, . . . , 1

2(p − 1)a, let n denote the number of residues that exceedp/2.
Then

(
a
p

) = (−1)n.
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PROOF. Let r1, . . . , rn be the least positive residues exceedingp/2, and let
s1, . . . , sk be those less thanp/2, so thatn + k = 1

2(p − 1). The residues
r1, . . . , rn, s1, . . . , sk are distinct, since no two ofa,2a,3a, . . . , 1

2(p−1)a differ
by a multiple ofp. Each integerp − ri is strictly between 0 andp/2, and we
cannot have any equalityp− ri = sj , sinceri +sj = p would mean that(u+v)a
is divisible byp for some integersu andv with 1 ≤ u, v ≤ 1

2(p − 1). Hence

p − r1, . . . , p − rn, s1, . . . , sk

is a permutation of 1, . . . , 1
2(p − 1). Modulo p, we therefore have

1 · 2 · · · 1
2(p − 1) ≡ (−1)nr1 · · · rns1 · · · sk

≡ (−1)na · 2a · · · 1
2(p − 1)a

≡ (−1)na
1
2 (p−1)1 · 2 · · · 1

2(p − 1),

and cancellation yieldsa
1
2 (p−1) ≡ (−1)n mod p. The result follows by combin-

ing this congruence with the conclusion of Lemma 1.3. �

PROOF OF(b) IN THEOREM 1.2. We shall apply Lemma 1.4 witha = 2 after
investigating the least positive residues of 2,4,6, . . . , p−1. We can list explicitly
those residues that exceedp/2 for each odd value ofp mod 8 as follows:

p = 8k + 1, 4k + 2, 4k + 4, . . . ,8k,

p = 8k + 3, 4k + 2, 4k + 4, . . . ,8k + 2,

p = 8k + 5, 4k + 4, . . . ,8k + 2,8k + 4,

p = 8k + 7, 4k + 4, . . . ,8k + 4, 8k + 6.

If n denotes the number of such residues for a givenp, a count of each line of the
above table shows that

n = 2k and (−1)n = +1 for p = 8k + 1,

n = 2k + 1 and (−1)n = −1 for p = 8k + 3,

n = 2k + 1 and (−1)n = −1 for p = 8k + 5,

n = 2k + 2 and (−1)n = +1 for p = 8k + 7.

Thus Lemma 1.4 shows that
(

2
p

) = +1 for p = 8k ± 1 and
(

2
p

) = −1 for
p = 8k ± 3. This completes the proof of (b). �
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Lemma 1.5. If p is an odd prime anda is a positive odd integer such thatp

does not dividea, then
(

a
p

) = (−1)t , wheret =
1
2 (p−1)∑

u=1
[ua/p]. Here [· ] denotes

the greatest-integer function.

REMARKS. Whena = 2, the equality
(

a
p

) = (−1)t fails for p = 3, since
t = [2/3] = 0.

PROOF. With notation as in Lemma 1.4 and its proof, we form eachua for 1 ≤
u ≤ 1

2(p−1) and reduce modulop, obtaining as least positive residue either some
ri for i ≤ n or somesj for j ≤ k. Thenua/p = [ua/p] + p−1(someri or sj ).
Hence

1
2 (p−1)∑

u=1
ua =

1
2 (p−1)∑

u=1
p[ua/p] +

n∑
i =1

ri +
k∑

j =1
sj . (∗)

The proof of Lemma 1.4 showed thatp−r1, . . . , p−rn, s1, . . . , sk is a permutation
of 1, . . . , 1

2(p − 1), and thus the sum is the same in the two cases:

1
2 (p−1)∑

u=1
u =

n∑
i =1
(p − ri )+

k∑
j =1

sj = np−
n∑

i =1
ri +

k∑
j =1

sj .

Subtracting this equation from(∗), we obtain

(a − 1)

1
2 (p−1)∑

u=1
u = p

( 1
2 (p−1)∑

u=1
[ua/p] − n

)
+ 2

n∑
i =1

ri .

Replacing
∑ 1

2 (p−1)
u=1 u on the left side by its value18(p

2−1)and taking into account
that p is odd, we obtain the following congruence modulo 2:

(a − 1)1
8(p

2 − 1) ≡
1
2 (p−1)∑

u=1
[ua/p] − n mod 2.

Since a is odd, the left side is congruent to 0 modulo 2. Thereforen ≡∑ 1
2 (p−1)
u=1 [ua/p] ≡ t mod 2, and Lemma 1.4 allows us to conclude that(−1)t =

(−1)n = (
a
p

)
. �

PROOF OF(c) IN THEOREM1.2. Let

S = {
(x, y) ∈ Z × Z

∣∣ 1 ≤ x ≤ 1
2(p − 1) and 1≤ y ≤ 1

2(q − 1)
}
,



12 I. Transition to Modern Number Theory

the number of elements in question being|S| = 1
4(p − 1)(q − 1). We can write

S = S1 ∪ S2 disjointly with

S1 = {(x, y) | qx > py} and S2 = {(x, y) | qx < py};
the exhaustion ofS by S1 and S2 follows becauseqx = py would imply that
p divides qx and hence thatp divides x, contradiction. We can describeS1

alternatively as

S1 = {
(x, y)

∣∣ 1 ≤ x ≤ 1
2(p − 1) and 1≤ y < qx/p

}
,

and therefore|S1| = ∑ 1
2 (p−1)
x=1 [qx/p], which is the integert in Lemma 1.5 such

that(−1)t = (q
p

)
. Similarly we have|S2| = ∑ 1

2 (q−1)
y=1 [ py/q], which is the integer

t in Lemma 1.5 such that(−1)t = (p
q

)
. Therefore

(−1)
1
4 (p−1)(q−1) = (−1)|S| = (−1)|S1|(−1)|S2| = (q

p

)(p
q

)
,

and the proof is complete. �

3. Equivalence and Reduction of Quadratic Forms

A binary quadratic form overZ is a functionF(x, y) = ax2 + bxy+ cy2 from
Z×Z to Z with a, b, c in Z. Following Gauss,4 we abbreviate thisF as(a, b, c).
We shall always assume, without explicitly saying so, that thediscriminant
D = b2 − 4ac is not the square of an integer and thatF is primitive in the sense
that GCD(a,b, c) = 1. When there is no possible ambiguity, we may say “form”
or “quadratic form” in place of “binary quadratic form.”

Let
(
α β

γ δ

)
be a member of the group GL(2,Z) of integer matrices whose

inverse is an integer matrix. The determinant of such a matrix is±1. We can use
this matrix to change variables, writing(

x
y

)
=
(
α β

γ δ

)(
x′
y′

)
=
(
αx′ + βy′
γ x′ + δy′

)
.

Thenax2 + bxy+ cy2 becomes

a(αx′ + βy′)2 + b(αx′ + βy′)(γ x′ + δy′)+ c(γ x′ + δy′)2

= (aα2+bαγ+cγ 2)x′2+(2aαβ+bαδ+bβγ+2cγ δ)x′y′+(aβ2+bβδ+cδ2)y′2.

4Disquisitiones Arithmeticae, Article 153. Actually, Gauss always assumed that the coefficient
of xy is even and consequently wrote(a,b, c) for ax2 + 2bxy+ cy2. To studyx2 + xy + y2, for
example, he tooka = 2, b = 1, c = 2. The convention of working withax2 + bxy+ cy2 is due to
Eisenstein.
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If we associate the triple(a,b, c) of F(x, y) to the matrix
(

2a b
b 2c

)
, then this

formula shows that the triple(a′,b′, c′) of the new formF ′(x′, y′) is associated
to the matrix (

2a′ b′
b′ 2c′

)
=
(
α γ

β δ

)(
2a b
b 2c

)(
α β

γ δ

)
.

From this equality of matrices, we see that

(i) the member
(

1 0
0 1

)
of GL(2,Z) has the effect of the identity transforma-

tion,
(ii) the member

(
α β

γ δ

) (
α′ β ′

γ ′ δ′

)
of GL(2,Z) has the effect of applying first(

α β

γ δ

)
and then

(
α′ β ′

γ ′ δ′

)
.

These two facts say that we do not quite have the expected group action on forms
on the left. Instead, we can say either that we have a group action on the right
or that gF is obtained fromF by operating bygt . Anyway, there are orbits,
and they are what we really need. The discriminantD = b2 − 4ac of the form

F is evidently minus the determinant of the associated matrix
(

2a b
b 2c

)
, and the

displayed equality of matrices thus implies that the discriminant of the formF ′
is D(αδ − βγ )2. Since(αδ − βγ )2 = 1 for matrices in GL(2,Z), we conclude
that

(iii) each member of GL(2,Z) preserves the discriminant of the form.

Hence the group GL(2,Z) acts on the forms of discriminantD.
Forms in the same orbit under GL(2,Z) are said to beequivalent. Forms in

the same orbit under the subgroup SL(2,Z) are said to beproperly equivalent.
A proper equivalence classof forms will refer to the latter relation. This notion
is due to Gauss. Equivalence under GL(2,Z) is an earlier notion due to Lagrange,
and we shall refer to its classes asordinary equivalence classeson the infrequent
occasions when the notion arises. Proper equivalence is necessary later in order
to get a group operation on classes of forms. If one form can be carried to another
form by a member of GL(2,Z) of determinant−1, we say that the two forms are

improperly equivalent. Use of the matrix
(

1 0
0 −1

)
shows that the form(a, b, c) is

improperly equivalent to the form(a,−b, c). In particular,(a,0, c) is improperly
equivalent to itself.

The discriminantD is congruent tob2 modulo 4 and hence is congruent to 0
or 1 modulo 4. All nonsquare integersD that are congruent to 0 or 1 modulo 4
arise as discriminants; in fact, we can always achieve such aD with a = 1 and
with b equal either to 0 or to 1.

The discriminant is minus the determinant of the matrix
(

2a b
b 2c

)
associated to
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(a,b, c), and this matrix is real symmetric with trace 2(a+c). SinceD = b2−4ac
is assumed not to be the square of an integer, neithera norc can be 0.

If D > 0, the symmetric matrix
(

2a b
b 2c

)
is indefinite, having eigenvalues

of opposite sign. In this case theDirichlet class number of D, denoted by
h(D), is defined to be the number5 of all proper equivalence classes of forms of
discriminantD.

If D < 0, thena andc have the same sign. The matrix
(

2a b
b 2c

)
is positive

definite if a andc are positive, and it is negative definite ifa andc are negative.
Correspondingly we refer to the form(a, b, c) aspositive definiteor negative

definite in the two cases. Sincegt
(

2a b
b 2c

)
g is positive definite whenever

(
2a b
b 2c

)
is positive definite, any form equivalent to a positive definite form is again positive
definite. A similar remark applies to negative definite forms. Thus “positive
definite” and “negative definite” are class properties. For any given discriminant
D < 0, theDirichlet class number of D, denoted byh(D), is the number6 of
proper equivalence classes ofpositive definiteforms of discriminantD.

The form(a,b, c) representsan integerm if ax2+bxy+cy2 = m is solvable
for some integersx and y. The formprimitively represents m if the x and
y with ax2 + bxy + cy2 = m can be chosen to be relatively prime. In any
event, GCD(x, y) dividesm, and thus whenever a form represents a primep, it
primitively representsp.

Theorem 1.6.Fix a nonsquare discriminantD.

(a) The Dirichlet class numberh(D) is finite. In fact, any form of discriminant
D is properly equivalent to a form(a, b, c) with |b| ≤ |a| ≤ |c| and therefore
has 3|ac| ≤ |D|, and the number of forms of discriminantD satisfying all these
inequalities is finite.

(b) An odd primep with GCD(D, p) = 1 is primitively representable by some
form (a,b, c) of discriminantD if and only if

(
D
p

) = +1. In this case the number
of proper equivalence classes of forms primitively representingp is either 1 or 2,
and these classes are carried to one another by GL(2,Z). In fact, if

(
D
p

) = +1,

thenb2 ≡ D mod 4p for some integerb, and representatives of these classes may
be taken to be

(
p,±b, b2−D

4p

)
.

5This number was studied by Dirichlet. According to Theorem 1.20 below, it counts the “strict
equivalence classes” of ideals in a sense that is introduced in Section 7. This number either equals or
is twice the number of equivalence classes of ideals in the other sense that is introduced in Section 7.
The latter is what is generalized in Chapter V in the subject of algebraic number theory, and the latter
is how “class number” is usually defined in modern books in algebraic number theory. Consequently
Dirichlet class numbers sometimes are twice what modern class numbers are. We use “Dirichlet
class numbers” in this chapter and change to the modern “class numbers” in Chapter V.

6This number was studied by Dirichlet. See the previous footnote for further information.
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We come to the proof after some preliminary remarks and examples. The
argument for (a) is constructive, and thus the forms given explicitly in (b) can
be transformed constructively into properly equivalent forms satisfying the con-
ditions of (a). Hence we are led to explicit forms as in (a) representingp. A
generalization of (b) concerning how a composite integerm can be represented if
GCD(D,m) = 1 appears in Problem 2 at the end of the chapter. What is missing
in all this is a description of proper equivalences among the forms as in (a). We
shall solve this question readily in Proposition 1.7 whenD < 0. ForD > 0, the
answer is more complicated; we shall say what it is in Theorem 1.8, but we shall
omit some of the proof of that theorem.

EXAMPLES.

(1) D = −4. Theorem 1.2a shows that the odd primes with
(

D
p

) = +1 are
those of the form 4k + 1. Theorem 1.6a says that each proper equivalence class
of forms of discriminant−4 has a representative(a,b, c) with 3|ac| ≤ 4. Since
D < 0, we are interested only in positive definite forms, which necessarily have
a andc positive. Thusa = c = 1, and we must haveb = 0. So there is only
one class of (positive definite) forms of discriminant−4, namelyx2 + y2, and
Theorem 1.6b allows us to conclude thatx2 + y2 = p is solvable for each prime
p = 4k + 1. In other words, we recover the conclusion of Proposition 1.1 as far
as representability of primes is concerned.

(2) D = −20. To have
(

D
p

) = +1 for an odd primep, we must have either(−1
p

) = (
5
p

) = +1 or
(−1

p

) = (
5
p

) = −1. Theorem 1.2 shows in the first case
that p ≡ 1 mod 4 andp ≡ ±1 mod 5, while in the second casep ≡ 3 mod 4
and p ≡ ±3 mod 5. That is,p is congruent to one of 1 and 9 modulo 20 in the
first case and to one of 3 and 7 modulo 20 in the second case. Let us consider
the forms as in Theorem 1.6a. We know thata > 0 andc > 0. The inequality
3ac ≤ |D| forcesac ≤ 6. Since|b| ≤ a ≤ c, we obtaina2 ≤ 6 anda ≤ 2.
Since 4 dividesD, b is even. Thenb = 0 or b = ±2. So the only possibilities
are(1, 0,5) and(2,±2, 3). Because of Theorem 1.6b, any prime congruent to
one of 1, 3,7, 9 modulo 20 is representable either by(1, 0, 5) and not(2,±2,3),
or by (2,±2, 3) and not(1,0, 5). We can write down all residues modulo 20 for
x2 + 5y2 and 2x2 ± 2xy + 3y2, and we find that the possible residues prime to
20 are 1 and 9 in the first case, and they are 3 and 7 in the second case. The
conclusion for odd primesp with GCD(20, p) = 1 is that

p ≡ 1 or 9 mod 20 implies p is representable asx2 + 5y2,

p ≡ 3 or 7 mod 20 implies p is representable as 2x2 ± 2xy + 3y2.

The residues modulo 20 have shown thatx2 + 5y2 is not equivalent to either of
2x2 ± 2xy + 3y2, but they do not show whether 2x2 ± 2xy + 3y2 are properly
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equivalent to one another. Hence the Dirichlet class numberh(−20) is either 2
or 3. It will turn out to be 2.

(3) D = −56. To have
(

D
p

) = +1 for an odd primep, we must have an

odd number of the Legendre symbols
(−1

p

)
,
(

2
p

)
, and

(
7
p

)
equal to+1 and the

rest equal to−1. We readily find from Theorem 1.2 that the possibilities with
GCD(56, p) = 1 are

p ≡ 1, 3,5,9,13,15,19,23, 25,27, 39,45 mod 56.

Applying Theorem 1.6a as in the previous example, we find thatx2 + 14y2,
2x2 + 7y2, and 3x2 ± 2xy + 5y2 are representatives of all proper equivalence
classes of forms of discriminant−56. Taking into account Theorem 1.6b and the
residue classes of these forms modulo 56, we conclude for odd primesp that

if p ≡ any of 1, 9, 15, 23,25,39 mod 56, then

p is representable asx2 + 14y2 or 2x2 + 7y2,

if p ≡ any of 3, 5,13, 19, 27, 45 mod 56, then

p is representable as both of 3x2 ± 2xy + 5y2.

The question left unsettled by the argument so far is whetherx2+14y2 is properly
equivalent to 2x2 + 7y2. Equivalent forms represent the same integers, and the
integer 1 is representable byx2+14y2 but not by 2x2+7y2. Hence the two forms
are not equivalent and cannot be properly equivalent. According to Theorem
1.6b, the primes of the first line are therefore representable by eitherx2 +14y2 or
2x2 + 7y2 butneverby both. Hence the Dirichlet class numberh(−56) is either
3 or 4. It will turn out to be 4.

(4) D = 5. The forms of discriminant 5 are indefinite. Applying Theorem
1.6a, we obtain 3|ac| ≤ 5. Hence|a| = |c| = 1. SinceD is odd,b is odd. The
inequality|b| ≤ |a| thus forces|b| = 1. ThenD = 1 − 4ac shows thatac< 0.
The possibilities are therefore(1,±1,−1) and(−1,±1, 1). The Dirichlet class
numberh(5) is at most 4. It will turn out to be 1. Let us take this fact as known.
The odd primesp with

(
D
p

) = +1 arep = 5k ± 1. Under the assumption that the
class number is 1, Theorem 1.6b shows that every such prime is representable as
x2 + xy − y2.

PROOF OFTHEOREM 1.6a. We consider the effect of two transformations in
SL(2,Z), one via

(
0 −1
1 0

)
and the other via

(
1 n
0 1

)
. Under these, the matrix

associated to(a,b, c) becomes(
0 1

−1 0

)(
2a b
b 2c

)(
0 −1
1 0

)
=
(

2c −b
−b 2a

)
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and

(
1 0
n 1

)(
2a b
b 2c

)(
1 n
0 1

)
=
(

2a 2an + b
2an + b 2an2 + 2bn + 2c

)
,

respectively. Thus the transformations are

(a,b, c) 	−→ (c,−b,a), (∗)

(a,b, c) 	−→ (a,2an + b, c′). (∗∗)

Possibly applying(∗) allows us to make|a| ≤ |c| while leaving|b| alone. Since
a �= 0, we can apply(∗∗) with n the closest integer to− b

2a to make|b| ≤ |a|.
This step possibly changesc. Thus after this step, we again apply(∗) if necessary
to make|a| ≤ |c|, and we apply(∗∗) again. In each pair of steps, we may assume
that |b| strictly decreases or else thatn = 0. We cannot always be in the former
case, since|b| is bounded below by 0. Thus at some point we obtainn = 0. At
this point,c does not change, and thus we have|b| ≤ |a| ≤ |c|, as required.

The inequalities|b| ≤ |a| ≤ |c| imply that

4|ac| = |D − b2| ≤ |D| + |b|2 ≤ |D| + |ac|,

and hence 3|ac| ≤ |D|. Since neithera norc is 0, it follows that the inequalities
|b| ≤ |a| ≤ |c| imply that |a|, |b|, |c| are all bounded by|D|. Therefore the
Dirichlet class numberh(D) is finite. �

PROOF OF NECESSITY INTHEOREM 1.6b. Supposex and y are integers with
GCD(x, y) = 1 andax2 + bxy+ cy2 = p. Thenax2 + bxy+ cy2 ≡ 0 mod p.
Chooseu andv with ux + vy = 1. Routine computation shows that

4(ax2+bxy+ cy2)(av2 − buv + cu2)

= [u(xb+ 2yc)− v(2xa + yb)]2 − (b2 − 4ac)(xu + yv)2

= [u(xb+ 2yc)− v(2xa + yb)]2 − (b2 − 4ac),

and hence

0 ≡ [u(xb+ 2yc)− v(2xa + yb)]2 − (b2 − 4ac) mod p.

ConsequentlyD ≡ [u(xb+ 2yc)− v(2xa+ yb)]2 mod p, andD is exhibited as
a square modulop. �

PROOF OF SUFFICIENCY INTHEOREM 1.6b. Choose an integer solutionb of
b2 ≡ D mod p. Sinceb + p is another solution and has the opposite parity,
we may assume thatb and D have the same parity. Thenb2 ≡ D mod p and
b2 ≡ D mod 4, so thatb2 ≡ D mod 4p. Since GCD(D, p) = 1, p does not
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divide b, and the forms
(
p,±b, b2−D

4p

)
are primitive. They have discriminant

b2 − 4p b2−D
4p = D, they take the valuep for (x, y) = (1,0), and they are

improperly equivalent via
(

1 0
0 −1

)
. Thus the forms in the statement of the theorem

exist.
For the uniqueness suppose that a form(a,b, c) of discriminantD represents

p, say withax2
0 +bx0y0 +cy2

0 = p. Since this representation has to be primitive,

we know that GCD(x0, y0) = 1. Put
(
α

γ

)
=
(

x0

y0

)
, and choose integersβ

and δ such thatαδ − βγ = 1. Then
(
α β

γ δ

)
has determinant 1 and satisfies(

α β

γ δ

) (
1
0

)
=
(

x0

y0

)
. The equalityax2

0 + bx0y0 + cy2
0 = 1

2(x0 y0)
(

2a b
b 2c

) (
x0

y0

)
therefore yields

p = 1
2 (1 0)

(
α γ

β δ

)(
2a b
b 2c

)(
α β

γ δ

)(
1
0

)
.

Consequently the form(a′,b′, c′) associated to the matrix
(
α γ

β δ

) (
2a b
b 2c

) (
α β

γ δ

)
takes on the valuep at (x, y) = (1,0) and is properly equivalent to(a,b, c). In
particular, it is a form(p,b′, c′) for someb′ andc′ such thatb′2 − 4pc′ = D.

Thus in the proof of uniqueness, we may assume that we have two forms
(p,b′, c′) and(p,b′′, c′′) of discriminantD. Thenb′′2 ≡ D ≡ b′2 mod 4p. The
conditionsb′′2 ≡ b′2 mod p andb′′2 ≡ b′2 mod 4 imply thatb′′ ≡ ±b′ mod p
andb′′ ≡ b′ mod 2 for one of the choices of sign. Thusb′′ ≡ ±b′ mod 2p for
that choice of sign. Let us writeb′′ = ±b′ + 2np for some integern. The matrix
equality(

1 0
n 1

)(
2p ±b′
±b′ 2c′

)(
1 n
0 1

)
=
(

2p 2pn ± b′
2pn ± b′ 2(∗)

)
shows that(p,±b′, c′) is properly equivalent to(p,b′′, ∗). Since the discriminant
has to beD, we conclude that∗ = c′′. That is,(p,b′′, c′′) is properly equivalent to
(p,±b′, c′) for that same choice of sign. Since(p,b′, c′) is improperly equivalent
to (p,−b′, c′), the proof of the theorem is complete. �

Our discussion of representability of primesp by binary quadratic forms
of discriminant D when GCD(D, p) = 1 will be complete once we have a
set of representatives of proper equivalence classes with no redundancy. For
discriminantD < 0, this step is not difficult and amounts, according to Theorem
1.6a, to sorting out proper equivalences among forms(a,b, c)with b2−4ac = D
and |b| ≤ |a| ≤ |c|. Let us call a form withD < 0 reduced when it satisfies
these conditions.
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There are two redundancies that are easy to spot, namely

(a,b,a) is properly equivalent to(a,−b,a) via
(

0 1
−1 0

)
,

(a,a, c) is properly equivalent to(a,−a, c) via
(

1 −1
0 1

)
.

The result forD < 0 is that there are no other redundancies among reduced
forms.

Proposition 1.7. Fix a negative discriminantD. With the exception of the
proper equivalences of

(a,b,a) to (a,−b,a)

(a,a, c) to (a,−a, c),and

no two distinct reduced positive definite forms of discriminantD are properly
equivalent.

PROOF. Suppose that(a, b, c) is properly equivalent to(a′,b′, c′), that both

are reduced, and thata ≥ a′ > 0. For some
(
α β

γ δ

)
in SL(2,Z), we have

a′ = aα2 + bαγ + cγ 2. Hence the inequalitiesc ≥ a and|b| ≥ −a imply that

a ≥ aα2+bαγ+cγ 2 ≥ a(α2+γ 2)+bαγ ≥ a(α2+γ 2)−a|αγ | ≥ a|αγ |, (∗)

andαγ equals 0 or±1. Thus the ordered pair(α, γ ) is one of(0,±1), (±1, 0),

(±1, 1), (±1,−1). Multiplying
(
α β

γ δ

)
if necessary by

(−1 0
0 −1

)
, which acts

trivially on quadratic forms, we may assume that(α, γ ) is one of(0,1), (1, 0),
(1,±1). We treat these three cases separately.

Case 1. (α, γ ) = (0,1). The conditionαδ−βγ = 1 forcesβγ = −1, and the
formulab′ = 2aαβ + bαδ + bβγ + 2cγ δ gives(a′,b′, c′) = (c,−b + 2cδ, ∗).
Since|b| ≤ c and |b − 2cδ| ≤ c, we must have|δ| ≤ 1. If δ = 0, we are
led to (a′,b′, c′) = (c,−b,a), which is reduced only ifc = a, and this is the
first of the two allowable exceptions. If|δ| = 1, the triangle inequality gives
2c = |2cδ| ≤ |b| + |2cδ − b| ≤ c + c = 2c, and therefore|b| = c = |b − 2cδ|.
Thenb = −(b − 2cδ), andb = cδ = ±c. Since|b| ≤ a ≤ c, b = ±a also.
Hence(a′,b′, c′) = (a,−b,a), and this is again the first of the two allowable
exceptions.

Case 2. (α, γ ) = (1,0). The conditionαδ − βγ = 1 forcesαδ = 1, and thus
(a′,b′, c′) = (a,b + 2aβ, ∗). Since|b| ≤ a and|b + 2aβ| ≤ a, we must have
|β| ≤ 1. If β = 0, then(a′,b′, c′) = (a, b, c), and there is nothing to prove.
If |β| = 1, the triangle inequality gives 2a = |2aβ| ≤ | − b| + |2aβ + b|, and
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therefore|b| = a = |b + 2βa|. Thenb = −(b + 2βa), and we conclude that
b = −aβ = ±a andb + 2βa = ∓a. Hence the proper equivalence in question
is of (a,a, c) to (a,−a, c), which is the second of the two allowable exceptions.

Case 3. (α, γ ) = (1,±1). From (∗) and the assumption thata ≥ a′, we
havea ≥ a′ ≥ a|αγ | = a. Thusa = a′, and the definition ofa′ shows that
a = a + bγ + c. Hencec = −bγ , andc = |b|. Since|b| ≤ a ≤ c, we obtain
−bγ = a = c. The formulab′ = 2aαβ + bαδ + bβγ + 2cγ δ then simplifies to
b′ = 2aβ + bδ + bβγ + 2aγ δ = (2a + bγ )(β + γ δ). Fromαδ − βγ = 1, we
haveδ − βγ = 1 and thus alsoγ δ = γ + β. Thereforeβ + γ δ = 2β + γ , and
this cannot be 0. So|b′| ≥ |2a + bγ | = |2a − a| = a = a′. Since(a′,b′, c′)
is reduced,|b′| = a′ = a = c = |b|, and the proper equivalence is of(a,a,a)
to (a,−a,a). This is an instance of both allowable exceptions, and the proof is
complete. �

EXAMPLES, CONTINUED.

(2) D = −20. We saw earlier that the reduced positive definite forms with
D = −20 arex2 + 5y2 and 2x2 ± 2xy + 3y2, i.e.,(1,0, 5) and(2,±2,3). The
remarks preceding Proposition 1.7 show that(2,2,3) is properly equivalent to
(2,−2,3), and the proposition shows that(1,0,5) is not properly equivalent to
(2, 2, 3). (We saw this latter conclusion for this example earlier by considering
residues.) Consequentlyh(−20) = 2.

(3) D = −56. We saw earlier that the reduced positive definite forms with
D = −56 arex2+14y2, 2x2+7y2, and 3x2±2xy+5y2, i.e.,(1,0,14), (2,0,7),
(3, 2,5), and(3,−2, 5). Proposition 1.7 shows that no two of these four forms
are properly equivalent. Consequentlyh(−56) = 4.

Let us turn our attention toD > 0. We still have the proper equivalences
of (a,b,a) to (a,−b,a) and (a,a, c) to (a,−a, c) as in the remarks before
Proposition 1.7. But there can be others, and the question is subtle. Here are
some simple examples.

EXAMPLES WITH POSITIVE DISCRIMINANT.

(1) D = 5. The forms withD = 5 satisfying the inequalities|b| ≤ |a| ≤ |c| of
Theorem 1.6a are(1,±1,−1) and(−1,±1,1). The second standard equivalence
allows us to discard one form from each pair, and we are left with(1,1,−1) and

(−1,−1,1). The first of these two is equivalent to the second via
(
α β

γ δ

)
=(

0 1
−1 0

)
. Thush(5) = 1, as was announced without proof in Example 4 earlier in

this section.

(2) D = 13. The forms withD = 13 satisfying the inequalities|b| ≤ |a| ≤
|c| of Theorem 1.6a are(1,±1,−3) and (−1,±1,3). The second standard
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equivalence allows us to discard one form from each pair, and we are left with
(1, 1,−3) and(−1,−1,3). The first of these two is equivalent to the second via(
α β

γ δ

)
=
(

1 −2
1 −1

)
. Thush(13) = 1.

(3) D = 21. The forms withD = 21 satisfying the inequalities|b| ≤ |a| ≤
|c| of Theorem 1.6a are(1,±1,−5) and (−1,±1,5). The second standard
equivalence allows us to discard one form from each pair, and we are left with
(1, 1,−5) and(−1,−1,5). These are not properly equivalent. In fact, the form
−x2 − xy + 5y2 is −1 for (x, y) = (1,0), but x2 + xy − 5y2 = −1 is not even
solvable modulo 3. Thush(21) = 2.

Although the starting data for these three examples are similar, the outcomes
are strikingly different. The idea for what to do involves starting afresh with the
reduction question that was addressed in Theorem 1.6a. For discriminantD > 0,
a different reduction is to be used. The reduction in question appears in Theorem
1.8a below, but some preliminary remarks are needed to explain the proof.

Two forms(a,b, c) and(a′,b′, c′) of discriminantD > 0 will be said to be
neighbors if c = a′ andb + b′ ≡ 0 mod 2c. More precisely we say in this
case that(a′,b′, c′) is a neighbor on the right of (a, b, c) and that(a, b, c) is
a neighbor on the left of (a′,b′, c′). A key observation is that neighbors are
properly equivalent to one another. In fact, if(a′,b′, c′) is a neighbor on the right

of (a, b, c), define
(
α β

γ δ

)
=
(

0 −1
1 (b+b′)/(2c)

)
. Then computation gives(

α γ

β δ

)(
2a b
b 2c

)(
α β

γ δ

)
=
(

2c b′
b′ (b − b′)b+b′

2c

)
.

The lower right entry of this matrix is an even integer, sinceb + b′ ≡ 0 mod 2c
and since, as a consequence,b + b′ ≡ 0 mod 2. Hence(a,b, c) is transformed
into (c, b′, c′), wherec′ = 1

2(b − b′) b+b′
2c .

Let us call a primitive form(a,b, c) of discriminantD > 0 reducedwhen it
satisfies the conditions

0< b <
√

D and
√

D − b < 2|a| <
√

D + b.

The first inequality shows thatb is bounded ifD is fixed, and the equality
−4ac = D2 − b2 shows that there are only finitely many possibilities fora
andc. Consequently there are only finitely many reduced forms for givenD.

From|b| < √
D, we see thatb2 < D = b2−4acandac< 0; thus any reduced

form hasa andc of opposite sign. ThenD − b2 = −4ac = (2|a|)(2|c|), and it
follows that 2|a| > √

D − b implies 2|c| < √
D + b and that 2|a| < √

D + b
implies 2|c| < √

D − b. Consequently
√

D − b < 2|c| <
√

D + b.
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Theorem 1.8.Fix a positive nonsquare discriminantD.

(a) Each form of discriminantD is properly equivalent to some reduced form
of discriminantD.

(b) Each reduced form of discriminantD is a neighbor on the left of one and
only one reduced form of discriminantD and is a neighbor on the right of one
and only one reduced form of discriminantD.

(c) The reduced forms of discriminantD occur in uniquely determined cycles,
each one of even length, such that each member of a cycle is an iterated neighbor
on the right to all members of the cycle and consequently is properly equivalent
to all other members of the cycle.

(d) Two reduced forms of discriminantD are properly equivalent if and only
if they lie in the same cycle in the sense of (c).

REMARKS. Conclusion (d) is the deepest part of the theorem, involving a subtle
argument that in essence uses the periodic continued-fraction expansion of the
rootsz of the polynomialaz2 + bz+ c if (a, b, c) is a form under consideration.
We shall prove (a) through (c), omitting the proof of (d), and then we shall return
to the three examplesD = 5,13,29 begun just above.

PROOF OFTHEOREM1.8a. If(a,b, c) is given and is not reduced, letm be the
unique integer such that

√
D − 2|c| < −b + 2cm<

√
D, (∗)

and define(a′,b′, c′) = (c,−b + 2cm,a − bm+ cm2). Then

b′2 − 4a′c′ = (−b + 2cm)2 − 4c(a − bm+ cm2)

= b2 − 4bcm+ 4c2m2 − 4ac+ 4bcm− 4c2m2 = b2 − 4ac = D,

and we observe thata′ = c and thatb + b′ = 2cm ≡ 0 mod 2c. Consequently
(a′,b′, c′) is a form of discriminantD and is a right neighbor to(a,b, c). By the
remarks before the theorem,(a,b, c) is properly equivalent to(a′,b′, c′).

We repeat this process at least once, obtaining(a′′,b′′, c′′). If |a′′| < |a′|, we
repeat it again, obtaining(a′′′,b′′′, c′′′), and we continue in this way. Eventually
the strict decrease of the magnitude of the first entry must stop. To keep the
notation simple, we may assume without loss of generality that|a′′| ≥ |a′|. The
claim is that(a′,b′, c′) is then reduced.

Putu = √
D − b′ andv = b′ − (√D − 2|a′|). The inequalities(∗) show that

u > 0 andv > 0. Therefore

0< v2 + 2uv + 2u
√

D = (u + v)2 − u2 + 2u
√

D

= 4a′2 − (D − 2b′√D + b′2)+ 2D − 2b′√D

= 4a′2 + D − b′2 = 4a′2 − 4a′c′.
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Since|c′| = |a′′| ≥ |a′|, this inequality shows thata′c′ < 0. Thereforeb′2 =
D + 4a′c′ < D, and|b′| < √

D.
From a′c′ < 0 and |a′| ≤ |c′|, we see that 4|a′|2 ≤ 4|a′c′| = −4a′c′ =

D − b′2 ≤ D. Therefore 2|a′| < √
D. The inequality

√
D − 2|c| < b′ implies

that
√

D − b′ < 2|c| = 2|a′|. The right side has just been shown to be<
√

D,
and thereforeb′ > 0. Hence

√
D − b′ < 2|a′| < √

D <
√

D + b′. �

PROOF OFTHEOREM1.8b. Suppose that(a,b, c) is reduced and that(a′,b′, c′)
is a reduced neighbor on the right of(a,b, c). Then we must havea′ = c and
b+ b′ ≡ 0 mod 2c. SinceD − b′ < 2|a′| andb′ <

√
D, we have

√
D − 2|a′| <

b′ <
√

D. That is,
√

D − 2|c| < b′ <
√

D. These inequalities in combination
with the congruenceb + b′ ≡ 0 mod 2c show that(a,b, c) uniquely determines
b′. Since(a′,b′, c′) is to have discriminantD, c′ is uniquely determined also.

We turn this construction around to prove existence of a right neighbor. Define
(a′,b′, c′) in terms of(a,b, c) as in the proof of Theorem 1.8a. Thena′ = c, and
b′ is the unique integer such thatb + b′ ≡ 0 mod 2c and

√
D − 2|c| < b′ <

√
D.

The form (a′,b′, c′) is a right neighbor of(a, b, c), and we are to show that
(a′,b′, c′) is reduced.

Since(a,b, c) is reduced, we have
√

D − b < 2|c| < √
D + b andb <

√
D.

Let m be the integer such thatb + b′ = 2m|c|. Addition of the inequalities
b′ − (√D − 2|c|) > 0 and

√
D + b − 2|c| > 0 gives 2m|c| = b + b′ > 0,

and thusm > 0. Hencem − 1 ≥ 0. Addition of the inequalities
√

D − b > 0
andb′ − (√D − 2|c|) > 0 gives 0< b′ − b + 2|c| = 2b′ − (b + b′) + 2|c| =
2b′ − 2(m − 1)|c|. Hence 2b′ > 2(m − 1)|c| ≥ 0, and we see thatb′ > 0.
Therefore 0< b′ <

√
D.

The definition ofb′ gives
√

D−b′ < 2|c| = 2|a′|. Addition of the inequalities
2(m − 1)|c| ≥ 0 and

√
D − b > 0 givesb + b′ − 2|c| + √

D − b > 0, which
says that 2|a′| < √

D + b′. Therefore(a′,b′, c′) is reduced.
Let R be the operation of passing from a reduced form(a,b, c) to its unique

reduced right neighbor(a′,b′, c′). What we have just shown implies thatR acts
as a permutation of the finite set of reduced forms of discriminantD. This set
being finite, letn be the order ofR. Then the set{Rk | 0 ≤ k ≤ n − 1} is a
cyclic group of permutations of the set of reduced forms of discriminantD. The
existence of a two-sided inverse ofR as a permutation implies that each reduced
form of discriminantD has exactly one left neighbor. Thus the existence and
uniqueness of neighbors on one side for reduced forms, in the presence of the
finiteness of the set, implies existence and uniqueness on the other side.�
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PROOF OFTHEOREM1.8c. We continue withRas the operation of passing from
a reduced form to its unique reduced right neighbor, letting{Rk | 0 ≤ k ≤ n−1}
be the finite cyclic group of powers ofR. This group acts on the set of reduced
forms of discriminantD, and the cycles in question are the orbits under this action.
To see that each orbit has an even number of members, we recall that a reduced
form (a,b, c) hasa andc of opposite sign. Thus if, for example,a is positive,
then Rl (a,b, c) = (a′,b′, c′) has(−1)l a′ positive. If the orbit of(a, b, c) has
k members, thenRk(a,b, c) = (a,b, c). Consequently(−1)ka has to have the
same sign asa, andk has to be even. Finally the members of each orbit are
properly equivalent to one another because, as we observed before the statement
of the theorem, a form is properly equivalent to each of its neighbors. �

EXAMPLES WITH POSITIVE DISCRIMINANT, CONTINUED.

(1) D = 5. The forms withD = 5 satisfying the inequalities of Theorem
1.8a are(1, 1,−1) and(−1,1,1), and these consequently represent all proper
equivalence classes. They form a single cycle and are properly equivalent by
Theorem 1.8c. Thus again we obtain the easy conclusion thath(5) = 1.

(2) D = 13. The forms withD = 13 satisfying the inequalities of Theorem
1.8a are(1, 3,−1)and(−1, 3, 1), which make up a single cycle. Thush(13) = 1.

(3) D = 21. The forms withD = 21 satisfying the inequalities of Theorem
1.8a are(1,3,−2) and(−2,3, 1), which make up one cycle, and(−1,3,2) and
(2, 3,−1), which make up another cycle. Thush(21) = 2.

4. Composition of Forms, Class Group

The identity(x2
1 + y2

1)(x
2
2 + y2

2) = (x1x2− y1y2)
2+ (x1y2+x2y1)

2, which can be
derived by factoring the left side inQ(

√−1)[x1, y1, x2, y2] and rearranging the
factors, readily generalizes to an identity involving any formx2 + bxy+ cy2 of
nonsquare discriminantD = b2 − 4c. We complete the square, writing the form
as(x− 1

2by)2− 1
4 y2D and factoring it as

(
x− 1

2by+ 1
2 y

√
D
)(

x− 1
2by− 1

2 y
√

D
)
,

and we obtain

(x2
1 + bx1y1 + cy2

1)(x
2
2 + bx2y2 + cy2

2)

= (x1x2 − cy1y2)
2 + b(x1x2 − cy1y2)(x1y2 + x2y1 + by1y2)

+ c(x1y2 + x2y1 + by1y2)
2.

Improving on an earlier attempt by Legendre, Gauss made a thorough inves-
tigation of how one might multiply two distinct forms of the same nonsquare
discriminant, not necessarily with first coefficient 1, and Dirichlet reworked the
theory and simplified it. Out of this work comes the followingcomposition
formula , of which the above formula is manifestly a special case.
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Proposition 1.9.Let (a1,b, c1) and(a2,b, c2) be two primitive forms with the
same middle coefficientb and with the same nonsquare discriminantD, hence
with a1c1 = a2c2 �= 0. Suppose thatj = c1a−1

2 = c2a−1
1 is an integer. Then the

form (a1a2,b, j ) is primitive of discriminantD, and it has the property that

(a1x2
1 + bx1y1 + cy2

1)(a2x2
2 + bx2y2 + cy2

2)

= a1a2(x1x2 − j y1y2)
2 + b(x1x2 − j y1y2)(a1x1y2 + a2x2y1 + by1y2)

+ j (a1x1y2 + a2x2y1 + by1y2)
2.

REMARKS. Consequently if an integerm is represented by the form(a1,b, c1)

and an integern is represented by the form(a2,b, c2), thenmn is represented by
the form(a1a2,b, j ). For example we saw in an example withD = −20 imme-
diately following the statement of Theorem 1.6 that any prime that is congruent to
3 or 7 modulo 20 is representable as 2x2+2xy+3y2. If we have two such primes
p andq, then p is representable by(2,2,3) andq is representable by(3,2, 2).
The proposition is applicable withj = 1 and shows thatpq is representable by

(6,2,1). In turn, substitution using
(
α β

γ δ

)
=
(

1 0
−1 1

)
changes this form to the

properly equivalent form(5, 0,1). Thuspq is representable asx2 + 5y2.

PROOF. The form (a1a2,b, j ) is primitive because any prime that divides
GCD(a1a2,b, j ) has to divide either GCD(a1,b, j ) or GCD(a2,b, j ) and then
certainly has to divide GCD(a1,b, c1) or GCD(a2,b, c2). No such prime ex-
ists, and hence(a1a2,b, j ) is primitive. The discriminant of(a1a2,b, j ) is
b2 − 4 ja1a2 = D + 4a1c1 − 4 ja1a2 = D + 4a1c1 − 4(c1a−1

2 )a1a2 = D,
as asserted, and the verification of the displayed identity is a routine computation.

�

Let us say that two primitive forms(a1,b1, c1) and(a2,b2, c2) of the same
nonsquare discriminant arealigned if b1 = b2 and if j = c1a−1

2 = c2a−1
1 is an

integer. In the presence of equal nonsquare discriminantsD and the equal middle
entriesb, the rational numberj is automatically an integer if GCD(a1,a2) = 1.
In fact, the equalityD − b2 = −4a1c1 = −4a2c2 shows thatD − b2 is divisible
by 4a1 and by 4a2; since GCD(a1,a2) = 1, D − b2 is divisible by 4a1a2, and the
quotient− j is an integer.

The idea is that each pair of classes of properly equivalent primitive forms
of discriminantD has a pair of aligned representatives, and a multiplication of
proper equivalence classes is well defined if the product is defined as the class of
the composition of these aligned representatives in the sense of Proposition 1.9.
This multiplication for proper equivalence classes will make the set of classes
into a finite abelian group. This group will be defined as the “form class group”
for the discriminantD, except that we use only the positive definite classes in the
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case thatD < 0. Before phrasing these statements as a theorem, we make some
remarks and then state and prove two lemmas.

Let (a, b, c) be a form of nonsquare discriminantD, and letb′ be an integer
with b′ ≡ b mod 2a. In this case the numberc′ = (b′2 − D)/(4a) is an integer;
in fact, we certainly have the congruencesb′2 ≡ b2 mod 2a andb′2 ≡ b2 mod 4,
and thus we obtain the automatic7 consequenceb′2 ≡ b2 mod 4a, the rewritten
congruenceb′2 ≡ D + 4ac mod 4a, and the desired resultb′2 − D ≡ 0 mod 4a.
Hence(a,b′, c′) is another form of discriminantD. We call(a,b′, c′) atranslate
of (a,b, c). The key observation about translates is that the translate(a,b′, c′) is
properly equivalent to(a,b, c). This fact follows from the computation(

1 0
l 1

)(
2a b
b 2c

)(
1 l
0 1

)
=
(

2a b+ 2al
b + 2al 2(al2 + bl + c)

)
=
(

2a b′
b′ 2c′

)
,

valid for any integerl .

Lemma 1.10.If (a,b, c) is a primitive form of nonsquare discriminant and if
m �= 0 is an integer, then(a, b, c) primitively represents some integer relatively
prime tom.

PROOF. Let

w0 = product of all primes dividinga, c, andm,

x0 = product of all primes dividinga andm but notc,

y0 = product of all primes dividingm but nota.

Referring to the definitions, we see that any prime dividingm divides exactly
one ofw0, x0, and y0. In particular, GCD(x0, y0) = 1. We shall show that
GCD(m,ax2

0 + bx0y0 + cy2
0) = 1, and the proof will be complete. Arguing by

contradiction, suppose that a primep divides GCD(m,ax2
0 +bx0y0+cy2

0). There
are three cases forp, as follows.

Case 1. If p dividesx0, then the fact thatp dividesax2
0 + bx0y0 + cy2

0 implies
that p dividescy2

0. Sincep does not dividey0, p dividesc, in contradiction to
the definition ofx0.

Case 2. If p dividesy0, then similarlyp dividesax2
0. Sincep does not divide

x0, p dividesa, in contradiction to the definition ofy0.
Case 3. If p dividesw0, then the fact thatp dividesa andc implies thatp

dividesbx0y0. Sincep divides neitherx0 nor y0, p dividesb, in contradiction to
the fact that(a,b, c) is primitive. �

7The argument being used here—that a congruence modulo 2a implies the congruence of the
squares modulo 4a—will be used again later in this section without detailed comment.
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Lemma 1.11.Suppose that(a1,b, c1) and(a2,b, c2) are properly equivalent
forms of nonsquare discriminant. Ifl is an integer such that GCD(a1,a2, l ) = 1
and such thatl divides GCD(c1, c2), then(la1,b, l−1c1) and(la2,b, l−1c2) are
properly equivalent forms.

REMARK. Even if (a1,b, c1) and(a2,b, c2) are primitive, it does not follow
that (la1,b, l−1c1) and(la2,b, l−1c2) are primitive. In fact, one need only take
l = 2 and(a1,b, c1) = (a2,b, c2) = (1,2, 4).

PROOF. Since(a1,b, c1) and(a2,b, c2) are properly equivalent, there exists(
α β

γ δ

)
with

(
α γ

β δ

)(
2a1 b
b 2c1

)(
α β

γ δ

)
=
(

2a2 b
b 2c2

)
.

We multiply both sides on the right by
(
α β

γ δ

)−1
, and the result is the system of

four scalar equations

2a1α + bγ = 2a2δ − bγ,

2a1β + bδ = bδ − 2c2γ,

bα + 2c1γ = −2a2β + bα,

bβ + 2c1δ = −bβ + 2c2α.

The second and third equations simplify toa1β + c2γ = 0 anda2β + c1γ = 0.
Sincel dividesc1 andc2, these two simplified equations show thatl dividesa1β

anda2β. Since GCD(a1,a2, l ) = 1, it follows thatl dividesβ.

Therefore the matrix
(
α l−1β

lγ δ

)
of determinant 1 has integer entries. Direct

computation shows that(
α lγ

l−1β δ

)(
2la1 b

b 2l−1c1

)(
α l−1β

lγ δ

)
=
(

2la2 b
b 2l−1c2

)
.

Consequently the forms(la1,b, l−1c1)and(la2,b, l−1c2)are properly equivalent.
�

Theorem 1.12.Let D be a nonsquare discriminant, and letC1 andC2 be proper
equivalence classes of primitive forms of discriminantD.

(a) There exist aligned forms(a1,b, c1) ∈ C1 and(a2,b, c2) ∈ C2, and these
may be chosen in such a way thata1 anda2 are relatively prime to each other and
to any integerm �= 0 given in advance.
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(b) If the product ofC1 andC2 is defined to be the proper equivalence class
of the composition of any aligned representatives ofC1 andC2, as for example
the ones in (a), then the resulting product operation is well defined on proper
equivalence classes of primitive forms of discriminantD.

(c) Under the product operation in (b), the set of proper equivalence classes
of primitive forms of discriminantD is a finite abelian group. The identity is the
class of(1,0,−D/4) if D ≡ 0 mod 4 and is the class of(1,1,−(D − 1)/4) if
D ≡ 1 mod 4. The group inverse of the class of(a, b, c) is the class of(a,−b, c).

REMARK. When D < 0, the proper equivalence classes of positive definite
forms are a subgroup. In fact, if(a1,b, c1) and(a2,b, c2) are positive definite
and are aligned, thena1 and a2 are positive, and therefore their composition
(a1a2,b, j ) hasa1a2 positive and is positive definite. As was indicated in the
discussion before Lemma 1.10, theform class groupfor discriminantD is defined
to be the group in (c) ifD > 0, and it is defined to be the subgroup of classes of
positive definite forms ifD < 0.

PROOF OFTHEOREM1.12a. By two applications of Lemma 1.10,C1 primitively
represents some integera1 prime tom, andC2 primitively represents some integer
a2 prime toa1m. Arguing as in the last part of the proof of Theorem 1.6b, we may
assume without loss of generality that(x, y) = (1,0) yields these values in each
case. ThenC1 contains a form(a1,b1, ∗) for someb1, andC2 contains a form
(a2,b2, ∗) for someb2. By the remarks before Lemma 1.10,C1 contains every
translate(a1,b1 + 2a1l1, ∗), andC2 contains every translate(a2,b2 + 2a2l2, ∗).

Let us make specific choices ofl1 andl2. We know thatb1 ≡ D ≡ b2 mod 2,
so thatb2 − b1 is even. The construction ofa1 anda2 was arranged to make
GCD(a1,a2) = 1, and therefore GCD(2a1,2a2) = 2. Sinceb2 − b1 is even,
we can choosel1 andl2 such that 2a1l1 − 2a2l2 = b2 − b1. Thenb1 + 2a1l1 =
b2 + 2a2l2, and we take the common value asb.

For thisb, C1 contains the form(a1,b, ∗), andC2 contains the form(a2,b, ∗).
Since we have arranged that GCD(a1,a2) = 1, the remark immediately following
the definition of “aligned” shows that these forms are aligned. �

PROOF OFTHEOREM1.12b. Suppose that

(a′
1,b

′, ∗) is properly equivalent to (a′′
1,b

′′, ∗),
(a′

2,b
′, ∗) is properly equivalent to (a′′

2,b
′′, ∗),

with the vertical pairs aligned. We are to show that

(a′
1a′

2,b
′, ∗) is properly equivalent to (a′′

1a′′
2,b

′′, ∗). (∗)

Theorem 1.12a applied to the integerm = a′
1a′

2a′′
1a′′

2 gives us an aligned pair of
forms (a1,b, ∗) and(a2,b, ∗) in the respective proper equivalence classes such
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that GCD(a1,a2) = 1 and GCD(a1a2,m) = 1. If we can show that

(a′
1a′

2,b
′, ∗) is properly equivalent to (a1a2,b, ∗), (∗∗)

then we will have symmetrically that

(a′′
1a′′

2,b
′′, ∗) is properly equivalent to (a1a2,b, ∗),

and(∗) will follow from this fact and(∗∗) by transitivity of proper equivalence.
We can now argue as in the proof of Theorem 1.12a. We know thatb ≡ D ≡

b′ mod 2, so thatb′ − b is even. The construction ofa1 anda2 was arranged
to make GCD(a1a2,a′

1a′
2) = 1, and therefore GCD(2a1a2,2a′

1a′
2) = 2. Since

b2 − b1 is even, we can choosel andl ′ such that 2a1a2l − 2a′
1a′

2l
′ = b′ − b. Then

b + 2a1a2l = b′ + 2a′
1a′

2l
′, and we take the common value asB. This B has

B ≡ b mod 2a1a2 and B ≡ b′ mod 2a′
1a′

2.

Thus
(a1,b, ∗) is properly equivalent to (a1, B, ∗),
(a2,b, ∗) is properly equivalent to (a2, B, ∗),

(a1a2,b, ∗) is properly equivalent to (a1a2, B, ∗),
(†)

and similarly

(a′
1,b

′, ∗) is properly equivalent to (a′
1, B, ∗),

(a′
2,b

′, ∗) is properly equivalent to (a′
2, B, ∗),

(a′
1a′

2,b
′, ∗) is properly equivalent to (a′

1a′
2, B, ∗).

(††)

By construction ofb, (a1,b, ∗) is properly equivalent to(a′
1,b

′, ∗). This equiv-
alence, in combination with the first line of(†) and the first line of(††), shows
that

(a1, B, ∗) is properly equivalent to (a′
1, B, ∗). (‡)

Let us check that Lemma 1.11 is applicable to the two properly equivalent
forms of (‡) and to the integerl = a′

2. In fact, GCD(a1,a2, l ) = 1 follows
from GCD(a1a2,a′

1a′
2) = 1, and the problem is to show thatl = a′

2 divides
(D − B2)/(4a1) and(D − B2)/(4a′

1). To see this divisibility, we observe that
D − b′2 is divisible by 4a′

1a′
2 because(a′

1,b
′, ∗) and (a′

2,b
′, ∗) are given as

aligned; the congruenceb′ ≡ B mod 2a′
1a′

2 implies thatb′2 ≡ B2 mod 4a′
1a′

2,
and addition givesD − B2 ≡ 0 mod 4a′

1a′
2. Meanwhile,D − B2 is divisible

by 4a1 because the third member of(a1, B, ∗) is an integer. SinceD − B2 is
divisible also by 4a′

1a′
2 and since GCD(a1,a′

1a′
2) = 1, D − B2 is divisible by
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4a1a′
1a′

2. Therefore(D − B2)/(4a1) and(D − B2)/(4a′
1) are divisible bya′

2, and
Lemma 1.11 is indeed applicable.

The application of Lemma 1.11 to(‡) with l = a′
2 shows that

(a1a′
2, B, ∗) is properly equivalent to (a′

1a′
2, B, ∗).

Similarly (a2, B, ∗) is properly equivalent to(a′
2, B, ∗), and an application of

Lemma 1.11 to this equivalence withl = a1 shows that

(a1a2, B, ∗) is properly equivalent to (a1a′
2, B, ∗).

The two results together show that

(a1a2, B, ∗) is properly equivalent to (a′
1a′

2, B, ∗).

Combining this equivalence with the third line of(†) and the third line of(††),
we obtain(∗∗), and the proof of (b) is complete. �

PROOF OFTHEOREM 1.12c. The set of proper equivalence classes is finite by
Theorem 1.6a, and commutativity of multiplication is clear. Defineδ to be 0 if
D ≡ 0 mod 4 and to be 1 ifD ≡ 1 mod 4. Let us see that the class of(1, δ, ∗)
is the identity. If(a, b, c) has discriminantD, thenb ≡ δ mod 2, and hence
(1,b, ∗) = (1, δ + 2 · 1 · 1

2(b − δ)) is a translate of(1, δ, ∗). Consequently
(1, b, ∗) and(1, δ, ∗) are properly equivalent. Since Proposition 1.9 shows that
the composition of(a,b, c) and(1,b, ∗) is (a, b, ∗), Theorem 1.12b allows us to
conclude that the class of(1, δ, ∗) is the identity.

For inverses Theorem 1.12b shows that the product of the classes of(a, b, c)
and (a,−b, c) is the product of the classes of(a,b, c) and (c,b,a), which is
the class of the composition(a, b, c)(c,b,a). Proposition 1.9 shows that this
composition is(ac,b,1). Since(ac, b, 1) is properly equivalent to(1,−b,ac)
and since the latter is properly equivalent to(1, δ, ∗), the class of the composition
(a, b, c)(c,b,a) is the identity.

To complete the proof, we need to verify associativity. LetC1, C2, andC3

be three proper equivalence classes of primitive forms of discriminantD. Let
(a1,b1, c1) be a form in the classC1. Lemma 1.10 shows thatC2 represents an
integera2 prime toa1, and then it follows that the form(a2,b2, c2) is inC2 for some
integersb2 andc2. A second application of Lemma 1.10 shows thatC3 represents
an integera3 prime toa1a2, and then it follows that the form(a3,b3, c3) is inC3 for
some integersb3 andc3. The middle components haveb1 ≡ b2 ≡ b3 ≡ δ mod 2,
and thus1

2(bj − δ) is an integer forj = 1,2,3. Sincea1,a2,a3 are relatively
prime in pairs, the Chinese Remainder Theorem shows that the congruences
x ≡ 1

2(bj − δ) modaj have a common integer solutionx for j = 1, 2,3. Define
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b = 2x + δ. Thenb is a solution ofb ≡ bj mod 2aj for j = 1,2,3. Write
b = bj + 2aj nj for suitable integersnj . Then(aj ,b, ∗) = (aj ,bj + 2aj nj , ∗)
is a translate of(aj ,bj , cj ) and consequently is properly equivalent to it. Thus
(aj ,b, ∗) lies inCj . Taking into account Theorem 1.12b and using Proposition 1.9,
we see thatC1(C2C3) and(C1C2)C3 are both represented by the form(a1a2a3,b, ∗)
and hence are equal. �

5. Genera

The theory of genera lumps proper equivalence classes of forms of a given dis-
criminant according to their values in some way. There are at least two possible
definitions of “genus,” and it is a deep result that they lead to the same thing
in all cases of interest. By way of background, we saw in Sections 2 and 3 for
discriminantD = −56 that the number of proper equivalence classes of binary
quadratic forms is exactly 4, representatives beingx2 + 14y2, 2x2 + 7y2, and
3x2±2xy+5y2. The last two are improperly equivalent and take the same values
at integer points(x, y), and there are no other improper equivalences. Thus the
first two take on a disjoint set of prime values from the values of 3x2 ±2xy+5y2

for integer points(x, y), and the sets of prime values taken on byx2 + 14y2 and
2x2 + 7y2 at integer points are disjoint from one another.

Two possible lumpings of proper equivalence classes arise for this discriminant.
One is to identify forms when their values modulo 56 include the same residues
prime to 56. It is just a finite computation to see that

x2 + 14y2 and 2x2 + 7y2 take on the residues 1,9, 15, 23,25,39,

3x2 ± 2xy + 5y2 take on the residues 3,5, 13, 19,27,45.

Thus the first kind of lumping treatsx2 + 14y2 and 2x2 + 7y2 together because
of the residues they take on, and it treats 3x2 + 2xy+ 5y2 and 3x2 − 2xy+ 5y2

together. Gauss proceeded by using this kind of lumping to define “genus.”
The other lumping is to identify integer forms that take on the samerational

values at rational points. Here 2x2 + 7y2 = 1 for (x, y) = (1
3,

1
3), and of course

x2 + 14y2 = 1 for (x, y) = (1,0). Hence the sets of values ofx2 + 14y2

and 2x2 + 7y2 for x and y rational have a nonzero value in common. Lemma
1.13 below implies that the sets of rational values taken on by the two forms are
identical. The second kind of lumping treatsx2 + 14y2 and 2x2 + 7y2 together
because they take on the same rational values. We shall use this latter kind of
lumping because, as Theorem 1.14 below shows, this is the definition that more
quickly identifies the genus group once the form class group is known.
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Problems 25–40 at the end of the chapter show that the two definitions of genus
lead to the same thing for discriminants that are “fundamental” in a sense that we
define in a moment.

We have defined two forms(a,b, c) and(a′,b′, c′) with integer entries to be

“properly equivalent” if there is a matrix
(
α β

γ δ

)
in SL(2,Z) with(

α γ

β δ

)(
2a b
b 2c

)(
α β

γ δ

)
=
(

2a′ b′
b′ 2c′

)
.

We say that two forms(a, b, c) and(a′,b′, c′) with rational entries areproperly

equivalent overQ if there is a matrix
(
α β

γ δ

)
in SL(2,Q) such that the displayed

equality holds. For emphasis we can refer to the original notion as “proper
equivalence overZ” when it is advisable to be more specific. It is evident that if
two forms with rational entries are properly equivalent overQ, then their sets of
values at points(x, y) in Q × Q are the same.

Lemma 1.13. If (a, b, c) is a form with rational coefficients and with non-
square discriminantD that takes on a nonzero valueq ∈ Q for some(x0, y0)

in Q × Q, then (a,b, c) is properly equivalent overQ to (q,0,−D/(4q)).
Consequently two forms overQ of the same discriminant that take on a nonzero
value in common overQ are properly equivalent overQ.

PROOF. Suppose thatax2
0 + bx0y0 + cy2

0 = q. Put
(
α

γ

)
=
(

x0

y0

)
. Sincex0

andy0 cannot both be 0, we can choose rationalsβ andδ such thatαδ−βγ = 1.

Then
(
α β

γ δ

)
has determinant 1 and satisfies

(
α β

γ δ

) (
1
0

)
=
(

x0

y0

)
. The equality

ax2
0 + bx0y0 + cy2

0 = 1
2(x0 y0)

(
2a b
b 2c

) (
x0

y0

)
therefore yields

q = 1
2 (1 0)

(
α γ

β δ

)(
2a b
b 2c

)(
α β

γ δ

)(
1
0

)
.

It follows that (a,b, c) is properly equivalent overQ to some form(q, b′, c′)
with b′ andc′ rational. Using a translation with a rational parameter, we see that
(q,b′, c′) is properly equivalent overQ to a form (q,0, ∗). Inspection of the
discriminant shows that this last form must be(q,0,−D/(4q)). �

Two primitive integer forms having the same discriminant are said to be in
the samegenus(plural: genera) if they are properly equivalent overQ. In view
of Lemma 1.13 the condition is that they are primitive and take on a common
nonzero value overQ, or equivalently that they are primitive and take on the same
set of values overQ. Thusx2 + 14y2 and 2x2 + 7y2 furnish an example of two
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forms in distinct classes that are in the same genus. Two primitive integer forms
that are in the same proper equivalence class overZ are in the same genus. The
genus of the classC will be denoted by [C ]. The identity class will be denoted
by E, andP = [E ] is called theprincipal genus. If (a,b, c) is an integer form
representing a classC, then Theorem 1.12c shows that(a,−b, c) representsC−1.
On the other hand,C andC−1 take on the same values overZ, as we see by
replacing(x, y) by (x,−y), and it follows that [C ] = [C−1].

For the main theorem about genera, we shall introduce an extra hypothesis on
the discriminantD. A nonsquare integerD will be said to be afundamental
discriminant if D is not divisible by the square of any odd prime and if when
D is even,D/4 is congruent to 2 or 3 modulo 4. It will be seen later that this
condition is equivalent to the requirement thatD be the “field discriminant” of
some quadratic number field. Examples of discriminants that are not fundamental
areD = −12,−44,−108.

With this condition imposed onD, any integer form(a,b, c) of discriminantD
is automatically primitive. In fact, no odd primep can divide GCD(a, b, c), since
then p2 would divideD. If 2 were to divide GCD(a,b, c), then(a/2,b/2, c/2)
would be an integer form, andD/4 = (b/2)2 − 4(a/2)(c/2) would be an integer
congruent to 1 or 4 modulo 4.

Theorem 1.14.For a fundamental discriminantD, the principal genusP of
primitive integer forms8 is a subgroup of the form class groupH , and the cosets
of P are the various genera. Thus the setG of genera is exactly the set of cosets
H/P and inherits a group structure from class multiplication. The subgroupP
coincides with the subgroup of squares inH , and consequently every nontrivial
element ofG has order 2.

REMARKS. The groupG is called thegenus groupof discriminantD. The
hypothesis thatD is fundamental is needed only for the conclusion that every
member ofP is a square inH . Since every nontrivial element ofG has order
2 whenD is fundamental, application of the Fundamental Theorem of Finitely
Generated Abelian Groups or use of vector-space theory over a 2-element field
shows thatG is the direct sum of cyclic groups of order 2; in particular, the order
of G is a power of 2. Problems 25–29 at the end of the chapter show that the
order ofG is 2g, whereg + 1 is the number of distinct prime factors ofD.

PROOF. Let V(C ) denote the set ofQ values assumed by forms in the classC
at points(x, y) in Q × Q. If SandS′ are two genera and ifC is a class inSand
C′ is a class inS′, we defineS · S′ = [CC′].

8As usual, we exclude the negative definite classes in the discussion.
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To see that this product operation is well defined on the setG of genera, letC′′
be inS′ also. ThenV(C′) = V(C′′). If q is in V(C ) andq′ is in V(C′) = V(C′′),
then the prescription for multiplying classes shows thatqq′ is in V(CC′) and
V(CC′′). HenceV(CC′) = V(CC′′), and [CC′] = [CC′′]. Therefore multiplication
of genera is well defined. Define a functionϕ : H → G by ϕ(C ) = [C ]. Then
the computation

ϕ(CC′) = [CC′] = [C][C′] = ϕ(C )ϕ(C′)

shows thatϕ is a homomorphism ofH ontoG. The kernel ofϕ is [C] = P, which
is therefore a subgroup, and the image ofϕ, which is the setG of genera with its
product operation, has to be a group.

For any classC, the equality [C ] = [C−1] implies that [C2] = [C ][C ] =
[C ][C−1] = [CC−1] = [E] = P. HenceP contains all squares. Conversely letC
be in P. ThenC takes on the value 1 overQ. If (a,b, c) is a form in the classC,
then there exist rationalsr ands with ar2 + brs + cs2 = 1. Clearing fractions,
we see that there exist integersx andy such thatax2 + bxy+ cy2 = n2 for some
integern �= 0. Without loss of generality, we may assume thatn is positive.
Since(a,b, c) is primitive, a familiar argument allows us to make a substitution
for which the valuen2 is taken on at(x, y) = (1,0). In other words,(a,b, c)
is properly equivalent overZ to a form (n2,b′, c′) for suitable integersb′ and
c′. The composition formula in Proposition 1.9 shows that the composition of
(n, b′, c′n) with itself is (n2,b′, c′), and henceC is exhibited as the square of the
class of(n, b′, c′n). Since(n, b′, c′n) has the same discriminantD as(n2,b′, c′)
and therefore as(a,b, c) and sinceD is fundamental,(n,b′, c′n) is primitive.
ThereforeC is the square of a class of primitive forms. IfC is positive definite,
then the above choice of the sign ofn as positive makes(n,b′, c′n) positive
definite. Hence the class of(n, b′, c′n) is in H . �

EXAMPLE. The discriminantD = −56 is fundamental, and we have seen that
the form class group is of order 4 with representativesx2 + 14y2, 2x2 + 7y2, and
3x2 ± 2xy+ 5y2. We have seen also thatx2 + 14y2 and 2x2 + 7y2 both lie in the
principal genusP. A group of order 4 must be isomorphic to the cyclic group
C4 or toC2 × C2. In the first case the subgroup of squares has order 2, and in the
second case the subgroup of squares has order 1. Since we have already found
two elements inP, P has order exactly 2. By the theorem we must be in the first
case. HenceH is of typeC4, and the genus groupG is of typeC2. It is possible to
check directly that 3x2 + 2xy+ 5y2 has order 4 by making computations similar
to those for Problem 4d at the end of the chapter.
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6. Quadratic Number Fields and Their Units

In this section we review material about quadratic number fields that appears in
various places inBasic Algebra, and we determine the units in the ring of integers
of such a number field.

Quadratic number fields are extension fieldsK of Q with [K : Q] = 2. Such a
field is necessarily of the formK = Q(

√
m ), wherem is a uniquely determined

square-free integer not equal to 0 or 1. The set{1,√m } is a vector-space basis
of K overQ.

The extensionK/Q is a Galois extension, and the Galois group Gal(K/Q)
of automorphisms ofK fixing Q has two elements. We denote the nontrivial
element of the Galois group byσ ; its values on the members of the vector-space
basis areσ(1) = 1 andσ(

√
m ) = −√

m.
The normN = NK/Q and trace Tr= TrK/Q are given byN(α) = α ·σ(α) and

Tr(α) = α + σ(α). ThusN(a + b
√

m ) = a2 − mb2 and Tr(a + b
√

m ) = 2a.
These values are members ofQ. The norm is multiplicative in the sense that
N(αβ) = N(α)N(β), andN(1) = 1.

The ringRof algebraic integers inK is the integral closure ofZ in K . It works
out to be

R =
{

Z[
√

m ] if m ≡ 2 or 3 mod 4,

Z[ 1
2(

√
m − 1)] if m ≡ 1 mod 4

and is therefore a free abelian group of rank 2. The automorphismσ carriesR to
itself. The norm and trace of any member ofR are inZ; conversely any member
of K whose norm and trace are inZ is in R. We define the algebraic integerδ to
be given by

δ =
{ −√

m if m ≡ 2 or 3 mod 4,
1
2(1 − √

m ) if m ≡ 1 mod 4.

Then{1, δ} is aZ basis ofR. The norm and trace ofδ are given by

N(δ) = δ · σ(δ) =
{ −m if m ≡ 2 or 3 mod 4,

1
4(1 − m) if m ≡ 1 mod 4,

Tr(δ) = δ + σ(δ) =
{

0 if m ≡ 2 or 3 mod 4,

1 if m ≡ 1 mod 4.

There is a general notion offield discriminant D, or absolute discriminant,
for an algebraic number field, whose definition will be given in Chapter V. We
shall not give that definition in general now but will be content to give the formula
for D in the quadratic number fieldQ(

√
m ), namely

D =
{

4m if m ≡ 2 or 3 mod 4,

m if m ≡ 1 mod 4.
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Theunits of K are understood to be the members of the groupR× of units in
the ringR. These are the membersε of R with N(ε) = ±1. In fact, ifε is a unit,
then the equalityεε−1 = 1 implies that 1= N(1) = N(εε−1) = N(ε)N(ε−1)

and shows thatN(ε) is a unit inZ. ThusN(ε) = ±1. Conversely ifN(ε) = ±1,
then±εσ (ε) = 1 shows thatσ(ε) = ±ε−1; sinceσ(ε) is in R, ε is exhibited as
in R× and is therefore a unit.

For m < 0, the units ofQ(
√

m ) are easily determined. In fact, ifε = a + bδ
with a andb in Z, thenN(ε) = (a + bδ)(a + bσ(δ)) = a2 + bTr δ + b2N(δ)
with each term equal to an integer and with the end terms≥ 0. Sorting out the
possibilities, we see that

R× =

⎧⎪⎨⎪⎩
{± 1,±√−1

}
if m = −1,{± 1, 1

2(±1 ± √−3)
}

if m = −3,{± 1
}

for all otherm< 0.

The respective orders ofR× are 4, 6, and 2.
Determination of the units whenm> 0 is more delicate. We require a lemma.

Lemma 1.15. If α is a real irrational number and ifN > 0 is an integer, then
there exist integersA andB with

|Bα − A| < 1

N
and 0< B ≤ N.

For thisA and thisB, ∣∣∣α − A

B

∣∣∣ < 1

B2
.

PROOF. Putαn = nα − [nα], where [· ] denotes the greatest-integer function.
Then 0≤ αn < 1. We partition the half-open interval [0,1) into N subintervals[

t−1
N ,

t
N

)
with 1 ≤ t ≤ N. For 0 ≤ n ≤ N, the expressionαn takes onN + 1

distinct values becauseαn = αm would imply that(n − m)α is in Z. Hence
there existαn andαm with n > m that lie in the same subinterval

[
t−1
N ,

t
N

)
.

Then |αn − αm| < 1
N . If we take B = n − m and A = [nα] − [mα], then

|Bα − A| = |αn − αm|, and the inequality|Bα − A| < 1
N follows. Dividing this

inequality byB gives|α − A
B | < 1

BN , and this is≤ 1
B2 becauseN ≥ B. �

Proposition 1.16. For K = Q(
√

m ) with m > 0, the units are the members
of the infinite group

R× = {
(±1)εn

1 | n ∈ Z
} ∼= Z × C2,

whereε1 is thefundamental unit, defined as the least unit> 1.
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REMARK. For example, whenm = 2, the fundamental unit isε1 = 1 + √
2.

PROOF. The unitsω with |ω| = 1 are±1, since the members ofK are real
numbers. We shall show shortly that there exists a unitωwith |ω| �= 1. Thenω or
ω−1 has absolute value> 1. Let us say that|ω| > 1. Then one ofω and−ω is> 1.
Let us say thatω > 1. Writeω = a + b

√
m, so thatσ(ω) = a − b

√
m = ±ω−1

has|σ(ω)| < 1. Then

|2a| = |ω + σ(ω)| ≤ |ω| + |σ(ω)| ≤ |ω| + 1

|2b
√

m| = |ω − σ(ω)| ≤ |ω| + |σ(ω)| ≤ |ω| + 1and

together show that there are only finitely many unitsω′ with 1 < |ω′| < |ω|.
Hence the existence of a unitωwith |ω| �= 1 implies the existence of a fundamental
unit ε1.

If ω′ is any unit> 1, then we can choose a powerεn
1 of ε1 with εn+1

1 > ω′ ≥ εn
1,

by the archimedean property ofR. Thenω′ε−n
1 is a unit≥ 1 with |ω′ε−n

1 | < ε1.
Sinceε1 is fundamental,ω′ε−n

1 is 1, and thusω′ = εn
1. Then it follows that the

group of units has the asserted form.
Thus we need to exhibit some unitω with |ω| �= 1. We apply Lemma 1.15

with α = √
m and withN arbitrary. Then we obtain infinitely many pairs(A, B)

of integers with
∣∣√m − A

B

∣∣ < 1
B2 ≤ 1, hence with|A/B| < 1 + √

m. For each
such pair(A, B), the memberr = A − B

√
m of R has

|N(r )| = ∣∣(A + B
√

m)(A − B
√

m)
∣∣ = ∣∣ A

B − √
m
∣∣ ∣∣B2

∣∣ ∣∣ A
B + √

m
∣∣

≤ 1
B2 B2(1 + 2

√
m) = 1 + 2

√
m.

Thus there are infinitely manyr in R with |N(r )| ≤ 1 + 2
√

m. Since the norm
of an algebraic integer is inZ, there is some integern such that infinitely many
r ∈ R have N(r ) = n. Among the elementsr ∈ R with N(r ) = n, which
we write asr = A + B

√
m with A andB in 1

2Z, we consider the finitely many
congruence classes of(A, B)modulon, saying that two such(A, B) and(A′, B′)
are congruent ifA − A′ andB − B′ are integers divisible byn. Since infinitely
many r ∈ R haveN(r ) = n, there must be infinitely many of these in some
particular congruence class. Take three such, sayα1, α2, andα3. Then

N(α1) = N(α2) = N(α3) = n

with
α1 − α2

n
in R and

α1 − α3

n
in R.

Sincen = N(α2) = α2σ(α2), we see that

α1

α2
= 1 +

(α1 − α2

n

)
σ(α2).
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Thusα1/α2 is exhibited as inR, and it hasN(α1/α2) = N(α1)/N(α2) = n/n =
1. Henceα1/α2 is a unit different from+1. Arguing similarly withα1/α3, we
see thatα1/α3 is a unit different from+1 and not equal toα1/α2. Hence one of
α1/α2 andα1/α3 is a unit whose absolute value is not 1. �

7. Relationship of Quadratic Forms to Ideals

We continue withK as the quadratic number fieldQ(
√

m ) andR as the ring of
algebraic integers inK . HereR = Z[δ], whereδ = −√

m if m ≡ 2 or 3 mod 4
andδ = 1

2(1−√
m ) if m ≡ 1 mod 4. LetD be the field discriminant ofQ(

√
m )

as defined in Section 6.
The topic of this section is a relationship between nonzero ideals inR and

binary quadratic forms with discriminantD. Binary quadratic forms withD as
discriminant are automatically primitive.

The relationship is not a one-one correspondence of ideals to forms but a one-
one correspondence of a certain kind of equivalence class of ideals to proper
equivalence classes of forms. We saw in Theorem 1.12 that the latter collection
has the structure of a finite abelian group, and we shall see in this section that the
former collection has the natural structure of a finite abelian group as well. The
correspondence is a group isomorphism, according to Theorem 1.20 below.

Consider nonzero idealsI in R. The first observation is thatI is additively a
free abelian group of rank 2. In fact,R itself is additively a free abelian group of
rank 2, and the additive subgroupI has to be free abelian of rank≤ 2. If r is a
nonzero element inI , thenN(r ) = rσ(r ) is in I , and thusI contains a nonzero
integer. Ifn is an integer inI , thenn

√
m is in I , and thusI contains a noninteger.

ThereforeI is a free abelian group of rank exactly 2, as asserted.
Certainly I can then be generated as an ideal by two elements, and our cus-

tomary notation has been to writeI = (r1, r2) in this case. However, without an
extra condition on them, the two ideal generators need not together be aZ basis
for I because they need not generate all ofI additively. It will be helpful to have
separate notation when the generators are known to give aZ basis. Accordingly
we shall writeI = 〈r1, r2〉 whenr1, r2 give aZ basis ofI . In this case it will
be helpful also to regard the set{r1, r2} asorderedwith r1 precedingr2, and we
shall often do so.

Now suppose thatI = 〈r1, r2〉 is a nonzero ideal, and consider the expression

r1σ(r2)− σ(r1)r2 = det

(
r1 σ(r1)

r2 σ(r2)

)
.

If I is written in terms of a second orderedZ basis asI = 〈s1, s2〉, then the two
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ordered bases are related by a matrix
(
α β

γ δ

)
in GL(2,Z), the relationship being(

r1

r2

)
=
(
α β

γ δ

)(
s1

s2

)
.

Hence (
r1 σ(r1)

r2 σ(r2)

)
=
(
α β

γ δ

)(
s1 σ(s1)

s2 σ(s2)

)
,

and therefore

det

(
r1 σ(r1)

r2 σ(r2)

)
= ± det

(
s1 σ(s1)

s2 σ(s2)

)
,

where±1 is the determinant of
(
α β

γ δ

)
. Consequently the expression

N(I ) = |r1σ(r2)− σ(r1)r2|
|√D | ,

whereD is the field discriminant ofK , is independent of the choice ofZ basis.
It is called thenorm of the idealI . The factor of

√
D in the denominator is a

normalization factor that arranges for the norm of the idealI = R to be 1; in fact,
we can writeR = 〈1, δ〉 with δ as in the first paragraph of this section, and then

N(R) = |σ(δ)− δ|
|√D | =

{ |√m+√
m |

|√4m | if m ≡ 2 or 3 mod 4

| 1
2 (1+√

m )− 1
2 (1−√

m )|
|√m | if m ≡ 1 mod 4

}
= 1.

Since the norm of an element ofR is given byN(r ) = rσ(r ), it is immediate
from the definition that

N(r I ) = |N(r )|N(I ) for r ∈ R.

Consequently the norm of the principal ideal(r ) is given by

N((r )) = |N(r )|N(R) = |N(r )|1 = |N(r )| for r ∈ R.

Still with I = 〈r1, r2〉, let us observe that

σ
(
r1σ(r2)− σ(r1)r2

) = −(r1σ(r2)− σ(r1)r2
)
.

It follows that

r1σ(r2)− σ(r1)r2 is

{
real if m> 0,

imaginary ifm< 0.
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Sincer1σ(r2)− σ(r1)r2 changes sign whenr1 andr2 are interchanged, let us say
that the expressionI = 〈r1, r2〉 for I is positively oriented if r1σ(r2)− σ(r1)r2

is positive or positive imaginary,9 negatively oriented if r1σ(r2) − σ(r1)r2 is
negative or negative imaginary. IfI = 〈r1, r2〉, then exactly one of the expressions
I = 〈r1, r2〉 andI = 〈r2, r1〉 is positively oriented. The notion of orientation will
be critical to setting up the correspondence between classes of ideals and classes
of forms.

The set of nonzero ideals ofR has a commutative associative multiplication
that was introduced inBasic Algebra: if I and J are nonzero ideals, thenI J is
defined to be the set of sums of products from the two ideals, the productI J
again being an ideal. Later in this section we shall recall some properties of this
multiplication that were proved inBasic Algebra.

We define two equivalence relations on the set of nonzero ideals ofI . We say
that I andJ areequivalent if there exist nonzeror ands in R with (r )I = (s)J.
Here(r ) and(s) are understood to be principal ideals. The idealsI and J are
strictly equivalent, or narrowly equivalent, if equivalence occurs and ifr and
s can be chosen withN(rs−1) > 0. Both relations are certainly reflexive and
symmetric. To see transitivity, let(r1)I1 = (r2)I2 and(s2)I2 = (s3)I3. Then
(r1s2)I1 = (r2s2)I2 = (r2s3)I3, and I1 is equivalent toI3. If also N(r1r

−1
2 ) > 0

and N(s2s−1
3 ) > 0, then the productN((r1s2)(r2s3)

−1) is positive, andI1 is
strictly equivalent toI3. In other words, “equivalent” and “strictly equivalent”
are equivalence relations.

The principal ideals form one full equivalence class under “equivalent.” First
of all, (r ) is equivalent to(s) because(s)(r ) = (rs) = (r )(s). In the reverse
direction, if I and(1) are equivalent, let(r )I = (s). Then there existsx ∈ I with
r x = s. Hencesr−1 is in I , and(sr−1) ⊆ I . In fact, equality holds: ify is in I ,
then the equalityry = szwith z in R says thaty = (sr−1)z, andy is in (sr−1).
In other words,I = (sr−1).

In a sense, therefore, equivalence of ideals measures the extent to which
nonprincipal ideals exist.

Multiplication is a class property of ideals relative to equivalence and to
strict equivalence. In fact, if(r )I = (r ′)I ′ and(s)J = (s′)J ′, then(rs)I J =
(r ′s′)I ′ J ′, and the assertion follows.

The theorem will be that multiplication ofstrict equivalence classes of ideals
of R makes the set of such classes into an abelian group that is isomorphic to the
finite abelian form class group of discriminantD. This result is not as beautiful as
one might hope, since the identity class of ideals under strict equivalence need not
match the set of all principal ideals. However, we can quantify the discrepancy.
The relevant result is as follows.

9If m< 0, we adopt the convention that
√

m is positive imaginary.
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Proposition 1.17. Equivalence and strict equivalence are the same for ideals
of R if and only if either

(a) m> 0 and the fundamental unitε1 hasN(ε1) = −1 or
(b) m< 0.

In the contrary case whenm> 0 and the fundamental unitε1 hasN(ε) = +1, a
nonzero principal ideal(r ) is strictly equivalent to(1) if and only if N(r ) > 0;
in particular, the principal ideal(

√
m ) is not strictly equivalent to(1).

REMARKS. Whenm> 0, there are examples withN(ε1) = +1 and examples
with N(ε1) = −1. Specifically whenm = 2, ε1 = 1 + √

2, and this has
N(ε1) = −1. Whenm > 0 andm has any odd prime divisorp with p ≡
3 mod 4, thenN(ε1) = +1; in fact, otherwiseε1 = x + y

√
m would imply that

−1 = N(ε1) = x2−my2 and therefore that−1 ≡ x2 mod p, but this congruence
has no solutions by Theorem 1.2a.

PROOF. Suppose thatm> 0 andN(ε1) = −1. If (r )I = (s)J with N(rs−1) <

0, then(ε1r )I = (s)J with N(ε1rs−1) > 0. Thus equivalence implies strict
equivalence in this case.

Suppose thatm < 0. Then all norms of nonzero elements are> 0. Hence
N(rs−1) > 0 is an empty condition, and equivalence implies strict equivalence.

Conversely suppose thatm> 0 andN(ε1) = +1. Proposition 1.16 shows that
the most general unit isε = ±εn

1, and consequentlyN(ε) = N(±1)N(ε1)n = +1
for every unit. The element

√
m is in R, andN(

√
m ) = −m < 0. We know

that the principal ideals(1) and(
√

m ) are equivalent. Arguing by contradiction,
suppose that they are strictly equivalent. Then(r ) = (r )(1) = (s)(

√
m ) =

(s
√

m ) for somer ands with N(rs−1) > 0. Since the principal ideals generated
byr ands

√
mare the same, these elements must be related byr = εs√m for some

unit ε. ThenN(rs−1) = N(ε
√

m ) = N(ε)N(
√

m ) = −m < 0, contradiction.
The proposition follows. �

Once we have introduced group structures on the set of equivalence classes of
ideals and the set of strict equivalence classes of ideals, it follows that the map that
carries a strict equivalence class to the equivalence class containing it is a group
homomorphism onto. If either of the conditions (a) and (b) in Proposition 1.17
is satisfied, then this homomorphism is one-one. Otherwise its kernel consists of
the two strict equivalence classes of principal ideals—those whose generator has
positive norm and those whose generator has negative norm.

At this point we could establish that the set of strict equivalence classes of ideals
is a finite abelian group. The finiteness of the set of strict equivalence classes
could be established directly by a geometric argument we give in Chapter V,
and the group structure could be derived from the group structure on the set of
“fractional ideals” ofK that were introduced in Problems 48–53 at the end of
Chapter VIII ofBasic Algebra.
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Although we could proceed with proofs along these lines, it is instructive to
proceed in a different way. Rather than give a stand-alone proof of the finiteness
of the number of strict equivalence classes of ideals, we prefer to derive this
finiteness as part of the correspondence with proper equivalence classes of binary
quadratic forms, since the number of such classes of binary quadratic forms has
already been proved to be finite in Theorem 1.6a. The group structure then readily
follows from this finiteness and the fact thatR is a Dedekind domain.

Let us pause for a moment, therefore, to use results we already know in order
to show how the group structure on the set of strict equivalence classes follows
once it is known that there are only finitely many such classes. We know from
Theorems 8.54 and 8.55 ofBasic Algebrathat R is a Dedekind domain and that
R has unique factorization for its nonzero ideals. In other words, in terms of the
already-defined multiplication of ideals, each nonzero idealI in R is of the form
I = ∏k

j =1 P
nj

j , where thePj are distinct nonzero prime ideals, thenj are positive
integers, andk is ≥ 0; moreover, this product expansion is unique up to the order
of the factors.

Lemma 1.18.LetH be the set of strict equivalence classes of nonzero ideals
in R, with its inherited commutative associative multiplication. IfH is finite,
thenH is a group under this multiplication.

REMARKS. The groupH will be seen in Theorem 1.20 to be isomorphic to the
form class group ofD. The set of ordinary equivalence classes is a quotient and
is called theideal class groupof K . It will be generalized in Chapter V.

PROOF. The identity element ofH is the strict equivalence class of the ideal
R = (1), and we are to prove the existence of inverses. Thus letI be given. For
the sequence of idealsI , I 2, I 3, . . . , the finiteness ofH shows that two of these
ideals must be strictly equivalent. Suppose thatI k is equivalent toI k+l for some
k > 0 andl > 0. Then there exist nonzero principal ideals(r ) and(s) such that
(r )I k = (s)I k+l . The uniqueness of factorization of ideals implies that we can
cancelI k from both sides of this equality, thereby obtaining(r ) = (s)I l . Let us
define an elementt in R. If N(rs−1) > 0, we taket to be 1. Otherwisem must
be positive, and we lett = √

m, so thatN(t) < 0. In both cases we then have
(r t )(1) = (s)(t)I l with N(r ts−1) > 0, and the ideal(t)I l is strictly equivalent
to (1). Hence the strict equivalence class of(t)I l−1 is an inverse to the strict
equivalence class ofI , andH is a group. �

Now we define the mappingsF andI that we shall use to establish the main
result of this section. LetI be a nonzero ideal inR, and suppose thatI is given
by an expressionI = 〈r1, r2〉 that is positively oriented. We regardx andy as
integer variables. ToI , we associate the binary quadratic form

F(I , r1, r2) = N(I )−1N(r1x + r2y) = N(I )−1(r1x + r2y)(σ (r1)x + σ(r2)y).
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The associated 2-by-2 matrix for this form is

1

N(I )

(
2r1σ(r1) r1σ(r2)+ r2σ(r1)

r1σ(r2)+ r2σ(r1) 2r2σ(r2)

)
= 1

N(I )

(
r1 σ(r1)

r2 σ(r2)

)(
σ(r1) σ (r2)

r1 r2

)
,

and the discriminant of the quadratic form is therefore

− det
[ 1

N(I )

(
r1 σ(r1)

r2 σ(r2)

)(
σ(r1) σ (r2)

r1 r2

)]
= N(I )−2(r1σ(r2)− σ(r1)r2

)2
= |D|

(
r1σ(r2)− σ(r1)r2

)2∣∣r1σ(r2)− σ(r1)r2

∣∣2
= |D|(sgnm) = D.

Thus we have associated a quadratic formF(I , r1, r2) of discriminantD to an
ideal I when I is given by a positively oriented expressionI = 〈r1, r2〉. If
m < 0, this quadratic form is positive definite because the coefficient ofx2,
namelyN(I )−1r1σ(r1) = N(I )−1N(r1), is positive whenm< 0.

In the reverse direction we associate to an arbitrary form(a,b, c) of dis-
criminant D an idealI = I(a, b, c) given by a positively oriented expression
〈r1, r2〉. To begin with, ifb is an integer withb ≡ D mod 2, let us defineb′
to be 1

2b if D ≡ 0 mod 4 and to be12(b − 1) if D ≡ 1 mod 4; in other words,
b′ = 1

2(b − Tr(δ)) in both cases. The definition ofI is to be

I(a,b, c) =
{ 〈a,b′ + δ〉 if a > 0,

〈δa, δ(b′ + δ)〉 if a < 0.

The right sides in the above display make sense as ideals if the angular brackets
are replaced by parentheses. To see that the definitions make sense, we thus need
to check that(a, b′ + δ) = 〈a,b′ + δ〉 for all a and that the orientations are
positive. Lemma 1.19a below shows that(a, b′ + δ) = 〈a,b′ + δ〉 if it is proved
thata dividesN(b′ + δ), and the computation that verifies this equality is

N(b′ + δ) = b′2 + b′(δ + σ(δ))+ δσ (δ)

=
{

b′2 + b′ + 1
4(1 − m) if D ≡ 1 mod 4,

b′2 − m if D ≡ 0 mod 4,

=
{ 1

4(b − 1)2 + 1
2(b − 1)+ 1

4(1 − D) if D ≡ 1 mod 4,
1
4b2 − 1

4 D if D ≡ 0 mod 4,

= 1
4(b

2 − D)

= ac.
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From the definitions near the beginning of this section, the orientation of〈r1, r2〉
is given by the sign of(

√
m )−1

(
r1σ(r2)− σ(r1)r2

)
. Thus

orientation〈a,b′ + δ〉 = sgn
(
(
√

m )−1a(σ (δ)− δ)) = sgna,

orientation〈δa, δ(b′ + δ)〉 = sgn
(
(
√

m )−1(δaσ(δb′ + δ2)− σ(δ)aδ(b′ + δ)))
= sgn

(
(
√

m )−1N(δ)a(σ (δ)− δ)) = − sgna,

and the orientations are positive in both cases.

Lemma 1.19.

(a) If a �= 0 andb′ are integers such thata divides N(b′ + δ) in Z, then
(a,b′ +δ) = 〈a,b′ +δ〉 in the sense that the free abelian subgroup ofRgenerated
by a andb′ + δ coincides with the ideal generated bya andb′ + δ.

(b) If I is any nonzero ideal inR, then I is of the formI = 〈a, r 〉 for some
integera > 0 and somer in R.

PROOF. For (a), we are to show thatI ′ = Za + Z(b′ + δ) is closed under
multiplication by the generators 1 andδ of R. Closure ofI ′ under multiplication
by 1 is evident, and the formulaδa = −b′a + a(b′ + δ) shows thatδ(Za) ⊆ I ′.
Addition of δb′ to the sum of the two formulasδ2 = δ(δ + σ(δ)) − δσ (δ) =
δ Tr(δ)− N(δ) andN(b′ + δ) = b′2 + b′ Tr(δ)+ N(δ) yields

δ(b′ + δ) = −N(b′ + δ)+ (b′ + Tr(δ))(b′ + δ),

which shows thatδ(b′ + δ) ⊆ I ′ becauseN(b′ + δ) is by assumption an integer
multiple ofa.

For (b), we start from anyZ basis{r1, r2} of I , say withr1 = a1 + b1δ and
r2 = a2 + b2δ, and letd = GCD(b1,b2). Choose integersn1 and n2 with
n1b1 + n2b2 = d. Then GCD(n1,n2) = 1, and we can therefore find integers

k1 andk2 with det
(

k1 k2

n1 n2

)
= 1. Consequently

(
s1

s2

)
=
(

k1 k2

n1 n2

) (
r1

r2

)
is a newZ

basis ofI of the form
s1 = c1 + kdδ,

s2 = c2 + dδ.

If we put a = s1 − ks2 and possibly replacea by its negative, then{a, s2} is aZ
basis ofI of the required form. �

Theorem 1.20. The setH of strict equivalence classes of nonzero ideals
relative to the fieldK = Q(

√
m ) is a finite abelian group. Moreover, the mapping

F that carries a positively oriented expressionI = 〈r1, r2〉 for a nonzero ideal
of R to a binary quadratic form depends only onI , not the orderedZ basis, and
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descends to an isomorphism of the groupH onto the form class groupH for
the discriminantD of the fieldK , i.e., the group of proper equivalence classes of
binary quadratic forms of discriminantD, subject to the remark below. Moreover,
the mappingI with domain all binary quadratic forms whose discriminant equals
the field discriminant ofK , sending such a form to a positively oriented expression
for a nonzero ideal ofR, descends to be defined fromH toH, and the descended
map is the two-sided inverse of the isomorphism induced byF.

REMARK. If m < 0, H is understood as usual to include only the classes of
the positive definite forms.

PROOF. The proof proceeds in six steps.

Step 1. We show that the proper equivalence class of the quadratic form
F(I , r1, r2) depends only on the idealI , not the positively oriented expression
I = 〈r1, r2〉 for it. Thus the class of the form can be abbreviated asF(I ).

Suppose thatI = 〈s1, s2〉 is another positively oriented expression forI . Then

we can write
(

r1

r2

)
=
(
α β

γ δ

) (
s1

s2

)
for a matrix

(
α β

γ δ

)
in GL(2,Z), and we have

seen that (
r1 σ(r1)

r2 σ(r2)

)
=
(
α β

γ δ

) (
s1 σ(s1)

s2 σ(s2)

)
, (∗)

and that
det
(

r1 σ(r1)

r2 σ(r2)

)
= ± det

(
s1 σ(s1)

s2 σ(s2)

)
,

where±1 is the determinant of
(
α β

γ δ

)
. Since both expressionsI = 〈r1, r2〉 and

I = 〈s1, s2〉 are positively oriented, it follows that the sign in the determinant

equation is plus, hence that
(
α β

γ δ

)
is in SL(2,Z). Substituting from(∗) into the

formula for the matrix associated to the binary quadratic formF(I , r1, r2), we
obtain the matrix

N(I )−1
(
α β

γ δ

) (
s1 σ(s1)

s2 σ(s2)

) (
σ(s1) σ (s2)

s1 s2

) (
α γ

β δ

)
. (∗∗)

The product of the coefficientN(I )−1 and the middle two matrices is the matrix
associated to the quadratic formF(I , s1, s2), and(∗∗) therefore exhibits the two
quadratic forms as properly equivalent.

Step 2. We show that the proper equivalence classF(I ) does not change when
we replaceI by a strictly equivalent ideal.

Thus let I = 〈r1, r2〉 and J = 〈s1, s2〉 be expressions forI and J, and
suppose that(r ) and (s) are nonzero principal ideals such that(r )I = (s)J
andN(s/r ) > 0. The formula

det
(

rr 1 σ(rr 1)

rr 2 σ(rr 2)

)
= rσ(r )det

(
r1 σ(r1)

r2 σ(r2)

)
= N(r )det

(
r1 σ(r1)

r2 σ(r2)

)
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shows that the expression(r )I = 〈rr 1, rr 2〉 is positively oriented ifN(r ) > 0
and is negatively oriented ifN(r ) < 0. Similarly (s)J = 〈ss1, ss2〉 is positively
oriented ifN(s) > 0 and is negatively oriented ifN(s) < 0. SinceN(r/s) > 0,
N(r ) andN(s) are both positive or both negative. Possibly replacingr ands by
r
√

m ands
√

m, we may assume thatN(r ) andN(s) are both positive. Then the
matrix associated to the quadratic formF((r )I , rr 1, rr 2) is

N(r I )−1
(

rr 1 σ(rr 1)
rr 2 σ(rr 2)

) (
σ(rr 1) σ (rr 2)

rr 1 rr 2

)
= N(r I )−1

(
r1 σ(r1)
r2 σ(r2)

) (
r 0
0 σ(r )

) (
σ(r ) 0

0 r

) ( σ(r1) σ (r2)

r1 r2

)
= N(r I )−1N(r )

(
r1 σ(r1)
r2 σ(r2)

) (
σ(r1) σ (r2)

r1 r2

)
= |N(r )|−1N(I )−1N(r )

(
r1 σ(r1)
r2 σ(r2)

) (
σ(r1) σ (r2)

r1 r2

)
= N(I )−1

(
r1 σ(r1)
r2 σ(r2)

) (
σ(r1) σ (r2)

r1 r2

)
,

while the matrix associated toF((s)J, ss1, ss2), by a similar computation, is

N(J)−1
(

s1 σ(s1)

s2 σ(s2)

) (
σ(s1) σ (s2)

s1 s2

)
.

Since(r )I = (s)J, Step 1 shows thatF((r )I , rr 1, rr 2) is properly equivalent to
F((s)J, ss1, ss2).

Step 3. We show thatI(a,b, c) depends only on the proper equivalence class
of the binary quadratic form(a, b, c).

Problem 37 at the end of Chapter VII ofBasic Algebrashows that SL(2,Z)
is generated byα =

(
0 −1
1 0

)
andβ =

(
0 1

−1 −1

)
, hence byαβ =

(
1 1
0 1

)
and

α−1 =
(

0 1
−1 0

)
. Thus it is enough to handleαβ andα−1.

The operation ofαβ =
(

1 1
0 1

)
on forms sends(a,b, c) into the translate

(a,b+2a, ∗). Defineb′ = 1
2(b−Tr(δ)) in the same way as whenI was defined.

If a > 0, thenI(a,b, c) = (a, b′ +δ), andI(a, b+2a, ∗) = (a, (b+2a)′ +δ) =
(a,b′+a+δ); thus the two image ideals are the same. Ifa < 0, then the respective
images are(δ)(a, b′ + δ) and(δ)(a,b′ + a + δ), and again the image ideals are
the same.

To handleα−1 =
(

0 1
−1 0

)
, we are to show that the idealsI(a, b, c) and

I(c,−b,a) are strictly equivalent. We saw just after the definition ofI that
N(b′ + δ) = ac. There are four cases to the proof of the strict equivalence
according to the signs ofa andc. Let us use the symbol∼ to denote “is strictly
equivalent to.”
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Suppose thata > 0 andc > 0, so thatN(b′ + δ) > 0. Then

I(a,b, c) = (a, b′ + δ) ∼ (b′ + σ(δ))(a,b′ + δ) = (a(b′ + σ(δ)), N(b′ + δ))
= (a(b′ + σ(δ)),ac) = (a)(b′ + σ(δ), c)
∼ (c,b′ + σ(δ)) = (c,−b′ − σ(δ)) = (c, (−b)′ + δ),

the last equality holding becauseb′ + (−b)′ = − Tr δ = −δ − σ(δ). The right
side equalsI(c,−b,a), and the strict equivalence is proved in this case.

Suppose thata < 0 andc < 0, so thatN(b′ + δ) > 0. Then

I(a, b, c) = (δ)(a,b′ + δ) ∼ (b′ + σ(δ))(δ)(a, b′ + δ)
= (δ)(a(b′ + σ(δ)), N(b′ + δ)) = (δ)(a(b′ + σ(δ)),ac)

= (a)(δ)(b′ + σ(δ), c) ∼ (δ)(c,b′ + σ(δ))
= (δ)(c,−b′ − σ(δ)) = (δ)(c, (−b)′ + δ) = I(c,−b,a),

and the strict equivalence is proved in this case.
Suppose thata > 0 andc < 0, so thatN(b′ + δ) < 0. ThenN(δ)N(b′ + δ)

is positive, and

I(a,b, c) = (a, b′ + δ) ∼ (δ)(b′ + σ(δ))(a,b′ + δ)
= (δ)(a(b′ + σ(δ)), N(b′ + δ)) = (δ)(a(b′ + σ(δ)),ac)

= (a)(δ)(b′ + σ(δ), c) ∼ (δ)(c,b′ + σ(δ)) = (δ)(c,−b′ − σ(δ))
= (δ)(c, (−b)′ + δ) = I(c,−b,a),

and the strict equivalence is proved in this case.
Suppose thata < 0 andc > 0, so thatN(b′ + δ) < 0. ThenN(δ)−1N(b′ + δ)

is positive, and

I(a,b, c) = (δ)(a,b′ + δ) ∼ (b′ + σ(δ))(a,b′ + δ)
= (a(b′ + σ(δ)), N(b′ + δ))=(a(b′ + σ(δ)),ac)=(a)(b′ + σ(δ), c)
∼ (c,−b′ − σ(δ)) = (c, (−b)′ + δ) = I(c,−b,a),

and the strict equivalence is proved in this case.

Step 4. We show that the mapping of the setH of proper equivalence classes
of forms to itself induced byFI is the identity.

Let the given form be(a,b, c). With b′ defined to be1
2(b − Tr(δ)) as usual,

we have seen thatN(b′ + δ) = ac. Thereforea dividesN(b′ + δ), and Lemma
1.19a shows that(a,b′ + δ) = 〈a, b′ + δ〉 in the sense that the ideal generated by
a andb′ + δ matches the free abelian group generated by these two elements.
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First suppose thata > 0. ThenI(a,b, c) = (a, b′ + δ) = 〈a,b′ + δ〉, and we
know that this expression is positively oriented. Calculation gives

N(I ) = |
√

D |−1
∣∣∣det

( a a
b′+δ b′+σ(δ)

) ∣∣∣
= a|

√
D |−1|σ(δ)− δ)|

= a ×
{ |√m |/|√m | if D ≡ 1 mod 4,

2|√m |/|√4m | if D ≡ 0 mod 4,

= a. (†)

Therefore the quadratic formFI(a,b, c) is

N(I )−1(ax + (b′ + δ)y)(ax + (b′ + σ(δ))y)
= a−1(a2x2 + a

(
2b′ + (δ + σ(δ)))xy + N(b′ + δ)y2)

= ax2 + (2b′ + Tr(δ)
)
xy + cy2

= ax2 + bxy+ cy2,

and we see thatFI(a,b, c) = (a, b, c) whena > 0.
Next suppose thata < 0. ThenI(a, b, c) = (δa, δ(b′ + δ)) = 〈δa, δ(b′ + δ)〉,

and we know that this expression is positively oriented. Sincea < 0 cannot occur
for m< 0, N(δ) is negative. Thus calculation gives

N(I ) = N((δ)(a, b′ + δ)) = N((δ)(−a, b′ + δ)) = |N(δ)|N((−a,b′ + δ))
= |N(δ)||a| = N(δ)a,

the next-to-last equality following from the calculation that gives(†). Therefore
the quadratic formFI(a,b, c) is

N(I )−1(aδx + (b′ + δ)δy)(aσ(δ)x + (b′ + σ(δ))σ (δ)y)
= N(I )−1N(δ)(ax + (b′ + δ)y)(ax + (b′ + σ(δ))y)
= a−1(a2x2 + a

(
2b′ + (δ + σ(δ)))xy + N(b′ + δ)y2)

= ax2 + (2b′ + Tr(δ)
)
xy + cy2

= ax2 + bxy+ cy2,

and we see thatFI(a,b, c) = (a, b, c) whena < 0.
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Step 5. We show that the mapping of the setH of strict equivalence classes of
ideals to itself induced byIF is the identity. In view of Step 4, it follows thatF
andI are both one-one onto. Since Theorem 1.6a showsH to be finite,H has to
be finite, and Lemma 1.18 shows that the multiplication onH makesH into an
abelian group.

Let an idealI be given, and apply Lemma 1.19b to writeI = 〈̃a, r 〉 with ã > 0
an integer. The expression deciding orientation isãσ(r )−σ (̃a)r = ã(σ (r )− r ),
and this is multiplied by−1 if r is replaced by−r . Possibly changingr to −r in
the expression forI , we may therefore assume that the expressionI = 〈̃a, r 〉 is
positively oriented. Writer = c + dδ. Then

σ(r )− r = d(σ (δ)− δ) =
{

2d
√

m if m ≡ 2 or 3 mod 4
d
√

m if m ≡ 1 mod 4

}
= d

√
D.

The orientation ofI is given bỹa(σ (r )− r ) = ãd
√

D, and we deduce thatd > 0
and that

N(I ) = |
√

D |−1̃a|σ(r )− r | = ãd.

The definition ofFgivesF(I , ã, r ) = N(I )−1N (̃ax+ry), which is a quadratic
form whosex2 coefficient isa = N(I )−1̃a 2 = d−1̃a and whosexy coefficient is

b = N(I )−1̃a Tr(r ) = d−1 Tr(r ) = d−1(2c + d Tr(δ)) = 2d−1c + Tr(δ).

With b′ defined as usual to beb′ = 1
2(b − Tr(δ)), we see thatb′ = d−1c.

ConsequentlyIF(I , ã, r ) = (a, b′ + δ) = (d−1̃a,d−1c + δ). The product of
this ideal with(d) is (̃a, c + dδ) = (̃a, r ) = I , and thusIF(I , ã, r ) is strictly
equivalent toI .

Step 6. We show that the mapping induced byI from the setH of proper
equivalence classes of forms to the setH of strict equivalence classes of ideals
respects the group operations inH andH and hence is an isomorphism.

Let two proper equivalence classes of forms with discriminantD be given,
and use Theorem 1.12a to choose representatives(a,b, c) and ( ã, b, c̃ ) with
GCD(a, ã) = 1. The composition of the forms is well defined and is(ãa, b, ∗)
for a suitable third entry inZ. Letb′ be 1

2(b− Tr(δ)) as usual. We divide matters
into cases according to the signs ofa andã.

Suppose thata > 0 andã > 0. The definition ofI shows that the ideals
corresponding to the three quadratic forms in question are

(a,b′ + δ), (̃a, b′ + δ), and (ãa,b′ + δ).
The product of the first two ideals is

(
ãa,a(b′ + δ), ã(b′ + δ), (b′ + δ)2), and we

are to show that this equals(ãa, b′ + δ). In fact, the inclusion(
ãa,a(b′ + δ), ã(b′ + δ), (b′ + δ)2) ⊆ (ãa, b′ + δ)
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is clear. For the reverse inclusion we use the fact that GCD(a, ã ) = 1 to write
k1a + k2̃a = 1 for suitable integersk1 and k2. Then we see thatb′ + δ =
k1(a(b′ + δ))+ k2(̃a(b′ + δ)), and the reverse inclusion follows.

Suppose thata andã are of opposite sign. By symmetry we may assume that
a > 0 and̃a < 0. The three ideals are then

(a, b′ + δ), (̃aδ, (b′ + δ)δ), and (ãaδ, (b′ + δ)δ),
while the product of the first two ideals is

(
ãaδ,a(b′+δ)δ, ã(b′+δ)δ, (b′+δ)2δ) =

(δ)
(
ãa,a(b′ + δ), ã(b′ + δ), (b′ + δ)2). From the previous paragraph this last

ideal equals(δ)(ãa,b′ + δ) = (ãaδ, (b′ + δ)δ), and we have the required match.
Suppose thata < 0 and ã < 0. This time the product ideal is given by

(aδ, (b′ + δ)δ)(̃aδ, (b′ + δ)δ) = (δ2)
(
ãa,a(b′ + δ), ã(b′ + δ), (b′ + δ)2) =

(δ2)(ãa,b′ + δ), the second equality following from the computation in the
paragraph fora and̃a both positive. The ideal(δ2)(ãa,b′+δ) is strictly equivalent
to (ãa,b′ + δ) becauseN(δ2) = N(δ)2 is positive. Thus we have the required
match on the level of strict equivalence classes. We conclude that the mapping
of H toH is a group isomorphism. �

8. Primes in the Progressions 4n + 1 and 4n + 3

This section is the first of three sections about Dirichlet’s Theorem on primes in
arithmetic progressions, whose statement is as follows.

Theorem 1.21(Dirichlet’s Theorem). Ifm andb are relatively prime integers
with m> 0, then there exist infinitely many primes of the formkm+ b with k a
positive integer.

We begin with the earlier treatment of the arithmetic progressions 4n + 1 and
4n + 3 by Euler. In 1737 Euler made the stunning discovery of the formula

∞∑
n=1

1

ns
=

∏
p prime

1

1 − p−s
,

valid for s > 1. Actually, the formula is valid for complexs with Res > 1, but
Euler had not considered powersns with s complex by this time and did not need
them for his purpose. Euler’s formula is a consequence of unique factorization
of integers. In fact, the product forp ≤ N is∏

p≤N

1

1 − p−s
=
∏
p≤N

(
1 + 1

ps
+ 1

p2s
+ · · ·

)
=

∑
n with

no prime
divisors>N

1

ns
.
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Letting N → ∞, we obtain the desired formula.
Built into the formula is the result of Euclid’s that there are infinitely many

primes, i.e., infinitely many primes in the arithmetic progressionn. There are
two ways to see this. In both cases one starts from the observation that the sum∑∞

n=1 1/ns is ≥ ∫∞
1 (1/x

s)dx = 1/(s − 1), from which it follows that the sum
tends to infinity ass decreases to 1. In one case the argument continues with the
observation that if there were only finitely many primes, then

∏
p prime

1
1−p−s would

certainly have finite limit ass decreases to 1, and we arrive at a contradiction.
In the other case the argument continues with the observation that the logarithm
of 1

1−p−s is comparable in size to 1/ps, hence that log
∑∞

n=1 1/ns is comparable

to
∑

p prime1/ps. Since
∑∞

n=1 1/ns tends to infinity,
∑

p prime1/ps must tend to
infinity, and we conclude that there are infinitely many primes. We shall return
to this observation shortly in order to justify it more rigorously.10

Euclid’s proof was much simpler: if there were only finitely many primes,
then the sum of 1 and the product of all the primes would be divisible by none of
the primes and would give a contradiction. The difficulty with Euclid’s argument
is that there is no apparent way to adapt it to treat primes of the form 4n + 1.
Euler’s argument, by contrast, does adapt to treat primes 4n + 1.

Before continuing, let us make rigorous the notion of comparing sizes of factors
of an infinite product with terms of an infinite series. An infinite product

∏∞
n=1 cn

with cn ∈ C and with no factor 0 is said toconvergeif the sequence of partial
products converges to a finite limit and the limit is not 0. A necessary condition
for convergence is thatcn tend to 1.

Proposition 1.22. If |an| < 1 for all n, then the following conditions are
equivalent:

(a)
∏∞

n=1(1 + |an|) converges,

(b)
∑∞

n=1 |an| converges,

(c)
∏∞

n=1(1 − |an|) converges.

In this case,
∏∞

n=1(1 + an) converges.

PROOF. Condition (c) is equivalent to

(c′)
∏∞

n=1(1 − |an|)−1 converges.

For each of (a), (b), and (c′), convergence is equivalent to boundedness above.
Since

1 +
N∑

n=1
|an| ≤

N∏
n=1
(1 + |an|) ≤

N∏
n=1

1
1−|an| ,

10In fact, this argument is showing that
∑

1/p diverges, which says something more than just
that there are infinitely many primes.
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we see that (c′) implies (a) and that (a) implies (b). To see that (b) implies (c′),
we may assume, without loss of generality, that|an| ≤ 1

2 for all n. Since|x| ≤ 1
2

implies that

log 1
1−x ≤ |x| sup

|t |≤|x|≤ 1
2

∣∣ d
dt log 1

1−t

∣∣ = |x| sup
|t |≤|x|≤ 1

2

(
1

1−t

) ≤ 2|x|,

we have

log
( N∏

n=1

1
1−|an|

)
=

N∑
n=1

log
(

1
1−|an|

)
≤ 2

N∑
n=1

|an|.

Thus (b) implies (c′).
Now suppose that (a) holds. To prove that

∏∞
n=1(1+an) converges, it is enough

to show that
∏N

n=M(1 + an) tends to 1 asM andN tend to∞. In the expression∣∣∣∣ N∏
n=M

(1 + an)− 1

∣∣∣∣ ,
we expand out the product, move the absolute values in for each term, and
reassemble the product. The result is the inequality∣∣∣∣ N∏

n=M
(1 + an)− 1

∣∣∣∣ ≤
N∏

n=M
(1 + |an|)− 1.

By (a), the right side tends to 0 asM and N tend to∞. Therefore so does the
left side. This proves the proposition. �

Using this proposition and its proof, we can give a more rigorous justification
for the comparison of log

∑∞
n=1 n−s and

∑
p prime p−s in Euler’s argument. An-

ticipating the notation that Riemann was to use for the function a century later,
we introduce

ζ(s) =
∞∑

n=1

1

ns
,

at the moment just for reals with s > 1. (This function subsequently was
named theRiemann zeta functionand is defined and analytic for complexs
with Res > 1. We postpone a more serious discussion ofζ(s) to Proposition
1.24 below.) We begin from the formula

logζ(s) = ∑
p prime

log 1
1−p−s = ∑

p prime

(
1
ps + 1

2p2s + 1
3p3s + · · ·

)
.

Let us see that this expression equals∑
p prime

1
ps + bounded term ass ↓ 1.
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Going over the second displayed line in the proof of Proposition 1.22, which
applied when|x| ≤ 1

2, we have∣∣log 1
1−x − x

∣∣ ≤ |x| sup
|t |≤|x|≤ 1

2

∣∣ d
dt

(
log 1

1−t − t
)∣∣

= |x| sup
|t |≤|x|≤ 1

2

∣∣ 1
1−t − 1

∣∣ = |x| sup
|t |≤|x|≤ 1

2

∣∣ t
1−t

∣∣ ≤ 2|x|2.

For x = p−s with s> 1, this inequality becomes∣∣∣log 1
1−p−s − 1

ps

∣∣∣ ≤ 2p−2s.

Consequently∣∣ logζ(s)− ∑
p prime

1
ps

∣∣ = ∣∣ ∑
p prime

[
log 1

1−p−s − 1
ps

]∣∣
≤ ∑

p prime

∣∣ log 1
1−p−s − 1

ps

∣∣ ≤ 2
∑

p prime
p−2s.

The right side is≤ 2
∑∞

n=1 n−2 for all s> 1, and we arrive at the desired formula

logζ(s) =
∑

p prime

1

ps
+ bounded term ass ↓ 1.

Since we know that logζ(s) increases without bound ass decreases to 1, we
can immediately conclude that there are infinitely many primes in the arithmetic
progressionn.

With this argument well understood as a prototype, let us modify it to treat
primes 4k + 1 separately from primes 4k + 3. Euler needed one further key idea
to succeed. It is tempting to replace the sum over all primes ofp−s in the above
argument by ∑

p prime,
p≡1 mod 4

1

ps
or

∑
p prime,

p≡3 mod 4

1

ps
,

trace backward, and see what happens. What happens is that the expansion of
the corresponding product of(1− p−s)−1 as a sum does not yield anything very
manageable. For example, with the first of the two sums, we are led to the
logarithm of the series

∑∞
n=1 c(n)n−s, wherec(n) is 1 if n is a product of primes

4k + 1 and is 0 otherwise, and we have no direct way of deciding whether this
diverges or converges ass decreases to 1.
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Euler’s key additional idea was to work with the sum and difference of the
displayed series, rather than the two terms separately, and then to recover the two
displayed series at the end. Let us see what this idea accomplishes. Tracing back-
ward in the derivation of the formula logζ(s) = ∑

p prime p−s + bounded term,
we want to obtain a series

∑
p primeap p−s from the logarithm of a product∏

p (1−ap p−s)−1 and be able to recognize this product as equal to a manageable
series

∑∞
n=1 bnn−s. Guided by what happens forζ(s), we can hope thatbn will be

readily computable from theap’s and the unique factorization ofn. The relevant
identities, which we shall verify below, are as follows:∑

n odd

1

ns
=

∏
p prime,
p odd

1

1 − p−s
,

∑
n odd

(−1)
1
2 (n−1)

ns
=
( ∏

p prime,
p=4k+1

1

1 − p−s

)( ∏
p prime,
p=4k+3

1

1 + p−s

)
.

In more detail let us write

χ0(n) =
{

0 if n ≡ 0 mod 2,
1 if n ≡ 1 mod 2,

χ1(n) =
{ 0 if n ≡ 0 mod 2,

1 if n ≡ 1 mod 4,
−1 if n ≡ 3 mod 4.

With χ equal toχ0 or χ1, we haveχ(mn) = χ(m)χ(n) for all m and n.

Consequently the two expressions
∑

n odd
1
ns and

∑
n odd

(−1)
1
2 (n−1)

ns are both of
the form

L(s, χ) =
∞∑

n=1

χ(n)

ns
,

the functionχ beingχ0 for the first series and beingχ1 for the second series. As
we shall verify rigorously in the next section, the same argument via unique
factorization that yields Euler’s identity

∑∞
n=1 n−s = ∑

p prime
1

1−p−s gives a
factorization

L(s, χ) =
∞∑

n=1

χ(n)

ns
=

∏
p prime

1

1 − χ(p)p−s

because of the identityχ(mn) = χ(m)χ(n). Going over the argument that
logζ(s) is the sum of

∑
p prime p−s and a bounded term, we find that

log L(s, χ) =
∑

p prime

χ(p)

ps
+ g(s, χ)
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with g(s, χ) bounded ass ↓ 1. The sum and difference for the two choices of
χ(n) gives

and

log(L(s, χ0)L(s, χ1)) = 2
∑

p prime
p=4k+1

1

ps
+ (g(s, χ0)+ g(s, χ1))

log(L(s, χ0)L(s, χ1)
−1) = 2

∑
p prime
p=4k+3

1

ps
+ (g(s, χ0)− g(s, χ1)) .

The functionL(s, χ0) is the product ofζ(s) and an elementary factor. In fact,
a change of index of summation in the formula definingζ(s) gives 2−sζ(s) =∑

n evenn−s. Subtracting this formula from the definition ofζ(s) gives

L(s, χ0) =
∑
n odd

1

ns
= (1 − 2−s)ζ(s).

Therefore
lim
s↓1

L(s, χ0) = +∞.

Meanwhile, the seriesL(s, χ1) = ∑
n odd

(−1)
1
2 (n−1)

ns is alternating and converges
for s > 0 by the Leibniz test. The convergence is uniform on compact sets, and
the sumL(s, χ1) is continuous fors > 0. Grouping the terms of this series in
pairs, we see thatL(1, χ1) is positive.11 Hence we have

0< lim
s↓1

L(s, χ1) < +∞.

Putting together the two limit relations forL(s, χ0) andL(s, χ1) ass decreases
to 1, we see that

log
(
L(s, χ0)L(s, χ1)

)
and log

(
L(s, χ0)L(s, χ1)

−1)
both tend to+∞ ass ↓ 1. Referring to the values computed above for these
expressions and taking into account that

∑
1/p exceeds

∑
1/ps whens > 1,

we see that ∑
p prime
p=4k+1

1

p
and

∑
p prime
p=4k+3

1

p

11We can even recognize the value ofL(1, χ1) asπ/4 from the Taylor series of arctanx, but the
explicit value is not needed in the argument.
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are both infinite. Hence there are infinitely many primes 4k + 1, and there are
infinitely many primes 4k + 3.

The proof of the general case of Dirichlet’s Theorem (Theorem 1.21) will
proceed in similar fashion. We return to it in Section 10 after a brief but systematic
investigation of the kinds of series and products that we have encountered in the
present section.

9. Dirichlet Series and Euler Products

A series
∑∞

n=1 ann−s with an ands complex is called aDirichlet series. The
first result below shows that the region of convergence and the region of absolute
convergence for such a series are each right half-planes inC unless they are equal
to the empty set or to all ofC. These half-planes may not be the same: for
example,

∑∞
n=1(−1)nn−s is convergent for Res > 0 and absolutely convergent

for Res> 1.

Proposition 1.23.Let
∑∞

n=1 ann−s be a Dirichlet series.

(a) If the series is convergent fors = s0, then it is convergent uniformly on
compact sets for Res> Res0, and the sum of the series is analytic in this region.

(b) If the series is absolutely convergent fors = s0, then it is uniformly
absolutely convergent for Res ≥ Res0.

(c) If the series is convergent fors = s0, then it is absolutely convergent for
Res> Res0 + 1.

(d) If the series is convergent at somes0 and sums to 0 in a right half-plane,
then all the coefficients are 0.

REMARK. The proof of (a) will use thesummation by partsformula. Namely
if {un} and{vn} are sequences and ifUn = ∑n

k=1 uk for n ≥ 0, then 1≤ M ≤ N
implies

N∑
n=M

unvn =
N−1∑
n=M

Un(vn − vn+1)+ UNvN − UM−1vM . (∗)

PROOF. For (a), we writeann−s = ann−s0 ·n−(s−s0) = unvn and then apply the
summation by parts formula(∗). The given convergence means that the sequence
{Un} is convergent, and certainlyvn tends to 0 uniformly on any proper half-plane
of Res > Res0. Thus the second and third terms on the right side of(∗) tend
to 0 with the required uniformity asM andN tend to∞. For the first term, the
sequence{Un} is bounded, and we shall show that

∞∑
n=1

|vn − vn+1| =
∞∑

n=1

∣∣∣ 1
ns−s0 − 1

(n+1)s−s0

∣∣∣
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is convergent uniformly on compact sets for which Res> Res0. Use of(∗) and
the Cauchy criterion will complete the proof of convergence. Forn ≤ t ≤ n + 1,
we have

|n−(s−s0) − t−(s−s0)| ≤ sup
n≤t≤n+1

∣∣ d
dt (n

−(s−s0) − t−(s−s0))
∣∣

= sup
n≤t≤n+1

∣∣∣ s−s0

ts−s0+1

∣∣∣ ≤ |s−s0|
n1+Re(s−s0)

.

Thus
|vn − vn+1| = |n−(s−s0) − (n + 1)−(s−s0)| ≤ |s−s0|

n1+Re(s−s0)
,

and
∑∞

n=1 |vn−vn+1| is uniformly convergent on compact sets with Res> Res0,
by the WeierstrassM-test. It follows that the given Dirichlet series is uniformly
convergent on compact sets for which Res > Res0. Since each term is analytic
in this region, the sum is analytic.

For (b), we have ∣∣an
ns

∣∣ = ∣∣ an
ns0

∣∣ · ∣∣ 1
ns−s0

∣∣ ≤ ∣∣ an
ns0

∣∣ .
Since the sum of the right side is convergent, the desired uniform convergence
follows from the WeierstrassM-test.

For (c), letε > 0 be given. Then∣∣∣ an

ns0+1+ε

∣∣∣ = ∣∣ an
ns0

∣∣ n−(1+ε)

with the first factor on the right bounded and the second factor contributing to a
finite sum. Therefore we have absolute convergence ats0 +1+ε, and (c) follows
from (b).

For (d), we may assume by (c) that there is absolute convergence ats0. Suppose
that a1 = · · · = aN−1 = 0. By (b),

∑∞
n=N ann−s = 0 for Res > Res0. The

series
∞∑

n=N
an(n/N)−s (∗∗)

is by assumption absolutely convergent ats0, and Res> Res0 implies∣∣an(n/N)
−s
∣∣ ≤ ∣∣an(n/N)

−s0
∣∣ .

By dominated convergence we can take the limit of(∗∗) term by term ass → +∞.
The only term that survives isaN . Since(∗∗) has sum 0 for alls, we conclude
thataN = 0. This completes the proof. �
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Proposition 1.24. The Riemann zeta functionζ(s) = ∑∞
n=1 n−s, initially

defined and analytic for Res > 1, extends to be meromorphic for Res > 0. Its
only pole is ats = 1, and the pole is simple.

REMARK. Actually, ζ(s) extends to be meromorphic inC with no additional
poles, but we do not need this additional information.

PROOF. For Res> 1, we have

1
s−1 = ∫∞

1 t−s dt =
∞∑

n=1

∫ n+1
n t−s dt.

Thus Res> 1 implies

ζ(s) = 1
s−1 +

∞∑
n=1

(
1
ns − ∫ n+1

n t−s dt
)

= 1
s−1 +

∞∑
n=1

∫ n+1
n (n−s − t−s)dt.

It is enough to show that the series on the right side converges uniformly on
compact sets for Res > 0. Thus suppose that Res ≥ σ > 0 and|s| ≤ C. The
proof of Proposition 1.23a showed that|n−s − t−s| ≤ |s| n−(1+Res). Hence∣∣∣∫ n+1

n (n−s − t−s)dt
∣∣∣ ≤ ∫ n+1

n |n−s − t−s| dt ≤ |s| n−(1+Res) ≤ Cn−(1+σ).

Since
∑∞

n=1 n−(1+σ) < ∞, the desired uniform convergence follows from the
WeierstrassM-test. �

Proposition 1.25. Let Z(s) = ∑∞
n=1 ann−s be a Dirichlet series with all

an ≥ 0. Suppose that the series is convergent in some half-plane and that the sum
extends to be analytic for Res> 0. Then the series converges for Res> 0.

PROOF. By assumption the series converges somewhere, and therefores0 =
inf
{
s ≥ 0

∣∣ ∑∞
n=1 ann−s converges

}
is a well-defined real number≥ 0. Arguing

by contradiction, suppose thats0 > 0. Since
∑

ann−s converges uniformly on
compact sets for Res> s0 by Proposition 1.23a and since the terms of the series
are analytic, we can compute the derivatives of the series term by term. Thus

Z(N)(s0 + 1) =
∞∑

n=1

an(− logn)N

ns0+1 . (∗)

The Taylor series ofZ(s) abouts0 + 1 is

Z(s) =
∞∑

N=0

1
N! (s − s0 − 1)N Z(N)(s0 + 1)
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and is convergent ats = 1
2s0, sinceZ(s) is analytic in the open disk centered at

s0 + 1 and having radiuss0 + 1. Thus

Z(1
2s0) =

∞∑
N=0

1
N! (1 + 1

2s0)
N(−1)N Z(N)(s0 + 1),

with the series convergent. Substituting from(∗), we have

Z(1
2s0) =

∞∑
N=0

∞∑
n=1

an(logn)N

N! ns0+1 (1 + 1
2s0)

N .

This is a series with terms≥ 0, and Fubini’s Theorem allows us to interchange
the order of summation and obtain

Z(1
2s0) =

∞∑
n=1

∞∑
N=0

an

ns0+1

(logn)N(1+ 1
2s0)

N

N! =
∞∑

n=1

an

ns0+1 e(logn)(1+ 1
2s0) =

∞∑
n=1

ann− 1
2s0.

In other words, the assumptions0 > 0 led to a point between 0 ands0 (namely1
2s0)

for which there is convergence. This contradiction proves thats0 = 0. Therefore∑∞
n=1 ann−s converges for Res> 0. �

We shall now examine special features of Dirichlet series that allow the
series to have product expansions like the one forζ(s), namely

∑∞
n=1 n−s =∏

p prime
1

1−p−s . Consider a formal product∏
p prime

(1 + ap p−s + · · · + apm p−ms + · · · ).

If this product is expanded without regard to convergence, the result is the Dirichlet
series

∑∞
n=1 ann−s, wherea1 = 1 andan is given by

an = ap
r1
1

· · · ap
rk
k

if n = pr1
1 · · · prk

k .

Suppose that the Dirichlet series
∑∞

n=1 ann−s is in fact absolutely convergent in
some right half-plane. Then every rearrangement is absolutely convergent to the
same sum, and the same conclusion is valid for subseries. IfE is a finite set of
primes and ifN(E) denotes the set of positive integers requiring only members
of E for their factorization, then we have∏

p∈E
(1 + ap p−s + · · · + apm p−ms + · · · ) = ∑

n∈N(E)
ann−s.

Letting E swell to the whole set of positive integers, we see that the infinite
product has a limit in the half-plane of absolute convergence of the Dirichlet
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series, and the limit of the infinite product equals the sum of the series. The sum
of the series is 0 only if one of the factors on the left side is 0. In particular, the
sum of the series cannot be identically 0, by Proposition 1.23d. Thus the limit of
the infinite product can can be given by only this one Dirichlet series.

Conversely if an absolutely convergent Dirichlet series
∑∞

n=1 ann−s has the
property that its coefficients aremultiplicative , i.e.,

a1 = 1 and amn = aman whenever GCD(m, n) = 1,

then we can form the above infinite product and recover the given series by ex-
panding the product and using the formulaan = ap

r1
1

· · · ap
rk
k

whenn = pr1
1 · · · prk

k .

In this case we say that the Dirichlet series
∑∞

n=1 ann−s has the infinite product
as anEuler product . Many functions in elementary number theory give rise
to multiplicative sequences; an example isan = ϕ(n), whereϕ is the Eulerϕ
function.

If the coefficients arestrictly multiplicative , i.e., if

a1 = 1 and amn = aman for all m andn,

then thepth factor of the infinite product simplifies to

1 + ap p−s + · · · + (ap p−s)m + · · · = 1

1 − ap p−s
.

As a consequence we obtain the following proposition.

Proposition 1.26. If the coefficients of the Dirichlet series
∑∞

n=1 ann−s are
strictly multiplicative, then the Dirichlet series has an Euler product of the form

∞∑
n=1

an

ns
=

∏
p prime

1

1 − ap p−s
,

valid in its region of absolute convergence.

REMARK. We refer to the kind of Euler product in this proposition as afirst-
degree Euler product.

This is what happens withζ(s), for which all the coefficients are 1, and with
an = χ0(n) andan = χ1(n) as in the previous section. Conversely an Euler
product expansion of the form in the proposition forces the coefficients of the
Dirichlet series to be strictly multiplicative.

A Dirichlet series
∑∞

n=1 ann−s with |an| ≤ nc for some realc is absolutely
convergent for Res > c + 1. This fact leads us to a convergence criterion for
first-degree Euler products.
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Proposition 1.27. A first-degree Euler product
∏
(1 − ap p−s)−1 with

|ap| ≤ pc for some realc and all primesp defines an absolutely convergent
Dirichlet series for Res > c + 1 and hence a valid identity

∑∞
n=1 ann−s =∏

p prime(1 − ap p−s)−1 in that region.

PROOF. The coefficientsan are strictly multiplicative, and thus|an| ≤ nc for
all n. The absolute convergence follows. �

10. Dirichlet’s Theorem on Primes in Arithmetic Progressions

In this section we shall prove Dirichlet’s Theorem as stated in Theorem 1.21.
Recall from Section 8 that the proof of Dirichlet’s Theorem for the progressions
4n + 1 and 4n + 3 required taking the sum and difference of two expressions,
working with them, and then passing back to the original expressions. Generaliz-
ing this step involves recognizing this process as Fourier analysis on the 2-element
group(Z/4Z)×. This kind of Fourier analysis was discussed in Section VII.4
of Basic Algebra. Let us begin by reviewing what is needed from that section
of Basic Algebraand then pinpoint the Fourier analysis that was the key to the
argument in Section 8.

LetG be a finite abelian group, such as(Z/mZ)×. A multiplicative character
of G is a homomorphism ofG into the circle groupS1 ⊆ C×. The multiplicative
characters ofG form a finite abelian group̂G under pointwise multiplication:

(χχ ′)(g) = χ(g)χ ′(g).

In this setting we recall the statement of the Fourier inversion formula.

THEOREM 7.17 OF Basic Algebra(Fourier inversion formula). LetG be a
finite abelian group, and introduce an inner product on the complex vector space
C(G,C) of all functions fromG to C by the formula

〈F, F ′〉 =
∑
g∈G

F(g)F ′(g),

the corresponding norm being‖F‖ = 〈F, F〉1/2. Then the members of̂G form an
orthogonal basis ofC(G,C), eachχ in Ĝ satisfying‖χ‖2 = |G|. Consequently
|Ĝ| = |G|, and any functionF : G → C is given by the “sum of its Fourier
series”:

F(g) = 1

|G|
∑
χ∈Ĝ

(∑
h∈G

F(h)χ(h)
)
χ(g).
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EXAMPLE. With the two-element groupG = {±1}, there are two multiplicative
characters, withχ0(+1) = χ0(−1) = 1, χ1(+1) = 1, andχ1(−1) = −1. We
can think of the Fourier-coefficient mapping as carrying any complex-valued
function F on G to the functionF̂ on Ĝ given by F̂(χ) = ∑

h∈G F(h)χ(h).
The inversion formula says thatF is recovered asF = 1

2

(
F̂(χ0)χ0 + F̂(χ1)χ1

)
.

A basis for the 2-dimensional space of complex-valued functions onG consists
of the two functionsF+ and F−, with F+ equal to 1 at+1 and 0 at−1 and
with F− equal to 0 at+1 and 1 at−1. The multiplicative characters are given
by χ0 = F+ + F− andχ1 = F+ − F−. For these two functions the inversion
formula readsF+ = 1

2(χ0 +χ1) andF− = 1
2(χ0 −χ1). In Section 8 the roles of

F+ andF− are played by functions ofs, not by scalars, withF+ corresponding
to
∑

p≡1 mod 4 p−s andF− corresponding to
∑

p≡3 mod 4 p−s. We are to consider
the functions ofs corresponding to their sumχ0 and to their differenceχ1. The
results of Section 9 show that these are the series that come from Euler products.
The role of the Fourier inversion formula is to ensure that we can reconstruct∑

p≡1 mod 4 p−s and
∑

p≡3 mod 4 p−s from the sum and difference. The general
proof of Dirichlet’s Theorem is a direct generalization of this argument form = 4.

Fix an integerm > 1. A Dirichlet character modulo m is a function
χ : Z → S1 ∪ {0} such that

(i) χ( j ) = 0 if and only if GCD( j,m) > 1,
(ii) χ( j ) depends only on the residue classj modm,

(iii) when regarded as a function on the residue classes modulom, χ is a
multiplicative character of(Z/mZ)×.

In particular, a Dirichlet character modulomdetermines a multiplicative character
of (Z/mZ)×. Conversely each multiplicative character of(Z/mZ)× defines a
unique Dirichlet character modulom as the lift of the multiplicative character on
the set{ j ∈ Z | GCD( j,m) = 1} and as 0 on the rest ofZ. For example the
multiplicative character on(Z/4Z)× that is 1 at 1 mod 4 and is−1 at 3 mod 4
lifts to the Dirichlet character that is 1 at integers congruent to 1 modulo 4,
is −1 at integers congruent to 3 modulo 4, and is 0 at even integers. It will
often be notationally helpful to use the same symbol for the Dirichlet character
and the multiplicative character of(Z/mZ)×. Because of this correspondence,
the number of Dirichlet characters modulom matches the order of̂G for G =
(Z/mZ)×, which matches the order ofG and isϕ(m), whereϕ is the Eulerϕ
function. Theprincipal Dirichlet character modulom, denoted byχ0, is the one
built from the trivial character of(Z/mZ)×:

χ0( j ) =
{

1 if GCD( j,m) = 1,

0 if GCD( j,m) > 1.
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Each Dirichlet character modulom is strictly multiplicative, in the sense of
the previous section. We assemble each as the coefficients of a Dirichlet series,
the associatedDirichlet L function, by the definition

L(s, χ) =
∞∑

n=1

χ(n)

ns
.

Proposition 1.28.Fix m, and letχ be a Dirichlet character modulom.

(a) The Dirichlet seriesL(s, χ) is absolutely convergent for Res > 1 and is
given in that region by a first-degree Euler product

L(s, χ) =
∏

p prime

1

1 − χ(p)p−s
.

(b) If χ is not principal, then the series forL(s, χ) is convergent for Res> 0,
and the sum is analytic for Res> 0.

(c) For the principal Dirichlet characterχ0 modulom, L(s, χ0) extends to be
meromorphic for Res> 0. Its only pole for Res> 0 is ats = 1, and the pole is
simple. It is given in terms of the Riemann zeta function by

L(s, χ0) = ζ(s)
∏

p prime,
p dividing m

(1 − p−s).

PROOF. For (a), the boundedness ofχ implies that the series is absolutely
convergent for Res > 1. Sinceχ is strictly multiplicative,L(s, χ) has a first-
degree Euler product by Proposition 1.26, and the product is convergent in the
same region.

For (b), let us notice thatχ �= χ0 implies the equality

m∑
n=1
χ(n + b) = 0 for anyb, (∗)

since the member of(Z/mZ)× that corresponds toχ is orthogonal to the trivial
character, by the Fourier inversion formula as quoted above fromBasic Algebra.
For s real and positive, let us write

χ(n)
ns = χ(n) · 1

ns = unvn

in the notation of the summation by parts formula that follows the statement of
Proposition 1.23, and let us putUn = ∑n

k=1 uk. Equation(∗) implies that{Un}
is bounded, say with|Un| ≤ C. Summation by parts then gives∣∣∣∣ N∑

n=M

χ(n)
ns

∣∣∣∣ ≤
N−1∑
n=M

C
(

1
ns − 1

(n+1)s

)
+ C

Ns + C
Ms = 2C

Ms .
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This expression tends to 0 asM andN tend to∞. Therefore the seriesL(s, χ) =∑∞
n=1

χ(n)
ns is convergent fors real and positive. By Proposition 1.23a the series

is convergent for Res> 0, and the sum is analytic in this region.
For (c), let Res > 1. From the product formula in (a) withχ set equal toχ0,

we have
L(s, χ0) = ∏

p prime,
p not dividingm

1
1−p−s .

Using the Euler product expansion ofζ(s), we obtain the displayed formula of (c).
The remaining statements in (c) follow from Proposition 1.24, since the product
over primesp not dividingm is a finite product. �

By Proposition 1.28b,L(s, χ) is well defined and finite ats = 1 if χ is not
principal. The main step in the proof of Dirichlet’s Theorem is the following
lemma.

Lemma 1.29.L(1, χ) �= 0 if χ is not principal.

PROOF. Let Z(s) = ∏
χ L(s, χ). Exactly one factor ofZ(s) has a pole at

s = 1, according to Proposition 1.28. If any factor has a zero ats = 1, thenZ(s)
is analytic for Res > 0. Assuming thatZ(s) is indeed analytic, we shall derive
a contradiction.

Being the finite product of absolutely convergent Dirichlet series for Res> 1,
Z(s) is given by an absolutely convergent Dirichlet series. We shall prove that
the coefficients of this series are≥ 0. More precisely we shall prove for Res> 1
that

Z(s) =
∏

p with GCD(p,m)=1

1(
1 − p− f (p)s

)g(p) , (∗)

where f (p) is the order ofp in (Z/mZ)× and whereg(p) = ϕ(m)/ f (p),ϕ being
Euler’sϕ function. The factor(1− p− f (p)s)−1 is given by a Dirichlet series with
all coefficients≥ 0. Hence so is theg(p)th power, and so is the product overp
of the result. Thus(∗) will prove that all coefficients ofZ(s) are≥ 0.

To prove(∗), we write, for Res> 1,

Z(s) =
∏
χ

L(s, χ) =
∏

p

(∏
χ

1

1 − χ(p)p−s

)
=

∏
p with

GCD(p,m)=1

(∏
χ

1

1 − χ(p)p−s

)
.

Fix p not dividingm. We shall show that∏
χ

(
1 − χ(p)p−s) = (

1 − p− f s)g , (∗∗)
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where f is the order ofp in (Z/mZ)× and whereg = ϕ(m)/ f ; then(∗) will
follow.

The functionχ → χ(p) is a homomorphism of(Z/mZ)× into the subgroup
{e2π ik/ f } of S1 and is onto some cyclic subgroup{e2π ik/ f ′ } with f ′ dividing
f . Let us see thatf ′ = f . In fact, if f ′ < f , then p f ′ �≡ 1 modm, while
χ(p f ′

) = χ(p) f ′ = 1 for all χ ; sinceχ(p f ′
) = χ(1) for all χ , theχ ’s cannot

span all functions on(Z/mZ)×, in contradiction to the Fourier inversion formula
(Theorem 7.17 ofBasic Algebra).

Thusχ → χ(p) is onto{e2π ik/ f }. In other words,χ(p) takes on allf th roots
of unity as values, and the homomorphism property ensures that each is taken on
the same number of times, namelyg = ϕ(m)/ f times. If X is an indeterminate,
we then have∏

χ

(1 − χ(p)X) =
( f −1∏

k=0

(1 − e2π ik/ f X)
)g = (1 − X f )g.

Then(∗∗) follows and so does(∗). Hence all the coefficients of the Dirichlet
series ofZ(s) are≥ 0. We have already observed that this series, as the finite
product of absolutely convergent series for Res> 1, is absolutely convergent for
Res> 1. Thus Proposition 1.25 applies and shows that the Dirichlet series of
Z(s) converges for Res> 0.

Since the coefficients of the series are positive, the convergence is absolute
for s real and positive. By Proposition 1.23b the convergence is absolute for
Res> 0. Therefore the Euler product expansion(∗) is valid for Res> 0.

For primesp not dividingm and for reals> 0, we have

1(
1 − p− f s

)g = (1 + p− f s + p−2 f s + · · · )g ≥ 1 + p− f gs + p−2 f gs + · · ·

= 1 + p−ϕ(m)s + p−2ϕ(m)s + · · · = 1

1 − p−ϕ(m)s .

In combination with(∗), this inequality gives

Z(s)
( ∏

p dividing m

1

1 − p−ϕ(m)s
)

=
( ∏

p with GCD(p,m)=1

1

(1 − p− f s)g

)( ∏
p dividing m

1

1 − p−ϕ(m)s
)

≥
∏

p prime

1

1 − p−ϕ(m)s =
∞∑

n=1

1

nϕ(m)s
.

The sum on the right is+∞ for s = 1/ϕ(m), while the left side is finite for that
s. This contradiction completes the proof of the lemma. �
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PROOF OFTHEOREM1.21. First we show for each Dirichlet characterχ modulo
m that

log L(s, χ) = ∑
p prime

χ(p)
ps + g(s, χ) (∗)

for real numberss > 1, with g(s, χ) remaining bounded ass ↓ 1. In this
statement we have not yet specified a branch of the logarithm, and we shall
choose it presently. Fixp and define, fors ≥ 1, a value of the logarithm of the
pth factor of the Euler product ofL(s, χ) in Proposition 1.28a by

log
(

1
1−χ(p)p−s

) = χ(p)
ps + 1

2
χ(p2)

p2s + 1
3
χ(p3)

p3s + · · · = χ(p)
ps + g(s, p, χ). (∗∗)

In Section 8 we obtained the inequality| log(1 − x)−1 − x| ≤ 2|x|2 for real x
with |x| ≤ 1

2, but the proof remains valid for complexx with |x| ≤ 1
2. Since

x = χ(p)p−s is complex with|χ(p)p−s| ≤ 1
2, we obtain

|g(s, p, χ)| = | log
(

1
1−χ(p)p−s

)− χ(p)p−s
∣∣ ≤ 2|χ(p)p−s|2 ≤ 2p−2.

Since
∑

p prime p−2 ≤ ∑∞
n=1 n−2 < ∞, the series

∑
p g(s, p, χ) is uniformly

convergent fors ≥ 1. Let g(s, χ) be the continuous function
∑

p g(s, p, χ).
Summing(∗∗) over primesp, we obtain∑

p
log
(

1
1−χ(p)p−s

) = ∑
p

χ(p)
ps + g(s, χ).

Because of the validity of the Euler product expansion ofL(s, χ) in Proposition
1.28a, the left side represents a branch of logL(s, χ). This proves(∗).

For eachb prime tom, define a functionFb on the positive integers by

Fb(n) =
{

1 if n ≡ b modm,
0 otherwise.

The Fourier inversion formula (Theorem 7.17 ofBasic Algebra) gives∑
χ

χ(b)χ(n) = ϕ(m)Fb(n). (†)

Multiplying (∗) by χ(b), summing onχ , and using(†) to handle the term that is
summed overp prime, we obtain

ϕ(m)
∑

p prime,
p=km+b

p−s = ∑
χ

χ(b) log L(s, χ)−∑
χ

χ(b)g(s, χ). (††)

The term
∑
χ χ(b)g(s, χ) is bounded ass ↓ 1, according to(∗). The term

χ0(b) log L(s, χ0) is unbounded ass ↓ 1, by Proposition 1.28c. Forχ nonprin-
cipal, the termχ(b) log L(s, χ) is bounded ass ↓ 1, by Proposition 1.28b and
Lemma 1.29. Therefore the left side of(††) is unbounded ass ↓ 1. Hence the
number of primes contributing to the sum is infinite. �
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11. Problems

1. Fix an odd integerm > 1. Let P be the set of odd primesp > 0 such that
x2 ≡ m mod p is solvable and such thatp does not dividem. Show thatP is
nonempty and that there is a finite setSof arithmetic progressions such that the
members ofP are the odd primes> 0 that lie in at least one member ofS.

2. Let D be a nonsquare integer, and letm be an odd integer with GCD(D,m) = 1.
By suitably adapting the proof of Theorem 1.6,
(a) prove that ifm is primitively representable by some binary quadratic form

of discriminantD, thenx2 ≡ D modm is solvable,
(b) prove that ifx2 ≡ D modm is solvable andm is odd, thenm is primitively

representable by some binary quadratic form of discriminantD.

3. For a fixed discriminantD, let H be the group of proper equivalence classes
of binary quadratic forms of discriminantD, and letH ′ be the set of ordinary
equivalence classes of discriminantD. Inclusion of a proper equivalence class
into the ordinary equivalence class that contains it gives a mapf of H onto H ′.
Give an example in whichH ′ can admit no group structure for whichf is a group
homomorphism.

4. (a) Show that if(a,b, c) has order 3 in the form class group, then the product
of any two integers of the formax2 + bxy+ cy2 is again of that form.

(b) Show thath(−23) = 3.
(c) Using the general theory, show that the class of 2x2 + xy+ 3y2 has order 3.
(d) Find an explicit formula for(X,Y) in terms of(x1, y1) and(x2, y2) such

that(2x2
1 + x1y1 + 3y2

1)(2x2
2 + x2y2 + 3y2

2) = 2X2 + XY + 3Y2.

5. If two integer forms are improperly equivalent overZ, prove that they are properly
equivalent overQ.

6. Verify for the fundamental discriminantD = −67 that h(D) = 1. (Edu-
cational note: It is known that the only negative fundamental discriminants
D with h(D) = 1 are −3,−4,−7,−8,−11,−19,−43,−67,−163. It is
known also that the only other nonsquareD < 0 for which h(D) = 1 are
−12,−16,−28,−27.)

7. This problem carries out the algorithm suggested by Theorem 1.8 to find repre-
sentatives of all proper equivalence classes of binary quadratic forms(a, b, c) of
discriminant 316= 4 · 79. For each of these,b will be even.
(a) For each even positiveb with b <

√
4 · 79, factor(b2−4·79)/4 as a product

ac in all possible ways such thata > 0 and such that both|a| and |c| lie
between

√
79− b/2 and

√
79+ b/2, obtaining 16 forms(a, b, c). Expand

the list by adjoining each form(−a,b,−c), so that the expanded list has 32
members.
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(b) Arrange the 32 members of the expanded list of (a) into 6 cycles, obtaining
2 cycles of length 4 and 4 cycles of length 6.

(c) Conclude thath(4 · 79) = 6.

8. For discriminantD = −47, the class number ish(−47) = 5, and the reduced
binary quadratic forms are(1,1,12), (2, 1,6), (2,−1,6), (3, 1, 4), (3,−1, 4).
Show what the multiplication table is for the proper equivalence classes of these
forms.

Problems 9–11 concern the Jacobi symbol, which is a generalization of the Legendre
symbol. Letm andn be integers withn > 0 odd, and letn = pk1

1 · · · pkr
r be the prime

factorization ofn. TheJacobi symbol
(

m
n

)
is defined to be 0 if GCD(m,n) > 1 and

is defined to be
∏r

j =1

(
m
pj

)kj if GCD(m, n) = 1, where
(

m
pj

)
is a Legendre symbol. The

Jacobi symbol therefore extends the domain of the Legendre symbol, and it depends
only on the residuem modn. Even when GCD(m,n) = 1, the Jacobi symbol does
notencode whetherm is a square modulon, however, since

(−1
21

) = +1 and since the
residue−1 is not a square modulo 21.

9. Suppose thatn andn′ are odd positive integers and thatm andm′ are integers.
Verify that
(a)

(
mm′
nn′
) = (

m
n

)(
m′
n′
)
,

(b)
(

m2

n

) = (
m
n2

) = 1 if GCD(m,n) = 1.

10. Prove for all odd positive integersn that

(a)
(−1

n

) = (−1)
1
2 (n−1),

(b)
(2

n

) = (−1)
1
8 (n

2−1).

11. (Quadratic reciprocity) Prove for all odd positive integersm andn satisfying

GCD(m,n) = 1 that
(

m
n

) = (−1)[
1
2 (m−1)][ 1

2 (n−1)]
(

n
m

)
.

Problems 12–13 indicate, without spelling out what the groupG is, two uses of
Dirichlet’s Theorem in the subject of “elliptic curves.” No knowledge of the subject
of elliptic curves is assumed, however.

12. Suppose thatG is a finite abelian group whose order|G| divides p + 1 for all
sufficiently large primesp with p ≡ 3 mod 4. It is to be shown that|G| divides
4 by means of multiple applications of Dirichlet’s Theorem.
(a) Deduce that 8 does not divide|G| by considering the arithmetic progression

8k + 3.
(b) Deduce that 3 does not divide|G| by considering the arithmetic progression

12k + 7.
(c) Deduce that no odd primeq > 3 divides|G| by considering the arithmetic

progression 4qk + 3.
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13. Suppose thatG is a finite abelian group whose order|G| divides p + 1 for all
sufficiently large primesp with p ≡ 2 mod 3. It is to be shown that|G| divides
6 by means of multiple applications of Dirichlet’s Theorem.
(a) Deduce that 4 does not divide|G| by considering the arithmetic progression

12k + 5.
(b) Deduce that 9 does not divide|G| by considering the arithmetic progression

9k + 2.
(c) Deduce that no odd primeq > 3 divides|G| by considering the arithmetic

progression 3qk + 2.

Problems 14–19 develop some elementary properties of ideals and their norms in
quadratic number fields. Notation is as in Sections 6–7. In particular, the number
field is K = Q(

√
m), the ringR of algebraic integers in it hasZ basis{1, δ}, andσ

is the nontrivial automorphism ofK fixing Q.

14. Prove that ifI = 〈a, r 〉 is a nonzero ideal inR with a ∈ Z andr ∈ R, thena
dividesN(s) for everys in I .

15. Prove that any nonzero idealI in R can be written asI = 〈a,b + gδ〉 with a,
b, andg in Z and witha > 0, 0 ≤ b < a, and 0< g ≤ a. Prove also that the
Z basis with these properties is unique, and it has the properties thatg dividesa
andb and thatag dividesN(b + gδ).

16. Let a, b, andg be integers satisfyinga > 0, 0 ≤ b < a, and 0< g ≤ a
with g dividing a andb and withag dividing N(b + gδ). Prove that the ideal
I = (a, b + gδ) in R has{a,b + gδ} as aZ basis.

17. Prove that ifI = 〈a, r 〉 is a nonzero ideal inRwith a ∈ Z, r ∈ R, andr = c+dδ
for integersc andd, thenN(I ) = |ad|.

18. (a) Prove that ifI is a nonzero ideal inR, thenN(I ) is the number of elements
in R/I .

(b) Deduce that ifI ⊆ J are nonzero ideals inR, thenN(J) dividesN(I ), and
I = J if and only if N(J) = N(I ).

19. (a) Using the Chinese Remainder Theorem, prove that ifI and J are nonzero
ideals inR with I + J = R, thenN(I J ) = N(I )N(J).

(b) Let P be a nonzero prime ideal inR, and letp > 0 be the prime number
such thatP ∩ Z = (p)Z. ThenR/P is a vector space overZ/pZ, and its
order is of the formp f for some integerf > 0. Show by induction on the
integere> 0 thatR/Pe has orderpef .

(c) Using unique factorization of ideals, deduce that ifI and J are any two
nonzero ideals inR, thenN(I J ) = N(I )N(J).

(d) Prove that any nonzero idealI of R hasI σ(I ) = (N(I )).
Problems 20–24 concern the splitting of prime ideals when extended to quadratic
number fields. Fix a quadratic number fieldQ(

√
m ), and letR, D, δ, andσ be as
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in Sections 6–7. Letp > 0 be a prime inZ. According to Theorem 9.62 ofBasic
Algebra, the unique factorization of the ideal(p)R in R is one of the following:
(p)R = (p) is already prime inR, (p)R = P1P2 is the product of two distinct prime
ideals, or(p)R = P2 is the square of a prime ideal.

20. Deduce from the formulaN((p)R) = p2 that if P is a nontrivial factor in the
unique factorization of the ideal(p)R, thenN(P) = p.

21. This problem concerns the primep = 2.
(a) Use Problem 15 to prove that ifD ≡ 5 mod 8, then(2)R is a prime ideal

in R.
(b) Prove that ifD ≡ 1 mod 8, then(2)R factors into the product of two distinct

prime factors as(2)R = 〈2, δ〉〈2,1 + δ〉.
(c) Prove that ifD is even andD/4 ≡ 3 mod 4, then(2)R = (2,1+δ)2 exhibits

(2)R as the square of a prime ideal.
(d) Prove that ifD is even andD/4 ≡ 2 mod 4, then(2)R = (2, δ)2 exhibits

(2)R as the square of a prime ideal.

22. Let p be an odd prime.
(a) Prove that ifD is odd, then(p)R has a nontrivial factorization into prime

ideals if and only ifx2 + x + 1
4(1 − D) ≡ 0 mod p has a solution, and in

this case a factorization of(p)R is as(p)R = (p, x + δ)(p, x + σ(δ)).
(b) Prove that ifD is even, then(p)R has a nontrivial factorization into prime

ideals if and only ifx2 ≡ 0 mod(D/4) has a solution, and in this case a
factorization of(p)R is as(p)R = (p, x + δ)(p, x + σ(δ)).

(c) Deduce from (a) and (b) that(p)R has a nontrivial factorization into prime
ideals if and only ifD is a square modulop.

23. Let p be an odd prime such thatD is a square modulop, so that Problem 22c
gives a nontrivial factorization of(p)R into prime ideals of the form(p)R =
(p, x + δ)(p, x + σ(δ)) for some integerx. Let I = (p, x + δ).
(a) Prove that ifD is odd, thenσ(I ) = I if and only if the integerx is 1

2(p−1).
(b) Prove that ifD is even, thenσ(I ) = I if and only if the integerx is 0.

24. Let p be an odd prime such thatD is a square modulop, so that Problem 22c
gives a nontrivial factorization of(p)R into prime ideals of the form(p)R =
(p, x + δ)(p, x + σ(δ)) for some integerx. Using the previous problem, show
that the two factors on the right are the same ideal if and only ifp dividesD.

Problems 25–29 seek to identify the genus group explicitly for fundamental discrim-
inantsD. Let K = Q(

√
m ) be the corresponding quadratic number field, letR be

the ring of algebraic integers inK , and letσ be the nontrivial automorphism ofK
fixing Q. Let E = {p1, . . . , pg+1} with g ≥ 0 be the set of distinct prime divisors
of D. The goal of this set of problems is to prove that the order of the genus group
is 2g and to exhibit ideals inR representing each genus. Recall from Theorem 1.20



11. Problems 71

that strict equivalence classes of ideals correspond to proper equivalence classes of
binary quadratic forms and therefore that each genus corresponds to a set of proper
equivalence classes of binary quadratic forms.

25. Let the form class groupH for discriminantD be isomorphic to a product of cyclic

groups of orders 2k1, . . . ,2kr ,ql1
1 , . . . ,q

ls
s , wherek1, . . . , kr and l1, . . . , ls are

positive integers andq1, . . . ,qs are odd primes that are not necessarily distinct.
Prove that the genus group has order 2r and is abstractly isomorphic to the
subgroup ofH of elements whose order divides 2. (Educational note: Thus a
goal of the present set of problems is to show thatr = g.)

26. According to Problems 20–24, the nonzero prime ideals ofR are of three kinds:

(i) unique distinct idealsI = (p, b+δ)andσ(I ) = (p, b+σ(δ))with prod-
uct (p)R if p is an odd prime not dividingD such thatx2 ≡ D mod p
is solvable, or ifp = 2 andD ≡ 1 mod 8,

(ii) the ideal(p)R if p is an odd prime not dividingD such thatx2 ≡
D mod p is not solvable, or ifp = 2 andD ≡ 5 mod 8,

(iii) a unique idealI p with I 2
p = (p)R if p dividesD.

For each subsetS ⊆ E of the g + 1 distinct prime divisors ofD, defineJs =∏
p∈S Ip.

(a) Using unique factorization of ideals inR, show that any nonzero proper ideal
I in R with σ(I ) = I is of the form(a)JS for somea ∈ Z and some subset
S ⊆ E.

(b) By considering norms of ideals, show thatI uniquely determinesS in (a).

27. (a) The elementx = −1 of K hasN(x) = 1 and factors asx = σ(y)y−1 for
the elementy = √

m of K . For all other elementsx of K with norm 1,
verify the formula

1 + x

1 + σ(x) = (1 + x)x

(1 + σ(x))x = (1 + x)x

x + xσ(x)
= (1 + x)x

1 + x
= x,

and explain why it shows thatx is of the formσ(y)y−1 for somey �= 0 in K .
(Educational note: This result is a special case ofHilbert’s Theorem 90,
which is a theorem in the cohomology of groups and appears in Chapter III.
The general theorem says for a finite Galois extensionK/k with Galois
group� that the cohomologyH1 of the group� with coefficients in the
abelian groupK × is 0.)

(b) Show that the elementy in (a) can be taken to be inR and that all suchy’s
in R areZ multiples of one of themy0, which is unique up to a factor of−1.

28. Let I be a nonzero ideal inR whose class in the ideal class groupH has order 2,
i.e., an idealI such thatI 2 = (x) for some elementx ∈ R.
(a) Show that the elementx N(I )−1 of K has norm 1.
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(b) Show that the corresponding elementy0 of R from the previous problem has
the property thatσ((y0)I ) = (y0)I .

(c) Using eithery0 or y0
√

m from (b), deduce that for any nonzero idealI in
R with I 2 principal, there is astrictly equivalent idealJS for some subset
S ⊆ E of theg+1 prime divisors ofE. Consequently the order of the genus
group is a power of 2 equal to at most 2g+1.

29. This problem shows that the number of idealsJS in the previous problem that
are mutually strictly inequivalent is exactly 2g. To get at this fact, the problem
investigates properties of principal idealsI = (x) in R with the properties that
σ(I ) = I andN(x) > 0. Sinceσ(I ) = I , it must be true thatσ(x) = εx for
some unitε in R, and thenN(σ (x)) = N(x) implies thatN(ε) = +1. Matters
now split into cases along the lines of the hypotheses of Proposition 1.17.
(a) Under the assumption thatm< 0 and thatm is neither−1 nor−3, show that

if a principal idealI = (x) in R hasσ(I ) = I , thenx is in Z or in Z
√

m.
(b) Under the assumption thatm < 0, show that the only subsetsS of E for

which the idealJS is principal areS = ∅ and S equal to the set of all
prime divisors ofm, i.e., S equal toE for D odd and forD even with
D/4 ≡ 2 mod 4 andSequal toE − {2} for D even withD/4 ≡ 2 mod 4.

(c) Under the assumption thatm < 0, Proposition 1.17 says that strict equiv-
alence for ideals coincides with equivalence. Show how to conclude from
this fact and the results of (a) and (b) that the order of the genus group is 2g

whenm< 0.
(d) Under the assumption thatm> 0 and that the fundamental unitε1 has norm

−1, Proposition 1.17 says that strict equivalence for ideals coincides with
equivalence. WithI , x, andε as in the statement of the problem, show that
ε = ±ε2n

1 for some integern ≥ 0. Deduce thatσ(εn
1x) = sεn

1x for a suitable
choice of signs, and show as a consequence thatJS is principal for the same
S’s as in (b) and that the order of the genus group is 2g.

(e) Under the assumption thatm > 0 and that the fundamental unitε1 has
norm+1, Proposition 1.17 says that strict equivalence for ideals is distinct
from equivalence; in particular, there are two strict equivalence classes of
principal ideals: those with a generator of positive norm and those with a
generator of negative norm. Lety+

0 and y−
0 be the elements produced by

Problem 27 that satisfyε1 = σ(y+
0 )(y

+
0 )

−1 and−ε1 = σ(y−
0 )(y

−
0 )

−1. Prove
that exactly one ofy+

0 andy−
0 has positive norm, so that two of the principal

ideals(1), (y+
0 ), (y

−
0 ), (

√
m ) are strictly equivalent to(1), and two are not.

Prove that all four of these principal ideals are of the formJS and that they
are distinct. By expressing elements arising from Problem 27 for the most
general unit inR in terms ofy0 andε1, show that no otherJS is a principal
ideal. Show as a consequence that the number of strict equivalence classes
of ideals among theJS’s is 2g.
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Problems 30–34 show that proper equivalence overQ for two integer forms of
fundamental discriminantD implies proper equivalence overZ/DZ. Consequently
the order of the genus group is at most the number of classes of integer forms of
discriminantD under proper equivalence overZ/DZ. It will follow from the next
set of problems, concerning “genus characters,” that the number of such classes is at
least 2g, whereg + 1 is the number of distinct prime divisors ofD. In combination
with Problem 29, this result shows that the number of genera equals 2g. Throughout
this set of problems, letD be a fundamental discriminant.

30. Let (a1,b1, c1) be a binary quadratic form overZ of discriminantD. Using
Lemma 1.10, prove that(a1,b1, c1) is properly equivalent overZ to a form
(a, b, c) of discriminantD such that GCD(a, D) = 1.

31. Suppose that(a,b, c) is a binary quadratic form overZ of discriminantD such
that GCD(a, D) = 1.
(a) Prove that ifD is odd, then(a,b, c) is properly equivalent overZ to a form

(a, kD, l D) for some integersk andl .
(b) Prove that ifD is even, then(a,b, c) is properly equivalent overZ to a form

(a,2kD,−a(D/4)+ l D) for some integersk andl .

32. Suppose that(a, kD, l D) is a form overZ having odd discriminantD, satisfying
GCD(a, D) = 1, and taking on an integer valuer relatively prime toD for some
rational(x, y). Write x andy as fractions with a positive common denominator
as small as possible:x = u/w andy = v/w.
(a) Prove that GCD(w, D) = 1, and conclude thata ≡ d2r mod D for some

integerd relatively prime toD.
(b) Suppose that(a′, k′D, l ′D) is a second form overZ having discriminantD,

satisfying GCD(a′, D) = 1, and taking on the valuer at some rational point.
Prove thata′ ≡ as2 mod D for somes relatively prime toD.

(c) Suppose that(a, b, c) and (a′,b′, c′) are forms overZ of the same odd
discriminant with GCD(a, D) = GCD(a′, D) = 1, and suppose that these
forms are properly equivalent overQ. Deduce that(a,b, c) and(a′,b′, c′)
are properly equivalent overZ/DZ in the sense that there exists a matrix(
α β

γ δ

)
in SL(2,Z/DZ) such that substitution ofx = αx′ + βy′ and y =

γ x′ + δy′ leads fromax2 + bxy+ cy2 moduloD to a′x′2 + b′x′y′ + c′y′2

moduloD.

33. Suppose that(a,2kD,−a(D/4)+l D) is a form overZ having even discriminant
D, satisfying GCD(a, D) = 1, and taking on an integer valuer relatively prime
to D for some rational(x, y). Write x andy as fractions with a positive common
denominator as small as possible:x = u/w andy = v/w.
(a) Prove that GCD(w, D) = 1, and obtain a congruence relatinga and r

moduloD.
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(b) Suppose that(a′,2k′D,−a′(D/4) + l ′D) is a second form overZ hav-
ing discriminantD, satisfying GCD(a′, D) = 1, and taking on the value
r at some rational point. Prove that

(
a
p

) = (
a′
p

)
for every odd primep

dividing D.
(c) In the setting of (b), suppose in addition thatD/4 ≡ 3 mod 4. Prove that

a ≡ a′ mod 4.
(d) In the setting of (b), suppose in addition thatD/4 ≡ 2 mod 4. Prove for

D/4 ≡ 2 mod 8 thata′ ≡ ±a mod 8, and prove forD/4 ≡ 6 mod 8 that
eithera′ ≡ a mod 8 ora′ ≡ 3a mod 8.

(e) Suppose that(a,b, c) and (a′,b′, c′) are forms overZ of the same even
discriminant with GCD(a, D) = GCD(a′, D) = 1, and suppose that these
forms are properly equivalent overQ. Deduce that(a,b, c) and(a′,b′, c′)
are properly equivalent overZ/DZ.

34. Why does it follow from Problems 30–33 that the order of the genus group for
discriminantD is at least as large as the number of proper equivalence classes
under SL(2,Z/DZ) of integer forms of discriminantD?

Problems 35–40 introduce “genus characters.” In fact, genus characters are already
implicit in Problems 32 and 33. Throughout this set of problems, letD be a fun-
damental discriminant, and suppose thatD has exactlyg + 1 distinct prime factors.
The content of these problems will be summarized in Problem 40. Call two binary
quadratic forms overZ of discriminantD similar modulo D if they take on the same
residuesr modulo D that are relatively prime toD. Proper equivalence overZ via
SL(2,Z) implies proper equivalence moduloD via SL(2,Z/DZ), and this in turn
implies similarity moduloD in the sense that was just defined. Problems 30–31 show
that it is enough to study formsax2 mod D for D odd, where GCD(a, D) = 1, and
to study formsa(x2 − (D/4)y2) for D even, again where GCD(a, D) = 1. Initially
thegenus charactersare functions of pairs(similarity class, r ), wherer is a residue
modulo D with GCD(r, D) = 1 such thatr is represented by the form moduloD.
The values of these functions are

(
r
p

)
for each odd primep > 0 dividing D, as well

as the indicated one of the following forp = 2 if D is even:

ξ(r ) = (−1
r

) = (−1)
1
2 (r −1) if D is even andD/4 ≡ 3 mod 4,

η(r ) = (2
r

) = (−1)
1
8 (r

2−1) if D is even andD/4 ≡ 2 mod 8,

ξ(r )η(r ) = (−2
r

) = (−1)
1
2 (r −1)+ 1

8 (r
2−1) if D is even andD/4 ≡ 6 mod 8.

Thusg + 1 expressions have been defined for each ordered pair(similarity class, r ).

35. Using Problems 32 and 33, show that the genus characters are independent of the
residuer moduloD with GCD(r, D) = 1 such thatr is represented by the form
moduloD. Therefore the residuea in the quadratic form, eitherax2 mod D for
D odd ora(x2−(D/4)y2) for D even, can be used asr , and the genus characters
areg + 1 functions defined on the set of similarity classes moduloD.
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36. Prove that the genus characters respect the operation of multiplication of proper
equivalence classes of forms overZ.

37. The product of allg + 1 genus characters is 1 in every case. A sketch of the
argument forD odd is as follows: SinceD ≡ 1 mod 4,D has an even number
2t of prime factors 4k + 3. Use of the Jacobi symbol witha odd andp varying
over the (odd) prime divisors ofD gives∏

p

(
a
p

) = ∏
p=4k+1

(
a
p

) ∏
p=4k+3

(
a
p

) = ξ(a)2t
∏

p=4k+1

(p
a

) ∏
p=4k+3

(p
a

) = (
D
a

)
,

and the right side is+1 by Problem 2a. Using this sketch as a guide, show that
the product of allg + 1 genus characters is 1 for the cases thatD is even and
(a) D/4 ≡ 3 mod 4,
(b) D/4 ≡ 2 mod 8,
(c) D/4 ≡ 6 mod 8.

38. If D is even, letα be ξ if D/4 ≡ 3 mod 4,η if D/4 ≡ 2 mod 8, andξη
if D/4 ≡ 6 mod 8. Let p 	→ sp be any function to{±1} from the set of
distinct prime divisors ofD. Using Dirichlet’s Theorem on primes in arithmetic
progressions, prove that there exists a primeq such that

(q
p

) = sp for each odd

prime divisorp of D andα(q) = s2 in caseD is even.

39. Withα as in the previous problem, letp 	→ sp be any function to{±1} from the
set of distinct prime divisors ofD such that

∏
p sp = +1, and choose a prime

q as in the previous problem. Prove thatq is primitively representable by some
integer binary quadratic form of discriminantD and that the values of the genus
characters on this form are the numberssp. Conclude that the number of distinct
similarity classes moduloD is at least 2g.

40. For the quadratic number fieldK = Q(
√

m ) with discriminantD, suppose that
D hasg + 1 distinct prime divisors. Conclude that the following equivalence
classes of binary quadratic forms overZ of discriminantD coincide and that the
number of such classes is 2g:

(i) classes relative to proper equivalence overQ, i.e., genera,
(ii) classes relative to proper equivalence overZ/DZ,

(iii) classes relative to similarity moduloD.



CHAPTER II

Wedderburn–Artin Ring Theory

Abstract. This chapter studies finite-dimensional associative division algebras, as well as other
finite-dimensional associative algebras and closely related rings. The chapter is in two parts that
overlap slightly in Section 6. The first part gives the structure theory of the rings in question, and
the second part aims at understanding limitations imposed by the structure of a division ring.

Section 1 briefly summarizes the structure theory for finite-dimensional (nonassociative) Lie
algebras that was the primary historical motivation for structure theory in the associative case. All
the algebras in this chapter except those explicitly called Lie algebras are understood to be associative.

Section 2 introduces left semisimple rings, defined as ringsR with identity such that the left
R moduleR is semisimple. Wedderburn’s Theorem says that such a ring is the finite product of
full matrix rings over division rings. The number of factors, the size of each matrix ring, and the
isomorphism class of each division ring are uniquely determined. It follows that left semisimple
and right semisimple are the same. If the ring is a finite-dimensional algebra over a fieldF , then the
various division rings are finite-dimensional division algebras overF . The factors of semisimple
rings are simple, i.e., are nonzero and have no nontrivial two-sided ideals, but an example is given
to show that a simple ring need not be semisimple. Every finite-dimensional simple algebra is
semisimple.

Section 3 introduces chain conditions into the discussion as a useful generalization of finite
dimensionality. A ringR with identity is left Artinian if the left ideals of the ring satisfy the
descending chain condition. Artin’s Theorem for simple rings is that left Artinian is equivalent to
semisimplicity, hence to the condition that the given ring be a full matrix ring over a division ring.

Sections 4–6 concern what happens when the assumption of semisimplicity is dropped but some
finiteness condition is maintained. Section 4 introduces the Wedderburn–Artin radical radR of a
left Artinian ring R as the sum of all nilpotent left ideals. The radical is a two-sided nilpotent ideal.
It is 0 if and only if the ring is semisimple. More generallyR/ radR is always semisimple ifR is
left Artinian. Sections 5–6 state and prove Wedderburn’s Main Theorem—that a finite-dimensional
algebraR with identity over a fieldF of characteristic 0 has a semisimple subalgebraSsuch thatR
is isomorphic as a vector space toS⊕ radR. The semisimple algebraS is isomorphic toR/ radR.
Section 5 gives the hard part of the proof, which handles the special case thatR/ radR is isomorphic
to a product of full matrix algebras overF . The remainder of the proof, which appears in Section 6,
follows relatively quickly from the special case in Section 5 and an investigation of circumstances
under which the tensor product overF of two semisimple algebras is semisimple. Such a tensor
product is not always semisimple, but it is semisimple in characteristic 0.

The results about tensor products in Section 6, but with other hypotheses in place of the condition
of characteristic 0, play a role in the remainder of the chapter, which is aimed at identifying certain
division rings. Sections 7–8 provide general tools. Section 7 begins with further results about tensor
products. Then the Skolem–Noether Theorem gives a relationship between any two homomorphisms
of a simple subalgebra into a simple algebra whose center coincides with the underlying field of
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scalars. Section 8 proves the Double Centralizer Theorem, which says for this situation that the
centralizer of the simple subalgebra in the whole algebra is simple and that the product of the
dimensions of the subalgebra and the centralizer is the dimension of the whole algebra.

Sections 9–10 apply the results of Sections 6–8 to obtain two celebrated theorems—Wedderburn’s
Theorem about finite division rings and Frobenius’s Theorem classifying the finite-dimensional
associative division algebras over the reals.

1. Historical Motivation

Elementary ring theory came from several sources historically and was already in
place by 1880. Some of the sources are field theory (studied by Galois and others),
rings of algebraic integers (studied by Gauss, Dirichlet, Kummer, Kronecker,
Dedekind, and others), and matrices (studied by Cayley, Hamilton, and others).
More advanced general ring theory arose initially not on its own but as an effort
to imitate the theory of “Lie algebras,” which began about 1880.

A brief summary of some early theorems about Lie algebras will put matters
in perspective. The term “algebra” in connection with a fieldF refers at least to
an F vector space with a multiplication that isF bilinear. This chapter will deal
only with two kinds of such algebras, the Lie algebras and those algebras whose
multiplication is associative. If the modifier “Lie” is absent, the understanding is
that the algebra is associative.

Lie algebras arose originally from “Lie groups”—which we can regard for
current purposes as connected groups with finitely many smooth parameters—
by a process of taking derivatives along curves at the identity element of the
group. Precise knowledge of that process will be unnecessary in our treatment,
but we describe one example: The vector spaceMn(R) of all n-by-n matrices over
R becomes a Lie algebra with multiplication defined by the “bracket product”
[X,Y] = XY − Y X. If G is a closed subgroup of the matrix group GL(n,R)
andg is the set of all members ofMn(R) of the form X = c′(0), wherec is a
smooth curve inG with c(0) equal to the identity, then it turns out that the vector
spaceg is closed under the bracket product and is a Lie algebra. Although one
might expect the Lie algebrag to give information about the Lie groupG only
infinitesimally at the identity, it turns out thatg determines the multiplication rule
for G in a whole open neighborhood of the identity. Thus the Lie group and Lie
algebra are much more closely related than one might at first expect.

We turn to the underlying definitions and early main theorems about Lie alge-
bras. LetF be a field. A vector spaceA overF with anF bilinear multiplication
(X,Y) 	→ [X,Y] is aLie algebra if the multiplication has the two properties

(i) [ X, X] = 0 for all X ∈ A,
(ii) (Jacobi identity) [X, [Y, Z]] + [Y, [Z, X]] + [Z, [X,Y]] = 0 for all

X,Y, Z ∈ A.
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Multiplication is often referred to asbracket. It is usually not associative. The
vector spaceMn(F) with [X,Y] = XY − Y X is a Lie algebra, as one easily
checks by expanding out the various brackets that are involved; it is denoted by
gl(n, F).

The elementary structural definitions with Lie algebras run parallel to those
with rings. ALie subalgebraSof A is a vector subspace closed under brackets,
anideal I of A is a vector subspace such that [X,Y] is in I for X ∈ I andY ∈ A,
a homomorphismϕ : A1 → A2 of Lie algebras is a linear mapping respecting
brackets in the sense thatϕ[X,Y] = [ϕ(X), ϕ(Y)] for all X,Y ∈ A1, and an
isomorphism is an invertible homomorphism. Every ideal is a Lie subalgebra.
In contrast to the case of rings, there is no distinction between “left ideals” and
“right ideals” because the bracket product is skew symmetric. Under the passage
from Lie groups to Lie algebras, abelian Lie groups yield Lie algebras with all
brackets 0, and thus one says that a Lie algebra isabelian if all its brackets are 0.

Examples of Lie subalgebras ofgl(n, F) are the subalgebrasl(n, F) of all
matrices of trace 0, the subalgebraso(n, F) of all skew-symmetric matrices, and
the subalgebra of all upper-triangular matrices.

The elementary properties of subalgebras, homomorphisms, and so on for Lie
algebras mimic what is true for rings: The kernel of a homomorphism is an
ideal. Any ideal is the kernel of a quotient homomorphism. IfI is an ideal in
A, then the ideals ofA/I correspond to the ideals ofA containing I , just as
in the First Isomorphism Theorem for rings. IfI and J are ideals inA, then
(I + J)/I ∼= J/(I ∩ J), just as in the Second Isomorphism Theorem for rings.

The connection of Lie algebras to Lie groups makes one want to introduce
definitions that lead toward classifying all Lie algebras that are finite-dimensional.
We therefore assume for the remainder of this section that all Lie algebras under
discussion are finite-dimensional overF . Some of the steps require conditions
on F , and we shall assume thatF has characteristic 0.

Group theory already had a notion of “solvable group” from Galois, and this
leads to the notion of solvable Lie algebra. InA, let [A, A] denote the linear span
of all [X,Y] with X,Y ∈ A; [ A, A] is called thecommutator ideal of A, and
A/[ A, A] is abelian. In fact, [A, A] is the smallest idealI in A such thatA/I
is abelian. Starting fromA, let us form successive commutator ideals. Thus put
A0 = A, A1 = [ A0, A0], . . . , An = [ An−1, An−1], so that

A = A0 ⊇ A1 ⊇ · · · ⊇ An ⊇ · · · .
The terms of this sequence are all the same from some point on, by finite dimen-
sionality, and we say thatA is solvableif the terms are ultimately 0. One easily
checks that the sumI + J of two solvable ideals inA, i.e., the set of sums, is
a solvable ideal. By finite dimensionality, there exists a unique largest solvable
ideal. This is called theradical of A and is denoted by radA. The Lie algebra

II. Wedderburn–Artin Ring Theory
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A is said to besemisimpleif rad A = 0. It is easy to use the First Isomorphism
Theorem to check thatA/ radA is always semisimple.

In the direction of classifying Lie algebras, one might therefore want to see how
all solvable Lie algebras can be constructed by successive extensions, identify
all semisimple Lie algebras, and determine how a general Lie algebra can be
constructed from a semisimple Lie algebra and a solvable Lie algebra by an
extension.

The first step in this direction historically concerned identifying semisimple
Lie algebras. We say that the Lie algebraA is simple if dim A > 1 and if A
contains no nonzero proper ideals.

Working with the field C but in a way that applies to other fields of
characteristic 0, W. Killing proved in 1888 thatA is semisimple if and only
if A is the (internal) direct sum of simple ideals. In this case the direct summands
are unique, and the only ideals inA are the partial direct sums.

This result is strikingly different from what happens for abelian Lie algebras,
for which the theory reduces to the theory of vector spaces. A 2-dimensional
vector space is the internal direct sum of two 1-dimensional subspaces in many
ways. But Killing’s theorem says that the decomposition of semisimple Lie
algebras into simple ideals is unique, not just unique up to some isomorphism.

É. Cartan in his 1894 thesis classified the simple Lie algebras, up to isomor-
phism, for the case that the field isC. The Lie algebrassl(n,C) for n ≥ 2 and
so(n,C) for n = 3 andn ≥ 5 were in his list, and there were others. Killing had
come close to this classification in his 1888 work, but he had made a number of
errors in both his statements and his proofs.

E. E. Levi in 1905 addressed the extension problem for obtaining all finite-
dimensional Lie algebras overC from semisimple ones and solvable ones. His
theorem is that for any Lie algebraA, there exists a subalgebraS isomorphic to
A/ radA such thatA = S⊕ radA as vector spaces. In essence, this result says
that the extension definingA is given by a semidirect product.

The final theorem in this vein at this time in history was a 1914 result of Cartan
classifying the simple Lie algebras when the fieldF is R. This classification is a
good bit more complicated than the classification whenF is C.

With this background in mind, we can put into context the corresponding
developments for associative algebras. Although others had done some earlier
work, J. H. M. Wedderburn made the first big advance for associative algebras in
1905. Wedderburn’s theory in a certain sense is more complicated than the theory
for Lie algebras because left ideals in the associative case are not necessarily two-
sided ideals. Let us sketch this theory.

For the remainder of this section until the last paragraph,A will denote a finite-
dimensional associative algebra over a fieldF of characteristic 0, possibly the 0
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algebra. We shall always assume thatA has an identity. Although we shall make
some definitions here, we shall repeat them later in the chapter at the appropriate
times. For many results later in the chapter, the fieldF will not be assumed to be
of characteristic 0.

As in Chapter X ofBasic Algebra, a unital leftA moduleM is said to be simple
if it is nonzero and it has no proper nonzeroA submodules, semisimple if it is the
sum (or equivalently the direct sum) of simpleA submodules. The algebraA is
semisimpleif the left A moduleA is a semisimple module, i.e., ifA is the direct
sum of simple left ideals;A is simple if it is nonzero and has no nontrivial two-
sided ideals. In contrast to the setting of Lie algebras, we make no exception for
the 1-dimensional case; this distinction is necessary and is continually responsible
for subtle differences between the two theories.

Wedderburn’s first theorem has two parts to it, the first one modeled on Killing’s
theorem for Lie algebras and the second one modeled on Cartan’s thesis:

(i) The algebraA is semisimple if and only if it is the (internal) direct sum
of simple two-sided ideals. In this case the direct summands are unique,
and the only two-sided ideals ofA are the partial direct sums.

(ii) The algebraA is simple if and only ifA ∼= Mn(D) for some integern ≥ 1
and some division algebraD over F . In particular, ifF is algebraically
closed, thenA ∼= Mn(F) for somen.

E. Artin generalized the Wedderburn theory to a suitable kind of “semisimple
ring.” For part of the theory, he introduced a notion of “radical” for the associative
case—theradical of a finite-dimensional associative algebraA being the sum of
the “nilpotent” left ideals ofA. Here a left idealI is callednilpotent if I k = 0
for somek. The radical radA is a two-sided ideal, andA/ radA is a semisimple
ring.

Wedderburn’s Main Theorem, proved later in time and definitely assuming
characteristic 0, is an analog for associative algebras of Levi’s result about Lie
algebras. The result for associative algebras is thatA decomposes as a vector-
space direct sumA = S⊕ radA, whereS is a semisimple subalgebra isomorphic
to A/ radA.

The remaining structural question for finite-dimensional associative algebras
is to say something about simple algebras when the field is not algebraically
closed. Such a result may be regarded as an analog of the 1914 work by Cartan.
In the associative case one then wants to know what theF isomorphism classes of
finite-dimensional associative division algebrasD are for a given fieldF . We now
drop the assumption that the fieldF has characteristic 0. In asking this question,
one does not want to repeat the theory of field extensions. Consequently one
looks only for classes of division algebras whose center isF . If F is algebraically
closed, the only suchD is F itself, as we shall observe in more detail in Section 2.

II. Wedderburn–Artin Ring Theory
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If F is a finite field, one is led to another theorem of Wedderburn’s, saying thatD
has to be commutative and hence thatD = F ; this theorem appears in Section 9.
If F is R, one is led to a theorem of Frobenius saying that there are just two such
D’s up toR isomorphism, namelyR itself and the quaternionsH; this theorem
appears in Section 10. For a general fieldF , it turns out that the set of classes
of finite-dimensional division algebras with centerF forms an abelian group.
The group is called the “Brauer group” ofF . Its multiplication is defined by the
condition that the class ofD1 timesD2 is the class of a division algebraD3 such
that D1 ⊗F D2

∼= Mn(D3) for somen; the inverse of the class ofD is the class
of the opposite algebraDo, and the identity is the class ofF . The study of the
Brauer group is postponed to Chapter III. This group has an interpretation in terms
of cohomology of groups, and it has applications to algebraic number theory.

2. Semisimple Rings and Wedderburn’s Theorem

We now begin our detailed investigation of associative algebras over a field. In
this section we shall address the first theorem of Wedderburn’s that is mentioned
in the previous section. It has two parts, one dealing with semisimple algebras
and one dealing with finite-dimensional simple algebras. The first part does not
need the finite dimensionality as a hypothesis, and we begin with that one.

Let R be a ring with identity. The ringR is left semisimple if the left R
module R is a semisimple module, i.e., ifR is the direct sum of minimal left
ideals.1 In this caseR = ⊕

i∈S Ii for some setS and suitable minimal left
ideals Ii . SinceR has an identity, we can decompose the identity according to
the direct sum as 1= 1i1 + · · · + 1in for some finite subset{i1, . . . , in} of S,
where 1i k is the component of 1 inIik . Multiplying by r ∈ R on the left, we
see thatR ⊆ ⊕n

k=1 Iik . ConsequentlyR has to be afinite sum of minimal left
ideals. A ringR with identity is right semisimple if the right R moduleR is a
semisimple module. We shall see later in this section that left semisimple and
right semisimple are equivalent.

EXAMPLES OF SEMISIMPLE RINGS.

(1) If D is a division ring, then we saw in Example 4 in Section X.1 ofBasic
Algebra that the ringR = Mn(D) is left semisimple in the sense of the above
definition. Actually, that example showed more. It showed thatR as a leftR
module is given byMn(D) ∼= Dn ⊕ · · · ⊕ Dn, where eachDn is a simple leftR
module and thej th summandDn corresponds to the matrices whose only nonzero
entries are in thej th column. The leftR moduleMn(D) has a composition series
whose terms are the partial sums of then summandsDn. If M is any simple
left Mn(D) module and ifx �= 0 is in M , then M = Mn(D)x. If we set
I = {r ∈ Mn(D) | r x = 0}, thenI is a left ideal inMn(D) andM ∼= Mn(D)/I

1By convention, a “minimal left ideal” always means a “minimal nonzero left ideal.”
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as a leftMn(D) module. In other words,M is an irreducible quotient module
of the left Mn(D) moduleMn(D). By the Jordan–H¨older Theorem (Corollary
10.7 ofBasic Algebra), M occurs as a composition factor. HenceM ∼= Dn as
a left Mn(D) module. Hence every simple leftMn(D) module is isomorphic to
Dn. We shall use this style of argument repeatedly but will ordinarily include
less detail.

(2) If R1, . . . , Rn are left semisimple rings, then the direct productR =∏n
i =1 Ri is left semisimple.2 In fact, each minimal left ideal ofRi , when included

into R, is a minimal left ideal ofR. HenceR is the sum of minimal left ideals
and is left semisimple. By the same kind of argument as for Example 1, every
simple leftR module is isomorphic to one of these minimal left ideals.

Lemma 2.1. Let D be a division ring, letR = Mn(D), and letDn be the
simple left R module of column vectors. Each member ofD acts onDn by
scalar multiplication on theright side, yielding a member of EndR(Dn). In turn,
EndR(Dn) is a ring, and this identification therefore is an inclusion of the members
of D into the rightD module EndR(Dn). The inclusion is in fact an isomorphism
of rings: Do ∼= EndR(Dn), whereDo is the opposite ring ofD.

PROOF. Let ϕ : D → EndR(Dn) be the function given byϕ(d)(v) = vd.
Thenϕ(dd′)(v) = v(dd′) = (vd)d′ = ϕ(d′)(vd) = ϕ(d′)(ϕ(d)(v)). Since the
order of multiplication inD is reversed byϕ, ϕ is a ring homomorphism ofDo

into EndR(Dn). It is one-one becauseDo is a division ring and has no nontrivial
two-sided ideals. To see that it is onto EndR(Dn), let f be in EndR(Dn). Put

f

⎛⎝ 1
0
...
0

⎞⎠ =

⎛⎜⎝
d
d2

...
dn

⎞⎟⎠. Since f is anR module homomorphism,

f

⎛⎝ a1

a2

...
an

⎞⎠ = f

⎛⎝⎛⎝ a1 0 ··· 0
a2 0 ··· 0
...

an 0 ··· 0

⎞⎠⎛⎝ 1
0
...
0

⎞⎠⎞⎠ =
⎛⎝ a1 0 ··· 0

a2 0 ··· 0
...

an 0 ··· 0

⎞⎠ f

⎛⎝ 1
0
...
0

⎞⎠

=
⎛⎝ a1 0 ··· 0

a2 0 ··· 0
...

an 0 ··· 0

⎞⎠
⎛⎜⎝

d
d2

...
dn

⎞⎟⎠ =
⎛⎝ a1d

a2d
...

and

⎞⎠ = ϕ(d)
⎛⎝ a1

a2

...
an

⎞⎠ .
Thereforeϕ(d) = f , andϕ is onto. �

2Some comment is appropriate about the notationR = ∏n
i =1 Ri and the terminology “direct

product.” Indeed,
∏n

i =1 Ri is a product in the sense of category theory within the category of rings
or the category of rings with identity. Sometimes one viewsRalternatively as built fromn two-sided
ideals, each corresponding to one of then coordinates; in this case, one may say thatR is the “direct
sum” of these ideals. This direct sum is to be regarded as a direct sum of abelian groups, or perhaps
vector spaces orR modules, but it is not a coproduct within the category of rings with identity.

II. Wedderburn–Artin Ring Theory
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Theorem 2.2(Wedderburn). IfR is any left semisimple ring, then

R ∼= Mn1(D1)× · · · × Mnr (Dr )

for suitable division ringsD1, . . . , Dn and positive integersn1, . . . ,nr . The num-
berr is uniquely determined byR, and the ordered pairs(n1, D1), . . . , (nr , Dr )

are determined up to a permutation of{1, . . . , r } and an isomorphism of each
Dj . There are exactlyr mutually nonisomorphic simple leftR modules, namely
(D1)

n1, . . . , (Dr )
nr .

PROOF. Write R as the direct sum of minimal left ideals, and then regroup
the summands according to theirR isomorphism type asR ∼= ⊕r

j =1 nj Vj , where
nj Vj is the direct sum ofnj submodulesR isomorphic toVj and whereVi � Vj

for i �= j . The isomorphism is one of unital leftRmodules. PutDo
i = EndR(Vi ).

This is a division ring by Schur’s Lemma (Proposition 10.4b ofBasic Algebra).
Using Proposition 10.14 ofBasic Algebra, we obtain an isomorphism of rings

Ro ∼= EndR R ∼= HomR

( r⊕
i=1

ni Vi ,
r⊕

j =1
nj Vj

)
. (∗)

Define pi :
⊕r

j =1 nj Vj → ni Vi to be thei th projection andqi : ni Vi →⊕r
j =1 nj Vj to be thei th inclusion. Let us see that the right side of(∗) is iso-

morphic as a ring to
∏

i EndR(ni Vi ) via the mappingf 	→ (p1 f q1, . . . , pr f qr ).
What is to be shown is thatpj f qi = 0 for i �= j . Here pj f qi is a member
of HomR(ni Vi ,nj Vj ). The abelian group HomR(ni Vi ,nj Vj ) is the direct sum
of abelian groups isomorphic to HomR(Vi ,Vj ) by Proposition 10.12, and each
HomR(Vi ,Vj ) is 0 by Schur’s Lemma (Proposition 10.4a).

Referring to(∗), we therefore obtain ring isomorphisms

Ro ∼=
r∏

i=1
HomR(ni Vi ,ni Vi ) =

r∏
i=1

EndR(ni Vi )

∼=
r∏

i=1
Mni (EndR(Vi )) by Corollary 10.13

∼=
r∏

i=1
Mni (D

o
i ) by definition ofDo

i .

Reversing the order of multiplication inRo and using the transpose map to
reverse the order of multiplication in eachMni (D

o
i ), we conclude thatR ∼=∏r

i =1 Mni (Di ). This proves existence of the decomposition in the theorem.
We still have to identify the simple leftR modules and prove an appropriate

uniqueness statement. As we recalled in Example 1, we have a decomposition
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Mni (Di ) ∼= Dni
i ⊕ · · · ⊕ Dni

i of left Mni (Di ) modules, and each termDni
i is a

simple leftMni (Di ) module. The decomposition just proved allows us to regard
each termDni

i as a simple leftR module, 1≤ i ≤ r . Each of these modules
is acted upon by a different coordinate ofR, and hence we have produced at
leastr nonisomorphic simple leftR modules. Any simple leftR module must
be a quotient ofR by a maximal left ideal, as we observed in Example 2, hence
a composition factor as a consequence of the Jordan–H¨older Theorem. Thus
it must be one of theVj ’s in the previous part of the proof. There are only
r nonisomorphic suchVj ’s, and we conclude that the number of simple leftR
modules, up to isomorphism, is exactlyr .

For uniqueness suppose thatR ∼= Mn′
1
(D′

1) × · · · × Mn′
s
(D′

s) as rings. Let

V ′
j = (D′

j )
n′

j be the unique simple leftMn′
j
(D′

j ) module up to isomorphism, and
regardV ′

j as a simple leftR module. Then we haveR ∼= ⊕s
j =1 n′

j V
′
j as left

R modules. By the Jordan–H¨older Theorem we must haver = s and, after a
suitable renumbering,ni = n′

i andVi
∼= V ′

i for 1 ≤ i ≤ r . Thus we have ring
isomorphisms

(D′
i )

o ∼= EndMn′
i
(D′

i )
(V ′

i ) by Lemma 2.1

∼= EndR(V
′
i )

∼= EndR(Vi ) sinceVi
∼= V ′

i

∼= Do
i .

Reversing the order of multiplication givesD′
i
∼= Di , and the proof is complete.

�

Corollary 2.3. For a ringR, left semisimple coincides with right semisimple.

REMARK. Therefore we can henceforth refer to left semisimple rings unam-
biguously assemisimple.

PROOF. The theorem gives the form of any left semisimple ring, and each ring
of this form is certainly right semisimple. �

Wedderburn’s original formulation of Theorem 2.2 was for algebras over a
field F , and he assumed finite dimensionality. The theorem in this case gives

R ∼= Mn1(D1)× · · · × Mnr (Dr ),

and the proof shows thatDo
i

∼= EndR(Vi ), whereVi is a minimal left ideal of
R of the i th isomorphism type. The fieldF lies inside EndR(Vi ), each member
of F yielding a scalar mapping, and hence eachDi is a division algebra over
F . EachDi is necessarily finite-dimensional overF , sinceR was assumed to be
finite-dimensional.

II. Wedderburn–Artin Ring Theory
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We shall make occasional use in this chapter of the fact that ifD is a finite-
dimensional division algebra over an algebraically closed fieldF , thenD = F .
To see this equality, suppose thatx is a member ofD but not ofF , i.e., is not an
F multiple of the identity. Thenx andF together generate a subfieldF(x) of D
that is a nontrivial algebraic extension ofF , contradiction. Consequently every
finite-dimensional semisimple algebraR over an algebraically closed fieldF is
of the form

R ∼= Mn1(F)× · · · × Mnr (F),

for suitable integersn1, . . . ,nr .
As we saw, the finite dimensionality plays no role in decomposing semisim-

ple rings as the finite product of rings that we shall call “simple.” The place
where finite dimensionality enters the discussion is in identifying simple rings
as semisimple, hence in establishing a converse theorem that every finite direct
product of simple rings, each equal to an ideal of the given ring, is necessarily
semisimple. We say that a nonzero ringR with identity is simple if its only
two-sided ideals are 0 andR.

EXAMPLES OF SIMPLE RINGS.

(1) If D is a division ring, thenMn(D) is a simple ring. In fact, letJ be a
two-sided ideal inMn(D), fix an ordered pair(i, j ) of indices, and let

I = {x ∈ D | some memberX of J hasXi j = x}.
Multiplying X in this definition on each side by scalar matrices with entries in
D, we see thatI is a two-sided ideal inD. If I = 0 for all (i, j ), thenJ = 0.
So assume for some(i, j ) that I �= 0. ThenI = D for that (i, j ), and we may
suppose that someX in J hasXi j = 1. If Ekl denotes the matrix that is 1 in
the(k, l )th place and is 0 elsewhere, thenEii X Ej j = Ei j has to be inJ. Hence
Ekl = Eki Ei j Ejl has to be inJ, andJ = Mn(D).

(2) Let R be theWeyl algebraoverC in one variable, namely

R =
{∑

n≥0

Pn(x)
( d

dx

)n ∣∣∣ eachPn is in C[x], and the sum is finite
}
.

To give a more abstract construction ofR, we can viewR asC
[
x, d

dx

]
subject to

the relation d
dx x = x d

dx + 1; this is not to be a quotient of a polynomial algebra
in two variables but a quotient of a tensor algebra in two variables. We omit the
details. We shall now prove that the ringR is simple but not semisimple.

To see thatR is a simple ring, we easily check the two identities

(i) d
dx

(
xm dn

dxn

) = mxm−1 dn

dxn + xm dn+1

dxn+1 by the product rule,

(ii) dn

dxn x = n dn−1

dxn−1 +x dn

dxn by induction when applied to a polynomialf (x).
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Let I be a nonzero two-sided ideal inR, and fix an elementX �= 0 in I . Let xm

be the highest power ofx appearing inX, and let dn

dxn be the highest power ofddx
appearing in terms ofX involving xm. Let l andr denote “left multiplication by”
and “right multiplication by,” and apply

(
l
(

d
dx

)− r
(

d
dx

))m
to X. Since (i) shows

that (
l
(

d
dx

)− r
(

d
dx

))
xk
(

d
dx

)l = kxk−1
(

d
dx

)l
,

the result of computing
(
l
(

d
dx

) − r
(

d
dx

))m
X is a polynomial in d

dx of degree
exactlyn with no x’s. Application of (r (x) − l (x))n to the result, using (ii),
yields a nonzero constant. We conclude that 1 is inI and therefore thatI = R.
HenceR is simple.

To show thatR is not semisimple, first note thatC[x] is a natural unital leftR
module. We shall show thatR has infinite length as a leftR module, in the sense
of the length of finite filtrations. In fact,

R ⊇ R
(

d
dx

) ⊇ R
(

d
dx

)2 ⊇ · · · ⊇ R
(

d
dx

)n
(∗)

is a finite filtration of left R submodules ofR. If R
(

d
dx

)k = R
(

d
dx

)k+1
, then(

d
dx

)k = r
(

d
dx

)k+1
for somer ∈ R. Applying these two equal expressions for

a member ofR to the memberxk of the left R moduleC[x], we arrive at a
contradiction and conclude that every inclusion in(∗) is strict. ThereforeR has
infinite length and is not semisimple.

The extra hypothesis that Wedderburn imposed so that simple rings would
turn out to be semisimple is finite dimensionality. Wedderburn’s result in this
direction is Theorem 2.4 below. This hypothesis is quite natural to the extent
that the subject was originally motivated by the theory of Lie algebras. E. Artin
found a substitute for the assumption of finite dimensionality that takes the result
beyond the realm of algebras, and we take up Artin’s idea in the next section.

Theorem 2.4 (Wedderburn). LetR be a finite-dimensional algebra with
identity over a fieldF . If R is a simple ring, thenR is semisimple and hence
is isomorphic toMn(D) for some integern ≥ 1 and some finite-dimensional
division algebraD over F . The integern is uniquely determined byR, andD is
unique up to isomorphism.

PROOF. By finite dimensionality,R has a minimal left idealV . For r in R,
form the setVr . This is a left ideal, and we claim that it is minimal or is 0. In
fact, the functionv 	→ vr is R linear fromV onto Vr . SinceV is simple as a
left R module,Vr is simple or 0. The sumI = ∑

r with Vr �=0 Vr is a two-sided
ideal in R, and it is not 0 becauseV1 �= 0. SinceR is simple,I = R. Then the
left R moduleR is exhibited as the sum of simple leftR modules and is therefore
semisimple. The isomorphism withMn(D) and the uniqueness now follow from
Theorem 2.2. �

II. Wedderburn–Artin Ring Theory
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3. Rings with Chain Condition and Artin’s Theorem

Parts of Chapters VIII and IX ofBasic Algebramade considerable use of a
hypothesis that certain commutative rings are “Noetherian,” and we now extend
this notion to noncommutative rings. A ringR with identity isleft Noetherian if
the leftR moduleR satisfies the ascending chain condition for its left ideals. It is
left Artinian if the left R moduleR satisfies the descending chain condition for
its left ideals. The notions ofright Noetherian andright Artinian are defined
similarly.

We saw many examples of Noetherian rings in the commutative case inBasic
Algebra. The ring of integersZ is Noetherian, and so is the ring of polynomials
R[X] in an indeterminate over a nonzero Noetherian ringR. It follows from the
latter example that the ringF [X1, . . . , Xn] in finitely many indeterminates over
a field is a Noetherian ring. Other examples arose in connection with extensions
of Dedekind domains.

Any finite direct product of fields is Noetherian and Artinian because it has a
composition series and because its ideals therefore satisfy both chain conditions.
If p is any prime, the ringZ/p2Z is Noetherian and Artinian for the same reason,
and it is not a direct product of fields.

In the noncommutative setting, any semisimple ring is necessarily left Noe-
therian and left Artinian because it has a composition series for its left ideals and
the left ideals therefore satisfy both chain conditions.

Proposition 2.5.Let Rbe a ring with identity, and letM be a finitely generated
unital left R module. If R is left Noetherian, thenM satisfies the ascending
chain condition for itsR submodules; ifR is left Artinian, thenM satisfies the
descending chain condition for itsR submodules.

PROOF. We prove the first conclusion by induction on the number of generators,
and the proof of the second conclusion is completely similar. The result is trivial
if M has 0 generators. IfM = Rx, thenM is a quotient of the leftR module
R and satisfies the ascending chain condition for itsR submodules, according to
Proposition 10.10 ofBasic Algebra. For the inductive step with≥ 2 generators,
write M = Rx1 + · · · + Rxn and N = Rx1 + · · · + Rxn−1. ThenN satisfies
the ascending chain condition for itsR submodules by the inductive hypothesis,
andM/N is isomorphic toRxn/(N ∩ Rxn), which satisfies the ascending chain
condition for itsRsubmodules by the inductive hypothesis. ThereforeM satisfies
the ascending chain condition for itsRsubmodules by application of the converse
direction of Proposition 10.10. �

Artin’s theorem (Theorem 2.6 below) will make use of the hypothesis “left
Artinian” in identifying those simple rings that are semisimple. The hypothesis
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left Artinian may therefore be regarded as a useful generalization of finite dimen-
sionality. Before we come to that theorem, we give a construction that produces
large numbers of nontrivial examples of such rings.

EXAMPLE (triangular rings). LetR andS be nonzero rings with identity, and
let M be an(R, S) bimodule.3 Define a setA and operations of addition and
multiplication symbolically by

A =
(

R M
0 S

)
=
{(

r m
0 s

) ∣∣∣∣ r ∈ R, m ∈ M, s ∈ S

}

with

(
r m
0 s

)(
r ′ m′
0 s′

)
=
(

rr ′ rm′ + ms′
0 ss′

)
.

Then A is a ring with identity, the bimodule property entering the proof of
associativity of multiplication inA. We can identifyR, M , and S with the

additive subgroups ofA given by
(

R 0
0 0

)
,
(

0 M
0 0

)
, and

(
0 0
0 S

)
. Problems 8–11 at

the end of the chapter ask one to check the following facts:

(i) The left ideals inA are of the formI1 ⊕ I2, whereI2 is a left ideal inS
and I1 is a left R submodule ofR ⊕ M containingM I2.

(ii) The right ideals inA are of the formJ1 ⊕ J2, whereJ1 is a right ideal in
R andJ2 is a rightSsubmodule ofM ⊕ ScontainingJ1M .

(iii) The ring A is left Noetherian if and only ifR andS are left Noetherian
andM satisfies the ascending chain condition for its leftR submodules.
The ringA is right Noetherian if and only ifR andSare right Noetherian
andM satisfies the ascending chain condition for its rightSsubmodules.

(iv) The previous item remains valid if “Noetherian” is replaced by
“Artinian” and “ascending” is replaced by “descending.”

(v) If A =
(

R R
0 S

)
is a ring such as

(
Q Q

0 Z

)
in which S is a (commutative)

Noetherian integral domain with field of fractionsR and if S �= R, then
A is left Noetherian and not right Noetherian, andA is neither left nor
right Artinian.

(vi) If A =
(

R R
0 S

)
is a ring such as

(
Q(x) Q(x)

0 Q

)
in whichRandSare fields with

S ⊆ R and dimS R infinite, thenA is left Noetherian and left Artinian,
andA is neither right Noetherian nor right Artinian.

From these examples we see, among other things, that “left” and “right” are
somewhat independent for both the Noetherian and the Artinian conditions. We

3This means thatM is an abelian group with the structure of a unital leftR module and the
structure of a unital rightS module in such a way that(rm)s = r (ms) for all r ∈ R, m ∈ M , and
s ∈ S.

II. Wedderburn–Artin Ring Theory
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already know from the commutative case that Noetherian does not imply Artinian,
Z being a counterexample. We shall see in Theorem 2.15 later that left Artinian
implies left Noetherian and that right Artinian implies right Noetherian.

Theorem 2.6(E. Artin). If R is a simple ring, then the following conditions
are equivalent:

(a) R is left Artinian,
(b) R is semisimple,
(c) R has a minimal left ideal,
(d) R ∼= Mn(D) for some integern ≥ 1 and some division ringD.

In particular, a left Artinian simple ring is right Artinian.

REMARK. Theorem 2.4 is a special case of the assertion that (a) implies
(d). In fact, if R is a finite-dimensional algebra over a fieldF , then the finite
dimensionality forcesR to be left Artinian.

PROOF. It is evident from Wedderburn’s Theorem (Theorem 2.2) that (b) and
(d) are equivalent. For the rest we prove that (a) implies (c), that (c) implies (b),
and that (b) implies (a).

Suppose that (a) holds. Applying the minimum condition for left ideals inR,
we obtain a minimal left ideal. Thus (c) holds.

Suppose that (c) holds. LetV be a minimal left ideal. Then the sumI =∑
r ∈R Vr is a two-sided ideal inR, and it is nonzero because the term forr = 1

is nonzero. SinceR is simple,I = R. Then the leftR moduleR is spanned by
the simple leftR modulesVr , andR is semisimple. Thus (b) holds.

Suppose that (b) holds. SinceR is semisimple, the leftR module R has a
composition series. Then the left ideals inR satisfy both chain conditions, and it
follows thatR is left Artinian. Thus (a) holds. �

4. Wedderburn–Artin Radical

In this section we introduce one notion of “radical” for certain rings with identity,
and we show how it is related to semisimplicity. This notion, the “Wedderburn–
Artin radical,” is defined under the hypothesis that the ring is left Artinian. It is
not the only notion of radical studied by ring theorists, however. There is a useful
generalization, known as the “Jacobson radical,” that is defined for arbitrary rings
with identity. We shall not define and use the Jacobson radical in this text.

Fix a ring R with identity. A nilpotent element in R is an elementa with
an = 0 for some integern ≥ 1. A nil left ideal is a left ideal in which every
element is nilpotent; nil right ideals and nil two-sided ideals are defined similarly.



90

A nilpotent left ideal is a left idealI such thatI n = 0 for some integern ≥ 1,
i.e., for whicha1 · · · an = 0 for all n-fold products of elements fromI ; nilpotent
right ideals and nilpotent two-sided ideals are defined similarly.

Lemma 2.7. If I1 andI2 are nilpotent left ideals in a ringR with identity, then
I1 + I2 is nilpotent.

PROOF. Let I r
1 = 0 andI s

2 = 0. Expand(I1 + I2)
k as

∑
Ii1 Ii2 · · · Iik with each

i j equal to 1 or 2. Takek = r + s. In any term of the sum, there are≥ r indices 1
or ≥ s indices 2. In the first case let there bet indices 2 at the right end. Since
I2I1 ⊆ I1, we can absorb all other indices 2, and the term of the sum is contained
in I r

1 I t
2 = 0. Similarly in the second case if there aret ′ indices 1 at the right end,

then the term is contained inI s
2 I t ′

1 = 0. �

Lemma 2.8. If I is a nilpotent left ideal in a ringR with identity, thenI is
contained in a nilpotent two-sided idealJ.

PROOF. Put J = ∑
r ∈R I r . This is a two-sided ideal. For any integerk ≥ 0,

Jk = (∑
r ∈R I r

)k ⊆ ∑
r1,...,rk

I r 1I r 2 · · · I r k ⊆ ∑
rk

I krk. If I k = 0, then
Jk = 0. �

Lemma 2.9. If R is a ring with identity, then the sum of all nilpotent left ideals
in a nil two-sided ideal.

PROOF. Let K be the sum of all nilpotent left ideals inR, and leta be a member
of K . Write a = a1 + · · · + an with ai ∈ Ii for a nilpotent left idealIi . Lemma
2.7 shows thatI = ∑n

i=1 Ii is a nilpotent left ideal. Sincea is in I , a is a nilpotent
element.

The setK is certainly a left ideal, and we need to see thataR is in K in order to
see thatK is a two-sided ideal. Lemma 2.8 shows thatI ⊆ J for some nilpotent
two-sided idealJ. Then J ⊆ K becauseJ is one of the nilpotent left ideals
whose sum isK . Sincea is in I and therefore inJ and sinceJ is a two-sided
ideal,aR is contained inJ. ThereforeaR is contained inK , andK is a two-sided
ideal. �

Theorem 2.10. If R is a left Artinian ring, then any nil left ideal inR is
nilpotent.

REMARK. Readers familiar with a little structure theory for finite-dimensional
Lie algebras will recognize this theorem as an analog for associative algebras of
Engel’s Theorem.

PROOF. Let I be a nil left ideal ofR, and form the filtration

I ⊇ I 2 ⊇ I 3 ⊇ · · · .

II. Wedderburn–Artin Ring Theory
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SinceR is left Artinian, this filtration is constant from some point on, and we
haveI k = I k+1 = I k+2 = · · · for somek ≥ 1. PutJ = I k. We shall show that
J = 0, and then we shall have proved thatI is a nilpotent ideal.

Suppose thatJ �= 0. SinceJ2 = I 2k = I k = J, we haveJ2 = J. Thus the
left ideal J has the property thatJ J �= 0. SinceR is left Artinian, the set of left
idealsK ⊆ J with J K �= 0 has a minimal elementK0. Choosea ∈ K0 with
Ja �= 0. SinceJa ⊆ J K0 ⊆ K0 and J(Ja) = J2a = Ja �= 0, the minimality
of K0 implies thatJa = K0. Thus there existsx ∈ J with xa = a. Applying
powers ofx, we obtainxna = a for every integern ≥ 1. But x is a nilpotent
element, being inI , and thus we have a contradiction. �

Corollary 2.11. If R is a left Artinian ring, then there exists a unique largest
nilpotent two-sided idealI in R. This ideal is the sum of all nilpotent left ideals
and also is the sum of all nilpotent right ideals.

REMARKS. The two-sided idealI of the corollary is called theWedderburn–
Artin radical of Rand will be denoted by radR. This exists under the hypothesis
that R is left Artinian.

PROOF. By Lemma 2.9 and Theorem 2.10 the sum of all nilpotent left ideals in
R is a two-sided nilpotent idealI . Lemma 2.8 shows that any nilpotent right ideal
is contained in a nilpotent two-sided idealJ. SinceJ is in particular a nilpotent
left ideal, the definition ofI forcesJ ⊆ I . Hence the sum of all nilpotent right
ideals is contained inI . But I itself is a nilpotent right ideal and hence equals
the sum of all the nilpotent right ideals. �

Lemma 2.12(Brauer’s Lemma). IfR is any ring with identity and ifV is a
minimal left ideal inR, then eitherV2 = 0 or V = Refor some elemente of V
with e2 = e.

REMARK. An elementewith the property thate2 = e is said to beidempotent.

PROOF. Being a minimal left ideal,V is a simple leftR module. Schur’s
Lemma (Proposition 10.4b ofBasic Algebra) shows that EndR V is a division
ring. If a is in V , then the mapv 	→ va of V into itself lies in EndR V and hence
is the 0 map or is one-one onto. If it is the 0 map for alla ∈ V , thenV2 = 0.
Otherwise suppose thata is an element for whichv 	→ va is one-one onto. Then
there existse ∈ V with ea = a. Multiplying on the left bye givese2a = eaand
therefore(e2 − e)a = 0. Since the mapv 	→ va is assumed to be one-one onto,
we must havee2 − e = 0 ande2 = e. �

Theorem 2.13.If R is a left Artinian ring and if the Wedderburn–Artin radical
of R is 0, thenR is a semisimple ring.

4. Wedderburn–Artin Radical
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REMARKS. Conversely semisimple rings are left Artinian and have radical 0.
In fact, we already know that semisimple rings have a composition series for
their left ideals and hence are left Artinian. To see that the radical is 0, apply
Theorem 2.2 and write the ring asR = Mn1(D1)×· · ·× Mnr (Dr ). The two-sided
ideals ofRare the various subproducts, with 0 in the missing coordinates. Such a
subproduct cannot be nilpotent as an ideal unless it is 0, since the identity element
in any factor is not a nilpotent element inR.

PROOF. Let us see that any minimal left idealI of R is a direct summand as a
left R submodule. Since radR = 0, I is not nilpotent. ThusI 2 �= 0, and Lemma
2.12 shows thatI contains an idempotente. This element satisfiesI = Re. Put
I ′ = {r ∈ R | re = 0}. Then I ′ is a left ideal inR. SinceI ′ ∩ I ⊆ I ande is
not in I ′, the minimality ofI forcesI ′ ∩ I = 0. Writing r = re + (r − re) with
re ∈ I andr − re ∈ I ′, we see thatR = I + I ′. ThereforeR = I ⊕ I ′.

Now put I1 = I . If I ′ is not 0, choose a minimal left idealI2 ⊆ I ′ by the
minimum condition for left ideals inR. Arguing as in the previous paragraph, we
haveI2 = Re2 for some elemente2 with e2

2 = e2. The argument in the previous
paragraph shows thatR = I2 ⊕ I ′

2, whereI ′
2 = {r ∈ R | re2 = 0}. DefineI ′′ =

{r ∈ R | re1 = re2 = 0} = I ′ ∩ I ′
2. SinceI2 is contained inI ′, we can intersect

R = I2 ⊕ I ′
2 with I ′ and obtainI ′ = I2 ⊕ I ′′. ThenR = I1 ⊕ I ′ = I1 ⊕ I2 ⊕ I ′′.

Continuing in this way, we obtainR = I1⊕ I2⊕ I3⊕ I ′′′, etc. As this construction
continues, we haveI ′ ⊇ I ′′ ⊇ I ′′′ ⊇ · · · . SinceR is left Artinian, this sequence
must terminate, evidently in 0. ThenR is exhibited as the sum of simple leftR
modules and is semisimple. �

Corollary 2.14. If R is a left Artinian ring, thenR/ radR is a semisimple ring.

PROOF. Let I = radR, and letϕ : R → R/I be the quotient homomorphism.
Arguing by contradiction, letJ be a nonzero nilpotent left ideal inR/I , and let
J = ϕ−1(J) ⊆ R. SinceJ is nilpotent,Jk ⊆ I for some integerk ≥ 1. But
I , being the radical, is nilpotent, say withI l = 0, and henceJk+l ⊆ I l = 0.
ThereforeJ is a nilpotent left ideal inR strictly containingI , in contradiction to
the maximality ofI . We conclude that no suchJ exists. Then rad(R/ radR) = 0.
SinceR/ radR is left Artinian as a quotient of a left Artinian ring, Theorem 2.13
shows thatR/ radR is a semisimple ring. �

We shall use this corollary to prove that left Artinian rings are left Noetherian.
We state the theorem, state and prove a lemma, and then prove the theorem.

Theorem 2.15(Hopkins). IfR is a left Artinian ring, thenR is left Noetherian.

Lemma 2.16. If R is a semisimple ring, then every unital leftR moduleM
is semisimple. Consequently any unital leftR module satisfying the descending

II. Wedderburn–Artin Ring Theory
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chain condition has a composition series and therefore satisfies the ascending
chain condition.

PROOF. For eachm ∈ M , let Rm be a copy of the leftR module R, and
defineM̃ = ⊕

m∈M Rm as a leftR module. Since eachRm is semisimple,M̃ is
semisimple. Define a functionϕ : M̃ → M as follows: ifrm1 +· · ·+ rmk is given
with rmj in Rmj for each j , let ϕ(rm1 + · · · + rmk) = ∑k

j =1 rmj mj . Thenϕ is an

R module map with the property thatϕ(1m) = m, and consequentlyϕ carriesM̃
onto M . As the image of a semisimpleR module under anR module map,M is
semisimple.

Now suppose thatM is a unital leftR module satisfying the descending chain
condition. We have just seen thatM is semisimple, and thus we can write
M = ⊕

i ∈S Mi as a direct sum over a setSof simple leftR modulesMi . Let us
see thatS is a finite set. IfSwere not a finite set, then we could choose an infinite
sequencei1, i2, . . . of distinct members ofS, and we would obtain

M �
⊕
i �=i1

Mi �
⊕

i �=i1,i2

Mi � · · · ,

in contradiction to the fact that theR submodules ofM satisfy the descending
chain condition. �

PROOF OFTHEOREM 2.15. Let I = radR. SinceI is nilpotent, I n = 0 for
somen. EachI k for k ≥ 0 is a leftR submodule ofR. SinceR is left Artinian,
its left R submodules satisfy the descending chain condition, and the same thing
is true of theR submodules of eachI k. Consequently theR submodules of each
I k/I k+1 satisfy the descending chain condition.

In the action ofR on I k/I k+1 on the left,I acts as 0. HenceI k/I k+1 becomes
a left R/I module, and theR/I submodules of this leftR/I module must satisfy
the descending chain condition. Corollary 2.14 shows thatR/I = R/ radR is
a semisimple ring. Since theR/I submodules ofI k/I k+1 satisfy the descend-
ing chain condition, Lemma 2.16 shows that theseR/I submodules satisfy the
ascending chain condition. Therefore theR submodules of each leftR module
I k/I k+1 satisfy the ascending chain condition.

We shall show inductively fork ≥ 0 that theR submodules ofR/I k+1 satisfy
the ascending chain condition. SinceI n = 0, this conclusion will establish that
R is left Noetherian, as required. The casek = 0 was shown in the previous
paragraph. Assume inductively that theR submodules ofR/I k satisfy the
ascending chain condition. SinceR/I k ∼= (R/I k+1)

/
(I k/I k+1) and since the

R submodules ofR/I k and ofI k/I k+1 satisfy the ascending chain condition, the
same is true forR/I k+1. This completes the proof. �

4. Wedderburn–Artin Radical
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5. Wedderburn’s Main Theorem

Wedderburn’s Main Theorem is an analog for finite-dimensional associative
algebras over a field of characteristic 0 of the Levi decomposition of a finite-
dimensional Lie algebra over a field of characteristic 0. Each of these results says
that the given algebra is a “semidirect product” of the radical and a semisimple
subalgebra isomorphic to the quotient of the given algebra by the radical. In other
words, the whole algebra, as a vector space, is the direct sum of the radical and a
vector subspace that is closed under multiplication.

An example of this phenomenon occurs with a block upper-triangular subal-
gebraA of Mn(D) wheneverD is a finite-dimensional division algebra over the
given field. Let the diagonal blocks be of sizesn1, . . . ,nr with n1+· · ·+nr = n.
The radical radA is the nilpotent ideal of all matrices whose only nonzero entries
are above and to the right of the diagonal blocks, and the semisimple subalgebra
consists of all matrices whose only nonzero entries lie within the diagonal blocks.

Theorem 2.17(Wedderburn’s Main Theorem). LetA be a finite-dimensional
associative algebra with identity over a fieldF of characteristic 0, and let radA be
the Wedderburn–Artin radical. Then there exists a subalgebraSof A isomorphic
as anF algebra toA/ radA such thatA = S⊕ radA as vector spaces.

REMARKS. The finite dimensionality implies thatA is left Artinian, and
Corollary 2.14 shows thatA/ radA is a semisimple algebra. The decomposition
A = S⊕ radA is different in nature from the one in Theorem 2.2, which involves
complementary ideals. When there are complementary ideals, the identity ofA
decomposes as the sum of the identities for each summand. Here the identity of
A is the identity ofSand has 0 component in radA. To see this, write 1= a + b
with a ∈ Sandb ∈ radA. Multiplying 1 = a + b on the left and right bys ∈ S,
we see thatas = s = sa and thatbs = sb= 0. Hencea = 1S is the identity of
S. Thenb2 = (1− 1S)

2 = 1− 2 · 1S + 12
S = 1− 2 · 1S + 1S = 1− 1S = b, and

bn = b for all n ≥ 1. Since radA is nilpotent,bn = 0 for somen. Thusb = 0,
and 1= 1S as asserted.

Theorem 2.17 is a deep result, and the proof will occupy all of the present
section and the next. The key special case to understand occurs whenA/ radA ∼=
Mn1(F) × · · · × Mnr (F). We shall handle this case by means of Theorem 2.18
below, whose proof will be the main goal of the present section. Corollary 2.27 (of
Theorem 2.18) near the end of this section will show that Theorem 2.18 implies
this special case of Theorem 2.17 forr = 1, and Corollary 2.28 will deduce this
special case of Theorem 2.17 for generalr from Corollary 2.27.

II. Wedderburn–Artin Ring Theory
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Theorem 2.18.Let A be a left Artinian ring with Wedderburn–Artin radical
radA, and suppose thatA/ radA is simple, i.e., is of the formA/ radA ∼= Mn(D)
for some division ringD. ThenA is isomorphic as a ring toMn(R) for some left
Artinian ring R such thatR/ radR ∼= D.

The idea behind the proof of Theorem 2.18 is to give an abstract characteri-
zation of a ring of matrices in terms of the elementsEi j that are 1 in the(i, j )th

place and are 0 elsewhere. In turn, these elements arise from the diagonal such
elementsEii , which are idempotents, i.e., haveE2

i i = Eii . The critical issue in
the proof of Theorem 2.18 is to show that each idempotent ofA/ radA, which is
assumed to be a full matrix ringMn(D), has an idempotent in its preimage inA.
The lifted idempotents then point toMn(R) for a certainR.

Thus we begin with some discussion of idempotents. We shall intersperse
facts about general rings with facts about left Artinian rings as we go along. For
the moment letR be any ring with identity, and lete be an idempotent. Then
1 − e is an idempotent, and we have the threePeirce4 decompositions

R = Re⊕ R(1 − e),

R = eR⊕ (1 − e)R,

R = eRe⊕ eR(1 − e)⊕ (1 − e)Re⊕ (1 − e)R(1 − e).

All the direct sums may be regarded as direct sums of abelian groups. The two
members of the right side in the first case are left ideals, and the two members of
the right side in the second case are right ideals. Ifr ∈ R is given, then the first
decomposition is asr = re + r (1 − e); the decomposition is direct because if
r1e = r2(1 − e), then right multiplication bye givesr1e = 0 sincee2 = e. The
second decomposition is proved similarly, and the third decomposition follows
by combining the first two. In the third decomposition,eReis a ring withe as
identity, and(1 − e)R(1 − e) is a ring with 1− e as identity.

EXAMPLE. Let R = Mn(F), and let

e =

⎛⎜⎜⎜⎜⎝
1
...

1
0
...

0

⎞⎟⎟⎟⎟⎠ , so that 1− e =

⎛⎜⎜⎜⎜⎝
0
...

0
1
...

1

⎞⎟⎟⎟⎟⎠ .

4Pronounced “purse.” Charles Sanders Peirce (1839–1914).
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In block form we then have

eRe=
( ∗ 0

0 0

)
, eR(1 − e) =

(
0 ∗
0 0

)
,

(1 − e)Re=
(

0 0
∗ 0

)
, (1 − e)R(1 − e) =

(
0 0
0 ∗

)
.

Proposition 2.19. In a ring R with identity, lete be an element ofR with
e2 = e.

(a) If I is a left ideal ineRe, theneRI = I . HenceI 	→ RI is a one-one
inclusion-preserving map of the left ideals ofeReto those ofR.

(b) If J is a two-sided ideal ofeRe, thene(R J R)e = J. HenceJ 	→ R J R
is a one-one inclusion-preserving map of the two-sided ideals ofeReto those of
R. This map respects multiplication of ideals.

(c) If J̃ is a two-sided ideal ofR, theneJ̃e is a two-sided ideal ofeRe, and
eRe∩ J̃ = eJ̃e.

PROOF. For (a), we haveeRI = eR(eI) = (eRe)I = I , the first equality
holding becausee is the identity ineReand the third equality holding because
eRecontains its identitye. The rest of (a) then follows.

For (b), J satisfiesJ = eJe, sinceej = je = j for every j ∈ eRe, and
thereforeeR J Re= eReJeRe= (eRe)J(eRe) = J, the last equality holding
becauseeRecontains its identitye. To see thatJ 	→ R J R respects multi-
plication, we compute that(R J R)(R J′R) = R J R J′R = R(Je)R(eJ′)R =
R J(eRe)J ′R = R J J′R.

For (c),eRe∩ J̃ ⊇ eJ̃ecertainly. In the reverse direction, letj be ineRe∩ J̃.
Then j = ere for somer ∈ R, and henceeje = e2re2 = ere = j shows thatj
is in eJ̃e. �

Corollary 2.20. In a left Artinian ring R, let e be an element withe2 = e.
Then the ringeReis left Artinian, and

rad(eRe) = eRe∩ radR = e(radR)e.

If Rdenotes the quotient ringR/ radRandēdenotes the elemente+ radRof the
quotient, then the quotient map carrieseReonto ēRē and has kernel rad(eRe).
Consequently

eRe/ rad(eRe) ∼= ēRē.

PROOF. The ringeReis left Artinian as an immediate consequence of Propo-
sition 2.19a. For the first display we may assume thatR andeReare both left
Artinian. TheneRe∩ radR is a two-sided ideal ofeRe, and(eRe∩ radR)n ⊆

II. Wedderburn–Artin Ring Theory
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(radR)n for everyn. Since(radR)N = 0 for someN, eRe∩ radR is nilpotent,
andeRe∩ radR ⊆ rad(eRe). Since the reverse inclusion is evident, we obtain
rad(eRe) = eRe∩ radR. The equalityeRe∩ radR = e(radR)e is the special
case of Proposition 2.19c in which̃J = radR. This proves the equalities in the
first display.

For the isomorphism in the second display, the quotient mapping carriesere
to ere+ radR = (e + radR)(r + radR)(e + radR) = ē(r + radR)ē. Thus
the quotient mapR → R carrieseReonto ēRē. The kernel iseRe∩ radR,
which we have just proved is rad(eRe). Therefore the quotient map exhibits an
isomorphism of ringseRe/ rad(eRe) ∼= ēRē. �

Proposition 2.21.In a ringRwith identity, lete1 ande2 be idempotents. Then
the unital leftR modulesRe1 and Re2 are isomorphic as leftR modules if and
only if there exist elementse12 ande21 in R such that

e1e12e2 = e12, e2e21e1 = e21,

e12e21 = e1, e21e12 = e2.

REMARK. In this case we shall say thate1 ande2 areisomorphic idempotents,
and we shall writee1

∼= e2.

PROOF. Let ϕ : Re1 → Re2 be anR isomorphism. Definee12 = ϕ(e1)

and e21 = ϕ−1(e2). Every elements of Re2 has the property thatse2 = s
becausee2

2 = e2; sincee12 lies in Re2, e12e2 = e12. Meanwhile,e12 = ϕ(e1) =
ϕ(e2

1) = e1ϕ(e1) = e1e12. Putting these two facts together givese12 = e12e2 =
e1e12e2. This proves the first equality in the display, and the equalitye21 =
e2e21e1 is proved similarly. Also,e1 = ϕ−1(ϕ(e1)) = ϕ−1(e12) = ϕ−1(e12e2) =
e12ϕ

−1(e2) = e12e21, and similarlye21e12 = e2. This completes the proof that
an R isomorphismRe1

∼= Re2 leads to elementse12 ande21 such that the four
displayed identities hold.

For the converse, suppose thate12 ande21 exist and satisfy the four displayed
identities. Defineϕ : Re1 → R by ϕ(re1) = re12. To see that this map is well
defined, suppose thatre1 = 0; thenre12 = r (e1e12e2) = (re1)e12e2 = 0, as
required. Similarly we can defineψ : Re2 → R byψ(re2) = re21. Then

ψϕ(e1) = ψ(e12) = ψ(e12e2) = e12ψ(e2) = e12e21 = e1,

and similarlyϕψ(e2) = e2. Sinceψϕ andϕψ are R module homomorphisms,
each is the identity on its domain. �

Corollary 2.22. Let Rbe a left Artinian ring. For eachr in R, let r̄ be the coset
r + radR in R/ radR. If e1 ande2 are idempotents inR, thene1 ande2 are
isomorphic if and only if̄e1 andē2 are isomorphic.
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PROOF. If e1 ande2 are given as isomorphic inR, let e12 ande21 be as in
Proposition 2.21, and pass toR/ radR by the quotient homomorphism to obtain
elements̄e12 andē21 that exhibitē1 andē2 as isomorphic idempotents.

Conversely letē1 and ē2 be isomorphic idempotents inR/ radR, and use
Proposition 2.21 to produce elementsū12 andū21 in R/ radR such that

ē1ū12ē2 = ū12, ē2ū21ē1 = ū21, ū12ū21 = ē1, ū21ū12 = ē2.

Letu12andu21be preimages of̄u12andū21 in R. Possibly replacingu12bye1u12e2

andu21 by e2u21e1, we may assume thate1u12e2 = u12 ande2u21e1 = u21. Our
construction is such thatu12u21 = e1 − z1 with z1 in radR ande1z1 = z1 = z1e1.
Sincez1 is a nilpotent element,

(e1 − z1)(e1 + z1 + z2
1 + · · · + zn

1) = e1

as soon aszn+1
1 = 0. Thus we haveu12u21(e1 + z1 + z2

1 + · · · + zn
1) = e1.

Definee12 = u12 ande21 = u21(e1 + z1 + z2
1 + · · · + zn

1). Then it is immediate
that ē12 = ū12, ē21 = ū21, ande12e21 = e1. Also, the equalitye1u12e2 = u12

implies thate1e12e2 = e12, and the equalitye2u21e1(e1 + z1 + z2
1 + · · · + zn

1) =
u21(e1 + z1 + z2

1 + · · · + zn
1) implies thate2e21e1 = e21 sincee1z1 = z1 = z1e1.

In view of Proposition 2.21, we are left with checking the value ofe21e12. We
know thatē21ē12 = ū21ū12 = ē2, and hencee21e12 = e2−z2 for somez2 in radR.
Multiplying by e2 on both sides, we see that

e2z2 = z2 = z2e2. (∗)

Now (e21e12)(e21e12) = e21e1e12 = e21e12, and thus(e2 − z2)
2 = e2 − z2.

Expanding out this equality and using(∗) givese2 − 2z2 + z2
2 = e2 − z2 and

therefore givesz2
2 = z2. Hencezn

2 = z2 for everyn ≥ 1. But z2 is in radR, and
every element of radR is nilpotent. Thusz2 = 0, ande12e21 = e1 as required.�

The proof of Corollary 2.22 shows a little more than the statement asserts,
and we shall use this little extra conclusion when we finally get to the proof of
Theorem 2.18. The extra fact is that any elementsū12 andū21 exhibiting ē1 and
ē2 have lifts to elementse12 ande21 exhibitinge1 ande2 as isomorphic.

The critical step of lifting a single idempotent fromA/ radA to A is accom-
plished by the following proposition.

Proposition 2.23.Let R be a left Artinian ring. For eachr in R, let r̄ be the
elementr + radR of R/ radR. If a is an element ofR such that̄a is idempotent
in R/ radR, then there exists an idempotente in R such that̄e = ā.
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PROOF. Setb = 1 − a. The elementsa andb commute, andab = a(1 − a)
maps toā− ā2 = 0 in R/ radR, sinceā is idempotent. Thereforeab lies in radR
and must satisfy(ab)n = 0 for somen. Sincea andb commute, we can apply
the Binomial Theorem to obtain

1 = (a + b)2n =
2n∑

k=0

(2n
k

)
a2n−kbk.

Define e =
n∑

k=0

(2n
k

)
a2n−kbk and f =

2n∑
k=n+1

(2n
k

)
a2n−kbk.

Each term ofecontains at least thenth power ofa, and each term ofb contains at
least thenth power ofb. Thus each term ofef contains at least a factoranbn =
(ab)n = 0, and we see thatef = 0. Thereforee = e1 = e(e+ f ) = e2+0 = e2,
ande is an idempotent. Each term ofeexcept the one fork = 0 contains a factor
ab, and thuse ≡ a2n mod radR. Sinceā is idempotent,a2n ≡ a mod radR, and
thereforeē = ā. �

For the proof of Theorem 2.18, we need to lift an entire matrix ring to obtain a
matrix ring, and this involves lifting more than a single idempotent. In effect, we
have to lift compatibly an entire system̄ei j that behaves like the usual system of
Ei j for matrices. The idea is that ifR/ radR is a matrix ringMn(K ) with some
ring of coefficientsK , then thei th and j th columns ofMn(K ) may be described
compatibly asMn(K )ēi i and Mn(K )ēj j . Proposition 2.23 allows us to lift̄eii

andēj j to idempotentseii andej j , and Corollary 2.22 shows that an isomorphism
ēi i

∼= ēj j implies an isomorphismeii
∼= ej j . The isomorphism gives us elements

ei j andeji , and then we can piece these together to form matrices.
Two idempotentse and f in a ring R with identity are said to beorthogonal

if ef = 0 = f e. Suppose thate1, . . . ,en are mutually orthogonal idempotents
such that

∑n
i =1 ei = 1. Let us see in this case that

R = Re1 ⊕ · · · ⊕ Ren

as leftR modules. In fact, the condition
∑n

i=1 ei = 1 shows thatr = ∑n
i =1 rei

for eachr ∈ R, and thusR = Re1 + · · ·+ Ren. If r lies in Rej ∩∑i �= j Rei , then
r = sej andr = ∑

i �= j r i ei . Multiplying the first of these equalities on the right
by ej givesrej = se2

j = sej = r . Hence the second of these equalities, upon
multiplication byej , yieldsr = rej = ∑

i �= j r i ei ej = 0. In other words, the sum
is direct, as asserted.

Corollary 2.24. Let Rbe a left Artinian ring. For eachr in R, let r̄ be the coset
r + radR in R/ radR. If x andy are orthogonal idempotents inR = R/ radR
and if e is an idempotent inR with ē = x, then there exists an idempotentf in
R with f̄ = y andef = f e = 0.
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PROOF. By Proposition 2.23 choose an idempotentf0 in R with f̄0 = y. Then
f0e has f0e = yx = 0. Hence f0e is in radR, and( f0e)n+1 = 0 for somen.
Consequently 1+ f0e+ ( f0e)2 + · · · + ( f0e)n is a two-sided inverse to 1− f0e.
Define

f = (1 − e)
(
1 + f0e+ ( f0e)2 + · · · + ( f0e)n

)
f0(1 − f0e).

Then f̄ = (1−x)(y+0+· · ·+0)y(1−0) = (1−x)y = y−xy = y. Moreover,

f e = (1 − e)
(
1 + f0e+ ( f0e)2 + · · · + ( f0e)n

)
( f0e− f 2

0 e2) = 0

since f0e− f 2
0 e2 = f0e− f0e = 0, and

ef = e(1 − e)
(
1 + f0e+ ( f0e)2 + · · · + ( f0e)n

)
f0(1 − f0e) = 0

sincee(1 − e) = 0.
We still need to see thatf 2 = 0. Sincef0(1− f0e) = f0(1− e), we can write

f = (1 − e)(1 + f0e+ · · · ) f0(1 − e) and

f 2 = (1 − e)(1 + f0e+ · · · ) f0(1 − e)(1 + f0e+ · · · ) f0(1 − e)

= (1 − e)(1 + f0e+ · · · ) f0(1 − f0e)(1 + f0e+ · · · ) f0(1 − e)

= (1 − e)(1 + f0e+ · · · ) f0 · 1 · f0(1 − e)

= (1 − e)(1 + f0e+ · · · ) f0(1 − f0e)

= f,

as required. �

Corollary 2.25. Let Rbe a left Artinian ring. For eachr in R, let r̄ be the coset
r + radR in R/ radR. If {x1, . . . , xN} is a finite set of mutually orthogonal
idempotents inR = R/ radR, then there exists a set of mutually orthogonal
idempotents{e1, . . . ,eN} in R such that̄ei = xi for all i . If

∑N
i=1 xi = 1, then∑N

i=1 ei = 1.

PROOF. For the existence of{x1, . . . , xN}, we proceed by induction onN, the
caseN = 1 being Proposition 2.23. Suppose we have founde1, . . . ,en and we
want to finden+1. Let e be the idempotente1 + · · · + en, and apply Corollary
2.24 to the idempotente in R and the idempotentxn+1 in R/ radR. The corollary
gives usen+1 orthogonal toe with ēn+1 = xn+1. Sinceei = ei e = eei for i ≤ n,
we obtainen+1ei = en+1(eei ) = (en+1e)ei = 0 and similarlyei en+1 = 0 for
thosei ’s, and the induction is complete.

Finally
∑

i xi = 1 implies that
∑

i ei = 1 + r for somer in radR. Then
the idempotent 1−∑

i ei is exhibited as in radR and must be 0 because every
element of radR is nilpotent. �
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In a nonzero ringR with identity, a finite subset
{
ei j | i, j ∈ {1, . . . ,n}} is

called a set ofmatrix units in R if
∑n

i =1 eii = 1 andei j ekl = δjkeil for all
i, j, k, l . It follows from these conditions that theeii are mutually orthogonal
idempotents with sum 1, sinceeii ej j = δi j ei j = δi j ei i . In view of the remarks
before Corollary 2.24, we automatically haveR = ⊕n

i =1 Reii . In addition, the
product rule giveseii ei j ej j = ei j , ej j eji ei i = eji , ei j eji = eii , andeji ei j = ej j ;
by Proposition 2.21 the idempotentseii andej j are isomorphic in the sense that
there is a leftR module isomorphismReii

∼= Rej j .
If A = Mn(R), defineEi j to be the matrix that is 1 in the(i, j )th place and

is 0 elsewhere. Then it is immediate that{Ei j } is a set of matrix units inA. To
recognize matrix rings, we prove the following converse.

Proposition 2.26.For a nonzero ringA with identity, suppose that{
ei j | i, j ∈ {1, . . . ,n}}

is a set of matrix units inA. Let R be the subring ofA of all elements ofA
commuting with allei j . Then every element ofA can be written in one and only
one way as

∑
i, j r i j ei j with ri j ∈ R for all i and j , and the mapA → Mn(R)

given bya 	→ [ri j ] is a ring isomorphism. The ringR can be recovered fromA
by means of the isomorphismR ∼= e11Ae11.

PROOF. To eacha ∈ A, associate the matrix [ri j ] in Mn(A) whose entries are
given byri j = ∑

k ekiaejk . Then

ri j elm = ∑
k

ekiaejkelm = ∑
k

ekiaδklejm = eli aejm, (∗)

and elmri j = ∑
k

elmekiaejk = ∑
k
δmkeli aejk = eli aejm.

Thusri j elm = eli aejm = elmri j . Because of the definition ofR, this equality
shows thatri j is in R. In particular, [ri j ] is in Mn(R). A special case of(∗) is
thatri j ei j = eii aej j . Hence∑

i, j
r i j ei j = ∑

i, j
ei i aej j = 1a1 = a.

This proves thata can be expanded asa = ∑
i, j r i j .

For uniqueness, suppose thata = ∑
i, j si j ei j is given with eachsi j in R.

Multiplication on the left byekp and right byeqk, followed by addition, gives

r pq = ∑
k

ekpaeqk = ∑
k

ekp
(∑

i, j
si j ei j

)
eqk = ∑

i, j,k
si j ekpei j eqk = ∑

k
spqekk = spq.
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This proves that the mapA → Mn(R) is one-one onto.
To see that the mapA → Mn(R) respects multiplication, leta anda′ be in

A, and let the effect of the map ona, a′, andaa′ bea 	→ [ri j ], a′ 	→ [r ′
i j ], and

aa′ 	→ [si j ]. Then we have∑
l

r i l r ′
l j = ∑

l ,k,k′
ekiaelkek′l a′ejk′ = ∑

l ,k
ekiaell a′ejk = ∑

k
ekiaa′ejk = si j ,

and the matrix product of the images ofa anda′ coincides with the image ofaa′.
Finally consider the imageE11 = [ri j ] of the elementa = e11 of A. It has

ri j = ∑
k ekie11ejk = δi 1δ1 j

∑
k ekk = δi 1δ1 j . If a is a general element ofA and

its image is [ri j ], then the result of the previous paragraph shows thate11ae11

maps toE11[ri j ]E11 = r11E11. Hence the mape11ae11 	→ r11 is an isomorphism
of e11Ae11 with R. �

PROOF OFTHEOREM 2.18. Let
{
xi j | i, j ∈ {1, . . . ,n}} be a set of matrix

units for the matrix ringA/ radA ∼= Mn(D). Thenx11, . . . , xnn are mutually
orthogonal idempotents inA/ radA with sum 1. By Corollary 2.25 we can
choose mutually orthogonal idempotentse11, . . . ,enn in A with

∑n
i=1 eii = 1

and withēi i = xii .
We observed at the time of defining matrix units thatx11, . . . , xnn are isomor-

phic as idempotents. Corollary 2.22 shows as a consequence thate11, . . . ,enn

are isomorphic as idempotents. The remarks following Corollary 2.22 show that
the isomorphism ofRe11 with Reii can be exhibited by elementse1i andei 1 in A
satisfying the usual properties

e11e1i ei i = e1i , eii ei 1e11 = ei 1, e1i ei 1 = e11, ei 1e1i = eii

and also the propertiesē1i = x1i andēi 1 = xi 1. Hereā is shorthand fora+ radA.
Defineei j = ei 1e1 j . Thenēi j = ēi 1ē1 j = xi 1x1 j = xi j , and we readily check that
{ei j } is a set of matrix units forA.

By Proposition 2.26,A ∼= Mn(R) with R ∼= e11Ae11. From Corollary 2.20
we know thate11Ae11/ rad(e11Ae11) ∼= ē11(A/ radA)ē11, whereē11 denotes the
elemente11 + radA of A/ radA. Hence

R/ radR ∼= ē11(A/ radA)ē11
∼= ē11Mn(D)ē11

∼= D,

and the proof is complete. �

Corollary 2.27. If A is a finite-dimensional algebra with identity over a field
F and if A/ radA ∼= Mn(F) as algebras, then there is a subalgebraS isomorphic
to Mn(F) such thatA ∼= S⊕ radA as vector spaces.
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REMARKS. This corollary shows that Theorem 2.18 implies Theorem 2.17
under the additional assumption that the algebraA of Theorem 2.17 satisfies
A/ radA ∼= Mn(F). It is not necessary to assume characteristic 0.

PROOF. Suppose thatA is a finite-dimensional algebra with identity over
F such thatA/ radA ∼= Mn(F). Then A is left Artinian, and Theorem 2.18
produces a certain ringR with A ∼= Mn(R). Here Proposition 2.26 shows
that R is isomorphic as a ring toe11Ae11 for a certain idempotente11 in A. It
follows thatR is an algebra with identity overF , necessarily finite-dimensional
becauseA is finite-dimensional. The algebraR, according to Theorem 2.18, has
R/ radR ∼= F . ThereforeR ∼= F ⊕ radR as F vector spaces. If we allow
Mn( · ) to be defined even for rings without identity, then we haveF algebra
isomorphisms

A ∼= Mn(R) ∼= Mn(F ⊕ radR) ∼= Mn(F)⊕ Mn(radR)

in which the direct sums are understood to be direct sums of vector spaces. We
shall show that

rad(Mn(R)) = Mn(radR), (∗)

and then the decompositionA = S ⊕ radA will have been proved withS ∼=
Mn(F).

To prove(∗), let Ei j be the member ofMn(R) that is 1 in the(i, j )th place
and is 0 elsewhere. Suppose thatJ is a two-sided ideal inMn(R). Let I ⊆ R
be the set of all elementsx11 for x ∈ J. If r is in R, thenr E11 is a member of
Mn(R), and the(1, 1)th entry of the element(r E11)x of J is r x11. Thusr x11 is
in I . Similarly x11r is in I , andI is a two-sided ideal inR. Let us see that

J = Mn(I ). (∗∗)

If x is in J, then so isEi 1x E1 j = x11Ei j , and henceI Ei j is in J; taking sums
over i and j shows thatMn(I ) ⊆ J. In the reverse direction ifx is in J, then so
is E1i x Ej 1 = xi j E11, and hencexi j is in I ; thereforeJ ⊆ Mn(I ). This proves
(∗∗). Let us apply(∗∗) with J = rad(Mn(R)). The corresponding idealI of R
consists of all entriesx11 of membersx of J. Using Corollary 2.20, we obtain

I E11= E11J E11 = E11 rad(Mn(R))E11 = rad(E11Mn(R)E11) = rad(RE11).

ThusI = radR. TakingMn( · ) of both sides and applying(∗∗), we arrive at(∗).
This completes the proof. �

Corollary 2.28. If A is a finite-dimensional associative algebra with identity
over a fieldF and ifA/ radA ∼= Mn1(F)×· · ·×Mnr (F), then there is a subalgebra
S of A isomorphic as an algebra toA/ radA such thatA ∼= S⊕ radA as vector
spaces.
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REMARKS. This corollary gives the conclusion of Theorem 2.17 under the
additional assumption that the semisimple algebraA/ radA overF is of the form
A/ radA ∼= Mn1(F) × · · · × Mnr (F). If F is algebraically closed, then the
division ringsDk in Theorem 2.2 are finite-dimensional division algebras over
F and necessarily equalF , as was observed in the discussion after Corollary
2.3. Thus Theorem 2.2 shows that the additional assumption about the form of
A/ radA is automatically satisfied ifF is algebraically closed. In other words,
Corollary 2.28 completes the proof of Theorem 2.17 ifF is algebraically closed.

PROOF. For 1 ≤ j ≤ r , let xj be the identity matrix ofMnj (F) when
Mnj (F) is regarded as a subalgebra ofA/ radA. The elementsxj are orthogonal
idempotents inA/ radA with sum 1, and Corollary 2.25 shows that they lift to
orthogonal idempotentsej of A with sum 1. For eachj , Corollary 2.20 shows that
ej Aej / rad(ej Aej ) = xj (A/ radA)xj

∼= Mnj (F). By Corollary 2.27,ej Aej has
a subalgebraSj

∼= Mnj (F) with ej Aej = Sj ⊕ rad(ej Aej ) as vector spaces. Put
S = ⊕r

j =1 Sj , the direct sum being understood in the sense of vector spaces. The
subalgebraSj has identityej , and the product ofej with any otherSi is 0 because
ei ej = ej ei = 0 wheni �= j . If s = ∑

j sj ands′ = ∑
j s′

j are two elements ofS,
thenss′ = (∑

i si ei
)(∑

j ej s′
j

) = ∑
i, j si ei ej s′

j = ∑
j sj ej s′

j = ∑
j sj s′

j . Hence
S is a subalgebra. The element

∑r
j =1 ej is a two-sided identity inS.

Let us prove thatS∩ radA = 0. If s = ∑
j sj is in S∩ radA, thensj = ej sej is

in Sj = ej Sej and is inej (radA)ej , which equals rad(ej Aej ) by Corollary 2.20.
SinceSj ∩ rad(ej Aej ) = 0 by construction,sj = 0. Thuss = ∑

j sj = 0.
ConsequentlyS∩radA = 0. A count of dimensions gives dimS = ∑

j dim Sj

= ∑
j n2

j = dim(A/ radA). Thus dimA = dim S+dim(radA), and we conclude
that A = S⊕ radA as vector spaces. �

6. Semisimplicity and Tensor Products

In this section we shall complete the proof of Wedderburn’s Main Theorem
(Theorem 2.17). In the previous section we proved in Corollary 2.28 the special
case in whichA/ radA is isomorphic to a product of full matrix rings over the
base fieldF . This special case includes all cases of Theorem 2.17 in whichF is
algebraically closed.

The idea for the general case is to make a change of rings by tensoringA with
the algebraic closure of the underlying fieldF , or at least with a large enough
finite extensionK of F for Corollary 2.28 to be applicable. That is, we first
considerAK = A⊗F K and(A/ radA)⊗F K in place ofA andA/ radA. Inside
AK we can recognize(radA) ⊗F K as a subalgebra defined overK , and we
expect that it is radAK and that we can find a complementary subalgebraSover

II. Wedderburn–Artin Ring Theory
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K ; then the question is one of showing thatS is of the formS0 ⊗F K for some
semisimple subalgebraS0 of A defined overF . The trouble with this style of
argument is that the tensor product(A/ radA)⊗F K need not be semisimple and
there need not be a candidate forS. Some question about separability of field
extensions plays a role, as the following example shows, and the assumption of
characteristic 0 will ensure this separability.

EXAMPLE. We exhibit two extension fieldsK andL of a base fieldF such that
K ⊗F L is not a semisimple algebra overF . The field extensions are each 1-by-1
matrix algebras over an extension field ofF and hence are simple algebras, yet
the tensor product is not semisimple. Fix a prime fieldFp, and letF = Fp(xp) be
a simple transcendental extension ofFp. DefineK = L = Fp(x) = F( p

√
xp ).

Both K andL are field extensions ofF of degreep. ThusK ⊗F L is a finite-
dimensional commutative algebra with identity overF , by the construction in
Proposition 10.24 ofBasic Algebra. The elementz = x ⊗ 1− 1⊗ x in K ⊗F L
is nonzero but haszp = xp ⊗1−1⊗ xp = xp ⊗1− xp ⊗1 = 0, the next-to-last
equality following becausexp lies in the base fieldF . ConsequentlyK ⊗F L has
a nonzero nilpotent element. IfK ⊗F L were semisimple, Theorem 2.2 would
show that it was the direct product of fields, and it could not have any nonzero
nilpotent elements. We conclude thatK ⊗F L is not a semisimple algebra.

Proposition 2.29. Let F be a field, letK = F(α) be a simple algebraic
extension, letg(X) be the minimal polynomial ofα overF , and letL be another
field extension ofF . Then

(a) K ⊗F L ∼= L[X]/(g(X)) as associative algebras overL,
(b) K ⊗F L is a semisimple algebra if the polynomialg(X) is separable.

REMARKS. Proposition 10.24 ofBasic Algebrashows that the tensor product
A⊗F B of two associative algebras with identity overF has a unique associative
algebra structure such that(a1 ⊗ b1)(a2 ⊗ b2) = a1a2 ⊗ b1b2. Problem 8 at the
end of Chapter X shows that ifB is an extension field ofF , thenA⊗F B is in fact
an associative algebra with identity overB, the multiplication byb ∈ B being
given by the mapping 1⊗ (left by b).

PROOF. For (a), letn = [K : F ]. Form theF bilinear mapping ofF [X]×L into
L[X] given by(P(X), �) 	→ �P(X). Corresponding to thisF bilinear mapping
is a uniqueF linear mapϕ : F [X] ⊗F L → L[X] carrying P(X)⊗ � to �P(X)
for P(X) ∈ F [X] and� ∈ L. TheF vector spaceF [X]⊗F L is anL vector space
with multiplication by�0 ∈ L given by the linear mapping 1⊗ (left by �0). Since
ϕ
(
(1⊗(left by �0))(P(X)⊗�)

) = �0�P(X) = �0ϕ(P(X)⊗�)), ϕ is L linear. In
addition,ϕ((P(X)⊗�)(Q(X)⊗�′)) = ϕ(P(X)Q(X)⊗��′) = ��′ P(X)Q(X) =
ϕ(P(X)⊗ �)ϕ(Q(X)⊗ �′), and thereforeϕ is an algebra homomorphism.
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We follow ϕ with the quotient homomorphismψ : L[X] → L[X]/(g(X)),
and the compositionψϕ is 0 on the ideal(g(x))⊗F L of F [X] ⊗F L. Therefore
ψϕ descends to a homomorphism(F [X]/(g(X)))⊗F L → L[X]/(g(X)), hence
to a homomorphismη : K ⊗F L → L[X]/(g(X)). Sinceϕ andψ are onto, so
is η.

It is enough to prove thatη is one-one. Thus suppose thatη
(∑

i ki ⊗ �i
) = 0

with all ki in K , all �i in L, and the�i linearly independent overF . Write
ki = Pi (X)+(g(X))with degPi (X) < n wheneverPi �= 0. Then

∑
i �i Pi (X) ≡

0 modg(X). Sinceg(X) has degreen and each nonzeroPi (X) has degree at
mostn,

∑
i �i Pi (X) = 0. Write Pi (X) = ∑

j ci j X j with eachci j in F . Then∑
j

(∑
i �i ci j

)
X j = 0, and

∑
i �i ci j = 0 for all j . Since the�i are linearly

independent overF , ci j = 0 for all i and j . Thuski = 0 for all i ,
∑

i ki ⊗�i = 0,
andη is one-one. This proves (a).

For (b), factorg(X) over L asg1(X) · · · gm(X) for polynomialsgj (X) irre-
ducible overL. Since the separability ofg forcesg1, . . . , gm to be relatively
prime in pairs, the Chinese Remainder Theorem implies that

L[X]/(g1(X) · · · gm(X)) ∼= L[X]/(g1(X))× · · · × L[X]/(gm(X)).

EachL[X]/(gj (X)) is a field, and thusL[X]/(g(X)) is exhibited as a product of
fields and is semisimple. �

Corollary 2.30. Let F be a field, letK be a finite separable algebraic extension
of F , and letL be another field extension ofF . Then the algebraK ⊗F L is
semisimple.

REMARKS. The condition of separability of the extensionK/F is automatic
in characteristic 0. The two field extensionsK and L in the example before
Proposition 2.29 both failed to be separable extensions of the base fieldF .

PROOF. The Theorem of the Primitive Element (Theorem 9.34 ofBasic Al-
gebra) shows thatK/F is a simple extension, say withK = F(α). Since this
extension is assumed separable, the minimal polynomial overF of any element of
K is a separable polynomial. The hypotheses of Proposition 2.29b are therefore
satisfied, andK ⊗F L is semisimple. �

Proposition 2.31.Suppose thatA andB are algebras with identity over a field
F , that B is simple, and thatB has centerF . Then the two-sided ideals of the
tensor-product algebraA ⊗F B are all subsetsI ⊗F B such thatI is a two-sided
ideal of A.

PROOF. The setI ⊗F B is a two-sided ideal ofA⊗F B, since(a⊗b)(i ⊗b′) =
ai ⊗ bb′ and since a similar identity applies to multiplication in the other order.

II. Wedderburn–Artin Ring Theory
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Conversely suppose thatJ is an ideal inA ⊗F B. Let 1B be the identity ofB,
and defineI = {a ∈ A | a ⊗ 1B ∈ J}. ThenI is a two-sided ideal ofA, and we
shall prove thatJ = I ⊗F B. The easy inclusion isI ⊗F B ⊆ J. For this, let
i be in I andb be in B. Theni ⊗ 1B is in J and 1A ⊗ b is in A ⊗F B. Their
producti ⊗ b has to be inJ, and thusI ⊗F B ⊆ J.

For the reverse inclusion, take a basis{xi } of I over F and extend it to a basis
of A by adjoining some vectors{yj }. It is enough to show that any finite sum∑

j yj ⊗ bj in J necessarily has allbj equal to 0. Arguing by contradiction,
suppose that

∑m
k=1 yjk ⊗ bjk is a nonzero sum inJ with m as small as possible

and in particular with allbjk nonzero. LetH be the subset ofB defined by

H =
{
cj1

∣∣∣ m∑
k=1

yjk ⊗ cjk ∈ J for somem-tuple{cjk} ⊆ B
}
.

The setH is a two-sided ideal ofB containing the nonzero elementbj1 of B.
SinceB is simple by assumption,H = B. Thus 1B is in H . Therefore some
element

yj1 ⊗ 1B +
m∑

k=2
yjk ⊗ cjk

is in J. Letb ∈ B be arbitrary. Multiplying the displayed element on the left and
right by 1A ⊗ b and subtracting the results shows that

yj2 ⊗ (bcj2 − cj2b)+ · · · + yjm ⊗ (bcjm − cjmb)

is in J. Sincem was chosen to be minimal, this element must be 0 for all choices
of b. Then all coefficients are 0, and the conclusion is that all coefficientscjk are
in the center ofB, which isF by assumption. Consequently we can rewrite our
element ofJ as

yj1⊗1B+
m∑

k=2
yjk⊗cjk = yj1⊗1B+

m∑
k=2

cjk yjk⊗1B = (
yj1+cj2 yj2+· · ·+cjm yjm

)⊗1B.

The definition ofI shows that the factoryj1 +cj2 yj2 +· · ·+cjm yjm in the pure tensor
on the right is inI . Since theyj ’s form a basis of a vector-space complement to
I , this vector must be 0. The linear independence of theyj ’s over F forces each
coefficient to be 0, and we have arrived at a contradiction because the coefficient
of yj1 is 1, not 0. �

Lemma 2.32.The center of a finite-dimensional simple algebraA over a field
F is a field that is a finite extension ofF .

PROOF. By Theorem 2.4,A ∼= Mn(D) for some finite-dimensional division
algebraD over F . Let Z be the center ofA. By inspection this consists of the
scalar matrices whose entries lie in the center ofD. The center ofD is a field.
HenceZ is a field, necessarily a finite extension ofF . �
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Proposition 2.33. Let A be a finite-dimensional semisimple algebra over a
field F of characteristic 0, and suppose thatK is a field containingF . Then the
algebraA ⊗F K over K is semisimple.

PROOF. Since the tensor product of a finite direct sum is the direct sum of tensor
products, we may assume without loss of generality thatA is simple. Lemma 2.32
shows that the centerZ of A is a finite extension field ofF . By Corollary 2.30
and the assumption thatF has characteristic 0, the algebraZ⊗F K is semisimple.
Being commutative, it must be of the formK1 ⊕ · · · ⊕ Ks with each idealKi

equal to a field, by Theorem 2.2.
Each idealKi is a unitalZ ⊗F K module, hence is both a unitalZ module and

a unitalK module. Thus we can regard eachKi as an extension field ofZ or of
K , whichever we choose. First let us regardKi as an extension field ofZ. Since
Ki has no nontrivial ideals andA has centerZ, Proposition 2.31 shows that the
Z algebraA ⊗Z Ki is simple as a ring.

Next let us regardKi as an extension field ofK ; sinceA is finite-dimensional
over F , so is Z. ThereforeZ ⊗F K is finite-dimensional overK , andKi is a
finite extension ofK . HenceA ⊗Z Ki is a finite-dimensional algebra overK ,
and it is left Artinian as a ring.

By Theorem 2.6, any left Artinian simple ring such asA ⊗Z Ki is neces-
sarily semisimple. Using the associativity formula for tensor products given in
Proposition 10.22 ofBasic Algebra, we obtain an isomorphism of rings

A ⊗F K ∼= (A ⊗Z Z)⊗F K ∼= A ⊗Z (Z ⊗F K )

∼= A ⊗Z (K1 ⊕ · · · ⊕ Ks) ∼=
s⊕

j =1
(A ⊗Z Kj ),

the summands being two-sided ideals in each case. Since eachA ⊗Z Kj is a
finite-dimensional simple algebra overK , A ⊗F K is a semisimple algebra over
K by Theorem 2.4. �

Let us digress for a moment, returning in Lemma 2.34 to the argument that
leads to the proof of Theorem 2.17. In the next section we shall want to know
circumstances under which we can draw the same conclusion as in Proposition
2.33 without assuming that the characteristic is 0. Write the finite-dimensional
semisimple algebraA as A = Mn1(D1) × · · · × Mnr (Dr ), where eachDr is a
division algebra overF . Let Z1, . . . , Zr be the respective centers of the simple
factors ofA. Lemma 2.32 observes that eachZj is a finite extension field ofF .
The proof of Proposition 2.33 appealed to Corollary 2.30 to conclude from the
condition characteristic 0 thatZj ⊗F K is semisimple. Instead, by rereading the
statement of Corollary 2.30, we see that it would have been enough for eachZj to
be a finiteseparablefield extension ofF , even ifF did not have characteristic 0.

II. Wedderburn–Artin Ring Theory
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Then the rest of the above proof goes through without change. Accordingly we
define a finite-dimensional semisimple algebraA over a fieldF to be aseparable
semisimple algebra if the center of each simple component ofA is a separable
extension field ofF . In terms of this definition, we obtain the following improved
version of Proposition 2.33.

Proposition 2.33′. Let Abe a finite-dimensional separable semisimple algebra
over a fieldF , and suppose thatK is a field containingF . Then the algebraA⊗F K
over K is semisimple.

Lemma 2.34. Suppose thatA is a finite-dimensional algebra with identity
over a fieldF , and suppose thatN is a nilpotent two-sided ideal ofA such that
the algebraA/N is semisimple. ThenN = radA.

PROOF. The algebraA is left Artinian, being finite-dimensional. SinceN
is nilpotent, we must haveN ⊆ radA. The two-sided ideal(radA)/N of the
semisimple algebraA/N is nilpotent and hence must be 0. ThereforeN = radA.

�

PROOF OFTHEOREM2.17. LetA be the given finite-dimensional algebra of the
field F of characteristic 0, and writeN for radAandA for A/N. For any extension
field K of F , we write AK = A ⊗F K , NK = N ⊗F K , andAK = A ⊗F K .

For most of the proof, we shall treat the special case thatN2 = 0. Let
F be an algebraic closure ofF . Then AF = A ⊗F F = (A/N) ⊗F F ∼=
(A ⊗F F)/(N ⊗F F) = AF/NF . Proposition 2.33 shows thatAF = A ⊗F F is
a semisimple algebra overF , and the claim is that the two-sided idealNF of AF
is nilpotent. In fact, any element ofNF is a finite sum of the form

∑
i (ai ⊗ ci )

with eachai in N and eachci in F . The product of this element with
∑

j (a
′
j ⊗c′

j )

is
∑

i, j (ai a′
j ⊗ ci c′

j ), and this is 0 because the assumptionN2 = 0 implies that
ai a′

j = 0 for all i and j . ThusN2
F

= 0, andNF is nilpotent.
Since AF/NF is semisimple andNF is nilpotent, Lemma 2.34 shows that

NF = rad(AF ). Corollary 2.28 (a special case of Theorem 2.17) is applicable to
AF becauseF is algebraically closed, and it follows that there exists a subalgebra
S̃of AF such thatAF = S̃⊕ NF as vector spaces. HerẽS is a product of finitely
many algebrasMnj (F). The embedded matrix unitsei j of S̃obtained from each
Mnj (F) are members ofAF = A ⊗F F and hence are of the form

∑
l xl ⊗ cl ,

where{xl }n
l=1 is a vector-space basis ofA overF and eachcl is in F . Only finitely

many suchcl ’s are needed to handle allei j ’s, and we letK be a finite extension
of F within F containing all of them. Letρ0 = 1, ρ1, . . . , ρs be a vector-space
basis ofK over F .
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Relative to thisK , we form AK , NK , andAK as in the first paragraph of the
proof. The same argument as withF shows thatAK

∼= AK /NK is semisimple
and thatNK is nilpotent. By Lemma 2.34,NK = radAK . The formulas for the
ei j ’s in the previous paragraph are valid inAK and give us a system of matrix
units. As in the previous paragraph, Corollary 2.28 produces a subalgebraS of
AK isomorphic to someMn1(K ) × · · · × Mnr (K ) such thatAK = S⊕ NK as
vector spaces.

In the basis{xi }n
i =1 of A over F , we may assume that the firstt vectors form

a basis ofN = radA and the remaining vectors form a basis of a vector-space
complement toN. We identify membersa of A with membersa ⊗ 1 of AK .
With this identification in force, we decompose each basis vectorxi for i > t
according toAK = S⊕ NK asxi = yi − zi with yi ∈ Sandzi ∈ NK . Since the
xi ’s for i ≤ t are inN ⊆ NK , the vectorsyi with i > t form a vector-space basis
of Sover K . For i > t , write zi = ∑s

j =0 zi j ⊗ ρj with zi j in N. Then we have

yi = xi + zi = (xi + zi 0)+
s∑

j =1
zi j ⊗ ρj for i > t.

Put

x′
i = xi + zi 0 and z′

i =
s∑

j =1
zi j ⊗ ρj for i > t.

Then {xi }t
i=1 ∪ {x′

i }n
i=t+1 is a basis ofA over F . We shall show thatS0 =∑n

i=t+1 Fx′
i is a subalgebra ofA, and thenA = S0 ⊕ N will be the required

decomposition.
Let x′

i andx′
j be given withi > t and j > t , and write

x′
i x

′
j = ∑

k γki j x′
k + vi j with γki j ∈ F andvi j ∈ N.

Substitutingx′
i = yi − z′

i and taking into account thatNK is an ideal inAK , we
have

yi yj ≡ ∑
k
γki j x′

k mod NK ≡ ∑
k
γki j yk mod NK .

Thenyi yj = ∑
k γki j yk + ui j with eachui j ∈ NK . Since theyi are inS andS

is a subalgebra,ui j = 0. Thusyi yj = ∑
k γki j yk. Let us resubstitute into this

equality fromyi = x′
i + z′

i . Taking into account thatz′
i z

′
j = 0 becauseN2

K = 0,
we obtain

x′
i x

′
j + x′

i z
′
j + z′

i x
′
j = ∑

k
γki j x′

k +∑
k
γki j z′

k.

Substituting fromz′
i = ∑s

j =1 zi j ⊗ ρj gives

x′
i x

′
j ⊗ 1 +

s∑
l=1

x′
i zjl ⊗ ρl +

s∑
l=1

zil x′
j ⊗ ρl = ∑

k
γki j x′

k ⊗ 1 +∑
k

s∑
l=1
γki j zkl ⊗ ρl .
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The coefficients ofρ0 = 1 must be equal, and therefore

x′
i x

′
j = ∑

k
γki j x′

k.

This equation shows thatS0 is a subalgebra and completes the proof under the
hypothesis thatN2 = 0.

Now we drop the assumption thatN2 = 0. We shall prove the theorem
by induction on dimF A, the base cases of the induction being dimF A = 0
and dimF A = 1, for which the theorem is immediate by inspection. For the
inductive case, letAbe given, and assume the theorem to be known for algebras of
dimension< dimF A. If N2 = 0, then we are done. Thus we may assume that the
product idealN2 is nonzero and therefore that dimF (A/N2) < dimF A. The First
Isomorphism Theorem shows that(A/N2)

/
(N/N2) ∼= A/N = A. The quotient

A/N is semisimple, andN/N2 is a nilpotent ideal inA/N2. By Lemma 2.34,
N/N2 = rad(A/N2). The inductive hypothesis givesA/N = S1/N2 ⊕ N/N2

for a subalgebraS1 of A with S1 ⊇ N2. This means thatA = S1 + N and
S1 ∩ N = N2. Here

dimF A = dimF (S1 + N) = dimF S1 + dimF N − dimF (S1 ∩ N)

= dimF S1 + dimF N − dimF N2 = dimF S1 + dimF (N/N
2),

andN/N2 �= 0 implies dimF S1 < dimF A. The Second Isomorphism Theorem
givesA/N = (S1+ N)/N ∼= S1/(S1∩ N) = S1/N2. ThusS1/N2 is semisimple.
Since N2 is nilpotent, Lemma 2.34 shows thatN2 = radS1. The inductive
hypothesis givesS1 = S ⊕ N2 for a semisimple subalgebraS. Substituting
into A = S1 + N, we obtainA = (S ⊕ N2) + N = S + N. Meanwhile,
S∩ N = (S∩ S1) ∩ N = S∩ (S1 ∩ N) = S∩ N2 = 0. ThereforeA = S⊕ N,
and the induction is complete. �

7. Skolem–Noether Theorem

In this section we begin an investigation of division algebras that are finite-
dimensional over a given fieldF . A nonzero algebraA with identity over a field
F will be calledcentral if the center ofA consists exactly of the scalar multiples
of the identity, i.e., if center(A) = F . Of special interest will be algebras with
identity that arecentral simple, i.e., are both central and simple.

Lemma 2.35. Let A and B be algebras with identity over a fieldF , and
suppose thatB is central. Then

(a) the members ofA⊗F B commuting with 1⊗ B are the members ofA⊗1,
(b) center(A ⊗F B) = (centerA)⊗F 1.
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PROOF. For (a), suppose thatz = ∑
i ai ⊗ bi commutes with 1⊗ B and that

theai are linearly independent overF . If b is in B, then

0 = (1 ⊗ b)z − z(1 ⊗ b) = ∑
i

ai ⊗ (bbi − bi b),

from which it follows thatbbi − bi b = 0 for all b and alli . SinceB is central,
eachbi is in F , and we can writez as

z = ∑
i

ai ⊗ bi = ∑
i
(ai bi ⊗ 1) = (∑

i
ai bi

)⊗ 1.

In other words,z is of the formz = a ⊗ 1.
For (b), we need to prove the inclusion⊆. Thus letz be in center(A ⊗F B).

By (a),z is of the formz = a ⊗ 1 for somea ∈ A. Now suppose thata′ is in A.
Then 0= (a′ ⊗ 1)z − z(a′ ⊗ 1) = (a′a − aa′) ⊗ 1. Hencea′a = aa′, and we
conclude thata is in center(A). �

Proposition 2.36. Let A andB be algebras with identity over a fieldF , and
suppose thatB is central simple. Then

(a) A simple impliesA ⊗F B simple,
(b) A central simple impliesA ⊗F B central simple.

PROOF. For (a), Proposition 2.31 shows that any two-sided ideal ofA⊗F B is
of the formI ⊗F B for some two-sided idealI of A. SinceA is assumed simple,
the onlyI ’s are 0 andA. Thus the only ideals inA ⊗F B are 0 andA ⊗F B, and
A ⊗F B is simple.

For (b), conclusion (a) shows thatA ⊗F B is simple. By Lemma 2.35b the
center ofA ⊗F B is (centerA)⊗ 1 = F1 ⊗ 1 = F(1 ⊗ 1), and henceA ⊗F B
is central. �

Corollary 2.37. If A andB are finite-dimensional semisimple algebras over a
field F and at least one of them is separable overF , thenA ⊗F B is semisimple.

REMARK. The definition of separability ofAor B appears between Proposition
2.33 and Proposition 2.33′.

PROOF. Without loss of generality, we may assume thatA andB are simple.
For definiteness let us say thatA is the given separable algebra overF . Let
K = center(B). Lemma 2.32 shows thatK is a field, and associativity of tensor
products allows us to write

A ⊗F B ∼= A ⊗F (K ⊗K B) ∼= (A ⊗F K )⊗K B.

Here A ⊗F K is semisimple by Proposition 2.33′, andB is central simple over
K . Thus Proposition 2.36a applies and shows that(A⊗F K )⊗K B is simple.�

II. Wedderburn–Artin Ring Theory
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Corollary 2.38. Let A be a central simple algebra of finite dimensionn over
a field F , and letAo be the opposite algebra. ThenA ⊗F Ao ∼= Mn(F).

EXAMPLE. Take F = R and A = H, the algebra of quaternions. Then
conjugation, with 1	→ 1 andi, j, k 	→ −i,− j,−k, is an antiautomorphism of
H. ConsequentlyHo ∼= H . The corollary says in this case thatH⊗RH ∼= M4(R).

PROOF. LetV beAconsidered as a vector space. For eacha0 ∈ A, we associate
the membersl (a0) andr (a0) of EndF (V) given byl (a0)a = a0a andr (a0)a =
aa0. Then l (a0a′

0) = l (a0)l (a′
0) and r (a0a′

0) = r (a′
0)r (a0), and it follows

that l : A → EndF (V) andr : Ao → EndF (V) are algebra homomorphisms
sending 1 to 1.

Meanwhile, the mapA × Ao → EndF (V) given by(a,a′) 	→ l (a)r (a′) is F
bilinear and extends to anF linear mapϕ : A⊗F Ao → EndF (V). Because of the
homomorphism properties ofl andr , the mappingϕ is an algebra homomorphism
sending 1 to 1. Proposition 2.36 shows thatA ⊗F Ao is simple, and it follows
thatϕ is one-one. Since dimF (A ⊗F Ao) = (dimF A)2 = dimF EndF (V), ϕ is
onto. �

Corollary 2.39. Let A be a central simple algebra of finite dimensiond over
a field F . Thend is the square of an integer.

PROOF. Let F be an algebraic closure ofF . Proposition 2.36a shows that
the algebraF ⊗F A is simple, and its dimension overF is d. A simple finite-
dimensional algebra over an algebraically closed field is a full matrix algebra over
that field, and thusF ⊗F A ∼= Mn(F). Comparing dimensions overF , we see
thatd = n2. �

Corollary 2.40. If D is a division algebra finite-dimensional over its center
F , then dimF D is the square of an integer.

PROOF. The algebraD is central simple over its centerF , and the result is
immediate from Corollary 2.39. �

Theorem 2.41(Skolem–Noether Theorem). LetA be a finite-dimensional
central simple algebra over the fieldF , and letB be any simple algebra overF .
Suppose thatf andg are F algebra homomorphisms ofB into A carrying the
identity to the identity. Then there exists anx ∈ A with f (b) = xg(b)x−1 for all
b in B.

PROOF. Let us observe that the homomorphismsf andg are one-one because
B is simple, and the finite dimensionality ofA therefore forcesB to be finite-
dimensional.

7. Skolem–Noether Theorem
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We consider first the special case thatA = Mn(F) for somen. The homomor-
phism f makes the spaceFn of column vectors into a unital leftB module by
the definitionbv = f (b)v, and similarly the homomorphismg makesFn into a
unital leftB module. SinceB is finite-dimensional and simple, an argument given
with Example 1 of semisimple rings in Section 2 shows that there is only one
simple leftB module up to isomorphism and that every unital leftB module is a
direct sum of copies of this simple leftB module. Consequently the isomorphism
classes of theB modules determined byf andg depend only on their dimension.
The dimension isn in both cases, and hence there exists an invertibleF linear
mapL : Fn → Fn such thatL f (b)v = g(b)Lv for all v ∈ Fn. If L is given by
the matrixx−1 in Mn(F), thenx−1 f (b) = g(b)x−1, and the theorem is therefore
proved in this special case.

For the general case we form the tensor productsB ⊗F Ao andA⊗F Ao. The
maps f ⊗ 1 andg ⊗ 1 areF algebra homomorphisms between these algebras,
B ⊗F Ao is simple by Proposition 2.36a, and Corollary 2.38 shows thatA⊗F Ao

is isomorphic toMn(F) for the integern = dim A. The special case is applicable,
and we obtain an invertible elementX of A ⊗F Ao such that

( f ⊗ 1)(b ⊗ ao) = X(g ⊗ 1)(b ⊗ ao)X−1 for all b ∈ B andao ∈ Ao. (∗)

Takingb = 1, we see that 1⊗ ao = X(1 ⊗ ao)X−1 for all ao ∈ Ao. By Lemma
2.35a,X lies in A⊗1, hence is of the formX = x⊗1 for somex in A. Substituting
for X in (∗), we obtain f (b) = xg(b)x−1 as required. �

Corollary 2.42. If A is a finite-dimensional central simple algebra over the
field F , then everyF automorphism ofA is inner in the sense of being given by
conjugation by an invertible element ofA.

PROOF. This is the special cse of Theorem 2.41 in whichB = A andg is the
identity map onB. �

8. Double Centralizer Theorem

We saw in Corollary 2.40 that ifD is a division algebra finite-dimensional over
its centerF , then dimF D is the square of an integer. In this section we shall
prove a theorem from which we can conclude that the positive integer of which
dimF D is the square is the dimension of any maximal subfield ofD. We state the
theorem, establish two lemmas, prove the theorem, and then derive two corollaries
concerning maximal subfields of division algebras.

If A is an algebra with identity andB is a subalgebra containing the identity,
then thecentralizer of B in A is the subalgebra of all members ofA commuting
with every element ofB.

II. Wedderburn–Artin Ring Theory
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Theorem 2.43(Double Centralizer Theorem). LetA be a finite-dimensional
central simple algebra over a fieldF , let B be a simple subalgebra ofA, and let
C be the centralizer ofB in A. ThenC is simple,B is the centralizer ofC in A,
and(dimF B)(dimF C) = dimF A.

Lemma 2.44.Let A andA′ be algebras with identity over a fieldF , let B and
B′ be subalgebras of them, and letC andC′ be the centralizers ofB andB′ in A
andA′, respectively. Then the centralizer ofB ⊗F B′ in A ⊗F A′ is C ⊗F C′.

PROOF. Expand an element ofA⊗F A′ for the moment asx = ∑
i ai ⊗a′

i with
the elementsa′

i linearly independent overF . If x satisfiesx(b ⊗ 1) = (b ⊗ 1)x
for all b in B, then

∑
i (ai b − bai ) ⊗ a′

i = 0. Since thea′
i ’s are independent,

ai b − bai = 0 for all i , and eachai is in C. Thus the centralizer ofB ⊗F 1 is
C ⊗F A′.

Rewriting x with the ai ’s assumed independent, we see similarly that the
centralizer of 1⊗F B′ is A⊗F C′. Putting these conclusions together, we see that

centralizer(B ⊗F B′) ⊆ centralizer(B ⊗F 1) ∩ centralizer(1 ⊗F B′)

= (C ⊗F A′) ∩ (A ⊗F C′) = C ⊗F C′.

The reverse inclusion, namely centralizer(B ⊗F B′) ⊇ C ⊗F C′, is immediate,
and the lemma follows. �

Lemma 2.45.Let B be a finite-dimensional simple algebra over a fieldF , and
write V for the algebraB considered as a vector space. Forb in B andv in V ,
define membersl (b) andr (b) of EndF (V) by l (b)v = bv andr (b)v = vb. Then
the centralizer in EndF (V) of l (B) is r (B).

PROOF. Let K be the center ofB. This is an extension field ofF by Lemma
2.32, andB is central simple overK . Let us see that any membera of EndF (V)
that centralizesl (B) is actually in EndK (V). If c is in K , thenc is in particular
in B, and thereforeal(c) = l (c)a. Applying this equality tov ∈ V yields
a(cv) = ca(v), and this equality for allc ∈ K says thata is in EndK (V).

Thus it is enough to show that the centralizer ofl (B) in EndK (V) is r (B).
We argue as in the proof of Corollary 2.38: The definitions ofl andr makeV
into a unital leftB module and a unital rightB module, and the members ofK
operate consistently on either side ofV becauseK lies in the center ofB. The
function(b,b′) 	→ l (b)r (b′) is thereforeK bilinear, and it extends to the tensor
productB ⊗K Bo as an algebra homomorphismϕ : B ⊗K Bo 	→ EndK (V). The
homomorphismϕ is one-one, since Proposition 2.36a showsB⊗K Bo to be simple.
The dimensional equality dimK (B ⊗K Bo) = (dimK B)2 = dimK (EndK (V))
allows us to conclude thatϕ is onto, hence is an isomorphism.
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Lemma 2.35a shows that the centralizer ofB ⊗K 1 in B ⊗K Bo is 1⊗K Bo.
If this statement is translated from the context ofB ⊗K Bo into the isomorphic
context of EndK (V), then the centralizer ofl (B) in EndK (V) is r (B), and we
saw that this fact is sufficient to imply the lemma. �

PROOF OFTHEOREM 2.43. LetV be the algebraB considered as a vector
space overF , and letl (B) andr (B) be the sets of those members of EndF (V)
that are given by left multiplication and right multiplication by members ofB.
The algebraA is central simple by assumption, and EndF (V) is central simple,
being isomorphic toMn(F) for the integern = dimF (V). By Proposition 2.36b,
A⊗F EndF (V) is central simple. We define two algebra homomorphismsf and
g of B into A ⊗F EndF (V) by f (b) = l (b)⊗ 1 andg(b) = 1 ⊗ l (b).

The Skolem–Noether Theorem (Theorem 2.41) produces an elementx of
A ⊗F EndF (V) with f (b) = xg(b)x−1 for all b ∈ B. Hence

B ⊗F 1 = x(1 ⊗F l (B))x−1. (∗)

Lemma 2.44 shows that the centralizer ofB ⊗F 1 in A ⊗F EndF (V) is
C ⊗F EndF (V) and that the centralizer of 1⊗F l (B) is A ⊗F r (B). From
the latter identification the centralizer ofx(1⊗F l (B))x−1 is x(A ⊗F r (B))x−1.
Combining(∗) with these computations of centralizers, we see that

C ⊗F EndF (V) = x(A ⊗F r (B))x−1. (∗∗)

The algebraA⊗F r (B) is isomorphic toA⊗F Bo, which is simple by Proposition
2.36a. ThereforeC ⊗F EndF (V) is simple, andC has to be simple.

Equating the dimensions of the two sides of(∗∗) gives

(dimF C)(dimF B)2 = (dimF C)(dimF EndF (V)) = dimF (C ⊗F EndF (V))

= dimF (A ⊗F r (B)) = (dimF A)(dimF B),

and hence
(dimF C)(dimF B) = dimF A.

Finally the centralizerD of C containsB, and two applications of the dimensional
equality gives

(dimF D)(dimF C) = dimF A = (dimF C)(dimF B).

Thus dimF D = dimF B, and we must haveD = B. In other words,B is the
centralizer ofC. �

II. Wedderburn–Artin Ring Theory
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Corollary 2.46. Let D be a central finite-dimensional division algebra over
the fieldF . If K is any maximal subfield ofD, then dimF D = (dimF K )2.

PROOF. Apply the Double Centralizer Theorem (Theorem 2.43) withA =
D. Let Z(K ) be the centralizer of the simple subalgebraK in D. SinceK is
commutative,K ⊆ Z(K ). If a is in Z(K ) but notK , thenK (a) is a field inD
properly containingK , in contradiction to the assumption thatK is a maximal
subfield of D. HenceK = Z(K ). The dimensional equality in the theorem
therefore gives dimF D = (dimF K )(dimF Z(K )) = (dimF K )2. �

Corollary 2.47. Let A be a finite-dimensional central simple algebra over a
field F , and letK be a subfield ofA. Then the following are equivalent:

(a) K is its own centralizer,
(b) dimF A = (dimF K )2,
(c) K is a maximal commutative subalgebra ofA.

PROOF. Let Z(K ) be the centralizer ofK in A. The Double Centralizer
Theorem (Theorem 2.43) gives the equality

dimF A = (dimF K )(dimF Z(K )). (∗)

If (a) holds, thenZ(K ) = K , and(∗) yields (b).
If (b) holds, then(∗) and the equality dimF A = (dimF K )2 together imply

that dimF Z(K ) = dimF K . SinceK is commutative,Z(K ) ⊇ K . The equality
of dimensions implies thatZ(K ) = K , and then (c) follows.

If (c) holds, we start from the inclusionK ⊆ Z(K ). If x is in Z(K ) but
not K , thenK (x) is a field strictly larger thanK , in contradiction to (c). Thus
K = Z(K ), and (a) holds. �

9. Wedderburn’s Theorem about Finite Division Rings

The theorem of this section is as follows.

Theorem 2.48(Wedderburn). Every finite division ring is a field.

The proof will be preceded by a lemma.

Lemma 2.49. If G is a finite group andH is a proper subgroup, then⋃
g∈G gHg−1 does not exhaustG.
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PROOF. In the union
⋃

g∈G gHg−1, the terms corresponding tog and togh, for
h in H , are the same because(gh)H(gh)−1 = g(hHh−1)g−1 = gHg−1. Thus
the union can be rewritten as

⋃
gH gHg−1, it being understood that only oneg is

used from each cosetgH. From this rewritten form of the union, we see that the
number of elements other than the identity in the union is

≤ [G : H ](|H | − 1) = [G : H ]|H | − [G : H ] = |G| − [G : H ] < |G| − 1,

and the lemma follows. �

PROOF OFTHEOREM 2.48. LetD be a finite division ring, and letF be the
center. ThenF is a field, say ofq elements. Maximal subfields ofD certainly
exist. Any such subfieldK has dimF D = (dimF K )2 by Corollary 2.46, and
hence any two such subfieldsK and K ′ are isomorphic. The Skolem–Noether
Theorem (Theorem 2.41) shows thatK ′ = x K x−1 for some invertiblex in the
groupD× of invertible elements ofD.

On the other hand,F and any element ofD generate a subfield ofD, and this
subfield is contained in a maximal subfield. Consequently any element ofD is
contained in some suchK ′, andD = ⋃

x∈D× x K x−1. Discarding the element 0
from both sides, we obtainD× = ⋃

x∈D× x K×x−1. Applying Lemma 2.49 to the
groupG = D× and the subgroupH = K ×, we see thatK × cannot be a proper
subgroup ofD×. ThereforeD = K , andD is commutative. �

10. Frobenius’s Theorem about Division Algebras over the Reals

We conclude this chapter by bringing together our results to prove the following
celebrated theorem of Frobenius.

Theorem 2.50(Frobenius). Up toR isomorphism the only finite-dimensional
associative division algebras overR are the algebrasR of reals,C of complex
numbers, andH of quaternions.

REMARKS. The text of this chapter has not produced any concrete examples
of noncommutative division rings other than the quaternions. Problems 12–16 at
the end of the chapter produce generalized quaternion algebras in whichR can
be replaced by many other fields; there are infinitely many nonisomorphic such
examples when the field isQ. In addition, Problems 17–19 produce examples
of central division algebras of dimension 9 over suitable base fields. The next
chapter will give further insight into the construction of division algebras.

II. Wedderburn–Artin Ring Theory
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PROOF. Let D be such a division algebra, and letF be the center. Then
F is a finite extension field ofR and must beR or C, sinceC is algebraically
closed. IfF = C, then we have seen thatD = C. Thus we may assume that
center(D) = R.

Let K be a maximal subfield ofD (existence by finite dimensionality), and let
n = dimR K . Corollary 2.46 shows that dimR D = n2. SinceK has to beR or
C, n has to be 1 or 2. Ifn = 1, we obtainD ∼= R. Thus we may assume that
n = 2, K = C, and dimR D = 4.

The map f : K → D given by f (a + bi) = a − bi , wherei is the member
of K corresponding to

√−1 in C, is an algebra homomorphism into a central
simple algebra overR, and so is the mapg : K → D given byg(a+bi) = a+bi .
By the Skolem–Noether Theorem (Theorem 2.41), there exists somex in D with
x(a + bi)x−1 = a − bi for all a andb in R.

This elementx has the property thatx2 commutes with every element ofK
and must lie inK , by Corollary 2.47. Let us see thatx2 lies in center(D) = R.
In fact, otherwise 1 andx2 would generateK as anR algebra, and every member
of D commuting with 1 andx2 would commute with all ofK ; sincex commutes
with 1 andx2, x would have to commute withK , contradiction. Thusx2 lies
in R.

If x2 > 0, thenx2 = r 2 for somer ∈ R. The elementsx andr together lie in
some subfieldK ′ of D, andK ′ has no zero divisors. Since(x − r )(x + r ) = 0
within K ′, we conclude thatx = ±r . Then x commutes with the maximal
subfieldK above, and we arrive at a contradiction.

Thusx2 < 0. Write x2 = −y2 for somey ∈ R, and put j = y−1x. The
equationx(a+bi)x−1 = a−bi says thatj (a+bi) j −1 = a−bi and in particular
that j i j −1 = −i . Definek = i j .

We havej 2 = y−2x2 = −1. Hencek2 = i j i j = i ( j i j −1) j 2 = i (−i )(−1) =
i 2 = −1. Theni jk = −1, andk = −1( j −1)(i −1) = −1(− j )(−i ) = − j i ;
hencei j + j i = 0.

Let us show that{1, i, j, k} is a linearly independent set overR. Certainly j is
not anR linear combination of 1 andi . If k = a + bi + cj for somea,b, c ∈ R,
then squaring gives

−1 = k2 = a2 + b2i 2 + c2 j 2 + 2abi + 2acj + bc(i j + j i )

= a2 − b2 − c2 + 2abi + 2acj.

Equating coefficients of 1,i , and j , we obtain−1 = a2 − b2 − c2, ab = 0,
and ac = 0. We cannot have−1 = a2, and thus at least one ofb and c is
nonzero. Thena = 0, andi j = k = bi + cj . Left multiplication byi gives
− j = −b + ci j = −b + c(bi + cj); equating coefficients shows thatb = 0.
Hencei j = cj , and we arrive at the contradictioni = c ∈ R. We conclude that
{1, i, j, k} is linearly independent overR.
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To complete the proof thatD is isomorphic toH, we have only to verify that
{1, i, j, k} satisfies the usual multiplication table forH. We know thati 2 = j 2 =
k2 = −1, thatk = i j , and thatk = − j i . The last of these says thatj i = −k.
The other verifications are

jk = j i j = ( j i j −1) j 2 = (−i )(−1) = i,

k j = i j j = i (−1) = −i,

ki = i j i = i ( j i j −1) j = i (−i ) j = j,

ik = i i j = (−1) j = − j,

and the proof is complete. �

11. Problems

In all the problems below, all algebras are assumed to be associative.

1. Let G be a finite group, and letCG be its complex group algebra. Prove that
CG is a semisimple ring, and identify the constituent matrix algebras that arise
for CG in Theorem 2.2 in terms of the irreducible representations ofG.

2. Wedderburn’s Main Theorem (Theorem 2.17) decomposes finite-dimensional
algebrasA in characteristic 0 asA = S⊕ radA for some subalgebraS.
(a) What explicitly is a decompositionA = S⊕ radA for the complex algebra

C[X]/(X2 + 1)2 ?
(b) Is the subalgebraS in (a) unique? Prove that it is, or give a counterexample.
(c) Answer the same questions as for (a) and (b) in the case of the real algebra

R[X]/(X2 + 1)2.

3. Let A and B be finite-dimensional algebras with identity over a fieldF , and
suppose thatB is central simple. Prove that rad(A ⊗F B) = (radA)⊗F B.

Problems 4–7 concern commutative Artinian rings. LetR be such a ring.

4. Prove that
(a) R has only finitely many maximal ideals,
(b) radR is the set of all nilpotent elements inR,
(c) R is semisimple if and only if it has no nonzero nilpotent elements,
(d) R semisimple implies thatR is the direct product of fields.

5. Let ē be an idempotent inR/ radR. Prove that the idempotente ∈ R in
Proposition 2.23 with̄e = e+ radR is unique.

6. Problem 4a shows thatR has only finitely many maximal ideals. LetN be their
product. Use Nakayama’s Lemma (Lemma 8.51 ofBasic Algebra, restated in
the present book on page xxiii) to prove thatN is a nilpotent ideal inR.

7. Deduce from the previous problem that any prime ideal inR contains one of the
finitely many maximal ideals, hence that every prime ideal inR is maximal.

II. Wedderburn–Artin Ring Theory
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Problems 8–11 concern triangular rings, which were introduced in an example after
Proposition 2.5. The problems ask for verifications for some assertions that were
made in that example without proof. The notation is as follows:R andS are rings
with identity, andM is a unital(R, S) bimodule. Define a setA and operations of
addition and multiplication symbolically by

A =
(

R M
0 S

)
=
{(

r m
0 s

) ∣∣∣∣ r ∈ R, m ∈ M, s ∈ S

}

with
(

r m
0 s

)(
r ′ m′

0 s′

)
=
(

rr ′ rm′ + ms′

0 ss′

)
.

8. Prove that the left ideals inA are of the formI1 ⊕ I2, whereI2 is a left ideal in
S and I1 is a left R submodule ofR ⊕ M containingM I2. (Educational note:
Then similarly the right ideals inA are of the formJ1 ⊕ J2, whereJ1 is a right
ideal in R andJ2 is a rightSsubmodule ofM ⊕ ScontainingJ1M .)

9. (a) Prove that the ringA is left Noetherian if and only ifR and S are left
Noetherian andM satisfies the ascending chain condition for its leftR
submodules.

(b) Prove that the ringA is right Noetherian if and only ifR and S are right
Noetherian andM satisfies the ascending chain condition for its rightS
submodules. (Educational note: By similar arguments the conclusions
of (a) and (b) remain valid if “Noetherian” is replaced by “Artinian” and
“ascending” is replaced by “descending.”)

10. If A =
(

R R
0 S

)
is any ring such as

(
Q Q

0 Z

)
in whichSis a (commutative) Noetherian

integral domain with field of fractionsR and if S �= R, prove thatA is left
Noetherian and not right Noetherian, andA is neither left nor right Artinian.

11. If A =
(

R R
0 S

)
is a ring such as

(
Q(x) Q(x)

0 Q

)
in which R and S are fields with

S ⊆ R and dimS R is infinite, prove thatA is left Noetherian and left Artinian,
andA is neither right Noetherian nor right Artinian.

Problems 12–16 concerngeneralized quaternion algebras. Let F be a field of
characteristic other than 2, letK be a quadratic extension field, and letσ be the
nontrivial element in the Galois group. The fieldK is necessarily of the formK =
F(

√
m ) for some nonsquarem ∈ F , and the elementsc of K for whichσ(c) = −c

are theF multiples of
√

m. Fix an elementr �= 0 of F , and letA be the subset of

M2(K ) given by
(

a b
rσ(b) σ (a)

)
.

12. (a) Prove thatA is a 4-dimensional algebra overF .

(b) Prove thatA is central simple by examiningcx − xc for c =
(√

m 0
0 −√

m

)
whenx �= 0 is in a two-sided idealI and is not inK ∼=

{(
a 0
0 σ(a)

)}
.
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13. Prove thatA is a division algebra if and only ifr is not of the formNK/F (c) for
somec ∈ K . Why mustA be isomorphic toM2(F) when A is not a division
algebra?

14. Prove that ifr andr ′ are two members ofF such thatr = r ′NK/F (c) for somec
in K , then the algebraA associated tor is isomorphic to the algebra associated
to r ′.

15. Let{1, i, j, k} be theF basis ofA consisting of the matrices

1 =
(

1 0
0 1

)
, i =

(√
m 0

0 −√
m

)
, j =

(
0 1
r 0

)
, k =

(
0

√
m

−r
√

m 0

)
.

Prove that these satisfyi 2 = m1, j 2 = r 1, k2 = −rm1, i j = k = − j i ,
jk = −r i = −k j , andki = −mj = −ik.

16. By going over the proof of Theorem 2.50 and using the relations of the previous
problem, prove that every central simple algebra of dimension 4 overF is of the
same kind asA for some quadratic extensionK = F(

√
m ) and some member

r �= 0 of F .

Problems 17–19 concerncyclic algebras, which were introduced by L. E. Dickson.
These extend the theory of generalized quaternion algebras to other sizes of matrices.
The analogy with the theory in Problems 12–16 is tightest when the size is a prime.
For notational simplicity this set of problems asks about size 3. LetF be any field, and
let K be a finite Galois extension ofF with cyclic Galois group. It is assumed in these
problems thatK has degree 3 overF and that{1, σ, σ 2} is the Galois group. Fix an

elementr �= 0 of F , and letA be the subset ofM3(K ) given by

( a b c
rσ(c) σ (a) σ (b)
rσ2(b) rσ2(c) σ2(a)

)
.

Identifyinga ∈ K with the member

(
a 0 0
0 σ(a) 0
0 0 σ2(a)

)
of A and lettingj be the member(

0 1 0
0 0 1
r 0 0

)
of A allows one to viewA as the set of all matricesa + bj + cj2 with

a,b, c ∈ K . The elementj satisfiesja j −1 = σ(a) for a ∈ K and j 3 = r .

17. Arguing as for Problem 12, show thatA is an algebra overF and that it is central
simple of dimension 9.

18. Using the general theory, prove thatA either is a division algebra overF or is
isomorphic toM3(F), and thatA ∼= M3(F) if and only if there is a 3-dimensional
vector subspace ofA that is a leftA submodule ofA. (Educational note: This
problem makes crucial use of the fact that the size 3 is a prime.)

19. (a) Prove that ifr = NK/F (d) for somed ∈ K , then the 3-dimensional vector
subspaceK (1 + d−1 j + d−1σ(d)−1 j 2) of A is a left A submodule.

(b) Prove that any 3-dimensional leftK submodule ofA is necessarily of the
form K (a0 + b0 j + c0 j 2) for some nonzeroa0 + b0 j + c0 j 2 in A and that
this left K submodule is a leftA submodule only if there exists an element
d ∈ K with NK/F (d) = r , da0 = rσ(c0), db0 = σ(a0), anddc0 = σ(b0).
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CHAPTER III

Brauer Group

Abstract. This chapter continues the study of finite-dimensional associative division algebras over
a field F , with particular attention to those that are simple and have centerF . Section 5 is a self-
contained digression on cohomology of groups that is preparation for an application in Section 6
and for a general treatment of homological algebra in Chapter IV.

Section 1 introduces the Brauer group ofF and the relative Brauer group ofK/F , K being
any finite extension field. The Brauer groupB(F) is the abelian group of equivalence classes of
finite-dimensional central simple algebras overF under a relation called Brauer equivalence. The
inclusion F ⊆ K induces a group homomorphismB(F) → B(K ), and the relative Brauer group
B(K/F) is the kernel of this homomorphism. The members of the kernel are those classes such
that the tensor product withK of any member of the class is isomorphic to some full matrix algebra
Mn(K ); such a class always has a representativeA with dimF A = (dimF K )2. One proves that
B(F) is the union of allB(K/F) asK ranges over all finite Galois extensions ofF .

Sections 2–3 establish a group isomorphismB(K/F) ∼= H2(Gal(K/F), K ×)whenK is a finite
Galois extension ofF . With these hypotheses onK and F , Section 2 introduces data called a
factor set for each member ofB(K/F). The data depend on some choices, and the effect of making
different choices is to multiply the factor set by a “trivial factor set.” Passage to factor sets thereby
yields a function fromB(K/F) to the cohomology groupH2(Gal(K/F), K ×). Section 3 shows
how to construct a concrete central simple algebra overF from a factor set, and this construction
is used to show that the function fromB(K/F) to H2(Gal(K/F), K ×) constructed in Section 2 is
one-one onto. An additional argument shows that this function in fact is a group isomorphism.

Section 4 proves under the same hypotheses thatH1(Gal(K/F), K ×) = 0, and a corollary
makes this result concrete when the Galois group is cyclic. This result and the corollary are known
as Hilbert’s Theorem 90.

Section 5 is a self-contained digression on the cohomology of groups. IfG is a group andZG is
its integral group ring, a standard resolution ofZ by freeZG modules is constructed in the category
of all unital left ZG modules. This has the property that ifM is an abelian group on whichG acts
by automorphisms, then the groupsHn(G,M) result from applying the functor HomZG( · ,M) to
the members of this resolution, dropping the term HomZG(Z,M), and taking the cohomology of
the resulting complex. Section 5 goes on to show that the groupsHn(G,M) arise whenever this
construction is applied to any free resolution ofZ, not necessarily the standard one. This section
serves as a prerequisite for Section 6 and as motivational background for Chapter IV.

Section 6 applies the result of Section 5 in the case thatG is finite cyclic, producing a nonstandard
free resolution ofZ in this case. From this alternative free resolution, one obtains a rather explicit
formula forH2(G,M)wheneverG is finite cyclic. Application to the case thatG is the Galois group
Gal(K/F) for a finite Galois extension gives the explicit formulaB(K/F) ∼= F×/

NK/F (K ×) for
the relative Brauer group when the Galois group is cyclic.
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1. Definition and Examples, Relative Brauer Group

The “Brauer group” of a field allows one to work with the set of all isomorphism
classes of finite-dimensional central division algebras over the field. The basic
theory in principle reduces the study of all such division algebras to questions in
the cohomology theory of groups. The latter theory was introduced in Chapter VII
of Basic Algebraand will be developed further in the present chapter and the next.

Let F be a field. Theorem 2.4 shows that every finite-dimensional central
simple algebraAoverF is of the formA ∼= Mn(D) for some uniquely determined
integern ≥ 1 and some finite-dimensional central division algebraD overF that
is uniquely determined up toF isomorphism. We can introduce an equivalence
relation for finite-dimensional central division algebras overF that exactly mir-
rors the relation ofF isomorphism of the underlying finite-dimensional central
division algebras. Specifically ifA ∼= Mn(D) and A′ ∼= Mn′(D′) are two such
central simple algebras for the sameF such thatD ∼= D′, then we say thatA
is Brauer equivalent to A′, and we writeA ∼ A′. It is immediate from the
definition that “Brauer equivalent” is an equivalence relation. We shall introduce
an abelian-group structure into the set of Brauer equivalence classes, hence into
the set of isomorphism classes of central finite-dimensional division algebras
over F .

Proposition 10.24 ofBasic Algebragives the definition of the tensor product
of two F algebras1 over F , and this operation is associative, up to canonical
isomorphism, by Proposition 10.22. It is also commutative, up to canonical
isomorphism. In fact, ifA andB are given algebras overF , then the canonical
vector-space isomorphismϕ : A⊗F B → B⊗F A is given byϕ(a⊗b) = b⊗a.
If a1 ⊗ b1 anda2 ⊗ b2 are given, then the computation

ϕ(a1 ⊗ b1)ϕ(a2 ⊗ b2) = (b1 ⊗ a1)(b2 ⊗ a2) = b1b2 ⊗ a1a2

= ϕ(a1a2 ⊗ b1b2) = ϕ((a1 ⊗ b1)(a2 ⊗ b2)
)

shows thatϕ respects multiplication. Hence tensor product is commutative for
algebras, up to canonical isomorphism.

Lemma 3.1. If F is a field, then

(a) Mn(R) ∼= R ⊗F Mn(F) for any algebraR with identity overF ,
(b) Mm(F)⊗F Mn(F) ∼= M(mn)(F).

PROOF. For (a), theF bilinear map(r, [ai j ]) 	→ [rai j ] of R × Mn(F) into

1All algebras in this chapter are understood to be associative.
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Mn(R) has a unique linear extensionϕ to anF linear map ofR ⊗F Mn(F) into
Mn(R). The mapϕ has

ϕ
(
(r ⊗ [ai j ])(r

′ ⊗ [a′
i j ])
) = ϕ(rr ′ ⊗ [ai j ][a

′
i j ])

= rr ′[ai j ][a
′
i j ]

= r [ai j ]r
′[a′

i j ] since eachai j is in F

= ϕ(r ⊗F [ai j ])ϕ(r
′ ⊗ [a′

i j ]),

and henceϕ is anF algebra homomorphism. If{rk} is a vector-space basis ofR
overF and if {Ei j } is the usual basis ofMn(F), thenϕ(rk ⊗ Ei j ) = rk Ei j , and it
follows thatϕ carries a vector-space basis onto a vector-space basis. Henceϕ is
one-one and onto.

For (b), the result of (a) givesMm(F) ⊗F Mn(F) ∼= Mn(Mm(F)), and the
algebra on the right is isomorphic to the algebraM(mn)(F) of matrices of sizemn
by the multiplication-in-blocks isomorphism. �

Proposition 3.2. For the fieldF , the operation of tensor product on finite-
dimensional central simple algebras overF descends to an operation on the set
of Brauer equivalence classes of such algebras and makes this set into an abelian
group.

PROOF. The tensor product of two finite-dimensional algebras overF is again
a finite-dimensional algebra, and Proposition 2.36 shows that the tensor product
of two central simple algebras is again central simple. Hence tensor product is
well defined as an operation on finite-dimensional central simple algebras over
F . Let us see that tensor product is a Brauer class property. Thus suppose that
A ∼ A′ and B ∼ B′, say with A = Mm(D), A′ ∼= Mm′(D), B = Mn(E), and
B′ = Mn′(E). Since the tensor product of someMr (F) with an algebra overF ,
up to isomorphism, does not depend on the order of the two factors and since
tensor product is associative up to isomorphism, Lemma 3.1 gives

A ⊗F B = Mm(D)⊗F Mn(E) ∼= D ⊗F Mm(F)⊗F Mn(F)⊗F E
∼= D ⊗F M(mn)(F)⊗F E ∼= M(mn)(F)⊗F D ⊗F E
∼= M(mn)(D ⊗F E).

Similarly A′ ⊗F B′ ∼= M(m′n′)(D ⊗F E). ThusA ⊗F B ∼ A′ ⊗F B′.
We have observed that the tensor product operation on algebras overF is

associative and commutative, up to canonical isomorphisms, and hence so is the
product operation on Brauer equivalence classes. The class of the 1-dimensional
algebraF is the identity, and the class of the opposite algebraAo is an inverse to
the class ofA because of the isomorphismA⊗F Ao ∼= Mn(F) given in Corollary
2.38. �
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The abelian group of Brauer equivalence classes of finite-dimensional central
simple algebras overF is called theBrauer group of F and is denoted byB(F).
We use additive notation for its product operation.

EXAMPLES ALREADY SETTLED IN CHAPTERII.

(1) If F is algebraically closed, thenB(F) = 0.

(2) If F = R, thenB(F) = Z/2Z by Frobenius’s Theorem (Theorem 2.50).

(3) If F is a finite field, thenB(F) = 0 by Wedderburn’s Theorem about finite
division rings (Theorem 2.48).

The group structure forB(F) given in Proposition 3.2 offers little help by
itself in identifying the finite-dimensional division algebras over a particular field.
Instead, the usual procedure for understandingB(F) is to isolate certain special
subgroups ofB(F), known as “relative Brauer groups” and denoted byB(K/F),
K being any finite extension ofF . Under the assumption thatK is a finite Galois
extension ofF , Theorem 3.14 below says thatB(K/F) is isomorphic to the
cohomology groupH2(G, N), whereG is the finite groupG = Gal(K/F) and
N is the (abelian) multiplicative groupK × of the fieldK . This cohomology group
is in principle manageable. Corollary 3.9 below says thatB(F) is the union over
all finite Galois extensionsK/F of B(K/F), and we therefore obtain a handle
onB(F).

If A is any finite-dimensional central simple algebra overF and if K/F is any
field extension, then Proposition 2.36a shows thatA⊗F K is simple as a ring, and
Lemma 2.35b shows thatA ⊗F K has centerK . ThereforeA ⊗F K is a central
simple algebra overK , and its Brauer equivalence class is a member ofB(K ).

Let us see that this map of algebrasA into B(K ) depends only on the Brauer
equivalence class ofA inB(F). Thus suppose thatA = Mm(D)andA′ = Mn(D)
for some finite-dimensional central division algebraD overF . Lemma 3.1a gives
us isomorphisms ofF algebras

A ⊗F K ∼= Mm(D)⊗F K ∼= (Mm(F)⊗F D)⊗F K
∼= Mm(F)⊗F (D ⊗F K ) ∼= Mm(D ⊗F K ),

and similarly A′ ⊗F K ∼= Mn(D ⊗F K ). In each case the left member of
the isomorphism is aK algebra, withK contained in the center. Thus we can
view each of our isomorphisms as isomorphisms of central simpleK algebras.
SinceD ⊗F K is a finite-dimensional central simpleK algebra, we know that
D ⊗F K ∼= Mr (E) for some finite-dimensional central division algebraE over
K . Application of Lemma 3.1b allows us to continue the displayed isomorphisms
as

A ⊗F K ∼= Mm(D ⊗F K ) ∼= Mm(Mr (E)) ∼= M(mr)(E).
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Similarly we haveA′ ⊗F K ∼= M(nr)(E). ThusA ⊗F K andA′ ⊗F K yield the
same member ofB(K ), and( · )⊗F K induces a well-defined function fromB(F)
intoB(K ).

The function fromB(F) intoB(K ) is a group homomorphism. In fact, ifA and
B are finite-dimensional central simple overF , then we haveK isomorphisms

(A ⊗F K )⊗K (B ⊗F K ) ∼= A ⊗F (K ⊗K (B ⊗F K ))
∼= A ⊗F (B ⊗F K ) ∼= (A ⊗F B)⊗F K ,

and the map is indeed a group homomorphism.
In addition, the resulting homomorphism satisfies the expected compatibility

condition with respect to compositions. In more detail, if we have nested fields
F ⊆ K ⊆ L, then theL isomorphisms

(A ⊗F K )⊗K L ∼= A ⊗F (K ⊗K L) ∼= A ⊗F L

show that the composition of tensoring withK over F , followed by tensoring
with L over K , yields the same result as tensoring directly withL over F .

We define therelative Brauer group B(K/F) to be the kernel of the homo-
morphism ofB(F) intoB(K ). The members of the groupB(K/F) are the Brauer
equivalence classes of finite-dimensional central simpleF algebrasA such that
A ⊗F K is F isomorphic toMn(K ) for somen. We say that such algebras are
split overK , thatK splits such algebras, and thatK is asplitting field for these
algebras and their Brauer equivalence classes.

Theorem 3.3. Let K/F be a finite extension of fields. ThenK is a splitting
field for a given memberX of B(K/F) if and only if there exists an algebraA
overF in the Brauer equivalence classX containing a subfieldK ′ isomorphic to
K such that dimF A = (dimF K ′)2.

REMARKS.
(1) The theory of the Brauer group makes repeated use of this result. Corollary

2.47 shows that the subfieldK ′ of A is a maximal commutative subalgebra ofA
and in particular is a maximal subfield ofA.

(2) Observe that the fieldK is given in the theorem, and hence the integern =
dimF K is known. ThenA must have dimensionn2. The equality dimF A = n2

determinesA up toF isomorphism. In fact, Theorem 2.4 shows thatA ∼= Mr (D)
for a central division algebra whose isomorphism class is determined by the class
X. Thenn2 = dimF A = r 2 dimF D, andr 2 = n2/dimF (D). So A is indeed
determined up toF isomorphism.

(3) In view of the previous remark, any classX in B(K/F) has a distinguished
representative that is unique up toF isomorphism; the distinguished representa-
tives of the members ofB(K/F) for fixed K all have the same dimension.
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PROOF. Suppose thatA is a central simple algebra in the Brauer equivalence
classX containing a subfieldK ′ isomorphic toK such that dimF A = (dimF K ′)2.
We are to prove thatK ′ splits A. Write n for dimF K ′, so that dimF A =
n2. RegardA as ann-dimensionalK ′ vector space withK ′ acting by right
multiplication onA. Define anF bilinear mappingf : A × K ′ → EndK ′(A) by
f (a, c)(a′) = aa′c; the imagef (a, c) is in EndK ′(A) because

f (a, c)(a′c′) = aa′c′c = (aa′c)c′ = (
f (a, c)(a′)

)
c′.

Extend f without changing its name to anF linear mappingf : A ⊗F K ′ →
EndK ′(A) such thatf (a ⊗ c)(a′) = aa′c. The mappingf is actuallyK ′ linear
because

f ((a ⊗ c)c′)(a′) = f (a ⊗ cc′)(a′) = aa′cc′ = (
f (a ⊗ c)(a′)

)
c′.

Also, it respects multiplication, since

f (a ⊗ c)
(

f (a′ ⊗ c′)(a′′)
) = f (a ⊗ c)(a′a′′c′) = aa′a′′c′c = aa′a′′cc′

= f (aa′ ⊗ cc′)(a′′) = f
(
(a ⊗ c)(a′ ⊗ c′)

)
(a′′).

Thus f is a homomorphism ofK ′ algebras. The domainA ⊗F K ′ is central
simple overK ′, as we saw when setting up the homomorphismB(F) → B(K ),
and thereforef is one-one. SinceA⊗F K ′ and EndK ′(A) both haveK ′ dimension
n2, f has to be onto. Thusf exhibits A ⊗F K ′ as isomorphic to a full matrix
ring overK ′, andK ′ splits A.

Conversely suppose thatK is a splitting field for the members of the classX
in B(F). Let D be a division algebra in the classX. SinceB(K/F) is a group
and therefore contains the inverse classDo, we must haveDo ⊗F K ∼= Mm(K )
for the integerm such that dimF Do = m2. Let us rewrite thisK isomorphism as
Do ⊗F K ∼= EndK (K m). The algebra EndF (K m) is central simple overF , and
up to an isomorphism, it contains theK algebraDo ⊗F K and hence also theF
algebraDo ⊗F F ∼= Do. Let A be the centralizer ofDo in EndF (K m). We shall
prove thatA has the required properties.

The algebraA contains(centerDo)⊗F K , which is a subfieldK ′ isomorphic
to K becauseDo is central overF , and A is simple by the Double Centralizer
Theorem (Theorem 2.43). The center ofA matches the center of the centralizer
of A, which is the center ofDo by Theorem 2.43, which in turn isF . ThusA is
central simple overF . Yet another application of Theorem 2.43 gives

(dimF A)(dimF Do) = dimF EndF (K
m) = m2(dimF K )2. (∗)

Since dimF Do = m2, we see that dimF A = (dimF K )2. Thus the subfieldK ′
of A isomorphic toK has the required dimension.
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To see thatA is in the Brauer equivalence classX, start from theF bilinear
map A × (Do ⊗F F) → EndF (K m) given by(a, d ⊗ 1) 	→ ad, and form its
F linear extensionϕ : A ⊗F (Do ⊗F F) → EndF (K m). The mapϕ respects
multiplication because the members ofAcommute with the members ofDo⊗F F :

ϕ(a ⊗ (d ⊗ 1))
(
ϕ(a′ ⊗ (d′ ⊗ 1))(v)

) = ϕ(a ⊗ (d ⊗ 1))(a′d′v) = ada′d′v

= aa′dd′v = ϕ(aa′ ⊗ (dd′ ⊗ 1))(v).

SinceA ⊗F (Do ⊗F F) is simple by Proposition 2.36,ϕ is one-one. A look at
(∗) shows that

dimF (A ⊗F (D
o ⊗F F)) = (dimF A)(dimF Do) = dimF EndF (K

m)

and allows us to conclude thatϕ is onto. ThereforeA ⊗F Do ∼= EndF (K m).
Since EndF (K m) is Brauer equivalent toF , the Brauer equivalence class ofA is
the inverse of the class ofDo. Hence the class ofA equals the class ofD, which
is X. �

Corollary 3.4. If D is a finite-dimensional central division algebra over the
field F , then any maximal subfieldK of D splits D.

PROOF. This is the special case of Theorem 3.3 in whichA = D. The formula
for the dimensions holds by Corollary 2.47. �

Corollary 3.5. If F is a field, then the Brauer groupB(F) is the union of all
relative Brauer groupsB(K/F) asK ranges over all finite extensions ofF .

REMARKS. This result is all very tidy but is not very useful, since we have no
indication how to identifyB(K/F) for a general finite extensionF . In Corollary
3.9 below, we sharpen this result to makeK range only over the finiteGalois
extensions ofF , and we shall see in Section 3 thatB(K/F) can be realized for
such fieldsK in terms of the cohomology of groups.

PROOF. Any member ofB(F) has some central division algebraD as a
representative, and Corollary 3.4 identifies an extension fieldK of F that splits
D, namely any maximal subfield ofD. �

Corollary 3.6. Let D be a finite-dimensional central division algebra over a
field F , and let dimF D = n2. If K is a splitting field forD, then dimF K is a
multiple ofn.

PROOF. If K is a splitting field for D, then Theorem 3.3 says that there
exists an integerr such thatMr (D) contains a subfieldK ′ isomorphic toK with
dimF Mr (D) = (dimF K ′)2. Thusr 2n2 = (dimF K )2, andrn = dimF K . �
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Theorem 3.7(Noether–Jacobson Theorem). IfD is a noncommutative finite-
dimensional central division algebra over the fieldF , then there exists a member
of D that is not inF and is separable overF .

REMARKS. Within a field extensionK/F , we know from Corollary 9.31 of
Basic Algebrathat the subset of all elements ofK that are separable overF is
a subfield ofK containingF . Consequently an equivalent formulation of the
theorem is thatD contains a nontrivial separable extension field ofF .

PROOF (Herstein). Arguing by contradiction, suppose that no element ofD
outsideF is separable overF . Let the characteristic ofF be p, necessarily
nonzero. Ifa is any element ofD not in F , then the assumed nonseparability
implies that the minimal polynomialf (X) of a overF has f ′(X) = 0, according
to Proposition 9.27 ofBasic Algebra. Hence f (X) = f1(X p) for some polyno-
mial f1(X) in F [X]. In turn, the minimal polynomial ofap is f1(X), and ifap is
not in F , then f1(X) = f2(X p) for some polynomialf2(X) in F [X]. Since the
degree decreases at each step as we pass fromf to f1, from f1 to f2, and so on,
we conclude thatape

is in F for somee. In short, eacha in D has the property
that there is some integere ≥ 0 depending ona such thatape

is in F .
In view of the assumption thatD �= F and the argument that we have just

seen, there exists an elementa in D outsideF such thatap is in F . Define a
functiond : D → D by d(x) = xa − ax. The functiond is F linear, and it is
not identically 0 becausea is not in the centerF of D. If r andl denote right
and left multiplication, we can rewrited asd(x) = (r (a)− l (a))(x). The linear
mapsr (a) andl (a) commute with each other, and thus the Binomial Theorem is
applicable in computingdp(x) as

dp(x) = (r (a)− l (a))p(x) = (r (a)p − l (a)p)(x) = xap − pax = 0,

the last equality holding becauseap is in F and is therefore central. Sincedp is the
zero function andd is not, there exist an integers with 2 ≤ s ≤ p and an element
y in D with ds−1y �= 0 anddsy = 0. Putx = ds−1y. Sincex = d(ds−2y), the
elementw = ds−2y has the property thatx = wa − aw. The conditiondx = 0
says thatxa = ax. Putx = au. The elementsa andu commute becausea and
x commute. If we setc = wu−1, thenx = wa − aw = cua− acu, and hence
a = xu−1 = cuau−1−ac. Sincea andu commute, we obtaina = ca−ac. Right
multiplying by a−1 gives 1= c − aca−1 and thereforec = 1 + aca−1. Raising

both sides to thepe′
power givescpe′ = 1 + acpe′

a−1. The first paragraph of the

proof shows that there is somee′ ≥ 0 for whichcpe′
is in F , and for this integer

e′, we obtain the contradictory equationcpe′ = 1 + cpe′
from the commutativity

of a with F . This completes the proof. �
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Corollary 3.8. If D is a noncommutative finite-dimensional central division
algebra over the fieldF and if K is a subfield ofD that is separable overF , then
there exists a maximal subfieldL of D containingK such thatL is separable
over F .

PROOF. Because of the finite dimensionality, we may assume without loss
of generality thatK is not properly contained in any larger subfield ofD that
is separable overF . Arguing by contradiction, we may assume thatK is not a
maximal subfield ofD. Let E be the centralizer ofK in D. This is a division
algebra overF . It is simple by the Double Centralizer Theorem (Theorem 2.43),
and it containsK becauseK is commutative. Moreover, we know from Theorem
2.43 that

dimF D = (dimF K )(dimF E)

and thatK is the centralizer ofE. The latter condition shows that the division
algebraE is central simple overK . SinceK is not a maximal subfield ofD,
Corollary 2.46 gives dimF D > (dimF K )2. Thus dimF K < dimF E. SinceE
is central overK , E is noncommutative.

Application of Theorem 3.7 produces an elementx in E outsideK that is
separable overK . Let L be the subfieldK (x) of E. SinceK is a separable
extension ofF , the Theorem of the Primitive Element gives an elementα of K
such thatK = F(α). ThenL = F(α, x). The implication (b) implies (c) in
Corollary 9.29 ofBasic Algebrashows that ifα is separable overF and x is
separable overF(α), thenα andx are both separable overF . The elements ofL
that are separable overF form a subfield ofL, and we have just proved that this
subfield properly containsK . This conclusion contradicts the assumption thatK
is a maximal separable extension ofF within D, and the proof is complete.�

Corollary 3.9. If F is a field, then the Brauer groupB(F) is the union of
all relative Brauer groupsB(K/F) asK ranges over all finiteGaloisextensions
of F .

REMARKS. This is the result of interest. EachB(K/F) with K as in the
corollary will be seen to be given as anH2 in the cohomology of groups, and this
group is in principle manageable. Thus we obtain a handle onB(F).

PROOF. If D is a central division algebra overF , then Corollaries 3.4 and 3.8
together show that some finite separable extensionK ′ of F splits D. That is, the
Brauer equivalence class ofD lies inB(K ′/F). Let us writeK ′ = F(α) by the
Theorem of the Primitive Element. Iff (X) is the minimal polynomial ofα overF ,
then every root off (X) in an algebraic closureF of F containingK ′ is separable
over F . Let K be the subfield ofF generated by all the roots. This is a finite
normal extension, and Corollary 9.30 ofBasic Algebrashows that it is a separable
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extension. We have seen that the composition of the homomorphismsB(F) →
B(K ′) andB(K ′) → B(K ) is B(F) → B(K ), and consequentlyB(K ′/F) ⊆
B(K/F). Therefore the Brauer equivalence class ofD lies inB(K/F). �

2. Factor Sets

Throughout this section letK/F be a finite Galois extension of fields. Our
objective is to construct a function from the relative Brauer groupB(K/F) into
the cohomology groupH2(Gal(K/F), K ×). In Section 3 we shall prove that this
function is a group isomorphism.

We take as known the material in Chapter VII ofBasic Algebraon cohomology
of groups. For convenient reference we list the relevant formulas for cohomology
in degree 2. IfG is a group andN is an abelian group on whichG acts by
automorphisms, the groupC2(G, N) of 2-cochains is the group of all functions
a : G × G → N, the groupZ2(G, N) of 2-cocycles is the set of membersf of
C2(G, N) such that

u( f (v,w))+ f (u, vw) = f (uv,w)+ f (u, v) for all u, v, w ∈ G,

the groupB2(G, N) of 2-coboundaries is the set of membersf of C2(G, N) of
the form

f (u, v) = u(α(v))− α(uv)+ α(u) for someα : G → N,

and the cohomology groupH2(G, N) is the quotient

H2(G, N) = Z2(G, N)/B2(G, N).

Here it is understood that we are using additive notation for the group operation
in N and that the action ofu ∈ G on a membern of N is denoted byu(n).

In constructing the function fromB(K/F) into H2(Gal(K/F), K ×), we shall
proceed in somewhat the same fashion as for the identification of group extensions
with anH2 that was carried out in Chapter VII ofBasic Algebra. Namely we shall
associate a “factor set” to some choices concerning a given finite-dimensional
central simple algebra and see that this factor set is a cocyle. Then we shall show
that the factor set for any set of choices for any Brauer-equivalent central simple
algebra differs from this cocyle by a coboundary. The result will be the desired
function fromB(K/F) into H2(Gal(K/F), K ×).

Thus writeG for Gal(K/F), fix a Brauer equivalence classX in B(K/F), and
let A be a central simple algebra in the classX meeting the conditions of Theorem
3.3: A contains a subfieldK ′ isomorphic toK , and dimF A = (dimF K ′)2. Write
c 	→ c′ for the isomorphismK → K ′.
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Let σ be an element of the Galois groupG. Thenc 	→ c′ andc 	→ σ(c)′
are two algebra homomorphisms of the simple algebraK into the central simple
algebraA, and the Skolem–Noether Theorem (Theorem 2.41) says that they are
related by an inner automorphism:

σ(c)′ = xσc′x−1
σ for somexσ ∈ A.

Some choice is involved in selectingxσ , but the elementxσ is unique up to a
factor from K ′ on the right. In fact, ifxσ and yσ both behave as in the boxed
formula, theny−1

σ xσ commutes withK ′ and hence is inK ′. Thusxσ = yσc′
0 with

c′
0 in K ′.

The nonuniqueness can be expressed also in terms of a factor fromK ′ on the
left. In fact, the boxed formula forc = c0 implies thatxσ = (xσc′

0x−1
σ )(xσc−1

0 ) =
σ(c0)

′yσ .
At any rate, fix a choice ofxσ for all σ ∈ G, and let us examine the effect of

composition. Ifσ andτ are inG, then

xστc
′x−1
στ = (στ)(c)′ = σ(τ(c))′ = xσ τ (c)

′x−1
σ = xσ xτc

′x−1
τ x−1

σ .

Using the result of the previous paragraph, we see thatxστ andxσ xτ are related
by a factor fromK ′ on theleft. Hence we can write

xσ xτ = a(σ, τ )′xστ with a(σ, τ ) ∈ K ×.

If we examine the effect of composing three elements ofG, we obtain a
consistency condition that the functiona : G × G → K × must satisfy. Namely,
letρ, σ , andτ be inG, and let us computexρxσ xτ in two ways, taking advantage
of the associativity inA. With one grouping, we obtain

xρxσ xτ = (xρxσ )xτ = a(ρ, σ )′xρσ xτ = a(ρ, σ )′a(ρσ, τ )′xρστ ,

and with the other grouping, we have

xρxσ xτ = xρ(xσ xτ ) = xρa(σ, τ )
′xστ

= ρ(a(σ, τ ))′xρxστ = ρ(a(σ, τ ))′a(ρ, στ)′xρστ .
Therefore the functiona : G × G → K × satisfies

ρ(a(σ, τ ))a(ρ, στ) = a(ρ, σ )a(ρσ, τ ).

A function a : G × G → K × satisfying the above boxed formula is called a
factor set. From A, an isomorphismK → K ′, and a choice of the elementsxσ
for σ ∈ G, we have obtained a factor set.
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Comparing this boxed formula with the formulas in the second paragraph of
this section, we see that a factor set is exactly a member ofZ2(Gal(K/F), K ×)
except that the boxed formula uses multiplicative notation forK × and the defi-
nition of 2-cocyle uses additive notation. Thus we have associated a member of
Z2(Gal(K/F), K ×) to the triple consisting ofA, an isomorphismK → K ′, and
a choice of the elementsxσ for σ ∈ G.

With the extensionK/F and the classX ∈ B(K/F) fixed, let us see the effect
on the factor set of making different choices. The algebraA lies in the Brauer
equivalence classX and has dimF A = (dimF K )2. As we saw in the remarks
with Theorem 3.3,A is determined up to isomorphism by these properties.

Thus let us start from a different system of choices: an algebraB in the
class X, an isomorphismK → K ′′, and elementsyσ for σ ∈ G such that
σ(c)′′ = yσc′′y−1

σ . Define the corresponding factor setb : G × G → K × by

yσ yτ = b(σ, τ )′′yστ .

We wish to relatea(σ, τ ) and b(σ, τ ). We have just seen thatA and B are
isomorphic as algebras. Letϕ : A → B be an isomorphism. Thenc 	→ c′ 	→
ϕ(c′) andc 	→ c′′ are two algebra homomorphisms ofK into B, and the Skolem–
Noether Theorem (Theorem 2.41) produces an elementt ∈ B with

c′′ = tϕ(c′)t−1 for all c ∈ K .

Starting from the formulaσ(c)′ = xσc′x−1
σ , applyϕ and conjugate byt to obtain

σ(c)′′ = tϕ(σ(c)′)t−1 = (
tϕ(xσ )t

−1)c′′(tϕ(xσ )t−1)−1
.

This equation says thattϕ(xσ )t−1 serves the same purpose asyσ , and therefore

yσ = c′′
σ tϕ(xσ )t

−1

for some memberc′′
σ of K ′′ placed on the left. Substitution into the formula

yσ yτ = b(σ, τ )′′yστ gives

c′′
σ tϕ(xσ )t

−1c′′
τ tϕ(xτ )t

−1 = b(σ, τ )′′c′′
στ tϕ(xστ )t

−1.

If we substitute from the formulac′′ = tϕ(c′)t−1 for all members ofK ′′ and then
conjugate byt−1 and applyϕ−1, we obtain

c′
σ xσc′

τ xτ = b(σ, τ )′c′
στ xστ .

The left side equals

c′
σ σ (cτ )

′xσ xτ = c′
σ σ (cτ )

′a(σ, τ )′xστ ,
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and comparison of this expression with the right side gives

b(σ, τ )′c′
στ = c′

σ σ (cτ )
′a(σ, τ )′.

Passing fromK ′ back toK , we conclude that

b(σ, τ )cστ = cσ σ (cτ )a(σ, τ ).

This formula says thatb is the product ofa and thetrivial factor set c : G×G →
K × given by

c(σ, τ ) = cσ σ (cτ )c
−1
στ ,

whereσ 	→ cσ is some function fromG to K ×. Again referring to the second
paragraph of this section and remembering that we are using multiplicative no-
tation for K ×, we see that the trivial factor sets are the 2-coboundaries, lying
in B2(Gal(K/F), K ×), in the same way that the general factor sets are the
2-cocycles, lying inZ2(Gal(K/F), K ×). We have thus proved the following
proposition.

Proposition 3.10. Let K be a finite Galois extension of the fieldF . For
X in B(K/F), let A be an algebra in the Brauer equivalence classX with
dimF A = (dimF K )2, let K → K ′ be an isomorphism ofK into A, and let
{xσ | σ ∈ Gal(K/F)} ⊆ A× be a set of elements such thatσ(c)′ = xσc′x−1

σ .
Then the passage fromX to the factor set determined by the triple of data
(A, K→K ′, {xσ }) descends to a well-defined function from the abelian group
B(K/F) to the abelian groupH2(Gal(K/F), K ×).

3. Crossed Products

In this section we continue to assume thatK/F is a finite Galois extension of
fields. We are going to show that the functionB(K/F)→ H2(Gal(K/F), K ×)
given in Proposition 3.10 is an isomorphism of groups. The homomorphism
property comes last and is the hard part of the argument. In the meantime,
we construct the inverse function by associating an algebra to each member of
Z2(Gal(K/F), K ×) and showing in Corollary 3.13 that the resulting function on
Z2(Gal(K/F), K ×) descends to an inverse function fromH2(Gal(K/F), K ×)
into B(K/F). The algebra is called a “crossed product” and is produced in
Proposition 3.12 below. Before either of these steps, we establish one more
property of the system{xσ | σ ∈ Gal(K/F)} of the previous section that has not
needed mentioning until now.
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Thus let a central simple algebraA be given with dimF A = (dimF K )2, along
with an isomorphismK → K ′ denoted byc 	→ c′. As in the previous section
we choosexσ ∈ A× with

σ(c)′ = xσc′x−1
σ for all c ∈ K .

The corresponding factor seta(σ, τ ) has

xσ xτ = a(σ, τ )′xστ .

We regardA as a vector space overK ′ with K ′ acting by multiplication on the
left.

Lemma 3.11. With hypotheses as above, the set{xσ | σ ∈ Gal(K/F)} is a
vector-space basis ofA over K ′.

PROOF. Let G = Gal(K/F). Since|G| = dimF K = dimF K ′ = dimK ′ A, it
is enough to prove linear independence. Arguing by contradiction, assume that
the set{xσ | σ ∈ G} is linearly dependent. Choose a maximal subsetJ of G
such that{xτ | τ ∈ J} is linearly independent. Forσ not in J, we then have

xσ = ∑
τ∈J

a′
τ xτ with aτ ∈ K . (∗)

Everyc in K satisfies

σ(c)′xσ = xσc′ = ∑
τ∈J

a′
τ xτc

′ = ∑
τ∈J

a′
τ τ (c)

′xτ ,

and thusxσ = ∑
τ∈J σ(c)

′−1a′
τ τ (c)

′xτ . Comparing this expansion with(∗)
shows that

σ(c)′−1a′
τ τ (c)

′ = a′
τ for τ ∈ J. (∗∗)

Sincexσ �= 0, somea′
τ in the expansion(∗) is nonzero. For thisτ , we can cancel

a′
τ in (∗∗) and obtainσ(c)′ = τ(c)′ for all c ∈ K . Thenσ = τ , in contradiction

to the fact thatσ is not in J. �

The linear independence in Lemma 3.11 allows us to read off the structure of
A: as aK ′ vector space, the algebraA is given byA = ⊕

σ∈Gal(K/F) K ′xσ , and
the elementsxσ have the properties that

xσc′ = σ(c)′xσ for c ∈ K and xσ xτ = a(σ, τ )′xστ .

Proposition 3.12 is motivated by these formulas, saying that we can reconstruct
A from a given 2-cocyclea(σ, τ ) in such a way that these formulas hold.
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Proposition 3.12.Let K/F be a finite Galois extension, and leta = a(σ, τ )
be in Z2(Gal(K/F), K ×). Then there exist a central simple algebraA over F
with dimF A = (dimF K )2, an isomorphismK → K ′ of K onto a subfieldK ′ of
A, and a subset{xσ ∈ A | σ ∈ Gal(K/F)} such that

(a) A = ⊕
σ∈Gal(K/F) K ′xσ ,

(b) xσc′x−1
σ = σ(c)′ for all c in K , with c 	→ c′ denoting the isomorphism

of K onto K ′,
(c) xσ xτ = a(σ, τ )′xστ .

REMARKS. We write A = A(K ,Gal(K/F),a) and call A the crossed-
product algebra corresponding to the factor seta. The algebraA is completely
determined by the given conditions, up to canonical isomorphism, since (a), (b),
and (c) determine the entire multiplication table ofA.

PROOF. Let G = Gal(K/F), form a set{xσ | σ ∈ G}, and letA be theK
vector space (freeK module) with basis{xσ }. ThenA = ⊕

σ∈G K xσ . Define a
multiplication onK basis vectors inA by

(cxσ )(dxτ ) = cσ(d)a(σ, τ )xστ , (∗)

and extend it to a multiplication onA by additivity.
First we shall check thatA is an associativeF algebra witha(1,1)−1x1 as

identity by making use of the cocycle property

ρ(a(σ, τ ))a(ρ, στ) = a(ρ, σ )a(ρσ, τ ). (∗∗)

For associativity,(∗) gives

(bxρ)
(
(cxσ (dxτ )

) = (bxρ)(cσ(d)a(σ, τ )xστ )

= bρ(c)(ρσ(d))ρ(a(σ, τ ))a(ρ, στ)xρστ

and (
(bxρ)(cxσ

)
(dxτ ) = (bρ(c)a(ρ, σ )xρσ )(dxτ )

= bρ(c)a(ρ, σ )ρσ(d))a(ρσ, τ )xρστ ,

and the right sides are equal by(∗∗). To see thata(1, 1)−1x1 is a two-sided
identity, takeρ = σ = 1 in (∗∗) to get 1(a(1, τ ))a(1, τ ) = a(1, 1)a(1, τ ). Since
a takes values inK ×, we can cancel and obtain

a(1, τ ) = a(1,1). (†)

Thus(∗) gives(
a(1,1)−1x1

)
(dxτ ) = a(1,1)−11(d)a(1, τ )xτ = dxτ .
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Similarly another specialization of(∗∗) is σ(a(1,1))a(σ,1) = a(σ,1)a(σ,1),
from which we obtain

σ(a(1,1)) = a(σ,1). (††)

Thus(∗) gives

(cxσ )
(
a(1,1)−1x1

) = cσ(a(1,1))−1a(σ,1)xσ = cxσ ,

anda(1,1)−1x1 is indeed a two-sided identity. We denote it by 1. Scalar multi-
plication byr ∈ F is understood to be the additive extension ofr (cxσ ) = (rc)xσ
for c ∈ K , and the identities(

r (cxσ )
)
(dxτ ) = rcσ(d)a(σ, τ )xστ ,

(cxσ )
(
r (dxτ )

) = cσ(rd)a(σ, τ )xστ = rcσ(d)a(σ, τ )xστ ,

r
(
(cxσ )(dxτ )

) = rcσ(d)a(σ, τ )xστ

show that multiplication inA is F linear with respect to scalars, hence show that
A is an algebra overF .

Second we defineK ′ ⊆ A and an isomorphismK → K ′. Forb ∈ K , we let
b′ be the member ofA given byb′ = b1 = b(a(1,1)−1x1), and we letK ′ be the
image ofK underb 	→ b′. The mapb 	→ b′ certainly respects addition, and it
respects multiplication because the identity

(b1a(1,1)−1x1)(b2a(1,1)−1x1) = b1b2a(1,1)−1x1

is immediate from(∗). HenceK ′ is a subfield ofA.
Third we prove properties (a), (b), and (c). For (a), we use(∗) and(†) to obtain

the identity

b′xσ = (ba(1, 1)−1x1)xσ = ba(1, 1)−1a(1, σ )xσ = bxσ . (‡)

This identity shows thatK ′xσ = K xσ , and (a) follows. From(‡), we see
also thatxσ (bxσ−1) = (1xσ )(bxσ−1) = 1σ(b)a(σ, σ−1)x1 and that(bxσ−1)xσ =
bσ(1)a(σ−1, σ )x1; thusxσ has a right inverse inA and also a left inverse, hence a
two-sided inverse. Consequently the statement of (b) is meaningful; for its proof
we have only to observe that

xσc′x−1
σ = (

xσ (ca(1,1)−1x1)
)
x−1
σ = (

σ(c)σ (a(1,1))−1a(σ,1)xσ
) · x−1

σ

= σ(c)xσ · x−1
σ = σ(c)′xσ x−1

σ = σ(c)′,

the last three equalities following from(††), (‡), and the identityxσ x−1
σ = 1.

For (c), we have
xσ xτ = a(σ, τ )xστ = a(σ, τ )′xστ ,
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the second equality following from(‡).
Fourth we show thatA is simple. LetI be a proper two-sided ideal inA, and

let ϕ : A → A/I be the quotient homomorphism. Since 1 is not inI and since
K ′ is a subfield ofA, we know that ker(ϕ

∣∣
K ′) = 0 and thatϕ(K ′) is a subfield of

A/I . The fieldϕ(K ′) acts onA/I by left multiplication and makesA/I into a
ϕ(K ′) vector space. The membersϕ(xσ ) of A/I certainly spanA/I overϕ(K ′)
because of (a), and the claim is that they are linearly independent. If so, thenϕ

is one-one,I equals 0, andA is simple. For the linear independence, we argue
by contradiction in the same way as for Lemma 3.11. Suppose thatJ ⊆ G is a
maximal subset such that{ϕ(xτ ) | τ ∈ J} is linearly independent overϕ(K ′).
Forσ not in J, we then have

ϕ(xσ ) = ∑
τ∈J
ϕ(a′

τ )ϕ(xτ ) with aτ ∈ K . (‡‡)

Everyc in K satisfies

ϕ(σ(c)′)ϕ(xσ ) = ϕ(xσ )ϕ(c′) =∑
τ∈J
ϕ(a′

τ )ϕ(xτ )ϕ(c
′) =∑

τ∈J
ϕ(a′

τ )ϕ(τ (c)
′)ϕ(xτ ),

and thus
ϕ(xσ ) = ∑

τ∈J ϕ(σ(c)
′)−1ϕ(a′

τ )ϕ(τ (c)
′)ϕ(xτ ).

Comparing this expansion with(‡‡) shows that

ϕ(σ(c)′)−1ϕ(a′
τ )ϕ(τ (c)

′) = ϕ(a′
τ ) for τ ∈ J. (§)

Sincexσ is invertible inA, ϕ(xσ ) is invertible inA/I and cannot be 0. Therefore
someϕ(a′

τ ) in the expansion(‡‡) is nonzero. For thisτ , we can cancelϕ(a′
τ ) in

(§) and obtainϕ(σ(c)′) = ϕ(τ(c)′) for all c ∈ K . Sinceϕ is one-one onK ′, we
conclude thatσ = τ , in contradiction to the fact thatσ is not in J. ThereforeA
is simple.

Fifth we show thatA has centerF . Thus suppose that
∑
σ c′
σ xσ is central.

Commutativity withd′xτ forces the two expressions(∑
σ

c′
σ xσ

)
d′xτ = ∑

σ

c′
σ σ (d)

′xσ xτ = ∑
σ

c′
σ σ (d)

′a(σ, τ )′xστ

and
d′xτ

(∑
σ

c′
σ xσ

) = ∑
σ

(d′xτ )(c′
σ xσ ) = ∑

σ

d′τ(cσ )′a(τ, σ )′xτσ

= ∑
σ

d′τ(cτ−1στ )
′a(τ, τ−1στ)′xστ

to be equal. Hence

dτ(cτ−1στ )a(τ, τ
−1στ) = cσ σ (d)a(σ, τ ) for all d, σ, τ. (§§)
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Puttingd = 1 in (§§) shows thatτ(cτ−1στ )a(τ, τ
−1στ) = cσa(σ, τ ). Substitut-

ing from this equation into the left side of(§§) gives

dcσa(σ, τ ) = cσ σ (d)a(σ, τ ) for all d, σ, τ.

If cσ �= 0, we see thatσ(d) = d for all d ∈ K ; thuscσ �= 0 only forσ = 1. For
σ = 1 andd = 1, (§§) reduces to

τ(c1)a(τ,1) = c1a(1, τ ).

Taking into account(†) and(††), we obtain

τ(c1a(1,1)) = c1a(1,1).

Sinceτ is arbitrary, this says thatc1a(1,1) is in F . Thus the central element is
c′

1x1 = c1x1 = c1a(1,1)a(1,1)−1x1 = (c1a(1,1))1 and is anF multiple of the
identity.

Since{xσ } by definition is a basis ofA over K , we have dimK A = |G| =
dimF K . Multiplying this equation by dimF K yields dimF A = (dimF K )2.
This completes the proof. �

Corollary 3.13. If K is a finite Galois extension of the fieldF , then the map
B(K/F)→ H2(Gal(K/F), K ×) defined via factor sets is one-one onto.

PROOF. Put G = Gal(K/F). If a : G × G → K × is in Z2(G, K ×), then
we can construct an algebraA via Proposition 3.12, and the claim is that the
mapa 	→ A descends toH2(G, K ×) and is a two-sided inverse to the map from
B(K/F) into H2(G, K ×) given in Proposition 3.10.

First we show thata 	→ A descends toH2(G, K ×). Thus suppose thatb is a
second cocycle and is of the formb(σ, τ ) = a(σ, τ )cσ σ (cτ )c−1

στ , i.e., represents
the same member ofH2(G, K ×). Let B be the algebra constructed fromb by
Proposition 3.12, say withK mapping toK ′′ ⊆ B via c 	→ c′′ and with

(a′) B = ⊕
σ∈G K ′′yσ for a subset{yσ } of B,

(b′) yσc′′y−1
σ = σ(c)′′,

(c′) yσ yτ = b(σ, τ )′′yστ .
Defineϕ : A → B to be the additive extension of the function withϕ(c′xσ ) =
c′′c′′

σ
−1yσ . To check thatϕ is an algebra homomorphism, we start from the

formula(c′xσ )(d′xτ ) = c′σ(d)′a(σ, τ )′xστ and applyϕ to obtain

ϕ
(
(c′xσ )(d′xτ )

) = c′′σ(d)′′a(σ, τ )′′c′′
στ

−1yστ .
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Meanwhile,

ϕ(c′xσ )ϕ(d′xτ ) = (c′′c′′
σ

−1yσ )(d
′′c′′
τ
−1yτ )

= c′′c′′
σ

−1σ(d)′′σ(cτ )′′−1b(σ, τ )′′yστ
= c′′c′′

σ
−1σ(d)′′σ(cτ )′′−1a(σ, τ )′′c′′

σ σ (cτ )
′′c′′
στ

−1yστ .

Henceϕ
(
(c′xσ )(d′xτ )

) = ϕ(c′xσ )ϕ(d′xτ ), andϕ is an algebra homomorphism.
Sinceϕ carriesK basis toK basis,ϕ is an algebra isomorphism.

Thus the mapa 	→ A descends to a map fromH2(G, K ×) into B(K/F).
Starting from a cocyclea in Z2(G, K ×), we can constructA and elementsxσ by
Proposition 3.12, we can apply Propositions 3.12b and 3.10 to thexσ ’s to obtain
another cocyclēa in Z2(G, K ×), and we can use Proposition 3.12c to see that
ā = a. In the reverse direction if we start from an algebraA, make a set of
choices, and form a factor seta by means of Proposition 3.10, then Proposition
3.12 constructs an algebraA that has to be isomorphic toA because conditions
(a) through (c) in Proposition 3.12 determine the same multiplication table for an
algebra as was used in constructing the cocyclea. �

Theorem 3.14. If K is a finite Galois extension of the fieldF , then the map
B(K/F)→ H2(Gal(K/F), K ×) defined via factor sets is a group isomorphism.

REMARKS. Put G = Gal(K/F). In view of Corollary 3.13, is enough to
prove that the mappingZ2(G, K ×) → B(K/F) of Proposition 3.12 is a group
homomorphism. Thus letA, B, andC be the crossed-product algebrasA =
A(K ,G,a), B = A(K ,G, b), andC = A(K ,G,ab). We are to prove that
A ⊗F B is Brauer equivalent toC. Each of A, B, andC has F dimension
(dimF K )2, and henceA ⊗F B will not be isomorphic toC. Consequently we
need to prove Brauer equivalence of two specific nonisomorphic algebras. This
is the circumstance that makes the proof complicated.

PROOF(Chase). LetG, a, b, A, B, andC be as in the remarks. We can regard
A andB as vector spaces overK with K acting on the left in each case. We define
an F vector spaceM to be the quotient ofA ⊗F B by theF vector subspaceI
generated by all vectorsca ⊗ b − a ⊗ cb with a ∈ A, b ∈ B, andc ∈ K . We
write M = A ⊗K B for this quotient, even though more standard notation for it
might beAo ⊗K B with Ao as a rightK module andB as a leftK module.

The subspaceI is carried to itself by right multiplication by any member of
the algebraA ⊗F B and hence is a right ideal. The quotientM is therefore a
unital right A ⊗F B module with(a ⊗K b)(a′ ⊗F b′) = aa′ ⊗K bb′ for a ⊗K b
in M anda′ ⊗F b′ in A ⊗F B.

We shall make the unital rightA ⊗F B moduleM into a unital(C, A ⊗F B)
bimodule by introducing an action byC on the left. For this purpose let{uσ }, {vσ },
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and{wσ } be the distinguishedK bases of the algebrasA, B, andC indexed byG
and used to formA, B, andC from the 2-cocyclesa, b, andab. Given an element
xwσ in C with x ∈ K , definexwσ on A⊗F B to be(left by xuσ )⊗ (left by vσ ).
Let us see that this operation carries the generators ofI into I . We have

(xwσ )(ca ⊗F b)−(xwσ )(a ⊗F cb) = xuσca ⊗F vσb − xuσa ⊗F vσcb

= xσ(c)uσa ⊗F vσb−xuσa ⊗F σ(c)vσb

= σ(c)(xuσa)⊗F (vσb)

− (xuσa)⊗F σ(c)(vσb),

and the right side is indeed inI . Thus we obtain an operation ofxwσ on the left
for A ⊗K B such that

(xwσ )(a ⊗K b) = xuσa ⊗K vσb for x ∈ K , σ ∈ G, a ∈ A, b ∈ B. (∗)

We extend this definition by additivity in such a way that all ofC operates on the
left for A ⊗K B.

The claim is that the additive extension(∗) to C makesM = A ⊗K B into a
unital leftC module. What needs proof is that 1 acts as 1 and that(

(xwσ )(ywτ)
)
(a ⊗K b) = (xwσ )

(
(ywτ)(a ⊗K b)

)
. (∗∗)

The element 1 inC is a(1, 1)−1b(1,1)−1w1, and we have(
a(1, 1)−1b(1,1)−1w1

)
(a ⊗K b) = a(1, 1)−1b(1,1)−1u1a ⊗K v1b

= a(1,1)−1u1a ⊗K b(1,1)−1v1b = a ⊗K b.

Thus 1 acts as 1. For(∗∗), the left side is

(xσ(y)a(σ, τ )b(σ, τ )wστ )(a ⊗K b) = xσ(y)a(σ, τ )b(σ, τ )uστa ⊗K vστb,

while the right side is

(xwσ )(yuτa ⊗K vτb) = xuσ yuτa ⊗K vσ vτb = xσ(y)uσuτa ⊗K vσ vτb

= xσ(y)a(σ, τ )uστa ⊗K b(σ, τ )vστb.

These are equal, sinceb(σ, τ ) is in K and therefore moves across the tensor-
product sign.

Thus M is a unital leftC module. The left action byC certainly commutes
with the right action byA ⊗F B, andM is consequently a unital(C, A ⊗F B)
bimodule. Each member ofA⊗F B therefore yields by its right action a member
of the ring EndC(M), and we obtain a ring homomorphism of(A ⊗F B)o into
EndC(M). SinceA⊗F B is a simple ring, this homomorphism is one-one. If we
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can prove that this homomorphism is onto, then we will have a ring isomorphism
(A ⊗F B)o ∼= EndC(M), and the rest will be easy.

To see that the homomorphism is onto, we shall calculate dimensions. Let
n = dimF K . Then each ofA, B, andC hasF dimensionn2, and we have

dimF M = (dimF A)(dimF B)/(dimF K ) = n2n2/n = n3 = (dimF C)n.

Since the algebraC is simple, every unital leftC module is semisimple and is in
fact isomorphic to a multiple of a simple leftC moduleV . The above dimensional
equality says that ifr is the integer such thatC is isomorphic torV as a leftC
module, thenM is isomorphic tonrV .

Let Do be the division algebra EndC(V). As in the proof of Wedderburn’s
Theorem (Theorem 2.2), we know for each integerm that

EndC(mV) ∼= Mm(EndC(V)) ∼= Mm(D
o). (†)

Takingm = r in (†) givesCo ∼= EndC(rV ) ∼= Mr (Do). Hence

C ∼= Mr (D), (††)

and dimF C = r 2 dimF D. Since dimF C = (dimF K )2 = n2, we obtain
dimF D = n2/r 2. Takingm = nr in (†) gives

EndC(M) ∼= EndC(nrV) ∼= Mnr (D
o), (‡)

and we therefore obtain

dimF EndC(M) = n2r 2 dimF D = (n2r 2)(n2/r 2) = n4.

Since dimF (A ⊗F B) = n4, we obtain dimF (A ⊗F B)o = dimF EndC(M), and
we conclude that the algebra homomorphism(A ⊗F B)o → EndC(M) is onto.
Thus it is an isomorphism, andA ⊗F B ∼= (EndC(M))o.

Combining this isomorphism with(‡) shows thatA⊗F B ∼= Mnr (D). In view
of (††), A ⊗F B is therefore Brauer equivalent toC. �

Corollary 3.15. If D is a finite-dimensional central division algebra of dimen-
sionm2 over a fieldF , then them-fold tensor product ofD with itself overF is
a full matrix algebra overF .

PROOF. Corollary 3.9 produces a finite Galois extensionK of F such that
K splits D. Write G for Gal(K/F). In view of Theorems 3.3 and 2.4, there
exists an integerl such thatA = Ml (D) contains a subfieldK ′ isomorphic toK
with dimF A = (dimF K ′)2. Changing notation, we may redefineK = K ′. Let
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n = dimF K . Thenn2 = dimF A = l 2 dimF D = (lm)2, andn = lm. Following
the construction of factor sets in Section 2 and using Lemma 3.11, we form a
vector-space basis{xσ | σ ∈ G} of A over K and a factor set{a(σ, τ )} such that
xσ xτ = a(σ, τ )xστ andσ(c) = xσcx−1

σ for all c in K .
Example 1 of semisimple rings in Section II.2 shows that the leftA moduleA

is the direct sum ofl isomorphic simple leftA modules. LetV be one of these.
Restricting the module structure ofV from A to K makesV into a unital leftK
module, hence into a vector space overK . Then we have

n2 = dimF A = l dimF V = l (dimK V)(dimF K ) = ln dimK V,

and dimK V = m. Let v1, . . . , vm be aK basis ofV . For eachx ∈ A, define a
matrixC(x) in Mm(K ) by

xvj =
m∑

i=1
C(x)i j vi .

Forσ andτ in G, we computexσ xτ vi in two ways as

xσ xτ vj = a(σ, τ )xστ vj = a(σ, τ )
m∑

i =1
C(xστ )i j vi (∗)

and as

xσ xτ vj = xσ
m∑

k=1
C(xτ )k jvk =

m∑
k=1
σ(C(xτ )k j )xσ vk =

m∑
i,k=1

σ(C(xτ )k j )C(xσ )ikvi .

If we write σ(C(xτ )) for the result of applyingσ to each entry ofC(xτ ), then we
obtain

xσ xτ vj =
m∑

i =1
(C(xσ )σ (C(xτ ))i j vi . (∗∗)

Comparing(∗) and(∗∗) leads to the matrix equation inMm(K ) given by

a(σ, τ )C(xστ ) = C(xσ )σ (C(xτ )).

Puttingcσ = detC(xσ ) and taking the determinant of both sides yields

a(σ, τ )mcστ = cσ σ (cτ ).

This equation shows thata(σ, τ )m is a trivial factor set. Applying Theorem 3.14,
we see that themth power of the Brauer equivalence class ofA is trivial. SinceA
is Brauer equivalent toD, the corollary follows. �
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Corollary 3.16. If F is any field, then every element ofB(F) has finite order.

PROOF. If A is any central simple algebra overF , then Theorem 2.4 shows
thatA ∼= Ml (D) for some integerl ≥ 1 and some central division algebraD over
F . Corollary 3.15 shows that the Brauer equivalence class ofD has finite order
in B(F). SinceA is Brauer equivalent toD, the same thing is true forA. �

4. Hilbert’s Theorem 90

Let K/F be a finite Galois extension of fields. Our interest in this section will be
in the cohomology groupsHq(Gal(K/F), K ×)with q possibly different from 2.
For q = 0, H0(G, N) is always the subgroup of elements ofN fixed by every
element ofG. In the case of a Galois extension, the members ofK × fixed by the
Galois group are the nonzero elements of the base fieldF . Thus we have

H0(Gal(K/F), K ×) ∼= F×.

In addition, Theorem 3.14 has established an isomorphism

H2(Gal(K/F), K ×) ∼= B(K/F),

and thus we have already obtained some understanding of this group forq = 2.
We shall examineH1 in a moment, but first we take note of another fact about

H2. Problem 16b at the end of Chapter VII ofBasic Algebrashows that ifG
is a finite group andN is an abelian group on whichG acts by automorphisms,
then every element ofHq(G, N) for q > 0 has order dividing|G|. In particular,
every element ofH2(Gal(K/F), K ×) has order dividing dimF K wheneverK is
a finite Galois extension ofF . Applying Theorem 3.14, we see that every member
of B(K/F) has order dividing dimF K . In view of Corollary 3.9, this argument
gives a new and shorter proof of the result of Corollary 3.16 that every member
of B(F) has finite order. The estimate of the order via Corollary 3.15, however,
is sharper than the estimate obtained via the shorter proof, and this distinction
makes all the difference in Problem 12 at the end of the chapter.

The result concerningH1 and its important special case given as Corollary
3.18 below are known asHilbert’s Theorem 90.

Theorem 3.17. If K/F is any finite Galois extension of fields, then
H1(Gal(K/F), K ×) = 0.

PROOF. LetG = Gal(K/F), putn = dimF K , and enumerateG asσ1, . . . , σn.
By the Theorem of the Primitive Element, we can writeK = F(α) for someα in
K , and then{1, α, α2, . . . , αn−1} is a basis ofK overF . Form then-by-nmatrixM
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with entries inK whose(i, j )th entry isσj (α
i −1). This is a Vandermonde matrix,

and Corollary 5.3 ofBasic Algebragives its determinant as
∏

j>i [σj (α)−σi (α)].
This determinant cannot be 0, sinceσj (α) = σi (α) impliesσj (α

k) = σj (α)
k =

σi (α)
k = σi (α

k) for all k and thenσj (x) = σi (x) for all x. Hence the matrixM
is nonsingular.

Let f be a nonzero element inZ1(G, K ×). Such a functionf : G → K is
nowhere vanishing and hasf (στ) = f (σ )σ ( f (τ )) for all σ andτ in G. Since
the matrix M is nonsingular, the nontrivial linear combination

∑
σ∈G f (σ )σ

cannot be 0 on all members of the basis{1, α, α2, . . . , αn−1}. Choosek with∑
σ∈G f (σ )σ (αk) = y �= 0. Applyingτ ∈ G to this equation, we obtain

τ(y) = ∑
σ∈G

τ( f (σ ))τσ (αk) = ∑
σ∈G

f (τσ ) f (τ )−1τσ (αk)

= f (τ−1)
∑
σ∈G

f (σ )σ (αk) = f (τ )−1y.

The equationf (τ )−1 = τ(y)y−1 shows thatf −1 is a coboundary, hence thatf
is a coboundary. �

Corollary 3.18. If K/F is a finite Galois extension with cyclic Galois group
and if σ is a generator of the Galois group, then every memberx of K with
NK/F (x) = 1 is of the formx = σ(y)y−1 for somey ∈ K ×.

REMARKS. The instance of this corollary in whichK is a quadratic number
field and F is the fieldQ appears as Problem 27 at the end of Chapter I. In
subsequent problems at the end of that chapter, Problem 27 plays a crucial role
in showing that various possible definitions of genera are equivalent.

PROOF. Let G = {1, σ, σ 2, . . . , σ n−1} be the Galois group, and define a
function F : Z → K × by F(0) = 1 and

F(k) = xσ(x)σ 2(x) · · · σ k−1(x) for k ≥ 1.

Then we have

F(k + l ) = xσ(x)σ 2(x) · · · σ k+l−1(x)

= (
xσ(x)σ 2(x) · · · σ k−1(x)

)
σ k(xσ(x)σ 2(x) · · · σ l−1(x)

)
= F(k)σ k(F(l )), (∗)

The condition thatNK/F (x) = 1 is exactly the condition thatF(n) = 1. Then
F(k + n) = F(k)σ n(F(1)) = F(k) for all k, and it is meaningful to define
a 1-cochainf : G → K × in C1(G, K ×) by f (σ k) = F(k). Condition(∗)
implies thatf (σ kσ l ) = f (σ k)σ k( f (σ l )), and hencef is a cocycle inZ1(G, K ×).
Theorem 3.17 shows thatf is a coboundary inB1(G, K ×), necessarily satisfying
f (τ ) = τ(y)y−1 for somey ∈ K × and allτ ∈ G. Takingτ = σ , we obtain
x = f (σ ) = σ(y)y−1, as required. �
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Our final result concerningHq(Gal(K/F), K ×) for this chapter gives further
information about the special case in which Gal(K/F) is cyclic, but now for gen-
eralq. In combination with the study of crossed-product algebras, the caseq = 2
of this result provides a way of constructing new examples of noncommutative
division algebras. A key step in the proof makes use of a fundamental general
property concerning cohomology of groups, and we therefore digress in Section 5
to establish this property.

5. Digression on Cohomology of Groups

This section develops general material about cohomology of groups. Although
the earlier sections of this chapter are helpful for motivation, the results that we
discuss in this section do not rely on any previous material in this volume. It
will be assumed that the reader is familiar with the definitions of complexes and
exact sequences in Chapter X ofBasic Algebra, as well as with the application
of tensor-product functors and Hom functors to exact sequences and complexes.
The material in Chapter VII ofBasic Algebraon cohomology of groups will be
helpful as background, but it is unnecessary from a logical point of view. IfR is
a ring with identity, we denote byCR the category of all unital leftR modules.

Let G be a group, not necessarily finite. We shall work with the integral group
ring ZG of G. It has the universal mapping property that wheneverG acts by
automorphisms on an abelian groupM , then the action byG on M extends to
ZG in a unique way that makesM into a unital leftZG module.

Here is a brief overview of what is to happen in this section: IfG acts on
the abelian groupM by automorphisms, then the abelian groupCn(G,M) of
n-cochains is the set of functions intoM from then-fold product ofG with itself,
the operation being given by addition of the values of the functions. To define the
cohomology groupHn(G,M), one introduces suitable homomorphisms known
as “coboundary maps”δn : Cn(G,M) → Cn+1(G,M) and shows that the
sequence

0 −−→ C0(G,M)
δ0−−→ · · · δn−1−−→ Cn(G,M)

δn−−→ Cn+1(G,M) −−→ · · ·

of abelian groups and homomorphisms is a complex in the categoryCZ. Then
it is meaningful to defineHn(G,M) = (kerδn)/(imageδn−1) for n ≥ 0 if we
adopt the convention that imageδ−1 = 0. The first thing that we shall do in this
section is to exhibit a certain exact sequence in the categoryCZG such that the
above complex is obtained from it by application of the functor HomZG( · ,M)
and the dropping of one term of the form HomZG(Z,M). Except for a single
termZ, the members of this exact sequence will all be freeZG modules, and the



148 III. Brauer Group

exact sequence will be called the “standard resolution ofZ in the categoryCZG.”
The exactness is proved in Theorem 3.20, and the application of HomZG( · ,M)
to it appears after the proof of the theorem.

The next thing that we shall do is show that if the standard resolution ofZ is
changed to any exact sequence inCZG in such a way that the freeZG modules
are replaced by other freeZG modules and the moduleZ is left unchanged,
then application of HomZG( · ,M) to the new exact sequence leads to canonically
isomorphic cohomology groups. This result appears below as Theorem 3.31.
In brief, the cohomology groupsHn(G,M) can be computed starting from any
“free resolution ofZ” in the categoryCZG in place of the standard resolution.

We begin by constructing the “standard resolution ofZ.” For n ≥ 0, let Fn

be the free abelian group withZ basis the set of all(n+1)-tuples(g0, . . . , gn)

with all gj ∈ G. The groupG acts onFn by automorphisms, the action on the
members of theZ basis being

g(g0, . . . , gn) = (gg0, . . . , ggn).

The universal mapping property ofZG then allows us to regard eachFn as a
unital leftZG module.

Lemma 3.19. For n ≥ 0, the leftZG moduleFn is a freeZG module with
ZG basis consisting of all(n+1)-tuples(1, g1, . . . , gn), i.e., allZ basis elements
with g0 = 1.

PROOF. The formulag0(1, g
−1
0 g1, . . . , g

−1
0 gn) = (g0, g1, . . . , gn) shows that

all members of theZ basis definingFn areZG images of the assertedZG basis;
hence the assertedZG basis is a spanning set ofFn relative toZG. Suppose
that there are finitely many distinct membershj of G and finitely many distinct
(n+1)-tuples(1, gi,1, . . . , gi,n), and members

∑
j ni j hj of ZG such that

∑
i

(∑
j

ni j hj
)
(1, gi,1, . . . , gi,n) = 0.

Then
∑
i, j

ni j (hj , hj gi,1, . . . , hj gi,n) = 0.

Since thehj ’s are distinct asj varies and then-tuples(gi,1, . . . , gi,n) are distinct
asi varies, the(n+1)-tuples(hj , hj gi,1, . . . , hj gi,n) are distinct as the pair(i, j )
varies. Thus theZ independence implies thatni j = 0 for all i and j . This proves
the lemma. �
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For n ≥ 1, we define∂n−1 : Fn → Fn−1 as a function from theZ basis into
Fn−1 by

∂n−1(g0, . . . , gn) =
n∑

i =0

(−1)i (g0, . . . , ĝi , . . . , gn),

where the symbol̂ indicates an expression to be omitted. We extend∂n−1 to all
of Fn by the universal mapping property of free abelian groups. Forg in G and for
anyZ generatorx of Fn, it is evident that∂n−1(gx) = g(∂n−1(x)). Since∂n−1 is
a homomorphism of abelian groups, the formula∂n−1(gx) = g(∂n−1(x)) extends
to all x’s in Fn. SinceG andZ generateZG, we obtain∂n−1(r x) = r (∂n−1(x))
for all r ∈ ZG and allx ∈ Fn. In other words, each∂n−1 is aZG homomorphism.

We shall make use of one additionalZG homomorphism. According to Lemma
3.19, theZG moduleF0 is free on theZG basis{(1)}. Let us think of the groupG
as acting trivially by automorphisms on the abelian groupZ. Under this action,
Z becomes aZG module. Defineε : F0 → Z to be theZG homomorphism with
ε((1)) = 1. Thenε((g0)) = g0(ε((1)) = g0 · 1 = 1 for all g0 ∈ G. TheZG
homomorphismε is called theaugmentation map.

Theorem 3.20.If G is any group, then the sequence

· · · ∂n+1−−→ Fn+1
∂n−−→ Fn

∂n−1−−→ · · · ∂0−−→ F0
ε−−→ Z −−→ 0

of left unitalZG modules andZG homomorphisms is exact.

REMARKS. The displayed sequence is called thestandard resolution ofZ in
the categoryCZG. The proof will be preceded by two lemmas.

Lemma 3.21.The sequence

· · · ∂n+1−−→ Fn+1
∂n−−→ Fn

∂n−1−−→ · · · ∂0−−→ F0
ε−−→ Z −−→ 0

in CZG is a complex, i.e.,∂n−1∂n = 0 for n ≥ 1 and alsoε∂0 = 0.

PROOF. With the understanding that the symbol̂ indicates an expression to
be omitted, we have
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∂n−1∂n(g0, . . . , gn) =
n∑

i =0
(−1)i ∂n−1(g0, . . . , ĝi , . . . , gn)

=
n∑

i =0
(−1)i

i −1∑
j =0
(−1) j (g0, . . . , ĝj , . . . , ĝi , . . . , gn)

+
n∑

i =0
(−1)i

n∑
j =i+1

(−1) j +1(g0, . . . , ĝi , . . . , ĝj , . . . , gn)

=
n∑

i =0

i −1∑
j =0
(−1)i + j (g0, . . . , ĝj , . . . , ĝi , . . . , gn)

−
n∑

i =0

n∑
j =i +1

(−1)i + j (g0, . . . , ĝi , . . . , ĝj , . . . , gn).

If we interchange the order of summation in the second double sum on the right,
we see that the result equals the first double sum on the right. Thus the difference
is 0.

This handles all the consecutive compositions except forε∂0. For this we have
ε∂0(g0, g1) = ε(g1)− ε(g0) = 1 − 1 = 0. �

Lemma 3.22.Fix s in G. Forn ≥ 0, define a homomorphismhn : Fn → Fn+1

of abelian groups to be the additive extension of the function with

hn(g0, . . . , gn) = (s, g0, . . . , gn),

and defineh−1 : Z → F0 by h−1(k) = k(s). Then∂nhn + hn−1∂n−1 = 1 for
n ≥ 1, and also∂0h0 + h−1ε = 1.

PROOF. On theZ basis of(n+1)-tuples inFn, we have

∂nhn(g0, . . . , gn) = ∂n(s, g0, . . . , gn)

= (g0, . . . , gn)+
n∑

i =0
(−1)i +1(s, g0, . . . , ĝi , . . . , gn)

and also

hn−1∂n−1(g0, . . . , gn) =
n∑

i=0
(−1)i (s, g0, . . . , ĝi , . . . , gn).

The sum of these is(g0, . . . , gn), as required. Also,

∂0h0(g0) = ∂0(s, g0) = (g0)− (s) and h−1ε(g0) = h−11 = (s).

Thus∂0h0(g0)+ h−1ε(g0) = (g0), and∂0h0 + h−1ε = 1. �
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PROOF OF THEOREM 3.20. Lemma 3.21 gives image∂n ⊆ ker∂n−1 and
image∂0 ⊆ kerε. For the reverse of the first inclusion, letx ∈ Fn be given
with ∂n−1x = 0 andn ≥ 1. Then Lemma 3.22 givesx = ∂nhnx + hn−1∂n−1x.
The second term on the right side is 0, and thereforex = ∂n(hnx) is in image∂n.

For the reverse of the inclusion image∂0 ⊆ kerε, let x ∈ F0 be given with
εx = 0. Then Lemma 3.22 givesx = ∂0h0x + h−1εx. The second term on the
right side is 0, and thereforex = ∂0(h0x) is in image∂0. �

With the standard resolution ofZ inCZG now known to be exact, we examine the
effect of applying the functor HomZG( · ,M) to it. This functor is contravariant
and carriesCZG to the categoryCZ of all abelian groups. On a unital leftZG
moduleF , this functor yields the abelian group HomZG(F,M). On aZ module
homomorphismϕ : F → F ′, it yields the homomorphism

Hom(ϕ,1) : HomZG(F
′,M)→ HomZG(F,M)

of abelian groups given by Hom(ϕ,1)(ψ) = ψ ◦ ϕ for ψ ∈ HomZG(F ′,M).
We know from Chapter X ofBasic Algebrathat this functor carries complexes to
complexes but does not necessarily preserve exactness.

Before applying HomZG( · ,M) to the standard resolution ofZ, it is customary
to drop the termZ and the augmentation map, obtaining a modified sequence

· · · ∂n+1−−→ Fn+1
∂n−−→ Fn

∂n−1−−→ · · · ∂0−−→ F0 −→ 0

that is still a complex inCZG. Let us definedn = Hom(∂n,1). Then the result of
applying HomZG( · ,M) to the modified complex is the complex

0 −→ HomZG(F0,M)
d0−−→ · · · HomZG(Fn,M)

dn−−→ HomZG(Fn+1,M)
dn+1−−→

in CZ. To eachϕ in HomZG(Fn,M), we associatef = �(ϕ) in Cn(G,M) by
the definition

f (g1, . . . , gn) = ϕ(1, g1, g1g2, . . . , g1 · · · gn).

Any memberϕ of HomZG(Fn,M) is determined by its values on(n+1)-tuples
(1, g1, . . . , gn), since we can factor out the first entry of the argument ofϕ and
commute it pastϕ, and it follows that the system of group homomorphisms

�n : HomZG(Fn,M)→ Cn(G,M)

is a system of isomorphisms of abelian groups. Let
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δn : Cn(G,M)→ Cn+1(G,M)

be the map corresponding todn : HomG(Fn,M) → HomG(Fn+1,M) under
this system of isomorphisms, namelyδn = �n+1 ◦ dn ◦ �−1

n . We can calculate
δn explicitly as follows: If f = �n(ϕ), thenδn f = (�n+1dn�

−1
n )(�n)(ϕ) =

�n+1dnϕ, and therefore

(δn f )(g1, . . . , gn+1) = (dnϕ)(1, g1, g1g2, . . . , g1 · · · gn+1)

= ϕ(∂n(1, g1, g1g2, . . . , g1 · · · gn+1))

= ϕ(g1, g1g2, . . . , g1 · · · gn+1)

+
n∑

i =1
(−1)iϕ(1, g1, . . . , ĝ1 · · · gi , . . . , g1 · · · gn+1)

+ (−1)n+1ϕ(1, g1, . . . , g1 · · · gn)

= g1( f (g2, g3, . . . , gn+1))

+
n∑

i =1
(−1)i f (g1, . . . , ĝi , . . . , gn+1)

+ (−1)n+1 f (g1, . . . , gn).

Comparing this formula with the original formula definingδn in Chapter VII of
Basic Algebra, we get a match. That is, we have obtained the complex inCZ

defining the usual groupsHn(G,M) by applying HomZG( · ,M) to the standard
resolution ofZ in CZG and implementing the system of isomorphisms�n. In
particular, we obtain a more conceptual proof than inBasic Algebraof the fact
that the sequence

0 −−→ C0(G,M)
δ0−−→ · · · δn−1−−→ Cn(G,M)

δn−−→ Cn+1(G,M) −−→ · · ·

is a complex and that cohomology groups are therefore well defined.
This completes the discussion of the first main point of the section as outlined

in the overview at the beginning. Next, any exact sequence

· · · ∂ ′
n+1−−→ F ′

n+1
∂ ′

n−−→ F ′
n

∂ ′
n−1−−→ · · · ∂ ′

0−−→ F ′
0

ε′−−→ Z −−→ 0

in the categoryCZG in which allZG modulesF ′
n for n ≥ 0 are freeZG modules

is called afree resolution of Z in the categoryCZG. The second main point
of the section is that if we apply the functor HomZG( · ,M) to this sequence
with Z dropped, then the consecutive quotients of kernels modulo images are
canonically isomorphic to the cohomology groupsHn(G,M) obtained above.
Thus Hn(G,M) can be computed fromany free resolution ofZ, and we are
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not obliged to use the standard free resolution. This result is stated precisely as
Theorem 3.3l below.

By way of preparation, let us establish a slightly more general setting and work
with it for a moment. LetCR be the category of all unital leftRmodules, whereR
is any ring with identity. According to circumstances, a complexX in CR might
be written with decreasing indices as

X : · · · ∂n+1−−→ Xn+1
∂n−−→ Xn

∂n−1−−→ Xn−1
∂n−2−−→ · · ·

or with increasing indices as

X : · · · dn−2−−→ Xn−1
dn−1−−→ Xn

dn−−→ Xn+1
dn+1−−→ · · · .

Mathematically these complexes amount to the same thing: if we rename each
Xk in the second complex asX−k and rename eachdk as∂−k−1, then we obtain
the first complex. However, it is convenient to allow both systems of indexing
because of applications.

For the first complex, which has decreasing indices, we define thenth homology
of X, written Hn(X), by

Hn(X) = (ker∂n−1)/(image∂n).

For the second complex, which has increasing indices, we define thenth coho-
mologyof X, written Hn(X), by

Hn(X) = (kerdn)/(imagedn−1).

In both cases the integern is called thedegree. In either case the homology
or cohomology is again a module inCR. The condition thatX be a complex is
equivalent to the condition that the image of each incoming map be contained in
the kernel of the corresponding outgoing map, and this is precisely the condition
that the homology or cohomology be meaningful. Exactness at a particular
module in one of the complexes is the statement that the image of the incoming
map equals the kernel of the outgoing map. Thus the homology or cohomology
of X measures the extent to which the complexX fails to be exact.

Because the nature of the indexing of a complex is not mathematically sig-
nificant, we will treat only the case of increasing indices for a while, and the
modules associated to our complexes will therefore be cohomology modules. A
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cochain map2 between two complexesX andY in the same categoryCR is a
system f = { fn} of R homomorphismsfn : Xn → Yn such that the various
squares commute in Figure 3.1.

X : · · · dn−2−−−→ Xn−1
dn−1−−−→ Xn

dn−−−→ Xn+1
dn+1−−−→ · · ·⏐⏐+ fn−1

⏐⏐+ fn

⏐⏐+ fn+1

Y : · · · d′
n−2−−−→ Yn−1

d′
n−1−−−→ Yn

d′
n−−−→ Yn+1

d′
n+1−−−→ · · ·

FIGURE 3.1. A cochain mapf : X → Y.

Proposition 3.23.A cochain mapf : X → Y as in Figure 3.1 induces anR
homomorphism on cohomologyHn(X)→ Hn(Y) in each degree.

PROOF. Suppose thatxn is in kerdn, i.e., thatdn(xn) = 0. The commutativity
of the right square givesd′

n( fn(xn)) = fn+1(dn(xn)) = 0, and hencef (xn) is
in kerd′

n. Suppose thatxn is in imagedn−1, i.e., thatxn = dn−1(xn−1) for some
xn−1. The commutativity of the left square givesfn(xn) = fndn−1(xn−1) =
d′

n−1( fn−1(xn−1)), and hencefn(xn) is in imaged′
n−1. Then it follows thatfn

∣∣
kerdn

descends to the quotient(kerdn)/(imagedn−1), yielding a map ofHn(X) into
Hn(Y). �

Suppose in the situation of Figure 3.1 thatg = {gn} is a second cochain map
of X intoY. We say thatf is homotopic3 to g, written f � g, if there is a system
h = {hn} of mapshn : Xn → Yn−1 in CR such thatd′h + hd = f − g, i.e., if
d′

n−1hn + hn+1dn = fn − gn for all n.

Proposition 3.24.In the situation of Figure 3.1 iff = { fn} andg = {gn} are
two cochain maps ofX into Y and if f andg are homotopic, thenf andg induce
identicalmapsHn(X)→ Hn(Y) in each degree.

PROOF. Suppose thatdn(xn) = 0. Then fn(xn) − gn(xn) = d′
n−1(hn(xn)) +

hn+1(dn(xn)) = d′
n−1(hn(xn)) + 0 shows that the images ofxn under fn andgn

in Yn differ by a member of imaged′
n−1. �

Now we bring freeR modules into the discussion.

2The analogous kind of system in which the complexes have decreasing indices is called achain
map.

3An analogous definition is to be made in the case of two chain maps. If the maps ofX are
∂n : Xn+1 → Xn and the maps ofY are∂ ′

n : Yn+1 → Yn, then we are to havehn : Xn → Yn+1 with
∂ ′

nhn + hn−1∂n−1 = fn − gn.
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Proposition 3.25.For the diagram

F
∂−−−→ M

∂1−−−→ N⏐⏐+ f

⏐⏐+ f1

F ′ ∂ ′
−−−→ M ′ ∂ ′

1−−−→ N ′

f̃

in CR, suppose that the top and bottom rows are exact atM and M ′, suppose
that the square on the right commutes, and suppose thatF is a freeR module.
Then there exists anR homomorphismf̃ : F → F ′ that makes the left square
commute.

PROOF. If x is a free generator ofF , then 0= f1∂1∂(x) = ∂ ′
1( f ∂x). By

exactness atM ′, f ∂x lies in image(∂ ′). Choose anyy ∈ F ′ with ∂ ′y = f ∂x, and
define f̃ (x) to be thisy. Then f ∂x = ∂ ′ f̃ x, and the left square commutes atx.
The universal mapping property of freeR modules says that̃f extends to anR
homomorphism ofF into F ′, and the extension hasf ∂ = ∂ ′ f̃ , as required. �

Corollary 3.26. In the categoryCZG, if the rows of the diagram

∂ ′
n+1−−−→ Xn+1

∂ ′
n−−−→ Xn

∂ ′
n−1−−−→ · · · ∂ ′

0−−−→ X0
ε′−−−→ Z −−−→ 0⏐⏐+ fn+1

⏐⏐+ fn

⏐⏐+ f0

⏐⏐+1

∂ ′′
n+1−−−→ Yn+1

∂ ′′
n−−−→ Yn

∂ ′′
n−1−−−→ · · · ∂ ′′

0−−−→ Y0
ε′−−−→ Z −−−→ 0

are free resolutions and the vertical identity map 1 :Z → Z is given, then the
remaining vertical maps,

f0 : X0 → Y0, . . . , fn : Xn → Yn, fn+1 : Xn+1 → Yn+1, . . . ,

can be constructed inductively from the right to make all the squares commute.

REMARK. The resulting systemf = { fn} is called achain map over the
identity map 1 :Z → Z.

PROOF. There is no harm in including a vertical 0 map at the right between
the two 0 modules. Certainly the square whose verticals are the identity map
1 : Z → Z and the 0 map commutes. Proposition 3.25 is to be applied first to this
square and the second square from the right (with verticalf0 to be constructed and
vertical 1 :Z → Z given) to constructf0, then to the second and third squares
from the right to constructf1, and so on, inductively. �
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Proposition 3.27.For the diagram

F̃
∂−−−→ F

∂1−−−→ N⏐⏐+ f̃

⏐⏐+ f

⏐⏐+ f1

F̃ −−−→
∂

F −−−→
∂1

N

h h1

in CR, suppose that the top and bottom rows are exact atF , that the left and right
squares commute, that̃F andF are freeR modules, and thath1 : N → F exists
with f1 − ∂1h1 vanishing on image(∂1). Then there existsh : F → F̃ such that
∂h + h1∂1 = f , and this property implies thatf − ∂h vanishes on image(∂).

PROOF. If x is a free generator ofF , then f (x)−h1(∂1(x)) is in ker(∂1)because
∂1( f x − h1∂1x) = f1∂1x − ∂1h1∂1x = ( f1 − ∂1h1)(∂1x) and becausef1 − ∂1h1

vanishes on image(∂1)by assumption. Thereforef (x)−h1(∂1(x)) is in image(∂),
and we can writef (x)− h1(∂1(x)) = ∂a for somea ∈ F̃ . Puth(x) = a. Then
∂hx = ∂a = f x − h1∂1x, andh has the required property on the generatorx.
The universal mapping property of the freeR moduleF allows us to extendh to
an R homomorphismh : F → F̃ , and the extension satisfies∂h = f − h1∂1.
Onceh has this property, then necessarily( f − ∂h)∂ = (h1∂1)∂ = h1(∂1∂) = 0.

�

Corollary 3.28. In the categoryCZG, if a free resolutionX = {Xn} of Z and a
chain mapf = { fn} of X with itself are given such that the map fromZ to itself
is 0, then the chain mapf is homotopic to the zero chain mapg = {gn} with
gn = 0 for all n.

PROOF. We are given the diagram

−−−→ Xn −−−→ · · · ∂ ′
1−−−→ X1

∂ ′
0−−−→ X0

ε′−−−→ Z −−−→ 0⏐⏐+ fn

⏐⏐+ f1

⏐⏐+ f0

⏐⏐+0

−−−→ Xn −−−→ · · · ∂ ′
1−−−→ X1

∂ ′
0−−−→ X0

ε′−−−→ Z −−−→ 0

h1 h0 h−1

in the categoryCZG with the two rows as free resolutions and all squares com-
muting. We are to construct mapshn : Xn → Xn+1 with ∂ ′

nhn + hn−1∂
′
n−1 = fn.

Let h−2 be the 0 map from the top 0 module to the bottomZ, and leth−1 be the 0
map from the topZ to the bottomX0. Then∂ ′

nhn + hn−1∂
′
n−1 = fn is satisfied

for n = −1 because the mapf−1 is the 0 map fromZ to itself. Proposition 3.27
then allows us to construct inductively firsth0, thenh1, thenh2, and so on. �
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Corollary 3.29. In the categoryCZG, if a free resolutionX = {Xn} of Z and a
chain mapf = { fn} of X with itself are given such that the map fromZ to itself
is the identity 1, then the chain mapf is homotopic to the identity chain map
g = {gn} with gn = 1 for all n.

PROOF. Apply Corollary 3.28 tof − 1. �

Corollary 3.30. In the categoryCZG, if two free resolutionsX = {Xn} of Z
andY = {Yn} of Z are given and if two chain mapsf : X → Y andg : Y → X
are given such that the map fromZ to itself in each case is the identity 1, theng f
is homotopic to 1 andf g is homotopic to 1.

PROOF. Apply Corollary 3.29 tof g and then tog f . �

Theorem 3.31.If

· · · ∂ ′
n+1−−→ F ′

n+1
∂ ′

n−−→ F ′
n

∂ ′
n−1−−→ · · · ∂ ′

0−−→ F ′
0

ε−−→ Z −−→ 0

is any free resolution ofZ in the categoryCZG andM is a unital leftZG module,
then Hn(G,M) is canonically isomorphic to thenth cohomology group of the
complex inCZ given by

0 −→ HomZG(F
′
0,M)

d0−−→ · · · HomZG(F
′
n,M)

dn−−→ HomZG(F
′
n+1,M)

dn+1−−→
with dn = Hom(∂ ′

n,1) for n ≥ 0.

PROOF. Let the resolution in the statement of the theorem beY, and letX be the
standard free resolution ofZ in the categoryCZG. Two applications of Corollary
3.26 produce chain mapsf : X → Y andg : Y → X over 1 :Z → Z. Corollary
3.30 shows thatg f is homotopic to 1= 1X and f g is homotopic to 1= 1Y.
Apply the functor HomZG( · ,M) throughout, including to the members of the
homotopies. Then we obtain chain maps

HomZG( f,1) : HomZG(Y,M)→ HomZG(X,M)

HomZG(g,1) : HomZG(X,M)→ HomZG(Y,M)and

with
HomZG( f,1) ◦ HomZG(g,1) homotopic to 1

HomZG(g,1) ◦ HomZG( f,1) homotopic to 1.and

Proposition 3.24 allows us to conclude that

HomZG( f,1) ◦ HomZG(g,1) induces the identity onH∗(HomZG(X,M))

and

HomZG(g,1) ◦ HomZG( f,1) induces the identity onH∗(HomZG(Y,M)).

Thus HomZG(g,1) induces an isomorphism of each groupHn(HomZG(X,M))
onto Hn(HomZG(Y,M)). �
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6. Relative Brauer Group when the Galois Group Is Cyclic

This section has two parts to it. The first part specializes Theorem 3.31 to compute
group cohomology when the group in question is cyclic of finite order. The second
part applies this computation toH2(Gal(K/F), K ×) and obtains information
about Brauer groups. As a consequence we obtain new information about the
classification of noncommutative division algebras.

Let G be a finite cyclic group of ordern. Theorem 3.31 says that ifG acts by
automorphisms on an abelian groupM , thenH2(G,M) can be computed from
any free resolution ofZ in the categoryCZG. The standard resolution ofZ is one
such resolution. We shall construct another such resolution that is special to the
case ofG cyclic and that makes the cohomology more transparent.

Let G = {1, s, s2, . . . , sn−1}. Lemma 3.19 notes that the free abelian group
on the 1-tuples(1), (s), (s2), . . . , (sn−1) is a freeZG module withZG basis(1).
In other words, the elements of the leftZG moduleZG may be identified with
the integer linear combinations of these 1-tuples. Define two operatorsT andN
from the leftZG moduleZG into itself by

T = multiplication by(s)− (1),
N = multiplication by(1)+ (s)+ · · · + (sn−1).

Each of these respects addition and commutes with multiplication by(s), hence
is aZG module homomorphism. We shall compute the kernel and image of each.

The kernel ofT consists of all elements for which left multiplication by(s)
fixes the element. The elements ofZG are of the form

∑n−1
j =0 cj (sj ), and(s) times

this givescn−1(1) +
∑n−1

j =1 cj −1(sj ). Since(1), (s), . . . , (sn−1) form aZ basis,
the condition to be in the kernel ofT is thatcn−1 = c0 = c1 = · · · = cn−2. Thus

kerT = {
c
(
(1)+ (s)+ · · · + (sn−1)

) ∣∣ c ∈ Z
}
.

Also,

imageT = {integer polynomials in(s) divisible by(s)− (1)}
= {integer polynomials equal to 0 whens is set equal to 1}

=
{ n−1∑

j =0
cj (sj )

∣∣ n−1∑
j =0

cj = 0
}
.

In the case of the operatorN, we haveN(sj ) = (1)+ (s)+ · · · + (sn−1), and
thereforeN

(∑
j cj (sj )

) = ∑
j cj
(
(1)+ (s)+ · · · + (sn−1)

)
. Hence

kerN =
{ n−1∑

j =0
cj (sj )

∣∣ n−1∑
j =0

cj = 0
}

= imageT,

imageN = {
c
(
(1)+ (s)+ · · · + (sn−1)

) ∣∣ c ∈ Z
} = kerT.
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An immediate consequence of this and a supplementary argument concerning the
augmentation map is the following proposition.

Proposition 3.32.If G is a finite cyclic group, then the sequence

· · · T−−→ ZG
N−−→ ZG

T−−→ · · · T−−→ ZG
N−−→ ZG

T−−→ ZG
ε−−→ Z −−→ 0

is a free resolution ofZ in the categoryCZG.

PROOF. We still need to check exactness at the firstZG from the right. The
mapε is theZG homomorphism withε((1)) = 1. Henceε((sj )) = 1 for all j ,
andε

(∑n−1
j =0 cj (sj )

) = ∑n−1
j =0 cj . Thus kerε = kerN = imageT , and exactness

is proved. �

Corollary 3.33. If G is a finite cyclic group andM is an abelian group on
which G acts by automorphisms, then

H2(G,M) ∼= MG/((1)+ (s)+ · · · + (sn−1)
)
M,

whereMG is the subgroup of all elements ofM fixed byG.

PROOF. Let us number the termsZG in the resolution of Proposition 3.32
starting with index 0 from the right. Combining Proposition 3.32 with Theorem
3.31, we see that we may computeH2(G,M) as the cohomology of the complex
obtained by applying the functor HomZG( · ,M) to the terms with indices 1, 2,3
in the resolution in Proposition 3.32. ThusH2(G,M) is the cohomology at the
middle of the complex

HomZG(ZG,M)
(·)◦N−−−→ HomZG(ZG,M)

(·)◦T−−−→ HomZG(ZG,M).

The mappingα 	→ α((1)) of HomZG(ZG,M) into M is one-one and onto, and
we can identify membersα of HomZG(ZG,M) with the corresponding elements
α((1)) accordingly. Ifα is in ker

(
(·)◦ T

)
, thenα(T((1))) = 0, and we thus have

α((s)) = α((1)) and(s)α((1)) = α((1)). Henceα((1)) is in MG. These steps
can be reversed, and thus ker

(
(·) ◦ T

) = MG. If β is in image
(
(·) ◦ N

)
, then

β = α ◦ N for someα ∈ HomZG(ZG,M), and thus

β((1)) = α((1)+ (s)+· · ·+ (sn−1)
) = α((1))+ (s)α((1))+· · ·+ (sn−1)α((1)).

Sinceα((1)) is a completely arbitrary element ofM , we see that image
(
(·)◦N

) =(
(1)+ (s)+ · · · + (sn−1)

)
M , and the result follows. �
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Now we specialize to the Galois case that has occupied our attention in this
chapter. LetK/F be a finite Galois extension of fields. We are going to setG =
Gal(K/F), n = dimF K , andM = K ×. To take advantage of Corollary 3.33, we
suppose that Gal(K/F) is cyclic. ThenMG = (K ×)G = F×. If x is an element
of K ×, then the orbitGx is {x, sx, s2x, . . . , sn−1x}. Remembering that we are
using additive notation in working with cohomology of groups and multiplicative
notation in working withK ×, we see that the element

(
(1)+ (s)+ · · · + (sn−1)

)
of ZG is to be regarded as operating by giving the product of the members of an
orbit in K ×. This product for the orbit ofx ∈ K × is NK/F (x), and Corollary
3.33 thus specializes to the following result.

Corollary 3.34. If K/F is a finite Galois extension of fields such that
Gal(K/F) is cyclic, then

H2(Gal(K/F), K ×) ∼= F×/NK/F (K
×).

Corollary 3.34 considerably simplifies the proofs of Frobenius’s Theorem
about division algebras over the reals (Theorem 2.50) and Wedderburn’s Theorem
about finite division rings (Theorem 2.48), and thus the theory in Chapter III has
added something to the theory of Chapter II even in these very special situations.
In the case of the Frobenius theorem, the only nontrivial algebraic extension of
R is C, and thus Theorem 3.14 and Corollary 3.34 give

B(R) = B(C/R) ∼= H2(Gal(C/R),R×)
∼= R×/NC/R(C×) = R×/(R×)+ ∼= Z/2Z.

Hence the reals and the quaternions are the only finite-dimensional central simple
division algebras overR.

In the case of the Wedderburn theorem, suppose that a finite fieldK splits a
central division algebra over a fieldF with q elements. Say that|K | = qn. For
finite fields the Galois groups are always cyclic, and thus Gal(K/F) is cyclic of
ordern, generated by the mapx 	→ xq. In view of Corollary 3.34, the Wedderburn
theorem follows ifF×/NK/F (K ×) is shown to be trivial, i.e., if the norm map
NK/F : K × → F× is onto. The groupK × is cyclic, say with a generatorx0 of
orderqn − 1. Since the norm of an element is the product of the images under
the Galois group, the norm ofx0 is given by

NK/F (x0) = x0xq
0 xq2

0 · · · xqn−1

0 = x1+q+···+qn−1

0 = x
qn−1
q−1

0 .

This has orderq − 1, not less, and thus is a generator ofF×. Thus the norm map
is ontoF×.
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For a more difficult example that we can settle completely, consider the case
that F = Q and K = Q(

√
m ) for a square-free integerm other than 1. The

Galois group in this case is a 2-element group and is in particular cyclic. Thus
Corollary 3.34 applies. The norm of the memberx + y

√
m of K , wherex

and y are inQ, is x2 − my2. The problem of determining the quotient group
F×/NK/Q(K ×) may be rephrased in terms of genera as in Section I.5. Specifi-
cally the field discriminantD is defined to bem if m ≡ 1 mod 4 and to be 4m if
m �≡ 1 mod 4. A genus forQ(

√
m ) is an equivalence class of primitive quadratic

forms ax2 + bxy + cy2 whose discriminant matches the field discriminantD,
except that the theory of Chapter I discards all negative definite forms. Equiv-
alence is determined by the action of SL(2,Q). Lemma 1.13 shows forD > 0
that each nonzero rational number is a value taken on by the members of one and
only one genus at points(x, y) �= (0, 0) with x andy both rational; forD < 0,
Lemma 1.13 applies to positive definite forms and positive rational numbers. Let
us now enlarge the definition of genera to include negative definite forms and
negative rational numbers whenD < 0.

The definition of the multiplication of classes of forms is set up so as to
be compatible with multiplication of the values of the quadratic forms, and the
genera define a group, the identity element being the principal genus. Since
a representative of the principal genus isx2 − my2, the nonzero rational val-
ues corresponding to the principal genus are exactly the members of the group
NK/Q(K ×). Consequently the quotient groupF×/NK/Q(K ×) is isomorphic to
the group of genera.4 The easy result concerning the group of genera is Theorem
1.14, which says that this group is finite abelian and that every nontrivial element
has order 2; sinceB(K/F) ∼= F×/NK/Q(K ×), Corollary 3.15 gives another way
of seeing that every nontrivial element has order 2. The hard result, which appears
in Problems 25–29 at the end of Chapter I, identifies the order of the group of
genera explicitly.5 If D > 0, then the order of the group of genera is 2g′

, where
g′ + 1 is the number of distinct prime divisors ofD; if D < 0, then the order of
the group of genera is 2g′+1.

Consequently ifm hasg + 1 distinct prime divisors, then the relative Brauer
group is a product of 2-element groups whose order is given by

∣∣B(Q(√m )/Q)
∣∣ =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
2g if m> 0 andm �≡ 3 mod 4,

2g+1 if m> 0 andm ≡ 3 mod 4,

2g+1 if m< 0 andm �≡ 3 mod 4,

2g+2 if m< 0 andm ≡ 3 mod 4.

4With the understanding that genera from negative definite forms are to be allowed ifD < 0.
5In quoting this result, we are now making allowances for genera corresponding to negative

definite forms.
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The example withK/Q quadratic shows the kind of information that has to go
into a complete determination of the relative Brauer group whenK/Q is Galois.
Showing that a relative Brauer group is nontrivial in a case with Gal(K/Q) cyclic
is considerably easier. According to Corollary 3.34, all one needs to know is that
the norm function does not carryK × ontoQ×, and congruence conditions can
be used as a first step in addressing this question; Problem 4 at the end of the
chapter illustrates this principle. Problems 15–17 at the end of Chapter II give
a construction in this situation of nontrivial central simple algebras overQ that
are split byK , and such algebras whose dimension is the square of a prime are
necessarily division algebras. Problems 6–12 at the end of the present chapter
give a sufficient condition for obtaining a division algebra when the dimension is
not the square of a prime.

7. Problems

1. Let A be a finite-dimensional central simple algebra over a fieldF , let K be a
subfield ofA, and letB be the centralizer ofK in A.
(a) Arguing as in the proof of Theorem 3.3, exhibit a one-one algebra homo-

morphismA ⊗F K → EndBo A.
(b) Referring to the proof of Theorem 2.2 and counting dimensions with the aid

of the Double Centralizer Theorem, prove that the mapping in (a) is onto
EndBo A.

(c) Deduce thatA ⊗F K andB yield the same member ofB(K ).
2. Let a = a(σ, τ ) be a 2-cocycle inZ2(Gal(K/F), K ×), whereK/F is a finite

Galois extension of fields. Prove for eachτ that
∏
σ∈Gal(K/F) a(σ, τ ) lies in F×.

3. Let K/F be a finite Galois extension of fields with Gal(K/F) cyclic. Corollary
3.34 identifiesHq(Gal(K/F), K ×) for q = 2. Identify this group for all other
values ofq ≥ 0.

Problems 4–5 amplify the discussion of cyclic algebras that was begun in Problems
17–19 at the end of Chapter II. Problem 4 in effect produces an explicit division
algebra of dimension 9 overQ, and Problem 5 hints at the existence of an explicit
division algebra of dimensionn2 overQ for each integern ≥ 1.

4. Letζ = e2π i /7, and letK = Q(ζ ) ∩ R.
(a) Show thatK/Q is a Galois extension of degree 3, that a basis forK over

Q consists ofτ1 = ζ + ζ−1, τ2 = ζ 2 + ζ−2, τ3 = ζ 3 + ζ−3, and that the
Galois group permutesτ1, τ2, τ3 cyclically.

(b) Show that ifa, b, c are inQ, then
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NK/Q(aτ1 + bτ2 + cτ3) = abc(τ3
1 + τ3

2 + τ3
3 )

+ (a3 + b3 + c3 + 3abc)τ1τ2τ3

+ (a2b + ac2 + b2c)(τ2
1τ2 + τ2

2τ3 + τ2
3τ1)

+ (a2c + ab2 + bc2)(τ1τ
2
2 + τ2τ2

3 + τ3τ2
1 ).

(c) Verify the following identities:

τ1 + τ2 + τ3 = −1,

τ1τ2 = τ1 + τ3, τ1τ3 = τ2 + τ3, τ2τ3 = τ1 + τ2,
τ2

1 = τ2 + 2, τ2
2 = τ3 + 2, τ2

3 = τ1 + 2.

(d) Combine (b) and (c) to show that

NK/Q(aτ1 + bτ2 + cτ3) = (a3 + b3 + c3)− abc

+ 3(a2b + ac2 + b2c)− 4(a2c + ab2 + bc2).

(e) Under the assumption thata,b, c are integers with GCD(a, b, c) = 1, show
that NK/Q(aτ1 + bτ2 + cτ3) �≡ 0 mod 3.

(f) Deduce from (e) thatr = 3 is not inNK/Q(K ×). (Educational note: Conse-
quently Problems 18–19 at the end of Chapter II produce an explicit division
algebra overQ of dimension 9.)

5. (a) Show for each integern ≥ 1 that there exists a primep such thatn divides
p − 1.

(b) Deduce for thisp that there exists a fieldL with Q ⊆ L ⊆ Q(e2π i /p) such
that the field extensionL/Q is a Galois extension whose Galois group is
cyclic of ordern.

Problems 6–12 continue the discussion of cyclic algebras that was begun in Problems
17–19 at the end of Chapter II and continued in Problems 4–5 above. LetF be any
field, and letK be a finite Galois extension ofF whose Galois groupG = Gal(K/F)
is cyclic of ordern. Let σ be a generator ofG, fix an elementr �= 0 in F , and letA
be the subset of matrices inMn(K ) of the form⎛⎜⎜⎜⎝

c1 c2 c3 · · · cn

rσ(cn) σ (c1) σ (c2) · · · σ(cn−1)

rσ2(cn−1) rσ2(cn) σ2(c1) · · · σ2(cn−2)

...
...

...
...

...

rσ n−1(c2) rσ n−1(c3) rσ n−1(c4) · · · σ n−1(c1)

⎞⎟⎟⎟⎠ .
Identifyc ∈ K with the diagonal member ofA for whichc1 = c andc2 = · · · = cn =
0, and let j be the member ofA for which c1 = 0, c2 = 1, andc3 = · · · = cn = 0.
Under this identification every member ofA has a unique expansion as

∑n
k=1 ck j k−1

with all ck in K , and the elementj satisfiesj n = r and jcj −1 = σ(c) for c ∈ K .
Take it as known thatA is a central simple algebra overF of dimensionn2. This
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series of problems leads in part to another theorem due to Wedderburn. (However, a
more direct proof of the theorem of Wedderburn without the other results is possible.)

6. In the construction of factor sets in Section 2, usexσ k = j k for 0 ≤ k ≤ n − 1.
Show that the algebraA above corresponds to the 2-cocyclea with

a(σ k, σ l ) =
{

1 if k + l < n,

r if k + l ≥ n.

7. Under the assumption thatr = NK/F (x) with x ∈ K ×, show that the choice
cσ k = xσ(x)σ 2(x) · · · σ k−1(x) exhibits the factor set of the previous problem as
a trivial factor set and hence shows thatA ∼= Mn(F).

8. Let F = {Fk} be the standard free resolution ofZ in CZG, and letX = {Xk}
be the free resolution of Proposition 3.32. The latter hasXk = ZG for every
k ≥ 0. Trace through the proof of Corollary 3.26, and show that the proof allows
a chain mapf = { fk} to be defined in such a way that the values off0, f1, f2
on standardZG basis elements ofF0, F1, F2 are f0(1) = 1, f1(1, σ k) =
−(1 + σ + · · · + σ k−1) for 0 ≤ k < n, and

f2(1, σ
k, σ l ) =

{
0 if 0 ≤ k ≤ l < n,

−σ l if 0 ≤ l < k < n.

9. Let�2 : HomZG(F2, K ×) → C2(G, K ×) be the isomorphism of Section 5,
and letψ be in HomZG(ZG, K ×). Show that the member ofC2(G, K ×) that
corresponds toψ is�2(ψ ◦ f2) and that

�2(ψ ◦ f2)(σ
k, σ l ) =

{
ψ(0) if k + l < n,

ψ(σ k+l−n)−1 if k + l ≥ n.

10. Lety be a member ofK ×, and letψ be the unique element of HomZG(ZG, K ×)
with ψ(1) = y. Why in the context of Proposition 3.32 isψ a 2-cocycle if and
only if y is in F×?

11. Takeψ as in the previous problem withψ(1) = r −1, and show that the member of
C2(G, K ×) that corresponds to it under Problem 9 is the factor seta of Problem 6.

12. Deduce from the previous problem that the order of the Brauer equivalence class
in B(K/F) is the order of the coset ofr in F×/NK/F (K ×). Why does it follow
that A is a division algebra overF if the coset ofr in F×/NK/F (K ×) has exact
ordern? (Educational note: This result is a theorem of Wedderburn except that
it is here dressed in more modern language. The special case thatn is prime
was already handled by Problems 18–19 at the end of Chapter II. Although the
converse was seen in those problems to be valid forn prime, the converse is
known to fail forn = 4.)

Problems 13–20 introduce the reduced norm of a central simple algebra and give an
application. LetA be a central simple algebra over a fieldF with dimF A = n2. For
a in A, thealgebra polynomial of a is defined to be the characteristic polynomial
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det(X1− A) of theF linear mappingL(a) : A → A given by the left multiplication
x 	→ ax. This monic polynomial lies inF [X] and has degreen2. The ordinary
norm NA/F (a) is defined to be(−1)n

2
times the constant term, and the ordinary

trace TrA/F (a) is defined to be minus the coefficient ofXn2−1; these functions ofa
take values inF . Choose a finite Galois extensionK of F that splitsA, and fix an
isomorphismϕ : A⊗F K → Mn(K ). Thereduced polynomialof a is defined to be
the monic polynomial det

(
ϕ(X1 − a ⊗ 1)

)
. This polynomial lies inK [X] and has

degreen. Thereduced norm NrdA/F (a) is defined to be(−1)n times the constant
term, and thereduced traceTrrdA/F (a) is defined to be minus the coefficient of
Xn−1; these functions ofa initially take values inK .

13. Prove that the reduced polynomial ofa does not depend on the choice of the
isomorphismϕ.

14. Prove that det(X1 − a) = det
(
ϕ(X1 − a ⊗ 1)

)n
.

15. Using Galois theory and unique factorization, prove that any monic polynomial
P(X) in K [X] such thatP(X)n lies in F [X] already lies inF [X]. Conclude that
the reduced polynomial of any element ofA is in F [X].

16. Prove that det
(
ϕ(X1 − a ⊗ 1)

)
does not depend on the choice of the Galois

extensionK of F that splitsA.

17. Deduce that NrdA/F is a function from A to F such that NrdA/F (ab) =
NrdA/F (a)NrdA/F (b) for all a andb in A, NrdA/F (1) = 1, and NrdA/F (a)n =
NA/F (a) for all a in A. How does it follow that
(a) an elementa ∈ A is invertible if and only if NrdA/F (a) �= 0 and
(b) A is a division algebra if and only if NrdA/F (a) = 0 only fora = 0?

18. LetK/F be a finite Galois extension of fields, putG = Gal(K/F), and suppose
that a crossed-product algebraA = A(K ,G,a) is given as in Proposition 3.12
with K ⊆ A and with dimF A = (dimF K )2 = n2. Let {xσ | σ ∈ G} be the
system in the proposition such thatA = ⊕

σ∈G K xσ . Associate a matrixm(v)
in Mn(K ) to eachv ∈ A as follows. The rows and columns of the matrices are
indexed byG, andEσ,τ denotes the matrix that is 1 in the(σ, τ ) entry and is 0
elsewhere. Letm(cxτ ) = ∑

σ σ (c)a(σ, τ )Eσ,στ for c ∈ K , and extend additively
to handle allv ∈ A. Check thatv 	→ m(v) is a one-oneF algebra homomorphism
of A into Mn(K ), and prove that NrdA/F (v) = detm(v). (Educational note: Thus
by Proposition 3.12 the matrix algebra in Problems 6–12 is central simple.)

19. Identify the norm and the reduced norm for the real algebraH of quaternions.

20. A field F is said to satisfycondition (C1) if every homogeneous polynomial
of degreed in n variables withd < n has a nontrivial zero. Using the reduced
norm for a central division algebra overF , prove that condition (C1) implies
thatB(F) = 0. (Educational note: Algebraically closed fields and finite fields
satisfy (C1), the latter by a theorem of Chevalley. A deeper fact is that a simple
transcendental extension of an algebraically closed field satisfies (C1).)



CHAPTER IV

Homological Algebra

Abstract. This chapter develops the rudiments of the subject of homological algebra, which is an
abstraction of various ideas concerning manipulations with homology and cohomology. Sections
1–7 work in the context of good categories of modules for a ring, and Section 8 extends the discussion
to abelian categories.

Section 1 gives a historical overview, defines the good categories and additive functors used in
most of the chapter, and gives a more detailed outline than appears in this abstract.

Section 2 introduces some notions that recur throughout the chapter—complexes, chain maps,
homotopies, induced maps on homology and cohomology, exact sequences, and additive functors.
Additive functors that are exact or left exact or right exact play a special role in the theory.

Section 3 contains the first main theorem, saying that a short exact sequence of chain or cochain
complexes leads to a long exact sequence in homology or cohomology. This theorem sees repeated
use throughout the chapter. Its proof is based on the Snake Lemma, which associates a connecting
homomorphism to a certain kind of diagram of modules and maps and which establishes the exactness
of a certain 6-term sequence of modules and maps. The section concludes with proofs of the crucial
fact that the Snake Lemma and the first main theorem are functorial.

Section 4 introduces projectives and injectives and proves the second main theorem, which
concerns extensions of partial chain and cochain maps and also construction of homotopies for
them when the complexes in question satisfy appropriate hypotheses concerning exactness and the
presence of projectives or injectives. The notion of a resolution is defined in this section, and the
section concludes with a discussion of split exact sequences.

Section 5 introduces derived functors, which are the basic mathematical tool that takes advantage
of the theory of homological algebra. Derived functors of all integer orders≥ 0 are defined for any
left exact or right exact additive functor when enough projectives or injectives are present, and they
generalize homology and cohomology functors in topology, group theory, and Lie algebra theory.

Section 6 implements the two theorems of Section 3 in the situation in which a left exact or right
exact additive functor is applied to an exact sequence. The result is a long exact sequence of derived
functor modules. It is proved that the passage from short exact sequences to long exact sequences
of derived functor modules is functorial.

Section 7 studies the derived functors of Hom and tensor product in each variable. These are
called Ext and Tor, and the theorem is that one obtains the same result by using the derived functor
mechanism in the first variable as by using the derived functor mechanism in the second variable.

Section 8 discusses the generalization of the preceding sections to abelian categories, which are
abstract categories satisfying some strong axioms about the structure of morphisms and the presence
of kernels and cokernels. Some generalization is needed because the theory for good categories is
insufficient for the theory for sheaves, which is an essential tool in the theory of several complex
variables and in algebraic geometry. Two-thirds of the section concerns the foundations, which
involve unfamiliar manipulations that need to be internalized. The remaining one-third introduces an
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artificial definition of “member” for each object and shows that familiar manipulations with members
can be used to verify equality of morphisms, commutativity of square diagrams, and exactness of
sequences of objects and morphisms. The consequence is that general results for categories of
modules in homological algebra requiring such verifications can readily be translated into results for
general abelian categories. The method with members, however, does not provide for constructions
of morphisms member by member. Thus the construction of the connecting homomorphism in the
Snake Lemma needs a new proof, and that is given in a concluding example.

1. Overview

This chapter develops the rudiments of the subject of homological algebra. The
only prerequisite within the present volume is the self-contained Section III.5
entitled “Digression on Cohomology of Groups,” which is helpful primarily as
motivation. The definitions of category, functor, object, morphism, natural trans-
formation, product, and coproduct as in Chapters IV and VI ofBasic Algebrawill
be taken as known, and it will be helpful as motivation to know also the material
from Chapter VII ofBasic Algebraon group extensions and cohomology of
groups. The present chapter will make some allusions to notions from algebraic
topology, particularly in this first section, and the reader is encouraged to skip
lightly over anything of this kind that might be an impediment to continuing with
the remainder of the chapter.

Homology and cohomology have their origins in attempts to assign algebraic
invariants to topological obstructions. One example historically was the holes
in a domain of the Euclidean plane that can make line integrals that are locally
independent of the path fail to be globally independent of the path. Another was
the handles on 2-dimensional closed surfaces. These obstructions were originally
viewed as numbers (Betti numbers for example) and later viewed as algebraic
objects such as abelian groups or vector spaces. A big advance was to regard
them not just as objects attached to geometric configurations but as functors that
attach objects to geometric configurations and also attach functions between such
objects to reflect the behavior of functions between geometric configurations.

Hints of connections with algebra on a deeper level and hints that homology and
cohomology could be computed quite flexibly began with work of W. Hurewicz
in 1936 and H. Hopf in 1942. Hurewicz considered the following situation:M
is a finite connected simplicial complex,U is its universal cover, andG is the
fundamental group ofM . Suppose thatU is contractible. The groupG acts freely
on the groupC∗(U ) of simplicial chains ofU (with integer coefficients). The
boundary operator then gives us an exact sequence

0 ←− Z ←− C0(U )←− C1(U )←− C2(U )←− · · ·
of abelian groups with an action ofG on eachCj (U ) by automorphisms in such
a way that eachCj (U ) in effect is a freeZG module. Applying( · )⊗ZG Z, we
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obtain the complex

0 ←− C0(M)←− C1(M)←− C2(M)←− · · · .
The homologyH0(M) is justZ becauseM is connected, andH1(M) is just the
quotient ofG by its commutator subgroup; thusH0(M) andH1(M) depend only
onG. What Hurewicz showed is that all higherHi (M) depend only onG; he did
not address existence of such spacesM andU for G.

Hopf clarified the situation and drew attention to it by making an explicit
calculation: Dropping all assumptions onU other than its simple connectivity,
he gave a formula for the quotient ofH2(M) modulo the subgroup of “spherical
homology classes” in terms ofG. Later he obtained a result for higher-degree
homology. In effect, Hopf was giving formulas forHn(G,Z) by discovering and
applying the homology analog of the cohomology result given as Theorem 3.31
in Section III.5.

Meanwhile, S. Eilenberg in 1944 made an adjustment to Lefschetz’s singular
homology theory and showed for locally finite polyhedra that his adjusted theory
gives the same groups as the more traditional simplicial theory. His method
was to introduce a third complex, to exhibit chain maps from this to each of
the complexes under study, and show that the chain maps possess inverses in a
suitable sense.

In addition to the people mentioned above, some others who pursued these mat-
ters in the mid 1940s were R. Baer, B. Eckmann, H. Freudenthal, and S. Mac Lane.
One thing that mathematicians gradually realized was that homology and coho-
mology in various situations can be calculated from suitable kinds of abstract
resolutions, a fact that lies at the heart of the subject of homological algebra.
Another was that the subject of cohomology of groups made sense on an abstract
level without any reference to topology and that the theory of factor sets for group
extensions, as had been introduced by O. Schreier in the 1920s, was actually one
aspect of this theory.

With a great leap of generality, H. Cartan and Eilenberg set down such a theory
in their celebrated bookHomological Algebra, whose publication was delayed
until 1956. Homology and cohomology became things attached to complexes,
no longer dependent on topology, and the book developed enormous machinery
for working with such complexes and homology/cohomology. By the time that
Cartan and Eilenberg had published their book, other special cases of homological
algebra had already arisen. One was the cohomology theory of Lie algebras,
developed by C. Chevalley in the 1940s and by J.-L. Koszul in 1950. Another was
the cohomology theory of sheaves, used in the subject of several complex variables
starting about 1950 by K. Oka and H. Cartan; sheaves themselves had been
introduced in 1946 by J. Leray in connection with partial differential equations.

In the eventual theory the fundamental notion is that of a “derived functor”:
homology or cohomology is obtained by starting from some kind of resolution,
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or exact complex, passing to another complex by means of a functor with some
special properties, and then extracting the homology or cohomology of the image
complex. Two categories are thus involved, one for the resolution and one for
the values of the functor. From an expository point of view, it seems wise to start
with concrete categories and not to try to identify the most general categories for
which the theory makes sense. For much of the chapter, we shall work with a
category not much more general than the categoryCR of all unital left Rmodules,
whereR is a ring with identity, and our functors will pass from one such category
to another. Use of categoriesCR subsumes the following applications:

(i) manipulations with basic homology and cohomology in topology, in
which one begins with the ringR = Z of integers. For more advanced
applications in topology, one moves fromZ to more general rings.

(ii) homology and cohomology of groups, in which one initially uses group
rings of the formZG, whereG is any group andZ is the ring of integers.

(iii) homology and cohomology of Lie algebras. Ifg is a Lie algebra over
a field such asC, then g has a “universal enveloping algebra”U (g)
and a canonical mappingι : g → U (g). Here U (g) is a complex
associative algebra with identity,ι is a Lie algebra homomorphism, and
the pair(U (g), ι) has the following universal mapping property: when-
everϕ : g → A is a Lie algebra homomorphism into a complex asso-
ciative algebraA with identity, then there is a unique homomorphism
� : U (g)→ A of associative algebras with identity such thatϕ = � ◦ ι.
Lie algebra homology and cohomology are the theory for the set-up in
which the initial underlying rings areU (g) andC.

In other words, in each of the three applications above, many derived functors of
importance pass from the categoryCR for a ring R with identity to the category
CS for another ringSwith identity.

The slight generalization of categoriesCR that we shall use for much of the
chapter is as follows: LetR be a ring with identity. Agood categoryC of R
modules consists of

(i) some nonempty class of unital leftR modules closed under passage
to submodules, quotients, and finite direct sums (themodules of the
category),

(ii) the full sets HomR(A, B) of all R linear homomorphisms fromA to B
for eachA andB as in (i) (themorphisms, or maps, of the category).

For example the collection of all finitely generated abelian groups, as a subcate-
gory ofCZ, is a good category.1 So is the collection of alltorsion abelian groups,

1One reason for working with this slight generalization is to emphasize that a certain property
of categoriesCR, namely that they have “enough projectives” and “enough injectives” in a sense to
be made precise below in Section 5, does not necessarily persist for slight variants ofCR.
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i.e., abelian groups whose elements all have finite order, as a subcategory ofCZ.
The definition of “good category” specifiesleft R modules that are unital.

However, the theory applies equally well to rightR modules that are unital, since
a unital rightR module becomes a unital left module for the opposite ringRo,
i.e., the ring whose underlying abelian group is the same as forR and whose
multiplication is given bya ◦ b = ba.

The special property of a functorF : C → C ′ used for passing from a complex
in one good category to a complex in another good category is that it isadditive,
namely thatF(ϕ1 + ϕ2) = F(ϕ1) + F(ϕ2) wheneverϕ1 and ϕ2 are in the
same HomR(A, B). The initial examples of additive functors are tensor product
M ⊗R ( · ), which passes fromCR to CZ if M is a right R module, and Hom in
each variable: HomR( · ,M) and HomR(M, · ), both of which pass fromCR to
CZ if M is a left R module. In Section 2 we shall consider additive functors in
more detail.

The set-up with good categories does not subsume the cohomology of sheaves,
nor some other applications of interest, such as the cohomology of vector bundles
with a fixed base. The cohomology of sheaves is an important tool in algebraic
geometry and several complex variables, and it cannot be ignored. Consequently
one ultimately wants the theory to extend to other categories than good categories
of modules. In addition, it is quite useful to have the theory work for the categories
opposite to two given categories if it works for two given categories, and this
feature means that the general theory should not insist that the objects be sets
of elements and the morphisms be functions on such elements. Accordingly the
abstract theory is carried out for “abelian categories,” which will be defined in
Section 8. The idea for creating the abstract theory is to take the theory for good
categories of modules and rephrase all of the results for all abelian categories. In
many instances the proofs will translate easily to the general setting, but in other
instances it will be necessary to eliminate individual elements from arguments
and obtain new arguments that rely only on complexes, exact sequences, and
commutative diagrams. Some of this detail will be carried out in Section 8.

Sections 2–3 establish the framework of homology and cohomology in the
context of good categories of modules. Section 2 discusses complexes and exact
sequences at length, and Section 3 shows how a short exact sequence of complexes
leads to a long exact sequence in homology or cohomology. This is the first main
result of the theory and finds multiple uses later in the chapter.

Section 4 contains a discussion of “projectives and injectives” that expands and
systematizes Theorem 3.31, which concerned the flexible role of resolutions in
computing the cohomology of groups. Once that flexibility is in place in the more
general setting of good categories, Sections 5–6 introduce derived functors and
some of their properties. The main examples of derived functors at this stage are
functors Ext( · , · ) and Tor( · , · ) obtained from Hom and tensor product; these



2. Complexes and Additive Functors 171

are examined more closely in Section 7. The example given in Section III.5 and
now being used as motivation requires some subtlety to be regarded as a derived
functor. That example was the system of functorsHn(G, · ) yielding cohomology
of the groupG with coefficients in the module( · ); these were obtained in Section
III.5 by applying the functor HomZG( · ,M) to any free resolution ofZ in the
categoryCZG. It is seen in examples in Section 5 that the effect of using the free
resolution was to computeHn(G,M) as ExtnZG( · ,M) when the variable is set
equal toZ; realizing this result as a derived functor in theM variable requires
knowing that one gets the same result from Extn

ZG(Z, · ) when its variable is set
equal toM . This conclusion is part of Theorem 4.31, which is proved in Section 7.

The first seven sections complete the treatment of the rudiments of homological
algebra in the setting of good categories. One more central technique beyond that
of derived functors is the mechanism of spectral sequences, but we shall omit this
topic to save space.2

The chapter concludes with some discussion of abelian categories in Section 8.
The foundations of homological algebra have to be redone completely when
objects are no longer necessarily sets of elements. After this step, one introduces
a substitute notion of “member” for elements, establishes its properties, and
immediately obtains extensions of much of the theory to all abelian categories. A
supplementary argument is needed whenever the theory for good categories uses
an element-by-element construction of a homomorphism.

Sheaves are introduced in the last section of text in Chapter X, and their
cohomology is mentioned very briefly there.

2. Complexes and Additive Functors

LetC be a good category ofR modules in the sense of Section 1. Acomplexin C
is a finite or infinite sequence of modules and maps inC such that the consecutive
compositions are all 0. There is no harm in assuming that the indexing for
the sequence is done by all ofZ, since we can always adjoin 0 modules and 0
maps as necessary to fill out the indexing. The indices may be increasing or
decreasing, and, as we saw in Section III.5, this distinction is only a formality.
However, the distinction is very convenient when it comes to applications, since
homology is normally associated with decreasing indices and cohomology is
normally associated with increasing indices.

Thus let us be more precise about the indexing. Achain complex in C is
a sequence of pairsX = {(Xn, ∂n)}∞n=−∞ in which eachXn is a module inC,

2For the reader who is interested in learning about spectral sequences, this author is partial to the
explanation of the topic in Appendix D of the book by Knapp and Vogan in the Selected References.
The setting in that appendix is limited to good categories of modules, and some important applications
are included.
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each∂n is a map in HomR(Xn+1, Xn), and∂n∂n+1 = 0 for all n. The maps
∂n are sometimes calledboundary maps, or boundary operators. We define
thehomologyof X, written H∗(X) = {Hn(X)}∞n=−∞ with subscripts, to be the
sequence of modules inC given by

Hn(X) = (ker∂n−1)/(image∂n).

The members of the space ker∂n−1 are calledn-cycles, and the members of the
space image∂n are calledn-boundaries.

EXAMPLES OF CHAIN COMPLEXES.

(1) Simplicial homology. LetSbe a simplicial complex of dimensionN, and
number its vertices. For each integern, the groupCn(S) of simplicial n-chains
is the free abelian group on the set of simplices of dimensionn. This is 0 for
n < 0 andn > N. In elementary topology one defines the boundary of each
n-simplex to be the member ofCn−1(S) equal to an integer combination of its
faces, the coefficient of the face being(−1)i if the missing vertex for the face is
the i th of then + 1 vertices of the givenn-simplex. This definition is extended
additively to the boundary map∂n−1 : Cn(S) → Cn−1(S), and a combinatorial
argument gives∂n∂n−1 = 0 for all n. ThusX = {(Cn(S), ∂n−1)} is a complex.
The associated homologyHn(X) is thenth (integral simplicial) homology of the
simplicial complexSand is usually denoted byHn(S).

(2) Cubical singular homology. LetS be a topological space. Forn ≥ 0, a
singular n-cubein S is a continuous functionT : I n → S, whereI n denotes the
n-fold product of the closed interval [0, 1] with itself. The free abelian group on
the set ofn-cubes is denoted byQn(S). A singularn-cubeT is degenerateif
its values are independent of one of then variables. The subgroup ofQn(S)
generated by the degenerate singularn-cubes is denoted byDn(S), and the
quotientCn(S) = Qn(S)/Dn(S) is the group ofcubical singular n-chains.
One defines a boundary operator fromQn(S) to Qn−1(S) for eachn in analogy
with the definition in the previous example and shows that it carriesDn(S) into
Dn−1(S). Consequently the boundary operator descends to a homomorphism of
abelian groups∂n−1 : Cn(S)→ Cn−1(S). A combinatorial argument shows that
∂n∂n−1 = 0; thus we get a complex. The associated homology is thenth (integral
singular) homology ofSand is usually denoted byHn(S).

(3) Free resolution ofZ in CZG. LetG be a group. Then the standard resolution
of Z in the categoryCZG, as given in Theorem 3.20, is a chain complex in that
category.

Let us make the class of chain complexes for the good categoryC into a category.
Each chain complex is to be an object. IfX = {(Xn, ∂n}) and X′ = {(X′

n, ∂
′
n)}
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are two chain complexes inC, a morphism in Morph(X, X′) is anychain map
f = { fn}, defined as a sequence of mapsfn ∈ HomR(Xn, X′

n) such that the
diagram

Xn
∂n−1−−−→ Xn−1

fn

⏐⏐+ ⏐⏐+ fn−1

X′
n

∂ ′
n−1−−−→ X′

n−1

commutes for alln. Briefly f ∂ = ∂ ′ f . Since the fn’s are functions, it is
customary to use function notationf : X → X′ for chain maps. The system{1Xn}
of identity maps serves as an identity morphism, and coordinate-by-coordinate
composition is associative. Thus the result is a category.

The next step is to observe that homologyH∗, as applied to chain maps for
the categoryC, is a covariant functor from the category of chain maps to itself.
The effect of the functor on objects is to sendX to H∗(X) = {(Hn(X),0)}. If
f : X → X′ is a chain map, then the formula∂ ′

n−1( fn(xn)) = fn−1(∂n−1(xn))

shows that fn(ker∂n−1) ⊆ ker∂ ′
n−1, and the formula∂ ′

n( fn+1(xn+1)) =
fn(∂n(xn+1)) shows that fn(image∂n) ⊆ image∂ ′

n. Therefore fn descends
to the quotient, giving a mapH( fn) : Hn(X) → Hn(X′). The assembled
collection of mapsH∗( f ) : H∗(X)→ H∗(X′) is manifestly a chain map. Instead
of writing H( fn) for the map induced byfn on thenth homology, we shall often
write ( fn)∗ or f̄n, especially in diagrams, to make the notation less cumbersome.
Since the identity chain map yields the identity onH∗(X) and since compositions
go to compositions in the same order, homologyH∗ is a covariant functor.

If f : X → X′ andg : X → X′ are two chain maps, then ahomotopy h
of f to g is a system of mapsh = {hn} increasing degrees by 1, i.e., having
hn carry Xn into X′

n+1, such thathn−1∂n−1 + ∂ ′
nhn = fn − gn for all n. Briefly

h∂ + ∂ ′h = f − g. When such anh exists, we say thatf andg arehomotopic,
and we writef � g. This relation is an equivalence relation.

Proposition 4.1. If f : X → X′ andg : X → X′ are homotopic chain maps
in the good categoryC, then f andg induce thesamemapsH∗( f ) and H∗(g)
on homology, i.e.,Hn( f ) andHn(g) are the same map ofHn(X) into Hn(X′) for
eachn.

PROOF. Let h be a homotopy, and suppose that∂n−1(xn) = 0. Then the
computationfn(xn)−gn(xn) = hn−1∂n−1(xn)+∂ ′

nhn(xn) = 0+∂ ′
nhn(xn) shows

that the images ofxn under fn andgn in X′
n differ by a member of image∂ ′

n. �

Briefly let us translate all of these definitions and conclusions into statements
when the complexes have increasing indices. Acochain complex in C is a
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sequence of pairsX = {(Xn,dn)}∞n=−∞ in which eachXn is a module inC,
eachdn is a map in HomR(Xn, Xn+1), anddn+1dn = 0 for all n. The mapsdn

are sometimes calledcoboundary maps, or coboundary operators. We define
the cohomologyof X, written H∗(X) = {Hn(X)}∞n=−∞ with superscripts, to
be the sequence of modules inC given byHn(X) = (kerdn)/(imagedn−1). The
members of the space kerdn are calledn-cocycles, and the members of imagedn−1

are calledn-coboundaries.

EXAMPLES OF COCHAIN COMPLEXES.

(1) Singular cohomology. LetSbe a topological space, letX ={(Cn(S), ∂n−1)}
be its complex of cubical singularn-chains, and letM be any abelian group. If
Cn(S,M) = HomZ(Cn(S),M) and if dn : Cn(S,M) → Cn+1(S,M) is the
mapdn = Hom(∂n+1,1), thenY = {(Cn(S,M)),dn)} is a cochain complex,
and its cohomology, writtenH∗(Y) = {Hn(S,M)}, is the (integral singular)
cohomology ofSwith coefficients inM .

(2) Cohomology of groups. LetG be a group, and letM be an abelian group
on which G acts by automorphisms. LetCn(G,M) be the abelian group of
functions from then-fold product ofG with itself into M , the functions being
added pointwise. Defineδn : Cn(G,M) → Cn+1(G,M) as in Section III.5.
ThenX = {(Cn(G,M), δn)} is a cochain complex, and its cohomologyH∗(X) =
{Hn(G,M)} is the cohomology ofG with coefficients inM .

The cochain complexes for the good categoryC form a category for which the
morphisms fromX = {(Xn,dn)} to X′ = {(X′

n,d
′
n)} arecochain mapsf = { fn};

the latter are defined by the conditions thatfn carry Xn to X′
n and f d = d f , i.e.,

fn+1dn = dn fn for all n. CohomologyH∗, as applied to cochain maps for the
categoryC, is a covariant functor from the category of cochain maps to itself.
The effect of the functor on objects is to sendX to H∗(X) = {(Hn(X),0)}, and
the argument that a cochain mapf : X → X′ carriesH∗(X) to H∗(X′) via a
cochain mapH∗( f ) is the same as for chain maps. Instead of writingH( fn) for
the map induced byfn on thenth cohomology, we shall often write( fn)∗ or f̄n,
especially in diagrams, to make the notation less cumbersome.3

If f : X → X′ andg : X → X′ are two cochain maps, then ahomotopy
h of f to g is a system of mapsh = {hn} decreasing degrees by 1, i.e., having
hn carry Xn into X′

n−1, such thathn+1dn + d′
n−1hn = fn − gn for all n. Briefly

hd + d′h = f − g. When such anh exists, we say thatf andg arehomotopic,
and we writef � g. This relation is an equivalence relation.

3The notation with the bar is to be avoided when there might be some ambiguity about which of
homology and cohomology is involved.
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Proposition 4.1′. If f : X → X′ andg : X → X′ are homotopic cochain
maps in the good categoryC, then f andg induce thesamemapsH∗( f ) and
H∗(g) on cohomology, i.e.,Hn( f ) andHn(g) are the same map ofHn(X) into
Hn(X′) for eachn.

PROOF. Let h be a homotopy, and suppose thatdn(xn) = 0. Then the com-
putation fn(xn)− gn(xn) = hn+1dn(xn)+ d′

n−1hn(xn) = 0 + d′
n−1hn(xn) shows

that the images ofxn under fn andgn in X′
n differ by a member of imaged′

n−1.
�

A chain or cochain complex written neutrally asX = {X(n)} is exactat X(n)
if the kernel of the outgoing map atX(n) equals the image of the incoming map
at X(n) (as opposed to merely containing the image). The complex isexact, or
is anexact sequence, if it is exact at everyX(n). A short exact sequenceis an
exact sequence of the form

0 −→ A
ϕ−→ B

ψ−→ C −→ 0,

understood to have 0’s at all positions beyond each end. The conditions on the
5-term complex above for it to be exact are thatϕ be one-one,ψ be ontoC, and
thatψ exhibit C as isomorphic toB/ imageϕ. To make the terminology more
symmetric, it is customary to introduce a name for the quotient of the range of a
homomorphismη by the image ofη; this quotient is defined to be thecokernel
of the homomorphism and is denoted by cokerη. The conditions for exactness
above can then be restated more symmetrically as

kerϕ = cokerψ = 0 and imageϕ = kerψ.

An exact sequence can always be broken into short exact sequences by stretch-
ing each link

· · · −→ A
ϕ−→ B

ψ−→ · · ·

into
· · · −→ A

ϕ−→ imageϕ −→ 0 −→ 0 −→ kerψ
inc−→ B

ψ−→ · · ·

and breaking it between the 0’s; here “inc” denotes the inclusion mapping of
kerψ into B. This stretching process does not take us outside our good category,
since good categories are assumed to be closed under passage to submodules and
quotients. Conversely if we have two exact sequences

· · · −→ A
ϕ−→ C −→ 0 and 0−→ C

i−→ B
ψ−→ · · · ,
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then we can combine them into an exact sequence

· · · −→ A
iϕ−→ B

ψ−→ · · · .

Exactness atA of the merged sequence follows because ker(iϕ) = kerϕ, and
exactness atB follows because kerψ = imagei = image(iϕ).

Any mapϕ : A → B in our good category can be expressed in terms of an
exact sequence by including the kernel and cokernel:

0 −→ kerϕ
i−→ A

ϕ−→ B
q−→ cokerϕ −→ 0;

herei : kerϕ → A is the inclusion, andq : B → cokerϕ is the quotient mapping.
All the modules and maps in the exact sequence are in the category, since good
categories are assumed to be closed under passage to submodules and quotients.
We shall use the following special case of this observation in Section 3.

Proposition 4.2. Let X = {(Xn, ∂n)}∞n=−∞ be a chain complex in a good
category with∂n in HomR(Xn+1, Xn) for eachn. Then the boundary operator
∂n−1 on Xn descends to the quotient as a mapping∂̄n−1 : coker∂n → ker∂n−2

and yields an exact sequence

0 −→ Hn(X)
i−→ coker∂n

∂̄n−1−−→ ker∂n−2
q−→ Hn−1(X) −→ 0.

Herei is the inclusioni : ker∂n−1/ image∂n → Xn/ image∂n, andq is the quo-
tient q : ker∂n−2 → ker∂n−2/ image∂n−1. This association of a six-term exact
sequence toX for eachn is functorial in the sense that ifX′ = {(X′

n, ∂
′
n)}∞n=−∞ is

a second chain complex and iff : X → X′ is a chain complex, then the diagram

Hn(X)
i−−−→ coker∂n

∂̄n−1−−−→ ker∂n−2
q−−−→ Hn−1(X)⏐⏐+ ⏐⏐+ ⏐⏐+ ⏐⏐+

Hn(X′) i ′
−−−→ coker∂ ′

n

∂̄ ′
n−1−−−→ ker∂ ′

n−2
q′

−−−→ Hn−1(X′)

commutes; here the vertical maps are those induced byfn−1 and fn.

REMARKS.
(1) The term “functorial” in the statement has a precise meaning in this and

other contexts. Each chain complex is being carried to a 6-term exact sequence
for eachn. The chain complexes and the 6-term exact sequences both form
categories, the morphisms in each case being chain maps. To say that the passage



2. Complexes and Additive Functors 177

from the objects of one category to the other isfunctorial is to say that the
passage between the categories is actually a functor, i.e., chain maps for the chain
complexes are sent to chain maps for the 6-term exact sequences, the identity goes
to the identity, and compositions go to compositions. The latter two conditions
are evident, and what needs proof is that chain maps are carried to chain maps.4

(2) For a cochain complexX = {(Xn,dn)}∞n=−∞ with dn in HomR(Xn, Xn+1),
the corresponding exact sequence is

0 −→ Hn−1(X)
i−→ cokerdn−2

d̄n−1−−→ kerdn
q−→ Hn(X) −→ 0,

and it is functorial with respect to cochain maps.

PROOF. To see that the map̄∂n−1 carries coker∂n to ker∂n−2, we write it as a
composition

coker∂n = Xn/ image∂n → Xn/ ker∂n−1
∼= image∂n−1 ⊆ ker∂n−2,

with the arrow induced by the inclusion image∂n ⊆ ker∂n−1 and with the iso-
morphism induced by applying∂n−1 to Xn and passing to the quotient. Then we
have ker̄∂n−1 = ker∂n−1/ image∂n = Hn(X) and

coker∂̄n−1 = ker∂n−2
/
∂̄n−1(Xn/ image∂n) = ker∂n−2

/
∂n−1Xn

= ker∂n−2/ image∂n−1 = Hn−1(X),

and the exactness of the sequence is a special case of the exactness noted in the
paragraph before the proposition.

For the assertion that the association is functorial, the left square commutes
because the verticals are both induced by the same mapfn, and the right square
commutes because the verticals are both induced by the same mapfn−1. For the
middle square the commutativity follows from the fact thatfn−1∂n−1 = ∂ ′

n−1 fn.
�

4Some authors use the word “natural” instead of the word “functorial” in this situation. Authors
who do this may have the notion of “natural transformation” between two functors in mind, or they
may not. For those who do not, it seems advisable to use a different term like “functorial” to avoid
confusion. For those who do, the allusion to a natural transformation is at best tortured in this
instance. A natural transformation refers to two categoriesC andC′, and the most intuitive choice
for C here is the category of chain complexesX. There are to be two functors fromC to C′ and the
natural transformation relates the values of those functors onX, for eachX; no second complexX′
enters into matters. To haveX′ involved in a natural transformation would mean including at least
two chain complexes in each object ofC. In other instances, however, some additional structure
may be present. Then the distinction between “functorial” and “natural” may be one of emphasis
concerning the data. The statements of Propositions 4.29 and 4.30 below provide examples.
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As was mentioned in Section 1, our interest will be in functorsF : C → C ′
between two good categories, not necessarily involving the same ring, with the
property of beingadditive. This means thatF(ϕ1 +ϕ2) = F(ϕ1)+ F(ϕ2) when
ϕ1 andϕ2 are in the same HomR(A, B).

An additive functor sends any 0 map to the corresponding 0 map. Consequently
it always sends complexes to complexes. Moreover, since any functor carries the
identity map of each HomR(A, A) to an identity map, an additive functor has to
send any moduleA for which the 0 map and the identity coincide to another such
module. The 0 module is the unique moduleA with this property, and thus an
additive functor has to send the 0 module to a 0 module.

Moreover, additive functors carry finite direct sums to finite direct sums. (Re-
call that good categories are closed under finite direct sums.) This fact needs
proper formulation, and we need first to express direct sums in terms of modules
and maps. From the point of view of category theory, we shall take advantage
of the fact that for leftR modules, product and coproduct coincide and are given
by direct sum. IfC ∼= A ⊕ B, then there are thus projectionspA : C → A and
pB : C → B and injectionsιA : A → C andιB : B → C such that

pAιA = 1A and pBιB = 1B,

pBιA = 0 and pAιB = 0,

and
ιA pA + ιB pB = 1C.

Conversely if we have mapspA, ιA, pB, andιB with these properties, then the
modulesA = imagepA andB = imagepB have the property thatC is the internal
direct sumC = ιA A ⊕ ιB B, andιA and ιB are one-one. In fact, the equation
ιA pA + ιB pB = 1C shows thatιA A + ιB B = C. To see thatιA A ∩ ιB B = 0,
let x be in the intersection. ThenpBx lies in pBιA A, which is 0, andpAx lies in
pAιB B, which is 0. ThusιA pA + ιB pB = 1C gives 0= ιA pAx + ιB pBx = x.
HenceιA A ∩ ιB B = 0 andC = ιA A ⊕ ιB B. Finally the equationspAιA = 1A

and pBιB = 1B imply thatιA andιB are one-one.
With direct sum now expressed in terms of modules and maps, let us return to

the effect of additive functors on direct sums. LetC ∼= A⊕ B, and letpA, pB, ιA,
andιB be as above. Suppose that the additive functorF is covariant. ApplyingF
to the displayed identities in the previous paragraph and using thatF is additive,
we see thatF(pA), F(pB), F(ιA), andF(ιB) have the properties that allow us to
recognize a direct sum. Hence

F(C) = F(ιA)F(A)⊕ F(ιB)F(B)

with F(ιA) andF(ιB) one-one. Thus

F(C) ∼= F(A)⊕ F(B).
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If insteadF is contravariant, then the roles of the projections and the injections
get interchanged, but we still obtainF(C) ∼= F(A)⊕ F(B).

An additive functorF : C → C ′ between two good categories isexact if it
transforms exact sequences into exact sequences. Proposition 4.3 below will show
that exact covariant functors preserve kernels, images, cokernels, submodules,
quotients, and more. However, exact functors occur only infrequently; we shall
see a few examples of them in Section 4. For examples of failures at exactness,
it was shown in Section X.6 ofBasic Algebrathat if

0 −→ M
ϕ−→ N

ψ−→ P −→ 0

is a short exact sequence in the categoryCR, if E is a unital leftR module, and if
E′ is a unital rightR module, then the following sequences inCZ are exact:

E′ ⊗R M
1⊗ϕ−−−→ E′ ⊗R N

1⊗ψ−−−→ E′ ⊗R P −−−→ 0,

0 −−−→ HomR(E,M)
Hom(1,ϕ)−−−−−→ HomR(E, N)

Hom(1,ψ)−−−−−→ HomR(E, P),

HomR(M, E)
Hom(ϕ,1)←−−−−− HomR(N, E)

Hom(ψ,1)←−−−−− HomR(P, E)←−−− 0;
on the other hand, the extensions of these complexes to 5-term complexes by the
adjoining of a 0 need not be exact, and thus the functorsE′ ⊗R ( · ), HomR(E, · ),
and HomR( · , E) are not exact for suitable choices ofR, E, andE′.

Proposition 4.3.An additive functorF : C → C ′ between two good categories
is exact if and only if it carries all short exact sequences into short exact sequences.

REMARK. This proposition makes it a little easier to test concrete additive
functors for exactness than it would be from the definition.

PROOF. Necessity is obvious. For sufficiency, let

A
ϕ−→ B

ψ−→ C

be exact, and let the additive functorF be covariant, the contravariant case being
completely analogous. PutA1 = kerϕ, B1 = kerψ , andC1 = imageψ . Since
ψϕ = 0, we can factorϕ asϕ = ϕ2ϕ1, whereϕ1 : A → B1 is ϕ with its range
space reduced and whereϕ2 : B1 → B is the inclusion. Similarly we can factor
ψ asψ = ψ2ψ1, whereψ1 : B → C1 is ψ with its range space reduced and
whereψ2 : C1 → C is the inclusion. Of the sequences

0 −→ A1 −−→ A
ϕ1−−→ B1 −→ 0,

0 −−→ B1
ϕ2−→ B

ψ1−−→ C1 −→ 0,

0 −−→ C1
ψ2−→ C −→ C/C1 −→ 0,
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the first and the third are trivially exact, and the second is exact because kerψ1 =
kerψ = imageϕ = imageϕ2. The hypothesis thatF carries short exact se-
quences to short exact sequences thus implies that the three sequences

F(A)
F(ϕ1)−−−→ F(B1) −−−→ 0,

F(B1)
F(ϕ2)−−−→ F(B)

F(ψ1)−−−→ F(C1),

0 −−−→ F(C1)
F(ψ2)−−−→ F(C)

are exact. From these, kerF(ψ1) = imageF(ϕ2). Also, F(ψ2) is one-one, so
that

kerF(ψ1) = ker
(
F(ψ2)F(ψ1)

) = kerF(ψ),

andF(ϕ1) is onto, so that

imageF(ϕ2) = image
(
F(ϕ2)F(ϕ1)

) = imageF(ϕ).

Hence kerF(ψ) = imageF(ϕ), and

F(A)
F(ϕ)−−−→ F(B)

F(ψ)−−−→ F(C)

is exact, as required. �

Proposition 4.4. Let F : C → C ′ be an additive functor between good
categories, letX be a complex inC, and letF(X) be the corresponding complex
in C ′. If F is exact, thenF carries the homology or cohomology ofX to the
homology or cohomology ofF(X).

REMARKS. Our convention is to refer to homology when the indexing goes
down and cohomology when the indexing goes up. IfF is covariant, it preserves
the indexing, while ifF is contravariant, it reverses it. For the proof we shall use
notationA, B,C for modules that is neutral with respect to the indexing. The
arguments are qualitatively different in the covariant and contravariant cases, and
we shall give both of them.

PROOF IN THE COVARIANT CASE. Let

A
ϕ−→ B

ψ−→ C

be a given complex, thus havingψϕ = 0, and form the image complex

F(A)
F(ϕ)−−−→ F(B)

F(ψ)−−−→ F(C).
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We are to exhibit an isomorphism

F(kerψ/ imageϕ) ∼= kerF(ψ)/ imageF(ϕ). (∗)

Let i : imageϕ → kerψ and j : kerψ → B be the inclusions, and let
q : kerψ → kerψ/ imageϕ be the quotient map. ApplyingF to the exact
sequence

0 −→ imageϕ
i−−→ kerψ

q−−→ kerψ/ imageϕ −→ 0

and using exactness, we obtain an isomorphism viaF(q):

F(kerψ/ imageϕ) ∼= F(kerψ)
/

F(i )F(imageϕ). (∗∗)

Since j is one-one andF is exact,F( j ) is one-one. Thus application ofF( j ) to
the right side of(∗∗) gives

F(kerψ/ imageϕ) ∼= F( j )F(kerψ)
/

F( j i )F(imageϕ). (†)

If ϕ denotesϕ with its range reduced to its image, thenϕ = j i ϕ. Applying F to
the two exact sequences

kerψ
j−→ B

ψ−→ C,

A
ϕ−→ imageϕ −→ 0

gives usF( j )F(kerψ) = kerF(ψ) and F(imageϕ) = F(ϕ)F(A). Applying
F( j i ) to the second of these and substituting both into the right side of(†)
transforms(†) into (∗) and gives the required isomorphism. �

PROOF IN THE CONTRAVARIANT CASE. Let

A
ϕ−→ B

ψ−→ C

be given withψϕ = 0, and form the image complex

F(A)
F(ϕ)←−−− F(B)

F(ψ)←−−− F(C).

We are to exhibit an isomorphism

F(kerψ/ imageϕ) ∼= kerF(ϕ)/ imageF(ψ). (∗)

Let j : kerψ → B be the inclusion, let̄j : kerψ/ imageϕ → B/ imageψ be
the induced map between quotients, and letq,q′,q′′ be the quotient maps

q : B → B/ kerψ,

q′ : B → B/ imageϕ,

q′′ : B/ imageϕ → B/ kerψ.
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These satisfyq = q′′q′. Applying F to the exact sequence

0 −→ kerψ/ imageϕ
j̄−−→ B/ imageϕ

q′′
−−→ B/ kerψ −→ 0

and using exactness, we obtain an isomorphism viaF( j̄ ):

F(kerψ/ imageϕ) ∼= F(B/ imageϕ)
/

F(q′′)F(B/ kerψ). (∗∗)

Sinceq′ is onto andF is exact,F(q′) is one-one. Thus application ofF(q′) to
the right side of(∗∗) gives

F(kerψ/ imageϕ) ∼= F(q′)F(B/ imageϕ)
/

F(q)F(B/ kerψ). (†)

Applying F to the three exact sequences

A
ϕ−→ B

q′
−→ B/ imageϕ,

kerψ
j−→ B

ψ−→ C,

kerψ
j−→ B

q−→ B/ kerψ

gives usF(q′)F(B/ imageϕ) = kerF(ϕ) andF(q)F(B/ kerψ) = kerF( j ) =
imageF(ψ). Substituting both these equalities into the right side of(†) trans-
forms(†) into (∗) and gives the required isomorphism. �

We were reminded before Proposition 4.3 that HomR and⊗R need not yield
exact functors. The partial exactness that they exhibit, as opposed to exactness
itself, is more typical of additive functors, and we incorporate this behavior into
two definitions. We shall define left and right exactness in such a way that HomR

is left exact in each variable and⊗R is right exact. An additive functorF is left
exact if the exactness of

0 −→ A
ϕ−→ B

ψ−→ C −→ 0

implies the exactness of

0 −→F(A)
F(ϕ)−−−→ F(B)

F(ψ)−−−→ F(C) (F covariant),

0 −→F(C)
F(ψ)−−−→ F(B)

F(ϕ)−−−→ F(A) (F contravariant).
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We say thatF is right exact if the exactness of the sequence with 0, A, B,C,0
above implies the exactness of

F(A)
F(ϕ)−−−→ F(B)

F(ψ)−−−→ F(C) −→ 0 (F covariant),

F(C)
F(ψ)−−−→ F(B)

F(ϕ)−−−→ F(A) −→ 0 (F contravariant).

The words “left” and “right” refer to the part of thetargetsequence that is exact
when the arrows are arranged to point to the right. A consequence (but not the
full content) of these definitions in each case is an assertion about one-one or
onto maps. For example a left exact covariantF carries one-one maps to one-
one maps; we have only to start from a one-one mapϕ : A → B and set up a
short exact sequence withC = B/ imageϕ, and the definition shows thatF(ϕ)
is one-one.

Proposition 4.5. If F is a covariant left exact functor, thenF carries an exact
sequence

0 −→ A
ϕ−→ B

ψ−→ C

into an exact sequence

0 −→ F(A)
F(ϕ)−−−→ F(B)

F(ψ)−−−→ F(C).

REMARK. The expected analogs of this result are valid ifF is contravariant or
if F is right exact or both.

PROOF. Starting from the given exact sequence, leti : imageψ → C be the
inclusion, and letψ : B → imageψ beψ with its range space reduced. Then
ψ = iψ , and the sequences

0 −−→ A
ϕ−−→ B

ψ−−→ imageψ −−→ 0

0 −−→ imageψ
i−−→ C −−→ C/ imageψ −−→ 0and

are exact. ApplyingF and using its left exactness, we see that

0 −−→ F(A)
F(ϕ)−−−→ F(B)

F(ψ)−−−→ F(imageψ)

0 −−→ F(imageψ)
F(i )−−→ F(C)and

are exact. ThusF(i ) is one-one, andF(ψ) = F(iψ) = F(i )F(ψ) has the
same kernel asF(ψ). The exactness of the first image complex shows that
kerF(ψ) = imageF(ϕ), and the proof of the required exactness is complete.�
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3. Long Exact Sequences

As in Section 2, letC be a good category. We have seen that chain complexes
in C themselves form a category whose morphisms are chain maps. If we have
several chain maps in succession, each with an indexn ∈ Z, we can say that
they form an “exact sequence” of chain maps if for eachn, the sequences of
modules and maps having indexn form an exact sequence inC. Our objective
in this section is to show that any short exact sequence of complexes of this kind
yields a “long exact sequence” of modules and maps inC involving all the indices.
More precisely we are able to construct for eachn a “connecting homomorphism”
relating5 what happens with each indexn to what happens for indexn+1 orn−1
and incorporating modules and maps for all indices into a single exact sequence
of infinite length.

By way of preparation for the construction of connecting homomorphisms, let
us be more explicit about the discussion in Section 2 of how a chain map carries
the homology of one complex to the homology of another complex. Let

A
ϕ−−−→ B⏐⏐+α ⏐⏐+β

A′ ϕ′
−−−→ B′

be a commutative diagram in the good categoryC. Let us observe thatϕ(kerα) ⊆
kerβ; in fact, anya ∈ kerα has 0= ϕ′α(a) = βϕ(a), and thusϕ(a) is in kerβ.
Let us observe further thatϕ′(α(A)) = β(ϕ(A)) ⊆ β(B); sinceϕ′ carriesA′ into
B′, it follows thatϕ′ descends to a mappingϕ′ defined onA′/α(A) = cokerα
and taking values inB′/β(B) = cokerβ. We can summarize these remarks by
the inclusions

ϕ(kerα) ⊆ kerβ and ϕ′(cokerα) ⊆ cokerβ.

Using these remarks, we can now construct a “connecting homomorphism” when-
ever we have a diagram as in Figure 4.1 below.

5For readers familiar with the use of homology in topology, connecting homomorphisms arise
when one works with the homology of a topological space, the homology of a subspace, and the
relative homology of the space and the subspace; the construction in this section may be regarded
as an abstract version of that construction.
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A
ϕ−−−→ B

ψ−−−→ C −−−→ 0⏐⏐�α

⏐⏐�β

⏐⏐�γ

0 −−−→ A′ ϕ′
−−−→ B′ ψ ′

−−−→ C′

FIGURE 4.1. Snake diagram. The rows are assumed exact, and the squares
commute. In this situation the Snake Lemma constructs

a connecting homomorphismω : kerγ → cokerα.

Lemma 4.6 (Snake Lemma). In a good categoryC, a snake diagram as in
Figure 4.1 induces a homomorphismω : kerγ → cokerα with

kerω = ψ(kerβ) and imageω = ϕ′−1(imageβ)/ imageα,

and withω(c) = ϕ′−1(β(ψ−1(c))) + imageα for c ∈ kerγ , and then

kerα
ϕ−→ kerβ

ψ−→ kerγ
ω−→ cokerα

ϕ′
−→ cokerβ

ψ
′

−→ cokerγ

is an exact sequence. Hereϕ andψ are restrictions ofϕ andψ , andϕ′ andψ
′

are descended versions ofϕ andψ . If ϕ is one-one, thenϕ is one-one. Ifψ ′ is
ontoC′, thenψ

′
is onto cokerγ .

REMARKS. The homomorphismω is called aconnecting homomorphism.
The name “Snake Lemma” comes from the pattern that the six-term exact se-
quence makes when superimposed on the enlarged version of Figure 4.1 shown
in Figure 4.2.

kerα −−−→ kerβ −−−→ kerγ⏐⏐� ⏐⏐� ⏐⏐�
A −−−→ B −−−→ C −−−→ 0⏐⏐� ⏐⏐� ⏐⏐�

0 −−−→ A′ −−−→ B′ −−−→ C′⏐⏐� ⏐⏐� ⏐⏐�
cokerα −−−→ cokerβ −−−→ cokerγ

FIGURE 4.2. Enlarged snake diagram.
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PROOF. First let us constructω and see that it is well defined. Letc be in
kerγ . Sinceψ is ontoC, writec = ψ(b) for someb ∈ B. The commutativity of
the second square in Figure 4.1 gives 0= γ (c) = γψ(b) = ψ ′(βb). Thusβ(b)
is in kerψ ′ = imageϕ′, andβ(b) = ϕ′(a′) for somea′ ∈ A′; the elementa′ is
uniquely determined, sinceϕ′ is one-one. Defineω(c) = a′ + α(A).

The only choice in this definition is that ofb, and we are to show that any
other choice leads to the same member of cokerα. If b̄ is another choice and if
β(b̄) = ϕ′(ā′)with a′ ∈ A′, thenψ(b̄−b) = c− c = 0 shows that̄b−b = ϕ(a)
for somea ∈ A. Thusϕ′(ā′ − a′) = β(b̄ − b) = βϕ(a) = ϕ′(α(a)). Sinceϕ′ is
one-one,̄a′ − a′ = α(a), andā′ anda′ are exhibited as in the same coset ofA′
moduloα(A).

Let us compute kerω. Suppose thatω(c) = 0, i.e., thatω(c) is in α(A).
Sayω(c) = α(a). By construction ofω, ω(c) = a′ + α(A) for an element
a′ ∈ A′ such thatβ(b) = ϕ′(a′) and c = ψ(b). In this case,a′ = α(a).
So β(b) = ϕ′α(a) = βϕ(a), and thusb − ϕ(a) is in kerβ. Consequently
c = ψ(b) = ψ(b) − ψϕ(a) is in ψ(kerβ), and kerω ⊆ ψ(kerβ). For the
reverse inclusion, ifc is in ψ(kerβ), chooseb ∈ kerβ with ψ(b) = c. Then
γ (c) = γψ(b) = ψ ′β(b) = 0 shows thatω(c) is defined. Sincec = ψ(b), the
construction ofω shows thatβ(b) = ϕ′(a′) for somea′ ∈ A′. Sinceb is in kerβ
and sinceϕ′ is one-one, thisa′ must be 0. Thenω(c) = a′ + α(A) = 0 + α(A),
c is in kerω, andψ(kerβ) ⊆ kerω.

Now we compute imageω. Our step-by-step definition ofω shows that
imageω ⊆ ϕ′−1(imageβ)/α(A). For the reverse inclusion, suppose thata′ ∈ A′
is in ϕ′−1(imageβ), i.e., hasϕ′(a′) = β(b) for someb ∈ B. Then the element
c = ϕ(b) of C hasγ (c) = γψ(b) = ψ ′β(b) = ψ ′ϕ′(a′) = 0, andω(c)
is therefore defined. Our definition ofω makesω(c) = a′ + α(A), and thus
ϕ′−1(imageβ)/α(A) ⊆ imageω.

We are left with establishing the exactness of the displayed sequence of six
terms at the four positions other than the ends and with proving the two assertions
in the last sentence of the lemma.

The condition of exactness at kerβ is thatϕ(kerα) = kerψ ∩ kerβ. The
inclusion⊆ follows from the equalities 0= ψϕ andβϕ(kerα) = ϕ′α(kerα) = 0.
For the inclusion⊇, let b ∈ B satisfyψ(b) = β(b) = 0. Exactness atB gives
b = ϕ(a) with a ∈ A. Then 0= β(b) = βϕ(a) = ϕ′α(a) with ϕ′ one-one
implies thatα(a) = 0, anda is in kerα. Thusb is in ϕ(kerα), and exactness at
kerβ is proved. Ifϕ is one-one, then certainly its restrictionϕ is one-one.

The condition of exactness at kerγ is that kerω = ψ(kerβ), and this was
proved in the third paragraph of the proof.

By the result of the fourth paragraph, the condition of exactness at cokerα

is thatϕ′−1(β(B))/α(A) equal kerϕ′, whereϕ′ : A′/α(A) → B′/β(B) is the
map induced byϕ′. The members of kerϕ′ are those cosetsa′ + α(A) with
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ϕ′(a′ + α(A)) ⊆ β(B). Sinceϕ′α(A) = βϕ(A) ⊆ β(B), the condition on
a′ + α(A) is thatϕ′(a′) be inβ(B), hence thata′ be inϕ′−1(β(B)), hence that
the coseta′ + α(A) be inϕ′−1(β(B))/α(A). Thus we have exactness at cokerα.

At cokerβ, we know that the descended mapϕ′ maps cokerα into cokerβ, and
we are to show thatϕ′(cokerα) = kerψ

′
. Inclusion⊆ follows becauseψ ′ϕ′ = 0

impliesψ
′
ϕ′(a′ +α(A)) = ψ ′

(ϕ′(a′)+β(B)) = ψ ′ϕ′(a′)+ γ (C) = γ (C). For
the reverse inclusion letb′ ∈ B′ haveψ

′
(b′ + β(B)) = γ (C). Thenψ ′(b′) is in

γ (C). Sinceψ : B → C is onto, we can findb ∈ B with ψ ′(b′) = γψ(b) =
ψ ′β(b). Henceb′−β(b) is in kerψ ′ = imageϕ′, andb′−β(b) = ϕ′(a′) for some
a′ ∈ A′. Consequentlyb′ + β(B) = ϕ′(a′)+ β(b)+ β(B) = ϕ′(a′)+ β(B) =
(ϕ′)∗(a′ + α(A)), andb′ + β(B) is exhibited as in(ϕ′)∗(a′ + α(A)), i.e., in
(ϕ′)∗(cokerα). Thus we have exactness at cokerβ. Finally if ψ ′ is ontoC′, then
certainly its descended mapψ

′
is onto cokerγ . This completes the proof. �

Theorem 4.7. Let A = {(An, αn)}, B = {(Bn, βn)}, andC = {(Cn, γn)} be
chain complexes in a good categoryC, and suppose thatϕ = {ϕn} : A → B and
ψ = {ψn} : B → C are chain maps such that the sequence

0 −→ A
ϕ−→ B

ψ−→ C −→ 0

of chain complexes is exact. Then this exact sequence of chain complexes induces
an exact sequence in homology of the form

· · ·−→ Hn+1(C)
ωn−→ Hn(A)

ϕn−−−→ Hn(B)
ψn−−−→ Hn(C)

ωn−1−−−→ Hn−1(A)−→· · · .

Here the mapωn : Hn+1(C) → Hn(A) has descended from the connecting
homomorphismωn defined on kerγn in Cn+1 and having range cokerαn =
An/ imageαn.

REMARKS.
(1) The exact sequence in homology is called thelong exact sequencein

homology corresponding to the short exact sequence of chain complexes, and the
mapsωn are calledconnecting homomorphisms. As the proof will show, these
connecting homomorphisms arise bytwo applications of the Snake Lemma, not
just one.

(2) In more detail the diagram of the short exact sequence of chain complexes
is of the form
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...
...

...⏐+ ⏐+ ⏐+
0 −→ An+1

ϕn+1−−−→ Bn+1
ψn+1−−−→ Cn+1 −→ 0⏐⏐+αn

⏐⏐+βn

⏐⏐+γn

0 −→ An
ϕn−−−→ Bn

ψn−−−→ Cn −→ 0⏐⏐+αn−1

⏐⏐+βn−1

⏐⏐+γn−1

0 −→ An−1
ϕn−1−−−→ Bn−1

ψn−1−−−→ Cn−1 −→ 0⏐+ ⏐+ ⏐+
...

...
...

The rows are exact, the columns are chain complexes, and the squares commute.

(3) The corresponding result for cochain complexes involves the diagram

...
...

...,⏐ ,⏐ ,⏐
0 −→ An+1

ϕn+1−−−→ Bn+1
ψn+1−−−→ Cn+1 −→ 0,⏐⏐αn

,⏐⏐βn

,⏐⏐γn

0 −→ An
ϕn−−−→ Bn

ψn−−−→ Cn −→ 0,⏐⏐αn−1

,⏐⏐βn−1

,⏐⏐γn−1

0 −→ An−1
ϕn−1−−−→ Bn−1

ψn−1−−−→ Cn−1 −→ 0,⏐ ,⏐ ,⏐
...

...
...

and the correspondinglong exact sequencein cohomology is

· · ·−→ Hn−1(C)
ωn−→ Hn(A)

ϕn−−→ Hn(B)
ψn−−→ Hn(C)

ωn+1−−−→ Hn+1(A)−→· · · .

The result for cochain complexes is a consequence of the result for chain com-
plexes and follows by making adjustments in the notation.



3. Long Exact Sequences 189

PROOF. We regard the top two displayed rows of the diagram in Remark 2 as a
snake diagram. Applying the Snake Lemma (Lemma 4.6), we obtain a connecting
homomorphismωn and an exact sequence

kerαn
ϕn+1−−−→ kerβn

ψn+1−−−→ kerγn
ωn−→ cokerαn

ϕ′
n−→ cokerβn

ψ
′
n−→ cokerγn.

Using Proposition 4.2 for each of the chain complexesA = {(An, αn)}, B =
{(Bn, βn)}, andC = {(Cn, γn)}, we see that we obtain a diagram

0 0 0⏐+ ⏐+ ⏐+
Hn(A) Hn(B) Hn(C)⏐+ ⏐+ ⏐+

cokerαn
ϕn−−→ cokerβn

ψn−−→ cokerγn −→ 0⏐⏐+αn−1

⏐⏐+βn−1

⏐⏐+γ n−1

0 −→ kerαn−2
ϕn−1−−−→ kerβn−2

ψn−1−−−→ kerγn−2⏐+ ⏐+ ⏐+
Hn−1(A) Hn−1(B) Hn−1(C)⏐+ ⏐+ ⏐+

0 0 0

in which the rows and columns are exact and the squares commute. The third
and fourth rows form a snake diagram, and the second and fifth rows identify the
kernels and cokernels. Thus the Snake Lemma gives us an exact sequence

Hn(A)
ϕn−→ Hn(B)

ψn−→ Hn(C)
�−→ Hn−1(A)

ϕ′
n−1−−−→ Hn−1(B)

ψ
′
n−1−−−→ Hn−1(C)

for a suitable connecting homomorphism�. Repeating this argument for alln
proves exactness at all modules of the long exact sequence.

To complete the proof, we have only to identify�. Reference to the statement
of the Snake Lemma shows that the formula for� is

�(c̄) = (ϕ′
n−1)

−1(βn−1(ψ
−1
n (c̄)))+ imageαn−1

for c̄ ∈ Hn(C). Meanwhile, the connecting homomorphism from the first appli-
cation of the Snake Lemma isωn−1(c) = (ϕ′

n−1)
−1(βn−1(ψ

−1
n (c)))+ imageαn−1

for c ∈ kerγn−1. Thus�(c+ imageγn) = ωn−1(c)+ imageαn−1 as asserted.�
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Corollary 4.8. If

0 −→ A
ϕ−→ B

ψ−→ C −→ 0

is an exact sequence of chain complexes in a good category and ifA is exact,
thenHn(B) ∼= Hn(C) for all n; if insteadC is exact, thenHn(A) ∼= Hn(B) for
all n. Consequently if any two of the three chain complexes are exact, then the
third one is exact.

PROOF. Theorem 4.7 gives the long exact sequence

· · ·−→ Hn+1(C)−→ Hn(A)−→ Hn(B)−→ Hn(C)−→ Hn−1(A)−→· · · .

If Hn(A) = 0 andHn−1(A) = 0, then we see thatHn(B) ∼= Hn(C). If Hn+1(C) =
0 andHn(C) = 0, then we see thatHn(A) ∼= Hn(B).

If two of the three chain complexes are exact, then one of the two isA or C,
and the result in the previous paragraph applies. Then the other two complexes
(B andC, or A andB) have isomorphic homology. The hypothesis says that one
of these two sequences of homology groups is 0. Therefore the other one is 0.�

To conclude the discussion, we shall prove results saying that the exact se-
quences produced by Lemma 4.6 and Theorem 4.7 are functorial.

Lemma 4.9. In a good categoryC, the six-term exact sequence that is obtained
from a snake diagram as in Figure 4.1 is functorial in the following sense: If there
are two horizontal planar snake diagrams, one with tildes (∼) over all modules
and maps and the other as is, and if there are vertical mapsfA, etc., in three
dimensions from the tilde version of the snake diagram to the original version
such that all vertical squares commute, then the squares of the diagram

kerα̃
ϕ̃−→ kerβ̃

ψ̃−→ kerγ̃
ω̃−→ coker̃α

ϕ̃′−→ cokerβ̃
ψ̃ ′−→ coker̃γ⏐⏐+ f̄ A

⏐⏐+ f̄ B

⏐⏐+ f̄C

⏐⏐+ f̄ A′

⏐⏐+ f̄ B′

⏐⏐+ f̄C′

kerα
ϕ−→ kerβ

ψ−→ kerγ
ω−→ cokerα

ϕ′
−→ cokerβ

ψ
′

−→ cokerγ

all commute.

PROOF. For the first square from the left, the assumed commutativity shows
that fA′ α̃ = α fA, and thusx ∈ kerα̃ implies fA(x) ∈ kerα; similarly x ∈ kerβ̃
implies fB(x) ∈ kerβ. Thus the maps of the square are well defined. We are
given also thatϕ fA = fBϕ̃, and this proves that the square commutes. The second
square from the left is handled similarly.
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For the fourth square from the left, the equationfA′ α̃ = α fA shows that
y = α̃(x) implies fA′(y) = α( fA(x)), and thusy ∈ imagẽα implies fA′(y) ∈
imageα; this means thatfA′ descends to a map̄fA′ of coker̃α to cokerα. Similarly
fB′ descends to a map̄fB′ of cokerβ̃ to cokerβ. Thus the maps of the square
are well defined. We are given also thatϕ′ fA′ = fB′ ϕ̃′, and this proves that the
square commutes. The fifth square from the left is handled similarly.

We are left with the third square from the left. The map at the left side of this
square was shown to be well defined in the first paragraph of the proof, and the
map at the right side of this square was shown to be meaningful in the second
paragraph of the proof. We are to prove that the square commutes. Referring to
the construction of̃ω, let c̃ be in ker̃γ , choosẽb in B̃ with ψ̃ (̃b) = c̃, and write
β̃(̃b) = ϕ̃′(̃a′). Thenω̃(̃c) is defined to be the coset of̃a′. Using the assumed
commutativity, we compute thatψ fB(̃b) = fCψ̃ (̃b) = fC (̃c) and that

ϕ′ fA′ (̃a′) = fB′ ϕ̃′(̃a′) = fB′ β̃(̃b) = β fB(̃b).

Thus fB(̃b) is an element whose image underψ is fC (̃c), andβ of this element
is ϕ′ fA′ (̃a′). Consequently the coset ofω( fC (̃c)) is to be the coset offA′ (̃a′) =
fA′ω̃(c). This proves the desired commutativity. �

Theorem 4.10.In a good categoryC, the long exact sequence that is obtained
from a short exact sequence of chain complexes as in Theorem 4.7 is functorial
in the following sense: if there are two short exact sequences of chain complexes
as in the theorem, one with tildes (∼) over all modules and maps and the other
as is, each viewed as lying in a horizontal plane, and if there are vertical maps
fAn , etc., from the tilde version of the exact sequence of chain complexes to the
original version such that all vertical squares commute, then the squares of the
diagram

−→ Hn+1(C̃)
ω̃n−→ Hn(Ã)

ϕ̃n−−→ Hn(B̃)
ψ̃n−−→ Hn(C̃)

ω̃n−1−−−→ Hn−1(Ã) −→⏐⏐+ fCn+1

⏐⏐+ fAn

⏐⏐+ fBn

⏐⏐+ fCn

⏐⏐+ fAn−1

−→ Hn+1(C)
ωn−→ Hn(A)

ϕn−−→ Hn(B)
ψn−−→ Hn(C)

ωn−1−−−→ Hn−1(A) −→
all commute.

PROOF. Theorem 4.7 was proved by three applications of Proposition 4.2,
which includes its own assertion of functoriality, and two applications of Lemma
4.6, whose functoriality is addressed in Lemma 4.9. The argument involved only
manipulations with diagrams, and functoriality is in place for every step. Hence
functoriality is in place for the end result, and passage to the long exact sequence
is functorial. �
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4. Projectives and Injectives

In Section III.5 we exploited the fact that certain complexes were exact and
involved free modules in order to obtain chain maps and homotopies. The
hypothesis “free” entered the arguments through Propositions 3.25 and 3.27;
in both cases anR homomorphism was to be constructed from a freeR module
to some otherR module, and a computation revealed how theR homomorphism
should be defined on free generators. The universal mapping property of free
modules allowed theR homomorphism to be extended from the generators to the
whole free module. Examination of those arguments shows that it is enough to
assume that the domain on which thisR homomorphism is to be constructed is a
“projective” R module, in the sense to be defined below, and we begin with that
notion.

Let C be a good category of unital leftR modules. We say that a moduleP in
this category isprojective in C or is aprojective in C if whenever a diagram in
the category is given as in Figure 4.3 withψ mapping ontoB, then there exists
σ : P → C in C such that the diagram commutes.

P⏐⏐+τ
0 ←−−− B

ψ←−−− C

σ

FIGURE 4.3. Defining property of a projective.

If P is a freeR module inC, then P is projective inC. In fact, for each free
generatorx of P, we choose an elementcx in C with ψ(cx) = τ(x). Then we
defineσ(x) = cx and extendσ to a homomorphism. We give further examples
of projectives shortly. First let us establish in Lemma 4.11 an ostensibly stronger
property that projectives automatically satisfy.

Lemma 4.11.If P is projective in the good categoryC and if the diagram

P⏐⏐+τ
A′ ϕ←−−− A

ψ←−−− A′′

σ

in C has kerϕ = imageψ andϕτ = 0, then there exists a mapσ : P → A′′ in C
such that the diagram commutes.

PROOF. The hypotheses force imageτ ⊆ kerϕ = imageψ . Thus if we put
B = imageψ andC = A′′, then the above diagram leads to the diagram in Figure
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4.3. The hypothesis “projective” therefore gives us the mapσ in Figure 4.3 with
τ = ψσ , and the sameσ is the required map here. �

EXAMPLES OF PROJECTIVES.

(1) If R is a fieldF and if C is the category of all vector spaces overF , then
every module is free, hence projective, since every vector space has a basis.

(2) For generalR, if C = CR is the category of all unital leftR modules,
then the projectives are the direct summands of free modules. This fact is easily
verified from Figure 4.3 as follows: In one direction ifF = P ⊕ P′ is a free
R module and the diagram in Figure 4.3 is given, extendτ to F as 0 onP′,
find σ from the fact that the free moduleF is projective, and restrictσ to P.
In the other direction ifP is projective, find a freeR moduleF mapping onto
P by a mapψ , and putB = P, C = F , andτ = 1 in Figure 4.3. Then the
equality 1P = τ = ψσ forcesσ to be one-one, and it follows thatP ∼= imageσ .
ConsequentlyF = imageσ ⊕ kerψ .

(3) For R = Z, the categoryC = CZ of all unital R modules is the category
of all abelian groups. Then the projective modules are the free abelian groups by
(2), since any subgroup of a free abelian group is free abelian.

(4) For R equal to any (commutative) principal ideal domain, the projective
modules in the categoryCR of all unital R modules are the free modules, by
the same argument as in (3) in combination with the Fundamental Theorem of
Finitely Generated Modules (Theorem 8.25 ofBasic Algebra).

(5) For R = Z, two good categories that were listed in Section 2 were the
category of all finitely generated abelian groups and the category of all torsion
abelian groups. With the first of these, the projectives are the free abelian groups
of finite rank, by the same argument as in (3). With the second of these, Problem 1
at the end of the chapter asks for a verification that some module in the category
fails to be the image of any projective in the category.

We come to the main result concerning flexibility in setting up chain complexes.
This result generalizes Proposition 3.25 through Corollary 3.30 in Section III.5.

Theorem 4.12.Let X = {(Xn, ∂n)}∞n=−∞ andX′ = {(X′
n, ∂

′
n)}∞n=−∞ be chain

complexes in the good categoryC, and letr be an integer. Let{ fn : Xn → X′
n}n≤r

be a family of maps inCsuch that∂ ′
n−1 fn = fn−1∂n−1 for n ≤ r . If Xn is projective

for n > r andX′ is exact at eachX′
n with n ≥ r , then{ fn : Xn → X′

n}n≤r extends
to a chain mapf : X → X′, and f is unique up to homotopy. More precisely
any two extensions are homotopic by a homotopyh such thathn = 0 for n ≤ r .

REMARKS. The diagrams in question are
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· · · ∂n+1−−−→ Xn+1
∂n−−−→ Xn

∂n−1−−−→ Xn−1
∂n−2−−−→ · · ·⏐⏐+ fn

⏐⏐+ fn−1

· · · ∂ ′
n+1−−−→ X′

n+1

∂ ′
n−−−→ X′

n

∂ ′
n−1−−−→ X′

n−1

∂ ′
n−2−−−→ · · · · · ·

fn+1

for the construction of the chain map and

· · · −−−→ Xn+2
∂n+1−−−→ Xn+1

∂n−−−→ Xn
∂n−1−−−→ Xn−1 −−−→ · · ·⏐⏐+ fn+2

⏐⏐+ fn+1

⏐⏐+ fn

⏐⏐+ fn−1

· · · −−−→ X′
n+2

∂ ′
n+1−−−→ X′

n+1

∂ ′
n−−−→ X′

n

∂ ′
n−1−−−→ X′

n−1 −−−→ · · ·

hn+1 hn hn−1

for the construction of the homotopy.

PROOF. For the existence of the chain map, it is enough by induction to
construct fr +1. Matters are therefore as in the first of the above diagrams with
n = r . SinceX′ is exact atX′

r and Xr +1 is projective, we are in the situation
of Lemma 4.11 withP = Xr +1, A′′ = X′

r +1, A = X′
r , A′ = X′

r −1, ψ = ∂ ′
r ,

ϕ = ∂ ′
r −1, andτ = fr ∂r . The lemma gives a mapσ : P → A′′ with ψσ = τ .

If we take fr +1 = σ , thenψσ = τ says that∂ ′
r fr +1 = fr ∂r , and the inductive

construction of the chain map is complete.
For the uniqueness up to homotopy, letf : X → X′ and g : X → X′

be two chain maps such thatfn = gn for n ≤ r . Definehn : Xn → X′
n+1

to be 0 forn ≤ r , and observe that the system of functions{hn}n≤r satisfies
hn−1∂n−1 + ∂ ′

nhn = fn − gn for n ≤ r becausefn = gn for n ≤ r . Proceeding
inductively, suppose thats ≥ r and thathn hasbeen constructed forn ≤ ssuch that
hn−1∂n−1 + ∂ ′

nhn = fn − gn for n ≤ s. We are to construcths+1 : Xs+1 → X′
s+2.

This is the situation of the second diagram above withn = s. Sinces ≥ r , X′
is exact atX′

s+1 andXs+1 is projective. Thus we are in the situation of Lemma
4.11 with P = Xs+1, A′′ = X′

s+2, A = X′
s+1, A′ = X′

s, ψ = ∂ ′
s+1, ϕ = ∂ ′

s, and
τ = ( fs+1 − gs+1)− hs∂s. The lemma gives a mapσ : P → A′′ with ψσ = τ .
If we takehs+1 = σ , thenψσ = τ says that∂ ′

s+1hs+1 = ( fs+1 − gs+1) − hs∂s,
and the inductive construction of the homotopy is complete. �

A resolution in the categoryC is an exact chain complexX = {(Xn, ∂n)}∞n=−∞
or cochain complexX = {(Xn, dn)}∞n=−∞ such thatXn = 0 for n ≤ −2. We say
that the complex is aresolution of X−1, and we abbreviate it as

X = (X+ ∂−1−−−→ X−1) or X = (X+ d−1←−−− X−1),
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with X+ referring to

X+ : · · · ∂2−−→ X2
∂1−−→ X1

∂0−−→ X0

X+ : · · · d2←−− X2
d1←−− X1

d0←−− X0or

in the respective cases. A chain complexX = (X+ ε−→ M) that forms a
resolution is called afree resolutionof M if every Xn for n ≥ 0 is a free module.
It is called aprojective resolution of M if every Xn for n ≥ 0 is projective.

Corollary 4.13. Let M be a module in a good categoryC and let

X = (X+ ε−→ M) and X′ = (X′+ ε′−→ M)

be two projective resolutions ofM . Then there exist chain mapsf : X → X′
andg : X′ → X with f−1 = 1M andg−1 = 1M , and any two such chain mapsf
andg have the property thatg f : X → X is homotopic to 1X and f g : X′ → X′
is homotopic to 1X′ .

PROOF. The existence off extending f−1 = 1M is immediate by applying
the first part of Theorem 4.12 withr = −1. The hypotheses apply becauseXn

is projective forn > −1 andX′ is exact atX′
n for n ≥ −1. A similar argument

shows the existence ofg.
If we have f andg, theng f : X → X and 1X : X → X are chain maps

that extend the partial chain map given forn ≤ −1 by 1M for n = −1 and by 0
for n ≤ −2. Since againXn is projective forn > −1 andX′ is exact atX′

n for
n ≥ −1, the second part of the theorem shows thatg f and 1X are homotopic. A
similar argument shows thatf g and 1X′ are homotopic. �

There is an analogous sequence of results that ends with resolutions that are
cochain maps. They will be equally as useful as the above results when we
introduce derived functors in the next section. For the results below, the notion
of a projective is replaced by that of an injective. We say that a moduleI in the
good categoryC is injective in C or is aninjective in C if whenever a diagram in
the category is given as in Figure 4.4 withϕ mapping one-one fromB into C,
then there existsσ : B → I in C such that the diagram commutes.

I,⏐⏐τ
0 −−−→ B

ϕ−−−→ C,

σ

FIGURE 4.4. Defining property of an injective.
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We can think of the condition as saying that we can always extend such aτ from
B toC, the extension beingσ . In any event, we give some examples after proving
an analog of Lemma 4.11.

Lemma 4.14.If I is injective in the good categoryC and if the diagram

I,⏐⏐τ
A′ ψ−−−→ A

ϕ−−−→ A′′,

σ

in C has kerϕ = imageψ andτψ = 0, then there exists a mapσ : A′′ → I in C
such that the diagram commutes.

PROOF. The hypotheses force kerτ ⊇ imageψ = kerϕ. Thusτ : A → I and
ϕ : A → A′′ descend to mapsτ : A/ kerϕ → I andϕ : A/ kerϕ → A′′. If we
put B = A/ kerϕ andC = A′′, then the above diagram leads to Figure 4.4 with
τ andϕ in place ofτ andϕ. The hypothesis “injective” gives usσ in Figure 4.4
with τ = σϕ, and the sameσ is the required map in the diagram above. �

EXAMPLES OF INJECTIVES.

(1) If R is a fieldF and if C is the category of all vector spaces overF , then
every module is injective. In fact, in Figure 4.4 we writeC = imageϕ⊕ B′, and
we letη : imageϕ → B be the inverse ofϕ : B → imageϕ. Then we can define
σ to be 0 onB′ and to beτη on imageϕ.

(2) LetC be the category of all abelian groups (unitalZ modules). An abelian
groupG is said to bedivisible if for each integern �= 0 and eachx ∈ G, there
existsy ∈ G with ny = x. Two examples of divisible abelian groups are the
additive group of rationals and the additive group of rationals modulo 1. It is
easy to see that any quotient of a divisible group is divisible and that direct sums
of divisible groups are divisible. Let us see for abelian groups that injective is
equivalent to divisible.

The argument that injective implies divisible is easy: LetI be injective. Given
x ∈ I andn �= 0, let B = C = Z, let τ : Z → I haveτ(k) = kx, and let
ϕ : Z → Z haveϕ(k) = kn. Setting up Figure 4.4, we obtainσ : Z → I
with τ = σϕ. If we put y = σ(1) and evaluate both sides at 1, then we obtain
x = τ(1) = σ(ϕ(1)) = σ(n) = nσ(1) = ny, as required.

The argument that divisible implies injective uses Zorn’s Lemma. LetI be
injective, and suppose thatB, C, ϕ, andτ are given as in Figure 4.4. Consider
the setS of abelian-group homomorphismsσ ′ having domain a subgroup of
C containingϕ(B), having rangeI , and havingσ ′ϕ = τ . OrderS by inclusion
upward of the corresponding sets of ordered pairs. The setS is nonempty because
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the homomorphismσ ′ with domainϕ(B) and valuesσ ′(ϕ(b)) = τ(b) lies in
S; σ ′ is well defined becauseϕ is assumed one-one. Zorn’s Lemma yields a
maximal elementσ in S, say with domainC. We show thatC = C. Arguing
by contradiction, suppose thatC is a proper subgroup. Letc be inC but notC.
The set of integersk with kc in C is an ideal inZ, and we letn be a generator.
SinceI is divisible, there exists an elementa in I with na = σ(nc). Definẽσ on
the subgroup generated byc andC by the formulãσ(kc + c̄) = ka + σ(c̄) for
k ∈ Z andc̄ ∈ C. We need to check that̃σ is well defined. Ifkc+ c̄ = k′c + c̄′,
then (k − k′)c = c̄′ − c̄ is in C, and thusk − k′ = qn for some integerq.
Hencẽσ(kc+ c̄) − σ̃ (k′c + c̄) = (k − k′)a + σ(c̄ − c̄′) = qna+ σ(c̄ − c̄′) =
qσ(nc)+σ(c̄−c̄′) = qσ(nc)−σ((k−k′)c) = qσ(nc)−qσ(nc) = 0. Therefore
σ̃ is a nontrivial additive extension ofσ , in contradiction to maximality ofσ , and
the proof is complete.

(3) For R = Z, two good categories that were listed in Section 2 were the
category of all finitely generated abelian groups and the category of all torsion
abelian groups. With the first of these, Problem 1 at the end of the chapter asks
for a verification that some module in the category fails to be a submodule of any
injective. With the second of these, the injectives are the torsion divisible groups.

The next proposition extends Example 2 and its proof to generalR. Although
the condition in the proposition is not very intuitive for generalR, it has a simple
interpretation for (commutative) principal ideal domains; see Problem 4 at the
end of the chapter.

Proposition 4.15.A unital left R moduleI is injective for the good category
of all unital left R modules if and only if everyR homomorphism of a left ideal
J of R into I extends to anR homomorphismR → I .

PROOF. The necessity is immediate from Figure 4.4 and the definition of
“injective” if we takeB = J, C = R and writeτ for the givenR homomorphism
of J into I .

For the sufficiency, suppose thatI and a diagram as in Figure 4.4 are given.
Consider the setS of R module homomorphismsσ ′ having domain anR sub-
module ofC containingϕ(B) and having rangeI such thatσ ′ϕ = τ , and
orderS by inclusion upward of the corresponding sets of ordered pairs. The
setS is nonempty because the homomorphismσ ′ with domainϕ(B) and values
σ ′(ϕ(b)) = τ(b) lies in S; σ ′ is well defined becauseϕ is assumed one-one.
Zorn’s Lemma yields a maximal elementσ in S, say with domainC. We
show thatC = C. Arguing by contradiction, suppose thatC is a properR
submodule ofC. Let c be inC but notC. The set of elementsr ∈ R with rc
in C is a left idealJ in R, and the mappingψ(r ) = σ(rc) is a well-definedR
homomorphism ofJ into I . By hypothesis,ψ extends to anR homomorphism
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� : R → I . Defineσ̃ on the subgroup generated byc andC by the formula
σ̃ (rc + c̄) = �(r ) + σ(c̄) for r ∈ R and c̄ ∈ C. We need to check that̃σ is
well defined. Ifrc + c̄ = r ′c + c̄′, then(r − r ′)c = c̄′ − c̄ is in C, and thus
r − r ′ is in J. Consequently�(r )−�(r ′) = ψ(r − r ′) = σ((r − r ′)c). Hence
σ̃ (rc+ c̄)−σ̃ (r ′c+ c̄) = (�(r )−�(r ′))+σ(c̄−c̄′) = σ((r −r ′)c)+σ(c̄−c̄′) =
σ((r − r ′)c) − σ((r − r ′)c) = 0. Thereforẽσ is a nontrivial extension ofσ , in
contradiction to maximality ofσ , and the proof is complete. �

Now we can prove an analog of Theorem 4.12 for cochain complexes. This
result had no counterpart in Chapter III.

Theorem 4.16. Let X = {(Xn, dn)}∞n=−∞ and X′ = {(X′
n, d

′
n)}∞n=−∞ be

cochain complexes in the good categoryC, and let r be an integer. Let
{ fn : Xn → X′

n}n≤r be a family of maps inC such thatd′
n−1 fn−1 = fndn−1

for n ≤ r . If X is exact at eachXn with n ≥ r andX′
n is injective forn > r , then

{ fn : Xn → X′
n}n≤r extends to a cochain mapf : X → X′, and f is unique up

to homotopy. More precisely any two extensions are homotopic by a homotopy
h such thathn = 0 for n ≤ r .

REMARKS. The diagrams in question are

· · · dn−2−−−→ Xn−1
dn−1−−−→ Xn

dn−−−→ Xn+1
dn+1−−−→ · · ·⏐⏐+ fn−1

⏐⏐+ fn

· · · d′
n−2−−−→ X′

n−1

d′
n−1−−−→ X′

n

d′
n−−−→ X′

n+1

d′
n+1−−−→ · · ·

fn+1

for the construction of the cochain map and

· · · −−−→ Xn−1
dn−1−−−→ Xn

dn−−−→ Xn+1
dn+1−−−→ Xn+2 −−−→ · · ·⏐⏐+ fn−1

⏐⏐+ fn

⏐⏐+ fn+1

⏐⏐+ fn+2

· · · −−−→ X′
n−1

d′
n−1−−−→ X′

n

d′
n−−−→ X′

n+1

d′
n+1−−−→ X′

n+2 −−−→ · · ·

hn hn+1 hn+2

for the construction of the homotopy.

PROOF. For the existence of the cochain map, it is enough by induction to
construct fr +1. Matters are therefore as in the first of the above diagrams with
n = r . SinceX is exact atXr and X′

r +1 is injective, we are in the situation of
Lemma 4.14 withI = X′

r +1, A′′ = Xr +1, A = Xr , A′ = Xr −1, ψ = dr −1,
ϕ = dr , andτ = d′

r fr . The lemma gives a mapσ : A′′ → I with σϕ = τ .
If we take fr +1 = σ , thenσϕ = τ says thatfr +1dr = d′

r fr , and the inductive
construction of the cochain map is complete.
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For the uniqueness up to homotopy, letf : X → X′ andg : X → X′ be
two cochain maps such thatfn = gn for n ≤ r . Definehn : Xn → X′

n−1 to
be 0 forn ≤ r + 1, and observe that the system of functions{hn}n≤r satisfies
hn+1dn + d′

n−1hn = fn − gn for n ≤ r becausefn = gn for n ≤ r . Proceeding
inductively, suppose thats ≥ r and thathn has been constructed forn ≤ s+1 such
thathn+1dn + d′

n−1hn = fn − gn for n ≤ s. We are to construcths+2 : Xs+2 →
X′

s+1. This is the situation of the second diagram withn = s. Sinces ≥ r , X
is exact atXs+1 and X′

s+1 is injective. Thus we are in the situation of Lemma
4.14 with I = X′

s+1, A′′ = Xs+2, A = Xs+1, A′ = Xs, ψ = ds, ϕ = ds+1, and
τ = ( fs+1 − gs+1)− d′

shs+1. The lemma gives a mapσ : A′′ → I with σϕ = τ .
If we takehs+2 = σ , thenσϕ = τ says thaths+2ds+1 = ( fs+1 − gs+1)− d′

shs+1,
and the inductive construction of the homotopy is complete. �

A cochain complexX = (X+ ε←− M) that forms a resolution is called an
injective resolution of M if every Xn for n ≥ 0 is an injective.

Corollary 4.17. Let M be a module in a good categoryC and let

X = (X+ ε←− M) and X′ = (X′+ ε′←− M)

be two injective resolutions ofM . Then there exist cochain mapsf : X → X′
and g : X′ → X with f−1 = 1M and g−1 = 1M , and any two such cochain
maps f and g have the property thatg f : X → X is homotopic to 1X and
f g : X′ → X′ is homotopic to 1X′ .

PROOF. The existence off extending f−1 = 1M is immediate by applying
the first part of Theorem 4.16 withr = −1. The hypotheses apply becauseX
is exact atXn for n ≥ −1 andX′

n is injective forn > −1. A similar argument
shows the existence ofg.

If we have f andg, theng f : X → X and 1X : X → X are cochain maps
that extend the partial cochain map given forn ≤ −1 by 1M for n = −1 and by 0
for n ≤ −2. Since againX is exact atXn for n ≥ −1 andX′

n is injective for
n > −1, the second part of the theorem shows thatg f and 1X are homotopic. A
similar argument shows thatf g and 1X′ are homotopic. �

We conclude with elementary characterizations of projectives and injectives
that will turn out to be quite useful in the next two sections. We begin with a
lemma6 that will be useful now and will be helpful as motivation in the next
section.

6The lemma is a slight variant of Problem 5 at the end of Chapter X ofBasic Algebra.
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Lemma 4.18.Let C be a good category of unital leftR modules, and let

0 −→ A
ϕ−→ B

ψ−−→ C −→ 0

be an exact sequence inC. Then the following conditions are equivalent:

(a) B is a direct sumB = B′ ⊕ kerψ of modules inC,
(b) there exists anR homomorphismσ : C → B such thatψσ = 1C,
(c) there exists anR homomorphismτ : B → A such thatτϕ = 1A.

REMARK. When the equivalent conditions of this lemma are satisfied, one says
that the exact sequence issplit.

PROOF. If (a) holds, thenψ
∣∣
B′ is one-one fromB′ ontoC. Letσ be its inverse.

Thenσ : C → B′ is one-one withψσ = 1C. So (b) holds.
If (b) holds, then anyb in B has the property thatb−σψ(b)hasψ(b−σψ(b)) =

ψ(b) − 1Cψ(b) = 0 and is therefore in imageϕ. Write b − σψ(b) = ϕ(a) for
somea depending onb; a is unique becauseϕ is one-one. Ifτ : B → A is defined
by τ(b) = a, thenτ is an R homomorphism by the uniqueness ofa. Consider
τ(ϕ(a)) for a in A. The elementb = ϕ(a) hasb − σψ(b) = ϕ(a)− σψϕ(a) =
ϕ(a) − σ(0) = ϕ(a), and the definition ofτ therefore says thatτ(ϕ(a)) = a.
Henceτϕ = 1A, and (c) holds.

If (c) holds, thenB′ = kerτ is anR submodule ofB. If b is in B′ ∩ imageϕ,
thenb = ϕ(a) for somea ∈ A and also 0= τ(b) = τϕ(a) = 1A(a) = a. So
b = 0, andB′ ∩ imageϕ = 0. If b ∈ B is given, writeb = (b−ϕτ(b))+ϕτ(b).
Thenϕτ(b) is certainly in imageϕ, andτ(b−ϕτ(b)) = τ(b)−1Aτ(b) = 0 shows
thatb − ϕτ(b) is in B′. ThereforeB = B′ ⊕ imageϕ. Since imageϕ = kerψ ,
we see thatB = B′ ⊕ kerψ and that (a) holds. �

Proposition 4.19.If C is a good category of unital leftR modules, then

(a) a moduleP in C is projective if and only if HomR(P, · ) is an exact functor
from C into CZ, if and only if every exact sequence

0 −→ A
ϕ−→ B

ψ−→ C −→ 0

in C splits when its third nonzero memberC equalsP, and
(b) a moduleI in C is injective if and only if HomR( · , I ) is an exact functor

from C into CZ, if and only if every exact sequence

0 −→ A
ϕ−→ B

ψ−→ C −→ 0

in C splits when its first nonzero memberA equalsI .
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PROOF. For (a), suppose thatP is given. The functor HomR(P, · ) is covariant
and left exact, no matter whatP is. Proposition 4.3 shows it is exact if and only if
it carries short exact sequences into short exact sequences, and the left exactness
means that the functor is exact if and only if it carries onto maps fromB to C
to onto maps from HomR(P, B) to HomR(P,C). If ψ : B → C is given, then
Hom(1, ψ) : HomR(P, B)→ HomR(P,C)operates on a mapσ in HomR(P, B)
by Hom(1, ψ)(σ ) = ψσ . The statement that the equationψσ = τ is solvable
for σ for eachτ in HomR(P,C) wheneverψ is onto is precisely the statement
that Figure 4.3 is solvable forσ for all possibleτ ’s wheneverB −→ C −→ 0 is
exact, and thusP is projective if and only if the functor is exact.

If P is projective and an exact sequence withC = P is given, takeτ = 1P

in Figure 4.3. The projective property yields a mapσ : P → B with ψσ = 1P,
and Lemma 4.18b shows that the exact sequence splits.

Conversely suppose that every short exact sequence withP as its third nonzero
member splits. Suppose that a diagram as in Figure 4.3 is given withψ : C → B
onto and withτ mapping P into B. Let S = C ⊕ P, and letT be the R
submodule{(c, x) ∈ C ⊕ P | ψ(c) = τ(x)} of S. Denote the projections
of S to C and P by pC and pP, and let j : T → S be the inclusion. The
map7 pP j carriesT onto P; in fact, if x ∈ P is given, thenψ : C → B
onto implies that there existscx ∈ C with ψ(cx) = τ(x). Then(cx, x) lies in
T , and pP j (cx, x) = pP(cx, x) = x. Consequently we have a 5-term exact
sequence with terms 0, ker(pP j ), T , P, 0, and this must split by hypothesis.
Thus there exists a mapq : P → T with pP jq = 1P. Defineσ = pC jq.
For x ∈ P, jq(x) is some member ofS of the form(c, x) with ψ(c) = τ(x).
Henceψσ(x) = ψpC jq(x) = ψpC(c, x) = ψ(c) = τ(x). Thusψσ = τ , and
σ : P → C is the required map that exhibitsP as projective.

For (b), suppose thatI is given. The functor HomR( · , I ) is contravariant and
left exact, no matter whatI is. It is exact if and only if it carries one-one maps
from A to B to onto maps from HomR(B, I ) to HomR(A, I ). If ϕ : A → B is
given, then Hom(ϕ,1) : HomR(B, I ) → HomR(A, I ) operates on a mapσ in
HomR(B, I ) by Hom(ϕ,1)(σ ) = σϕ. The statement that the equationσϕ = τ
is solvable forσ for eachτ in HomR(A, I ) wheneverϕ is one-one is precisely
the statement that Figure 4.4 is solvable forσ for all possibleτ ’s whenever
0 −→ A −→ B is exact, and thusI is injective if and only if the functor is exact.

If I is injective and an exact sequence withA = I is given, takeτ = 1I in
Figure 4.4. The injective property yields a mapσ : B → I with σϕ = 1I , and
Lemma 4.18c shows that the exact sequence splits.

Conversely suppose that every short exact sequence withI as its first nonzero
member splits. Suppose that a diagram as in Figure 4.4 is given withϕ : A → B
one-one and withτ mappingA into I . Let S = B⊕ I , and letT be the quotient of

7The pair(pC j, pP j ) is called thepullback of (τ, ψ). See Problem 35 at the end of the chapter.
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Sby theRsubmodule{(ϕ(a),−τ(a)) | a ∈ A}. Denote the inclusions ofB andI
into Sby i B andi I , and letk : S → T be the quotient mapping. The composition8

ki I is one-one fromI into T . In fact, if ki I (x) = 0 for somex ∈ I , then(0, x)
is a member ofSof the form(ϕ(a),−τ(a)) for somea ∈ A; thusϕ(a) = 0, and
the fact thatϕ is one-one implies thata = 0 and hence thatx = −τ(a) = 0.
Consequently we have a 5-term exact sequence with terms 0,I , T , T/I , 0, and
this must split by hypothesis. Thus there exists a mapr : T → I with rki I = 1I .
Defineσ = rki B. Fora ∈ A, i Bϕ(a)− i I τ(a) = (ϕ(a),−τ(a)) is in kerk. Thus
kiBϕ(a) = ki I τ(a), andσϕ(a) = rki Bϕ(a) = rki I τ(a) = 1I τ(a) = τ(a) for
a ∈ A. Thereforeσϕ = τ , andσ : A → I is the required map that exhibitsI as
injective. �

5. Derived Functors

Now we shall undertake the main construction of the chapter, that of “derived
functors.” LetC be a good category of unital leftR modules. Arranging for
derived functors to be defined on every module inC requires that each moduleM
in C have either a projective resolution or an injective resolution, and thusC must
have either many projectives or many injectives in a suitable sense. Let us make
the condition precise.

We say thatC hasenough projectivesif every module inC is a quotient of a
projective inC. Suppose that this condition is satisfied. LetM be a module inC,
and letX0 be a projective that maps ontoM , say by a mapε. Then kerε is in C,
since good categories are closed under the passage to submodules, and we letX1

be a projective inC that maps onto kerε, say by a map∂0. Similarly let X2 be a
projective that maps onto ker∂0 in X1, say by a map∂1, and so on. The result is
that we obtain a projective resolution of the formX+ ε−→ M with X+ given by

X+ : · · · −−→ X2
∂1−−→ X1

∂0−−→ X0.

Consequently the condition “enough projectives” implies that every module inC
has a projective resolution inC.

Similarly we say thatC has enough injectives if every module inC is a
submodule of an injective inC. Suppose that this condition is satisfied. Let
M be a module inC, and letX0 be an injective into whichM embeds, say by
a mapε. ThenX0/ imageε is in C, since good categories are closed under the
passage to quotient modules, and we letX1 be an injective into whichX0/ imageε
embeds, say by a mapd#

0. Letd0 be the composition of the quotient map fromX0

to X0/ imageε, followed byd#
0; thend0 mapsX0 into X1 with kerd0 = imageε.

8The pair(kiB, ki I ) is called thepushout of (τ, ϕ). See Problem 35 at the end of the chapter.
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We letX2 be an injective into whichX1/ imaged0 embeds, say byd#
1, and we let

d1 be the composition of the quotient map fromX1 to X1/ imaged0, followed by
d#

1; thend1 mapsX1 into X2 with kerd1 = imaged0. Continuing in this way, we

obtain an injective resolution of the formX+ ε←− M with X+ given by

X+ : · · · d2←−− X2
d1←−− X1

d0←−− X0.

Consequently the condition “enough injectives” implies that every module inC
has an injective resolution inC.

The categoryCR of all unital left R modules certainly has enough projectives.
In fact, every module inCR is the quotient of a freeRmodule, and freeRmodules
are projective inCR. It is less trivial but still true thatCR has enough injectives.
Let us pause for a moment to prove this result in Proposition 4.20 below.

As is shown in Problems 1–2 at the end of the chapter, other good categories
of unital left R modules may or may not have enough projectives or enough
injectives, and a good category may have the one without the other.

Proposition 4.20.If R is any ring with identity, then the category of all unital
left R modules has enough injectives.

PROOF. We treat first the case thatR = Z. In view of Example 2 of injectives,
we are to exhibit an arbitrary abelian groupA as isomorphic to a subgroup of a
divisible group. We know thatA is isomorphic to a quotient of some free abelian
group. WriteA ∼= F/Swith F a direct sum of copies ofZ andS equal to some
subgroup ofF . Taking aZ basis forF and forming aQ vector space with that
same basis, we can regardF as a subgroup of the additive groupD of a rational
vector space. The groupD is divisible, andA is isomorphic to a subgroup of
D/S. Any quotient of a divisible group is divisible, and thusD/S is divisible.

Now we allow R to be any ring with identity. We shall make use of various
results from Chapter X ofBasic Algebra. If M is any unital leftR module, let us
denote byFM the underlying abelian group9 of M . If we regardR as an(Z, R)
bimodule, then Proposition 10.17 makes HomZ(R,FM) into a left R module,
with rϕ(r ′) = ϕ(r ′r ) for r andr ′ in R. The mappingm 	→ ϕm with ϕm(r ) = rm
is a one-oneR homomorphism ofM into HomZ(R,FM). From the previous
paragraph we can find a divisible abelian group withFM ⊆ D, and we can then
regard the leftR module HomZ(R,FM) as anR submodule of HomZ(R, D).
Consequently we can regardM as anR submodule of HomZ(R, D). We are
going to prove thatI = HomZ(R, D) is injective inCR.

We digress for a moment to make a side calculation. WithD fixed andN equal
to any unital leftR module, we make use of the isomorphism

HomR(N,HomZ(R, D)) ∼= HomZ(R ⊗R N, D)

9F is called theforgetful functor fromCR toCZ .
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given in Proposition 10.23 ofBasic Algebra; in the expressionR ⊗R N, the left
factor of R is to be regarded as a rightR module (and not also a leftR module),
and thenR⊗R N is reallyF(R⊗R N) in the sense that the tensor product retains
only the structure of an abelian group. Meanwhile, Corollary 10.19a gives us

HomZ(R ⊗R N, D) ∼= HomZ(N, D);

here theR on the left is an(R, R) bimodule, and the isomorphism is one of left
R modules. However, there is no harm in applyingF to both sides and obtaining

HomZ(F(R ⊗R N, D)) ∼= HomZ(FN, D).

Thus
HomR(N,HomZ(R, D)) ∼= HomZ(FN, D). (∗)

If we track down the isomorphisms in the results of Chapter X, we see that
the map from left to right sendsϕ ∈ HomR(N,HomZ(R, D)) to the map
� ∈ HomZ(FN, D) with �(x) = ϕ(x)(1) for x ∈ N, and the inverse sends
� to ϕ with ϕ(x)(r ) = �(rn).

Now we return toI = HomZ(R, D). By Proposition 4.19b,I will be injective
if and only if HomR( · , I ) is an exact functor. Since this functor is contravariant

and left exact, it is enough to prove that if 0−→ A
ψ−→ B is exact inCR, then

HomR(B, I )
Hom(ψ,1)−−−−−→ HomR(A, I ) −→ 0 (∗∗)

is exact inCZ. Let us reinterpret(∗∗) in the light of the isomorphism(∗) when
N = B and N = A. If ϕ is in HomR(B,HomZ(R, D)), then Hom(ψ,1)(ϕ)
is the memberϕψ of HomR(A,HomZ(R, D)). The corresponding members of
HomZ(FB, D) and HomZ(FA, D) are� with �(b) = ϕ(b)(1) and a member
�′ of HomZ(FA, D)with�′(a) = ϕψ(a)(1). Thus�′ = �(Fψ), and the map-
ping Hom(ψ,1) in (∗∗) translates under the isomorphisms(∗) into the mapping
Hom(Fψ,1) of HomZ(FB, D) into HomZ(FA, D). The groupD is divisible,
hence injective inCZ. SinceFψ : FA → FB is one-one andD is injective
in CZ, Proposition 4.19b shows that Hom(Fψ,1) carries HomZ(FB, D) onto
HomZ(FA, D). Therefore(∗∗) is exact, and we conclude thatI is injective
in CR. �

Derived functors of an additive functorF from one good category to another
will be useful whenF is left exact or right exact, and there will be one derived
functor for each integern ≥ 0. The value of thenth derived functor on a module
M is obtained by taking a projective or injective resolution ofM according to
the rule in Figure 4.5, applyingF to the resolution, dropping the termF(M)
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that occurs in degree−1, and forming thenth homology or cohomology of the
resulting complex. The full traditional notation for the derived functor in question
appears in Figure 4.5, along with an abbreviated notation that we shall tend to
use.

The choice of projective or injective resolution at the start is made in such a
way that the 0th derived functor is naturally isomorphic toF ; this condition will
be clarified in Proposition 4.21 below. If a projective resolution is to be used,
one makes the assumption that the domain category has enough projectives; if
an injective resolution is to be used, one makes the assumption that the domain
category has enough injectives.

If the resulting complex obtained by applyingF to the resolution is a chain
complex, the abbreviated notation isFn for thenth derived functor; otherwise it
is Fn. The full traditional notation involves using anL or R in front of F to
denote the one-sided exactness, left or right, thatF is not assumed to have, and
the subscript or superscriptn is moved fromF to theL or R.

Exactness —variant Resolution —ology Notation Example

right co— projective hom— Fn, LnF M ⊗R ( · )
right contra— injective hom— Fn, LnF M ⊗Z HomZ( · , I ),

I injective

left co— injective cohom— Fn, RnF HomR(M, · )
left contra— projective cohom— Fn, RnF HomR( · ,M)

FIGURE 4.5. Formation of derived functors.

There are several things that need elaboration in this definition, and we take
them up right away.

First there is the fact thatFn(M) or Fn(M) is well defined. Suppose that we
start with two resolutionsX andX′ of M (projective or injective by the rules in
Figure 4.5). Corollary 4.13 or 4.17 gives us chain or cochain mapsf : X → X′
andg : X′ → X with f−1 = 1M andg−1 = 1M and shows thatg f : X → X is
homotopic to 1X and that f g : X′ → X′ is homotopic to 1X′ . For definiteness
let us suppose thatF is covariant and right exact; then chain maps are involved
and the derived functors ofF are to be denoted byFn. Applying F to our chain
maps, we obtain chain mapsF( f ) : F(X) → F(X′), F(g) : F(X′) → F(X),
F(g f ) : F(X) → F(X), andF( f g) : F(X′) → F(X′). The last two of these
are homotopic to 1F(X) : F(X) → F(X) and to 1F(X′) : F(X′) → F(X′),
respectively, byF of the respective homotopies. Proposition 4.1 shows that
F(g)F( f ) = F(g f ) induces the identity onH∗(F(X)) and thatF( f )F(g) =
F( f g) induces the identity onH∗(F(X′)). Consequently the mappings induced
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on homology byF( f ) and F(g) are two-sided inverses of one another. Thus
Fn(M) as computed fromX is isomorphic toFn(M) as computed fromX′.

Moreover, this isomorphism is canonical. Iff ′ : X → X′ is another chain
map, then the same calculation shows thatF( f ′) and F(g) induce two-sided
inverses of each other on homology, and henceF( f ) = F( f ′) on homology.
Thus Fn(M) is well defined up to canonical isomorphism whenF is covariant
and right exact. The other three situations in Figure 4.5 are handled in similar
fashion and lead to analogous conclusions.

Next we makeFn or Fn into a functor. To do do, letϕ : M → M ′ be given. For
definiteness, again let us suppose thatF is covariant and right exact. LetX andX′
be projective resolutions ofM andM ′, respectively, and apply Theorem 4.12 to
produce a chain map� : X → X′ with�−1 = ϕ. ThenF(�) : F(X)→ F(X′)
is a chain map and induces maps on homology that we denote byFn(ϕ). Here
Fn(ϕ) mapsFn(M) into Fn(M ′).

Let us see thatFn(ϕ) is well defined. IfX is replaced byX, Corollary 4.13
produces chain mapsf : X → X andg : X → X with f−1 = 1M andg−1 = 1M ,
and Theorem 4.12 produces a chain map� : X → X′ with�−1 = ϕ. Since�◦ f
and� are both chain maps fromX to X′ that equalϕ in degree−1, Theorem
4.12 shows that� ◦ f is homotopic to�. Similarly � ◦ g and� are chain
maps fromX to X′ and are homotopic. By Proposition 4.1,F(� ◦ f ) = F(�)
on homology, andF(� ◦ g) = F(�) on homology. Thus on homologyF(�)
corresponds toF(�) under the canonical isomorphismF( f ), whose inverse on
homology isF(g). In short,Fn(ϕ) is well defined up to the previously obtained
canonical isomorphisms. The other three situations in Figure 4.5 are handled in
similar fashion and lead to analogous conclusions.

Tracing through the definition of how derived functors affect maps, we see
that the map 1 goes to the map 1 and that compositions go to compositions, in
the same order as forF . Thus the derived functors are indeed functors. The
derived functors of a covariant functor are covariant, and the derived functors of
a contravariant functor are contravariant.

We need to check that the derived functors are additive. Ifϕ : M → M ′ and
ϕ′ : M → M ′ are given, then we can proceed as above and use a single resolution
of M and a single resolution ofM ′ to investigateϕ, ϕ′, andϕ + ϕ′. Then it
is apparent that the chain or cochain maps built from maps ofM to M ′ add in
the same way as the maps, and the result is that eachFn or Fn is additive with
particular choices of the resolutions in place. Allowing the resolutions to vary
means that we have to take canonical isomorphisms into account, and after doing
so, we still get additivity.

If two functorsF andG fromC toC ′ of the same type in Figure 4.5 are naturally
isomorphic, thenFn andGn (or elseFn andGn) are naturally isomorphic for all
n. In fact, if T is the natural isomorphism, thenT associates a memberTA
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of Hom(F(A),G(A)) to each moduleA in C. Take a projective or injective
resolutionX = {Xn} of A, as appropriate, and form the two complexesF(X) and
G(X). The system{TXn} is then a chain map fromF(X) to G(X), with inverse
{T−1

Xn
}, and the homology or cohomology ofF(X) is exhibited as isomorphic to

the homology or cohomology ofG(X). This much shows thatFn(A) ∼= Gn(A)
(or Fn(A) ∼= Gn(A)) for all n. We omit the details of verifying the naturality of
this isomorphism in theA variable for eachn.

Proposition 4.21.In the four situations of derived functors in Figure 4.5, under
the assumption that the domain category forF has enough projectives or enough
injectives as appropriate, the 0th derived functor ofF is naturally isomorphic toF .

PROOF IF F IS COVARIANT AND RIGHT EXACT. Let

X1
∂0−−→ X0

ε−−→ M −−→ 0

be the terms in degree 1,0,−1,−2 of a projective resolution ofM . By Proposition
4.5 and its remark, the right exactness and covariance ofF imply that

F(X1)
F(∂0)−−−→ F(X0)

F(ε)−−−→ F(M) −−→ 0

is exact. The derived-functor moduleF0(M) is computed as the 0th homology of

F(X1)
F(∂0)−−−→ F(X0) −−→ 0.

Thus
F0(M) = F(X0)/ imageF(∂0) = F(X0)/ kerF(ε).

SinceF(ε) is ontoF(M), the right side here is∼= F(M) via F(ε).
This establishes the isomorphism. Let us prove that it is natural in the variable

M . If ϕ : M → M ′ is given, we are to prove that the diagram

F0(M)
via F(ε)−−−−−→ F(M)

F0(ϕ)

⏐⏐+ ⏐⏐+F(ϕ)

F0(M ′)
via F(ε′)−−−−−→ F(M ′)

(∗)

commutes. Using Theorem 4.12, we form the part of a chain map that is indicated:

X1
∂0−−−→ X0

ε−−−→ M −−−→ 0

f1

⏐⏐+ f0

⏐⏐+ ϕ

⏐⏐+
X′

1

∂ ′
0−−−→ X′

0
ε′−−−→ M ′ −−−→ 0
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Application of F gives a commutative diagram

F(X0)
F(ε)−−−→ F(M)

F( f0)

⏐⏐+ F(ϕ)

⏐⏐+
F(X′

0)
F(ε′)−−−→ F(M ′)

and this becomes(∗) upon passage to the quotientsF(X0)/ kerF(ε) and
F(X′

0)/ kerF(ε′). This completes the proof. �

EXAMPLES.

(1) The invariants functorF(M) = MG for a groupG. Suppose that a group
G acts on an abelian groupM by automorphisms. This situation is completely
equivalent to consideringM as a unital leftZG module, whereZG is the integer
group ring ofG. The subgroup ofinvariants of M is

MG = {m ∈ M | gm = m for all g ∈ G}.
The formulasF(M) = MG for such a moduleM and F(h) = h

∣∣
MG for h in

HomZG(M,M ′)define a covariant additive functor called theinvariants functor ;
we can think ofF as carryingCZG into itself, but it is preferable to think of it as
carryingCZG into the categoryCZ of abelian groups. The functorF is naturally
isomorphic to the functorH = HomZG(Z, · ), whereZ is made into aZG
module with trivialG action; as withF , we considerH as a functor fromCZG

to CZ. To see the isomorphism, we associate to each moduleM the abelian-
group homomorphismTM : MG → HomZ(Z,M) defined byTM(m) = ϕm with
ϕm(k) = m for all k ∈ Z. If h is in HomZG(M,M ′), then the two mapsTM ′ ◦F(h)
andH(h) ◦ TM of F(M) into H(M ′) are equal, since at eachm ∈ MG we have

H(h)TM(m) = H(h)(ϕm) = Hom(1, h)(ϕm) = hϕm = ϕh(m) = TM ′ F(h)(m).

This identity means that{TM} is a natural transformation; we readily check for
eachM thatTM carriesMG one-one onto HomZ(Z,M), and thus{TM} is a natural
isomorphism.

Because of this natural isomorphism, the invariants functor is covariant and left
exact. Its derived functorsFn or Hn are obtained by using an injective resolution
I ← M ← 0, applying the functor( · )G or HomZG(Z, · ), dropping the term in
degree−1, and forming cohomology. Briefly

Fn(M) ∼= Hn(I G) ∼= Hn(HomZG(Z, I ))

for an injective resolutionI ← M ← 0.
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It turns out that the result is given also by the cohomology-of-groups functors
Hn(G,M) even though this was not the procedure by which we obtained group
cohomology in Section III.5. In fact, what Section III.5 said to do was to start
from a free resolution (a projective resolution would have been good enough)
such asP −→ M −→ 0 of Z in CZ, apply the contravariant left exact functor
HomZG( · ,M), drop the term in degree−1, and form cohomology. Briefly then,
Section III.5 said that

Hn(G,M) ∼= Hn(HomZG(P,M)) for a projective resolutionP → Z → 0.

The fact thatHn(G,M) can be computed in either of these ways is not particularly
obvious from what we have done so far, but it will be a special case of the natural
isomorphism of functors Extn and extn that is proved as Theorem 4.31 in Section 7.
With either formula forHn(G,M), we obtainH0(G,M) ∼= MG in agreement
with Proposition 4.21.

(2) The co-invariants functorF(M) = MG for a groupG. In the same setting
as in Example 1, the subgroup ofco-invariants of M is

MG = M
/
(subgroup generated by allgm− m for g ∈ G, m ∈ M).

The functorF can be seen to be naturally isomorphic to the functorH with
H(M) = Z⊗ZG M . It is therefore covariant and right exact. Its derived functors
are given by

Fn(M) ∼= Hn(PG) ∼= Hn(Z ⊗ZG P) for a projective resolutionP → M → 0.

These are by definition thehomology-of-groupsfunctorsHn(G,M). Although
the equality is not particularly obvious,Hn(G,M) can be computed also from

Hn(G,M) ∼= Hn(P ⊗ZG M) for a projective resolutionP → Z → 0.

This isomorphism is a special case of the natural isomorphism of functors Torn

and torn that is mentioned just before Proposition 4.29 in Section 7; the proof
is completely analogous to the proof of Theorem 4.31. With either formula for
Hn(G,M), we obtainH0(G,M) ∼= MG in agreement with Proposition 4.21.

(3) Derived functors withR = Z. For the ringZ and the categoryCZ (or more
generally forCR for any principal ideal domainR), projective resolutions and
injective resolutions can be fairly short, and derived functors in degree≥ 2 are
all 0. Let M be a given unitalZ module, i.e., an abelian group. We know that
M is the quotient of some free abelian groupX0, say with a quotient mapε, and
thenX1 = kerε is a subgroup of a free abelian group and hence is free abelian.
Thus a projective resolution ofM is

0 −−→ X1
inc−−→ X0

ε−−→ M −−→ 0.
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The kinds of derived functors that make use of projective resolutions are the
covariant right exact ones and the contravariant left exact ones. IfF is such a
functor, then we are led to the complexes

0 −−−→ F(X1)
F(inc)−−−→ F(X0)

F(ε)−−−→ 0

0 ←−−− F(X1)
F(inc)←−−− F(X0)

F(ε)←−−− 0and

in the two cases. Thus the values of the derived functors areF0(M) ∼= M and
F1(M) = kerF(ε) in the first case, andF0(M) ∼= M andF1(M) = cokerF(ε)
in the second case. Higher derived functors are 0. Similar remarks apply to
injective resolutions and the remaining two cases for derived functors in Figure
4.5. Every abelian group is a subgroup of a divisible group, which is injective in
CZ, and the quotient of the divisible group by the given abelian group is divisible,
hence injective. Thus we can arrange for all terms of an injective resolution to
be 0 beyond theX1 term, and an analysis of the results similar to the one above
is possible.

6. Long Exact Sequences of Derived Functors

The first four theorems of this section say that a short exact sequence of modules
leads to a long exact sequence of derived functor modules and that it does so in
a functorial way. Let us suppose thatF : C → C ′ is an additive functor between
good categories. For the first of the theorems, suppose further thatC has enough
projectives and thatF is one of the types of functors in Figure 4.5 making use of
projective resolutions in the definition of its derived functors. The last of these
conditions means thatF is to be covariant right exact or contravariant left exact.

To prove such a theorem, we shall want to apply Theorem 4.7, which produces
a long exact sequence from a short exact sequence of complexes. To each of the
modules in the given short exact sequence, we attach a projective resolution. If
these projective resolutions can somehow be related by chain maps so as to give
a short exact sequence of projectives in each degree, then we can applyF to the
entire diagram, invoke Theorem 4.7, and obtain the desired long exact sequence.
Application of Theorem 4.10, in combination with some further checking, will
show that the passage from the given short exact sequence of modules to the long
exact sequence of derived functor modules is functorial in the modules of the
short exact sequence.

Thus the problem is to obtain the compatible projective resolutions. Propo-
sition 4.19a gives us a clue about what to look for: any short exact sequence of
projectives has to be split. Here is the statement of the first theorem.
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Theorem 4.22. Let F : C → C ′ be an additive functor between two good
categories. Suppose thatF either is covariant right exact or is contravariant
left exact, and suppose thatC has enough projectives. Whenever there are three
modules and two maps inC forming a short exact sequence

0 −→ A
ϕ−→ B

ψ−→ C −→ 0,

then the derived functors ofF on the three modules form a long exact sequence
in C ′ as follows:

(a) If F is covariant and right exact, then the long exact sequence is

0 ←− F(C)←− F(B)←− F(A)←− F1(C)←− F1(B)←− F1(A)

←− F2(C)←− F2(B)←− F2(A)←− F3(C)←− · · · .
(b) If F is contravariant and left exact, then the long exact sequence is

0 −→ F(C) −→ F(B) −→ F(A) −→ F1(C) −→ F1(B) −→ F1(A)

−→ F2(C) −→ F2(B) −→ F2(A) −→ F3(C) −→ · · · .
We begin with a lemma.

Lemma 4.23.In the good categoryC, suppose that the diagram

0 0 0⏐+ ⏐+ ⏐+
0 ←−−− A

εA←−−− PA
ψA←−−− MA ←−−− 0

ϕ

⏐⏐+ i A

⏐⏐+
0 ←−−− B PA ⊕ PC MB 0

ψ

⏐⏐+ pC

⏐⏐+
0 ←−−− C

εC←−−− PC
ψC←−−− MC ←−−− 0⏐+ ⏐+ ⏐+

0 0 0

ϕ1

ψ1

εB ψB

has the first two columns and the two rows with solid arrows exact and hasPA

andPC projective. Herei A is the inclusion into the first component ofPA ⊕ PC,
and pC is the projection onto the second component. Then there exist a module
MB and mapsεB, ψB, ϕ1, andψ1 such that the whole diagram, including the
dashed arrows, has exact rows and columns and has all squares commuting.
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PROOF. The modulePA ⊕ PC is in C becauseC is good, and it is easy to see
that PA ⊕ PC is projective. Let us defineεB. SincePC is projective, there exists
h : PC → B such thatψh = εC, and we putεB(xA, xC) = ϕεAxA + hxC. Then
the equation

ϕεAxA = εB(xA,0) = εBi AxA

says that the upper left square commutes, and the equation

ψεB(xA, xC) = ψϕεAxA + ψhxC = 0 + εCxC = εC pC(xA, xC)

says that the lower left square commutes.
To see thatεB is onto B, let b ∈ B be given. SincepC and εC are onto,

so isεC pC = ψεB. Thus we can choose(xA, xC) in PA ⊕ PC with ψ(b) =
ψεB(xA, xC). Henceb − εB(xa, xC) lies in kerψ = imageϕ, and we can write

b − εB(xA, xC) = ϕ(a) = ϕεA(x
′
A) = εBi A(x

′
A) = εB(x

′
A,0)

for somex′
A ∈ PA. Thenb = εB(xA + x′

A, xC), andεB is onto.
Let MB = kerεB, and letψB : MB → PA ⊕ PC be the inclusion. FormA in

MA, letϕ1(mA) = (ψAmA,0). Thenϕ1(mA) is in MB because

εB(ψAmA,0) = ϕεAψAmA + h0 = ϕ0 + h0 = 0.

Moreover, this definition ofϕ1 makes the upper right square commute.
To defineψ1, let (xA, xC) be in MB, so thatεB(xA, xC) = 0. Then 0=

ψεB(xA, xC) = εC pC(xA, xC) = εC(xC), xC lies in kerεC = imageψC, and
xC = ψC(mC) for a uniquemC in MC. We putψ1(xA, xC) = mC. Then the
equation

ψCψ1(xA, xC) = ψC(mC) = xC = pC(xA, xC) = pCψB(xA, xC)

shows that the lower right square commutes.
Now all the squares commute, and all the rows and columns are exact except

possibly the third column. Corollary 4.8 allows us to conclude that the third
column is exact, and the proof of the lemma is complete. �

PROOF OFTHEOREM4.22. The main step is to construct projective resolutions
of A, B, andC by an inductive process in such a way that the three resolutions to-
gether form an exact sequence of chain complexes. We start by forming projective
resolutions

0 ←− A
εA←− X0

α0←− X1
α1←− · · ·

0 ←− C
εC←− Z0

γ0←− Z1
γ1←− · · · .and
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ReplacingX1 by MA = kerα0 and Z1 by MC = kerγ0, we are led to the
starting diagram in Lemma 4.23. Application of the lemma produces a short
exact sequence

0 ←− B
εB←− X0 ⊕ Z0

inc←− MB ←− 0

and the vertical mapsϕ1 andψ1 that make the squares commute in the lemma.
Next we move everything one step to the right, applying the lemma to a diagram
as in the lemma with first and third rows

0 ←− kerεA
α0←− X1

inc←− kerα1 ←− 0

0 ←− kerεC
γ0←− Z1

inc←− kerγ1 ←− 0and

and with an exact sequence in the first column involving the mapsϕ1 andψ1.
Application of the lemma produces a short exact sequence

0 ←− kerεB
β0←− X1 ⊕ Z1

inc←− kerβ0 ←− 0

and the vertical mapsϕ2 andψ2 that make the squares commute in the lemma.
We can put these steps together to form the following diagram with exact rows
and columns and with commuting squares:

0 0 0 0⏐+ ⏐+ ⏐+ ⏐+
0 ←−−− A

εA←−−− X0
α0←−−− X1

inc←−−− kerα1 ←−−− 0

ϕ

⏐⏐+ i X0

⏐⏐+ i X1

⏐⏐+ ϕ2

⏐⏐+
0 ←−−− B

εB←−−− X0 ⊕ Z0
β0←−−− X1 ⊕ Z1

inc←−−− kerβ1 ←−−− 0

ψ

⏐⏐+ pZ0

⏐⏐+ pZ1

⏐⏐+ ψ2

⏐⏐+
0 ←−−− C

εC←−−− Z0
γ0←−−− Z1

inc←−−− kerγ1 ←−−− 0⏐+ ⏐+ ⏐+ ⏐+
0 0 0 0

We can repeat the use of Lemma 4.23, starting from the last column of the above
diagram and more of the projective resolutions ofAandC, and then we can merge
the new result with the diagram above to obtain a diagram with one additional
column. Continuing in this way, we arrive at three projective resolutions and
vertical maps that together form an exact sequence of chain complexes.
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To obtain a long exact sequence for our derived functors, we apply the functor
F to the final diagram above, except that we drop the left column of 0’s and the
column containingA, B,C. After the application ofF , the remaining columns
are still exact because the columns inC are split and becauseF sends split
exact sequences to split exact sequences.10 Then we apply Theorem 4.7, taking
Proposition 4.21 into account, and the long exact sequence results except for the
one detail of the 0 at the end. In other words, we still have to prove exactness
at F(C). But exactness at this point is immediate from the assumed one-sided
exactness ofF . This completes the proof. �

Before addressing the functoriality of the association in Theorem 4.22, let us
record the corresponding result when the derived functor makes use of injective
resolutions.

Theorem 4.24. Let F : C → C ′ be an additive functor between two good
categories. Suppose thatF either is contravariant right exact or is covariant
left exact, and suppose thatC has enough injectives. Whenever there are three
modules and two maps inC forming a short exact sequence

0 −→ A
ϕ−→ B

ψ−→ C −→ 0,

then the derived functors ofF on the three modules form a long exact sequence
in C ′ as follows:

(a) If F is contravariant and right exact, then the long exact sequence is

0 ←− F(A)←− F(B)←− F(C)←− F1(A)←− F1(B)←− F1(C)

←− F2(A)←− F2(B)←− F2(C)←− F3(A)←− · · · .

(b) If F is covariant and left exact, then the long exact sequence is

0 −→ F(A) −→ F(B) −→ F(C) −→ F1(A) −→ F1(B) −→ F1(C)

−→ F2(A) −→ F2(B) −→ F2(C) −→ F3(A) −→ · · · .

PROOF. The necessary modifications to the proof of Theorem 4.22 are fairly
straightforward, but some comments are in order concerning how Lemma 4.23 is
to be modified. In the diagram in the statement of Lemma 4.23, all the horizontal
arrows are to be reversed, the projectivesPA andPC are to be replaced by injectives

10A split exact sequence is the union of two four-term exact sequences from each end, andF is
exact on each of these. In addition, we saw in Section 2 thatF respects direct sums. It follows that
F carries split exact sequences to split exact sequences.
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I A and IC, and MA and MC are the quotientsMA = I A/εA(A) and MC =
IC/εC(C). Let us defineεB. Since I A is injective, chooseh : B → I A with
hϕ = εA, and putεB(b) = (h(b), εCψ(b)). Then the equation

εBϕ(a) = (hϕa, εCψϕa) = (εA(a),0) = i AεA(a)

says that the upper left square commutes, and the equation

εCψ(b) = pC(h(b), εCψ(b)) = pCεB(b)

says that the lower left square commutes.
To see thatεB is one-one, letεB(b) = 0. Then 0= pCεB(b) = εCψ(b).

SinceεC is one-one,ψ(b) = 0, b lies in kerψ = imageϕ, andb = ϕ(a). Then
0 = εB(b) = εBϕ(a) = i AεA(a), anda = 0 becausei A andεA are one-one.
Henceb = ϕ(a) = 0, andεB is one-one.

Let MB = (I A ⊕ IC)/εB(B), and letψB : I A ⊕ IC → MB be the quotient
map. To defineϕ1, we letϕ1(mA) = ψB(xA,0) if mA = ψAxA with xA ∈ I A.
If x′

A is another preimage ofmA underψ−1
A , thenx′

A − xA = εA(a) for some
a ∈ A, andψB(xA,0) − ψB(x′

A,0) = ψBi AεA(a) = ψBεBϕ(a) = 0; hence
ϕ1 is well defined. SinceψBi AxA = ψB(xA,0) = ϕ1mA = ϕ1ψAxA, the
upper right square commutes. To defineψ1, let mB ∈ MB beψB(xA, xC), and
defineψ1(mB) = ψC(xC). If (x′

A, x
′
C) is another preimage ofmB underψ−1

B ,
then(x′

A, x
′
C) − (xA, xC) = εB(b) for someb ∈ B, andψC(x′

C) − ψC(xC) =
ψC pC(x′

A, x
′
C)− ψC pC(xA, xC) = ψC pCεB(b) = ψCεCψ(b) = 0; henceψ1 is

well defined. SinceψC pC(xA, xC) = ψC(xC) = ψ1(mB) = ψ1ψB(xA, xC), the
lower right square commutes.

Now all the squares commute, and all the rows and columns are exact except
possibly the third column. Corollary 4.8 allows us to conclude that the third
column is exact, and the proof of the analog of Lemma 4.23 for injectives is
complete. Theorem 4.24 then follows routinely. �

Theorem 4.25. Let F : C → C ′ be an additive functor between two good
categories. Suppose thatF either is covariant right exact or is contravariant left
exact, and suppose thatC has enough projectives. Then the passage as in Theorem
4.22 from short exact sequences inC to long exact sequences of derived functor
modules inC ′ is functorial in the following sense: whenever

0 −→ Ã
ϕ̃−→ B̃

ψ̃−→ C̃ −→ 0

fA

⏐⏐+ fB

⏐⏐+ fC

⏐⏐+
0 −→ A

ϕ−→ B
ψ−→ C −→ 0
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is a diagram inC with exact rows and commuting squares, then the long exact
sequences of derived functors ofF on Ã, B̃, C̃ and A, B, C make commutative
squares with the maps induced by the derived functors onfA, fB, fC.

PROOF. The proof of Theorem 4.22 involved constructing a diagram

0 0 0 0⏐+ ⏐+ ⏐+ ⏐+
0 ←−− A

εA←−− X0
α0←−− X1

α1←−− X2 ←−− · · ·
ϕ

⏐⏐+ i X0

⏐⏐+ i X1

⏐⏐+ i X2

⏐⏐+
0 ←−− B

εB←−− X0 ⊕ Z0
β0←−− X1 ⊕ Z1

β1←−− X2 ⊕ Z2 ←−− · · ·

ψ

⏐⏐+ pZ0

⏐⏐+ pZ1

⏐⏐+ pZ2

⏐⏐+
0 ←−− C

εC←−− Z0
γ0←−− Z1

γ1←−− Z2 ←−− · · ·⏐+ ⏐+ ⏐+ ⏐+
0 0 0 0

with exact rows and commuting squares in which eachXn andZn is projective,
and a similar diagram corresponds to the given short exact sequence with tildes
on it. The present theorem will follow from the functoriality in Theorem 4.10
if we can arrange that these two diagrams can be embedded in a 3-dimensional
diagram with each of these diagrams in a horizontal plane and with vertical maps
from the one diagram to the other such that all vertical squares commute.

We are given vertical mapsfA, fB, and fC, which we can regard as extending
from the diagram with tildes to the other diagram. In addition, Theorem 4.12
gives us chain maps{ fXn} and{ fZn} with fX−1 = fA and fX−1 = fC, and all the
completed vertical squares in the 3-dimensional diagram commute. To complete
the proof, we construct by induction forn ≥ 0 a mapfn : X̃n ⊕ Z̃n → Xn ⊕ Zn

such that

pZn fn = fZn pZ̃n
, fni X̃n

= i Xn fXn, βn−1 fn = fn−1β̃n−1, (∗)

with the understanding thatβ−1 = εB. To make it possible for the inductive step
to include the starting step of the induction, let us writeX−1 = A, Z−1 = B,
i X−1 = ϕ, pZ−1 = ψ , α−1 = εA, γ−1 = εC, and f−1 = fB. Also, let us
understand any module or map with subscript−2 to be 0.
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We shall constructfn. For z̃ ∈ Z̃n, we apply pZn−1 to the difference
βn−1(0, fZñ z)− fn−1β̃n−1(0, z̃) and get

pZn−1βn−1(0, fZñ z)− pZn−1 fn−1β̃n−1(0, z̃)

= γn−1 pZn(0, fZñ z)− fZn−1 pZ̃n−1
β̃n−1(0, z̃)

= γn−1 fZñ z − fZn−1γ̃n−1 pZ̃n
(0, z̃)

= fZn−1γ̃n−1̃z − fZn−1γ̃n−1̃z = 0.

Thusβn−1(0, fZñ z)− fn−1β̃n−1(0, z̃) = i Xn−1(x) for a uniquex ∈ Xn−1, and we
defineτ : Z̃n → Xn−1 by saying thatτ (̃z) should be thisx. This makes

i Xn−1τ (̃z) = βn−1(0, fZñ z)− fn−1β̃n−1(0, z̃).

Setting up the diagram
Z̃n⏐⏐+τ

Xn−2
αn−2←−−− Xn−1

αn−1←−−− Xn

σ

we prepare to invoke Lemma 4.11. We have

i Xn−2αn−2τ (̃z) = βn−2i Xn−1τ (̃z) = βn−2βn−1(0, fZñ z)− βn−2 fn−1β̃n−1(0, z̃)

= 0 − fn−2β̃n−2β̃n−1(0, z̃) = 0.

Sincei Xn−2 is one-one,αn−2τ = 0, and Lemma 4.11 applies. Thus we obtain
σ : Z̃n → Xn with αn−1σ = τ , andσ satisfies

i Xn−1αn−1σ (̃z) = βn−1(0, fZñ z)− fn−1β̃n−1(0, z̃). (∗∗)

Define
fn(̃x, z̃) = ( fXn (̃x)− σ (̃z), fZn (̃z)). (†)

With fn defined, we are to prove the three formulas(∗). For the first formula
in (∗), we apply pZn to both sides of(†) and obtainpZn fn(̃x, z̃) = fZn (̃z) =
fZn pZ̃n

(̃x, z̃), which is the desired formula. The second formula in(∗) at x̃ is just
(†) with z̃ = 0.

We are left with proving the third formula in(∗). Using the second formula in
(∗), we have

βn−1 fn(̃x,0) = βn−1 fni X̃n
(̃x) = βn−1i Xn fXn (̃x)

= i Xn−1αn−1 fXn (̃x) = i Xn−1 fXn−1α̃n−1(̃x)

= fn−1i X̃n−1
α̃n−1(̃x) = fn−1β̃n−1i X̃n

(̃x)

= fn−1β̃n−1(̃x,0). (††)
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Also,

βn−1 fn(0, z̃) = −βn−1i Xnσ (̃z)+ βn−1(0, fZn (̃z)) by (†)

= −i Xn−1αn−1σ (̃z)+ βn−1(0, fZn (̃z)) by commutativity

= fn−1β̃n−1(0, z̃) by (∗∗).
Adding this equality and(††), we obtain the third formula of(∗). This completes
the proof. �

The version of Theorem 4.25 appropriate for Theorem 4.24 is the following,
and its proof is similar.

Theorem 4.26. Let F : C → C ′ be an additive functor between two good
categories. Suppose thatF either is contravariant right exact or is covariant left
exact, and suppose thatC has enough injectives. Then the passage as in Theorem
4.24 from short exact sequences inC to long exact sequences of derived functor
modules inC ′ is functorial in the following sense: whenever

0 −→ Ã
ϕ̃−→ B̃

ψ̃−→ C̃ −→ 0

fA

⏐⏐+ fB

⏐⏐+ fC

⏐⏐+
0 −→ A

ϕ−→ B
ψ−→ C −→ 0

is a diagram inC with exact rows and commuting squares, then the long exact
sequences of derived functors ofF on Ã, B̃, C̃ and A, B, C make commutative
squares with the maps induced by the derived functors onfA, fB, fC.

We come to an important application of the long exact sequences in Theorems
4.22 and 4.24. Projective and injective resolutions make it easy to work with de-
rived functors theoretically, but in practice any computations with them are likely
to be difficult. It is therefore convenient to be able to compute derived functors
from other resolutions than projective and injective ones.11 For definiteness let
us work with the case of a covariantleft exact functor in a good category with

11The case of sheaf cohomology illustrates this point well. The present theory extends from
good categories of modules to arbitrary abelian categories along the lines of Section 8 below, and
the cohomology theory of sheaves fits into this more general framework. One additive functor
of interest with sheaves is the “global-sections” functor. Its derived functors can be formed with
injective resolutions, built from “flabby” sheaves, but flabby sheaves as a practical matter are too
big to be useful in computations. In the theory of several complex variables for example, one
approach is to substitute “fine” sheaves in resolutions; these permit computations and fall under the
abelian-category generalization of Theorem 4.27 below.
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enough injectives; this is the most important case in applications, and the other
three cases in Figure 4.5 can be handled in similar fashion. LetF : C → C ′ be an
additive functor between good categories that is covariant left exact. A module
M in C is said to beF-acyclic if Fn(M) = 0 for all n ≥ 1. Every moduleM
that is injective inC is F-acyclic, since 0−→ M −→ M −→ 0 is an injective
resolution ofM from which we can see thatFn(M) = 0 for n ≥ 1. An F-acyclic
resolution of a moduleA in C is a resolutionX = (A −→ X+) in which Xn is
an F-acyclic module for alln ≥ 0.

Theorem 4.27. Let C andC ′ be two good categories, letF be an additive
functor fromC toC ′ that is covariant and left exact, and suppose thatC has enough
injectives. If a moduleA in C has anF-acyclic resolutionX = (A −→ X+)
and if I = (A −→ I +) is any injective resolution ofA, then any cochain map
f : X → I with f−1 = 1A induces an isomorphismFn(A) ∼= Hn(F(X)) for
eachn ≥ 0.

REMARKS. Such a cochain map always exists and is unique up to homotopy,
according to Theorem 4.16. Theorem 4.27 says that the derived functors of
F on any moduleA can be computed from anyF-acyclic resolution ofA; it
is not necessary to work only with injective resolutions. The same result as
in the theorem holds withFn(A) ∼= Hn(F(A)) if F is contravariant and right
exact. If F is covariant right exact or contravariant left exact and ifC has
enough projectives, then any chain map from a projective resolution ofA to
an F-acyclic resolution12 induces an isomorphism of the derived functors ofA
with the homology or cohomology ofF of the F-acyclic resolution.

PROOF. The injective resolution is at our disposal, according to Corollary
4.17. Using the hypothesis thatC has enough injectives, choose for eachn an
injective Jn containingXn, let gn : Xn → Jn be the inclusion, and make{Jn}
into an injective resolution of 0 with coboundary maps 0. Then replaceI in the
assumptions byI ⊕ J and f by ( f, g). The result is that we have reduced the
theorem to the case thatf is one-one. Changing notation, we may assume from
the outset that the injective resolution isI = (A −→ I +) and that the chain map
f : X → I is one-one in each degree.

PutYn = In/ fn(Xn) = coker fn. The sequence

0 −→ Xn
fn−→ In −−→ Yn −→ 0 (∗)

is exact, and Theorem 4.24a shows that the sequence

Fk(In) −→ Fk(Yn) −−→ Fk+1(Xn)

12For this situation,F-acyclic resolutions are understood to be chain complexes rather than
cochain complexes.



220 IV. Homological Algebra

is exact for everyk ≥ 0. SinceIn andXn areF-acyclic forn ≥ 0, the end terms
are 0 for allk ≥ 1. ConsequentlyYn is F-acyclic for alln ≥ 0.

Referring to(∗) for n and forn + 1, we see that the coboundary map fromIn

to In+1 induces a compatible coboundary map fromYn to Yn+1. Thus we may
considerY = (0 −→ Y+) as a cochain complex withY+ = {Yn}n≥0. Then the
equations(∗) for all n ≥ 0, together with the coboundary maps, make

0 −→ X
f−→ I −−→ Y −→ 0 (∗∗)

into a short exact sequence of complexes. SinceX andI are exact, Corollary 4.8
shows thatY is exact.

If we apply F to the short exact sequence of complexes(∗∗), we obtain a
planar diagram

0 −→ F(X)
F( f )−−−→ F(I ) −−→ F(Y) −→ 0 (†)

whose rows are the result of applyingF to (∗), whose columns are complexes,
and whose squares commutes. As usual we drop the row forn = −1, replacing
it with a row of 0’s. Let us prove that(†) is in fact a short exact sequence of
complexes. In fact, the result of applyingF to (∗) is the long exact sequence that
begins

0 −→ F(Xn) −→ F(In) −→ F(Yn) −→ F1(Xn).

For n ≥ 0, Xn is F-acyclic. ThusF1(Xn) = 0, and the exactness forn ≥ 0
follows. Forn ≤ −1, the rows of the diagram(†) are 0 and hence are exact. Thus
(†) is a short exact sequence of complexes.

We shall now prove thatF(Y) = (0 −→ F(Y+)) is exact. Combining this
fact with the exactness of the rows of(†) and applying Corollary 4.8 will then
yield Hn(F(X)) ∼= Hn(F(I )) for all n ≥ 0. SinceHn(F(I )) = Fn(A), this
step will complete the proof.

To prove thatF(Y) = (0 −→ F(Y+)) is exact, defineZ0 = Y0 and Zn =
coker(Yn−1 → Yn) for n ≥ 1. Letdn : Yn → Yn+1 be the coboundary map. For
eachn ≥ 0, the complex

0 −→ Yn/ kerdn −→ Yn+1 −−→ Zn+1 −→ 0

is exact. Since kerdn = imagedn−1 by exactness ofY, we haveYn/ kerdn =
Yn/ imagedn−1 = Zn, and thus

0 −→ Zn −→ Yn+1 −−→ Zn+1 −→ 0 (††)

is exact for alln ≥ 0.
Let us use(††) to prove the preliminary result thatZn is F-acyclic for all

n ≥ 0. For n = 0, Z0 = Y0, andY0 is known to beF-acyclic. Proceeding
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inductively, suppose thatZn is known to beF-acyclic. Applying Theorem 4.24a
to (††), we see that

Fk(Yn+1) −→ Fk(Zn+1) −−→ Fk+1(Zn)

is exact for alln ≥ 0 and allk ≥ 0. Forn ≥ 0 andk ≥ 1, the left end is 0 because
Yn+1 is F-acyclic, and the right end is 0 becauseZn is F-acyclic by the inductive
hypothesis. Therefore the middle term is 0,Zn+1 is F-acyclic, and the induction
is complete.

Theorem 4.24a when applied to(††) shows that

0 −→ F(Zn) −→ F(Yn+1) −−→ F(Zn+1) −→ F1(Zn)

is exact for alln ≥ 0, and we now know that the term at the right end is 0.
Therefore

0 −→ F(Zn) −→ F(Yn+1) −−→ F(Zn+1) −→ 0 (‡)

is exact for alln ≥ 0.
Now we can prove that the complex

0 −→ F(Y0) −→ F(Y1) −−→ F(Y2) −→ F(Y3) −→ · · · (‡‡)

is exact at each moduleF(Yn). We know from Section 2 that we can merge two
exact sequences

· · · → F(Yn+1)→ F(Zn+1)→ 0 and 0→ F(Zn+1)→ F(Yn+2)→ · · ·
into a single exact sequence

· · · −→ F(Yn+1) −→ F(Yn+2) −→ · · · .
Consequently inductive application of(‡) shows that the sequence

0 −→ F(Z0) −→ F(Y1) −−→ F(Y2) −→ · · · −→ F(Yn+1) −→ F(Zn+1) −→ 0

is exact for eachn ≥ 0. In addition, we know thatZ0 = Y0 by definition.
Therefore(‡‡) is exact atF(Yn) for eachn ≥ 0, and the proof is complete. �

Theorems 4.22 and 4.24 produce a long exact sequence from one additive
functor and a short exact sequence of modules. Although it may at first seem odd
to do so, we can obtain a different long exact sequence by varying the functor
and fixing the module. This result, given as Proposition 4.28 below, will be used
in the next section in analyzing the Ext and Tor functors.
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LetC andC ′ be two good categories, and letF,G, H be three additive functors
fromC toC ′. For definiteness, suppose thatF,G, H are covariant and right exact.
Suppose that there is a natural transformationSof F into G and there is a natural
transformationT of G into H . We say that the sequence

F
S−→ G

T−→ H

is exact on projectivesif for every projectiveP in C, the sequence

0 −→ F(P)
SP−→ G(P)

TP−→ H(P) −→ 0

is exact. Analogous definitions are to be made with projectives or injectives for
the three other kinds of derived functors as in Figure 4.5.

Proposition 4.28.Let C andC ′ be two good categories, letF,G, H be three
additive functors fromC toC ′, suppose thatF,G, H are covariant and right exact,
and suppose thatC has enough projectives. If there are natural transformations

S : F → G andT : G → H such that the sequenceF
S−→ G

T−→ H is exact
on projectives, then the derived functors ofF,G, H on each moduleA in C form
a long exact sequence

0 ←− H(A)←− G(A)←− F(A)←− H1(A)←− G1(A)←− F1(A)

←− H2(A)←− G2(A)←− F2(A)←− H3(A)←− · · · .
The passage fromA to the long exact sequence is functorial inA.

REMARKS. The same long exact sequence and functoriality hold with the
arrows reversed andF andH interchanged if the three functors are contravariant
and left exact. IfF,G, H are contravariant and right exact or are covariant and
left exact, then analogous conclusions are valid providedC has enough injectives
and the natural transformationsSandT are exact on injectives.

PROOF. If P = (P+ −→ A) is a projective resolution ofA, then the natural
transformationsSandT give us a planar diagram

0 0 0,⏐ ,⏐ ,⏐
0 −−→ F(P0)

SP0−−→ G(P0)
TP0−−→ H(P0) −−→ 0,⏐ ,⏐ ,⏐

0 −−→ F(P1)
SP1−−→ G(P1)

TP1−−→ H(P1) −−→ 0,⏐ ,⏐ ,⏐
...

...
...
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in which the columns are complexes, the rows are exact because the sequence

F
S−→ G

T−→ H is exact on projectives, and the squares commute becauseS
andT are natural transformations. The construction of the long exact sequence
then follows from Theorem 4.7.

For the functoriality, suppose thatϕ : A → A′ is a map between two modules
of C. Let P = (P+ −→ A) and P′ = (P′+ −→ A) be projective resolutions
of A and A′, and use Theorem 4.12 to extendϕ to a chain map{ϕn} of P to
P′. Then the planar diagrams as above forP and P′ can be embedded in a
3-dimensional diagram in such a way that the various mapsF(ϕn), G(ϕn), and
H(ϕn) connecting the diagram forP to the diagram forP′ make all squares
commute. The functoriality now follows immediately from Theorem 4.10.�

7. Ext and Tor

In this section we study the derived functors of Hom and tensor product. Although
we shall treat each ascarrying unital leftRmodules, whereR is a ring with identity,
to abelian groups, the theory applies also to more complicated versions of Hom
and tensor product, such as when one of theR modules in question is actually
a bimodule for the ringsR andS and the result of Hom or tensor product is an
S module. Problems 9–11 at the end of the chapter address the situation with
bimodules.

We know that HomR(A, B) is a contravariant left exact functor of theAvariable
and a left exact covariant functor of theB variable. Thus we have two initial
choices for inserting resolutions and creating derived functors, namely

ExtnR(A, B) = Hn(HomR(P, B)
)
, with P = (A ← P+) projective,

and

extnR(A, B) = Hn(HomR(A, I )
)
, with I = (B → I +) injective.

Existence of the first one depends on having enough projectives in the category
of the A variable, and existence of the second one depends on having enough
injectives in the category of theB variable. Each of these, just as with Hom,
depends on two variables, one in contravariant fashion and the other in covariant
fashion. Thus Ext and ext are not functors of two variables in the strict sense of
our definitions. Instead, they are examples of “bifunctors,” of which HomR( · , · )
is the prototype, and the main result, Theorem 4.31 below, in essence says that
Ext and ext are naturally isomorphic as bifunctors, provided the first domain
category has enough projectivesand the second has enough injectives. Among
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other things this natural isomorphism will justify and explain how we were able
to define cohomology of groups in more than one way.13

In the case of tensor productA ⊗R B, similar remarks apply. HereA is a
unital rightR module, andB is a unital leftR module. The moduleA in a natural
way is a unital leftRo module, whereRo is the opposite ring ofR, and thus
tensor product is to be regarded as defined on the product of two categories of
left modules just as Hom is. We can regard tensor product as an actual functor in
either variable, and the functor is covariant right exact in both cases. Again we
have two initial choices for inserting resolutions and creating derived functors,
namely

TorR
n (A, B) = Hn(P ⊗R B

)
, with P = (A ← P+) projective,

and

torR
n (A, B) = Hn(A ⊗R P

)
, with P′ = (B ← P′+) projective.

These exist if the domain categories have enough projectives. Both Tor and tor
can be considered as covariant functors of two variables, or else as “bifunctors,”
and one can show in the same way as for Ext and ext that Tor and tor are naturally
isomorphic. There is no need to write out the details. It is customary to write Tor
for the common value.

Proposition 4.29. Let C andC ′ be good categories of unital leftR modules,
and suppose thatC has enough projectives. Then the contravariant left exact
functors HomR( · , B) from C to CZ and their derived functors Extn

R( · , B) have
the following properties:

(a) Whenever 0→ A′ → A → A′′ → 0 is a short exact sequence inC, then
there is a corresponding long exact sequence

0 −→ HomR(A
′′, B) −→ HomR(A, B) −→ HomR(A

′, B)

−→ Ext1R(A
′′, B) −→ Ext1R(A, B) −→ Ext1R(A

′, B)

−→ Ext2R(A
′′, B) −→ Ext2R(A, B) −→ Ext2R(A

′, B)→ Ext3R(A
′′, B)→ · · ·

inCZ for each moduleB inC ′. The passage from short exact sequences inC to long
exact sequences of derived functor modules inCZ is functorial in its dependence
on the exact sequence in the first variable in the sense of Theorem 4.25 and is
natural in the second variable in the sense that if a mapη : B̃ → B is given, then
Hom(1, η) defines a chain map from the long exact sequence forB̃ to the long
exact sequence forB.

13It would add only definitions to our discussion to say precisely what a general bifunctor is and
what a general natural transformation between bifunctors is, and we shall skip that detail, in effect
incorporating the definitions into the theorem.
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(b) If P is a projective inC andI is an injective inC ′, then ExtnR(P, B) = 0 =
ExtnR(A, I ) for all n ≥ 1 and all modulesA in C andB in C ′.

(c) Whenever 0→ B′ → B → B′′ → 0 is a short exact sequence inC ′, then
there is a corresponding long exact sequence

0 −→ HomR(A, B′) −→ HomR(A, B) −→ HomR(A, B′′)

−→ Ext1R(A, B′) −→ Ext1R(A, B) −→ Ext1R(A, B′′)

−→ Ext2R(A, B′) −→ Ext2R(A, B) −→ Ext2R(A, B′′)→ Ext3R(A, B′)→ · · ·
in CZ for each moduleA in C. The passage from short exact sequences inC ′ to
long exact sequences of derived functor modules inCZ is functorial in the exact
sequence in the second variable and is natural in the first variable in the sense that
if a mapη : Ã → A is given, then Hom(η,1) defines a chain map from the long
exact sequence forA to the long exact sequence for̃A.

REMARKS. The naturality in theB parameter of the construction of the long
exact sequence in (a) implies that Extn

R is a covariant functor of the second variable
for fixed argument of the first variable. It implies also that all maps Extn

R(α,1)
commute with all maps Extn

R(1, β).

PROOF. For (a), Theorem 4.22b gives the exact sequence, and Theorem 4.25
proves the functoriality in the first variable. For the naturality in the second
variable, letη : B̃ → B be given. The proof of Theorem 4.22 produces a
short exact sequence of projective resolutions ofA′, A, A′′ to which the functor
in that theorem is then applied. We now have two such functors HomR( · , B̃)
and HomR( · , B), and the maps within each image diagram are all of the form
Hom(α,1). The two diagrams fit into a 3-dimensional diagram, and the maps
between the two diagrams are of the form Hom(1, η). Since all maps Hom(α,1)
commute with all maps Hom(1, β), the 3-dimensional diagram is commutative.
The corresponding long exact sequences are then related by a cochain map ac-
cording to Theorem 4.10.

For (b), 0 ← P ← P ← 0 is a projective resolution ofP, and hence any
derived functor that is defined by projective resolutions is 0 in degree≥ 1. In
addition, Proposition 4.19b shows that HomR( · , I ) is an exact functor, and hence
its derived functors are 0 in degree≥ 1.

For (c), we shall apply Proposition 4.28 in its version for contravariant left exact
functors. Letϕ : B′ → B andψ : B → B′′ be the maps in the given short exact
sequence, and letF,G, H be the functors withF(A) = HomR(A, B′), G(A) =
HomR(A, B), H(A) = HomR(A, B′′). Then we have a natural transformationS
of F into G given bySA = Hom(1, ϕ) and a natural transformationT of G into
H given byTA = Hom(1, ψ). Since

0 −→ HomR(P, B′)
SP−→ HomR(P, B)

TP−→ HomR(P, B′′) −→ 0
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is exact by Proposition 4.19a, the sequence

F
S−→ G

T−→ H

is exact on projectives. Proposition 4.28 in its version for contravariant left exact
functors then says that there is a long exact sequence

0 −→ F(A) −→ G(A) −→ H(A) −→ F1(A) −→ G1(A) −→ H1(A)

−→ F2(A) −→ G2(A) −→ H2(A) −→ F3(A) −→ · · ·

and that the passage to this long exact sequence is functorial inA. This much es-
tablishes the long exact sequence in (c) and the naturality in theAvariable. For the
behavior in the second variable withA fixed, suppose that we have a second exact
sequence 0→ B̃′ → B̃ → B̃′′ → 0 that maps to the given one by a chain mapf .
Let F ′,G′, H ′ be the functors HomR( · , B̃′),HomR( · , B̃),HomR( · , B̃′′). We
then get two horizontal planar diagrams of the kind in the proof of Proposition
4.28, one forF ′,G′, H ′ and one forF,G, H . The maps within each of the
two diagrams are maps in theA variable. The two diagrams embed in a 3-
dimensional diagram with vertical maps HomR(1, f ), and the 3-dimensional
diagram is commutative because all maps Hom(α,1) commute with all maps
Hom(1, β). Application of Theorem 4.10 then completes the proof of functori-
ality in the exact sequence in the second variable. �

Proposition 4.30. Let C andC ′ be good categories of unital leftR modules,
and suppose thatC ′ has enough injectives. Then the covariant left exact func-
tors HomR(A, · ) from C ′ to CZ and their derived functors extn

R(A, · ) have the
following properties:

(a) Whenever 0→ A′ → A → A′′ → 0 is a short exact sequence inC, then
there is a corresponding long exact sequence

0 −→ HomR(A
′′, B) −→ HomR(A, B) −→ HomR(A

′, B)

−→ ext1R(A
′′, B) −→ ext1R(A, B) −→ ext1R(A

′, B)

−→ ext2R(A
′′, B) −→ ext2R(A, B) −→ ext2R(A

′, B)→ ext3R(A
′′, B)→ · · ·

inCZ for each moduleB inC ′. The passage from short exact sequences inC to long
exact sequences of derived functor modules inCZ is functorial in its dependence
on the exact sequence in the first variable and is natural in the second variable in
the sense that if a mapη : B̃ → B is given, then Hom(1, η) defines a chain map
from the long exact sequence for̃B to the long exact sequence forB.
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(b) If P is a projective inC andI is an injective inC ′, then extnR(P, B) = 0 =
extnR(A, I ) for all n ≥ 1 and all modulesA in C andB in C ′.

(c) Whenever 0→ B′ → B → B′′ → 0 is a short exact sequence inC ′, then
there is a corresponding long exact sequence

0 −→ HomR(A, B′) −→ HomR(A, B) −→ HomR(A, B′′)

−→ ext1R(A, B′) −→ ext1R(A, B) −→ ext1R(A, B′′)

−→ ext2R(A, B′) −→ ext2R(A, B) −→ ext2R(A, B′′)→ ext3R(A, B′)→ · · ·

in CZ for each moduleA in C. The passage from short exact sequences inC ′ to
long exact sequences of derived functor modules inCZ is functorial in the exact
sequence in the second variable and is natural in the first variable in the sense that
if a mapη : Ã → A is given, then Hom(η,1) defines a chain map from the long
exact sequence forA to the long exact sequence for̃A.

REMARKS. The naturality in theA parameter of the construction of the long
exact sequence in (c) implies that extn

R is a contravariant functor of the first variable
for fixed argument of the second variable. It implies also that all maps extn

R(α,1)
commute with all maps extn

R(1, β).

PROOF. The proof of (c) is a simple variant of the proof of Proposition 4.29a,
the proof of (b) is a simple variant of the proof of Proposition 4.29b, and the proof
of (a) is a simple variant of the proof of Proposition 4.29c. �

Propositions 4.29 and 4.30 show that Ext and ext, as functors of the first variable
and as functors of the second variable, generate the same long exact sequences,
the first under the assumption thatC has enough projectives and the second under
the assumption thatC ′ has enough injectives. Theorem 4.31 will show that Ext
and ext may be treated as equal if both assumptions are satisfied. It is customary
therefore to use Ext as the notation in both cases; thus Ext exists if eitherC has
enough projectives orC ′ has enough injectives. In both cases, Ext has a long
exact sequence in the first variable and another long exact sequence in the second
variable.

Theorem 4.31. Let C andC ′ be good categories of unital leftR modules,
and suppose thatC has enough projectives andC ′ has enough injectives. Then
ExtnR( · , · ) and extnR( · , · ) are naturally isomorphic fromC × C ′ to CZ in the
sense that for eachn ≥ 0 and each pair of modules(A, B) in C× C ′, there exists
an isomorphismT(n,A,B) in HomZ(ExtnR(A, B),extnR(A, B)) such that ifϕ is in
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HomR(A, A′) andψ is in HomR(B, B′), then the diagrams

ExtnR(A, B)
T(n,A,B)−−−−→ extnR(A, B)

Extn(ϕ,1)

,⏐⏐ ,⏐⏐extn(ϕ,1)

ExtnR(A
′, B)

T(n,A′,B)−−−−→ extnR(A
′, B)

and

ExtnR(A, B)
T(n,A,B)−−−−→ extnR(A, B)

Extn(1,ψ)

⏐⏐+ ⏐⏐+extn(1,ψ)

ExtnR(A, B′)
T(n,A,B′)−−−−→ extnR(A, B′)

commute.

REMARKS. The reader will be able to observe that a certain part of this proof
amounts to showing that 3-dimensional diagrams in the shape of a cube having
5 faces equal to commuting squares and having suitable hypotheses on the maps
automatically have their sixth face equal to a commuting square. The hypotheses
concerning the faces and the maps come from Propositions 4.29 and 4.30, as well
as induction. We shall not try to abstract a general result of this kind, however.

PROOF. We induct onn for n ≥ 0. Several steps are involved in the proof, and
we complete all of them for a particularn before going on ton+ 1. The steps for
a particularn are

(i) to defineT(n,A,B) in the presence of an injectiveI and a one-one map
μ : B → I and to observe thatT(n,A,B) is an isomorphism,

(ii) to show that the sameT(n,A,B) results independently of the choice ofI ,
(iii) to prove the commutativity of the second diagram in the statement of the

theorem, and
(iv) to prove the commutativity of the first diagram in the statement of the

theorem.

The first base case of the induction isn = 0, for which we takeT(0,A,B) to be the
identity on HomR(A, B). Then (i) through (iv) are immediate.

The other base case of the induction isn = 1. Let (A, B) be given. An
injective I and a one-one mapμ : B → I exist as in (i) becauseC ′ has enough
injectives. Then we have an exact sequence

0 −→ B
μ−→ I

ν−→ C −→ 0 (∗)

in which C = I /μ(B) andν is the quotient map. We know from Propositions
4.29b and 4.30b that Ext1

R(A, I ) = 0 = ext1R(A, I ). Therefore Propositions
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4.29c and 4.30c give us exact sequences

HomR(A, I )
Hom(1,ν)−−−−−→ HomR(A,C)

ωE,0−−−−→ Ext1R(A, B) −−−−→ 0

and

HomR(A, I )
Hom(1,ν)−−−−−→ HomR(A,C)

ωe,0−−−−→ ext1R(A, B) −−−−→ 0

in which ωE,0 andωe,0 are suitable connecting homomorphisms. We define
T(1,A,B) = ωe,0(ωE,0)

−1. This definition is meaningful, since the exactness of the
two sequences gives

(ωE,0)
−1(0) = kerωE,0 = Hom(1, ν)(HomR(A, I )) = kerωe,0;

by an analogous computation,ωE,0(ωe,0)
−1 is a well-defined function, and it is

evidently a two-sided inverse. ThusT(1,A,B) is an isomorphism. This completes
step (i).

In order to be able to handle steps (ii) and (iii) without being repetitive, let a
mapψ : B → B′ be given. For (ii),B′ will be B, andψ will be the identity on
B. For (iii), B′ andψ will be general. Givenψ and one-one mapsμ : B → I
andμ′ : B′ → I ′, we can form the exact rows and the first column of the diagram

0 −−→ B
μ−−→ I

ν−−→ C −−→ 0

ψ

⏐⏐+ f

⏐⏐+ f̄

⏐⏐+
0 −−→ B′ μ′

−−→ I ′ ν ′
−−→ C′ −−→ 0.

(∗∗)

If we think of I andI ′ as extended to injective resolutions, Theorem 4.16 allows
us to fill in a cochain map from the one extension to the other, and the first new
step of that cochain map isf . If we define f̄ = ν ′ f ν−1, then f̄ is well defined
because

ν ′ f ν−1(0) = ν ′ f kerν = ν ′ f imageμ

= ν ′ f μ(B) = ν ′μ′ψ(B) = 0(ψ(B)) = 0,

and the squares of the diagram(∗∗) now commute. Continuing with the effort
to cut down on repetitive arguments, letk ≥ 1 be an integer that will be 1 when
n = 1 and will be different later in the proof. Applying Proposition 4.29c to(∗∗)
gives us a commuting square

Extk−1
R (A,C)

ωE,k−1−−−−→ ExtkR(A, B)

Extk−1(1, f̄ )

⏐⏐+ ⏐⏐+Extk(1,ψ)

Extk−1
R (A,C′)

ω′
E,k−1−−−−→ ExtkR(A, B′)

(†)
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for k ≥ 1, and Proposition 4.30c gives us a similar commuting square for ext for
k ≥ 1.

For each module in the diagram with Ext whenk = 1, there is a map to the
corresponding module in the diagram with ext. These maps areT(k−1,A,C) for
the upper left andT(k−1,A,C′) for the lower left. The maps for the upper right and
lower right depend on the step of the argument.

For step (ii), we are takingB′ = B, and the maps at the right are the two
versions ofT(k,A,B), one for the injectiveI and one for the injectiveI ′. Let
us call themT(k,A,B) and T ′

(k,A,B). We are to prove thatT ′
(k,A,B) Extk(1, ψ) =

extk(1, ψ)T(k,A,B) for ψ = 1. The relevant definitions are

T(k,A,B) = ω(e,k−1)T(k−1,A,C)ω
−1
(E,k−1)

T ′
(k,A,B) = ω′

(e,k−1)T(k−1,A,C′)(ω
′
(E,k−1))

−1,and

or equivalently

T(k,A,B)ω(E,k−1) = ω(e,k−1)T(k−1,A,C)

T ′
(k,A,B)ω

′
(E,k−1) = ω′

(e,k−1)T(k−1,A,C′).and

SinceT(k−1,A,C) andT(k−1,A,C′) are known inductively to be well defined and to
satisfy (iii), we have extk−1(1, f̄ )T(k−1,A,C) = T(k−1,A,C′) Extk−1(1, f̄ ). Thus

extk(1, ψ)T(k,A,B)ω(E,k−1) = extk(1, ψ)ω(e,k−1)T(k−1,A,C)

= ω′
(e,k−1) extk−1(1, f̄ )T(k−1,A,C) = ω′

(e,k−1)T(k−1,A,C′) Extk−1(1, f̄ )

= T ′
(k,A,B)ω

′
(E,k−1) Extk−1(1, f̄ ) = T ′

(k,A,B) Extk(1, ψ)ω(E,k−1).

Since Extk(1, ψ) = 1 and extk(1, ψ) = 1 whenψ = 1, step (ii) follows for
n = 1, i.e.,T(k,A,B) is well defined.

For step (iii), we are allowing generalB′, and the maps at the right between
the two versions of(†) are the well-defined isomorphismsT(k,A,B) andT(k,A,B′).
We are to prove thatT(k,A,B′) Extk(1, ψ) = extk(1, ψ)T(k,A,B). The argument in
the previous paragraph applies if we changeT ′

(k,A,B) systematically toT(k,A,B′)
and take into account thatω(E,k−1) is onto, and step (iii) follows forn = 1.

For step (iv), letϕ : A → A′ be given. The conclusion of Proposition 4.29c
that the dependence is natural in the first variable gives us a commuting square

Extk−1
R (A,C)

ωE,k−1−−−−→ ExtkR(A, B)

Extk−1(ϕ,1)

,⏐⏐ ,⏐⏐Extk(ϕ,1)

Extk−1
R (A′,C)

ω′
E,k−1−−−−→ ExtkR(A

′, B)

(††)
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for k ≥ 1 and for suitable connecting homomorphismsωE,k−1 andω′
E,k−1, and

Proposition 4.30c gives a similar commuting square for ext fork ≥ 1. For each
module in the diagram with Ext whenk = 1, there is a map to the corresponding
module in the diagram with ext. These maps areT(k−1,A,C) for the upper left,
T(k−1,A′,C) for the lower left,T(k,A,B) for the upper right, andT(k,A′,B) for the lower
right. We are to prove thatT(k,A,B) Extk(ϕ,1) = extk(ϕ,1)T(k,A′,B). The relevant
definitions are

T(k,A,B)ω(E,k−1) = ω(e,k−1)T(k−1,A,C)

T(k,A′,B)ω
′
(E,k−1) = ω′

(e,k−1)T(k−1,A′,C).and

SinceT(k−1,A,C) and T(k−1,A′,C) are known inductively to satisfy (iv), we have
extk−1(ϕ,1)T(k−1,A′,C) = T(k−1,A,C) Extk−1(ϕ,1). Thus

extk(ϕ,1)T(k,A′,B)ω
′
(E,k−1) = extk(ϕ,1)ω′

(e,k−1)T(k−1,A′,C)

= ω(e,k−1) extk−1(ϕ,1)T(k−1,A′,C) = ω(e,k−1)T(k−1,A,C) Extk−1(ϕ,1)

= T(k,A,B)ω(E,k−1) Extk−1(ϕ,1) = T(k,A,B) Extk(ϕ,1)ω′
(E,k−1).

Sinceω′
(E,k−1) is onto, step (iv) follows forn = 1. This completes the proof for

n = 1.
For the inductive step, suppose that steps (i) through (iv) have been carried out

for somen ≥ 1. Let us carry out step (i) for stagen + 1. For a givenB, we know
from Propositions 4.29b and 4.30b that Extn

R(A, I ) = 0 = extnR(A, I ). Hence
Propositions 4.29c and 4.30c give us exact sequences

0 −−−→ ExtnR(A,C)
ωE,n−−−−→ Extn+1

R (A, B) −−−→ 0

and
0 −−−→ extnR(A,C)

ωe,n−−−−→ extn+1
R (A, B) −−−→ 0.

In other words,ωE,n andωe,n are isomorphisms. If we put

T(n+1,A,B) = ωe,nT(n,A,C)ω
−1
E,n,

then T(n+1,A,B) is an isomorphism of Extn+1
R (A, B) onto extn+1

R (A, B). This
completes step (i) for stagen + 1.

We now refer back to our argument forn = 1 and putk = n + 1 throughout.
Tracing matters through, we see that the argument carries out steps (ii) through
(iv) for stagen + 1. This completes the induction and the proof. �
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8. Abelian Categories

Not all situations in which one wants to apply homological algebra are limited to
good categories of unital leftR modules for some ringR. We have mentioned
sheaves as one example, and we shall develop some properties of sheaves in Chap-
ter X. Implicitly we have carried along a second example: all chain complexes
within a good category, with chain maps as morphisms, form a category in which
short exact sequences have remarkable properties, such as those in Theorems 4.7
and 4.10.

A setting to which one can generalize well such basic parts of homological
algebra is that of “abelian categories,” which we define in this section. It is
advisable not to require that the objects in an abelian category actually be sets
of individual elements; otherwise there is little chance that the notion of abelian
category could be self dual. The morphisms of the category are then effectively
all we have to work with, since a morphism already determines its “domain” and
“range.” If X andY are objects, then a morphism in Morph(X,Y) need not be a
function, but at least Morph(X,Y) is a set with elements to it. Since objects no
longer have elements, books usually suppress the objects in the discussion to the
point of referring to things like kernels and cokernels as morphisms rather than
objects. It is perhaps more comfortable to think of a kernel as a pair, consisting of
an object and a morphism into another object, rather than just as the embedding
morphism, and we shall follow the more comfortable convention temporarily.

We introduce the notion of “abelian category” in stages. We begin with some
definitions and remarks that make sense in a general category. First of all, let
us have names forX andY when referring to morphisms in Morph(X,Y) that
do not require us to think in terms of functions. The convention is that ifu is
in Morph(X,Y), thenX is thedomain of u andY is thecodomain. We allow
ourselves to write compositions of morphisms asg f or asg ◦ f .

Next, it is possible to generalize usefully the notions of “one-one” and “onto” to
make them applicable in any category. The definitions are in terms of cancellation
laws. In the categoryC, a morphismu ∈ Morph(X,Y) is amonomorphism14 if
for any f andg in the same set Morph(W, X) such thatu f = ug, it follows that
f = g. Any isomorphism is certainly a monomorphism. The composition of two
monomorphisms is a monomorphism. In fact, ifu andv are monomorphisms
with vu f = vug, thenu f = ug becausev is a monomorphism, andf = g
becauseu is a monomorphism. Ifm is a monomorphism in Morph(X,Y) andu
is any morphism in Morph(Y, X) such thatmu = 1Y, thenm is an isomorphism.
In fact, mu = 1Y impliesmum= 1Ym = m, which impliesum = 1X, sincem
is a monomorphism; thereforeu is a two-sided inverse tom.

14Some authors use the word “monic” or the word “mono” as an adjectival form of this noun.
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The morphismu ∈ Morph(X,Y) is anepimorphism15 if for any f ′ andg′
in the same set Morph(Y, Z) such thatf ′u = g′u, it follows that f ′ = g′. Any
isomorphism is an epimorphism. The composition of two epimorphisms is an
epimorphism. Ife is an epimorphism in Morph(X,Y) andu is any morphism in
Morph(Y, X) such thatue= 1X, thene is an isomorphism.

Finally a zero object 0 in a categoryC is an object such that for eachX in
Obj(C ), each of Morph(X,0) and Morph(0, X) has exactly one member. It is
immediate that any two zero objects are isomorphic: if 0 and 0′ are zero objects,
then Morph(0, 0) and Morph(0′,0′) each have just one member, which must be 10

and 10′ in the two cases; the composition of the member of Morph(0,0′) followed
by the member of Morph(0′,0)must be 10, and the composition in the other order
must be 10′ , and the isomorphism of 0 with 0′ has been exhibited.

Suppose that a zero object exists. Since the composition law for morphisms
in C insists that the composite of a member of Morph(X, 0) and a member
of Morph(0,Y) be in Morph(X,Y), it follows that Morph(X,Y) has a distin-
guished member, which we denote by 0XY. This is called thezero morphismof
Morph(X,Y). By associativity it satisfiesf 0XY = 0X Z for all f ∈ Morph(Y, Z)
and 0XYg = 0WY for all g ∈ Hom(W, X). Since Morph(0,0) has just one
element, we have 000 = 10. If X is any other object such that Morph(X, X) has
0X X = 1X, thenX is a zero object; in fact, the equalities 0X000X = 000 = 10 and
00X0X0 = 0X X = 1X show thatX and 0 are isomorphic.

An additive categoryC is a category with the following three properties:

(i) C has a zero object,
(ii) the product and the coproduct16 of any two objects inC exists inC,

(iii) each set Morph(X,Y) is an abelian group with the property that the
operation isZ bilinear in the sense that if the operation is+ and if f, f ′
are arbitrary in Morph(X,Y) andg, g′ are arbitrary in Morph(Y, Z), then

(g + g′) ◦ ( f + f ′) = g ◦ f + g′ ◦ f + g ◦ f ′ + g′ ◦ f ′

g ◦ (− f ) = (−g) ◦ f = −(g ◦ f ).and

If C is an additive category, then so is the opposite categoryC opp; this fact
will enable us to use duality arguments occasionally. We shall henceforth write
Hom(X,Y) in place of Morph(X,Y) for additive categories.

The zero morphism 0XY of Hom(X,Y) is the additive identity 0 of the abelian
group Hom(X,Y). In fact, 00Y is the additive identity of Hom(0,Y), since
Hom(0,Y) has just one element. Therefore 0XY = 00Y0X0 = (00Y + 00Y)0X0 =
00Y0X0 + 00Y0X0 = 0XY + 0XY, and we obtain 0= 0XY.

15Some authors use the word “epi” as an adjectival form of this noun.
16These are defined in Section IV.11 ofBasic Algebra. They are always unique up to canonical

isomorphism when they exist.
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In an additive category a morphismu in Hom(X,Y) is a monomorphism if
wheneveru f = 0 with f in some Hom(W, X), then f = 0; a morphismu in
Hom(X,Y) is an epimorphism if wheneverf ′u = 0 with f ′ in some Hom(Y, Z),
then f ′ = 0.

This much structure forces products and coproducts to amount to the same
thing in an additive category. The precise result is as follows.

Proposition 4.32.In an additive category, let(C, pA, pB) be a product of two
objectsA andB. Then there exist uniquei A ∈ Hom(A,C) andi B ∈ Hom(B,C)
such that

pAi A = 1A, pBi B = 1B, i A pA + i B pB = 1C.

These satisfypAi B = 0 andpBi A = 0, and(C, i A, i B) is a coproduct ofA andB.

REMARKS.
(1) Since the defining properties of an additive category are self dual, any

coproduct has a similar structure and becomes a product. The proof in effect will
show more—that whenever there are dataA, B,C, i A, i B, pA, pB satisfying the
displayed identities, then(C, pA, pB) is a product ofA andB, and(C, i A, i B) is
a coproduct. Thus a product/coproduct can be recognized without reference to
other objects in the category.

(2) To emphasize the analogy with modules or vector spaces, we writeA ⊕ B
for a product or coproduct ofA and B in C and call it thedirect sum of A and
B. The notation is understood to carry the morphismsi A, i B, pA, pB along with
it. The direct sum is unique up to an isomorphism that carries the one set of
morphismsi A, i B, pA, pB to the other.

PROOF. To the pair 1A ∈ Hom(A, A) and 0∈ Hom(A, B), the productC
associates a uniquei A ∈ Hom(A,C) with pAi A = 1A and pBi A = 0. Similarly
the coproduct associates a uniquei B ∈ Hom(B,C) with pAi B = 0 andpBi B =
1B. Computing with the aid of theZ bilinearity and associativity, we have

pA(i A pA + i B pB) = 1A pA + 0pB = pA

pB(i A pA + i B pB) = 0pA + 1B pB = pB.and

Thereforeh = i A pA + i B pB is a member of Hom(C,C) with the property that
pAh = pA andpBh = pB. Since 1C is another member of Hom(C,C) with this
property, the assumed uniqueness shows thath = 1C. This proves the displayed
formulas in the proposition and the formulaspAi B = 0 andpBi A = 0.

For uniqueness ofi A andi B, suppose thati ′
A andi ′

B satisfyi ′
A pA + i ′

B pB = 1C.
Right multiplication byi A givesi A = 1Ci A = (i ′

A pA + i ′
B pB)i A = i ′

A1A + i ′
B0 =

i ′
A, and similarlyi B = i ′

B.
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To see that(C, i A, i B) is a coproduct ofA and B, let f ∈ Hom(A, X) and
g ∈ Hom(B, X) be given, and defineh = f pA+gpB. This is in Hom(C, X), has
hiA = f pAi A + gpBi A = f 1A = f , and similarly hashiB = g. For uniqueness
suppose thatk is in Hom(C, X) with kiA = f andkiB = g. ThenkiA pA = f pA

andkiB pB = gpB. Addition gives

k = k1C = k(i A pA + i B pB) = f pA + gpB = h,

and uniqueness is proved. �

For an additive categoryC, the notions of the kernel and cokernel of a morphism
are defined by universal mapping properties. Problems 18–22 at the end of
Chapter VI ofBasic Algebradiscussed universal mapping properties abstractly,
saying what they are in a general context. For current purposes it is enough to
know that what a universal mapping property produces (if it produces anything
at all) is a pair consisting of an object and a morphism, and moreover the pair is
automatically unique (if it exists) up to canonical isomorphism.

We allow ourselves to write morphisms as arrows in any of the customary ways
for functions. Thus a memberu of Hom(A, B)may be written asA

u−→ B, and
a composition ofu followed by a morphismv ∈ Hom(B,C), which has been
written asv ◦ u or asvu, may be written asA

u−→ B
v−→ C.

If A
u−→ B is a morphism in the additive categoryC, then thekernel of u,

denoted by keru, is a pair(K , i ) with i ∈ Hom(K , A) such that the composition

K
i−→ A

u−→ B hasui = 0 and such that for any pair(K ′, i ′) with i ′ in
Hom(K ′, A) for which ui ′ = 0, there exists a uniqueϕ ∈ Hom(K ′, K ) with
iϕ = i ′. See Figure 4.6. It is customary to drop all mention ofK in the definition
of kernel, saying that the kernel isi , since any mention ofi carries alongK as the
domain ofi ; we shall adopt this abbreviated terminology shortly but shall refer
to the pair(K , i ) as the kernel for the time being.

K
i−−−→ A

u−−−→ B

K ′

ϕ i ′

FIGURE 4.6. Universal mapping property of a kernel(K , i ) of u.

The brief form of the definition of kernel is thatu ◦ (keru) = 0 and

ui ′ = 0 implies i ′ = (keru) ◦ ϕ uniquely.

The kernel ofu is determined only up to an isomorphism applied toK ; that is,i
is determined only up to right multiplication by an isomorphism. The condition
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for (K , i ) to be a kernel is equivalent to the exactness of the sequence of abelian
groups

0 −−−→ Hom(K ′, K )
i ◦( · )−−−→ Hom(K ′, A)

u◦( · )−−−→ Hom(K ′, B).

In fact,ui = 0 makes the sequence a complex, the existence ofϕ produces exact-
ness at Hom(K ′, A), and the uniqueness ofϕ produces exactness at Hom(K ′, K ).

Similarly thecokernel of u, denoted by cokeru, is a pair(C, p) with p in

Hom(B,C) such that the compositionA
u−→ B

p−→ C has pu = 0 and such
that for any pair(C′, p′) with p′ in Hom(B,C′) for which p′u = 0, there exists
a uniqueψ ∈ Hom(C,C′) with ψp = p′. See Figure 4.7. It is customary to
drop all mention of the objectC in the definition of cokernel, saying that the
cokernel isp, since any mention ofp carries alongC as thecodomain ofp; we
shall adopt this abbreviated terminology shortly but shall refer to the pair(C, p)
as the cokernel for the time being.

C
p←−−− B

u←−−− A

C′

ψ p′

FIGURE 4.7. Universal mapping property of a cokernel(C, p) of u.

The brief form of the definition of cokernel is that(cokeru) ◦ u = 0 and

p′u = 0 implies p′ = ψ ◦ (cokeru) uniquely.

The cokernel ofu is determined only up to an isomorphism applied toC; that is,p
is determined only up to left multiplication by an isomorphism. The condition for
(C, p) to be a cokernel is equivalent to the exactness of the sequence of abelian
groups

0 −−−→ Hom(C,C′)
( · )◦p−−−→ Hom(B,C′)

( · )◦u−−−→ Hom(A,C′).
In fact, pu = 0 makes the sequence a complex, the existence ofψ produces exact-
ness at Hom(B,C′), and the uniqueness ofψ produces exactness at Hom(C,C′).

Proposition 4.33.LetCbe an additive category. If an elementu of Hom(A, B)
has a kernel(K , i ) and if m ∈ Hom(B, B′) is a monomorphism, then(K , i ) is
also a kernel ofmu. If u has a cokernel(C, p) and if e ∈ Hom(A′, A) is an
epimorphism, then(C, p) is also a cokernel ofue. Briefly

ker(mu) = keru and coker(ue) = cokeru.

REMARK. We can safely omit the proof of any dual statement about addi-
tive categories, since the dual follows by expressing the original argument as a
diagram, reversing all the arrows, and writing down the argument that the new
diagram represents.
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PROOF. We test whetheri = keru is a kernel ofmu. We know that(mu)i =
m(ui) = 0. Suppose thatmui′ = 0 with i ′ ∈ Morph(K ′, A). Sincem is a
monomorphism,ui ′ = 0. Becausei is a kernel ofu, we obtaini ′ = iϕ for a
uniqueϕ ∈ Morph(K ′, K ). Hencei is a kernel ofmu. The statement about
cokernels is dual. �

Proposition 4.34.LetCbe an additive category. If an elementu of Hom(A, B)
has a kernel(K , i ), theni is a monomorphism. Dually ifu has a cokernel(C, p),
thenp is an epimorphism.

PROOF. Suppose thatu has a kernel(K , i ). For any objectK ′, the zero
morphismi ′ = 0 of Hom(K ′, A) has the property thatui ′ = 0. The uniqueness
property of the kernel says that theϕ in Hom(K ′, K ) with iϕ = i ′ is unique.
Evidentlyϕ = 0 is one such choice and hence is the only such choice. Thus iff
in Hom(K ′, K ) hasi f = 0, then f = 0. Thereforei is a monomorphism. �

Propositions 4.33 and 4.34 give a first hint that the notation(K , i ) for the kernel,
which we know is redundant, may also be inconvenient; it would be far simpler
to refer to the kernel asi , and analogously for cokernels. Then Proposition 4.33
could truly be stated as the displayed formulas in its statement, and Proposition
4.34 would have the tidier statement that every kernel is a monomorphism and
every cokernel is an epimorphism. Let us therefore now allow ourselves to regard
kernels and cokernels as morphisms, rather than pairs consisting of an object and
a morphism. With this convention in place, we always haveu ◦ (keru) = 0 and
(cokeru) ◦ u = 0.

Proposition 4.35.LetC be an additive category, and letu be in Hom(A, B). If
u has a kernel and keru has a cokernel, then coker(keru) is a kernel ofu. Briefly

ker(coker(keru)) = keru.

Dually if u has a cokernel and cokeru has a kernel, then

coker(ker(cokeru)) = cokeru.

PROOF. Let (K , i ) be a kernel ofu, and let(C, p) be a cokernel ofi . We are to
show thati is a kernel ofp. For the existence step, suppose thati ′ in Hom(K ′, A)
has pi ′ = 0. We are to show thati ′ factors asi ′ = iϕ for some uniqueϕ in
Hom(K ′, K ). We know thatui = 0. Sincep = cokeri , u factors asu = ψp for
someψ in Hom(C, B). Thenui ′ = (ψp)i ′ = ψ(pi ′) = 0. Sincei = keru, i ′
factors asi ′ = iϕ as required. This proves existence ofϕ.

For the uniqueness step, suppose thatpi ′ = 0 for somei ′ in some Hom(K ′, A).
If i ′ were to have two distinct factorizations, say asi ′ = iϕ = iϕ, theni could
not be a monomorphism, in contradiction to Proposition 4.34 and the fact that
i = keru. This proves uniqueness ofϕ. �
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An abelian categoryC is an additive category with the following two proper-
ties:

(iv) every morphism has a kernel and a cokernel,
(v) every monomorphism is a kernel, and every epimorphism is a cokernel.

It is evident that the opposite category of any abelian category is abelian. Thus
we can continue to use duality arguments.

Property (iv) is certainly desirable if one wants to have a theory involving ho-
mology and cohomology. Property (v) may be viewed as a converse to Proposition
4.34; some other authors use a different but equivalent formulation of this axiom.
The objective is to have a generalization of the kind of factorization that one has
with homomorphisms of abelian groups: any homomorphism factors canonically
as the product of the canonical passage to the quotient by the kernel, followed by
an isomorphism of this quotient onto the image of the homomorphism, followed
by the inclusion of the image into the range.

Proposition 4.36. In any abelian category, every morphism that is both a
monomorphism and an epimorphism is an isomorphism.

PROOF. If f ∈ Hom(K , A) is a monomorphism, thenf = kerg for someg
in some Hom(A, B) by (v). This fact implies thatg f = g ◦ (kerg) = 0. If f
is also an epimorphism, then the equalityg f = 0 implies thatg = 0. Hence
f = ker 0AB. Taking K ′ = A andi ′ = 1A in Figure 4.6, we have 0i ′ = 0 and
thus have 1A = f ϕ for someϕ in Hom(A, K ). Thus the monomorphismf has
a right inverse and must be an isomorphism. �

Lemma 4.37.In an abelian categoryC, every monomorphism is the kernel of
its cokernel, and every epimorphism is the cokernel of its kernel.

PROOF. If m is a monomorphism, then (v) says thatm = keru for someu. Sub-
stituting into the first conclusion of Proposition 4.35, we obtain ker(cokerm) =
m. If e is an epimorphism, then (v) says thate = cokeru for someu. Substituting
into the second conclusion of Proposition 4.35, we obtain coker(kere) = e. �

Proposition 4.38.In an abelian categoryC, any morphismf factors asf = me
for a monomorphismm and an epimorphisme. Here one such factorization is
given by

m = ker(coker f ) and e = coker(ker f ).

Any other such factorizationf = m′e′ has the property that there is some
isomorphismx with e′ = xeandm′x = m.
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PROOF. Putm = ker(coker f ). Since(coker f ) f = 0, the brief form of the
definition of kernel givesf = mefor somee. We are going to prove thate is an
epimorphism. Thus suppose thatre = 0 for some morphismr . The brief form
of the definition of kernel shows thate = (kerr )e′ for some morphisme′. Then
we have

f = me= m(kerr )e′ = m′e′, wherem′ = mkerr.

Being a kernel, kerr is a monomorphism. As the composition of two monomor-
phisms,m′ is a monomorphism. Lemma 4.37 shows thatm′ = ker p′, where
p′ = cokerm′.

Put p = cokerm. The definition ofm and the second identity of Proposition
4.35 givesp = coker(ker(coker f )) = coker f . Sincem′ = ker p′, we have
p′m′ = 0. Hencep′ f = p′m′e′ = 0. Sincep = coker f , the brief form of the
definition of cokernel shows thatp′ = sp for somes. Thusp′m = spm= 0, the
latter equality holding becausep = cokerm. Sincem′ = ker p′, the brief form
of the definition of kernel givesm = m′t for somet .

Resubstituting form′ givesm = m′t = m(kerr )t . Sincem is a monomor-
phism, we can cancel and obtain 1X = (kerr )t , whereX is the codomain of kerr .
In other words, kerr has a right inverse. Being a monomorphism, it must be an
isomorphism. Since any morphismv hasv kerv = 0, we obtainr kerr = 0 and
conclude thatr = 0. Thereforee is an epimorphism, as asserted.

Sincee is an epimorphism, Lemma 4.37 givese = coker(kere), and Propo-
sition 4.33 gives kere = ker(me) = ker f . Thereforee = coker(ker f ). This
completes the proof of existence of the decomposition.

For uniqueness, suppose thatf = m′e′ for a monomorphismm′ and an
epimorphisme′. Proposition 4.33 gives kerf = ker(m′e′) = kere′, as well
as kerf = ker(me) = kere, the understanding being that these equalities hold
up to an isomorphism on the right. Setu = kere andu′ = kere′; thenu = u′w
for some isomorphismw. Sincee ande′ are epimorphisms, Lemma 4.37 gives
e = cokeru and e′ = cokeru′. Sincem′ is a monomorphism, the equality
0 = f (ker f ) = f u = m′e′u implies thate′u = 0; by the brief form of the
definition of cokeru as a cokernel,e′ factors ase′ = xefor a uniquex. Similarly
the equality 0= f ker f = f u′ = meuimplies thateu = 0; by the brief form of
the definition of cokeru′ as a cokernel,e factors ase = x′e′ for a uniquex′. Then
e = x′e′ = x′xe; sincee is an epimorphism,x′x is the identity on its domain.
Similarly e′ = xe = xx′e′, and it follows thatxx′ is the identity on its domain.
Consequentlyx is an isomorphism. Multiplyinge′ = xeby m′ on the left gives
me= f = m′e′ = m′xe; sincee is an epimorphism,m = m′x. This completes
the proof. �

With this canonical factorization in hand, we introduce two terms that will
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simplify the definition of “exact sequence.” We define theimageandcoimage
of f = mein Hom(A, B) by

m = image f and e = coimagef.

In words, the image of any morphism is its monomorphism factor, and the coimage
is its epimorphism factor; in particular, a monomorphism is its own image, and
an epimorphism is its own coimage.17 Let us see what the factorization and these
formulas say in terms of diagrams. We write(K , i ) for the kernel off and(C, p)
for the cokernel off . Let I be the codomain ofe, which equals the domain of
m. In terms of a diagram, the situation forf is then given by

K
i = kere−−−−−→
= ker f

A
e= cokeri−−−−−−−→

= coimagef
I

m= ker p−−−−−−→
= image f

B
p= cokerm−−−−−−−→
= coker f

C.

The top row of labels explains the relationships amongi,e,m, p, and the bottom
row of labels relatesi,e,m, p to f . The morphismf itself is the composition of
the two morphisms in the center.

In a good category of modules, we can interpret this diagram in terms of the
two short exact sequences

0 −−−→ K
i−−−→ A

e−−−→ A/ imagei −−−→ 0,

0 −−−→ A/ imagei
m−−−→ B

p−−−→ C −−−→ 0,

which we can merge into a single 6-term exact sequence

0 −−−→ K
i−−−→ A

me= f−−−→ B
p−−−→ C −−−→ 0.

Now we can define complexes and exact sequences for abelian categories, and
we can readily check that the new definitions are consistent with the definitions
for good categories of modules. Achain complexis a doubly infinite sequence of
morphisms with decreasing indexing such that the consecutive compositions are
defined and are 0. Iff ∈ Hom(A, B) andg ∈ Hom(B,C) are given morphisms,
then the sequence

A
f−−−→ B

g−−−→ C

is exact at B if image f = kerg, or equivalently if cokerf = coimageg. As
usual in the subject of abelian categories, the equality sign here means “can be
taken as.” In more detail iff andg decompose asf = meandg = m′e′, imagef
is defined to bem, and kerg equals kere′. Thus the condition for exactness is

17The term “coimage” is not really needed for recognizing exact sequences, but it makes any
implementation of duality more symmetric.
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thatm be a kernel ofe′. Sinceu(keru) = 0 for any morphismu, exactness at
B implies thate′m = 0. Theng f = m′e′me = 0, and we see that the given
sequence (when extended by 0’s at each end) is a complex.

Exactness of any finite or infinite sequence of morphisms whose consecutive
compositions are defined means exactness at every objectX in the sequence
for which there is an incoming morphism in some Hom(W, X) and there is an
outgoing morphism in some Hom(X,Y). With the kind of indexing used for a
chain complex, a sequence

· · · −−−→ Xn+1
mnen−−−→ Xn

mn−1en−1−−−−−→ Xn−1 −−−→ · · ·
is exact ifmn = keren−1, or equivalently ifen−1 = cokermn, for all n.

For a sequence of four morphisms of the form

0 −−−→ K
m−−−→ A

e−−−→ C −−−→ 0,

exactness means exactness atK , A, and C. The conditions are thatm is a
monomorphism,e is an epimorphism, andm = kere (or equivalently thate =
cokerm). In this case the sequence is called ashort exact sequence.

One can now proceed to defineprojectives and injectives for any abelian
category as certain objects in the same way as in Figures 4.3 and 4.4, and extend
all the results of earlier sections of this chapter to all abelian categories. We shall
not carry out this detail.18

Instead, we shall indicate an approach to carrying out this detail that takes most
of the difficulty out of translating results from the context of good categories to
the context of abelian categories. It is to use the notion of “members.” The
word “members” in the present setting refers to something that substitutes for
elements in situations in which objects need not necessarily be sets of elements.
The idea is to recast elements, when they exist, in terms of morphisms and then
to generalize the resulting definition. For orientation, consider the categoryCR

of all unital left R modules,R being a ring with identity. Let us writeR0 for
the left R module R. The elements of a unital leftR module X are then in
one-one correspondence with theR homomorphisms ofR0 into X, the element
x corresponding to the homomorphism that carriesr to r x . Thus the category
CR has a distinguished objectR0 such that the elements of any objectX are in
one-one correspondence with Hom(R0, X). Hence any argument about elements
for this category immediately translates into an argument about morphisms.

The trouble is that a general abelian category has no distinguished object to play
the role ofR0. The idea for getting around this difficulty is to take all possible

18The entire theory for abelian categories is carried out in detail in Freyd’s bookAbelian Cate-
gories: An Introduction to the Theory of Functors.
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objectsX0 in place of R0, consider the union onX0 of all sets Hom(X0, X),
introduce an equivalence relation, and hope for the best.

The definition is as follows. LetC be an abelian category, fixX in Obj(C ),
and consider all morphisms with codomainX. Two such morphismsx andy are
said to beequivalent morphisms for current purposes, writtenx ≡ y, if there
exist epimorphismsu andv such thatxu = yv. It is evident that “equivalent”
is reflexive and symmetric. Transitivity requires proof, and we return to this
matter in a moment. Once≡ has been shown to be an equivalence relation, an
equivalence class of such morphisms is called amemberof X. We writex ∈m X
to indicate thatx is a morphism with codomainX, hence to indicate thatx is a
morphism whose equivalence class is a member ofX. To avoid clumsy wording
when there is really no possibility of confusion, we often simply say thatx is
a member ofX. The question arises whether this definition presents any set-
theoretic difficulties. As usual in category theory, one can answer the question
painlessly by working when necessary only with subcategories for which the
objects actually form a set; in this case, the union over all objectsX andY in the
subcategory of all the groups Hom(X,Y) of morphisms is a set, and there is no
problem. Let us return to a special case of our example.

EXAMPLE OF MEMBERS. LetC = CZ be the category of all abelian groups, and
fix an abelian groupX. If x is an abelian-group homomorphism with codomain
X, let us use Proposition 4.38 to writex = me for a monomorphismm and
an epimorphisme. Thenx ≡ m, and thus we might just as well consider only
one-one homomorphisms intoX. If H is the image ofx, then we can view
x as a compositionx = i H y of a homomorphismy carrying the domain ofx
onto H , followed by the inclusioni H : H → X. The homomorphismy is an
isomorphism, hence is an epimorphism. Thusx ≡ i H . It is apparent that no
two inclusions of subgroups ofX into X are equivalent morphisms. Since every
inclusion of a subgroup ofX into X yields a member ofX, the members of
X are exactly the subgroups ofX. Thus for example the set of members ofZ
corresponds to the set of integers≥ 0, in which addition is lost, and does not
correspond exactly to the set of elements ofZ. This fact is a little discouraging,
but it turns out not to be as bad an omen as one might expect.

Returning to the setting of a general abelian category, we work toward a proof
that≡ is an equivalence relation. We need the notion of the “pullback” of two
morphisms, which we define by a universal mapping property momentarily. The
appropriate construction establishing existence appears in the next proposition.
Then we prove a proposition for using pullback as a tool, and afterward we prove
the transitivity.

In an abelian categoryC, let X,Y, Z be objects, and letf ∈ Hom(Y, Z)
and g ∈ Hom(X, Z) be morphisms. Apullback of the pair( f, g) is a triple
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(W, f̃ , g̃) in which W is an object inC, in which f̃ and g̃ are morphisms with
f̃ ∈ Hom(W,Y) and g̃ ∈ Hom(W, X), and in which the following universal
mapping property holds: whenever(W′, f̃ ′, g̃′) is a triple such thatW′ is an object
in C and f̃ ′ andg̃′ are morphisms with̃f ′ ∈ Hom(W′,Y) andg̃′ ∈ Hom(W′, X)
and with f g̃′ = g f̃ ′, then there exists a uniqueϕ ∈ Hom(W′,W) such that
f̃ ′ = f̃ ϕ andg̃′ = g̃ϕ. See Figure 4.8.

W Y⏐⏐+g

X
f−−−→ Z

g̃

f̃

FIGURE 4.8. The pullback of a pair( f, g) of morphisms.

Proposition 4.39. In an abelian categoryC, let X,Y, Z be objects, and let
f ∈ Hom(X, Z) andg ∈ Hom(Y, Z) be morphisms. LetX ⊕ Y be the direct
sum, letpX andpY be the projections on the two factors, defineh = f pX − gpY

in Hom(X ⊕ Y, Z), and letm = kerh. Then a pullback(W, f̃ , g̃) of ( f, g) is
given byW = domainm, f̃ = pYm, andg̃ = pXm.

REMARKS. The dual statement asserts the existence of apushout of a pair
of morphisms, and it is a consequence of Proposition 4.39. Problem 35 at the
end of the chapter points out that the proof of Proposition 4.19a made use of a
concretely constructed pullback, while the proof of Proposition 4.19b made use
of a concretely constructed pushout.

PROOF. Fromhm = h kerh = 0, we obtain 0= f pXm− gpYm = f g̃ − g f̃ ,
and thus f g̃ = g f̃ . Now suppose thatW′, f̃ ′, and g̃′ are given with f g̃′ =
g f̃ ′. Thenm′ = (g̃′, f̃ ′) is a morphism in Hom(W′, X ⊕ Y) such thathm′ =
f pXm′ − gpYm′ = f g̃′ − g f̃ ′ = 0. Thereforem′ factors throughm = kerh as
(g̃′, f̃ ′) = mϕ for a uniqueϕ ∈ Hom(W′,W). Application of pX andpY to this
equality gives̃g′ = pXmϕ = g̃ϕ and f̃ ′ = pYmϕ = f̃ ϕ. �

Proposition 4.40. In the notation of Figure 4.8 and Proposition 4.39 iff is a
monomorphism, then so is̃f . If f is an epimorphism, then so is̃f ; in the case
of an epimorphism, kerf factors as kerf = g̃(ker f̃ ).

PROOF. Throughout the proof leti X andiY be the injections associated with the
direct sumX ⊕Y. Suppose thatf is a monomorphism, and suppose thatf̃w = 0
for some morphism with codomainW. Since f̃ = pYm, pYmw = 0. Then
0 = ( f pX − gpY)mw = f pXmw− 0 = f pXmw. Since f is a monomorphism,
pXmw = 0. Since alsõfw = pYmw = 0,mw = (i X pX+iY pY)mw = 0. Butm
is a monomorphism, and thereforew = 0. Consequentlỹf is a monomorphism.

For the remainder of the proof, assume thatf is an epimorphism. Let us
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see thath = f pX − gpY is an epimorphism. In fact, ifzh = 0, then 0=
z( f pX − gpY)i X = z f pXi X = z f . Since f is an epimorphism,z = 0. Thush is
an epimorphism.

It follows from Lemma 4.37 thath = coker(kerh) = cokerm. To prove that
f̃ is an epimorphism, suppose thatv f̃ = 0 for some morphismv with domain
Y. This means thatvpYm = 0. Sinceh is the cokernel ofm, vpY factors as
vpY = v′h for some morphismv′. Applying i X on the right end of both sides
gives 0= vpYi X = v′hiX = v′( f pX − gpY)i X = v′ f pXi X = v′ f . Since f is
an epimorphism,v′ = 0. HencevpY = v′h = 0. SincepY is an epimorphism,
v = 0. Thereforef̃ is an epimorphism.

Now setk = ker f , and letK be its domain. The morphismsk ∈ Hom(K , X)
and 0∈ Hom(K ,Y) have f k = 0 = g0. If we setW′ = K , f̃ ′ = 0, and̃g′ = k,
then f g̃′ = g f̃ ′, and Proposition 4.39 produces a uniqueϕ in Hom(K ,W) with
0 = f̃ ϕ andk = g̃ϕ. We shall show thatϕ is a kernel off̃ , and then the equation
k = g̃ϕ completes the proof.

We know that f̃ ϕ = 0. Thus suppose that̃f v = 0 for some morphismv in
some Hom(K ′,W). Since f g̃ = g f̃ , we havef g̃v = g f̃ v = 0. Thus̃gv factors
throughk = ker f asg̃v = kv′ for somev′ in Hom(K ′, K ).

Put� = v − ϕv′. Then f̃� = f̃ v − f̃ ϕv′ = 0 − 0 = 0, and g̃� =
g̃v − g̃ϕv′ = kv′ − kv′ = 0. Consequently if we putW′′ = K ′, f̃ ′′ = 0, and
g̃′′ = 0, then� and 0 are two morphisms in Hom(K ′,W) with f̃ ′′ = f̃� = f̃ 0
andg̃′′ = g̃� = f̃ 0. By uniqueness of the morphism in the universal mapping
property for pullbacks,� = 0. Thereforev = ϕv′, andv has been exhibited as
factoring throughϕ.

If v factors throughϕ also asv = ϕv′′, then 0= ϕ(v′ − v′′), and we have
k(v′ − v′′) = g̃ϕ(v′ − v′′) = 0. Sincek = ker f is a monomorphism,v′ = v′′.
Thus the factorization ofv throughϕ is unique, andϕ is a kernel of f̃ . This
completes the proof. �

Proposition 4.41. Let C be an abelian category, letX be an object inC,
and definex ≡ y for two morphismsx and y with codomainX if there exist
epimorphismsu andv with xu = yv. Then the relation≡ on the morphisms
with codomainX is transitive and hence is an equivalence relation.

REMARK. A nontrivial special case is that the obvious equivalencesxu ≡ x
and x ≡ xv imply the nonobvious equivalencexu ≡ xv when u and v are
epimorphisms.

PROOF. Assuming thatx ≡ y and y ≡ z, write xu = yv and yr = zs
for epimorphismsu, v, r, s. Sincev and r have the same codomain, namely
domain(y), the pullback(̃v, r̃ ) of (v, r ) as in Proposition 4.39 is well defined,
and Proposition 4.40 shows thatṽ andr̃ are epimorphisms. Sincer ṽ = ṽr , we
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obtainxũr = yṽr = yr ṽ = zs̃v. The morphismsũr ands̃v are epimorphisms
as compositions of epimorphisms, and thereforex ≡ z. �

Fix an objectX. Then 00X is a member ofX called thezero member, denoted
by 0. Every zero morphism 0Y X with codomainX is equivalent to 00X; in fact,
0Y X = 00X0Y0. The morphism 0Y0 is an epimorphism because iff ∈ Hom(0, Z)
has f 0Y0 = 0Y Z, then f is the unique element 00Z of Hom(0, Z). Conversely
any nonzero morphismr in Hom(Y, X) is inequivalent to 0Y X. In fact, an equality
ru = 0Y Xv for epimorphismsu andv would imply thatr = 0Y X, since we can
cancel in the equalityru = 0Y Xv = 0Y Xu.

Eachx ∈m X has a “negative,” namely the class of the negative of the repre-
sentativex of the member; i.e., taking the negative of a morphism is respected
in passing to classes. We write−x ∈m X for the negative. (Warning: As
the example with the category of abelian groups shows, one should use care in
inferring any relationship between “negatives” and zero members.)

If f is a morphism in Hom(X,Y), then each memberx ∈m X yields by
composition a well-defined memberf x ∈m Y. To see that this notion is indeed
well defined, suppose thatx ≡ x′, and choose epimorphismsu and v with
xu = x′v. Then( f x)u = f (xu) = f (x′v) = ( f x′)v shows thatf x ≡ f x′.

The main result is Theorem 4.42 below, which gives a calculus for diagram
chases using members in general abelian categories. After the proof we shall be
content with one example of how the theorem allows all the diagram chases in
earlier sections of this chapter to be extended to general abelian categories. The
example is the proof of the part of the Snake Lemma that involves an explicit
construction.19 More examples appear in Problems 34–35 at the end of the
chapter.

Theorem 4.42. The members of an abelian category satisfy the following
properties:

(a) a morphismf ∈ Hom(X,Y) is a monomorphism if and only if every
x ∈m X with f x ≡ 0 hasx ≡ 0,

(b) a morphismf ∈ Hom(X,Y) is a monomorphism if and only if every pair
of membersx ∈m X andx′ ∈m X with f x ≡ f x′ hasx ≡ x′,

(c) a morphismg ∈ Hom(X,Y) is an epimorphism if and only if for each
y ∈m Y, there exists somex ∈m X with gx ≡ y,

(d) a morphismh ∈ Hom(X,Y) is the 0 morphism if and only if every
x ∈m X hashx ≡ 0,

(e) a sequenceX
f−→ Y

g−→ Z is exact atY if and only if g f = 0 and also
eachy ∈m Y with gy ≡ 0 has somex ∈m X with f x ≡ y,

19For more detail about this example and for further examples, see Mac Lane’sCategories for
the Working Mathematician.
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(f) wheneverx, y, z are members of an objectX andx ≡ yu+ zv for some
epimorphismsu andv, thenxu′ − yv′ ≡ z for some epimorphismsu′
andv′.

REMARKS.
(1) The interpretations of (a) through (e) are straightforward enough and

already give an indication that the notion of a member may be of some help
in translating proofs for good categories into proofs for abelian categories. Ap-
plication of (d) to the differencef1 − f2 of two morphisms in Hom(X,Y) shows
that f1x ≡ f2x for all x ∈m X implies f1 = f2.

(2) The interpretation of (f) is more subtle. As the example with the Snake
Lemma below will show, conclusion (f) makes it possible to mirror in the theory
of members the kind of subtraction that takes place with elements of a module to
get their difference to be in the kernel of some homomorphism.

PROOF. For (a) and (b), iff is a monomorphism andf x ≡ f x′, then f xu =
f x′v for suitable epimorphismsu andv, and cancellation yieldsxu = x′v and
hencex ≡ x′. Conversely supposef x ≡ 0 only for x ≡ 0. If f has f x′ = 0AY

for somex′ in some Hom(A, X), then f x′ ≡ 0 and sox′ ≡ 0 by hypothesis. In
this case,x′ = 0AX because we know that nonzero morphisms are not equivalent
to 0.

For (c), suppose thatg is an epimorphism. Ify ∈m Y is given, let y be
in Hom(X′,Y), and let(g̃, ỹ) be the pullback of(g, y), satisfyingyg̃ = gỹ.
Proposition 4.40 shows that̃g is an epimorphism, and theny ≡ gx for x = ỹ.
Conversely ifg fails to be an epimorphism, then there existsr �= 0 in some
Hom(Y, Z)with rg = 0X Z. If there is somex in some Hom(A, X)with gx ≡ 1Y,
we can compose withr on the left of both sides and obtainrgx ≡ r 1Y = r . Since
the left side equals 0AZ, which is equivalent to 0Y Z, we obtain 0Y Z ≡ 0AZ ≡ r ,
which we know not to be true for nonzero membersr of Hom(Y, Z).

For (d), if h = 0XY and if x is in Hom(Z, X), thenhx = 0XYx = 0ZY ≡ 00Y.
Conversely if everyx in every Hom(Z, X) hashx ≡ 00Y, we takeZ = X and
x = 1X. Thenhu = hxu = 00Yv for some epimorphismsu ∈ Hom(A, X) and
v ∈ Hom(A, 0). This says thathu = 0AY = 0XYu. Sinceu is an epimorphism,
h = 0XY.

For (e), let f = mebe the decomposition off as in Proposition 4.38. Then
m = image f , and we definek = kerg. If the sequence is exact atY, then
g f = 0 as part of the definition. Supposey ∈m Y hasgy ≡ 0, i.e.,gy = 0. Since
m = kerg by exactness, the equalitygy = 0 and the definition of kernel together
imply that y = my′ for somey′. Using Proposition 4.39, let(e, y′) have(̃e, ỹ′)
as pullback, satisfyingẽy′ = y′̃e. Sincee by construction is an epimorphism,
Proposition 4.40 shows that̃e is an epimorphism. From the computationf ỹ′ =
mẽy′ = my′̃e = ỹe, we obtain f ỹ′ ≡ y. Thenx = ỹ′ hasx ∈m X and f x ≡ y.
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Conversely suppose thatg f = 0 and that the other condition holds. Sincee
is an epimorphism, the equalityg f = 0 implies thatgm = 0. The definition of
k = kerg thus givesm = kϕ for some morphismϕ. Meanwhile, the morphism
k = kerg hask ∈m Y andgk = 0. Thusgk ≡ 0. The hypothesis produces
x ∈m X with f x ≡ k, i.e., with mexu= kv for suitable epimorphismsu and
v. Write ex = m′e′ according to Proposition 4.38. Thenmm′e′u = kv, and the
uniqueness in Proposition 4.38 shows thatk = mm′ψ for some isomorphismψ .
Putting the results together givesm = kϕ = mm′ψϕ andk = mm′ψ = kϕm′ψ .
Sincem andk are monomorphisms, 1= m′ψϕ and 1= ϕm′ψ . These show that
ϕ has a left inverse and a right inverse, hence is an isomorphism. Thenm′ too is
an isomorphism, andk = m except for a factor of an isomorphism on the right
side. This means that we can take kerg = image f and that the given sequence
is exact atY.

For (f), letx ≡ yu+ zv. Thenxu1 = (yu+ zv)v1, andxu1 − y(uv1) = zvv1.
Consequentlyxu1 − y(uv1) ≡ zvv1 ≡ z, and (f) follows withu′ = u1 and
v′ = uv1. �

Theorem 4.42 enables us to use members to verify properties of morphisms in
diagrams, but it does not by itself construct any morphisms. That is, just because
we know what the equivalence class off x should be for everyx ∈m X does not
mean that we have a construction off ; it means only that we know how to work
with f once f is known to exist. Specifically we know from Remark 1 with
the theorem that there cannot be a different morphismg with f x ≡ gx for all
x ∈m X. Some tools that we have for constructing morphisms for a general abelian
category are the existence of kernels and cokernels via Axiom (iv), Proposition
4.39 asserting the existence of pullbacks of pairs of morphisms, and the dual of
Proposition 4.39 asserting the existence of pushouts of pairs of morphisms. For
particular categories of interest, the hypotheses “enough projectives” and “enough
injectives” provide additional constructions of morphisms.

The most complicated example of a constructed mapping that we encountered
in the theory for good categories was the connecting homomorphism in the Snake
Lemma. In the generalization to abelian categories, the construction of the
connecting morphism has to go outside the usual diagram given in Figure 4.2.
Problem 33 at the end of the chapter will compare the actual construction and
Figure 4.2 for the chain map of exact sequences of abelian groups given below
and observe that the two diagrams are different:

0 −−−→ Z
×8−−−→ Z

1	→1mod8−−−−−→ Z/8Z −−−→ 0⏐⏐+×4

⏐⏐+×2

⏐⏐+ 1mod8
	→2mod4

0 −−−→ Z
×4−−−→ Z

1	→1mod4−−−−−→ Z/4Z −−−→ 0
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The domain of the connecting homomorphism for this situation is the set of even
members ofZ/8Z, and the mapping carries 2+ 8Z to 1+ 4Z in Z/4Z.

EXAMPLE OF DIAGRAM CHASE. In the setting of the Snake Lemma (Lemma
4.6), we shall construct the connecting morphismω and verify that its value on
each member of its domain corresponds to what we expect on the basis of Lemma
4.6. The given snake diagram, partially enlarged toward Figure 4.2, is

C0⏐⏐+k

A
ϕ−−−→ B

ψ−−−→ C −−−→ 0⏐⏐+α ⏐⏐+β ⏐⏐+γ
0 −−−→ A′ ϕ′

−−−→ B′ ψ ′
−−−→ C′

p

⏐⏐+
A′

0

(∗)

with the rows exact and the squares commuting. The added parts at the top
and bottom are the kernel(C0, k) of γ and the cokernel(A′

0, p) of α. Once
the connecting homomorphism has been constructed, the proof of exactness will
involve a diagram chase that makes rather straightforward use of Theorem 4.42,
including conclusion (f). By contrast, the initial construction will involve a
different sort of diagram, namely

B0 C0⏐⏐+k

0 A
ϕ−−−→ B

ψ−−−→ C −−−→ 0⏐⏐+α ⏐⏐+β ⏐⏐+γ
0 −−−→ A′ ϕ′

−−−→ B′ ψ
′

−−−→ C
′

0⏐⏐+p

A′
0 B′

0

ψ̃

ϕ̃ k̃

p̃ ψ̃ ′

ϕ̃′
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In the construction we adjust the first row of(∗) to make it exact when a
0 is included at the left end. To do so, we factorϕ according to Proposition
4.38 asϕ = me, we let A = domainm = codomaine, and we writeϕ for
m. The commutativity of the left square of(∗) implies thatϕ′α(kerϕ) =
βϕ(kerϕ) = 0. Sinceϕ′ is a monomorphism,α(kerϕ) = 0. Then the fact
e = coker(kerϕ) implies thatα factors throughe asα = αe for someα with
domainA. Consequently the left square in the adjusted diagram commutes, and
the first row is exact with the 0 inserted at the left. Sincee is an epimorphism,
p = cokerα = coker(αe) = cokerα, and the vertical line at the left is exact.

By a dual argument starting from a factorization ofψ ′, we can replace the
triple (C′, ψ ′, γ ) in similar fashion by(C

′
, ψ

′
, γ ), see thatk = kerγ , and add

a 0 at the end of the second row to obtain an exact sequence.

Next, let (B0, ψ̃, k̃) be a pullback of(ψ, k). Proposition 4.40 shows that̃ψ
is an epimorphism and that kerψ = k̃ kerψ̃ . Since the first row is a short exact
sequence, we know thatϕ = kerψ , and the condition kerψ = k̃ kerψ̃ shows
that ϕ̃ = kerψ̃ satisfiesϕ = k̃ϕ̃. This completes the dashed arrows in the top
part of the diagram. By a dual argument usingp = cokerα, we complete the
dashed arrows in the bottom part of the diagram, deducing fromψ

′ = cokerϕ′

the fact that̃ψ ′ = coker̃ϕ′ satisfiesψ
′ = ψ̃ ′ p̃.

Lemma 4.37 shows from̃ϕ = kerψ̃ that ψ̃ = coker̃ϕ, and it shows from
ψ̃ ′ = coker̃ϕ′ that ϕ̃′ = kerψ̃ ′. With these formulas in hand, we can construct
the connecting homomorphism. Defineω0 = p̃βk̃ in Hom(B0, B′

0) to be the
composition down the center. Thenω0ϕ̃ = p̃βk̃ϕ̃ = ϕ̃′ pα = 0, the last
equality holding becausepα = 0. Thereforeω0 factors through̃ψ = coker̃ϕ as
ω0 = ω1ψ̃ for someω1 ∈ Hom(C0, B′

0). The morphismω1 satisfies̃ψ ′ω1ψ̃ =
ψ̃ ′ p̃βk̃ = γ kψ̃ = 0, the last equality holding becauseγ k = 0. Sinceψ̃ is
an epimorphism, we can cancel it, obtaining̃ψ ′ω1 = 0. Thereforeω1 factors
throughϕ̃′ = kerψ̃ ′ asω1 = ϕ̃′ω for some morphismω ∈ Hom(C0, A′

0).

The construction ofω is now complete, and the assertion is that the value ofω

on members corresponds to what we expect from the proof of Lemma 4.6. Since
equivalencesωx ≡ ω′x for some other candidateω′ for the connecting morphism
and for allx ∈m C0 would imply thatω = ω′, the argument will show that we
have found the unique morphism taking the prescribed values on members.

During the verification we refer to(∗) to do the diagram chase. The member of
C corresponding tox ∈m C0 is kx ∈m C. Sinceψ is an epimorphism, Theorem
4.42c producesb ∈m B with ψb ≡ kx. Thenψ ′βb ≡ γψb ≡ γ kx ≡ 0, since
γ k = 0. Theorem 4.42e and exactness atB′ imply that ϕ′a′ ≡ βb for some
a′ ∈ A′, and the class ofa′ is unique (for theb under consideration) by Theorem
4.42b becauseϕ′ is a monomorphism. We shall verify thatωx ≡ pa′, and then
the class ofωx matches what we expect from the proof of Lemma 4.6.
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First let us show that a different choice ofb, sayb1, leads to the same class
pa′. We are given thatψb ≡ ψb1. Let a′ anda′

1 be the corresponding members
of A′ with ϕ′a′ ≡ βb andϕ′a′

1 ≡ βb1. We shall make repeated use of Theorem
4.42f, letting subscriptedu’s andv’s denote suitable epimorphisms. Fromψb ≡
ψb1, Theorem 4.42f givesψbu1 − ψb1v1 ≡ 0, i.e.,ψ(bu1 − b1v1) ≡ 0. By
Theorem 4.42e and exactness atB, bu1 − b1v1 ≡ ϕa for somea ∈m A. Hence
βbu1 −βb1v1 ≡ βϕa ≡ ϕ′αa. Two applications of Theorem 4.42f starting from
βbu1 − βb1v1 ≡ ϕ′αa give

ϕ′a′ ≡ βb ≡ ϕ′αau2 + βb1v2,

ϕ′a′u3 − ϕ′αav3 ≡ βb1 ≡ ϕ′a′
1.and then

Sinceϕ′ is a monomorphism, Theorem 4.42b says that

a′u3 − αav3 ≡ a′
1.

Applying p, we obtainpa′u3 − pαav3 ≡ pa′
1. Sincepα = 0, we can drop the

term pαv3, and we conclude thatpa′ ≡ pa′u3 ≡ pa′
1.

We can now return to the verification thatωx ≡ pa′, making use of the adjusted
diagram as necessary.20 Sinceψ̃ is an epimorphism, Theorem 4.42c produces
b0 ∈m B0 with ψ̃b0 ≡ x. Thenk̃b0 ∈m B hasψ k̃b0 ≡ kψ̃b0 ≡ kx. Hencẽkb0

is a member ofB like b andb1 in the previous paragraph. The above argument
shows thatβk̃b0 ∈m B′ hasβk̃b0 ≡ ϕ′a′ for somea′ ∈m A′ and thatpa′ ∈m A′

0
is what we should hope for as the value ofωx. So we compute that

ϕ̃′ωx ≡ ω1x ≡ ω1ψ̃b0 ≡ ω0b0 ≡ p̃βk̃b0 ≡ p̃ϕ′a′ ≡ ϕ̃′ pa′.

Sinceϕ̃′ is a monomorphism by the dual of Proposition 4.40, Theorem 4.42b
shows thatωx ≡ ϕ′a′, which is the formula we were seeking.

9. Problems

1. (a) Prove that the good category of all finitely generated abelian groups has
enough projectives but not enough injectives.

(b) Prove that the good category of all torsion abelian groups has enough injec-
tives but not enough projectives.

2. LetCZ be the category of all abelian groups. Give an example of a nonzero good
categoryC of abelian groups that has enough projectives and enough injectives
but for which no nonzero projective forCZ lies inC and no nonzero injective for
C lies inCZ.

20Warning: The construction ofω involvesB0 andB′
0, which are in the adjusted diagram but

are not in(∗). These objects do not necessarily coincide with the domain of kerβ and the codomain
of cokerβ.
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3. Let R be a semisimple ring in the sense of Chapter II, and letCR be the category
of all unital left R modules. Prove that every module inCR is projective and
injective.

4. Let R be a (commutative) principal ideal domain, and letCR be the category of
all unital R modules. A moduleM in CR is divisible if for eacha �= 0 in R and
x ∈ M , there existsy ∈ M with ay = x.
(a) Referring to Example 2 of injectives in Section 4, prove that injective forCR

implies divisible.
(b) Deduce from Proposition 4.15 that divisible implies injective forCR.

5. LetRbe a (commutative) principal ideal domain, and letCR be the category of all
unital R modules. Prove that every moduleM in CR has an injective resolution
of the form 0→ M → I0 → I1 → 0 with I0 and I1 injective.

6. LetC, C ′, C ′′ be good categories of modules with enough projectives and enough
injectives, letG : C → C ′ be a one-sided exact functor with derived functorsGn

or Gn, and letF : C ′ → C ′′ be an exact functor.
(a) Prove that ifF is covariant, thenF ◦ G is one-sided exact, and its derived

functors satisfy(F ◦ G)n = F ◦ Gn or (F ◦ G)n = F ◦ Gn.
(b) Prove that ifF is contravariant, thenF ◦G is one-sided exact, and its derived

functors satisfy(F ◦ G)n = F ◦ Gn or (F ◦ G)n = F ◦ Gn.

7. LetC, C ′, C ′′ be good categories of modules with enough projectives and enough
injectives, letF : C → C ′ be an exact functor, and letG : C ′ → C ′′ be a
one-sided exact functor with derived functorsGn or Gn.
(a) Suppose thatF is covariant, thatGn or Gn is defined from projective res-

olutions, and thatF carries projectives to projectives. Prove thatG ◦ F is
one-sided exact and that its derived functors satisfy(G ◦ F)n = Gn ◦ F or
(G ◦ F)n = Gn ◦ F .

(b) Suppose thatF is covariant, thatGn or Gn is defined from injective res-
olutions, and thatF carries injectives to injectives. Prove thatG ◦ F is
one-sided exact and that its derived functors satisfy(G ◦ F)n = Gn ◦ F or
(G ◦ F)n = Gn ◦ F .

(c) Suppose thatF is contravariant, thatGn or Gn is defined from projective
resolutions, and thatF carries injectives to projectives. Prove thatG ◦ F is
one-sided exact and that its derived functors satisfy(G ◦ F)n = Gn ◦ F or
(G ◦ F)n = Gn ◦ F .

(d) Suppose thatF is contravariant, thatGn or Gn is defined from injective
resolutions, and thatF carries projectives to injectives. Prove thatG ◦ F is
one-sided exact and that its derived functors satisfy(G ◦ F)n = Gn ◦ F or
(G ◦ F)n = Gn ◦ F .
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8. Let G be a group, and letF = (F+ → Z) be a free resolution of the trivial
ZG moduleZ in the categoryZG. If M is an abelian group on whichG acts by
automorphisms, then we know that the cohomologyHn(G,M) is defined to be
thenth cohomology of the cochain complex HomZG(F+,M) and the homology
Hn(G,M) is defined to be thenth homology of the chain complexF+ ⊗ZG M .
Take for granted the result of Proposition 3.32 that ifG is a finite cyclic group
with generators, then

· · · T−−→ ZG
N−−→ ZG

T−−→ · · · N−−→ ZG
T−−→ ZG

ε−−→ Z −−→ 0

is a free resolution ofZG, whereT andN are the leftZG module homomorphisms
defined by

T = multiplication by(s)− (1),
N = multiplication by(1)+ (s)+ · · · + (sn−1).

Prove thatHn(G,M) ∼= Hn+2(G,M) and Hn(G,M) ∼= Hn+2(G,M) for all
n ≥ 1 and allM whenG is a finite cyclic group.

Problems 9–11 concern changes of rings. Fix a homomorphismρ : R → Sof rings
with identity. This homomorphism determines three functors of interest, denoted by
FR

S : CS → CR, PS
R : CR → CS, and I S

R : CR → CS. The first takes anS moduleM
and makes it into anR moduleFR

S(M) by the definitionrm = ρ(r )m for r ∈ R and
m ∈ M ; the effect on anShomomorphism is to leave the function unchanged and to
regard it as anR homomorphism; this functor is manifestly exact. For the second,
regardS as an(S, R) bimodule with rightR action given bysr = sρ(r ), and define
PS

R(M) = S⊗R M for M in Obj(CR) andPS
R(ϕ) = 1S ⊗ ϕ for ϕ in HomR(M, N);

this functor is covariant and right exact. For the third, regardSas an(R, S) bimodule
with left R action given byrs = ρ(r )s, and defineI S

R(M) = HomR(S,M) for M in
Obj(CR) and I S

R(ϕ) = Hom(1S, ϕ) for ϕ in HomR(M, N); this functor is covariant
and left exact.

9. If C andD are good categories of modules and ifF : C → D andG : D → C are
covariant additive functors such that there exist isomorphisms of abelian groups

Hom(F(A), B) ∼= Hom(A,G(B))

natural forA in Obj(C ) and forB in Obj(D), thenF is said to beleft adjoint to
G andG is said to beright adjoint to F .
(a) Prove that ifG carries onto maps inD to onto maps inC, then F carries

projectives inC to projectives inD.
(b) Prove that ifF carries one-one maps inC to one-one maps inD, thenG

carries injectives inD to injectives inC. (Educational note: The conclusions
in this problem extend to any abelian categoriesC andD, and in this enlarged
setting, (b) follows from (a) by duality.)
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10. (a) Prove thatPS
R is left adjoint toFR

S.
(b) Deduce from the previous problem thatPS

R sends projectives inCR to pro-
jectives inCS.

(c) Prove that if the rightR moduleS is projective, thenPS
R is exact. (Ed-

ucational note: In the subject of Lie algebra homology and cohomology,
this hypothesis is satisfied whenS is the universal enveloping algebra of a
Lie algebrag over a fieldK, R is the universal enveloping algebra of a Lie
subalgebrah of g, andρ : R → S is the inclusion. It is satisfied also in the
subject of homology and cohomology of groups ifSis the group algebraKG
of a groupG over a fieldK and if R is the group algebraKH of a subgroup
H . See Problem 13c below.)

(d) Using Problem 7, prove that if the rightR module S is projective, then
ExtkS(P

S
R M, N) ∼= ExtkR(M,FR

S N) naturally in each variable (M being in
Obj(CR) andN being in Obj(CS)).

(e) Even without the assumption that the rightR moduleS is projective, let
X = (X+ → M) be a projective resolution of a moduleM in CR, and let
Y = (Y+ → PS

R M) be a projective resolution ofPS
R M in CS. Construct a

chain map fromPS
R X to Y extending the identity map onPS

R M , and use it to
obtain the associated homomorphism Extk

S(P
S
R M, N) → ExtkR(M,FR

S N)
natural in each variable.

11. (a) Prove thatI S
R is right adjoint toFR

S.
(b) Deduce from Problem 9 thatI S

R sends injectives inCR to injectives inCS.
(c) Prove that if the rightR moduleS is projective, thenI S

R is exact.
(d) Using Problem 7, prove that if the rightR module S is projective, then

ExtkS(M, I S
RN) ∼= ExtkR(FR

S M, N) naturally in each variable (M being in
Obj(CS) andN being in Obj(CR)).

(e) Even without the assumption that the rightR moduleS is projective, let
X = (X+ → N) be an injective resolution of a moduleN in CR, and let
Y = (Y+ → I S

RN) be an injective resolution ofI S
RN in CS. Construct a

chain map fromY to I S
RN extending the identity map onI S

RN, and use it
to obtain the associated homomorphism Extk

S(M, I S
RN)→ ExtkR(FR

S M, N)
natural in each variable.

Problems 12–13 concern the effect on cohomology of groups of changing the group.
The main result is the exactness of the “inflation-restriction sequence”; this is applied
particularly in algebraic number theory to relate Brauer groups (see Chapter III) for
different field extensions. LetJ and K be groups, and letρ : J → K be a group
homomorphism. By the universal mapping property of group rings,ρ extends to
a ring homomorphism, also denoted byρ, from ZJ into ZK . For any groupG,
we make use of the standard free resolutionF(G) = (F(G)+

ε−→ Z) of Z in the
categoryCZG, as described before Theorem 3.20. AZ basis ofFn(G) consists of all
tuples(g0, . . . , gn), and aZG basis consists of those members of theZ basis with
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g0 = 1. In the context of the groupsJ and K , anyZK moduleM becomes aZJ
module by the formulaxm = ρ(x)m for x ∈ ZJ andm ∈ M . In particular, each free
ZK moduleFn(K ) can be regarded as aZJ module. Meanwhile, the homomorphism
ρ : J → K induces a function from theZJ basis ofFn(J) into Fn(K ) by the formula
ρ(1, j1, . . . , jn) = (1, ρ( j1), . . . , ρ( jn)) for j1, . . . , jn ∈ J, and this extends to a
ZJ homomorphism, still calledρ, of Fn(J) into Fn(K ). A look at the formula for
the boundary operators∂J and∂K in Section III.5 shows thatρ is a chain map in
the sense that∂Kρ = ρ∂J . If M is any unital leftZK module, then it follows that
Hom(ρ,1) : Hom(F(K ),M) → Hom(F(J),M) is a cochain map. Consequently
we get maps on cohomology for eachnof the formHn(ρ) : Hn(K ,M)→ Hn(J,M).
There are two cases of special interest:

(i) If ρ : H → G is the inclusion of a subgroup into a group, then the mapping
on cohomology is called therestriction homomorphism

Res :Hn(G,M)→ Hn(H,M).

(ii) If H is a normal subgroup ofG, let ρ : G → G/H be the quotient
homomorphism. For anyZG module M , let M H be the subgroup ofH
invariants. ThenG/H acts onM H . The above construction is applicable
to the moduleM H for the group ringZ(G/H) of G/H , and we form the
mapping on cohomologyHn(G/H,M H )→ Hn(G,M H ). The inclusion of
theZG moduleM H in M induces a mappingHn(G,M H ) → Hn(G,M),
and the composition is called theinflation homomorphism

Inf : Hn(G/H,M H )→ Hn(G,M).

WhenH is a normal subgroup ofG andM is aZG module andq ≥ 1 is an integer
such thatHk(H,M) = 0 for 1 ≤ k ≤ q − 1, theinflation-restriction sequenceis
the sequence of abelian groups and homomorphisms

0 −→ Hq(G/H,M H )
Inf−→ Hq(G,M)

Res−→ Hq(H,M).

12. Forq = 1, use direct arguments to prove the exactness of the inflation-restriction
sequence by carrying out the following steps:
(a) By sorting out the isomorphism�q : HomZG(Fq,M) → Cq(G,M) of

Section III.5, show that the effect of a homomorphismρ : G → G′ on
Cq(G′,M) is given by(ρ∗ f )(g1, . . . , gq) = f (ρ(g1), . . . , ρ(gq)).

(b) Verify that Res◦ Inf = 0 by looking at cocycles.
(c) Show that Inf is one-one onHq(G/H,M H ) by showing that any cocycle

f : G/H → M H that is a coboundary when viewed as a function onG is
itself a coboundary forG/H .

(d) Show that every member of ker(Res) lies in image(Inf) by showing that any
cocycle f : G → M whose restriction toH is a coboundary may be adjusted
to be 0 onH and that an examination of the equationf (st) = f (s)+ s f(t)
in this case showsf to be a cocycle ofG/H with values inM H .
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13. Assume inductively thatq > 1, thatHk(H,M) = 0 for 1 ≤ k ≤ q − 1, and that
the inflation-restriction sequence is exact for allN for degreeq − 1 whenever
Hk(H, N) = 0 for 1 ≤ k < q − 1. FormB = I ZG

Z FZ
ZG M = HomZ(ZG,M) as

in Problems 9–11. Elements ofB can be identified with functionsϕ on G with
values inM , andG acts by(g0ϕ)(g) = ϕ(gg0).
(a) Form ∈ M , show that the functionϕm(t) = tm is a one-oneZG homomor-

phism of M into B. If N = B/M , then the sequence 0→ M → B →
N → 0 is therefore exact inCZG.

(b) Use Problem 11 to verify thatHk(G, B) ∼= ExtkZ(Z,FZ
ZG M), and deduce

that Hk(G, B) = 0 for k ≥ 1.
(c) Verify the equality of rightZH modulesZG = A ⊗Z ZH for some free

abelian groupA.
(d) Using (c), show thatFZH

ZG B ∼= HomZ(ZH,HomZ(A,M)), and deduce that
Hk(H, B) = 0 for k ≥ 1.

(e) Using the hypothesis thatH1(H,M) = 0 and a long exact sequence asso-
ciated to the short exact sequence in (a), show that 0→ M H → BH →
NH → 0 is exact.

(f) Prove thatZ ⊗ZH ZG ∼= Z(G/H) as rightZG modules, whereZ(G/H) is
the integral group ring ofG/H .

(g) Show thatBH = I Z(G/H)
Z M , and deduce thatHk(G/H, BH ) = 0 for k ≥ 1.

(h) Using the long exact sequences forG and forH associated to the short exact
sequence of (a), as well as the long exact sequence forG/H associated to
the short exact sequence of (e), establish isomorphisms of abelian groups

Hq−1(G/H, NH ) ∼= Hq(G/H,M H ),

Hq−1(G, N) ∼= Hq(G,M),

Hq−1(H, N) ∼= Hq(H,M).

(i) Set up the diagram

0 −−−−→ Hq−1(G/H, NH ) −−−−→ Hq−1(G, N) −−−−→ Hq−1(H, N)⏐+ ⏐+ ⏐+
0 −−−−→ Hq(G/H,M H ) −−−−→ Hq(G,M) −−−−→ Hq(H,M)

show that it is commutative, and deduce from the foregoing that the
inflation-restriction sequence is exact forM in degreeq. (Educational note:
For an application to Brauer groups, letF ⊆ K ⊆ L be fields, and assume
that K/F , L/F , andL/K are all finite Galois extensions. The groups in
question areG = Gal(L/F), H = Gal(L/K ), andG/H = Gal(K/F), and
the modules in question areM = L× and M H = K ×. The indexq is to
be 2, and the vanishing ofH1 is by Hilbert’s Theorem 90. The conclusion
is that the sequence 0→ B(K/F)→ B(L/F)→ B(L/K ) is exact.)



256 IV. Homological Algebra

Problems 14–16 introduce the cup product in the cohomology of groups. This is a
construction having applications to topology and algebraic number theory. LetG
be a group, and form the standard free resolutionF = (F+ ε−→ Z) of Z in the
categoryCZG, as described before Theorem 3.20. AZ basis ofFn consists of all
tuples(g0, . . . , gn), and aZG basis consists of those members of theZ basis with
g0 = 1. Let∂ denote the boundary operator, with the subscript dropped that indicates
the degree. Defineϕp,q : Fp+q → Fp ⊗Z Fq by

ϕp,q(g0, . . . , gp+q) = (g0, . . . , gp)⊗ (gp, . . . , gq).

14. Check that(ε ⊗ ε) ◦ ϕ0,0 = ε and that eachϕp,q with p ≥ 0 andq ≥ 0 is aZG
homomorphism satisfying

ϕp,q ◦ ∂ = (∂ ⊗ 1) ◦ ϕp+1,q + (−1)p(1 ⊗ ∂) ◦ ϕp,q+1.

15. If A andB are abelian groups on whichG acts by automorphisms, show thatG
acts by automorphisms onA ⊗Z B in such a way thatg(a ⊗ b) = ga ⊗ gb for
all a ∈ A, b ∈ B, g ∈ G. Thus wheneverA andB are unital leftZG modules,
then so isA ⊗Z B.

16. For any unital leftZG moduleM , we work with HomZG(Fn,M) as the space of
n-cochains. (Here it is not necessary to unravel the isomorphism given in Section
III.5 that relates HomZG(Fn,M) to the spaceCn(G,M) of cochains defined in
Chapter VII ofBasic Algebra.) Define the coboundary operator on the complex
HomZG(F+,M) to bed = Hom(∂, 1). For any unital leftZG modulesA and
B, let f ∈ Hom(Fp, A) andg ∈ Hom(Fq, B) be given. The product cochain
f · g is the member of HomZG(Fp+q, A⊗Z B) given by f · g = ( f ⊗ g) ◦ϕp,q.
(a) Check thatf · g = (d f ) · g + (−1)p f · (dg).
(b) How does it follow that this product descends to a homomorphism of abelian

groupsa ⊗ b 	→ a ∪ b carrying the spaceH p(G, A) ⊗Z Hq(G, B) to
H p+q(G, A ⊗Z B)? The descended mapping is called thecup product.

(c) Explain why the cup product is functorial in each variableA andB.
(d) Explain why the cup product forp = 0 andq = 0 may be identified with

the mapping on invariants given byAG ⊗ BG → (A ⊗Z B)G.

Problems 17–20 introduce flatRmodules,Rbeing a ring with identity. These modules
are of interest in topology and algebraic geometry. LetRo be the opposite ring of
R; right R modules may be identified with leftRo modules. LetCR be the category
of all unital left R modules; tensor product overR can be regarded as a functor in
the second variable, carryingCR to CZ, or as a functor in the first variable, carrying
CRo to CZ. A unital right R moduleM (i.e., a unital leftRo module) is calledflat if
M ⊗R ( · ) is an exact functor fromCR toCZ. Since this functor is anyway right exact,
M is flat if and only if tensoring withM carries one-one maps to one-one maps, i.e.,
if and only if wheneverf : A → B is one-one, then 1M ⊗ f : M ⊗R A → M ⊗R B
is one-one. Take as known the analog for the functor Tor of all the facts about Ext
proved in Section 7.
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17. Prove for unital rightR modules that
(a) the rightR moduleR is flat,
(b) a direct sumF = ⊕

s∈S Fs is flat if and only if eachFs is flat,
(c) any projective inCRo is flat.

18. LetM be a unital rightR module. For each finite subsetF of M , let MF be the
right R submodule ofM generated by the members ofF . Prove thatM is flat if
and only if eachMF is flat.

19. LetB be inCR, write B as theR homomorphic image of a free leftR moduleF ,
and form the exact sequence 0→ K → F → B → 0 in which K is the kernel
of F → B. Prove for each unital rightR moduleA that the sequence

0 → TorR
1 (A, B)→ A ⊗R K → A ⊗R F → A ⊗R B → 0

is exact. Deduce thatA is flat if and only if TorR1 (A, B) = 0 for all B.

20. Suppose thatR is a (commutative) principal ideal domain, so that in particular
R = Ro. The torsion submoduleT(M) of a moduleM in CR consists of all
m ∈ M with rm = 0 for somer �= 0 in R.
(a) Suppose thatM is of the form M = F ⊕ T(M), where F is a freeR

module. Using the exact sequence 0→ F → M → T(M) → 0, prove
that TorR1 (M, B) = TorR

1 (T(M), B) for all modulesB in CR.
(b) Deduce from (a) and Problem 18 that a moduleM in CR is flat if and only if

T(M) is flat. (Note thatM is not assumed to be of the formF ⊕ T(M).)
(c) By comparing the one-one inclusion(a) ⊆ R for a nonzeroa ∈ R with the

induced map from(a)⊗R M to R ⊗R M , prove thatT(M) �= 0 impliesM
not flat.

(d) Deduce that a moduleM in CR is flat if and only if M has 0 torsion, i.e., if
and only if M is torsion free. (Educational note: In combination with the
result of Problem 19, this condition explains the use of the notation “Tor”
for the first derived functor of tensor product.)

Problems 21–25 deal with double chain complexes of abelian groups. Adouble
chain complexis a system{Ep,q} of abelian groups defined for all integersp andq
and having boundary homomorphisms∂ ′

p : Ep,q → Ep−1,q and∂ ′′
q : Ep,q → Ep,q−1

such that∂ ′
p−1,q∂

′
p,q = 0, ∂ ′′

p,q−1∂
′′
p,q = 0, and∂ ′

p,q−1∂
′′
p,q + ∂ ′′

p−1,q∂
′
p,q = 0. This set

of problems will assume thatEp,q = 0 if either p or q is sufficiently negative.

21. Let{Ep,q}be a double complex of abelian groups with boundary homomorphisms
as above, letEn = ⊕

p+q=n Ep,q, and define∂n : En → En−1 by ∂n

∣∣
Ep,q

=
∂ ′

p,q + ∂ ′′
p,q. Show that the maps∂n make the system{En} into a chain complex.

(Note: The indexing on the boundary maps has been changed by 1 from earlier in
the chapter in order to simplify the notation that occurs later in these problems.)
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22. LetCl be a good category of unital leftR modules, and letCr be a good category
of unital left Ro modules; the latter modules are to be regarded as unital right
R modules. LetC = {Cp}p≥−∞ andD = {Dq}q≥−∞ be chain complexes with
boundary mapsαp : Cp → Cp−1 in Cr andβq : Dq → Dq−1 in Cl . It is assumed
that Cp = 0 for p sufficiently negative and thatDq = 0 for q sufficiently
negative. DefineEp,q = Cp ⊗R Dq, ∂ ′

p,q = αp ⊗ 1, and∂ ′′
p,q = (−1)p(1 ⊗ βq).

Prove that{Ep,q} with these mappings is a double complex of abelian groups.
(Educational note: Therefore the previous problem creates a chain complex
{En} with boundary maps∂n : En → En−1 from this set of data. One writes
E = C ⊗R D for this chain complex and calls it thetensor product of the two
chain complexes.)

23. In the notation of the previous problem, suppose thatCp = 0 if p < 0 and
Dq = 0 if q < 0. Let Zp = kerαp and Zq = kerβq. Prove that ifc is in Zp

andd is in Zq, thenc ⊗ d is in the subgroup ker(∂ ′
p,q + ∂ ′′

p,q) of Ep,q and that as
a consequence, there is a canonical homomorphism ofH p(C) ⊗R Hq(D) into
H p+q(C ⊗R D).

24. Suppose that a double complexEpq of abelian groups hasEpq = 0 if p < −1 or
q < −1 or p = q = −1. Suppose further thatE·,q is exact for eachq ≥ 0 and
Ep,· is exact for eachp ≥ 0. Prove that ther th homology ofE−1,q asq varies
matches ther th homology ofEp,−1 as p varies. To do so, start from a cyclea
under∂ ′′ in E−1,k with k ≥ 0. It is mapped to 0 by∂ ′, hence has a preimagea′

under∂ ′ in E0,k. The element∂ ′′a′ in E0,k−1 is mapped to 0 by∂ ′, hence has a
preimagea′′ in E1,k−1. Continue in this way, and arrive at a cycle inEk,0. Then
sort out the details.

25. With notation as in Problem 22, letA be in Cr , and letB be in Cl . Let C =
(C+ → A) be a projective resolution ofA, and let D = (D+ → B) be a
projective resolution ofB. Form E = C ⊗R D as in Problem 22, and apply
Problem 24 to give a direct proof (without the machinery of Section 7) that one
gets the same result for TorR

n (A, B) by using a projective resolution in the first
variable as by using a projective resolution in the second variable.

Problems 26–31 concern theKünneth Theorem for homology and the Universal
Coefficient Theorem for homology. Both these results have applications to topology.
It will be assumed throughout thatR is a (commutative) principal ideal domain.

STATEMENT OF KÜNNETH THEOREM. LetC andD be chain complexes
over the principal ideal domainR, and assume that all modules in negative
degrees are 0 and thatC is flat. Then there is a natural short exact sequence

0 → ⊕
p+q=n

(
Hp(C)⊗R Hq(D)

) αn−→ Hn(C ⊗R D)

βn−1−→ ⊕
p+q=n−1

TorR
1 (Hp(C), Hq(D))→ 0.

Moreover, the exact sequence splits, but not naturally.
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The point of the theorem is to give circumstances under which the homology of
each of two chain complexesC andD determines the homology of the tensor product
E = C⊗R D, the tensor product complex being defined as in Problem 22. Problem 26
below shows that some further hypothesis is needed beyond the limitation onR. A
sufficient condition is that one ofC and D, say C, be flat in the sense that all
the modules in it satisfy the condition of flatness defined in Problems 17–20. The
problems in the set carry out some of the steps in proving the K¨unneth Theorem, and
then they derive the Universal Coefficient Theorem for homology as a consequence.
To keep the ideas in focus, the problems will suppress certain isomorphisms, writing
them as equalities.

26. WithR = Z, letC = D be the chain complex withC0 = Z/2Z and withCp = 0
for p �= 0. Let C′ be the chain complex withC′

0 = Z, with C′
1 = Z, and with

C′
p = 0 for p > 1 and for p < 0. Let the boundary map fromC′

1 to C′
0 be

×2. Compute the homology ofC, C′, D, C ⊗Z D, andC′ ⊗Z D, and justify the
conclusion that the homology of each of two chain complexes does not determine
the homology of their tensor product.

27. Let∂ ′ be the boundary map forC. Show how to set up an exact sequence

0 −→ Z
ι−→ C

∂ ′−→ B′ −→ 0

of complexes in which each module inZ is the submodule of cycles of the
corresponding module inC, ι is the inclusion,B is the complex of boundaries,
andB′ is B with its indices shifted by 1. Why does it follow from the fact that
C is flat thatZ, B, andB′ are flat?

28. Explain why

0 −→ Z ⊗R D
ι⊗1−→ C ⊗R D

∂ ′⊗1−→ B′ ⊗R D −→ 0

is exact even thoughD is not assumed to be flat.

29. The long exact sequence in homology corresponding to the short exact sequence
in the previous problem has segments of the form

Hn+1(B
′ ⊗R D)

ωn−−−→ Hn(Z ⊗R D)
ιn⊗1−−−→ Hn(C ⊗R D)

∂ ′
n⊗1−−−→ Hn(B

′ ⊗R D)
ωn−1−−−→ Hn−1(Z ⊗R D).

Let ∂ ′′ be the boundary map forD, and letZ, B, andB
′
be the counterparts for

D of the complexesZ, B, andB′ for C. Show that
(a) the boundary map inB′ ⊗R D may be regarded as 1⊗ ∂ ′′ because the

boundary map inB′ is 0.
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(b) ker(1 ⊗ ∂ ′′)n = (B′ ⊗R Z)n and image(1 ⊗ ∂ ′′)n+1 = (B′ ⊗R B)n because
B′ is flat.

(c) Hn(B′ ⊗R D) ∼= (B ⊗R H(D))n−1 becauseB′ is flat. (This isomorphism
will be treated as an equality below.)

(d) similarly Hn(Z⊗R D) ∼= (Z⊗R H(D))n. (This isomorphism will be treated
as an equality below.)

30. Form an exact sequence

0 −→ B −→ Z −→ H(C) −→ 0

of complexes, form the low-degree part of the long exact sequence corresponding
to applying the functor( · )⊗R H(D), namely

0 → TorR
1 (H(C), H(D))n → (B ⊗R H(D))n

→ (Z ⊗R H(D))n → (H(C)⊗R H(D))n → 0,

and rewrite it by (c) and (d) of Problem 29 as

0 → TorR
1 (H(C), H(D))n

β ′
n−→ Hn+1(B

′ ⊗R D)

ωn−1−→ Hn(Z ⊗R D)
α′

n−→ (H(C)⊗R H(D))n → 0.

(a) Why is the term TorR1 (Z, H(D)) in the long exact sequence equal to 0?
(b) In the 5-term exact sequence of Problem 29, rewrite the part of the sequence

centered at the map∂ ′
n ⊗ 1 in such a way that two exact sequences

ιn⊗1−−−→ Hn(C ⊗R D)
q−−−→ coker(ιn ⊗ 1) −−−→ 0

and

0 −−−→ kerωn−1
i−−−→ Hn(B

′ ⊗R D)
ωn−1−−−→ Hn−1(Z ⊗R D)

result. Why can the group kerωn−1 and the homomorphismi be taken to be
TorR

1 (H(C), H(D))n−1 andβ ′
n−1?

(c) Why in (b) can coker(ιn ⊗ 1) andq be taken to be TorR
1 (H(C), H(D))n−1

and some one-one homomorphismβn−1 such thatβ ′
n−1βn−1 = ∂ ′

n ⊗ 1?
(d) Arguing similarly with the mapιn ⊗ 1 in Problem 29, obtain a factorization

ιn ⊗ 1 = αnα
′
n in whichα′

n : (Z ⊗R H(D))n → (H(C)⊗R H(D))n is onto
andαn : (H(C)⊗R H(D))n → Hn(C ⊗R D) is one-one.
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(e) The mapsαn andβn−1 having now been defined in the sequence in the
statement of the K¨unneth Theorem, prove that the sequence is exact.

31. (Universal Coefficient Theorem) By specializingD in the statement of the
Künneth Formula to a chain complex that is a moduleM in dimension 0 and is 0
in all other dimensions, obtain the natural short exact sequence

0 −→ Hn(C)⊗R M −→ Hn(C ⊗R M) −→ TorR
1 (Hn−1(C),M) −→ 0,

valid wheneverR is a principal ideal domain andC is a chain complex whose
modules are all 0 in dimension< 0. (Educational note: The exact sequence
splits, but not naturally.)

Problems 32–35 concern abelian categories.

32. LetC be an abelian category. LetD be the category for which Obj(D) consists of
all chain complexes of objects and morphisms inC and for which Morph(X,Y)
for any two objectsX andY in D consists of all chain maps fromX to Y. Prove
thatD is an abelian category.

33. Consider the snake diagram in the category of all abelian groups consisting of the
four rightmost groups in the first row and the four leftmost groups in the second
row of the following commutative diagram:

0 −−−−→ Z
×8−−−−→ Z

1	→1mod8−−−−−→ Z/8Z −−−−→ 0⏐⏐+×4

⏐⏐+×2

⏐⏐+ 1mod8
	→2mod4

0 −−−−→ Z
×4−−−−→ Z

1	→1mod4−−−−−→ Z/4Z −−−−→ 0

Adjoin the 0’s to make the diagram become what is displayed. Following the
steps in the example of a diagram chase in Section 8, extend this diagram to the
auxiliary diagram that appears in that discussion, and show that(B0, k̃) for the
extended diagram is not a kernel ofβ.

34. For a general abelian categoryC and anyM in Obj(C ), verify that Hom( · ,M)
is a left exact contravariant functor fromC to CZ and Hom(M, · ) is a left exact
covariant functor fromC to CZ.

35. Proposition 4.19 shows for any good categoryC of unital left R modules that a
moduleP in C is projective forC if and only if Hom(P, · ) is an exact functor,
if and only if every short exact sequence 0→ X → Y → P → 0 splits.
Rewrite this proof in such a way that it applies to arbitrary abelian categories
C. For the step in the argument that the splitting of every short exact sequence
0 → X → Y → P → 0 implies thatP is projective, use the notion of pullback
that is developed in Section 8.



CHAPTER V

Three Theorems in Algebraic Number Theory

Abstract. This chapter establishes some essential foundational results in the subject of algebraic
number theory beyond what was already inBasic Algebra.

Section 1 puts matters in perspective by examining what was proved in Chapter I for quadratic
number fields and picking out questions that need to be addressed before one can hope to develop a
comparable theory for number fields of degree greater than 2.

Sections 2–4 concern the field discriminant of a number field. Section 2 contains the definition of
discriminant, as well as some formulas and examples. The main result of Section 3 is the Dedekind
Discriminant Theorem. This concerns how prime ideals(p) in Z split when extended to the ideal
(p)R in the ring of integersR of a number field. The theorem says that ramification, i.e, the
occurrence of some prime ideal factor inR to a power greater than 1, occurs if and only ifp divides
the field discriminant. The theorem is proved only in a very useful special case, the general case
being deferred to Chapter VI. The useful special case is obtained as a consequence of Kummer’s
criterion, which relates the factorization modulop of irreducible monic polynomials inZ[X] to the
question of the splitting of the ideal(p)R. Section 4 gives a number of examples of the theory for
number fields of degree 3.

Section 5 establishes the Dirichlet Unit Theorem, which describes the group of units in the ring
of algebraic integers in a number field. The torsion subgroup is the subgroup of roots of unity, and
it is finite. The quotient of the group of units by the torsion subgroup is a free abelian group of a
certain finite rank. The proof is an application of the Minkowski Lattice-Point Theorem.

Section 6 concerns class numbers of algebraic number fields. Two nonzero idealsI andJ in the
ring of algebraic integers of a number field are equivalent if there are nonzero principal ideals(a)
and(b)with (a)I = (b)J. It is relatively easy to prove that the set of equivalence classes has a group
structure and that the order of this group, which is called the class number, is finite. The class number
is 1 if and only if the ring is a principal ideal domain. One wants to be able to compute class numbers,
and this easy proof of finiteness of class numbers is not helpful toward this end. Instead, one applies
the Minkowski Lattice-Point Theorem a second time, obtaining a second proof of finiteness, one that
has a sharp estimate for a finite set of ideals that need to be tested for equivalence. Some examples
are provided. A by-product of the sharp estimate is Minkowski’s theorem that the field discriminant
of any number field other thanQ is greater than 1. In combination with the Dedekind Discriminant
Theorem, this result shows that there always exist ramified primes overQ.

1. Setting

It is worth stepping back from the results of Chapter I to put matters into perspec-
tive. Chapter I studied three problems, all of which could be stated in terms of

262
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elementary number theory. These were the questions of solvability of quadratic
congruences, of representability of integers or rational numbers by primitive
binary quadratic forms, and of the infinitude of primes in arithmetic progressions.

We had started from the more general problem of studying Diophantine equa-
tions, beginning with the observation that solvability in integers implies solvabil-
ity modulo each prime.1 Linear congruences being no problem, we began with
quadratic congruences and were led to quadratic reciprocity. Then we sought
to apply quadratic reciprocity to address representability of integers or rational
numbers by binary quadratic forms. The reasons for studying the infinitude of
primes in arithmetic progressions were more subtle; what we saw was that at
various stages in dealing with binary quadratic forms, this question of infinitude
kept arising, along with techniques that might be helpful in addressing it.

Work on at least the first two of the problems was helped to some extent by the
use of algebraic integers, and we shall see momentarily that algebraic integers
illuminate work on the third problem as well. In any event, it is apparent where
to look for a natural generalization. We are to study higher-degree congruences,
perhaps in more than one variable, and we are to use algebraic extensions of the
rationals of degree greater than 2 to help in the study.

The situation studied in Section IX.17 ofBasic Algebrawill be general enough
for now. Thus letF(X)be a monic irreducible polynomial inZ[X]. Section IX.17
began to look at the question of howF(X) reduces modulo each primep. We
begin by reviewing the case of degree 2, the main results in this case having been
obtained in Chapter I in the present volume. For the polynomialF(X) = X2−m
with m ∈ Z, the assumed irreducibility means thatm is not the square of an
integer. For fixedm and most primesp, eitherF(X) remains irreducible modulo
p or F(X) splits as the product of two distinct linear factors. The exceptional
primes have the property thatF(X) modulo p is the square of a linear factor;
these are the prime divisors ofm and sometimes the prime 2. In short, they occur
among the prime divisors of the discriminant 4m of F(X). In terms of quadratic
residues, the irreducibility ofF(X) modulo p means thatm is not a quadratic
residue modulop, and the splitting into two distinct linear factors means that it
is. The odd primes for whichF(X)modulop is the square of a linear factor are
the odd primes that dividem. Modulo 2, every integer is a square, and reduction
modulo 2 was not helpful.

The number theory of quadratic number fields sheds additional light on this
factorization. The relevant field is of courseQ(

√
m ); this is a nontrivial extension

of Q, sincem is not square. In working with this field in Chapter I, we imposed
the additional condition thatm be square free. Promising a general definition for

1Solvability modulo each prime power is also of interest but played a role in Chapter I only for
powers of 2.
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later, we defined thefield discriminant of Q(
√

m ) in that chapter to be

D =
{

4m if m ≡ 2 mod 4 orm ≡ 3 mod 4,

m if m ≡ 1 mod 4.

Problems 20–24 in Chapter I implicitly related the splitting ofF(X) modulo p
to the factorization of ideals. LetR be the ring of algebraic integers inQ(

√
m ).

If p is an odd prime, those problems observed that(p)R is a prime ideal inR if
D is a nonsquare modulop, is the product of two distinct prime ideals ifD is a
square modulop but is not divisible byp, and is the square of a prime ideal ifD
is divisible by p. The factorization of(2)R was more subtle and was addressed
in Problem 21.

In any event, the pattern of reducibility modulop of X2 − m, at least when
the primep is odd, mirrors the pattern of factorization of the ideal generated
by p in the ring of algebraic integers in the number fieldQ(

√
m ). The role

of quadratic reciprocity was to explain this pattern. Problem 1 at the end of
Chapter I showed that one qualitative consequence of quadratic reciprocity is that
the odd primesp for which X2 − m remains irreducible are the ones in certain
arithmetic progressions, and similarly for the odd primes not dividingp for which
a factorization into two linear factors occurs.

One objective of a generalization is to produce a corresponding theory for an
arbitrary monic irreducible polynomialF(X) in Z[X], say of degreen. LetK be
the extension ofQ generated by a root ofF(X), and letR be the ring of algebraic
integers inK. Theorem 9.60 ofBasic Algebrashows for each prime numberp
that the decomposition of the ideal(p)R in R as a product of powers of distinct
prime ideals takes the form(p)R = ∏g

i=1 Pei
i with fi = [R/Pi : Z/(p)] and∑g

i =1 ei fi = n. Meanwhile,F(X) factors modulop as a product of powers of
irreducible polynomials modulop. Sections 2–3 will describe a theory begun
by Kummer and Dedekind for how the factorization of the ideal(p)R and the
factorization of the polynomialF(X)modulopare related. One introduces a field
discriminant forK that is closely related to the discriminant of the polynomial
F(X), and a key result, the Dedekind Discriminant Theorem, says that someei

is > 1 if and only if p divides the field discriminant. The primesp for which
someei is greater than 1 are said toramify in the extension fieldK. These primes
are not as well behaved as the others, and one’s first inclination might be to try
to ignore them. However, Problems 25–40 at the end of Chapter I show that the
ramified primes encode a great deal of information; in particular, they explain the
theory of genera and the relationship between exact representability of rational
numbers and representability of integers modulo the field discriminant.

Generalizations of quadratic reciprocity lie much deeper and are central results
of the subject of class field theory, a subject that is beyond the scope of the present
book. Suffice it to say that class field theory in its established form seeks to
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parametrize all finite Galois extensions of any number field having abelian Galois
group; the parametrization is to refer only to data within the given number field.
The reciprocity theorem in this setting goes under the name “Artin reciprocity,”
which includes quadratic reciprocity as a very special case. Class field theory
for nonabelian finite Galois extensions is at present largely conjectural, and the
conjectural reciprocity statement goes under the name “Langlands reciprocity.”

Beginning in Section I.6, we translated some of the theory of binary quadratic
forms into facts about quadratic number fields. One tool we needed was a de-
scription of the units in the ring of algebraic integers within the quadratic number
field. It is to be expected that a similar description for an arbitrary number field
will play a foundational role in number theory beyond the quadratic case. The
description in question is captured in the Dirichlet Unit Theorem, which appears
as Theorem 5.13 in Section 5.

The translation of the notion of proper equivalence class of binary quadratic
forms into the language of quadratic field extensions led to a notion of strict
equivalence of ideals, as well as a notion of ordinary equivalence. Because there
are only finitely many proper equivalence classes of forms, there could be only
finitely many strict equivalence classes of ideals, and this set of classes of ideals
acquired the structure of a finite abelian group. Dirichlet studied the order of this
group, which figures into formulas for the value of certain DirichletL functions
L(s, χ) at s = 1. The ideal class group for ordinary equivalence is a quotient of
this group by a subgroup of order at most 2.

Although we shall not be concerned with representability of integers by forms
of degree greater than 2, the ideal class group and its order (the “class number”
of the field) are of interest for general number fields when defined in terms of
ordinary equivalence, not strict equivalence. Section 6 is devoted to proving that
the class number is finite for any number field and to developing some tools
for computing class numbers. Class number 1 is equivalent to having the ring
of algebraic integers in question be a principal ideal domain. Apart from the
appearance of class numbers in various limit formulas, here is one other indicator
of the importance of the ideal class group: It is possible to extend the above theory
of ramification in such a way that it applies to any extensionK/F of number fields,
not just to finite extensions ofQ. Hilbert proved that for anyF, there is a finite
Galois extensionK/F with abelian Galois group that is small enough for the
extension to be unramified at every prime ideal ofF and that is large enough for
any unramified abelian extension ofF to lie in K. Artin reciprocity can be used
to show that Gal(K/F) is isomorphic to the ideal class group2 of F and thus gives
some control over the nature ofK. In particular,K = F if and only if every
ideal in the ring of integers ofF is principal. WhenF is quadratic overQ, the

2The fieldK is called theHilbert class field of F. The name “class field” is meant to be a
reminder of this isomorphism.
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field K can be used to give more definitive results than in Chapter I concerning
representability of integers by binary quadratic forms.

2. Discriminant

Let us recall some material about Dedekind domains from Chapters VIII and IX
of Basic Algebra. A Dedekind domain is a Noetherian integral domain that is
integrally closed and has the property that every nonzero prime ideal is maximal.
Any principal ideal domain is an example. Any Dedekind domain has unique
factorization for its ideals. Theorem 8.54 of the book gave a construction for
extending certain Dedekind domains to larger Dedekind domains: ifD is a
Dedekind domain with field of fractionsF and ifK is a finite separable extension
of F, then the integral closure ofD in K is a Dedekind domainR. The hard
step in the proof, which was not carried out until Section IX.15, was to deduce
from the separability thatR is finitely generated overD. The role of separability
was to force the bilinear form(a, b) 	→ TrK/F(ab) to be nondegenerate, and this
nondegeneracy in turn implied the desired result about finite generation.

In this section we introduce a tool that captures this last implication in quan-
titative fashion—that nondegeneracy of the trace form implies that the extended
domain is finitely generated over the given domain. In a full-fledged treatment of
algebraic number theory, one might well want to work in this full generality,3 but
we need less for our purposes: Throughout this section we assume that the given
Dedekind domain is the ringZ of integers, thatK is a number field, and thatR is
the integral closure ofZ in K, i.e., R is the ring of algebraic integers withinK.
Let n = [K : Q] be the degree of the field extension. SinceC is algebraically
closed, we can regardK as a subfield ofC.

The separability ofK/Q in combination with the fact thatC is algebraically
closed implies that there exist exactlyn distinct field mapsσ1, . . . , σn of K into
C; one of them is the identity. Recall howσ1, . . . , σn can be constructed: ifξ is a
primitive element forK/Q, if F(X) is the minimal polynomial ofξ overQ, and
if ξ1 = ξ, ξ2, . . . , ξn are then distinct roots ofF(X) in C, thenσj can be defined
byσj

(∑n−1
i =0 ci ξ

i
) = ∑n−1

i =0 ci ξ
i
j on anyQ linear combination of powers ofξ . For

anyη = ∑n−1
i =0 ci ξ

i in K, primitive or not, then elementsσi (η) of C are called
theconjugatesof η relative toK. They are the roots of the field polynomial ofη
overK, and each occurs with multiplicity [K : Q(η)].4

3For example this full level of generality would be appropriate if one planned ultimately to study
class field theory.

4The field polynomial of an element ofK is the characteristic polynomial of left multiplication
on K by the element. This notion is discussed in Section IX.15 ofBasic Algebra.
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Let � = (v1, . . . , vn) be an ordered basis ofK over Q. The symmetric
bilinear form(u, v) 	→ TrK/Q(uv) determines ann-by-n symmetric matrixBi j =
TrK/Q(vi vj ), and we can recover the form from the matrixB by the formula
TrK/Q(uv) = at Bb if a = ( u

�

)
andb = ( v

�

)
are the column vectors ofu andv in

the ordered basis�, i.e., ifu = ∑n
i =1 ai vi andv = ∑n

j =1 bj vj . From Section VI.1
of Basic Algebra, we know that the bilinear form determines a canonicalQ linear
mapL from K to its vector space dual by the formulaL(u)(v) = TrK/Q(uv) and
that the nondegeneracy of the form5 implies that this linear map is one-one onto.
Moreover, the matrix ofL with respect to� and the dual basis of� is B. Thus
the nondegeneracy implies that the matrixB is nonsingular. Thediscriminant
D(�) of the ordered basis� is given by

D(�) = detB, whereB is the matrix of(u, v) 	→ TrL/K (uv) in the basis�.

Because of the nonsingularity ofB, this is a nonzero member ofQ.
Proposition 6.1 ofBasic Algebrashows the effect on the matrixB of changing

the basis. Specifically let� = (w1, . . . , wn) be a second ordered basis, and letC
be the matrix of the form in this basis, namelyCi j = TrK/Q(wiwj ). Let the two

bases be related bywj = ∑n
i=1 ai j vi , i.e., let [ai j ] =

(
I
��

)
. Then the proposition

gives

C =
(

I
��

)t
B
(

I
��

)
.

Taking determinants and using the fact that a matrix and its transpose have the
same determinant, we obtain

D(�) = D(�)
(
det
(

I
��

))2
.

One consequence of this formula is that the sign ofD(�) is independent of�.
Another is that the value ofD(�) does not depend on the ordering of then
members of�; it depends only on� as an unordered set.

Now suppose that the members of the ordered basis� are in the subringR
of algebraic integers withinK. Bases ofK overQ consisting of members ofR
always exist, since we can always multiply the members of a basis ofK overQ by
a suitable integer to get them to be inR. In this case the entriesBi j = TrK/Q(vi vj )

of the matrix of the bilinear form are inZ, andD(�) is therefore a nonzero member
of Z.

Thefield discriminant , or absolute discriminant, of K, denoted byDK, is
the value ofD(�) that minimizes|D(�)| for all bases ofK consisting of members

5The nondegeneracy of the trace form for a number field is a transparent result, not requiring
anything deep from Section IX.15 ofBasic Algebra, since anyu �= 0 in K has TrK/Q(uu−1) =
TrK/Q(1) = n �= 0.
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of R. This is a nonzero integer. The sign ofDK is well defined, since all values
of D(�) have the same sign.6

Fix an ordered basis� = (v1, . . . , vn) of K, and consider the abelian group
consisting of theZ spanZ(�) of the members of�. This is evidently a free
abelian group of rankn. If an ordered basis� = (w1, . . . , wn) has the property
thatZ(�) ⊆ Z(�), then the theory in Section IV.9 ofBasic Algebrathat leads
to the Fundamental Theorem of Finitely Generated Abelian Groups shows that if
we write formally ( w1

...
wn

)
= C

( v1

...
vn

)
,

then there existn-by-n integer matricesM1 andM2 of determinant±1 such that
D = M1C M2 is diagonal, and moreover the order ofZ(�)/Z(�) is | detD| =
| detC|. Examining the definition ofC, we see thatC =

(
I
��

)t
. Consequently

we obtain
|Z(�)/Z(�)| = ∣∣det

(
I
��

) ∣∣,
a formula we shall use repeatedly in this chapter without specific reference.

Proposition 5.1. If � is a basis ofK over Q whose members all lie inR,
then|R/Z(�)|2 = D(�)/DK. In particular,� is aZ basis ofR if and only if
D(�) = DK.

REMARKS. We already know fromBasic Algebrathat R is a free abelian
group of rankn. The second conclusion of this proposition, in combination with
the transparent observation that the trace form is nonsingular for a number field,
gives a more direct proof of this fact. Introductory treatments of algebraic number
theory sometimes give this more direct proof, whose details are spelled out in the
second paragraph below.

PROOF. Let� and� be two bases ofK overQ whose members all lie inR,
and suppose thatZ(�) ⊆ Z(�). Then the above discussion shows that

|D(�)| = |D(�)|
(
det
(

I
��

))2

and that ∣∣Z(�)/Z(�)∣∣2 =
(
det
(

I
��

))2
.

SinceD(�) andD(�) are nonzero and have the same sign, we obtain

D(�)/D(�) = ∣∣Z(�)/Z(�)∣∣2. (∗)

6As was observed above, anyD(�) is the product ofD(�) and the square of a rational number.
HenceD(�) andD(�) have the same sign.
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To prove the proposition, we prove the “if” part of the second conclusion
first—without using the known fact thatR is free abelian. Choose� such that
D(�) = DK and such that� has all its members inR. Arguing by contradiction,
suppose that� fails to be aZ basis ofR. Let r be an element ofR not inZ(�).
Then theZ span ofZ(�)∪ {r } is a finitely generated additive subgroup ofK and
must be free abelian of rank≥ n. Being a subgroup of the additive group ofK,
it cannot have rank greater thann and hence has rank exactlyn. Let � be an
orderedZ basis of this subgroup. SinceZ(�) � Z(�), the right side of(∗) is
> 1, and thusDK > D(�). But this is a contradiction because the members of
� lie in R, and hence� is aZ basis ofR. In particular, aZ basis ofR exists.

To prove the rest of the proposition, take� in (∗) to be aZ basis of R,
and let� = � be any given basis ofK over Q that lies inR. Then(∗) gives
|R/Z(�)|2 = D(�)/D(�). Since|R/Z(�)| cannot be less than 1,|D(�)| cannot
be less than|D(�)|. Thus DK = D(�), and |R/Z(�)|2 = D(�)/DK. This
proves the first conclusion of the proposition, and the “only if” part of the second
conclusion is immediate. �

EXAMPLE. Field discriminant of a quadratic number field. LetK = Q(
√

m ),
wherem is a square-free integer other than 1. From Section I.6 aZ ordered basis
� of R is given by

� =
{ {1, √

m } if m ≡ 2 or 3 mod 4,

{1, 1
2(

√
m − 1)} if m ≡ 1 mod 4.

Proposition 5.1 allows us to computeDK from this information. The matrix whose

determinant isDK in the two cases is
(

2 0
0 2m

)
and

(
2 −1

−1 1
2 (m+1)

)
, respectively, and

thus

DK =
{

4m if m ≡ 2 or 3 mod 4,

m if m ≡ 1 mod 4.

This is the formula that we took as a definition of field discriminant in Section
I.6.

For a general number fieldK of degreen overQ, there is no easy way to obtain
aZ basis ofR. Instead, one tries to computeDK and find such a basis at the same
time by successive refinements.

The first step is to use the special kind ofQ basis ofK whose existence is
guaranteed by the Theorem of the Primitive Element. Specifically one can write
K = Q(ξ) for someξ in K, sinceK/Q is a separable extension. Possibly after
multiplying ξ by a suitably large integer, we may assume thatξ is in R. Then
�(ξ) = {1, ξ, ξ2, . . . , ξn−1} is a Q basis ofK lying in R. We normally write
D(ξ) instead ofD(�(ξ)) for the discriminant of�(ξ). Write ξi = σi (ξ) for the
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i th conjugate ofξ . Let B = [Bi j ] be the matrix whose determinant isD(ξ). Since
the trace of an element is the sum of its conjugates,Bi j is given by

Bi j = TrK/Q(ξ i −1ξ j −1) =
n∑

k=1
σk(ξ

i −1ξ j −1) =
n∑

k=1
ξ i−1

k ξ
j −1

k ,

and this is of the form
∑n

k=1 VikVt
jk , whereVik = ξ i −1

k is an entry of a Vander-
monde matrix. Therefore

D(ξ) = detB = (detV)2 = ( ∏
i< j
(ξj − ξi )

)2 = ∏
i< j
(ξj − ξi )2,

which coincides with the discriminant of the field polynomial ofξ overQ.

EXAMPLES OF D(ξ).

(1) K = Q(ξ), whereξ5 − ξ − 1 = 0. This field was studied in Example 1 of
Section IX.17 ofBasic Algebra. The discriminant of the polynomialX5 − X − 1
is 2869= 19 · 151, and thusD(ξ) = 2869. Proposition 5.1 shows thatD(ξ) =
DKk2 for some nonzero integerk. Since 2869 is square free, we conclude that
DK = 2869.

(2) K = Q( 3
√

2). The minimal polynomial ofξ = 3
√

2 is X3 − 2, and its roots
areξ , ξω, andξω2, whereω = e2π i /3. Then

D(ξ) = (ξ − ξω)2(ξ − ξω2)2(ξω − ξω2)2 = ξ6(1 − ω)2(1 − ω2)2(ω − ω2)2,

and this simplifies toD(ξ) = −2233. This quantity is the product ofDK by the
square of an integer. ThusDK is one of−3, −12,−27, and−108.

What happens with Example 2 is typical: a second step is needed to decide
among finitely many possibilities forDK. In the general case an induction is
involved, and Proposition 5.2 below says what is to be done at each step. At the
end of this section, we shall return to Example 2 and use the proposition to see
that DK = −108 is the correct choice.

Before stating Proposition 5.2, let us interpolate a generalization of the compu-
tation ofD(ξ) that preceded the above examples. Suppose that� = (α1, . . . , αn)

is any orderedQ basis ofK lying in R. Let B = [Bi j ] be the matrix whose
determinant is the discriminant of�. Then we have

Bi j = TrK/Q(αiαj ) =
n∑

k=1
σk(αiαj ) =

n∑
k=1
σk(αi )σk(αj ) =

n∑
k=1

Aik(At )k j ,

whereA = [ Ai j ] is the matrix withAi j = σj (αi ), and it follows that

D(�) = (
det[σj (αi )]

)2
.

This formula can be useful for computingD(�) when the conjugates of theαi

are readily available.
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Proposition 5.2. Let � = (v1, . . . , vn) be an orderedQ basis ofK lying in
R. If the Z spanZ(�) of � is a proper subgroup ofR, then there exists a prime
numberp such thatp2 dividesD(�) and such that some member

v′
k = p−1(c1v1 + c2v2 + · · · + ck−1vk−1 + vk)

of K lies in R with 1 ≤ k ≤ n and 0≤ cj ≤ p − 1 for j ≤ k − 1. If such
an elementv′

k is found, then� = (v1, . . . , vk−1, v
′
k, vk+1, . . . , vn) hasZ(�)

properly containingZ(�) with D(�) = p−2D(�).

REMARKS. A finite computation is involved in findingp andk. On the one
hand, for givenp, at most 1+ p+ p2+· · ·+ pn−1 elements have to be checked for
integrality. On the other hand, we in principle have to find the field polynomial
of a certain element ofK in each case and decide whether the coefficients are
integers, and this computation may be lengthy. See Problem 2 at the end of the
chapter for an easy example, Problem 16 for a harder example, and Problem 4b
for a related computation.

PROOF. LetZ(�) be a proper subgroup ofR, and putm = |R/Z(�)|. Choose
a Z basis(w1, . . . , wn) of R, and writevi = ∑n

j =1 ci jwj with all ci j ∈ Z. We
know that| det[ci j ]| = m, and we letp be any prime divisor ofm. Reducing the
ci j modulo p, we see that the matrix [ci j ] is singular modulop, and thus there
exist integersa1, . . . ,an not all divisible byp such that

n∑
i =1

ai ci j ≡ 0 mod p for 1 ≤ j ≤ n.

Find k with 1 ≤ k ≤ n for which p divides all ofak+1, . . . ,an but notak, and
write

∑n
i =1 ai ci j = plj for integersl j . Then

k∑
i=1

ai vi =
n∑

j =1

k∑
i =1

ai ci jwj =
n∑

j =1

(
plj −

n∑
i=k+1

ai ci j
)
wj ,

and the integer in parentheses on the right side is a multiple ofp. Therefore
r = ∑k

i=1 ai vi is exhibited asps for somes ∈ R. Choosea′ anddk in Z with
a′ak − dk p = 1, and chooseci anddi in Z for eachi with i ≤ k − 1 such that
0 ≤ ci ≤ p − 1 anda′ai − pdi = ci . Then the computation

pa′s=a′r =
k∑

i=1
a′ai vi =

k−1∑
i =1
(ci + pdi )vi +(1+ pdk)vk =

k−1∑
i =1

ci vi +vk+ p
k∑

i =1
di vi

shows thatp−1
(∑k−1

i=1 ci vi + vk
) = a′s −∑k

i =1 di vi lies in R. �
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Proposition 5.1 shows that any primitive elementξ of K that lies in R has
the property thatD(ξ)/DK is the square of a nonzero integer, and we write this
quotient asJ(ξ)2 with J(ξ) > 0. One might hope that although some particular
choice ofξ fails to haveJ(ξ) = 1, some other choice may be found for which
equality holds. We shall see in Section 4 that for a class of integersm, Q( 3

√
m )

has such an elementξ if and only if a certain nontrivial Diophantine equation in
two variables has a solution. Both cases arise: form = 2, such aξ exists, while
for m = 175, no suchξ exists.

But matters can be worse than this for a generalK. The quotientJ(ξ)2 =
D(ξ)/DK for a primitive elementξ of K lying in R is sometimes called the
index of ξ . One might hope at least that each prime not dividingDK fails to
divide the indexJ(ξ)2 for someξ . However, Dedekind showed that there exist
number fieldsK and primesp that arecommon index divisors7 in the sense that
p divides J(ξ) for every primitive elementξ of K lying in R. Specifically he
showed thatp = 2 is such a prime whenK is obtained by adjoining toQ a root
of X3 + X2 − 2X + 8; hereDK = −503. We shall study this example further in
Section 4.

Let us now specialize our considerations from general additive subgroups of
the formZ(�) to those that are ideals inR.

Proposition 5.3. If I is a nonzero ideal inR, then

(a) I contains a positivek in Z and
(b) I additively is of the formI = Z(�) for someQ basis� of K whose

members lie inR.

ConsequentlyR/I is a finite ring and satisfies|R/I |2 = D(�)/DK.

PROOF. Letr be a nonzero member ofI , and letP(X)be the field polynomial of
r . ThenP(X) is of the formP(X) = Xn+an−1Xn−1+· · ·+a1X+(−1)nNK/Q(r ),
has integers for coefficients, and hasr as one of its roots. Consequently the
formula

(−1)n+1NK/Q(r ) = r (r n−1 + an−1r
n−2 + · · · + a1)

shows that the nonzero integerNK/Q(r ) is the product ofr by a member ofR and
hence lies inI . This proves (a) withk = |NK/Q(r )|.

The idealI additively is a subgroup ofR and is thus free abelian of rank at
mostn. By (a), the integerk = |NK/Q(r )| has the property thatk R ⊆ I ⊆ R.
SinceR/k Rhaskn elements,R/I is finite. ThereforeI has rankn as an additive
group and must be of the asserted formZ(�). This proves (b). The formula
|R/I |2 = D(�)/DK is immediate from Proposition 5.1. �

7Terminology varies for this notion. Such primesp are more usually calledcommon inessential
discriminant divisors or essential discriminant divisors. The very fact that these two more usual
names appear to contradict each other is sufficient reason to avoid using either name.
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Theabsolute norm N(I ) of a nonzero idealI of R is defined to beN(I ) =
|R/I |. This is necessarily a positive integer by Proposition 5.3. To be able to
work with this notion, we shall make use of the unique factorization of ideals of
R as given in Theorem 8.55 ofBasic Algebra. That theorem says that such an
ideal I has a factorization of the form

∏l
j =1 P

ej

j , where thePj are distinct prime
ideals ofR, and that this factorization is unique except for the order of the factors.

Proposition 5.4.The absolute norms of nonzero ideals ofRhave the following
properties:

(a) N(R) = 1.
(b) If I ⊆ J are nonzero ideals inR, thenN(J) dividesN(I ), andI = J if

and only if N(J) = N(I ).
(c) If I andJ are nonzero ideals inR, thenN(I J ) = N(I )N(J).
(d) If (α) is a nonzero principal ideal inR, thenN((α)) = |NK/Q(α)|.

PROOF. Conclusion (a) is immediate, and so is most of (b). IfI ⊆ J and
N(J) = N(I ), then the First Isomorphism Theorem for abelian groups yields
(R/I )

/
(J/I ) ∼= R/J, and it follows thatN(I )

/|J/I | = N(J). SinceN(I ) and
N(J) are finite,N(I ) = N(J) if and only if |J/I | = 1, i.e., if and only ifI = J.

For (c), we begin with the special case thatI and J are powers of a nonzero
prime idealP. Inductively it is enough to show thatN(Pk) = N(P)N(Pk−1)

for k ≥ 1. Since(R/Pk)
/
(Pk−1/Pk) ∼= R/Pk−1 as abelian groups, it is enough

to show that
|Pk−1/Pk| = |R/P|. (∗)

The ringRoperates on the idealPk−1, carryingPk into itself, andP carriesPk−1

into Pk. Thus Pk−1/Pk is a unital module for the ringR/P, which is a field
becauseP is maximal. HencePk−1/Pk is a vector space overR/P. Corollary
8.60 ofBasic Algebrashows that this vector space is 1-dimensional, and then(∗)
is immediate.

For the general case in (c), Corollary 8.63 ofBasic Algebrashows that if
I = ∏l

j =1 P
ej

j is the unique factorization of the nonzero idealI as the product

of positive powers of distinct prime idealsPj , thenR/I ∼= ∏l
j =1 R/P

ej

j . Hence

N(I ) = ∏l
j =1 N(P

ej

j ). Because of the special case that is already proved,N(I ) =∏l
j =1 N(Pj )

ej . Then (c) follows in the general case.
For (d), if � = (u1, . . . ,un) is an orderedZ basis of R, then the tuple

α� = (αu1, . . . , αun) is an orderedZ basis of(α), and we know thatN((α)) =
|R/(α)| = |Z(�)/Z(α�)| =

∣∣∣det
(

I
�,α�

) ∣∣∣. But
(

I
�,α�

)
is just the matrix of the

Q linear map left-by-α in theQ basis�, and the determinant of this linear map
is NK/Q(α) by definition of the norm of an element. �



274 V. Three Theorems in Algebraic Number Theory

EXAMPLE 2 OF D(ξ), CONTINUED. For K = Q( 3
√

2), we have seen that
the discriminant of theK basis�( 3

√
2) is D( 3

√
2) = −3322. We are going

to show that(1, 3
√

2, 3
√

4) is a Z basis ofR, and then it follows that the field
discriminant ofK is DK = −3322. We apply Proposition 5.2. The only primes
that need testing in that proposition are the ones dividingD( 3

√
2), and thus

we considerp = 2 and p = 3. We want to see that no expressionp−1(1)
or p−1(c1 + 3

√
2) or p−1(c1 + c2

3
√

2 + 3
√

4) is an algebraic integer for some
coefficientsc0 andc1 between 0 andp − 1. We can discardp−1(1) because the
only rational numbers that are algebraic integers are the members ofZ. If the
field polynomial overQ of someξ in K is X3 + a2X2 + a1X + a0, then the
field polynomial ofp−1ξ is X3 + p−1a2X2 + p−2a1X + p−3a0. So the question
of integrality is one of divisibility of the coefficients of the field polynomials of
certain algebraic integersξ by suitable powers ofp. These coefficients, up to sign,
are the values of the elementary symmetric polynomials on the three conjugates
of ξ .

In the case at hand, only the coefficienta0 is needed. That is, it is enough to
see that the norm ofξ is never divisible by 8 or 27 forξ equal toc1 + 3

√
2 or

c1 + c2
3
√

2 + 3
√

4 as above. Let us writeξ = c1 + c2θ + c3θ
2 with θ = 3

√
2 and

with c1, c2, c3 in Z. Thena0 = −NK/Q(ξ), and the norm is the product of the
three conjugates ofξ . If ω = e2π i /3, we compute that

NK/Q(ξ) = (c1 + c2θ + c3θ
2)(c1 + c2θω + c3θ

2ω2)(c1 + c2θω
2 + c3θ

2ω)

= (c3
1 + 2c3

2 + 4c3
3)+ 2c1c2c3(2ω + 3ω2 + ω4)

= (c3
1 + 2c3

2 + 4c3
3)− 6c1c2c3.

For p = 2, we consider this expression whenc1, c2, c3 are chosen from{0,1}.
To get divisibility by 8, we check this expression modulo 8. Eachc3

i is ci for
ci ∈ {0, 1}. Looking at the expression modulo 2, we see thatc1 must be even,
i.e., c1 = 0. Then 8 must divide 2c3

2 + 4c3
3, and we obtainc2 = c3 = 0, in

contradiction to the formulas for theξ ’s under consideration.
For p = 3, it is enough to consider this expression whenc1, c2, c3 are chosen

from {−1,0,+1}. Since eachci has |ci | ≤ 1, we see that|NK/Q(ξ)| ≤ 13,
and divisibility by 27 can occur only ifNK/Q(ξ) = 0, which we know entails
ξ = 0. Thus noξ meets the test of Proposition 5.2, and the conclusion is that
(1, 2

√
3, 3

√
4) is aZ basis ofR in Q( 3

√
2).

3. Dedekind Discriminant Theorem

The field discriminant plays a role in determining how a prime ideal(p) in Z,
p being a prime number, splits when one extends(p) to an ideal(p)R in the
ring R of algebraic integers in a number fieldK of degreen over Q. In this
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situation, recall from Theorem 9.60 ofBasic Algebrathat the prime factorization
of the ideal(p)R in R is of the form(p)R = ∏g

i =1 Pei
i with

∑g
i=1 ei fi = n; here

n = [K : Q], the Pi are distinct, andfi = dimFp(R/Pi ). The integersei are
calledramification indices, and the integersfi are calledresidue class degrees.
The extensionK/Q is said to beramified at p, and the primep of Z is said to
ramify in K, if someei is> 1 in this decomposition.8

Theorem 5.5(Dedekind Discriminant Theorem). The primep of Z ramifies
in a number fieldK if and only if p divides the field discriminantDK of K.

In this chapter we shall prove this theorem only in a useful special case, namely
in the case thatp is not a common index divisor. Only finitely many primes can
divide the indexJ(ξ) = (D(ξ)/DK)

1/2 for a single primitive elementξ of K lying
in R, and thus there are only finitely many common index divisors.9 Consequently
the special case that we are proving implies that only finitely many primes ofZ
ramify in K.

The difficulty in proving Theorem 5.5 in full generality is that we lack sufficient
tools for addressing questions by localization. At the end of this section, we shall
make some comments about how one can proceed with further tools.

As we shall see later in this section, Theorem 5.5 for primes that are not
common index divisors is an easy consequence of the following theorem.

Theorem 5.6(Kummer’s criterion). LetK be a number field, and letR be its
ring of algebraic integers. Suppose thatF(X) is a monic irreducible polynomial
in Z[X], that ξ is a root ofF(X) in C, and thatp is a prime number that does
not divide the integerJ(ξ) such thatJ(ξ)2 = D(ξ)/DK. Write F(X) for the
reduction ofF(X) modulo p, let

F(X) = F1(X)
e1 · · · Fg(X)

eg

be the unique factorization ofF(X) in Fp[X] into a product of powers of distinct
irreducible monic polynomials, and letfi = deg(Fi ). For eachi with 1 ≤ i ≤ g,
select a monic polynomialFi (X) in Z[X] whose reduction modulop is Fi (X),
and letPi be the ideal inR defined by

Pi = pR+ Fi (ξ)R.

Then thePi ’s are distinct prime ideals ofR with dimFp(R/Pi ) = fi , and the
unique factorization of(p)R into prime ideals is

(p)R = Pe1
1 · · · P

eg
g .

8More generally “relative discriminants,” which we have not defined, play a role in the splitting
of prime ideals in passing from a general number field to a finite extension. The cited Theorem 9.60
applies in this more general situation as well. This more general topic will be discussed further in
Problems 5–9 at the end of this chapter and very briefly in Chapter VI.

9In fact, it can be shown that every common index divisor is less than [K : Q].
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REMARKS. The additive groupZ(�(ξ)) generated by the powers ofξ through
ξn−1 is a ring, sinceξn is an integral combination of the lower powers ofξ , and
this ring has indexJ(ξ) as a subring ofR. We divide the proof into two parts. The
first part will give a complete proof in the special case that the subringZ(�(ξ)) is
all of R, but we shall retain notation that distinguishes the subring from the whole
ring in order to see how much of the proof works for the general case. After the
first part we pause for a lemma that will be used to tie results for the subring to
results for all ofR, and then we return to apply the lemma and complete the proof
of Theorem 5.6.

FIRST PART OF PROOF. Let P′
i be the idealpZ[X] + Fi (X)Z[X] in Z[X]. The

passage fromZ[X] to the quotientZ[X]/P′
i can be achieved in two steps, first

using the substitution homomorphism carryingZ to Fp andX to itself and then
taking the quotient by the principal ideal(Fi (X)). SinceFi (X) is irreducible in
Fp[X], the quotient is a field andP′

i has to be prime. The number of elements in
Z[X]/P′

i is p fi because deg(Fi (X)) = fi . The idealsP′
i are distinct because the

polynomialsFi (X) are distinct.
Meanwhile, the substitution homomorphism ofZ[X] leaving Z fixed and

carryingX to ξ is a ring homomorphism ofZ[X] onto Z(�(ξ)). Let P′′
i be the

image ofP′
i under this homomorphism, i.e., letP′′

i = pZ(�(ξ))+ Fi (ξ)Z(�(ξ)).
This is an ideal. The composite ring homomorphism ofZ[X] onto Z(�(ξ))/P′′

i
factors through to a ring homomorphism ofZ[X]/P′

i ontoZ(�(ξ))/P′′
i . Since the

domain is a field and the identity maps to the identity, the homomorphism is one-
one and the image is a field. ThusP′′

i is a prime ideal, the order ofZ(�(ξ))/P′′
i

is p fi , and andP′
i is the complete inverse image ofP′′

i . Since the idealsP′
i can

be recovered from theP′′
i and since theP′

i are distinct, theP′′
i are distinct.

The next step is to compare the ideals
∏g

i =1 Pei
i and(p)R. We shall use the

fact that the polynomial
∏g

i=1 Fi (X)ei − F(X) in Z[X] has coefficients divisible
by p and therefore lies inpZ[X]. The computation

g∏
i=1

Pei
i =

g∏
i =1
(pR+ Fi (ξ)R)ei

⊆ pR+
g∏

i =1
Fi (ξ)

ei R

⊆ pR+ ( g∏
i=1

Fei
i − F

)
(ξ) sinceF(ξ) = 0

⊆ pR+ pZ(�(ξ)) since
∏g

i =1 Fi (X)ei − F(X) lies in pZ[X]

= pR

shows that
∏g

i =1 Pei
i ⊆ (p)R. If we can show thatN

(∏g
i=1 Pei

i

) = N((p)R),
then Proposition 5.4b will allow us to conclude that

∏g
i =1 Pei

i = (p)R.
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At this point let us specialize to the case thatZ(�(ξ)) = R and see how to
complete the proof. Under this assumption the definitions ofPi andP′′

i exactly
match. What we have shown about theP′′

i thus says that thePi are distinct prime
ideals inRwith |R/Pi | = p fi , hence with dimFp(R/Pi ) = fi . Use of Proposition
5.4 and the fact that|Z(�(ξ))/P′′

i | = p fi givesN
(∏g

i=1 Pei
i

) = ∏g
i=1 N(Pi )

ei =∏g
i =1 pei fi = p

∑g
i =1 ei fi = pn, the last equality holding because degF(X) =∑g

i =1 ei degFi (X). Sincepn equalsN((p)R), the desired equality of norms has
been proved. This completes the proof of the theorem whenZ(�(ξ)) = R. �

We interrupt the general proof for the promised lemma. When we apply
the lemma to finish the proof of Theorem 5.6, we shall takeA = Z(�(ξ)),
J = J(ξ), andm = p. The hypotheses of Theorem 5.6 show that the condition
GCD(p, J(ξ)) = 1 is satisfied.

Lemma 5.7.Suppose thatA is an additive subgroup of finite indexJ in R and
thatm ≥ 1 is an integer relatively prime toJ. Then for eachr ∈ R, there exists
a ∈ A with r − a in m R.

PROOF. Let {u1, . . . , un} be aZ basis ofR, and let{v1, . . . , vn} be aZ basis of
A. We can writevj = ∑n

i=1 ci j ui for an integer matrix [ci j ] with | det[ci j ]| = J.
Let r = ∑n

i =1 bi ui be given, and let the unknowna ∈ A be expanded asa =∑n
i=1 aj vj . Thena = ∑

i, j aj ci j ui , and we are to arrange that the element

r − a =
n∑

i =1

(
bi −

n∑
j =1

ci j aj
)
ui

is in m R. Thus we are to arrange that each coefficient of aui is divisible bym.
Since| det[ci j ]| = J is relatively prime tom, the system of linear equations

n∑
j =1

ci j aj ≡ bi modm

with unknownsa1, . . . ,an has a nonsingular coefficient matrix modulom and
therefore has a solution. �

SECOND PART OF PROOF OFTHEOREM5.6. The ring homomorphism ofZ(�(ξ))
into R/(pR+ Fi (ξ)R) given by the composition of the inclusion followed by the
quotient map descends to a ring homomorphism

Z(�(ξ))
/
(pZ(�(ξ))+ Fi (ξ)Z(�(ξ))) −→ R/(pR+ Fi (ξ)R). (∗)

To see that(∗) is onto, letr ∈ R be given. TakeA = pR in Lemma 5.7. Choose
z ∈ Z(�(ξ)) by the lemma in such a way thatz− r is in pR. Under the mapping
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(∗), the coset ofz goes tor + (z− r )+ pR+ Fi (ξ)R = r + pR+ Fi (ξ)R, which
is the coset ofr . Hence(∗) is onto.

To see that(∗) is one-one, suppose thatz maps to the 0 coset in the image.
Thenz = pr1 + Fi (ξ)r2 with r1 andr2 in R. Lemma 5.7 producesz2 in Z(�(ξ))
with r2−z2 in pR. Hence the decompositionz = pr1+ Fi (ξ)(r2−z2)+ Fi (ξ)z2

exhibitsz as in pR+ Fi (ξ)Z(�(ξ)). The productFi (ξ)Z(�(ξ)) is in Z(�(ξ)),
sinceZ(�(ξ)) is a ring, and(∗)will be one-one if we show thatpR∩Z(�(ξ)) ⊆
pZ(�(ξ)). Let {ui } be aZ basis ofR, let {vj } be aZ basis ofZ(�(ξ)), and
write vj = ∑

i ci j ui for integersci j . If z′ is in pR ∩ Z(�(ξ)), let us write
z′ = ∑

j aj vj . Substitution givesz′ = ∑
i

(∑
j aj ci j

)
ui . Sincez′ is in pR, we

see that
∑

j ci j aj ≡ 0 mod p for all i . The determinant of [ci j ] is the indexJ(ξ),
up to sign, and this by assumption is not divisible byp. Thereforeaj ≡ 0 mod p
for all j , and it follows thatz′ is in pZ(�(ξ)). Hence(∗) is one-one.

We have thus proved that(∗) is a ring isomorphism, i.e., thatZ(�(ξ))/P′′
i

∼=
R/Pi for all i . The left side is a field, and hencePi is a prime ideal. From
the isomorphism we obtainN(Pi ) = |Z(�(ξ))/P′′

i | = p fi . The computation
N
(∏g

i =1 Pei
i

) = ∏g
i=1 N(Pi )

ei = ∏g
i=1 pei fi = p

∑g
i =1 ei fi = pn in the last

paragraph of the first part of the proof is now fully justified, and we can therefore
conclude as in the special case that

∏g
i=1 Pei

i = (p)R.
Finally we have to prove that the idealsPi are distinct. If indicesi �= j are

given, we know thatP′′
i �= P′′

j . Choosez in P′′
i but not P′′

j . Thenz is in Pi

becauseP′′
i ⊆ Pi , andz is not in Pj because the proof above that(∗) is one-one

showed thatZ(�(ξ)) ∩ Pj ⊆ P′′
j . This completes the proof of Theorem 5.6.�

PROOF OFTHEOREM5.5WHEN p IS NOT A COMMON INDEX DIVISOR. If p is not
a common index divisor, we can choose a primitiveξ for K/Q such thatξ is in
R andp does not divideJ(ξ) = |R/Z(�(ξ))|. Let F(X) be the field polynomial
of ξ over Q. SinceD(ξ) = J(ξ)2DK, p divides DK if and only if p divides
D(ξ). Thus p divides DK if and only if p divides the discriminant ofF(X).
This happens if and only if the discriminant ofF(X) is ≡ 0 mod p, if and only
if F(X) has a root of multiplicity> 1 in an algebraic closure ofFp, if and only if
the factorization overFp of F(X) as a product of powers of distinct irreducible
monic polynomials has some factor with exponent> 1. Applying Theorem 5.6,
we see that this last condition is satisfied if and only if the unique factorization
of the ideal(p)R in R as

∏g
i =1 Pei

i has someei > 1. �

As was mentioned earlier in this section, the difficulty in proving Theorem 5.5
in complete generality is that we lack sufficient tools for addressing questions by
localization. The different prime numbers are interacting in some fashion, and the
above proofs were unable to separate them. The usual technique of localization
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in our situation10 suggests enlarging one or the other of the ringsZ and R by
adjoining inverses for all elements not in some prime ideal of interest. Then we
piece together the results. If the localizing is done with respect to a prime ideal
(p) of Z, thenZ gets replaced by the subringS−1Z of all members ofQ with no
factors ofp in the denominators, andR gets replaced byS−1R. One advantage
of this procedure is thatS−1R is a principal ideal domain, whereasR is typically
not such a domain.

Localization in that formulation does not by itself reveal a clear path to a proof
of Theorem 5.5. Two additional ideas enter the argument to make a path seem
natural; Dedekind succeeded without the second of them, and historically it is
only with hindsight that one sees the benefit of the second idea. The first idea is
to use a more fundamental object than the discriminant ofK, called the “relative
different” of K/Q; this makes it possible to aim for a more precise description
of the ramification indices when they are not equal to 1. The second idea is due
to K. Hensel and involves forming a kind of completion of the localized rings;
the ring Z gets replaced by the ringZp of “ p-adic integers,” and the fieldQ
gets replaced by the fieldQp of “ p-adic numbers.” We return to these ideas in
Chapter VI.

4. Cubic Number Fields as Examples

In treating examples of cubic fields, it will be convenient to have one further
tool available for computing discriminants. LetK be a number field, letξ be
a primitive element ofK/Q, and letF(X) be its field polynomial overQ. Let
ξi = σi (ξ) be the conjugates ofξ , and assume thatξ1 = ξ . The conjugates are
the roots ofF(X) in C, and hence

F(X) =
n∏

i=1

(X − ξi ).

The derivative isF ′(X) = ∑n
i=1

∏
j �=i (X − ξj ), and therefore

F ′(ξ) =
n∏

j =2

(ξ − ξj ).

Observe that the form of the left side shows that this element lies inK, and it
lies in R if ξ lies in R. Thedifferent D(ξ) of the elementξ is defined to be this
element ofK, namely11

10Localization was introduced in Section VIII.10 ofBasic Algebra.
11The different of an element is related to the notion of relative different mentioned at the end of

Section 3, but the nature of that relationship will not concern us at this time.
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D(ξ) = F ′(ξ) =
n∏

j =2

(ξ − ξj ).

Since F ′(X) has coefficients inQ, the conjugatesσi (F ′(ξ)) of F ′(ξ) are the
elementsF ′(σi (ξ)) = F ′(ξi ) for 1 ≤ i ≤ n. The formula forF ′(X) shows that
F ′(ξi ) = ∏

j �=i (ξi − ξj ). Therefore the norm ofD(ξ) is

NK/Q(D(ξ)) = NK/Q(F
′(ξ)) =

n∏
i =1

F ′(ξi ) =
n∏

i =1

∏
j �=i

(ξi − ξj )

= (−1)n(n−1)/2
∏
i< j

(ξi − ξj )
2 = (−1)n(n−1)/2D(ξ).

In other words, the norm of the different ofξ is, up to sign, equal to the discriminant
of �(ξ), which in turn equals the discriminant of the field polynomial of the
primitive elementξ . The definitions ofD(ξ)andD(ξ)and the formula connecting
them make sense ifξ is allowed to be any element ofK, primitive or not. Both
D(ξ) andD(ξ) have the property of being nonzero if and only ifξ is primitive.

EXAMPLE. For the fieldK = Q( 3
√

2), the different ofξ = 3
√

2 is 3X2
∣∣
X= 3√2 =

3 3
√

4, and the discriminant ofX3 −2, up to the sign(−1)3·2/2, is the norm of this,
i.e.,

D(
3
√

2) = −(3 3
√

4)(3 3
√

4ω)(3 3
√

4ω2), whereω = e2π i /3,

= −3322.

Alternatively, the norm can be computed from a field polynomial. Specifically
the norm of 33

√
4 is the determinant of left multiplication by this element when

considered as aQ linear mapping ofK into itself.

We saw already in Example 2 of Section 2 thatD( 3
√

2) = −3322, but the
earlier method of computation was longer. At the end of Section 2, we saw in
addition that{1, 3

√
2, 3

√
4} is aZ basis of the ring of algebraic integers in the field

K = Q( 3
√

2). The use of differents does not simplify the proof of this latter fact.
In this section we consider further examples of cubic extensions ofQ. The

first such fields that we study are thepure cubic extensionsK = Q( 3
√

m ), where
m is any cube-free positive integer> 1. Already with these fieldsK, we shall see
that DK is not necessarily equal toD(ξ) for some algebraic integerξ . However,
all these fields have no common index divisors. Then we examine Dedekind’s
example of a cubic number field for which 2 is a common index divisor.
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The correspondence of cube-free integersm > 1 to fieldsQ( 3
√

m ) is many-
to-one: ifm is given andp is a prime dividingm, let m′ = m/p if p2 dividesm
andm′ = mp if p2 does not dividem; thenQ( 3

√
m ) = Q( 3

√
m′ ). In analyzing

Q( 3
√

m ), it will be convenient to normalize matters so as to resolve this ambiguity.
We can writem uniquely as a productm = ab2 for positive square-free integers
a andb; these have GCD(a, b) = 1, b2 is the largest square dividingm, anda is
given bya = m/b2. Thenm andm′ = a2b lead to the same field.

Proposition 5.8. For a cube-free integerm > 1, letK = Q( 3
√

m ), and letR
be the ring of algebraic integers inK. Write m = ab2 for positive square-free
integersa andb with GCD(a,b) = 1, and define two members ofR to be the
real cube rootsθ1 = 3

√
ab2 andθ2 = 3

√
a2b. Then aZ basis ofR consists of

(a) {1, θ1, θ2} if a �≡ ±b mod 9, i.e., ifm is of Type I,
(b) {1

3(1 ± θ1 ± θ2), θ1, θ2} for exactly one choice of the pair of signs if
a ≡ ±b mod 9, i.e., ifm is of Type II .

In the respective cases the field discriminant is given by

DK =
{ −27a2b2 if m is of Type I,

−3a2b2 if m is of Type II.

REMARKS. More precisely in Type II, the congruencea ≡ ±b mod 9 implies
that a and b are prime to 3. Choose signss = ±1 and t = ±1 such that
sa ≡ 1 mod 3 andtb ≡ 1 mod 3. Then the first member of theZ basis is to be
1
3(1 + sθ1 + tθ2). The smallestm leading to Type I ism = 2, and this case was
examined in Example 2 in Section 2. The smallestm leading to Type II ism = 10,
and then the first member of the assertedZ basis ofR is 1

3(1 + 3
√

10+ 3
√

100).

PROOF. Letω = e2π i /3. The conjugates ofθ1 can be taken to beσ1(θ1) = θ1,
σ2(θ1) = ωθ1, andσ3(θ1) = ω2θ1. Sinceθ2

1 = bθ2, we haveσi (θ2) = b−1σi (θ1)
2,

and thereforeσ1(θ2) = θ2, σ2(θ2) = ω2θ2, andσ3(θ2) = ωθ2. In view of the
formula before Proposition 5.2,D((1, θ1, θ2)) is the square of

det

( 1 1 1
θ1 ωθ1 ω2θ1
θ2 ω2θ2 ωθ2

)
,

and we calculate thatD((1, θ1, θ2)) = −27a2b2.
Let us apply Proposition 5.2 to the triple{1, θ1, θ2} of members ofR. For each

prime p dividing 27a2b2, we are to check whether certain elements are integral.
First suppose thatp dividesa but p �= 3. It is enough to check the elements
p−1(a0 + θ1) or p−1(a0 + a1θ1 + θ2) for integrality whena0 anda1 are integers
from 0 to p − 1. Form the extensionL = K( 3

√
p ) = Q( 3

√
m, 3

√
p ) of K, and
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let T be its ring of algebraic integers. The degree [L : Q] equals 9 ifL �= K and
equals 3 ifL = K. If p−1(a0 + θ1) is integral, thena0 + p1/3((a/p)b2)1/3 = pr
with r ∈ R, and hencea0 = p1/3c with c ∈ T . Applying NL/Q to both sides, we
obtaina9

0 = p3NL/Q(c) if L �= K, and we obtaina3
0 = pNK/Q(c) if L = K. In

either case,p dividesa0, anda0 = 0. So p−1θ1 is integral, in contradiction to
the facts that the field polynomial forK of p−1θ1 is X3 − p−3ab2 and thatab2

containsp as a factor only once. We conclude thatp−1(a0 + θ1) is not integral.
Similarly if the elementp−1(a0 + a1θ1 + θ2) is integral, then we see that

a0 + a1 p1/3((a/p)b2)1/3 + p2/3((a/p)2b)1/3 = pr with r ∈ R. Soa0 = p1/3c
with c ∈ T , and the same argument as above shows thata0 = 0. Hence
a1((a/p)b2)1/3 + p1/3((a/p)2b)1/3 = p2/3r , anda1((a/p)b2)1/3 = p1/3c′ with
c′ ∈ T . Taking the norm givesa9

1((a/p)b2)3 = p3NL/Q(c′) if L �= K and
a3

1(a/p)b2 = pNK/Q(c′) if L = K. Sincea/p andb are prime top, we conclude
that p dividesa1 in both cases. Thereforea1 = 0, andp−1θ2 is integral. The
field polynomial forK of p−1θ2 is X3 − p−3a2b, anda2b containsp as a factor
only twice. We conclude thatp−1(a0 + a1θ1 + θ2) is not integral.

This disposes of the prime divisors ofa other thanp = 3, and we handle
the prime divisors ofb other thanp = 3 in the same way, except that we start
from the ordered triple(1, θ2, θ1) and therefore need check onlyp−1(a0 + θ2)
and p−1(a0 + a1θ2 + θ1).

Now let us apply Proposition 5.2 to the ordered triple(1, θ1, θ2) for the prime
p = 3, except that we allow coefficients 0 and±1 instead of 0, 1,2. We check
integrality for the elements13(1± θ1), 1

3(1± θ2), 1
3(θ1 ± θ2), and1

3(1± θ1 ± θ2)
by checking whether the coefficients of their field polynomials are inZ. For the
first two, letϕ be±θ1 or ±θ2. The coefficient of the first-degree term in the field
polynomial of 1

3(1 + ϕ) is 1
9 times

(1 + ϕ)(1 + ωϕ)+ (1 + ϕ)(1 + ω2ϕ)+ (1 + ωϕ)(1 + ω2ϕ)

= (1 + ϕ)(2 + ωϕ + ω2ϕ)+ (1 + ωϕ)(1 + ω2ϕ)

= (1 + ϕ)(2 − ϕ)+ (1 − ϕ + ϕ2) = 2 + ϕ − ϕ2 + 1 − ϕ + ϕ2 = 3,

hence is1
3. This is not an integer, and thus1

3(1 + ϕ) is not in R. If ϕ = ±θ1 and
ψ = ±θ2, then the corresponding computation forϕ + ψ is

(ϕ + ψ)(ωϕ + ω2ψ)+ (ϕ + ψ)(ω2ϕ + ωψ)+ (ωϕ + ω2ψ)(ω2ϕ + ωψ)
= −(ϕ + ψ)(ϕ + ψ)+ (ϕ2 − ϕψ + ψ2)

= −3ϕψ = −3ab(sgnϕ)(sgnψ), (∗)

and 1
9 of this is an integer only if 3 dividesab. In this case our hypotheses show



4. Cubic Number Fields as Examples 283

that 9 does not divideab. The constant term in the field polynomial of1
3(ϕ+ψ)

is − 1
27 times

(ϕ + ψ)(ωϕ + ω2ψ)(ω2ϕ + ωψ) = ϕ3 + ψ3

= (sgnϕ)ab2 + (sgnψ)a2b

= ab(bsgnϕ + a sgnψ). (∗∗)

When 3 dividesab exactly once, 3 divides(∗∗) exactly once, and hence− 1
27 of

(∗∗) is not an integer. Thus13(ϕ + ψ) is not in R.
It remains to check13(1+ϕ+ψ)with ϕ = ±θ1 andψ = ±θ2. The coefficient

of the second-degree term in the field polynomial of1
3(1 + ϕ + ψ) is equal to

−1
3 Tr(1 + ϕ + ψ) = −1 and is an integer; thus it imposes no restrictions. The

first-degree term of the field polynomial is1
9 of

(1 + ϕ + ψ)(1 + ωϕ + ω2ψ)+ (1 + ϕ + ψ)(1 + ω2ϕ + ωψ)
+ (1 + ωϕ + ω2ψ)(1 + ω2ϕ + ωψ)

= (1 + ϕ + ψ)(2 − ϕ − ψ)+ (1 − ϕ − ψ + ϕ2 − ϕψ + ψ2)

= 3 − 3ϕψ = 3(1 − ab(sgnϕ)(sgnψ)), (†)

and1
9 of (†) is an integer if and only ifab ≡ (sgnϕ)(sgnψ) mod 3. In particular,

the proof is now complete unlessab ≡ (sgnϕ)(sgnψ) mod 3. Thus we may
assume from now on that neithera norb is divisible by 3.

The constant term of the field polynomial of1
3(1 + ϕ + ψ) is − 1

27 times

(1 + ϕ + ψ)(1 + ωϕ + ω2ψ)(1 + ω2ϕ + ωψ)
= 1 + TrK/Q(ϕ + ψ)+ (∗)+ (∗∗)
= 1 + 0 − 3ab(sgnϕ)(sgnψ)+ ab(bsgnϕ + a sgnψ).

Putα = a sgnϕ andβ = bsgnψ , so that 1− 3αβ +αβ(α+ β) is to be divisible
by 27. Since neitherβ nor α is divisible by 3, we can definel mod 27 by the
congruenceβ = lα mod 27. Substituting shows that 1− 3lα2 + lα2(α + lα) ≡
0 mod 27, hence thatl (l + 1)α3 ≡ 3lα2 − 1 mod 27, which we can rewrite as

α3l 2 + (α3 − 3α2)l + 1 ≡ 0 mod 27.

Completing the square inl allows us to write this congruence as

(l + 1
2(1 − 3α−1))2 ≡ 1

4(1 − 3α−1)2 − α−3 mod 27.

Factoring the right side, we obtain

(l + 1
2(1 − 3α−1))2 ≡ 1

4α
−4[α(α − 1)2(α − 4)] mod 27. (††)
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If α ≡ 1 mod 3, the expression in square brackets on the right side is≡ 0 mod 27,
and 0 is the square of 0 and±9. If α ≡ 2 mod 3, then the expression in square
brackets is a square if and only ifα(α − 4) ≡ c2 mod 27. Considering the
congruence only modulo 3 gives 2(−2) ≡ c2 mod 3 and thereforec2 ≡ 2 mod 3,
which has no solutions. Thusα ≡ 2 mod 3 leads to no solutions of(††). We can
summarize by saying that the solutions of(††) are given byα ≡ 1 mod 3 and

l + 1
2(1 − 3α−1) ≡ 0 mod 9.

One checks that the valuesα ≡ 1,4,7 mod 9 all lead tol = 1.
Let us summarize. Lets andt be signs±. Then 1

3(1 + sθ1 + tθ2) is integral
if and only if both of the following conditions are satisfied:

(i) sa ≡ tb ≡ 1 mod 3,
(ii) sa ≡ tb mod 9.

When these conditions are satisfied, we are in Type II; otherwise we are in Type I.
This completes the proof. �

In the setting of Type I in Proposition 5.8, let us form the discriminants of
�(θ1) = (1, θ1, θ2

1) and�(θ2) = (1, θ2, θ2
2). Using the method of computation

at the beginning of this section, we see that the differents in the two cases are
3θ2

1 and 3θ2
2 . Therefore the discriminant of�(θ1) is D(θ1) = −NK/Q(3θ2

1) =
−33(θ2

1)
3 = −33(ab2)2 = −33a2b4, and the discriminant of�(θ2) similarly is

D(θ2) = −33a4b2. The absolute value of the greatest common divisor of these
two expressions is 33a2b2 = |DK|, and therefore there are never any common
index divisors in Type I.

On the other hand, there exist situations in Type I in which no primitive element
ξ of Q( 3

√
m ) lying in R has�(ξ) as aZ basis. To prove this fact, we make use

of the following proposition.

Proposition 5.9. For a pure cubic extensionK = Q( 3
√

ab2 ) of Type I, an
elementξ = x + yθ1 + zθ2 with Z coefficients hasD(ξ) = DK if and only if
y3b − z3a = ±1.

PROOF. The matrix whose determinant isD(�(ξ)) is given by

M =
( 3 Tr(ξ) Tr(ξ2)

Tr(ξ) Tr(ξ2) Tr(ξ3)

Tr(ξ2) Tr(ξ3) Tr(ξ4)

)
,

where Tr is short for TrK/Q. The elementθ i
1θ

j
2 has conjugatesθ i

1θ
j

2 , ωi+2 j θ i
1θ

j
2 ,

andω2i+ j θ i
1θ

j
2 , whereω = e2π i /3. Thus

Tr(θ i
1θ

j
2 ) = (1 + ωi +2 j + ω2i+ j )θ i

1θ
j

2 = (1 + ωi+2 j + ω2(i +2 j ))θ i
1θ

j
2 .
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This is 0 if i + 2 j is not divisible by 3 and is 3θ i
1θ

j
2 otherwise. We compute the

trace of each power ofξ by applying the formula

Tr(ξ l ) =
n∑

k=0

( l
k

)
xl−k Tr((yθ1 + zθ2)k),

which comes from treatingξ as a binomial. The traces of the powers ofyθ1 +zθ2
work out to be

1
3 Tr(yθ1 + zθ2) = 0,

1
3 Tr((yθ1 + zθ2)

2) = 2yzθ1θ2 = ab(2yz),
1
3 Tr((yθ1 + zθ2)

3) = ab(y3b + z3a),
1
3 Tr((yθ1 + zθ2)

4) = (ab)26y2z2.

Substituting, we find the following formulas for the trace of each power ofξ :

1
3 Tr(ξ) = x,

1
3 Tr(ξ2) = x2 + 2(ab)yz,
1
3 Tr(ξ3) = x3 + 3x(ab)2yz+ (ab)(y3b + z3a),
1
3 Tr(ξ4) = x4 + 6x2(ab)2yz+ 4x(ab)(y3b + z3a)+ (ab)26y2z2.

The matrixM is therefore of the form

1
3 M =

( 1 x x2 + A
x x2 + A x3 + B

x2 + A x3 + B x4 + C

)
,

where

A = 2(ab)yz,

B = 3x(ab)2yz+ (ab)(y3b + z3a),

C = 6x2(ab)2yz+ 4x(ab)(y3b + z3a)+ (ab)26y2z2.

Expansion of det13 M results in an expression that simplifies to

det1
3 M = AC + 2x AB− 3x2A2 − A3 − B2.

Thus we have only to substitute. The resulting expression simplifies greatly, and
we obtain det13 M = −(ab)2(y3b − z3a)2. Consequently

D(ξ) = −33(ab)2(y3b − z3a)2.

Since Proposition 5.8 has shown thatDK = −33(ab)2, the result follows. �
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Thus in order to give an example of anm for which noξ hasD(ξ) = DK, we
have only to selecta andb for which the Diophantine equationy3b − z3a = 1
in y, z has no solution. Choosea = 7 andb = 5, so thatm = ab2 = 175. To
verify that the Diophantine equation has no solution, take the equation modulo
7 and then modulo 5, obtaining 5y3 ≡ 1 mod 7 and−7z3 ≡ 1 mod 5. These
congruences say thaty3 ≡ 3 mod 7 andz3 ≡ 2 mod 5. The only cubes modulo
7 are±1, and thus the congruence fory has no solution.

We turn to the question of the splitting of prime ideals in pure cubic extensions
K = Q( 3

√
m ). In the notation of Proposition 5.8, we again writem = ab2, and

we shall assume that the extension is of Type I. We saw in Proposition 5.8 and
the remarks afterward thatDK equals the greatest common divisor ofD( 3

√
ab2 )

andD( 3
√

a2b ). Therefore the splitting of every prime ideal(p) in Z is described
by Theorem 5.6. We have only to sort out the details.

Proposition 5.10.Let K = Q( 3
√

m ) be a pure cubic extension of Type I, and
let R be its ring of algebraic integers. Ifp is a prime number, then the ideal(p)R
of R splits into prime ideals as follows:

(a) (p)R = P1P2 with N(P1) = p andN(P2) = p2 if p ≡ −1 mod 3 and
p does not divideDK,

(b) (p)R = P1P2P3 with P1, P2, P3 distinct of norm p if p ≡ 1 mod 3,
x3 ≡ m mod p is solvable inFp, andp does not divideDK,

(c) (p)R is prime of normp3 if p ≡ 1 mod 3,x3 ≡ m mod p is not solvable
in Fp, andp does not divideDK,

(d) (p)R = P3 with N(P) = p if p dividesDK.

PROOF. The prime divisors ofDK are 3 and the prime divisors ofa andb.
For all other primes Theorem 5.6 shows that all ramification indices are 1. Let
p be a prime of the form 6k ± 1 not dividingDK. The multiplicative groupF×

p
of Fp is cyclic of orderp − 1 and hence has order divisible by 3 if and only if
p = 6k + 1. Thus there are three cube roots of 1 whenp = 6k + 1 but only 1
when p = 6k − 1. In the latter case the cubing map is one-one onto fromF×

p

to itself. ThusX3 − m factors modulop as the product of a first-degree factor
and an irreducible second-degree factor ifp = 6k − 1, and (a) follows for such
primes from Theorem 5.6. Ifp = 6k + 1, thenX3 − m either factors modulop
as the product of three first-degree factors or is irreducible, since 1 has three cube
roots. Thus (b) and (c) follow for such primes from Theorem 5.6.

For p = 2 if m is odd, thenX3 −m ≡ X3 −1 ≡ (X −1)(X2 + X +1) mod 2,
and we are in the situation of (a). This completes the discussion of primes that
do not divideDK. If p dividesm, thenX3 − m ≡ X3 mod p is the cube of a
first-degree factor, and (d) follows in these cases. Forp = 3 whether or notp
dividesm, we haveX3 − m ≡ X3 − m3 ≡ (X − m)3 mod 3, and (d) follows in
this case. �
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We conclude this section by discussing Dedekind’s example of a common
index divisor. The field in question is again of degree 3 overQ but is not of the
form Q( 3

√
m ). Instead, the field isK = Q(ξ), whereξ is a root ofF(X) =

X3 + X2 − 2X + 8. The polynomialF(X) is irreducible overQ because Gauss’s
Lemma shows that its only possible linear factors areX − k with k dividing 8
and because routine computation rules out each such linear factor. As usual, let
R be the ring of algebraic integers inK.

The different ofξ isD(ξ) = F ′(ξ) = 3ξ2+2ξ−2, and the discriminantD(ξ)
therefore is given byD(ξ) = −NK/Q(3ξ2+2ξ−2). We calculate this norm as the
determinant of left multiplication by 3ξ2 + 2ξ − 2 onK, using the ordered basis
(1, ξ, ξ2). Sinceξ3 = −ξ2 +2ξ −8 andξ4 = −ξ3 +2ξ2 −8ξ = 3ξ2 −10ξ +8,
we have

(3ξ2 + 2ξ − 2)(1) = −2 + 2ξ + 3ξ2,

(3ξ2 + 2ξ − 2)(ξ) = −2ξ + 2ξ2 + 3ξ3 = −24+ 4ξ − ξ2,

(3ξ2 + 2ξ − 2)(ξ2) = −2ξ2 + 2ξ3 + 3ξ4 = 8 − 26ξ + 5ξ2.

Thus

NK/Q(3ξ
2 + 2ξ − 2) = det

(−2 −24 8
2 4 −26
3 −1 5

)
= 22 · 503,

and D(ξ) = −22 · 503. Thus either the indexJ(ξ) of Z(�(ξ)) in R is 1 with
DK = −22 · 503, orJ(ξ) = 2 with DK − 503.

Problems 24–25 at the end of the chapter show that1
2(ξ

2 + ξ) is in R and
that consequently the correct choice isJ(ξ) = 2 with DK = −503 and with
{1, ξ, 1

2(ξ
2 + ξ)} as aZ basis ofR. In fact, 2 dividesJ(η) for every primitive

element ofK lying in R, and therefore 2 is a common index divisor in the sense
of Section 2. One way to check this assertion would be to calculateD(η) for
every suchη. The computation would be feasible because we can expressη as a
Z linear combination of the members of{1, ξ, 1

2(ξ
2 + ξ)} and calculate the field

polynomial ofη in the same way thatNK/Q(ξ) was calculated above.
However, there is an easier way. Problem 28 at the end of the chapter shows

that (2)R splits as the product of three distinct prime ideals ofR. If there were
someη for which 2 did not divideJ(η), then Theorem 5.6 would show that the
minimal polynomial ofη when reduced modulo 2 splits as the product of three
distinct first-degree factors. ButF2 has only 2 elements, hence only two possible
distinct linear factors to offer. Thus Theorem 5.6 must not be applicable toη and
the prime 2, and we conclude that 2 dividesJ(η). Going over this argument, we
see that we have established the following more general result.
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Proposition 5.11.Let K/Q be a field extension of degreen, and letR be the
ring of algebraic integers inK. If p is a prime number with 2≤ p ≤ n − 1 such
that(p)Rsplits as the product ofn distinct prime ideals ofR, thenp is a common
index divisor forK.

5. Dirichlet Unit Theorem

Let K be a number field of degreen over Q, and letR be its ring of algebraic
integers. We regardK as a subfield ofC. The units of K are understood to
be the members of the groupR× of units of the ringR. As was observed in
Section 2, there exist exactlyn field mappings ofK into C, and we denote them
by σ1, . . . , σn; one of these is the inclusion ofK into C. If x is in K, then the
imagesσ1(x), . . . , σn(x) are called theconjugatesof x.

In Section I.6 we studied the group of units in the quadratic casen = 2,
and we found, particularly in the problems at the end of that chapter, that an
understanding of this group was essential to working successfully on the number-
theoretic problems studied in that chapter. Whenn = 2, we found that the
qualitative nature of the groupR× depends on the sign of the field discriminant.
The group turned out to be the finite subgroup of roots of unity inK if DK < 0,
and it turned out to be isomorphic to the product of a copy ofZ and a cyclic group
of order 2 if DK > 0. The hard step in this analysis was constructing an element
in the subgroupZ in the latter case.

Because of the importance ofR× in the quadratic case, we can expect that an
understanding ofR× for our general number fieldK is important for higher-degree
number-theoretic questions. In this section we shall obtain a structure theorem
for R× for generaln analogous to the structure theorem forn = 2 mentioned in
the previous paragraph. Such a theorem may not answer all important questions
aboutR×, but it will be a good start.12 The main theorem is Theorem 5.13 below,
the Dirichlet Unit Theorem.

The units ofR are the membersε of R with NK/Q(ε) = ±1. This simple fact
is verified for generalK in the same way that it was verified for quadraticK in
Section I.6.

Any elementε of finite order inR× is a complex number withεk = 1 for
somek and hence lies on the unit circle ofC. Since such an elementε is a root
of Xk − 1, all its conjugatesσj (ε) lie on the unit circle ofC. We shall prove the
following proposition about these elements.

12For example, whenn = 2, we defined thefundamental unit ε1 for the caseDK > 0 to be the
least unit> 1, and the sign ofNK/Q(ε1) was a thorny question that we did not answer fully but that
affected results in the problems at the end of the chapter.
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Proposition 5.12.The subgroup ofR× of elements of finite order consists of
all l th roots of unity inC, wherel is an integer depending onK that is bounded
when the degreen = [K : Q] is bounded.

PROOF. We are to bound the integersk for which primitivekth roots of unity
occur inK. Let k have prime decompositionk = pm1

1 · · · pmr
r . From Section

IX.9 of Basic Algebra, we know that the cyclotomic polynomial�k(X) is a
monic irreducible member ofZ[X] whose roots inC are exactly all primitivekth

roots of unity; moreover, the degree of�k(X) is given by the Eulerϕ function:

ϕ(k) = k
∏

p dividesk

(
1 − 1

p

)
.

If primitive kth roots of unity occur inK, thenϕ(k) ≤ n because�k(X) is
irreducible overQ, and hence(p1 − 1) · · · (pr − 1) ≤ n. Allowing p1 = 2
possibly, we see that each factorpj − 1 with j > 1 is at least 2, and thus
2r −1 ≤ n. Sor is bounded as a function ofn by log2 2n, and we obtain

ϕ(k) ≥ k
∏

first log2 2n
primes

(
1 − 1

2

) = 2− log2 2nk = k
2n .

Consequentlyk ≤ 2nϕ(k) ≤ 2n2, as required. IfR× contains one primitivekth

root of unity inC, then it contains them all, since thekth roots of unity form a
cyclic group and any primitive such root is a generator. The result follows.�

We shall use the field mappingsσj : K → C for 1 ≤ j ≤ n to introduce useful
“absolute values” onK. The mappingsσj are of two types:

(i) those carryingK into R,
(ii) those carryingK into C but not intoR; these come in pairsσ andσ ,

whereσ denotes the composition ofσ followed by complex conjugation.

Suppose that there arer1 mappingsσj of the first kind and that there arer2 pairs
of the second kind. Thenr1 + 2r2 = n. Renumberingσ1, . . . , σn if necessary,
let us arrange thatσ1, . . . , σr1 are of the first kind, thatσr1+1, . . . , σn are of the
second kind, and thatσr1+r2+i = σ r1+i for 1 ≤ i ≤ r2. We introducer1 + r2

absolute values13 onK by the definition

‖x‖s = |σs(x)| for 1 ≤ s ≤ r1 + r2,

where| · | denotes the usual absolute value function onC. Then the function
Log : K× → Rr1+r2 given by

Log(ε) = (log‖ε‖1, . . . , log‖ε‖r1+r2)

13These are calledarchimedean absolute valuesof K in the general theory. Some authors refer
to them asarchimedean valuations.
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is evidently a group homomorphism.
A lattice in a Euclidean spaceRl is an additive subgroupZu1⊕· · ·⊕Zul such

that {u1, . . . ,ul } is linearly independent overR. Such a subgroup is discrete,14

and the quotient is compact, by the Heine–Borel Theorem.

Theorem 5.13(Dirichlet Unit Theorem). LetK be a number field of degreen
with r1 + r2 absolute values, and letR be the ring of algebraic integers inK. The
kernel of the restriction toR× of the function Log is the finite subgroup of roots
of unity in K×, and the image of this restriction of Log is a lattice in the vector
subspace of elements(x1, . . . , xr1+r2) in Rr1+r2 satisfying

x1 + · · · + xr1 + 2xr1+1 + · · · + 2xr1+r2 = 0.

ConsequentlyR× is a finitely generated abelian group of rankr1 + r2 − 1.

EXAMPLES.

(1) The theorem reduces whenn = 2 to results known from Chapter I.
Specifically if K = Q(

√
m ), thenm > 0 makesr1 = 2 andr2 = 0, while

m< 0 makesr1 = 0 andr2 = 1.

(2) ForK = Q( 3
√

2), letω = e2π i /3. The field mappings ofK into C carryK
into R or Rω or Rω2. Thusr1 = 1 andr2 = 1.

(3) The polynomialF(X) = X5−5X+1 inQ[X] was studied as an example in
connection with Galois theory in Section IX.11 ofBasic Algebra. The polynomial
was shown to be irreducible overQ and to have three real roots and one pair of
complex conjugate roots. ForK = Q[X]/(X5 − 5X + 1), we therefore have
r1 = 3 andr2 = 1. The primitive elementξ of K with ξ5 − 5ξ + 1 = 0 lies in
R; it is a nontrivial example of a member ofR× becauseξ(ξ4 − 5) = −1.

The proof of Theorem 5.13 will occupy the remainder of this section. We
begin by clarifying in Lemma 5.14 the relationship between discrete subgroups
and lattices in Euclidean space and by proving in Proposition 5.15 a weak version
of Theorem 5.13 that addresses everything except the existence questions.

Lemma 5.14. A discrete subgroup ofRl is a free abelian group of rank≤ l
and is necessarily of the formZu1 ⊕ · · · ⊕ Zum for some set{u1, . . . ,um} that is
linearly independent overR. The discrete subgroup is a lattice if and only if the
rank isl .

14A discrete subset ofRl is a subsetS such that every one-point subset ofS is open whenS is
given the relative topology. See Lemma 5.14 below for a converse assertion.
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PROOF. We begin by proving that any discrete subgroup ofRl is topologi-
cally closed. LetG be the subgroup, and choose by discreteness an open ball
V = {x ∈ Rl

∣∣ |x| < ε} V about 0 withV ∩ G = {0}. The open ballU =
{x ∈ Rl

∣∣ |x| < ε/2} has the property thatU + U ⊆ V . If G is not closed, let
x0 be a limit point ofG that is not inG. Then the open ballx0 − U aboutx0

must contain a memberg of G, andg cannot equalx0. Write x0 − u = g with
u ∈ U . Thenu = x0 − g is a limit point ofG that is not inG, and we can find
g′ �= 1 in G such thatg′ is in u + U . But u + U ⊆ U + U ⊆ V , and sog′ is in
G ∩ V = {0}, contradiction. We conclude thatG contains all its limit points and
is therefore closed.

From the fact that any discrete subgroupG of Rl is closed, let us see that any
bounded subset ofG is finite. It is enough to see that the intersectionX of G with
any (finite-radius) closed ball is finite. The setX is closed becauseG is closed,
and it is therefore compact by the Heine–Borel Theorem. By discreteness, find
for eachg ∈ G an open ballUx centered atx that contains no member ofG other
thanx. These open sets form an open cover of the compact setX, and a finite
subcollection of them coversX. Each such open set contains only one member
of X, and henceX is finite.

Returning to the statement of the lemma, we induct on the dimension of the
R linear span of the discrete subgroup, the base case being that theR linear span
is 0. LetG be the discrete subgroup, and let{v1, . . . , vm} in G be a maximal set
that is linearly independent overR. Let G0 = G ∩ (∑m−1

j =0 Rvj
)
. By induction

we may assume that everyu ∈ G0 is aZ linear combination ofv1, . . . , vm−1. Let
Sbe the set ofR linear combinations of{v1, . . . , vm} of the form

S =
{
v = c1v1 + · · · + cmvm ∈ G

∣∣∣ 0 ≤ ci < 1 for 1 ≤ i ≤ m − 1,
0 ≤ cm ≤ 1

}
.

The setS is bounded, and we saw in the previous paragraph that any bounded
subset ofG is finite. SoS is finite. Letv′ be a member ofS with the smallest
positive coefficient forvm, say

v′ = a1v1 + · · · + amvm.

If v is any member ofSand its coefficientcm is not a multiple ofam, thenv− j v′
for a suitable integerj hasmth coefficient positive but less thanam; by subtracting
from v − j v′ a suitableZ linear combinationv′′ of v1, . . . , vm−1, we can make
v − j v′ − v′′ be in S, and then we have a contradiction to the minimality of
am. We conclude thatcm is always a multiple ofam. Thenv − j v′ is in G0 for
some integerj , and it follows that theZ linear combinations ofv1, . . . , vm−1, v

′
spanG. This completes the induction and the proof of the first conclusion of the
lemma. The second conclusion is an immediate consequence of the first.�
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For the remainder of the section, we adopt the notation in the statement of
Theorem 5.13, and we shall not repeat it in the statement of every intermediate
result.

Proposition 5.15(weak form of Dirichlet Unit Theorem). The kernel of the
restriction toR× of Log is the finite subgroup of roots of unity inK×, and the
image of this restriction of Log is a discrete additive subgroup in the vector
subspace of elements(x1, . . . , xr1+r2) in Rr1+r2 satisfying

x1 + · · · + xr1 + 2xr1+1 + · · · + 2xr1+r2 = 0.

ConsequentlyR× is a finitely generated abelian group of rank≤ r1 + r2 − 1.

PROOF. Forα in R×, we calculate that

log‖α‖1 + · · · + log‖α‖r1 + 2 log‖α‖r1+1 + · · · + 2 log‖α‖r1+r2

= log
(|σ1(α)| · · · |σr1(α)||σr1+1(α)|2 · · · |σr1+r2(α)|2

)
= log

∣∣ n∏
j =1
σj (α)

∣∣
= log |NK/Q(α)| = log 1 = 0.

Hence the image lies in the vector subspace in the statement of the proposition.
Fix a (large) positive numberM , and consider the setEM of all membersα

of R× for which all coordinates of Log(α) are≤ M in absolute value. Then the
field polynomials

det
(
X I − (left by α)

) =
n∏

j =1
(X − σj (α))

of such elementsα have all coefficients bounded by someM ′ depending onM ,
since each|σj (α)| is of the form‖α‖j and is≤ eM . Such a field polynomial is
equal tog(X)r , whereg(X) is the minimal polynomial ofα andr is given by
r deg(g(X)) = n. Sinceα is in R, the coefficients ofg(X) are integers, and
hence so are the coefficients of the corresponding field polynomial. There are
only finitely many members ofZ[X] of degreen whose coefficients are in a given
bounded set, and hence there are only finitely manyα’s in EM .

It follows that the image subgroup is discrete. TakingM = 0, we see also that
the kernel of the restriction of Log toR× is finite. Hence every element of this
kernel has finite order and is therefore a root of unity. �
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We come to the proof of Theorem 5.13. For quadratic extensions ofQ, which
were handled in Section I.6, the crucial question of existence was addressed by
means of an approximation result (Lemma 1.15) for irrational numbers. That
result did not immediately establish the existence of units of infinite order, but it
was applied infinitely many times in the course of proving Proposition 1.16, and
the total effect was to produce a unit of infinite order.

We do something similar in general. In place of the approximation result
in Lemma 1.15, we shall use a result known as the Minkowski Lattice-Point
Theorem, which asserts the existence of lattice points in certain compact convex
sets in Euclidean space. This result appears as Theorem 5.16 below. As was true
in the quadratic case, it is not just a single application of this theorem that produces
the desired units, but an infinite sequence of applications of it. The details will
be more complicated here than in the quadratic case. Before describing how the
argument is to proceed, let us establish the Minkowski theorem.

Let {v1, . . . , vm} be anR basis ofRm, and letL = Zv1 ⊕ · · · ⊕ Zvm be the
corresponding lattice. Thefundamental parallelotope for L corresponding to
this basis is the set{

c1v1 + · · · + cmvm

∣∣ 0 ≤ cj ≤ 1 for 1 ≤ j ≤ m
}
.

The volume of this fundamental parallelotope is independent of the choice of the
Z basis forL. In fact, any two suchZ bases are carried from one to the other by an
integer matrix of determinant±1, and any linear transformation fromRm to itself
of determinant±1 is volume preserving. The one fundamental parallelotope is
mapped to the other when the one basis is carried to the other, and hence the two
fundamental parallelotopes have the same volume.

Theorem 5.16(Minkowski Lattice-Point Theorem).15 Let L be a lattice in
Rm, and letV0 be the volume of a fundamental parallelotope. IfE is any compact
convex set inRm containing 0, closed under negatives, and having volume(E) ≥
2mV0, thenE contains a nonzero point ofL.

REMARK. The constant 2m in the statement is best possible, as is shown by
taking L to be the standard lattice andE to be a cube oriented consistently with
L, centered at 0, and having each side slightly less than 2. We need merely some
constant, not the best possible one, in the application to Theorem 5.13, and the
proof can be simplified a little for that purpose.16 But the present theorem will be
applied again in the next section, and this time the best possible constant yields
the most useful information.

15The simple proof given here is due to H. Blichfeldt and is the standard one, so standard that
Blichfeldt’s name is sometimes attached to the theorem.

16In particular, the final paragraph of the proof can be omitted, and we can fix a value ofM
proportional tos in making the argument.
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PROOF. Without loss of generality,L is the standard lattice of points with all
coordinates inZ, andV0 is 1. Fix an arbitrarily small positive constantε, and
first assume that the given setE has volume(E) ≥ (2 + ε)mV0. Arguing by
contradiction, suppose that the only lattice point inE is 0. SinceE is bounded,
we can choose a numbers > 0 in such a way thatE is contained in the cube
Cs centered at 0, oriented consistently with the lattice, and having side 2s. Let
us see that the setsl + 1

2 E for l ∈ L are disjoint. In fact, in obvious notation if
l1 + 1

2e1 = l2 + 1
2e2 with l1 �= l2, thenl1 − l2 = 1

2(e2 − e1), and this is inE
becausee2 and−e1 are inE andE is convex. Thus the setsl + 1

2 E are indeed
disjoint.

Choose an integerM large enough to haves/M < ε. Any lattice pointl whose
coordinates are all≤ M in absolute value hasl + 1

2 E ⊆ CM+ 1
2s. Since the sets

l + 1
2 E for thesel ’s are disjoint,

(2(M + 1
2s))m = volume(CM+ 1

2s) ≥ ∑
all l∈L with

all coordinates≤M

volume(l + 1
2 E)

≥ (2M)mvolume(1
2 E) = Mmvolume(E),

and therefore volume(E) ≤ (2+s/M)m, in contradiction to our extra assumption
that volume(E) ≥ (2 + ε)m.

Now suppose that volume(E) = 2m. For eachε > 0, let Eε be the dilate
(1+ 1

2ε)E. The setsEε satisfy the extra assumption made in the previous part of
the proof, and thereforeEε contains a nonzero lattice point. SinceE1 is bounded,
there are only finitely many possibilities for this nonzero lattice point for each
ε ≤ 1. Thus we can find a sequence ofε’s tending to 0 for which this lattice point
is the same. The convexity of the setsEε , in combination with the fact that the
sets contain 0, implies that the sets are nested, and therefore this lattice point lies
in Eε for all ε > 0. SinceE is compact,E = ⋂

ε>0 Eε , and therefore this lattice
point lies inE. �

Let us describe the lattice to be used when the Minkowski Lattice-Point The-
orem is applied to obtain the Dirichlet Unit Theorem. Let� be the real vector
space� = Rr1 × Cr2 ∼= Rn, and let|ω|s be the magnitude of thesth component
of ω ∈ � for 1 ≤ s ≤ r1 + r2. We introduce a homomorphism� of the additive
group ofK into the additive group of� given by

�(x) = (
σ1(x), . . . , σr1(x), σr1+1(x), . . . , σr1+r2(x)

)
for x ∈ K. We shall be mostly interested in the restriction of� to R, but the
values onK will help a little with motivation when the Minkowski Lattice-Point
Theorem is applied once again in the next section. Observe that our definitions
make‖x‖s = |σs(x)| = |�(x)|s for x ∈ K and 1≤ s ≤ r1 + r2.
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Lemma 5.17.The image�(R) is a lattice in�.

PROOF. The homomorphism� is one-one onR becauseσ1, being a field map,
is one-one. SinceR is a free abelian group of rankn and� is one-one,�(R) is
free abelian of rankn. Lemma 5.14 therefore shows that it is sufficient to show
that�(R) is discrete as an additive subgroup of�. It is enough to show that a
bounded region of� contains only finitely many points of�(R).

The verification of this fact is similar to an argument in the proof of Proposition
5.15: A bound by someM on all |σj (α)| for certain elementsα ∈ R implies that
each field polynomial

det
(
X I − (left by α)

) =
n∏

j =1
(X − σj (α))

has all its coefficients bounded by someM ′ depending onM . These coefficients
are integers whenα is in R, and thus there are only finitely many such polynomials.
Each polynomial has at mostn distinct roots, and consequently only finitely many
α’s satisfy such a bound. �

We are now ready to prove Theorem 5.13, but we precede the proof by an
outline. The proof has three steps to it:

(1) We apply the Minkowski Lattice-Point Theorem to the set�(R) ⊆ �,
which we know is a lattice because of Lemma 5.17. For eachs0 with 1 ≤ s0 ≤
r1 + r2, let Es0 be a set ofω’s in � defined by the conditions that|ω|s is to be
small for s �= s0 and |ω|s0 is allowed to be large—with the understanding that
Es0 is a bounded set and thatEs0 has volume≥ 2nV0, whereV0 is the volume
of a fundamental parallelotope of�(R). Using a nonzero lattice point in�(R)
obtained from applying Theorem 5.16 toEs0 and squeezingEs0 even more, we
can obtain an infinite sequence of pointsα in R such that|NK/Q(α)| remains
bounded and such that the size of this norm is contributed to mostly by‖α‖s0.

(2) Applying the same argument that was used for quadratic extensions ofQ in
the proof of Proposition 1.16, we obtain infinite sequences of units whose norm
is contributed to mostly by‖ · ‖s0. We can do this for 1≤ s0 ≤ r1 + r2.

(3) We pass to the Log map, proving and applying the following result from lin-
ear algebra: a real square matrix [ai j ] with the property that|aii | >

∑
j �=i |ai j | for

all i is nonsingular. In the application of this result, we have log‖εs0‖s0 > 0 for the
s0

th constructed unit, log‖εs0‖s < 0 for s �= s0, and an equality that we can write
either as

∑n
s=1 log‖εs0‖s = 0 or as

∑r1
s=1 log‖εs0‖s + 2

∑r1+r2
s=r1+1 log‖εs0‖s = 0.

If we drop all terms corresponding to the(r1+r2)
th unit, then we are in a situation

for which the result from linear algebra immediately implies the theorem.
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PROOF OFTHEOREM5.13. The proof is carried out in three steps.
Step1. For fixeds0 with 1 ≤ s0 ≤ r1 + r2, we construct an infinite sequence

α
(s0)
j in R with

(i) |NK/Q(α
(s0)
j )| ≤ 2nV0,

(ii) ‖α(s0)
j ‖s tends to 0 for eachs �= s0 as j tends to infinity,

(iii) ‖α(s0)
j ‖s0 tends to infinity asj tends to infinity.

For the construction, form for eachj > 0 the compact convex set in� closed
under multiplication by−1 consisting of allω such that

|ω|s ≤ j −1 for s �= s0,

|ω|s0 ≤
{

2n j n−12−r1π−r2V0 if 1 ≤ s0 ≤ r1,

(2n j n−22−r1π−r2V0)
1/2 if r1 + 1 ≤ s0 ≤ r1 + r2.

This set has volume{
(2 j −1)r1−1 · 2(2n j n−12−r1π−r2V0)(π j −2)r2 = 2nV0 if s0 ≤ r1,

(2 j −1)r1(π j −2)r2−1π(2n j n−22−r1π−r2V0) = 2nV0 if s0 > r1.

Theorem 5.16 shows that the set contains a nonzero lattice pointα
(s0)
j . Let us

check that this point satisfies (i), (ii), and (iii). For (i), we have

|NK/Q(α
(s0)
j )| = ( r1∏

j =1
‖α(s0)

j ‖s
)( r1+r2∏

s=r1+1
‖α(s0)

j ‖s
)2

≤
{
( j −1)r1−1(2n j n−12−r1π−r2V0) j −2r2 if s0 ≤ r1

( j −1)r1( j −2)r2−1(2n j n−22−r1π−r2V0) if s0 > r1

= 2nV02−r1π−r2

≤ 2nV0.

Property (ii) is immediate from the inequality‖α(s0)
j ‖s ≤ j −1 for s �= s0. For

(iii), we have

1 ≤ |NK/Q(α
(s0)
j )| = ( r1∏

j =1
‖α(s0)

j ‖s
)( r1+r2∏

s=r1+1
‖α(s0)

j ‖s
)2;

thus (ii) implies (iii).

Step2. For fixeds0 with 1 ≤ s0 ≤ r1 + r2, we construct an infinite sequence
of unitsε(s0)

j such that

(ii ′) ‖ε(s0)
j ‖s tends to 0 for eachs �= s0 as j tends to infinity,

(iii ′) ‖ε(s0)
j ‖s0 tends to infinity asj tends to infinity.
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For the construction, we pass to a subsequence from Step 1, still denoting it by
α
(s0)
j , such thatNK/Q(α

(s0)
j ) is a constant integer, sayM . SinceR/(M) is finite,

we can pass to a further subsequence, still with no change in notation, such that
all α(s0)

j lie in the same residue class17 modulo the principal ideal(M) of R. Put

ε
(s0)
j = α(s0)

j

/
α
(s0)
1 .

Then NK/Q(α
(s0)
j ) = NK/Q(α

(s0)
1 ), sinceNK/Q(α

(s0)
j ) is a constant integer, and

1
M (α

(s0)
j − α(s0)

1 ) is in R, since allα(s0)
j lie in the same residue class modulo(M).

The computation

ε
(s0)
j = 1 + α

(s0)
j − α(s0)

1

α
(s0)
1

= 1 + α
(s0)
j − α(s0)

1

M

∏
σ �=1
σ(α

(s0)
1 )

shows thatε(s0)
j is an algebraic integer. Hence it is inR. We certainly have

NK/Q(ε
(s0)
j ) = NK/Q(α

(s0)
j )

NK/Q(α
(s0)
1 )

= M

M
= 1.

Thereforeε(s0)
j is a unit. Also, the computation

‖ε(s0)
j ‖s = ‖α(s0)

j ‖s

‖α(s0)
1 ‖s

shows that (ii) and (iii) in Step 1 imply (ii′) and (iii′) here.

Step3. For eachs0 with 1 ≤ s0 ≤ r1 + r2, choosej large enough for the unit
ε(s0) = ε(s0)

j in Step 2 to satisfy

(ii ′′) ‖ε(s0)‖s < 1 if s �= s0,
(iii ′′) ‖ε(s0)‖s0 > 1.

We assert that the vectors Log(ε(s0)) for 1 ≤ s0 ≤ r1 + r2 − 1 are linearly
independent overR. Hence Log(R×) has rank≥ r1 + r2 − 1, and Proposition
5.15 therefore implies that Log(R×) has rank equal tor1 + r2 − 1.

To verify this assertion, form the square matrix [ai j ] of sizer1 + r2 given by

ai j =
{

log‖ε(i )‖j if 1 ≤ j ≤ r1,

2 log‖ε(i )‖j if r1 + 1 ≤ j ≤ r1 + r2.

17This conclusion uses a result known as theDirichlet pigeonhole principle or theDirichlet
box principle.
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Thenaii > 0 for eachi by (iii ′′), ai j < 0 for i �= j by (ii′′), and
∑

j ai j = 0 for
eachi becauseNK/Q(ε

(i )) = 1. Let [bi j ] be the upper left block of [ai j ] of size
r1 + r2 − 1. For eachi , we then havebii > 0 and

∑
j with j �=i |bi j | < bii . Let

us prove that the matrix [bi j ] is nonsingular. Assuming the contrary, let [cj ] be a
nonzero column vector with∑

j
bi j cj = 0 for all i . (∗)

If i0 is an index such that|ci0| ≥ |cj | for all j , then settingi = i0 leads to the
strict inequality

|ci0bi0i0| = |ci0|bi0i0 > |ci0|
∑
j �=i0

|bi0 j | ≥ ∑
j �=i0

|bi0 j cj | ≥ ∣∣ ∑
j �=i0

bi0 j cj

∣∣,
which contradicts(∗). Thus [bi j ] is nonsingular.

We conclude that [bi j ] has rankr1 + r2 − 1. Thus its rows are linearly
independent, and the firstr1 + r2 − 1 rows of [ai j ] must be linearly independent.
Therefore the vectors(

log‖ε(s0)‖1, . . . , log‖ε(s0)‖r1,2 log‖ε(s0)‖r1+1, . . . ,2 log‖ε(s0)‖r1+r2

)
,

indexed bys0 for 1 ≤ s0 ≤ r1+r2−1, are linearly independent inRr1+r2. In other
words, the vectors Log(ε(s0)) are linearly independent for 1≤ s0 ≤ r1 + r2 − 1.

�

6. Finiteness of the Class Number

As in Section 5, letK be a number field of degreen overQ, and letR be its ring
of algebraic integers. Letσ1, . . . , σn be the distinct field maps ofK into C, and
assume that the firstr1 of them have image inR and the remaining ones come in
conjugate pairs withσr1+r2+k = σ r1+k for 1 ≤ k ≤ r2.

As in Section I.7, where we treated the case of quadratic extensions, we define
two nonzero idealsI and J of R to beequivalent if (r )I = (s)J for suitable
nonzero elementsr and s of R. The same argument as given in that section
shows that the result is an equivalence relation. The principal ideals form a single
equivalence class.18

18Section I.7 worked also with a notion of strict equivalence of ideals, but we shall not attempt
to extend strict equivalence to the present setting.
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Proposition 5.18. Multiplication of nonzero ideals inR descends to a well-
defined multiplication of equivalence classes of ideals, and the resulting multi-
plication makes the set of equivalence classes into an abelian group. The identity
element of this group is the class of principal ideals.

REMARKS. The proofs of this result and of Theorem 5.19 below will use the
following fact proved in Problems 48–53 of Chapter VIII ofBasic Algebra: if I
is any nonzero ideal inR and if I −1 is defined byI −1 = {x ∈ K | x I ⊆ R}, then
I −1I = R and there existsr ∈ R with r I −1 equal to an ideal ofR. This fact can
be made to look more beautiful by introducing the notion of “fractional ideal,”
but we shall not carry out that step at this time.19

PROOF. If I is a nonzero ideal, let [I ] denote its equivalence class, and define
[ I ][ J] = [ I J ]. Suppose that(r )I = (s)I ′ exhibits an equivalence. Then the
equality(s)I ′ J = (r )I J shows that [I ′ J] = [ I J ]. A similar argument applies
in the J variable, and therefore multiplication of classes is well defined. It is
immediate that multiplication of classes is associative and commutative and also
that the class of principal ideals is an identity. If a class [I ] is given, let I −1 be
as in the remarks above, and choose a nonzeror ∈ R such thatr I −1 = J is an
ideal in R. Multiplying by J gives(r ) = r (I −1I ) = (r I −1)I = J I , and thus
[ J][ I ] is the class of the principal ideals. So [I ] has an inverse. �

The group of equivalence classes of nonzero ideals as in Proposition 5.18 is
called theideal class groupof K. Its order is called theclass numberof K and
will be denoted byhK. The main theorem of this section is as follows.

Theorem 5.19.The class numberhK of any number field is finite.

As we shall see in a moment, it is not too difficult at this stage to prove this
finiteness. However,hK is an important invariant of a number field that determines
whetherR is a principal ideal domain, that occurs in various limit formulas in
the subject, and that occurs also in dimension formulas connected with “Hilbert
class fields.” It is therefore of considerable interest to be able to computehK in
specific examples. For quadratic fields this computation can be carried out by
the techniques of Chapter I because of the close connection between ideal classes
and proper equivalence classes of binary quadratic forms. But no comparable
theory is available as an aid in computation for number fields of degree greater
than 2. As we shall see, the relatively easy proof of Theorem 5.19 that we give
in a moment does not offer any helpful clues about the value ofhK. The main

19The result of the beautification is that the fractional ideals form a group generated by the ideals,
and the group of equivalence classes is a homomorphic image of the group of fractional ideals.



300 V. Three Theorems in Algebraic Number Theory

task of this section will therefore be to provide a better proof of Theorem 5.19
that helps us find the value ofhK in specific examples.

The two proofs have the following lemma in common. The lemma eliminates
the notion of equivalence of ideals from the investigation and shows that the
problem is really that of finding elements in each ideal of relatively small norm.

Lemma 5.20.For a particular number fieldK, if there exists a real constantC
with the property that each nonzero idealJ of R contains an elements �= 0 with

|NK/Q(s)| ≤ C N(J),

then each equivalence class of ideals contains a memberL whose absolute norm
satisfiesN(L) ≤ C. Consequently the class numberhK is at most the number of
nonzero idealsI in R with N(I ) ≤ C. This is a finite number.

PROOF. Let a nonzero idealI in R be given. By the remarks with Proposition
5.18, choose a nonzero elementr in R and an idealJ such thatr I −1 = J.
Multiplication by I and use of the remarks shows that(r ) = J I . By hypothesis
for the lemma, choose a nonzeros ∈ J with |NK/Q(s)| ≤ C N(J). Sinces is in
J, (s) is contained inJ, and therefore(s) = J L for some idealL. Multiplying
both sides of(r ) = J I by L gives (r )L = L J I = (s)I , and L is therefore
equivalent toI . Applying Proposition 5.4, we obtainN(J)N(L) = N(J L) =
N((s)) = |NK/Q(s)| ≤ C N(J). ThereforeN(L) ≤ C as required.

Let us now count the idealsI with N(I ) ≤ C. In terms of the unique
factorizationI = ∏l

i =1 Pei
i of I , we haveN(I ) ≥ ∏l

i =1 pei
i , where pi is the

prime number such thatPi ∩ Z = (pi ). In each case,N(Pi ) ≥ pi . There are
only finitely many primesp with p ≤ C, each is associated with only finitely
many prime idealsP of R with P ∩ Z = (p), and Pe contributes at least 2e

towardN(I ). The inequalityN(I ) ≤ C shows that thesep’s and their associated
P’s are the only possible contributors toI and that each exponent is bounded by
log2 N(I ). Hence there are only finitely many possibilities forI . �

Here is the relatively easy proof of Theorem 5.19.

FIRST PROOF OFTHEOREM5.19. Letx1, . . . , xn be aZ basis ofR, and express
members ofR in terms of this basis asr = ∑n

i=1 ci xi with all ci ∈ Z. The
value of NK/Q(r ) is the value of the determinant of left multiplication byr on
K, and this value, as a function ofc1, . . . , cn, is a homogeneous polynomial of
degreen. Consequently we can find a constantC such that

∣∣NK/Q

(∑n
i =1 ci xi

)∣∣ ≤
C max1≤i ≤n |ci |n.

It is enough to show that the condition of Lemma 5.20 is satisfied for thisC.
Thus let an idealJ be given. As eachci runs through the integers from 0 to
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N(J)1/n, we obtain more thanN(J) membersr = ∑n
i =1 ci xi of R. Since there

are onlyN(J) cosets moduloJ, at least two of these members ofr , sayr1 and
r2, must lie in the same coset.20 Thenr1 − r2 is a nonzero member ofJ, it has all
coefficients between−N(J)1/n and+N(J)1/n, and our construction ofC forces
|NK/Q(r1 − r2)| ≤ C

(
N(J)1/n

)n = C N(J). �

The second proof of Theorem 5.19 is to combine Lemma 5.20 with the deeper
and more quantitative estimate given in the following theorem.

Theorem 5.21(Minkowski). For any number fieldK of degreen, each nonzero
ideal J of R contains an elements �= 0 with

|NK/Q(s)| ≤
(

4

π

)r2 n!

nn
|DK|1/2N(J).

Herer2 is half the number of nonreal embeddings ofK in C, andDK is the field
discriminant. Therefore every equivalence class of ideals contains a memberL
whose absolute norm satisfies

N(L) ≤
(

4

π

)r2 n!

nn
|DK|1/2.

We shall prove Theorem 5.21 shortly by applying Minkowski’s Lattice-Point
Theorem to the lattice�(J) in� = Rr1 ×Cr2, where� is the mapping described
after the proof of Theorem 5.16. The particular compact convex set in the
application takes some time to describe, and we return to that matter shortly.

Meanwhile, let us see a little of the utility of Theorem 5.21. The techniques of
Chapter I are more useful for computing class numbers forn = 2 than Theorem
5.21 is, and we therefore consider onlyn ≥ 3. For n = 3, we must have
r2 ≤ 1. Theorem 5.21 shows that every equivalence class of ideals inR has a
representativeL with

N(L) ≤ 4

π

3!

33
|DK|1/2 = 8

9π
|DK|1/2 < (0.283) |DK|1/2.

Problems 1–2 at the end of the chapter give examples of cubic extensions ofQ
whose discriminants are−23,−31, and−44. Since these have(0.283)|DK|1/2 ≤
(0.283)7 < 2, the representative ideal in each case must have norm 1 and must
be R. Thus for all three of these cubic fields,R is a principal ideal domain.

20Again we are applying the Dirichlet pigeonhole principle.
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For the cubic fieldK = Q( 3
√

2), we know from Section 2 that the discriminant
is DK = −108. Consequently the estimate shows that every class of ideals has
a representative with norm≤ 2. If an idealJ hasN(J) = 2, then 2 has to be a
member, andJ divides(2)R. Proposition 5.10d shows that the factorization of
(2)R is asP3 for a certain unique prime idealP. Thus R and P represent all
equivalence classes, andhK is 1 or 2. If there is somer ∈ R with NK/Q(r ) = 2,
thenP = (r ), and the class number is 1; otherwise it is 2. The element3

√
2 has

|NK/Q(
3
√

2)| = 2, and thusP = ( 3
√

2). ThereforeR is a principal ideal domain
whenK = Q( 3

√
2).

For Dedekind’s example, namely the cubic number fieldK built from
X3 + X2 − 2X + 8, we saw in Section 4 that the discriminant isDK = −503.
Then the constant in the estimate is< (0.283)

√
503< 6.35. So the interest is in

ideals of norm≤ 6. In ruling out ideals that are principal, we need consider only
prime ideals with norm≤ 6. Problems 24–32 at the end of the chapter identify
all the prime ideals of this form and show that they are all principal ideals! We
conclude thathK = 1, i.e., that theR in Dedekind’s example is a principal ideal
domain. Not every cubic number field has class number 1, however; Problem 4
gives an example.

Before turning to the proof of Theorem 5.21, let us observe the following
striking consequence.

Corollary 5.22 (Minkowski). For any number fieldK of degreen,

|DK|1/2 ≥
(π

4

)r2 nn

n!
.

ThereforeDK > 1 if n ≥ 2, and there exists at least one prime number that
ramifies inK.

REMARKS. With a more general number fieldF thanQ as base field, it can
happen that no prime ideal ramifies in a certain nontrivial extension fieldK/F.
See Problems 5–9 at the end of the chapter.

PROOF. SetJ = R in Theorem 5.21, so thatN(J) = 1. The nonzero element
s must have|NK/Q(s)| ≥ 1. The theorem says that(4/π)r2(n!/nn)|DK|1/2 ≥ 1,
and this is the displayed inequality of the corollary. Sincer2 ≤ 1

2n, (π/4)r2 ≥
(π/4)n/2, and thus|DK|1/2 ≥ 2−nπn/2nn/n!. Denote the right side of this
inequality byan. For n = 2, we havea2 = π/2 > 1. Also, an+1/an =
1
2π

1/2(1 + 1
n)

n ≥ π1/2, since(1 + 1
n)

n is monotone increasing21 with n and is
≥ 2 for n = 2. Hencean > 1 for all n ≥ 2. By Theorem 5.5 some prime number
ramifies inK. �

21To see this monotonicity, expandan+1 = (1 + 1
n+1)

n+1 andan = (1 + 1
n )

n by the Binomial
Theorem, and observe that the asserted inequality holds term by term.
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We turn to the proof of Theorem 5.21. We again make use of the map
� : K → � = Rr1 × Cr2 ∼= Rn of the previous section. Lemma 5.17 shows that
�(R) is a lattice in�, and our interest will be in the sublattice�(J), J being the
nonzero ideal under study. The idea is to consider the set ofω ∈ � for which the
function

N(ω) =
( r1∏

i =1
|ω|i

)( r1+r2∏
i =r1+1

|ω|2i
)

has N(ω) ≤ c, c being a positive number. SinceN(�(x)) = |NK/Q(x)| for
x ∈ K, the question of finding a members of J with |NK/Q(s)| ≤ c is the same
as the question of finding a nonzero lattice point in the set for whichN(ω) ≤ c.
Once we sort out how largec has to be for the answer to be affirmative, then
the inequality of the theorem will result. The tool will again be the Minkowski
Lattice-Point Theorem (Theorem 5.16), but the difficulty is that the set for which
N(ω) ≤ c is not necessarily convex.

The nature of the set for whichN(ω) ≤ c becomes clearer by considering the
case ofK = Q(

√
m ) with m > 0. The map� carriesx + y

√
m for x andy in

Q to the pair(x + y
√

m, x − y
√

m) in R2, and if we parametrizeω by the pair
(x, y), then the set for whichN(ω) ≤ c is the part of the(x, y) plane containing
the origin and bounded by the two hyperbolasx2−my2 = c andx2−my2 = −c.
This set is not convex, and it is not even bounded.

Briefly, an individual coordinate of our� = Rr1 × Cr2, whether a factor of
type R or a factor of typeC, contributes something compact convex to the set
for which N(ω) ≤ c as long as the other coordinates are fixed, but as soon as
we allow more than one coordinate to vary, then the product formula defining
N(ω) produces sets that are neither convex nor bounded. To use Theorem 5.16,
we want to inscribe a compact convex set within the set for whichN(ω) ≤ c,
making the inscribed set contain the origin, be closed under negatives, and have
volume as large as possible.

If we were trying to inscribe such a compact convex set in a region cut out by
two hyperbolas as above, then the best possible set to use would be a rectangle
with sides parallel to the axes. However, the description above in terms of those
two hyperbolas used a noncanonical parametrization of elements ofQ(

√
m ) as

all rational combinationsx + y
√

m.
Let us proceed for the general case by using only the structure that is given to

us, without using any noncanonical parametrization. The things that are canonical
are the factorsR andC, the functions‖ · ‖i defined on them, and functions of these.
For the example above, the functionN(ω) is given byN(ω) = |ω|1|ω|2. The
geometric set inR2 = {(ω1, ω2)} to consider is changed from above; it is still the
set toward the origin from two hyperbolas, but the hyperbolas are changed to be
ω1ω2 = ±c, having the axes as asymptotes. The inscribed convex set becomes the
set with|ω1| + |ω2| ≤ 2c1/2. The containment of the latter set in the set toward
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the origin from the two hyperbolas follows from the inequality|ω1ω2|1/2 ≤
1
2(|ω1| + |ω2|), which is a consequence of the inequality1

4(|ω1| − |ω2|)2 ≥ 0.
In the general case the inscribed convex set is described in terms of the function

T(ω) =
r1∑

i=1
|ω|i + 2

r1+r2∑
i=r1+1

|ω|i .

The set ofω with T(ω) ≤ t , t being a positive constant, is evidently a compact
convex set containing 0 and closed under negatives, and the functionsT(ω) and
N(ω) are connected by the arithmetic–geometric mean inequality, which says
that

N(ω)1/n ≤ 1

n
T(ω).

Because of this inequality the set withT(ω) ≤ t is contained in the set with
N(ω) ≤ tn/nn.

Since the absolute value in eachR or C coordinate is canonical, so is the
notion of volume, given on rectangular sets by taking products; as usual the
understanding is that the set in a factor ofR on which the absolute value is
≤ k contributes a factor of 2k to the volume, and the comparable set in a factor
of C contributes a factor ofπk2. If V0 denotes the volume of a fundamental
parallelotope for the lattice�(J) in then-dimensional Euclidean space�, then
the Minkowski Lattice-Point Theorem says that the set withT(ω) ≤ t , and
therefore also the set withN(ω) ≤ tn/nn, contains a nonzero lattice point as
soon as the volume of the set withT(ω) ≤ t is ≥ 2nV0. In other words, as soon
as the volume of the set withT(ω) ≤ t is ≥ 2nV0, there exists ans �= 0 in J with
|NK/Q(s)| ≤ tn/nn.

To prove Theorem 5.21, we therefore need to know two things—the volumeV0

of a fundamental parallelotope for�(J) and the volume of the set withT(ω) ≤ t .
Then we can find the smallestt for which the set withT(ω) ≤ t has volume
≥ 2nV0, and we can sort out the details.

Let us compute the volumeV0. Let � = (α1, . . . , αn) be an orderedZ basis
of the idealJ. The easy case in which to computeV0 is thatr1 = n, i.e., that all
the field embeddings ofK into C are real. In this case the discriminantD(�) is
the determinant of then-by-n matrix [Bi j ] with

Bi j = TrK/Q(αiαj ) =
n∑

k=1
σk(αiαj ) =

n∑
k=1
σk(αi )σk(αj ) =

n∑
k=1

Aik At
jk,

where [Ai j ] is the matrix with Ai j = σj (αi ). We recognize| det[Ai j ]| as the
volume of a fundamental parallelotope for�(J), and therefore|D(�)| = V2

0 .
By Proposition 5.1,D(�) = N(J)2DK, and thereforeV0 = N(J)|DK|1/2.
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This answer for the value ofV0 is not correct if some of the embeddings ofK
into C are nonreal, since| det[σj (αi )]| no longer equalsV0. To see how to adjust
matters, suppose thatσ is a nonreal field mapping ofK into C. Then then-by-n

matrix [σj (αi )] contains one columnz =
( z1

...
zn

)
corresponding toσ and another

columnz̄ =
( z̄1

...
z̄n

)
corresponding toσ . The entries in thekth row tell howαk is

embedded in�, namely at some pointzk = xk + iyk for σ and atz̄k = xk − iyk.
To computeV0 properly, we should havexk in one column andyk in the other,
instead ofzk andz̄k. We can transform from the matrix with columns containing
zk and z̄k to one containingxk and yk by first replacing the first column by the
sum of the two, which is 2xk = zk + z̄k, and by then replacing the second column
by the difference of the second column and half the new first column, which is
1
2(z̄k − zk) = −iyk. These operations do not change the determinant. Repeating
these steps for each of ther2 pairs of nonreal field mappings, we obtain a matrix
for which the absolute value of the determinant, apart from factors of 2 inr2 of the
columns, isV0. ConsequentlyV0 = 2−r2| det[σj (αi )]|. ThenV2

0 = 2−2r2|D(�)|,
and we obtain

V0 = 2−r2 N(J)|DK|1/2.
Now let us compute the volume of the set ofω in� for whichT(ω) ≤ t . Write

ω = (x1, . . . , xr1, zr1+1, . . . , zr1+r2). The volume is the integral of 1 over the set
on which|x1| + · · · + |xr1| + 2|zr1+1| + 2|zr1+r2| ≤ t . The set for the integration
is invariant underxi 	→ −xi and under rotation in any variablezi , and hence the
volume equals

2r1(2π)r2

∫
E
ρr1+1 · · · ρr1+r2 dx1 · · · dxr1 dρr1+1 · · · dρr1+r2,

whereE is the set on which all variables are≥ 0 and

r1∑
i=1

xi + 2
r1+r2∑

i =r1+1
ρi ≤ t.

For r1 + 1 ≤ i ≤ r1 + r2, introducexi = 2ρi , and make the change of variables.
Then the volume becomes

2r1−r2π r2

∫
E′

xr1+1 · · · xr1+r2 dx1 · · · dxr1+r2,

whereE′ is the set of(x1, . . . , xn) in Rr1+r2 with all xi ≥ 0 and with
∑r1+r2

i =1 xi ≤ t .
Finally we make a change of variables that replaces eachxi by tyi , and the result
is that
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volume({T(ω) ≤ t}) = 2r1−r2π r2tn
∫

S
yr1+1 · · · yr1+r2 dy1 · · · dyr1+r2,

whereS is the standard simplex inRr1+r2 with all yi ≥ 0 and with
∑r1+r2

i =1 yi ≤ 1.
This definite integral is of a standard type that is evaluated by the following
lemma.

Lemma 5.23. In Rm, let S be the standard simplex with allxi ≥ 0 and with∑m
i=1 xi ≤ 1. If a1, . . . ,am are positive real numbers, then∫

S
xa1−1

1 xa2−1
2 · · · xam−1

m dx1 · · · dxm = �(a1)�(a2) · · ·�(am)

�(a1 + · · · + am + 1)
.

REMARKS. The expression�( · ) is understood to be the usual gamma function,
whose value at positive integers is given by�(n + 1) = n!. We merely sketch
the proof; the details can be found in many books that treat changes of variables
for multiple integrals.22

SKETCH OF PROOF. Let I be the unit cube, given by 0≤ ui ≤ 1 for 1 ≤ i ≤ m.
We make the change of variablesx = ϕ(u) that carries the pointsu of the cube
I one-one onto the pointsx of the simplexSand that is given by

x1 = u1,

x2 = (1 − u1)u2,

...

xm = (1 − u1) · · · (1 − um−1)um.

The volume element transforms by the absolute value of the Jacobian determinant,
specifically by

dx = |ϕ′(u)| du = (1 − u1)
m−1(1 − u2)

m−2 · · · (1 − um−1)du,

and the result of the change of variables is that the given integral equals

m∏
i =1

∫ 1

0
uai −1

i (1 − ui )
∑m

k=i +1 ak dui .

The factors here can be evaluated by means of Euler’s formula∫ 1

0
ua−1(1 − u)b−1 = �(a)�(b)

�(a + b)
,

and the lemma follows. �
22One such is the author’sBasic Real Analysis; the details appear in the problems at the end of

Chapter VI of that book. Another such book is Rudin’sPrinciples of Mathematical Analysis.
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For the integral of interest to us, we havem = r1 + r2, a1 = · · · = ar1 = 1,
andar1+1 = · · · = ar1+r2 = 2. Thusa1 +· · ·+am = r1 +2r2 = n, and we obtain

volume({T(ω) ≤ t}) = 2r1−r2π r2tn�(1)
r1�(2)r1+r2

�(n + 1)
= 2r1−r2π r2tn

n!
.

Finally we can put everything together. We are to solve fort such that this
expression is equal to 2nV0, and then there exists an elements �= 0 in J with
|NK/Q(s)| ≤ tn/nn. SinceV0 = 2−r2 N(J)|DK|1/2, the equation to solve fort is

2r1−r2π r2tn

n!
= 2n2−r2 N(J)|DK|1/2.

Thustn =
(

4
π

)r2

n!N(J)|DK|1/2, and the elements �= 0 in J satisfies

|NK/Q(s)| ≤
(

4

π

)r2 n!

nn
|DK|1/2N(J).

This completes the proof of Theorem 5.21.

7. Problems

1. Take as known that the discriminant of a cubic polynomialF(X) = X3+ pX+q
is −(4p3 + 27q2). In each of the following cases, letK = Q[X]/(F(X)) with
F(X) as indicated, and verify that the field discriminantDK is as indicated:
(a) F(X) = X3 − X − 1, DK = −23.
(b) F(X) = X3 + X + 1, DK = −31.

2. LetK = Q[X]/(F(X)), whereF(X) = X3 − 2X2 + 2.
(a) Use the formula of the previous problem to show that the discriminant of

the polynomialF(X) is −44.
(b) Using Proposition 5.2, show thatDK cannot be−11, and conclude that

DK = −44.

3. This problem computes the class number ofK = Q( 3
√

3).
(a) Show that every equivalence class of nonzero ideals contains an ideal with

norm≤ 4.
(b) Show that the prime ideals whose norm is a power of 2 areP1 = (2, 3

√
3−1),

whose norm is 2, andP2 = (2, 3
√

9 + 3
√

3 + 1), whose norm is 4.
(c) Show for P1 that 2 is a multiple of 3

√
3 − 1, and show forP2 that 2 is a

multiple of 3
√

9 + 3
√

3 + 1.
(d) Show that the only prime ideal whose norm is 3 is( 3

√
3).

(e) Deduce that the class number ofK is 1.
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4. Let R be the ring of algebraic integers in the number fieldK = Q( 3
√

7), and let
I be the doubly generated idealI = (2, 1 + 3

√
7) in R.

(a) Prove thatN(I ) = 2.
(b) Prove thatI is not a principal ideal.

Problems 5–9 give an example of a nontrivial finite extensionL/K of number fields
in which no prime ideal forK ramifies in passing toL. By contrast, Corollary 5.22
says that there always exists a prime that ramifies in passing fromQ to a nontrivial
finite extension. The example hasL = Q(

√−5,
√−1) andK = Q(

√−5). Let
K′ = Q(

√
5) andK′′ = Q(

√−1). Observe thatL/Q is a Galois extension, and so
are all the various quadratic extensions ofL overK, K′, andK′′, as well as ofK, K′,
andK′′ overQ. The problems make use of the fact that ramification indices multiply
in passing to an extension in stages, and so do residue class degrees.

5. Show that the minimal polynomial of
√−1+ √−5 overQ is X4 + 12X2 + 16,

and deduce that the elements1
2(±

√−1 ± √−5) are algebraic integers inL.

6. By making use the formula forD(ξ) in terms ofD(ξ), whereξ is an element in
L, prove that|D(1

2(
√−1 + √−5))| = 2452. ConsequentlyDL divides 2452.

7. Verify the following decompositions of the ideals(2) and (5) when extended
from Z to the ringsR, R′, andR′′ of algebraic integers inK, K′, andK′′:
(a) (2)R = ℘2 with f = 1, and(5)R = ℘2 with f = 1.
(b) (2)R′ = ℘ with f = 2, and(5)R′ = ℘2 with f = 1.
(c) (2)R′′ = ℘2 with f = 1, and(5)R′′ = ℘1℘2 with f = 1.

8. LetT be the ring of algebraic integers inL. SinceL/Q is a Galois extension, the
only possible decompositions of(p)T , whenp is a prime number, have(e, f, g)
equal to(4, 1,1) or (2, 2,1) or (2,1, 2) or (1,4, 1) or (1, 2, 2) or (1, 1,4). Here
e is the ramification index,f is the residue class degree, andg is the number of
distinct prime factors. Using the product formulas for ramification degrees and
comparing what happens for the passageQ ⊆ K′ ⊆ L with what happens for
the passageQ ⊆ K′′ ⊆ L, show that the only possibilities for(p)T with p = 2
and p = 5 are
(a) (e, f, g) = (2,2,1) for (2)T , i.e.,(2)T = P2 with dimF2(T/P) = 2.
(b) (e, f, g) = (2,1, 2) for (5)T , i.e., (5)T = P2

1 P2
2 with dimF5(T/P1) =

dimF5(T/P2) = 1.

9. Return to the situation withQ ⊆ K ⊆ L, whereK = Q(
√−5). According to

Problem 7a, the prime decompositions of(2)R and(5)R are(2)R = ℘2
2 and

(5)R = ℘2
5.

(a) Using the results of Problem 8, show that℘2T = P and℘5T = P1P2, i.e.,
℘2T is prime, and℘5T is the product of two distinct prime ideals.
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(b) Show how to conclude from these facts and from Theorem 5.6 that no prime
ideal inR ramifies inT . (Educational note: The fieldL is the “Hilbert class
field” of K in the sense of Section 1; the order of the Galois group Gal(L/K)
matches the class number ofK.)

Problems 10–16 concern the cyclotomic fieldK = Q(e2π i /p), where p > 2 is a
prime number. They show that the discriminant is given byDK = pp−2 and that aZ
basis of the ringR of algebraic integers inK consists of{1, ζ, ζ 2, . . . , ζ p−2}, where
ζ = e2π i /p.

10. Show thatK has no real-valued field mappings intoC, and deduce thatNK/Q(x)
is positive for everyx �= 0 in K.

11. Let F(X) = X p−1 + X p−2 + · · · + 1 be the minimal polynomial ofζ overQ,
and letG(X) = F(X + 1). Suppose thatk is an integer with GCD(k, p) = 1.
(a) Prove thatG(X) is the minimal polynomial ofζ k − 1, and deduce that the

norm ofζ k − 1 is given byF(1) = p.
(b) Why does it follow thatNK/Q(1 − ζ k) = p?
(c) Prove that(1 − ζ k)/(1 − ζ ) is a unit ofR.

12. With notation as in the previous problem, prove that the differentD(ζ k) of ζ k

has|D(ζ k)| = p
/|ζ k − 1|.

13. Deduce from the previous problem thatD(ζ ) = (−1)(p−1)(p−2)/2 pp−2.

14. Letλ = 1 − ζ . Problem 11b shows thatNK/Q(λ) = p. Prove that
(a) theZ span of{1, ζ, ζ 2, . . . , ζ p−2} equals theZ span of{1, λ, λ2, . . . , λp−2}.
(b) an equalityp = ∏p−1

k=1 (1 − ζ k) holds.
(c) there exists a unitε of R such thatp = ε(1 − ζ )p−1 = ελp−1.

15. Using Problem 14c, prove that the principal ideals(p)R and(λ) in R are related
by (p)R = (λ)p−1, and deduce from this fact that(λ) is a prime ideal.

16. Apply Proposition 5.2 to theQ basis{1, λ, λ2, . . . , λp−2} of K lying in R to show
that no factor ofp2 can be eliminated fromD(λ) = D(ζ ); take into account the
highest powers ofλ that divide each term. Conclude thatDK = D(ζ ) and that
{1, ζ, ζ 2, . . . , ζ p−2} is aZ basis ofR.

Problems 17–18 use the same notation as in the text of the chapter:K is a number
field of degreen overQ, R is its ring of algebraic integers,DK is its field discriminant,
the field mappings ofK into C are denoted byσi for 1 ≤ i ≤ n, r1 of theσi ’s are
real-valued, andr2 complex-conjugate pairs of theσi ’s are nonreal.

17. Prove that the sign ofDK is (−1)r2.

18. (Stickelberger’s condition) Let � = (α1, . . . , αn) be an orderedn-tuple of
members ofR linearly independent overQ, and suppose thatK/Q is a Galois
extension. Write det[σj (αi )] = P − N, whereP is the sum of all the terms of
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the determinant corresponding to even permutations andN is the sum corre-
sponding to even permutations. Using Galois theory, prove thatP + N andP N
are inZ. Then writeD(�) = (det[σj (αi )])2 = (P+N)2−4P N, and deduce that
the integerD(�) is congruent to 1 or 0 modulo 4. (Educational note: A variant
of this argument proves the same conclusion aboutD(�)without the assumption
thatK/Q is a Galois extension. One makes use of the smallest normal extension
of Q containingK; this is the splitting field of the minimal polynomial of any
primitive element ofK.)

Problems 19–23 continue with the notation of Problems 17–18. It is to be proved that
a suitable localizationS−1R of R is a principal ideal domain for which the group of
units is finitely generated as an abelian group. Leth be the class number ofK.

19. Let I1, . . . , Ih be ideals representing all the equivalence classes of ideals inR.
For eachI j , let uj be a nonzero element ofI j , and putu = u1 · · · uh. Define
S = {1,u,u2, . . . }. Prove thatS−1R is a principal ideal domain.

20. (a) Prove that if a membera of R dividesuk within R for somek ≥ 0, thena
is a unit inS−1R, i.e.,a−1 is in S−1R.

(b) Prove conversely that if a membera of R has the property thatau−m is a
unit in S−1R for somem ≥ 0, thena dividesuk within R for some integer
k ≥ 0.

21. LetP1, . . . , Pl be the distinct prime ideals appearing in the unique factorization
of (u), and suppose thatPh

j = (bj ) for 1 ≤ j ≤ l . Let au−m andk be as in
Problem 20b, and writeuk = ab with b ∈ R.
(a) Why must eachbj necessarily be a unit inS−1R?
(b) Prove that there exist integersnj ≥ 0 for 1 ≤ j ≤ l such that the element

d = ∏
j b

nj

j has(a) = (d)Pt1
1 · · · Ptl

l for some integerstj with 0 ≤ tj ≤ h−1.
(c) In this case, why mustPe1

1 · · · Pel
l be a principal ideal?

22. Suppose that there areN tuples(e1, . . . ,el ) with 0 ≤ ej ≤ h − 1 for all j such
that Pe1

1 · · · Pel
l is a principal ideal. For thei th such tuple, let the principal ideal

be denoted by(ci ), 1 ≤ i ≤ N. Prove that ifk, a, andb are as in the previous
problem and if the principal ideal in (c) of that problem is(ci ), thena = bci ε

for someε in R×.

23. Conclude from the three previous problems that the group of units ofS−1R is
finitely generated as an abelian group.

Problems 24–32 complete the discussion in Section 4 of Dedekind’s example of a
cubic extension ofQ with a common index divisor. The field isK = Q(ξ), where
ξ is a root of F(X) = X3 + X2 − 2X + 8, and it was shown in Section 4 that
D(ξ) = −22 · 503. LetR be the ring of algebraic integers inK. It will be shown that
R is a principal ideal domain.
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24. Show thatη = 4/ξ is a root of the polynomialG(X) = X3 − X2 + 2X + 8, and
conclude thatη is in R.

25. (a) By rewritingF(ξ)/ξ in terms ofξ andη, show thatξ2 + ξ − 2 + 2η = 0.
(b) By rewritingG(η)/η in terms ofξ andη, show that 2ξ + 2 − η + η2 = 0.

Conclude from this formula and (a) that products ofξ andηmay be simplified
according to the table

ξ2 = −ξ + 2 − 2η, η2 = −2ξ − 2 + η, ξη = 4.

(c) Using the first formula in (b), deduce the containment of abelian groups
given byZ({1, ξ, ξ2}) ⊆ Z({1, ξ, η}).

(d) Using the first formula in (b), deduce thatη does not lie inZ({1, ξ, ξ2}).
(e) Conclude from the above facts that{1, ξ, η} and

{
1, ξ, 1

2(ξ
2 + ξ)} areZ

bases ofR.

26. Let P be a prime ideal inR containing(2)R, write F for the field R/P, let
ϕ : R → F be the quotient homomorphism, and letξ = ϕ(ξ) andη = ϕ(η). By
applyingϕ to the table in Problem 25b and using the fact that the additive group
generated by{1, ξ, η} is all of R, prove thatF has only two elements, i.e., that
the residue class degree isf = 1, and that the only possibilities forϕ are the
following:

ϕ = ϕ0,0 with ϕ0,0(ξ) = 0, ϕ0,0(η) = 0,

ϕ = ϕ1,0 with ϕ1,0(ξ) = 1, ϕ1,0(η) = 0,

ϕ = ϕ0,1 with ϕ0,1(ξ) = 0, ϕ0,1(η) = 1.

27. Conversely show that the three functionsϕ0,0, ϕ1,0, ϕ0,1 defined onξ andη in
the previous problem extend to well-defined ring homomorphisms ofR ontoF2.

28. LetP0,0, P1,0, andP0,1 be the kernels of the ring homomorphisms in the previous
problem. Prove that these ideals all have norm 2 and that(2)R = P0,0P1,0P0,1.

29. (a) Prove thatP0,0 = (2, ξ, η), P1,0 = (2, ξ + 1, η), andP0,1 = (2, ξ, η + 1).
(b) Exhibit η as a member of the ideal(2, ξ + 1), and show therefore that

P1,0 = (2, ξ + 1).
(c) Similarly show thatP0,1 = (2, η + 1) and thatP0,0 = (2, ξ − η).

30. The previous problem exhibitedP0,0, P1,0, andP0,1 explicitly as doubly gener-
ated. In fact, use of the norm mapNK/Q will ultimately show them to be principal
ideals.
(a) Show that ifH(X) is the field polynomial overQ of an elementθ in K, then

NK/Q(θ) = −H(0) andNK/Q(θ − q) = −H(q) for everyq ∈ Q.
(b) Prove thatNK/Q(ξ) = NK/Q(η) = −8 = −23, that |NK/Q(ξ + 3)| = 22,

that|NK/Q(ξ − 1)| = |NK/Q(ξ + 2)| = 23, and that|NK/Q(ξ − 2)| = 24.
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(c) Prove that(ξ) = Pa
0,0Pb

1,0Pc
0,1 for unique exponents≥ 0 whose sum is 3,

and that(η) = Pα0,0Pβ1,0Pγ0,1 for unique exponents≥ 0 whose sum is 3.
(d) Using the fact thatξη = 4, prove thata + α = b + β = c + γ = 2.
(e) Using the definitions ofP0,0, P1,0, andP0,1 as kernels, prove thatb = 0 and

γ = 0.
(f) Conclude that(ξ) = P0,0P2

0,1 and that(η) = P0,0P2
1,0.

31. This problem uses the norm computations in Problem 30b.
(a) Using the defining homomorphisms, show that ifl is an odd integer, then

P1,0 contains(ξ + l ), but P0,0 andP0,1 do not.
(b) Show that(ξ + 3) = P2

1,0 and that(ξ − 1) = P3
1,0.

(c) Using the defining homomorphisms, show that ifl is an even integer, then
P0,1 contains(ξ + l ), but P1,0 does not.

(d) Show that(2, ξ) = P0,0P0,1.
(e) Show that ifl is an even integer not divisible by 4, thenP2

0,1 does not contain
(ξ + l ).

(f) Show that(ξ + 2) = P2
0,0P0,1 and that(ξ − 2) = P3

0,0P0,1.

32. (a) From the identity(ξ + 2)P0,0 = (ξ − 2) that results from Problem 31f,

deduce thatr0,0 = ξ−2
ξ+2 is in R and thatP0,0 = (r0,0).

(b) Deduce similarly thatP1,0 andP0,1 are principal ideals.
(c) Using Theorem 5.6, show thatR contains no ideals of norm 3.
(d) Using Theorem 5.6, show that the only ideal inR of norm 5 is(5, 1 + ξ).
(e) Show that|NK/Q(1 + ξ)| = 10, and deduce that(1 + ξ) = (5, 1 + ξ)P,

whereP is one of the three idealsP0,0, P1,0, andP0,1.
(f) Why does it follow that(5, 1 + ξ) is a principal ideal?
(g) Prove thatR is a principal ideal domain.



CHAPTER VI

Reinterpretation with Adeles and Ideles

Abstract. This chapter develops tools for a more penetrating study of algebraic number theory than
was possible in Chapter V and concludes by formulating two of the main three theorems of Chapter
V in the modern setting of “adeles” and “ideles” commonly used in the subject.

Sections 1–5 introduce discrete valuations, absolute values, and completions for fields, always
paying attention to implications for number fields and for certain kinds of function fields. Section 1
contains a prototype for all these notions in the construction of the fieldQp of p-adic numbers formed
out of the rationals. Discrete valuations in Section 2 are a generalization of the order-of-vanishing
function about a point in the theory of one complex variable. Absolute values in Section 3 are
real-valued multiplicative functions that give a metric on a field, and the pair consisting of a field and
an absolute value is called a valued field. Inequivalent absolute values have a certain independence
property that is captured by the Weak Approximation Theorem. Completions in Section 4 are
functions mapping valued fields into their metric-space completions. Section 5 concerns Hensel’s
Lemma, which in its simplest form allows one to lift roots of polynomials over finite prime fields
Fp to roots of corresponding polynomials overp-adic fieldsQp.

Section 6 contains the main theorem for investigating the fundamental question of how prime
ideals split in extensions. LetK be a finite separable extension of a fieldF , let R be a Dedekind
domain with field of fractionsF , and letT be the integral closure ofR in K . The question concerns
the factorization of an idealpT in T whenp is a nonzero prime ideal inR. If Fp denotes the
completion ofF with respect top, the theorem explains how the tensor productK ⊗F Fp splits
uniquely as a direct sum of completions of valued fields. The theorem in effect reduces the question
of the splitting ofpT in T to the splitting ofFp in a complete field in which only one of the prime
factors ofpT plays a role.

Section 7 is a brief aside mentioning additional conclusions one can draw when the extension
K/F is a Galois extension.

Section 8 applies the main theorem of Section 6 to an analysis of the different ofK/F and
ultimately to the absolute discriminant of a number field. With the new sharp tools developed in the
present chapter, including a Strong Approximation Theorem that is proved in Section 8, a complete
proof is given for the Dedekind Discriminant Theorem; only a partial proof had been accessible in
Chapter V.

Sections 9–10 specialize to the case of number fields and to function fields that are finite separable
extensions ofFq(X), whereFq is a finite field. The adele ring and the idele group are introduced
for each of these kinds of fields, and it is shown how the original field embeds discretely in the
adeles and how the multiplicative group embeds discretely in the ideles. The main theorems are
compactness theorems about the quotient of the adeles by the embedded field and about the quotient
of the normalized ideles by the embedded multiplicative group. Proofs are given only for number
fields. In the first case the compactness encodes the Strong Approximation Theorem of Section 8
and the Artin product formula of Section 9. In the second case the compactness encodes both the
finiteness of the class number and the Dirichlet Unit Theorem.

313
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1. p-adic Numbers

This chapter will sharpen some of the number-theoretic techniques used in
Chapter V, finally arriving at the setting of “adeles” and “ideles” in which many
of the more recent results in number theory have tidy formulations. Although
Chapter V dealt only with number fields, the present chapter will allow a greater
degree of generality that includes results in the algebraic geometry of curves.
This greater degree of generality will not require much extra effort, and it will
allow us to use each of the subjects of number theory and algebraic geometry to
motivate the other.

The first section of Chapter V returned to the idea that one can get some
information about the integer solutions of a Diophantine equation by considering
the equation as a system of congruences modulo each prime number. However,
we lose information by considering only primes for the modulus, and this fact
lies behind the failure of Chapter V to give a complete proof of the Dedekind
Discriminant Theorem (Theorem 5.5). The proof that we did give was of a related
result, Kummer’s criterion (Theorem 5.6), which concerns a fieldQ(ξ), where
ξ is a root of an irreducible monic polynomialF(X) in Z[X]. The statement of
Theorem 5.6 involves the reduction ofF(X) modulo certain prime numbersp
and no other congruences.

The Chinese Remainder Theorem tells us that a congruence modulo any integer
can be solved by means of congruences modulo prime powers, and the formulation
of Theorem 5.6 uses only congruences modulo primes raised to the first power.
Let us strip away the complicated setting from such congruences and see some
examples of how the use of prime powers can make a difference.

EXAMPLES.

(1) Consider the problem of finding a square root of 5 modulo powers of 2.
For the first power, we have

x2 − 5 = (x − 1)2 + 2x − 6 ≡ (x − 1)2 mod 2,

i.e., x2 − 5 is the square of a linear factor modulo 2. For the second power, the
computation is

x2 − 5 = (x − 1)(x + 1)− 4 ≡ (x − 1)(x + 1) mod 4,

andx2 − 5 is the product of two distinct linear factors modulo 4. For the third
power,x2 −5 is irreducible modulo 8 because the only odd squares modulo 8 are
±1. Thus the polynomialx2−5 exhibits a third kind of behavior when considered
modulo 8. For higher powers of 2, the irreducibility persists because a nontriv-
ial factorization modulo 2k with k > 3 would imply a nontrivial factorization
modulo 8.



1. p-adic Numbers 315

(2) Consider the problem of finding a square root of 17 modulo powers of 2.
We readily compute that

x2 − 17 = (x − 1)2 + 2x − 18 ≡ (x − 1)2 mod 2,

x2 − 17 = (x − 1)(x + 1)− 16 ≡ (x − 1)(x + 1) mod 4,

x2 − 17 = (x − 1)(x + 1)− 16 ≡ (x − 1)(x + 1) mod 8,

x2 − 17 = (x − 1)(x + 1)− 16 ≡ (x − 1)(x + 1) mod 16,

x2 − 17 = (x − 7)(x + 7)+ 32 ≡ (x − 7)(x + 7) mod 32,

x2 − 17 = (x − 9)(x + 9)+ 64 ≡ (x − 9)(x + 9) mod 64,

i.e., that the factorization ofx2 − 17 begins in the same way as forx2 − 5 but that
x2 − 17 continues to factor as the product of two distinct linear factors modulo
23, 24, 25, and 26. We can argue inductively that this pattern persists through all
higher powers. In fact, suppose thatx2 − 17 = (x − m)(x + m) mod 2k for an
integerk ≥ 3. Then

x2 − 17 = x2 − m2 + a2k,

andm must be odd. Then we can write

x2 − 17 = x2 − (m − a2k−1)2 + a2k(1 − m + a2k−2).

The factor(1 − m + a2k−2) is even, and this equality shows thatx2 − 17 is the
product of two distinct linear factors modulo 2k+1. This completes the induction.

One immediate observation from the two examples is that the factorizations
of x2 − 5 andx2 − 17 are the same modulo 2 and modulo 22 but are qualitatively
distinct modulo higher powers of 2. Another observation is the nature of the data
produced by the inductive argument in Example 2: For eachk, we obtain an odd
integermk such thatm2

k ≡ 17 mod 2k, and themk’s are constructed in such a
way thatmk+1 = mk − ak2k−1 if m2

k = 17+ ak2k. It follows that if l ≥ k, then
mk −ml is divisible by 2k−1, i.e., by higher and higher powers of 2 ask increases.

A first conclusion is that we get additional information by using congruences
modulo prime powers. A second and more subtle conclusion is that it would be
desirable to regard the sequence{mk} as stabilizing in some sense; then we could
regard the system of congruences modulo all powers 2k as having a single pair
of solutions that we can consider as square roots of 17. In this case we would
not have to think about infinitely many solutions to infinitely many unrelated
congruences.

The construction that is to follow in this section, which is due to K. Hensel,
will capture this information as a single “2-adic number.” Conversely the 2-adic
number carries with it the congruence information modulo 2k for all positive
integersk.
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Thus the revised method of considering congruences prime by prime will be
a two-step process, first a step of “localization” and then a step of “completion.”
In our application in Chapter V, we did not explicitly make use of localization
in the sense of Chapter VIII ofBasic Algebra, but it was there implicitly—in
Proposition 5.2 for example and in the proof of Theorem 5.6. Carrying out the
details of setting up the theory behind the two-stage process will take some work
and will occupy the first four sections of this chapter. Let us get started.

Let p be a prime number. We define a real-valued function| · |p on the field
Q of rationals as follows: we take|0|p = 0, and for any rationalr = pmab−1

with a andb equal to integers relatively prime top, we define|r |p = p−m. The
function | · |p is called thep-adic absolute valueon Q. It has the following
properties:

(i) |x|p ≥ 0 with equality if and only ifx = 0,
(ii) |x + y|p ≤ max(|x|p, |y|p),

(iii) |xy|p = |x|p|y|p,
(iv) | − 1|p = |1|p = 1, and
(v) | − x|p = |x|p.

In fact, with (ii), equality holds if|x|p �= |y|p, and the case with|x|p = |y|p
comes down to the observation thata

b + c
d = ad+bc

bd has no factor ofp in its
denominator ifb andd are relatively prime top. Property (iii) comes down to the
fact that ifa,b, c, d are relatively prime top, then so areac andbd. The other
properties follow from the first three: To see that|1|p = 1 in (iv), we observe
from (iii) that |1|p is a nonzero solution ofx2 = x and thus has to be 1. This
conclusion and (iii) together show that|−1|p is a positive solution ofx2 = 1 and
thus has to be 1. Property (v) follows immediately by combining (iii) and (iv).

Inequality (ii) is called theultrametric inequality . It implies that|x + y|p ≤
|x|p+|y|p, and consequently the functiond(x, y) = |x− y|p satisfies the triangle
inequality

d(x, y) ≤ d(x, z)+ d(z, y).

Since (i) shows thatd(x, y) ≥ 0 with equality exactly whenx = y and since (v)
implies thatd(x, y) = |x − y|p = d(y, x), the functiond onQ × Q is a metric.
It is called thep-adic metric onQ.

The fieldQp of p-adic numberswill be obtained by completing this metric and
extending the field operations to the completion. Let us see to the details. Regard
the space

∏∞
j =1 Q of sequences{qj }∞j =1 of rational numbers as the direct product

of copies of the ringQ, the operations being taken coordinate by coordinate.
Then

∏∞
j =1 Q is a commutative ring with identity, the identity being the sequence

whose terms are all equal to 1.
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As is usual for metric spaces, we say that a sequence of rationals, i.e., a member
{qj } of

∏∞
j =1 Q, isconvergentto q ∈ Q in the p-adic metric if for any realε > 0,

there exists an integerN such that|qn − q|p < ε for all n ≥ N. Convergence
in this metric is quite different from what one might expect; for example the
sequence{2 j }∞j =1 is convergent to 0 whenp = 2. The sequence{qj } is aCauchy
sequencein the p-adic metric if for any realε > 0, there exists an integerN
such that|qm − qn|p < ε for all m ≥ N and alln ≥ N. Convergent sequences
are Cauchy, as follows from the inequality|qm − qn|p ≤ |qm − q|p + |q − qn|p.
Cauchy sequences need not be convergent, but every Cauchy sequence{qn} is
bounded in the sense that there is some realC with |qn|p ≤ C for all n.

EXAMPLE 2, CONTINUED. We obtained a sequence{mk} of odd integers such
thatl ≥ k implies thatmk −ml is divisible by 2k−1 andm2

k −17 is divisible by 2k.
In terms of the 2-adic absolute value,|mk−ml |p ≤ 2−(k−1) and|m2

k−17|p ≤ 2−k.
The sequence{mk} is therefore a Cauchy sequence in the 2-adic metric, and the
sequence{m2

k} is convergent in the 2-adic metric to 17.

It follows from the ultrametric inequality that the sum and difference of Cauchy
sequences is bounded, and (ii) and the boundedness of Cauchy sequences implies
that the product of two Cauchy sequences is Cauchy. Therefore the subsetR of
Cauchy sequences is a subring with identity within

∏∞
j =1 Q.

In the theory of metric spaces, one defines a suitable notion of equivalence of
Cauchy sequences, and the set of equivalence classes becomes a complete metric
space,1 any memberq of Q being identified with the constant Cauchy sequence
whose terms all equalq. With thep-adic metric, one can then prove that the field
operations extend to the completion, and the completion is the field ofp-adic
numbers. This verification is a little tedious when done directly, and we can
proceed more expeditiously by using some elementary ring theory.

Since convergent sequences are Cauchy, the setI of sequences convergent to 0
is a subset of the ringR. The sum or difference of two such sequences is again
convergent to 0, andI is an additive subgroup. We shall show thatI is in fact
an ideal inR. Thus let{zn} be convergent to 0, and let{qn} be Cauchy. Since
{qn} is Cauchy, it is bounded, say with|qn|p ≤ M for all n. If ε > 0 is given,
chooseN such thatn ≥ N implies |zn|p ≤ ε/M . Thenn ≥ N implies that
|znqn|p = |zn|p|qn|p ≤ (ε/M)M = ε. Hence{znqn} is convergent to 0, andI is
an ideal inR.

Proposition 6.1. With the p-adic absolute value imposed onQ, letR be the
subring of

∏∞
j =1 Q consisting of all Cauchy sequences, and letI be the ideal in

1This construction is carried out in detail in Section II.11 of the author’sBasic Real Analysis.
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R consisting of all sequences convergent to 0. ThenI is a maximal ideal inR,
and the quotientR/I is a field. Consequently the Cauchy completion ofQ in the
p-adic metric is a topological fieldQp into whichQ embeds via a field mapping.
If | · |p denotes the functiond( · , 0) onQp, then| · |p is a continuous extension
of the p-adic absolute value fromQ to Qp, and it satisfies

(a) |x|p ≥ 0 with equality if and only ifx = 0,
(b) |x + y|p ≤ max(|x|p, |y|p), and
(c) |xy|p = |x|p|y|p.

The subsetZp = {
x ∈ Qp

∣∣ |x|p ≤ 1
}

is an open closed subring ofQp in which
Z is dense, andZp is compact. Consequently the topological fieldQp is locally
compact.

REMARKS. The fieldQp is called the field ofp-adic numbers, and the ring
Zp is called the ring ofp-adic integers. The ringZp contains the identity ofQp.

PROOF. First let us prove thatI is a maximal ideal. Arguing by contradiction,
let {qn} be a Cauchy sequence that is not inI, i.e., is not convergent to 0. Then
there exists anε0 > 0 such that|qn|p ≥ ε0 for infinitely manyn. ChooseN such
that|qn − qm| < ε0/2 whenevern ≥ N andm ≥ N, and find somen0 ≥ N with
|qn0|p ≥ ε0. Thenn ≥ N implies that|qn|p ≥ ε0/2 because otherwise we would
haveε0 ≤ |qn0|p ≤ |qn − qn0|p + |qn|p < ε0/2 + ε0/2 = ε0, contradiction. Let
{rn} be the sequence withrn = 0 for n < N andrn = q−1

n for n ≥ N. Forn ≥ N
andm ≥ N, we have

|rn − rm|p = |q−1
n − q−1

m |p = |(qm − qn)/(qmqn)|p
= |qm − qn|p|qm|−1

p |qn|−1
p ≤ 4ε−2

0 |qm − qn|p,

and it follows that{rn}p is Cauchy and hence lies inR. SinceI is an ideal inR,
{rnqn} is Cauchy. The terms of the sequence{rnqn} are all equal to 1 forn ≥ N,
and hence{rnqn} differs from the identity ofR by a member ofI. Consequently
the identity is inI. This is a contradiction, since the members of the constant
sequence{1} are at distance|1 − 0|p = 1 from 0. HenceI is a maximal ideal,
andR/I is necessarily a field.

Meanwhile, the Cauchy completionQp of Q is the set of equivalence classes
fromR, two members ofR being equivalent if they differ by a sequence conver-
gent to 0. Consequently the Cauchy completionQp is preciselyR/I as a set. The
mappingQ → R → R/I carrying a memberq of Q to the constant sequence
{qn} with all qn = q and then fromR to the quotientR/I = Qp evidently respects
the operations and hence is a field mapping. This mapping identifiesQ with a
subset ofQp. The metricd on Q extends uniquely to a continuous function on
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the completionQp ×Qp, and therefore thep-adic absolute value| · |p = d( · ,0)
extends to a continuous function onQp.

Property (a) for the function| · |p on Qp follows from the fact that the
continuous extension ofd is a metric onQp. To see that (b) and (c) hold on
Qp, let x and y be members ofQp = R/I, and let{qn} and{rn} be respective
coset representatives of them inR. Then{qn + rn} and{qnrn} are representatives
of x + y andxy by definition, and the continuity of thep-adic absolute value on
Qp implies that limn |qn + rn|p = |x + y|p and limn |qnrn|p = |xy|p. From the
first of these limit formulas and from (b) onQ, we obtain

|x + y|p = lim sup
n

|qn + rn|p ≤ lim sup
n

max(|qn|p, |rn|p) = max(|x|p, |y|p),

since limn |qn|p = |x|p and limn |rn|p = |y|p. This proves (b) onQp. Similarly

|xy|p = lim
n

|qnrn|p = lim
n

|qn|p|rn|p = (lim
n

|qn|p)(limn |rn|p) = |x|p|y|p,

and this proves (c) onQp.
To see that addition, subtraction, and multiplication are continuous onQp×Qp,

let {xn} and{yn} be convergent sequences inQp with respective limitsx andy.
Use of (b) onQp gives

|(xn + yn)− (x + y)|p = |(xn − x)+ (yn − y)|p ≤ max(|xn − x|p, |yn − y|p).

The right side has limit 0 inR, and thereforexn + yn has limitx + y in Qp. A
completely analogous argument, making use also of the equality| − 1|p = |1|p,
shows that subtraction is continuous. Consider multiplication. IfM is an upper
bound for the absolute values|xn|p and|yn|p, then use of (c) onQp gives

|xnyn − xy|p = |xn(yn − y)+ y(xn − x)|p
≤ max(|xn(yn − y)|p, |y(xn − x)|p)
= max(|xn|p|yn − y|p, |y|p|xn − x|p)
≤ max(M |yn − y|p, |y|p|xn − x|p).

The right side has limit 0 inR, and thereforexnyn has limitxy in Qp.
To see that inversionx 	→ x−1 is continuous onQ×

p , let {xn} be a sequence in
Q×

p with limit x in Q×
p . Since limn |xn|p = |x|p, we can find an integerN such

that|xn|p ≥ 1
2|x|p for n ≥ N. The computation

|x−1
n − x−1|p = |(x − xn)/(xnx)|p = |x − xn|p/(|xn|p|x|p) ≤ 2|x|−1

p |x − xn|p,
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valid for n ≥ N, shows that limx−1
n = x−1, and inversion is continuous. Conse-

quentlyQp is a topological field.
It follows immediately from properties (b) and (c) and from the equality

| − x|p = |x|p that Zp is a subring ofQp. SinceZp is defined in terms of a
continuous function and an inequality, it is closed. It can also be defined as
the subset with|x|p < p because thep-adic absolute value takes no values
between 1 andp, and thereforeZp is open. The most general nonzero member
of Q ∩ Zp is of the formq = a/b, wherea andb are relatively prime nonzero
integers with|a/b|p ≤ 1. Here|b|p = 1, andp cannot divideb. If k > 0 is
given, then it follows that there existsn with bn − a ≡ 0 mod pk. This n has
|n − a

b |p = |bn − a|p ≤ p−k. Soq is in the closure ofZ in Qp. In other words,
the closure ofZ containsQ ∩ Zp. SinceQ is dense inQp, Z is dense inZp.

For each integern ≥ 0, the setZp is covered by the closed balls of radius
p−n centered at the integers 0,1,2, . . . , pn − 1. In fact, every integerz hasz ≡
k mod pn for some integerk ∈ {0,1, 2, . . . , pn − 1}. For thisk, |z− k|p ≤ p−n.
ThusZ is contained in the union of the closed balls of radiusp−n centered at
0,1,2, . . . , pn − 1. This union is closed; sinceZ is dense inZp, Zp is contained
in this union. In turn, these closed balls are contained in the open balls of radius
p−n+1 centered at the integers 0, 1, 2, . . . , pn − 1. Thus for any positive radius,
there exists a finite collection of open balls of that radius or less such that the
union of the open balls coversZp. This means thatZp is totally bounded in the
metric spaceQp. A totally bounded closed subset of a complete metric space is
compact, and consequentlyZp is compact.

Thus the 0 element ofQp hasZp as a compact neighborhood. Since addition
is continuous,x+Zp is a compact neighborhood ofx, and thereforeQp is locally
compact. �

2. Discrete Valuations

The construction of thep-adic absolute value onQ seemingly made use of unique
factorization of the members ofZ, but actually the unique factorization of the
ideals inZ would have been sufficient. Thus we shall see in a moment that the
construction extends to apply to any number fieldF as soon as we specify a
nonzero prime idealP in the ring R of algebraic integers ofF . In fact, there
is nothing special about a number field. IfR is any Dedekind domain andF is
its field of fractions, then the construction extends toF as soon as we specify a
nonzero prime idealP in R.

Before describing the extended construction, let us look at the definition of
the p-adic absolute value onQ more closely. Recall that ifx = pmab−1 for
integersa andb relatively prime top, then|x|p = p−m. Actually, the basep
in this exponential is not very important at this point, and we could have used
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any real numberr > 1 in place ofp in p−m. With this adjustment thep-adic
absolute value would have been given by|x|p = r −vp(x), wherevp(x) is the exact
net power ofp that occurs when the prime factorizations of the numerator and
denominator ofx are used. The exponentvp(x) is what is important; the baser
is unimportant.

The expressionvp(x) for Q is analogous to the order of vanishing of a poly-
nomial in one complex variable at a point, and Hensel was led to thep-adic
absolute value by carrying the notion forC[X] to the setting withQ. In setting
up a generalization, we shall work first with the generalization of the order of
vanishingvp(x), since it is the more primitive notion, and in Section 3 we shall
exponentiate to obtain a generalization of the absolute value for which we can
form a completion.

To make the definitions, it is convenient to make use of fractional ideals, which
were the subject of a set of problems in Chapter VIII ofBasic Algebra. Let us
recall the definition and the relevant properties. Again letR be a Dedekind
domain, and letF be its field of fractions. Afractional ideal of F is any finitely
generatedR moduleM . For such anR module, there exists somea ∈ R with
aM ⊆ R, and thenaM is an ideal ofR. If M is any nonzero fractional ideal,
thenM−1 = {x ∈ F | x M ∈ R} is a nonzero fractional ideal, andM M−1 = R.
With this definition and property, it readily follows from the unique factorization
of ideals inR that any nonzero fractional idealM of F is of the form

M =
l∏

j =1

P
kj

j ,

for a suitable set{P1, . . . , Pl } of distinct nonzero prime ideals ofRand for suitable
nonzero integer exponentskj . This expansion is unique up to the order of the
factors, and every such expression is a fractional ideal. It follows that the nonzero
fractional ideals form a group under multiplication. At the end of this section, we
shall mention how this group is related to the ideal class group ofF as defined in
Section V.6.

If x �= 0 is in F , then theprincipal fractional ideal (x) = x R has a
factorization as above. IfP is a nonzero prime ideal ofR, we let vP(x) be
the negative of the integer exponent ofP in the prime factorization of(x). For
example, ifx is a nonzero element ofR, thenvP(x) is a nonnegative integer. To
makevP( · ) be everywhere defined onF , we definevP(0) = +∞. ThenvP( · )
is function fromF ontoZ ∪ {+∞} such that

(i) vP(x) = +∞ if and only if x = 0,
(ii) vP(x + y) ≥ min(vP(x), vP(y)) for all x andy, and

(iii) vP(xy) = vP(x)+ vP(y) for all x andy.
We shall see in Proposition 6.4 below that the effect ofvP( · ) is to pick out from
F the localization ofR at P.
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To proceed further, we abstract the above construction and see what informa-
tion we can recover from it. LetF be any field. Adiscrete valuationof F is a
functionv( · ) from F ontoZ ∪ {∞} such that

(i) v(x) = +∞ if and only if x = 0,
(ii) v(x + y) ≥ min(v(x), v(y)) for all x andy, and

(iii) v(xy) = v(x)+ v(y) for all x andy.

Observe as a consequence that

(iv) v(−1) = v(1) = 0,
(v) v(−x) = v(x) for all x, and

(vi) v(x + y) = v(x) if v(y) > v(x).

In fact, v(1) = 0 follows by takingx = y = 1 in (iii), and thenv(−1) = 0
follows by takingx = y = −1 in (iii). This proves (iv), and (v) follows by
combining (iv) with (iii) for x = −1. For (vi), we havev(x + y) ≥ v(x) by
(ii). In the reverse direction,v(x) ≥ min(v(x + y), v(y)) by (ii) and (v); since
v(y) > v(x), the minimum must be the first of the two, and thusv(x) ≥ v(x+ y).

DefineRv = {x ∈ F | v(x) ≥ 0}. Property (i) shows that 0 is inRv, (ii) and
(v) show thatRv is closed under addition and subtraction, (iii) shows thatRv is
closed under multiplication, and (iv) shows that 1 is inRv. ConsequentlyRv is
an integral domain. The ringRv is called thevaluation ring of v in F .

If x is in F but is not inRv, thenv(x) < 0. This inequality forcesv(x−1) > 0,
andx−1 is in Rv. As a consequence,F can be regarded as the field of fractions
of Rv.

Let Pv = {x ∈ F | v(x) > 0}. Arguing in similar fashion, we see thatPv is
an ideal inRv. Any x in Rv that is not inPv hasv(x) = v(x−1) = 0 and is thus
a unit in Rv. In other words,Rv is a local ring withPv as its unique maximal
ideal. The idealPv is called thevaluation ideal of v in F . We writekv for the
field Rv/Pv; it is called theresidue class fieldof v.

Proposition 6.2. Let v be a discrete valuation of a fieldF , let Rv be the
valuation ring, and letPv be the valuation ideal. Then

(a) Rv is a principal ideal domain,
(b) there exists an elementπ in Pv with v(π) = 1, and any suchπ has

Pv = (π),
(c) the nonzero ideals ofRv are exactly the nonnegative integer powers ofPv

and are given byPn
v = (πn) = {x ∈ Rv | v(x) ≥ n} for n ≥ 0,

(d) the nonzero fractional ideals ofRv are exactly the integer powers ofPv
and are given byPn

v = (πn) = {x ∈ Rv | v(x) ≥ n} for n ∈ Z.

REMARKS. WhenF equalsQ andv counts the net power of a prime number
p dividing a rational number, we see by inspection that the ringRv is the local-
ization ofZ at p, consisting of all rational numbers with no factor ofp in their
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denominators. The choices2 for π in (b) are the elementsrp, wherer is any
nonzero rational whose numerator and denominator are both prime top, and the
nonzero ideals are of the form(pn) with n ≥ 0.

PROOF. The idealPv contains an elementπ with v(π) = 1 becausev( · ) is
assumed to be ontoZ ∪ {+∞}. Suppose thatx is a nonzero member ofPv and
thatv(x) = n > 0. Thenv(π−nx) = 0, and the elementsπ−nx andx−1πn lie in
Rv. Hencex = πn(π−nx) exhibitsx as a member of(πn), andπn = x(x−1πn)

exhibitsπn as a member of(x). Consequently(x) = (πn). If I is a nonzero
proper ideal inRv, then it follows thatI = πn0 Rv, wheren0 is the smallest integer
such that some elementx0 of I hasv(x0) = n0. This proves (a), (b), and (c).

SinceRv is a principal ideal domain, it is a Dedekind domain, and the theory of
fractional ideals is applicable. Since (c) shows the nonzero ideals to be allPn

v with
n ≥ 0, it follows that the fractional ideals are allPn

v with n an arbitrary integer.
For any integern > 0, we have(π−n)Pn

v = π−n Rvπn Rv = Rv = P−n
v Pn

v , and
thusP−n

v = (π−n). The latter ideal equalsπ−n Rv = {x ∈ Rv | v(x) ≥ −n}, and
this proves (d). �

From property (vi) it follows forn > 0 that the membersx of the set 1+ Pn
v all

havev(x) = 0. The product of two such elements is again in the set becausePn
v

is an ideal. Let us see that the multiplicative inversex−1 of a memberx of the set
is in the set. We calculate thatv(x−1−1) = v(x−1)+v(1−x) = 0+v(1−x) =
v(1−x) ≥ n. Hencex−1 is in 1+ Pn

v , and 1+ Pn
v is a group under multiplication.

It is a subgroup of the groupR×
v of units in Rv.

EXAMPLE. When F = Q and v counts the net power of a prime number
p dividing a rational number, the residue class fieldkv has p elements, with
the integers 0, 1, . . . , p − 1 being coset representatives. The groupR×

v is the
multiplicative group of rationals having numerators and denominators prime to
p. The members of 1+ Pn

v are rationals of the form 1+ pnab−1, wherea andb
are integers andb is prime top. If we write this asb−1(b+ pna), we see that the
condition on a rational to be in 1+ Pn

v is that its numerator and denominator be
prime top and be congruent to each other modulopn.

Now we return to our first example of a discrete valuation, which was con-
structed from a nonzero prime idealP in a Dedekind domainR. We called the
valuationvP( · ). We asserted earlier that the construction viavP( · ) picks out
the localization ofR at P and the associated data. This assertion will be proved
in Proposition 6.4 below. We begin with a handy lemma.

2Some books use the term “uniformizer” or “uniformizing element” for any generatorπ of the
principal idealPv . The generators are exactly the prime elements of the ringRv .
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Lemma 6.3.Let R be a Dedekind domain regarded as a subring of its field of
fractionsF , let P be a nonzero prime ideal inR, and letvP be the valuation ofF
defined byP. Then any elementx of F with vP(x) = 0 is of the formx = ab−1

with a andb in R andvP(a) = vP(b) = 0.

PROOF. If x is an element ofF with vP(x) = 0, writex = a′b′−1 with a′ ∈ R
andb′ ∈ R. ThenvP(a′) = vP(b′) = n for some integern ≥ 0. Sincea′ andb′
are inR, (a′) and(b′) are ordinary ideals, and their prime factorizations are into
ordinary ideals. Let the factorizations be(a′) = PnQ1 and(b′) = PnQ2, where
Q1 andQ2 are products of prime ideals not involvingP. Since we are dealing
with ordinary ideals,a′ andb′ lie in Pn. Choose an elementz in the fractional
ideal P−n that is not inP−n+1. By definition of P−n, zPn is contained inR.
Henceza′ andzb′ lie in R. Write (za′) = PmQ3 and(zb′) = Pm′

Q4, where
m ≥ 0 and whereQ3 andQ4 are ordinary ideals whose prime factorizations do
not involve P. Substituting for(a′), we obtain(z)PnQ1 = PmQ3 and hence
(z)Pn = PmQ3Q−1

1 . From this expression we see thatQ3Q−1
1 is an ordinary

ideal. By definition ofP−n+1, (z)Pn−1 is not contained inR. Since(z)Pn−1 =
Pm−1Q3Q−1

1 , it follows thatm = 0. Similarlym′ = 0. ConsequentlyvP(za′) =
vP(zb′) = 0, and the lemma follows witha = za′ andb = zb′. �

Proposition 6.4. Let R be a Dedekind domain regarded as a subring of its
field of fractionsF , let P be a nonzero prime ideal inR, and letvP( · ) be
the corresponding valuation ofF . If S denotes the multiplicative system inR
consisting of the complement ofP and if the localizationS−1R is regarded as a
subring ofF , then the valuation ringRvP coincides withS−1R and the valuation
ideal PvP coincides withS−1P.

PROOF. The setS consists exactly of the membersx of R with vP(x) ≤ 0.
SincevP is nonnegative onR, these are the membersx of R with vP(x) = 0.
Thus eachx in S−1R hasvP(x) ≥ 0, andS−1R is a subset ofRvP .

For the reverse inclusion, fix a memberπ of P that is not inP2. This element
hasvP(π) = 1. If x is given in RvP with vP(x) = n ≥ 0, then we can write
x = πnu for some memberu of F with vP(u) = 0. By Lemma 6.3 we can
decomposeu asu = ab−1 with a andb in R andvP(a) = vP(b) = 0. The
members ofR on whichvP takes the value 0 are exactly the members ofS. Thus
u is exhibited as the quotient of two members ofS, andu is in S−1R. Sinceπ is
in the idealP of R, x = πnu is in S−1R. HenceRvP = S−1R.

The idealS−1P is a maximal ideal ofS−1R = RvP , and we observed just
before Proposition 6.2 thatPvP is the unique maximal ideal ofRvP . Therefore
S−1P = PvP . �

Let us investigate the nature of an arbitrary discrete valuation in various settings
involving a Dedekind domain. The main general result of this section is as follows.
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Theorem 6.5.Let R be a Dedekind domain regarded as a subring of its field
of fractionsF , and letv be a discrete valuation ofF such thatR ⊆ Rv. Then

(a) P = R ∩ Pv is a nonzero prime ideal ofR,
(b) the associated discrete valuationvP defined byP coincides withv,
(c) P Rv = Pv,
(d) R + Pv = Rv, and in factR + Pn

v = Rv for every integern ≥ 1, and
(e) the inclusion ofR into Rv induces a field isomorphismR/P ∼= Rv/Pv.

PROOF. Since 1 is not inPv, the idealP in (a) is proper. Ifa andb are members
of R such thatab is in P, thenab is in Pv, one ofa andb is in Pv as well asR,
and P = R ∩ Pv is a prime ideal. The idealP cannot be 0 because otherwise
every nonzero elementx of R would havev(x) = 0, in contradiction to the fact
that F is the field of fractions ofR. ThusP is a nonzero prime ideal ofR. This
proves (a).

For (b) and (c), let us begin by showing thatvP(x) = 0 impliesv(x) = 0. By
Lemma 6.3 we can writex = ab−1 withaandb in Rand withvP(a) = vP(b) = 0.
The values ofvP show that the membersa and b of R are not inP. Since
P = R ∩ Pv, neithera nor b is in Pv. Thereforev(a) ≤ 0 andv(b) ≤ 0.
Since R ⊆ Rv by assumption,v(a) ≥ 0 andv(b) ≥ 0. We conclude that
v(a) = v(b) = 0 and thatv(x) = v(ab−1) = v(a)− v(b) = 0.

Now we can show thatv = vP and thatP Rv = Pv. The idealP Rv of Rv has
to be of the formPe

v for some integere ≥ 0 by Proposition 6.2c, and the integer
e has to be> 0 because 1 is not inP Rv. If a nonzerox ∈ R hasvP(x) = n for
some integern ≥ 0, thenx R = PnQ, whereQ is an ideal ofR whose prime
factorization does not involveP. The functionvP is 0 onQ, and the result of the
previous paragraph shows thatv is 0 onQ. Hence the members ofQ are units in
Rv, andQRv = Rv. Thereforex Rv = x RRv = PnQRv = Pn Rv = (P Rv)n =
Pen
v , andv(x) = en = evP(x). SinceF is the field of fractions ofR, v = evP

everywhere. The image ofvP is Z∪{+∞}, and we conclude thate = 1. In other
words,v = vP andP Rv = Pv. This proves (b) and (c).

For the first conclusion in (d), we certainly haveR+ Pv ⊆ Rv. In the reverse
direction, letx ∈ Rv be given. Ifv(x) > 0, thenx is in Pv, and there is nothing
to prove. Ifv(x) = 0, then (b) and Lemma 6.3 together show that we can write
x = ab−1, wherea andb are members ofR but notP. SinceR/P is a field, we
can choosec in R with bc in 1 + P. Then

x − ac = a(b−1 − c) = ab−1(1 − bc) = x(1 − bc).

The right side is a member ofRvP, and (c) showed thatRvP = Pv. Thereforex
is exhibited as the sum of the memberac of R and the memberx(1 − bc) of Pv,
and we conclude thatR + Pv = Rv. This proves the first conclusion in (d).
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For the second conclusion in (d), we show inductively forn ≥ 1 thatPn−1+Pn
v

= Pn−1
v , the casen = 1 being what has already been proved in (d). Assume that

casen has been proved. Multiplying the equality byP and using (c), we obtain
Pn + P Pn

v = (P Rv)Pn−1
v = PvPn−1

v = Pn
v . SinceP ⊆ Pv, the termP Pn

v is
contained inPn+1

v , but increasing the left side in this way does not increase the
right side. ThusPn + Pn+1

v = Pn
v . This completes the induction. Using a second

induction, we show thatR+ Pn
v = Rv. We have already proved this equality for

n = 1. If we assume it forn and substitute from what has just been proved, we
obtainR + (Pn + Pn+1

v ) = Rv, and this proves casen + 1 sincePn ⊆ R. The
second conclusion of (d) thus follows by induction.

For (e), we are assuming thatR ⊆ Rv, and we have definedP = R∩ Pv. Thus
the inclusionR → Rv, when followed by the passage to the quotientRv/Pv,
descends to the quotient as a field mapR/P → Rv/Pv. By (d), any memberx of
Rv is the sum of a membery of Rand a memberzof Pv; theny+ P is the member
of R/P that maps tox + Pv in Rv/Pv. Thus the field mapR/P → Rv/Pv is
onto, and (e) is proved. �

Corollary 6.6. Let R be a Dedekind domain regarded as a subring of its field
of fractions F . If x is a member ofF such thatv(x) ≥ 0 for every discrete
valuationv of F satisfyingR ⊆ Rv, thenx lies in R.

PROOF. We may assume thatx �= 0. Write x = ab−1 with a and b in
R. Theorem 6.5 shows that the valuations in question are the ones determined
by the nonzero prime ideals ofR. If the principal ideals(a) and(b) factor as
(a) = P j1

1 · · · P jr
r and(b) = Pk1

1 · · · Pkr
r , then 0≤ vPi (x) = vPi (ab−1) = ji − ki

for 1 ≤ i ≤ r . Thus ji ≥ ki for all i , and the fractional ideal(ab−1) equals the
productP j1−k1

1 · · · P jr −kr
r , which is contained inR. Hencex = ab−1 lies in R. �

A finite field has no discrete valuations because of the requirement that the
image of a discrete valuation beZ ∪ {+∞}. If we drop this requirement in the
definition and leta be a multiplicative generator of a finite field, then any discrete
valuationv would havev(ak) = kv(a) by property (ii). Takingk equal to the
order of a and using thatv(1) = 0, we obtainv(a) = 0. Thus if we drop
the requirement about the image of a discrete valuation, the only possibility has
v(0) = +∞ andv(x) = 0 for all x �= 0. Thus this setting is not very interesting.

The settings in which discrete valuationsv are of most interest to us are the
following:

(i) number fields,
(ii) “function fields in one variable” over a base field,3

3This notion has not been defined thus far in the book but will be treated in Chapter VII. The
fields in question are finite algebraic extensions of a fieldk(X), whereX is an indeterminate andk
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(iii) fields obtained from (i) or (ii) by a process of completion similar to that
used in forming the field ofp-adic numbers.

The first of these are the initial subject matter of algebraic number theory, and the
second of these are the initial subject matter of algebraic geometry—the geometry
of curves. The third of these are used as a tool in studying the other two. Section
VIII.7 of Basic Algebraexplained parts of the analogy between the first two kinds
of fields, and that is why we treat them together. We shall use Proposition 6.7
below to determine their discrete valuations. In the case of (ii), the members of
the base fieldk are regarded as constants, and the interest is only in valuations
that are 0 onk×.

Proposition 6.7. Let R be a Dedekind domain, letF be its field of fractions,
let K be a finite algebraic extension ofF , and letT be the integral closure ofR
in K . If a discrete valuationv of K is ≥ 0 on R, then it is≥ 0 onT .

REMARKS. We make repeated use in this chapter of the fact thatT is a Dedekind
domain in this situation. This fact was proved as Theorem 8.54 ofBasic Algebra
for the case thatK is a finiteseparableextension ofF , but it is valid without
the hypothesis of separability. The result without the hypothesis of separability
will be proved in Chapter VII as part of an investigation of separable and “purely
inseparable” extensions.

PROOF. If x �= 0 is in T , then the minimal polynomial ofx over R is a monic
polynomial inT [X], and thus there exist an integern and coefficientsan−1, . . . ,a0

in R such that
xn = an−1xn−1 + · · · + a1x + a0.

Properties (ii) and (iii) of discrete valuations show from this equation that

nv(x) ≥ min
0≤ j ≤n−1

(
v(aj )+ j v(x)

)
.

Sincev(aj ) ≥ 0, we obtainnv(x) ≥ min0≤ j ≤n−1 j v(x), and it follows that
v(x) ≥ 0. Thusv is nonnegative onT . �

Corollary 6.8. The only discrete valuations of the fieldQ of rationals are the
ones leading to thep-adic absolute value for each prime numberp. If K is a
number field andT is its the ring of algebraic integers, then the only discrete
valuations ofK are the valuationsvP corresponding to each nonzero prime ideal
P of T .

is a field called thebase field. At times later in the chapter, we shall be interested only in the case
that the algebraic extension is separable. It will be proved in Chapter VII that for perfect fieldsk,
this separability can always be arranged by adjusting the indeterminateX suitably.
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PROOF. If v is an arbitrary discrete valuation ofQ, then property (iv) of discrete
valuations shows thatv(−1) = v(1) = 0, and property (ii) allows us to conclude
thatv is nonnegative on all ofZ. ThusZ is contained in the valuation ring ofv,
and Theorem 6.5 applies. By (a) in the theorem, the intersection ofZ with the
valuation ideal is a nonzero prime ideal ofZ, hence ispZ for some prime number
p. Part (b) in the theorem then identifiesv as the valuation corresponding topZ.
This proves the first conclusion.

For the second conclusion, letv be a discrete valuation ofK . The restriction
to Q has to be a positive integral multiple of a discrete valuation ofQ or else a
function that is identically 0 onQ×. In either case,v is≥ 0 onZ, and Proposition
6.7 shows thatv is≥ 0 onT . If Rv denotes the valuation ring ofv andPv denotes
the valuation ideal, then this says thatT ⊆ Rv. We can therefore apply Theorem
6.5. If P is defined byP = T ∩ Pv, then (a) in the theorem shows thatP is a
nonzero prime ideal, and (b) shows thatv = vP. �

Let us now consider the fieldC(X), regarding it as having some properties in
common with the number fieldQ. We want to know whether some analog of
Corollary 6.8 is valid forC(X). The ringC[X] of polynomials is a principal ideal
domain withC(X) as field of fractions, and the prime ideals ofC[X] are all of
the form(X − c) with c ∈ C becauseC is algebraically closed. For each such
c, we therefore obtain a discrete valuationv(X−c). Are there any other discrete
valuations? If we think geometrically about this question, we can regardC(X)
as the rational functions on the Riemann sphere, and each discrete valuation
addresses the order of vanishing of rational functions at some point of the sphere.
For the points of the sphere that correspond to pointsc of C, such a valuation
picks out the power of(X − c) by which the rational function should be divided
in order to be regular and nonvanishing atc. The point∞ on the Riemann sphere
behaves differently. The usual technique in complex-variable theory is to replace
X by 1/X and examine the behavior at 0. Following that prescription, we are led
to a discrete valuationv∞ that is not of the formvP for some prime idealP of
C[X]. The definition ofv∞ on the quotientf (X)/g(X) of nonzero polynomials
is

v∞( f (X)/g(X)) = degg − deg f

with v∞(0) = +∞ as usual. The next proposition, which extends one of
Liouville’s theorems in complex-variable theory4 from C to a general fieldk,
says that there are no other discrete valuations of interest for this example.

Proposition 6.9. Let k be any field, and letF = k(X) be the field of rational
expressions in one indeterminate overk. RegardF as the field of fractions of

4For a meromorphic function on the Riemann sphere, the sum of the orders of the poles equals
the sum of the orders of the zeros.
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the principal ideal domaink[X]. Then the only discrete valuations ofF that
are 0 on the multiplicative groupk× of nonzero constant polynomials are the
various valuationsv(p), wherep(X) is a monic prime polynomial ink[X], and
the valuationv∞ that is defined on nonzero elements ofF by

v∞( f (X)/g(X)) = degg − deg f

if f andg are polynomials. Moreover, any nonzeroh(X) in F has

v∞(h)+
∑

p(X) monic
prime in R

(degp)v(p)(h) = 0.

PROOF. Let v be a discrete valuation ofF that is 0 onk×. First suppose that
v(X) ≥ 0. Being 0 on the coefficients,v is nonnegative on all polynomials. Thus
k[X] is contained in the valuation ring ofv, and Theorem 6.5 applies. By (a) in
the theorem, the intersection ofk[X] with the valuation ideal is a nonzero prime
ideal ofk[X], hence is(p(X)) for some monic prime polynomialp(X). Part (b)
in the theorem then identifiesv as the valuation corresponding to(p(X)).

Next suppose thatv(X) < 0. Sincek[X−1] hask(X) as field of fractions, the
argument in the previous paragraph is applicable, and we find thatv is the valuation
determined by the prime ideal(X−1) in k[X−1]. In particular,v(X) = −1. To
findv( f ) for a general polynomialf (X) = anXn +· · ·+a1X +a0 in k[X] under
the assumption thatan �= 0, we write f as Xn(an + · · · + a1X1−n + a0X−n).
The memberan + · · · + a1X1−n + a0X−n of k[X−1] is not divisible byX−1, and
thusv is 0 on it. Consequentlyv( f ) = v(Xn) = nv(X) = −n = − deg f . If
f andg are both nonzero ink[X], then it follows thatv( f/g) = v( f )− v(g) =
− deg f + degg = v∞( f/g). That is,v = v∞.

To prove the displayed formula, write a given nonzero memberh(X) of F as
the quotient of two relatively prime polynomials, thus ash(X) = f (X)/g(X).
Factor the numerator asf (X) = c

∏m
i=1 pi (X)ki with c ∈ k×, and factor the

denominator similarly. Ifp(X) is a monic prime polynomial, then inspection of
the formula forf (X) shows thatv(p)( f ) iski if p = pi and is 0 otherwise. Hence∑

p (degp)v(p)( f ) = ∑m
i =1 ki degpi = deg f . Subtracting this formula and a

corresponding formula forg, we obtain∑
p
(degp)v(p)( f/g) = deg f − degg = −v∞(h),

and the result follows. �

Corollary 6.10. Let k be a field, letF = k(X) be the field of rational
expressions in one indeterminate overk, let K be a finite algebraic extension of
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k[X], let T be the integral closure ofk[X] in K , and letv be a discrete valuation
of K that is 0 on the multiplicative groupk×. Then the only possibilities forv
are as follows:

(a) v(X) ≥ 0, and there exists a unique nonzero prime idealP in T such that
v = vP,

(b) v(X) < 0, and there exists a prime idealP in the integral closureT ′ of
k[X−1] in K such thatP ∩ k[X−1] = X−1k[X−1] and such thatv is the
valuation ofK determined byP.

REMARK. The idealsP that occur in (b) are the ones in the prime factorization
of the idealX−1T ′ in T ′. There is at least one, and there are only finitely many.

PROOF. The argument is similar to the one for Corollary 6.8, except that
we have to take into account what Proposition 6.9 says whenv(X) < 0. The
conclusion is that eitherv is ≥ 0 onk[X], and then Proposition 6.7 and Theorem
6.5 show thatv is as in (a), or elsev(X) < 0, and then Proposition 6.7 and
Theorem 6.5 show thatv is as in (b). �

To conclude, let us complete the remarks about fractional ideals begun early
in this section. In the context thatR is a Dedekind domain andF is its field of
fractions, we mentioned that the nonzero fractional ideals ofF form a group. We
denote this group byI. The nonzero principal fractional ideals form a subgroup
P, andP is isomorphic to the multiplicative groupF×.

The point of the present discussion is that the groupI/P is isomorphic to
the ideal class group ofF as defined in the number-field setting in Section V.6.
Recall the nature of this group. Two nonzero idealsI andJ of R are equivalent
if there exist nonzero membersa andb of R with aI = bJ. Proposition 5.18
showed in the number-field setting that multiplication of such ideals descends to
a multiplication on the set of equivalence classes and that the result is a group.
This result holds for any Dedekind domain. The group is called theideal class
group of F ; we denote it here byC.

To verify thatC ∼= I/P, we map each idealI of R to its coset inI/P. If I and
J are equivalent ideals ofR andaI = bJ, then(ab−1)I = J, andI andJ map
to the same coset. ThusC maps homomorphically intoI/P. If I maps into the
identity coset, thenx I = R for somex ∈ F×. Writing x asab−1 with a andb in
Rshows thataI = bR = (b), hence thatI is equivalent to a principal ideal. Thus
the homomorphismC → I/P is one-one. Finally ifM is any nonzero fractional
ideal of F , then we can find somex ∈ F× with x M ⊆ R. Herex M is an ideal
of R, and the equivalence ofM andx M exhibits the class ofM in I/P as in the
image ofC. ConsequentlyC = I/P, as asserted.
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3. Absolute Values

The next step in analyzing and generalizing the construction of thep-adic absolute
value is to pass from the valuation, which appears in the exponent, to the absolute
value itself. IfF is a field, anabsolute valueon F is a function| · | from F to
R such that

(i) |x| ≥ 0 with equality if and only ifx = 0,
(ii) |x + y| ≤ |x| + |y| for all x andy in F ,
(iii) |xy| = |x||y| for all x andy in F .

It follows directly that

(iv) | − 1| = |1| = 1 and that
(v) | − x| = |x| for all x in F .

In fact, (iv) follows by combining (i) with (iii) forx = y = 1 and then with
(iii) for x = y = −1; then (v) follows by combining (iii) and (iv). The absolute
value| · | on F is said to benonarchimedeanif the following strong form of (ii)
holds:5

(ii ′) |x + y| ≤ max(|x|, |y|) for all x andy in F .

Otherwise it is calledarchimedean. The inequality in (ii′) is called theultra-
metric inequality . When the ultrametric inequality holds, then the following
additional condition holds:

(vi) |x + y| = |x| wheneverx andy in F have|y| < |x|.
In fact, when|y| < |x|, (ii ′) immediately gives|x + y| ≤ |x|. But also (ii′) and
(v) give |x| ≤ max(|x + y|, | − y|) = max(|x + y|, |y|). On the right side, the
maximum cannot be|y| because|x| ≤ |y| is false. Thus|x| ≤ |x + y|, and (vi)
holds.

Although it might seem counterintuitive, it turns out that the archimedean
absolute values are easier to understand than the nonarchimedean ones in the
number fields and function fields of interest to us.

Because of (iii), any absolute value ofF when restricted toF× is a multiplica-
tive homomorphism into the positive real numbers. The image in the positive
reals is therefore a group.

EXAMPLES OF NONARCHIMEDEAN ABSOLUTE VALUES.

(1) Let F be any field, and define|x| = 0 for x = 0 and|x| = 1 for x �= 0. The
result is a nonarchimedean absolute value called thetrivial absolute value. It is
of no interest, and we shall tend to exclude consideration of it from our results.

5Some authors refer to a nonarchimedean absolute value as a “valuation,” using the same term
as for the functionsv( · ) in Section 2. There is little danger of confusing the two notions, but we
shall use the two distinct names anyway.
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Any other absolute value will be said to benontrivial . Observe for a finite field
F that the fact thatx 	→ |x| is a homomorphism fromF× to the positive reals
implies that the only absolute value on a finite field is the trivial one.

(2) Let F be any field, letv be a discrete valuation onF , and fix a real
numberr > 1. Then|x| = r −v(x) defines a nonarchimedean absolute value
on F . Property (i) of absolute values follows becausev(x) takes values in
Z ∪ {+∞} and is infinite if and only ifx = 0, property (ii′) follows be-
causev(x + y) ≥ min(v(x), v(y)), and property (iii) follows becausev(xy) =
v(x)+v(y). In particular, thep-adic absolute value is obtained in this way when
we taker = p, and we obtain corresponding examples for any number fieldF
by takingv = vP and fixingr > 1, whereP is any nonzero prime ideal in the
ring of algebraic integers inF . For the function fieldF = k(X), we obtain
corresponding examples by takingv = v(p) and fixingr > 1, wherep(X) is any
monic prime polynomial ink(X). The choicev = v∞ gives us another example.
In all of these cases, the image ofF× in R× under the absolute value is discrete
in the sense that each one-point set of the image is open in the relative topology
from the positive reals. Corollary 6.17 will show conversely that any absolute
value for which the image inR× of the nonzero elements is discrete and nontrivial
is obtained in this way from a discrete valuation. It is worth pausing to interpret
some of the conclusions of Theorem 6.5 in terms of absolute values and metrics.

Proposition 6.11. Let R be a Dedekind domain regarded as a subring of its
field of fractionsF , suppose that| · | is an absolute value onF defined by means
of a discrete valuationv, and suppose that the subsetRv of F for which |x| ≤ 1
containsR. If Pv denotes the subset ofF with |x| < 1, thenP = R ∩ Pv is a
nonzero prime ideal ofR, and also

(a) R is dense inRv,
(b) Pn is dense inPn

v for everyn ≥ 1,
(c) R/P ∼= Rv/Pv.

PROOF. In terms ofv, the setRv is the valuation ring, and the setPv is the
valuation ideal. The hypothesisR ⊆ Rv is the hypothesis of Theorem 6.5. Part (a)
of that theorem shows thatP = R∩ Pv is a prime ideal inR. Conclusions (a) and
(b) here follow from Theorem 6.5d. In fact, let|x| = r −v(x) with r > 1. Suppose
that x is given in Pn

v with n ≥ 0 and that a positive numberr −N is specified.
We may assume thatN ≥ n. The condition forx to be inPn

v is that|x| ≤ r −n.
Theorem 6.5d shows that we can find anx0 in R such thatx0 + y = x with y in
PN
v , hence with|y| ≤ r −N . Thenx0 is in Rand has|x0−x| = |y| ≤ r −N . Hence

x0 is within r −N of x. Since|x0| ≤ max(|x|, |y|) = max(r −n, r −N) = r −n, x0 is
in R ∩ Pn

v = Pn. Conclusion (c) is immediate from Theorem 6.5e. �
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EXAMPLES OF ARCHIMEDEAN ABSOLUTE VALUES. If F is any subfield ofR
or C and if | · | is defined as the restriction toF of the ordinary absolute value
function, then| · | is an archimedean absolute value. Remarkably it turns out that
there are no other archimedean absolute values, apart from “equivalent” ones in
the sense to be defined below. We return to this matter at the end of Section 4.
Actually, we shall be interested in archimedean absolute values only whenF is
a number field or is all ofR or all of C, and we will not need to invoke any deep
theorem for the cases of interest to us.

Properties (i), (ii), and (v) of absolute values show that the functiond with
d(x, y) = |x−y| is a metric onF , and the next section will examine what happens
when this metric is completed. The resulting fields will be generalizations of the
field of p-adic numbers and will useful as tools in investigating number fields
and function fields in one variable.

Two absolute values| · |1 and| · |2 on the same field are said to beequivalent
if there is a positive numberα such that| · |1 = (| · |2)α. In our passage from
a discrete valuationv to a nonarchimedean absolute value| · |, we fixedr > 1
and defined|x| = r −v(x). Changingr changes the absolute value to an equivalent
absolute value. In the archimedean case a positive power of an absolute value
need not be an absolute value, since the triangle inequality may fail. For example
the ordinary absolute value onR satisfies the triangle inequality; so does itsαth

power forα < 1 but not forα > 1.
Equivalent absolute values yield the same topology onF and in fact the same

Cauchy sequences.6 Conversely two absolute values that yield the same topology
are equivalent, according to the following proposition.

Proposition 6.12. Two nontrivial absolute values on a fieldF are equivalent
if and only if {

x ∈ F
∣∣ |x|1 > 1

} ⊆ {
x ∈ F

∣∣ |x|2 > 1
}
,

if and only if they induce the same topology onF .

REMARKS. If | · |1 is the trivial absolute value, then the stated inclusion holds
for all | · |2, but the equivalence may fail; that is why the statement has to exclude
this case. The statement of the proposition remains true if the inequalities|x|1 > 1
and|x|2 > 1 are replaced by|x|1 < 1 and|x|2 < 1, as we see by replacingx by
x−1.

PROOF. If the two absolute values are equivalent, then it is immediate from
the definition of equivalent that equality holds in the stated inclusion. Conversely

6In many books an equivalence class of absolute values on a field is called a “place” of the field.
We shall use this term in Sections 9 and 10 of this chapter,
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suppose that the inclusion holds. Fixx ∈ F with |x|1 > 1. Such anx exists
because| · |1 is nontrivial. Since|x|2 > 1, there exists a reals > 0 with
|x|1 = |x|s2. We shall show that| · |1 = | · |s2.

Let y ∈ F be arbitrary with|y|1 ≥ 1. Find the numberr ≥ 0 depending on
y such that|y|1 = |x|r1. Let {an/bn} be a sequence of positive rationals strictly
decreasing tor such thatan andbn are both positive. Then|y|1 = |x|r1 < |x|an/bn

1 ,
from which we obtain|ybn |1 < |xan |1 and |xan y−bn |1 > 1. By assumption,
|xan y−bn |2 > 1, and therefore|y|2 < |x|an/bn

2 . Passing to the limit, we obtain
|y|2 ≤ |x|r2.

Now suppose that|y|1 > 1. Arguing similarly with a sequence of positive
rationals strictly increasing tor , we obtain|y|2 ≥ |x|r2. Thus|y|2 = |x|r2. Then
we have

|y|1 = |x|r1 = |x|rs
2 = |y|s2 whenever|y|1 > 1. (∗)

If instead|y|1 = 1, then the numberr in the second paragraph of the proof
is 0, and we obtain|y|2 ≤ |x|r2 = 1. Replacingy by y−1 shows also that|y|2 ≥ 1.
Thus|y|1 = 1 implies|y|2 = 1.

The remaining case is that|y|1 < 1. Then we apply(∗) to y−1 and conclude
that|y|1 = |y|s2 in this case as well. This completes the proof of the first conclusion
of the proposition.

For the final statement we know that equivalent absolute values lead to the
same topology. Conversely suppose that the absolute values are not equivalent.
By what we have just shown, there existsx ∈ F with |x|1 > 1 and|x|2 ≤ 1. Then
{x−n} is a sequence convergent to 0 in the topology from| · |1 but not convergent
to 0 in the topology from| · |2. Therefore the topologies are different. �

Proposition 6.13.If | · | is an absolute value on the fieldF , then the topology
on F induced by the associated metric makesF into a topological field.

REMARK. The proof is similar to part of the argument that proves Proposition
6.1 except that the general triangle inequality has to be used in place of the
ultrametric inequality.

PROOF. To see that addition, subtraction, and multiplication are continuous on
F , let {xn} and{yn} be convergent sequences inF with respective limitsx andy.
Use of the triangle inequality onF gives

|(xn + yn)− (x + y)| = |(xn − x)+ (yn − y)| ≤ |xn − x| + |yn − y|.

The right side has limit 0 inR, and thereforexn + yn has limit x + y in F . A
completely analogous argument, making use also of the equality| − 1| = |1|,
shows that subtraction is continuous. Consider multiplication. IfM is an upper
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bound for the absolute values|xn|, then use of the multiplicative property of the
absolute value onF gives

|xnyn − xy| = |xn(yn − y)+ y(xn − x)| ≤ |xn(yn − y)| + |y(xn − x)|
= |xn||yn − y| + |y||xn − x| ≤ M |yn − y| + |y||xn − x|.

The right side has limit 0 inR, and thereforexnyn has limitxy in F .
To see that inversionx 	→ x−1 is continuous onF×, let {xn} be a sequence in

F× with limit x in F×. Since limn |xn| = |x|, we can find an integerN such that
|xn| ≥ 1

2|x| for n ≥ N. The computation

|x−1
n − x−1| = |(x − xn)/(xnx)| = |x − xn|/(|xn||x|) ≤ 2|x|−1|x − xn|,

valid for n ≥ N, then shows that limx−1
n = x−1, and inversion is continuous.

ConsequentlyF is a topological field. �

We now give a few results that limit the kinds of absolute values that can arise
in particular situations.

Proposition 6.14. If | · | is an absolute value on the fieldF for which there
is somec with |n| ≤ c for all integersn ∈ Z, i.e., for all additive multiples of 1,
then| · | is nonarchimedean. In particular,| · | is necessarily nonarchimedean if
F has characteristic different from 0.

REMARK. Whenc exists, thenc can be taken to be 1, since the image ofF×
under the absolute value is a subgroup of the positive reals and the only bounded
such subgroup is{1}.

PROOF. If x andy are inF and if n is any positive integer, then the Binomial
Theorem gives(x + y)n = ∑n

j =0

(n
j

)
xn− j y j . Therefore

|x + y|n =
n∑

j =0

∣∣(n
j

)∣∣|x|n− j |y| j

≤ c
n∑

j =0
max(|x|, |y|)n− j max(|x|, |y|) j

= c(n + 1)max(|x|, |y|)n.

Extraction of thenth root gives|x + y| ≤ c1/n(n + 1)1/n max(|x|, |y|). Passing
to the limit, we obtain|x + y| ≤ max(|x|, |y|). �
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Theorem 6.15(Ostrowski’s Theorem). If| · | is a nontrivial absolute value
on the fieldQ, then| · | is equivalent either to thep-adic absolute value| · |p for
some prime numberp or to the ordinary absolute value| · |R.

REMARKS. No two of these are equivalent because{pn} tends to 0 relative to
the p-adic absolute value,{p−n} tends to 0 relative to the ordinary absolute value,
and pn has absolute value 1 relative to the�-adic absolute value for all prime
numbers� �= p.

PROOF. First suppose that every integern has|n| ≤ 1. Proposition 6.14 shows
that | · | is nonarchimedean. Since| · | is nontrivial, we must have|n| < 1 for
somen, and we may taken to be positive. Since|n| is the product of|p| over
all primes dividingn, multiplicities included, some prime numberp has|p| < 1.
Let us see thatp is unique. If, on the contrary,|q| < 1 for a second prime number
q, choose integersa andb with ap + bq = 1. Then 1= |1| = |ap + bq| ≤
max(|ap|, |bq|) = max(|a||p|, |b||q|) ≤ max(|p|, |q|) < 1, contradiction. If we
now define a positive realα by |p| = p−α, then it follows that|n| = (|n|p)α for
all integersn. Therefore| · | = (| · |p)α on all ofQ.

Now suppose thatn is some integer with|n| > 1. We may assume thatn is
positive. For any positive integerm, the triangle inequality gives

|m| = |1 + · · · + 1| ≤ |1| + · · · + |1| = m.

In particular we have|n| = nα for some realα with 0< α ≤ 1.
We shall prove that

|m| ≤ mα (∗)

for all positive integersm. We start by expandingm to the basen, writing

m = c0 + c1n + c2n2 + · · · + ck−1nk−1,

wherek is the integer such thatnk−1 ≤ m < nk and where eachcj satisfies
0 ≤ cj < n. The triangle inequality gives

|m| ≤ |c0| + |c1||n| + |c2||n|2 + · · · + |ck−1||n|k−1

≤ (n − 1)(1 + nα + n2α + · · · + nα(k−1)) by definition ofα

= (n − 1)nαk

nα − 1
= (n − 1)nα

nα − 1
nα(k−1)

≤ (n − 1)nα

nα − 1
mα sincenk−1 ≤ m.

In other words, there is a positive numberC independent ofm such that|m| ≤
Cmα for every positive integerm. For every positive integerN, we then have



3. Absolute Values 337

|m|N = |mN | ≤ CmαN , and thus|m| ≤ C1/Nmα. Letting N tend to infinity, we
obtain(∗).

Let us now improve(∗) to the equality

|m| = mα for every positive integerm. (∗∗)

The integerk above hasnk−1 ≤ m < nk. Put d = nk − m; this satisfies
0< d ≤ nk − nk−1. Then

nαk = |n|k = |nk| ≤ |m| + |d| ≤ |m| + dα ≤ |m| + (nk − nk−1)α,

and consequently

|m| ≥ nαk − (nk − nk−1)α = nαk
(
1 − (1 − 1

n

)α) ≥ mα
(
1 − (1 − 1

n

)α)
.

Thus |m| ≥ C′mα for some positive constantC′ independent ofm. For every
positive integerN, we then have|m|N = |mN | ≥ C′mαN and hence|m| ≥
C′1/Nmα. Letting N tend to infinity, we obtain|m| ≥ mα. In combination with
(∗), this proves(∗∗).

Since| − m| = |m|, the equality(∗∗) implies|m| = (|m|R)α for every integer
m. Taking quotients, we obtain|q| = (|q|R)α for every rationalq. �

Corollary 6.16. If | · | is a nontrivial absolute value on a number fieldF , then
the restriction of| · | to Q is nontrivial.

REMARK. In view of Ostrowski’s Theorem (Theorem 6.15), the restriction to
Q therefore has to be equivalent to thep-adic absolute value for somep or to the
ordinary absolute value.

PROOF. Since| · | is nontrivial, there existsx with |x| > 1. Raisingx to
a power if necessary, we may assume that|x| ≥ 2. Arguing by contradiction,
suppose that|q| = 1 for all nonzeroq in Q. Sincex is algebraic overQ, there
exist an integern ≥ 1 and rational coefficientsqn−1, . . . ,q0 such that

xn = qn−1xn−1 + · · · + q1x + q0.

Applying | · | to both sides and using that|qj | ≤ 1 for all j gives

|x|n ≤ |x|n−1 + · · · + |x| + 1 = |x|n − 1

|x| − 1
≤ |x|n − 1,

the right-hand inequality holding because|x| ≥ 2. We have thus obtained|x|n ≤
|x|n − 1 and have arrived at a contradiction. �
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An absolute value| · | on a fieldF such that the image ofF× is discrete is
called adiscrete absolute value. The p-adic absolute values onQ and onQp

furnish examples.

Corollary 6.17. If | · | is a nontrivial discrete absolute value on the fieldF ,
then| · | is nonarchimedean, and|x| = r −v(x) for some discrete valuation ofF .

REMARKS. Example 1 of nonarchimedean absolute values shows that discrete
valuations always lead to discrete absolute values. This corollary is a converse.
The trivial absolute value is of course nonarchimedean, but it does not arise from
a discrete valuation. We shall not be interested in any nonarchimedean absolute
values that do not arise from discrete valuations.

PROOF. First we show that| · | is nonarchimedean. Proposition 6.14 imme-
diately handles the case thatF has nonzero characteristic, and we may therefore
take the characteristic to be 0. LetD be the discrete image subgroup ofF×. This
D in particular must contain the image ofQ×. Meanwhile, Theorem 6.15 says
that the restriction of| · | toQ has to be trivial, or equivalent to thep-adic absolute
value for somep, or equivalent to the ordinary absolute value. Under the ordinary
absolute value, the image ofQ× cannot be contained inD, and the restriction
must be one of the other kinds. For all of the other kinds, the image ofZ is
bounded, and Proposition 6.14 allows us to conclude that| · | is nonarchimedean.

Now that| · | is nonarchimedean, we setv(0) = +∞ andv(x) = − logr |x|
for x �= 0. Properties (i), (ii′), and (iii) of nonarchimedean absolute values
immediately imply the three defining properties of a discrete valuation. �

Corollary 6.18. If | · | is a nontrivial discrete absolute value on a fieldF , then
the corresponding valuation ringR = {

x ∈ F
∣∣ |x| ≤ 1

}
and the valuation ideal

P = {
x ∈ F

∣∣ |x| < 1
}

are open and closed inF .

REMARK. Corollary 6.17 shows that| · | is defined by a discrete valuation.

PROOF. The definitions ofR and P in the statement show thatR is closed
and P is open. LetD be the image ofF× under| · |. A discrete subgroup
of positive reals has to be equal7 to {1} or to the subgroupr Z for a unique real
r > 1. The nontriviality of| · | implies that the correct alternative isr Z. Then
the equalityR = {

x ∈ F
∣∣ |x| < r

}
shows thatR is open, and the equality

P = {
x ∈ F

∣∣ |x| ≤ r −1
}

shows thatP is closed. �

Next we prove a general result applicable to number fields and to function
fields in one variable that yields the conclusion that nonarchimedean absolute
values in these cases are automatically discrete. The general result is obtained in
two parts, stated as Lemma 6.19 and Proposition 6.20.

7One can invoke Lemma 5.14, for example.
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Lemma 6.19. If R is a Dedekind domain regarded as a subring of its field of
fractionsF , and if | · | is a nonarchimedean absolute value onF that is≤ 1 on
R, then| · | is discrete. Hence either| · | is trivial or else it is defined by the
valuation relative to a nonzero prime ideal ofR.

PROOF. The subset ofx ∈ R for which |x| < 1 is a proper idealI in R, and
we letP be a prime ideal containingI . SinceR is a Dedekind domain,P defines
a corresponding discrete valuationvP. Let |x|P = 2−vP(x). Then{

x ∈ R
∣∣ |x| < 1

} = I ⊆ P = {
x ∈ R

∣∣ |x|P < 1
}
,

and hence {
x ∈ R

∣∣ |x|P = 1
} ⊆ {

x ∈ R
∣∣ |x| = 1

}
. (∗)

Letπ be an element ofR with |π |P = 1
2. If x is an arbitrary nonzero member of

F with |x|P < 1, then Proposition 6.4 shows that we can writex = πkx′ with
k > 0,x′ in R, and|x′|P = 1. Then|x′| = 1 by(∗), and it follows that|x| = |π |k.
Since|x|P = |π |kP also, there are only two possibilities. One possibility is that
|x| = |π | = 1 for all x �= 0, and then| · | is trivial. The other possibility is that
the subsets ofF for which |x| < 1 and for which|x|P < 1 coincide. In this case
we apply Proposition 6.12 and conclude that| · | and| · |P are equivalent. �

Proposition 6.20. Let R be a Dedekind domain regarded as a subring of its
field of fractionsF , let K be a finite algebraic extension ofF , and letT be the
integral closure ofR in K . If | · | is a nonarchimedean absolute value onK that
is ≤ 1 on R, then it is≤ 1 onT . Hence| · | is discrete, and either| · | is trivial
or else it is defined by the valuation relative to a nonzero prime ideal ofT .

PROOF. As with Proposition 6.7,T is a Dedekind domain. Ifx �= 0 is in T ,
then the minimal polynomial ofx over R is a monic polynomial inR[X], and
thus there exist an integern and coefficientsan−1, . . . ,a0 in R such that

xn = an−1xn−1 + · · · + a1x + a0.

Taking the absolute value of both sides and using the nonarchimedean property,
we obtain

|x|n ≤ max
0≤ j ≤n−1

(|aj ||x| j ) ≤ max
0≤ j ≤n−1

(|x| j ) = max(1, |x|n−1),

the inequality holding because| · | is assumed to be≤ 1 on R. If we could have
|x| > 1, then this inequality would read|x|n ≤ |x|n−1, which is a contradiction.
We conclude that|x| ≤ 1 for all x ∈ T . The conclusions in the last sentence of
the proposition now follow from Lemma 6.19. �
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Corollary 6.21. If K is a number field, then every nontrivial nonarchimedean
absolute value| · | on K comes from the valuationvP relative to some nonzero
prime idealP in the ring of algebraic integers inK .

REMARK. Proposition 6.27 below will classify the archimedean absolute values
on a number field.

PROOF. Since| · | is nonarchimedean, its restriction toQ is nonarchimedean.
By Ostrowski’s Theorem (or by inspection), it is≤ 1 on Z. The result now
follows from Proposition 6.20 if we takeR to beZ andF to beQ. �

Corollary 6.22. Let k be a field, letF = k(X) be the field of rational
expressions in one indeterminate overk, let K be a finite algebraic extension of
k[X], let T be the integral closure ofk[X] in K , and let| · | be a nontrivial
nonarchimedean absolute value onK that is 1 on the multiplicative groupk×.
Then| · | is discrete, and the only possibilities for it are as follows:

(a) |X| ≤ 1, and there exists a unique nonzero prime idealP in T such that
| · | comes from the valuation determined byP,

(b) |X| > 1, and there exists a prime idealP in the integral closureT ′ of
k[X−1] in K such thatP ∩ k[X−1] = X−1k[X−1] and such that| · |
comes from the valuation ofK determined byP.

REMARKS. As with Proposition 6.7,T and T ′ are Dedekind domains. If
k has nonzero characteristic, then Proposition 6.14 shows that every absolute
value is nonarchimedean. For the case thatk has characteristic zero, remarks at
the end of Section 4 will indicate why every absolute value that is 1 onk× is
nonarchimedean; we shall not need to make use of this fact, however. In any
event, just as with Corollary 6.10, the idealsP that occur in (b) are the ones in
the prime factorization of the idealX−1T ′ in T ′; there is at least one, and there
are only finitely many.

PROOF. The argument is similar to the one for Corollary 6.21, except that we
have to take into account what happens when|X| > 1. We apply Proposition
6.20 either withR = k[X] or with R = k[X−1].

Since| · | is 1 onk×, an inequality|X| ≤ 1 implies that| · | is ≤ 1 onk[X],
| · | being assumed to be nonarchimedean. Then Proposition 6.20 and Corollary
6.10 show that (a) holds. Similarly an inequality|X| > 1 implies that| · | is ≤ 1
onk[X−1] because| · | is assumed nonarchimedean. Then Proposition 6.20 and
Corollary 6.10 show that (b) holds. �

Theorem 6.23(Weak Approximation Theorem). Let| · |1, . . . , | · |n be
inequivalent nontrivial absolute values on a fieldF . If ε > 0 is a real number
andx1, . . . , xn are elements ofF , then there existsy in F such that

|y − xj |j < ε for 1 ≤ j ≤ n.
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REMARKS. The special case of this theorem in whichF is a number field and
the absolute values are defined byn distinct nonzero prime ideals in the ring of
algebraic integers follows from the Chinese Remainder Theorem (Theorem 8.27
of Basic Algebra, restated in the present book on page xxiii). In fact, it is enough
to handle the case that all thexj ’s are algebraic integers inF . Let the prime ideals

be P1, . . . , Pn, and let| · |j = r
−vPj ( · )
j with r j > 1. If we specify any positive

integersk1, . . . , kn, then the Chinese Remainder Theorem produces an algebraic
integery in F such thaty ≡ xj mod P

kj

j for 1 ≤ j ≤ n. These congruences say

thatvPj (y − xj ) ≥ kj , hence that|y − xj |j ≤ r
−kj

j . Thus we have only to choose

k1, . . . , kn large enough to maker
−kj

j < ε for all j , and the inequalities of the
theorem will hold.

PROOF. First let us prove that we can find an elementz in F with

|z|1 > 1 and |z|j < 1 for 2 ≤ j ≤ n. (∗)

We do so by induction onn, the casen = 2 being Proposition 6.12. Assuming
the result forn−1, findu with |u|1 > 1 and|u|j < 1 for 2 ≤ j ≤ n−1. Then by
the result forn = 2, findv with |v|1 > 1 and|v|n < 1. Letk > 0 be an integer
to be specified, and put

z =

⎧⎪⎨⎪⎩
v if |u|n < 1,

ukv if |u|n = 1,
ukv

1+uk if |u|n > 1.

In the second case,k is to be chosen large enough to make|u|kj |v|j < 1 for
2 ≤ j ≤ n − 1. In the third case,k is to be chosen large enough to make
|u|k1(1 + |u|k1)−1|v|1 > 1, |u|kj (1 − |u|kj )−1|v|j < 1 for 2 ≤ j ≤ n − 1, and
|u|kn(|u|kn −1)−1|v|n < 1. Thenz satisfies the conditions in(∗), and the inductive
proof of (∗) is complete.

Applying (∗), find zj such that|zj |j > 1 and|zj |i < 1 for i �= j . Let l be a
positive integer to be specified, and put

y =
n∑

i =0

xi zl
i

1+zl
i
.

Sincey − xj = −xj (1 + zl
j )

−1 +∑i �= j xi zl
i (1 + zl

i )
−1, we obtain

|y − xj |j ≤ |xj |j
(|zj |lj − 1

)−1 + ∑
i �= j

|xi |j
(|zi |lj (1 − |zi |lj )−1

)
. (∗∗)

For l large enough, the coefficients(|zj |lj − 1)−1 and|zi |lj (1 − |zi |lj )−1 for i �= j
can be made as small as we please, and thus the right side of(∗∗) can be made to
be< ε. �
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4. Completions

In this section we finish our project of establishing an abstract theory that gener-
alizes the construction of the field ofp-adic numbers. A little care is appropriate
in stating the results. Here is an example of the cost of imprecision: We know
that the fieldQp is obtained by completingQ with respect to thep-adic absolute
value. We shall see in Section 5 thatQp for p = 5 is obtained also by completing
the fieldQ(i ) with respect to a certain absolute value and that in fact there are
two distinct equivalence classes of absolute values onQ(i ) for whichQ5 results
in this way. Thus a completion process is not well specified unless we include all
the data—the original field, the absolute value on it (or at least the equivalence
class of absolute values), and the mapping into the completed space.

For this reason we introduce the notions of avalued field, namely a pair
(F, | · |F ) consisting of a field and an absolute value on it, and ahomomorphism
of valued fields. If (F, | · |F ) and(K , | · |K ) are the two valued fields in question,
a homomorphism from the first to the second is a field mapϕ : F → K such
that |x|F = |ϕ(x)|K for all x in F . We writeϕ∗ for the corresponding operation
of restriction: ϕ∗(| · |K ) = | · |F . If ϕ carriesF onto K , thenϕ is called an
isomorphism of valued fields.

A completion of a valued field(F, | · |F ) is defined to be a homomorphism
of valued fieldsϕ : (F, | · |F )→ (K , | · |K ) such that(K , | · |K ) is complete as
a metric space andϕ(F) is dense inK . The first theorem establishes existence.

Theorem 6.24. Let F be a field with a nontrivial absolute value| · |F , let
d be the associated metric onF , let R be the subring of

∏∞
j =1 F consisting of

all Cauchy sequences relative tod, and letI be the ideal inR consisting of all
sequences convergent to 0. ThenI is a maximal ideal inR, and the quotientR/I
is a field. Consequently the Cauchy completion ofF relative tod is a topological
field F = R/I. Let i : F → F be the natural mapF → R → R/I of F into the
Cauchy completion given by carrying members ofF into constant sequences inR,
followed by passage to the quotient. The metricd̄ on the Cauchy completion is the
unique continuous functiond : F × F → R such thatd̄(i (x), i (y)) = d(x, y). If
a real-valued function| · |

F
is defined onF by |x|

F
= d̄(x, 0) for x ∈ F , then| · |

F

is an absolute value onF , andi : (F, | · |F ) → (F, | · |
F
) is a homomorphism

of valued fields. Moreover, the absolute value onF is nonarchimedean if the
absolute value onF is nonarchimedean.

REMARKS. The usual construction of the Cauchy completion embeds the
original metric subspace as a dense subset of a complete metric space, and
therefore this theorem is showing thati : (F, | · |F )→ (F, | · |

F
) is a completion

of (F, | · |F ).
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PROOF. The proof of this theorem is almost the same as the first part of the
proof of Proposition 6.1, apart from notational changes. The differences occur in
spots where the ultrametric inequality was invoked in the proof of Proposition 6.1
and only the triangle inequality is available here. The main such difference is the
argument that the validity of the triangle inequality onF implies the validity of the
triangle inequality onF , and we give that argument in a moment. Correspondingly
it is unnecessary for us to prove that the validity of the ultrametric inequality on
F implies the validity of the ultrametric inequality onF , because that argument
does occur in the proof of Proposition 6.1.

The other places in the proof of Proposition 6.1 where the ultrametric inequality
was used are in the proof that the completion is a topological field. It is not
necessary to modify that proof here, however, since we can invoke Proposition
6.13.

Thus let us see that the validity of the triangle inequality onF implies the
validity of the triangle inequality onF . To proceed, letx andy be members of
F = R/I, and let{qn} and{rn} be respective coset representatives of them inR.
Then{qn + rn} is a representative ofx + y, by definition, and the continuity of
| · |

F
on F implies that limn |qn + rn|p = |x + y|p. From this limit formula and

the triangle inequality forF , we obtain

|x + y|
F

= lim
n

|qn + rn|F
≤ lim sup

n
(|qn|F

+ |rn|F
)

≤ lim sup
n

|qn|F
+ lim sup

n
|rn|F

= |x|
F

+ |y|
F
,

since limn |qn|F
= |x|

F
and limn |rn|F

= |y|
F
. This proves the triangle inequality

on F . �

A valued field(L , | · |L) is said to becomplete if L is Cauchy complete in
the metric defined by| · |L . In Section 6 we shall make crucial use of a universal
mapping property of the completion of a valued field.

Theorem 6.25.If ι : (F, | · |F ) → (K , | · |K ) is a completion of the valued
field (F, | · |F ) and ifϕ : (F, | · |F )→ (L , | · |L) is a homomorphism of valued
fields with (L , | · |L) complete, then there exists a unique homomorphism of
valued fields� : (K , | · |K )→ (L , | · |L) such thatϕ = � ◦ ι.

REMARKS. As usual with universal mapping properties, this theorem implies
a uniqueness result: any two completions of a valued field are canonically iso-
morphic. It is not necessary to write out the details. Making a small adjustment
to the proof below, we see also that if a field has two equivalent absolute values
on it, then the corresponding two completions are canonically isomorphic by a
field map that respects the topologies.
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PROOF. The theory of completion of a metric space produces a unique con-
tinuous function� : K → L such thatϕ = � ◦ ι, and this continuous function
respects the metrics. It is necessary to check only that� respects addition and
multiplication.

The argument is the same for the two operations, and we check only addition.
Let x and y be given inK , and choose sequences{xn} and {yn} in F with
lim ι(xn) = x, lim ι(yn) = y. Since addition is continuous inK , lim ι(xn + yn) =
x + y. Since� is a continuous function withϕ = � ◦ ι,
�(x)+�(y) = �(lim ι(xn))+�(lim ι(yn))

= lim(�(ι(xn)))+ lim(�(ι(yn))) = lim(ϕ(xn))+ lim(ϕ(yn))

= lim(ϕ(xn)+ ϕ(yn)) = lim(ϕ(xn + yn))

= lim(�ι(xn + yn)) = �(lim ι(xn + yn)) = �(x + y),

and� respects addition. �

Theorem 6.24 generalizes the parts of Proposition 6.1 concerningQp but not
those concerningZp. The arguments concerningZp transparently made use of
the ultrametric inequality, and they used a little more. The extra fact used is
that thep-adic absolute value is defined from a discrete valuation. In view of
Corollary 6.17 and Example 1 of nonarchimedean absolute values in the previous
section, a necessary and sufficient condition for a nontrivial absolute value on a
field F to be obtained from a discrete valuation is that the image ofF× under
the valuation be a discrete subset of the positive reals. Such an absolute value is
automatically nonarchimedean.

Theorem 6.26.Let ι : (F, | · |F ) → (F, | · |
F
) be a completion of a valued

field, and suppose that| · |F is nontrivial and discrete. Letv( · ) be the discrete
valuation that defines| · | on F . Then

(a) the image|F×|
F

equals the image|F×|F , and| · |
F

on F is therefore

defined by a discrete valuationv̄( · ) on F such that̄v ◦ ι = v,
(b) the imageι(R) of the valuation ringR of v is dense in the valuation ring

R of v̄,
(c) for every integern > 0, the imageι(Pn) of the nth power Pn of the

valuation idealP of v is dense in thenth powerP
n

of the valuation ideal
P of v̄,

(d) the residue class fields ofF andF coincide in the sense that the mapping
ι : R → R descends to a field isomorphism ofR/P onto R/P,

(e) for every integern > 0, the mappingι : R → R descends to a ring
isomorphism ofR/Pn onto R/P

n
,

(f) R is compact ifR/P is finite, and in this case the topological fieldF is
locally compact.
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REMARK. No assertion is made in (d) and (e) about whether the topologies
match under the constructed isomorphisms. Our interest will be mostly in the case
that R/P is finite, in which case the topologies match because they are discrete.

PROOF. Write |F×|F in the formr Z for a unique real numberr > 1. For
(a), since|ι(x)|

F
= |x|F and sinceι(F) is dense inF , the continuity of the

absolute value| · |
F

implies that the image ofF
×

is contained in the closure of

r Z within the positive reals, which isr Z. The formulav̄ ◦ ι = v follows from the
computationr −v(x) = |x|F = |ι(x)|

F
= r −v̄(ι(x)) by taking the logarithm to the

baser .
For (b) and (c), we use thatι(F) is dense inF , and we treat (b) as the casen = 0

of (c). Fix n ≥ 0 and considerP
n
. Choose a sequence{xk} in F with {ι(xk)}

converging to a pointx in P
n
. Since|x|

F
≤ r −n, we must have|xk|F < r −n+1

for all sufficiently largek. The elementsxk satisfying this condition are inPn,
and thusι(Pn) is dense inP

n
.

For (d) and (e), the mappingR → R/P
n

descends toR/Pn, sinceι(P) ⊆ P.
The descended map is one-one, since ifx ∈ R maps to the 0 coset, thenx is in
ι−1(P

n
) = Pn. To see that the descended map is onto, let a cosetx̄ + P

n
be

given. Sinceι(R) is dense inR, we can choosex ∈ R with |ι(x) − x̄|
F
< r −n.

SinceP
n = {

y ∈ F
∣∣|y| < r −n+1

}
, ι(x) − x̄ is in P

n
. Henceι(x) is exhibited

as inx̄ + P
n
, and the cosetx + Pn maps to the coset̄x + P

n
.

In (f), Corollary 8.60 ofBasic Algebrashows thatPn/Pn+1 is a 1-dimensional
vector space overR/P. The First Isomorphism Theorem gives anR module
isomorphism(R/Pn+1)

/
(R/Pn) ∼= Pn/Pn+1, and it follows by induction onn

that the finiteness ofR/P implies the finiteness ofR/Pn. In view of (e),R/P
n

is finite for everyn > 0.
For eachn > 0, the setR is covered by the cosets ofP

n
, which are closed

balls in F of radiusr −n and open balls of radiusr −n+1. Thus for any positive
radius, there exists a finite collection of open balls of that radius or less such that
the union of the open balls coversR. This means thatR is totally bounded in the
metric spaceF . A totally bounded closed subset of a complete metric space is
compact, and consequentlyR is compact.

Thus the 0 element ofF hasR as a compact neighborhood. Since addition is
continuous, each memberx of F hasx + R as a compact neighborhood ofx, and
thereforeF is locally compact. �

Let us review briefly. We start with an absolute value on a fieldF . The
cases of initial interest are thatF is a number field or is a function field in one
variable, namely a finite algebraic extension of a fieldk(X), wherek is a given
base field; in the latter case we assume that the absolute value is identically 1
on k×. A number field can have archimedean absolute values, and we come
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to them in a moment. In the function-field case we know that every absolute
value is nonarchimedean ifk has nonzero characteristic; this remains true for
characteristic zero but we did not prove it. For our cases of interest the nonar-
chimedean nontrivial absolute values are always given by a discrete valuation.

Thus let us summarize what happens for a nonarchimedean nontrivial absolute
value that is given by a discrete valuation. Within the given fieldF we have
singled out a Dedekind domainR for which F is the field of fractions,8 and the
absolute value is≤ 1 on R. For example, in the number-field caseR is the ring
of algebraic integers inF . In all cases the discrete valuationv is determined by a
nonzero prime idealp of R, and the absolute value onF is given by|x|F = r −v(x)
for some numberr > 1. Our two-step process consists in a step of localization
and a step of completion. The step of localization passes to the principal ideal
domainS−1R with maximal idealS−1p, whereS is the complement ofp in R.
The domainS−1R coincides with the valuation ring ofv, and the idealS−1p
coincides with the valuation ideal ofv. The absolute value onF does not change
during this process of localization. The idealS−1p is principal inS−1R, say with
π as a generator. The elementπ can be chosen to be inp, and it hasv(π) = 1.
Theorem 6.5 and Proposition 6.11 govern relationships betweenR and S−1R.
Briefly the powers ofp are dense in the powers ofS−1p, and the natural map of
residue class fieldsR/p → S−1R/S−1p is a field isomorphism onto.

The second step is a step of completion with respect to the absolute value.
The completion of a valued field(F, | · |F ) is a homomorphism of valued fields
ι : (F, | · |F ) → (L , | · |L) such that(L , | · |L) is complete as a metric space
and ι carriesF onto a dense subfield ofL. This exists by Theorem 6.24. In
the situation with a nonarchimedean nontrivial absolute value that is given by a
discrete valuation, one often writesFp for the completed fieldL. The eventual
interest is partly in what happens toR andp, but we first considerS−1R and
S−1p. The completed absolute value| · |Fp

is given by a discrete valuation̄v
with v̄ ◦ ι = v. Let us writeRp for its valuation ring andpp for its valuation
ideal. Theorem 6.26 governs the relationships betweenS−1R and Rp. Briefly
the images underι of the powers ofS−1p are dense in the powers ofpp, and the
natural map of residue class fieldsS−1R/S−1p → Rp/pp induced byι is a field
isomorphism onto.

The case of most interest for number theory is the case of a number fieldF and
the absolute value determined by a nonzero prime idealp in the ring of algebraic
integers ofF . The fieldFp is called the field ofp-adic numbers, and the ring
Rp is called the ring ofp-adic integers. WhenF = Q andp = pZ for a prime
numberp, the elementπ can be taken to bep.

8The caseR = F is excluded; this is the case that produces the trivial absolute value, which
does not interest us.
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In the case of a function field in one variable that is most analogous to a
number field, one starts from a fieldF that is a finite algebraic extension of
Fq(X), whereFq is a finite field withq elements. According to Corollary 6.22,
all but finitely many of the nonarchimedean absolute values are defined in terms
of nonzero prime ideals in the integral closure ofFq[X] in F ; the others are
the prime constituents of the idealX−1Fq[X−1] in Fq[X−1]. One can show that
the ring in the completion analogous toRp is always aring of formal power
seriesFq′ [[ X]] in one indeterminateX and with coefficients in a finite extension
Fq′ of Fq. Elements of this ring are arbitrary formal power series of the form∑∞

k=0 ck Xk with all ck in Fq′ . The field of fractions analogous toFp is always a
field of formal Laurent series Fq((X)) in one indeterminate; nonzero elements
of this field are arbitrary expressions of the form

∑∞
k=−N ck Xk with all ck in Fq′ ,

with c−N �= 0, and withN depending on the element.

Let us now examine archimedean completions. We shall discuss what happens
when we start from a number field, and then we make some remarks without proof
about the general case. Thus letF be a number field, and let an archimedean
absolute value be given on it. To have notation parallel to the nonarchimedean
case, it is customary to index the absolute value9 by a symbol likev, writing | · |v
for it. Corollary 6.16 shows that the restriction of| · |v to Q is nontrivial, and the
combination of Proposition 6.14 and Ostrowski’s Theorem (Theorem 6.15) shows
that the restriction toQ is equivalent to the ordinary absolute value. Adjusting
| · |v within its equivalence class, we may assume that its restriction toQ matches
the ordinary absolute value. Using Theorem 6.24, we form the completion ofF
with respect to| · |v, writing Fv for the completed space. The limits of Cauchy
sequences fromQ itself show thatR lies in the completed space, since| · |v
matches the ordinary absolute value onQ. Thus we can regardR as a subfield
of Fv, andF is a subfield as well. Consequently the setRF of sums of products
is a subring ofFv. The multiplication mapping ofR × F into Fv is Q bilinear
and has a linear extensionR ⊗Q F → Fv whose image isRF . TheR dimension
of R ⊗Q F is [F : Q], and consequently theR dimension ofRF is ≤ [F : Q],
hence finite. Being a finite-dimensionalR algebra embedded in a field,RF is a
subfield10 of Fv. It is therefore a finite algebraic extension ofR and must beR
or C. ThusF lies in R or C. The fieldsR andC are complete relative to the
ordinary absolute value, and henceRF is a closed subset ofFv. SinceF is dense,
we conclude thatFv is R or C.

Visualize having a standard copy ofC available, withR embedded in it. From
the above remarks, any archimedean absolute value of the number fieldF , after

9Or the equivalence class of the absolute value.
10Within a field if a nonzero element is algebraic over a base field, then the smallest ring containing

the base field and the element contains also the inverse of the element.
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adjustment within its equivalence class, yields a completion that takes one of the
two forms

σ : (F, | · |v)→ (R, | · |) and σ : (F, | · |v)→ (C, | · |),
where| · | is ordinary absolute value onR or C. Conversely any field mappingσ
of F into R or C has dense image either inR or in C and defines an archimedean
absolute value onF by | · |v = σ ∗(| · |). Thenσ : (F, | · |v)→ (R or C, | · |)
is a completion by Theorem 6.25.

To classify the archimedean absolute values up to equivalence, we recall from
Section V.2 that the number of distinct field mapsσ into C of a number field
F of degree [F : Q] = n is exactlyn, with a certain numberr1 of them having
image inR and with the remainder 2r2 having image inC but notR and occurring
in complex conjugate pairs. Each such field mapσ gives us a completion. The
members of a complex conjugate pair result in the same absolute value onF when
the ordinary absolute value ofC is restricted toF . We shall show that there are
no other equivalences.

Proposition 6.27. Let F be a number field with [F : Q] = n, and let there
ber1 distinct field maps ofF into R andr2 complex conjugate pairs of distinct
field maps ofF into C, with r1 + 2r2 = n. Each such field mapσ induces an
archimedean absolute value onF by restriction fromR orC, the only equivalences
are the ones from pairs of field maps related by complex conjugation, and the
resulting collection ofr1 + r2 absolute values exhausts the archimedean absolute
values onF , up to equivalence.

PROOF. The remarks above show everything except that theser1 + r2 absolute
values are mutually inequivalent. To prove this fact, suppose thatσ andσ ′ are two
field maps ofF into the same field,R or C, such thatx 	→ |σ(x)| is equivalent
to x 	→ |σ ′(x)|. Thenϕ = σ ′σ−1 is a field isomorphism from imageσ onto
imageσ ′ that respects the absolute value, up to a power. It is therefore uniformly
continuous from imageσ onto imageσ ′. Consequentlyϕ extends to all ofR orC,
and the continuous extension respects the field operations. OnQ,ϕ is the identity,
and hence its continuous extension toR must be the identity. Thus the continuous
extension is an automorphism ofR or C that fixesR, and consequently it must
be the identity or complex conjugation. �

It is of some interest to know what archimedean absolute values can occur in
other situations, besides number fields, and Theorem 6.24 shows that it is enough
to classify the complete ones. Ostrowski did so, and the result is thatR andC,
with their ordinary absolute values, are the only complete archimedean fields up
to equivalence.11

11A proof of the Ostrowski result may be found in Hasse’sNumber Theory, pp. 191–194. Gelfand
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5. Hensel’s Lemma

Hensel’s Lemma is a device that in its simplest forms allows one to solve polyno-
mial equations in the fieldQp of p-adic numbers by using congruence information
modulo some power ofp. It has a number of distinct formulations, all of which
work within any complete nonarchimedean valued field, not limited toQp. We
shall give a fairly simple formulation and obtain a handy special case as a corollary,
using an adaptation of Newton’s method of iterations in calculus for finding roots
of polynomials. At the end of the section, we shall state without proof a version of
Hensel’s Lemma that works to factor polynomials rather than to find their roots.
Yet another formulation of Hensel’s Lemma, whose precise statement we omit,
applies to systems of polynomial equations in several variables.

No overarching result of this chapter actually makes use of any version of
Hensel’s Lemma. Instead, versions of Hensel’s Lemma are indispensable in
analyzing the fine structure of complete valued fields and in handling examples.
Thus the applications of Hensel’s Lemma in this book will occur in the examples of
this section and the next and also in problems at the end of the chapter. Problem 16
is one such problem.

Theorem 6.28(Hensel’s Lemma). LetF be a field with a nontrivial discrete
absolute value| · |, necessarily nonarchimedean, and assume thatF is complete.
Let R be the valuation ring, and letf (X) be a polynomial inR[X]. Suppose that
a0 is a member ofR such that

| f (a0)| < | f ′(a0)|2.

Then the sequence{an} recursively given by

an+1 = an − f (an)

f ′(an)

is well defined inR and converges to a roota of f (X) that satisfies|a − a0| < 1.

PROOF. Put c = | f (a0)|/| f ′(a0)|2 < 1. We prove the following three
statements together by induction onn:

(i) an is well defined and is inR,
(ii) | f ′(an)| = | f ′(a0)| �= 0, and

(iii) | f (an)|/| f ′(an)| ≤ c2n | f ′(a0)|.
and Tornheim proved a more general result, with the same conclusion, that allows the multiplicative
property of absolute values to be relaxed somewhat. A proof of this result appears in Artin’sTheory
of Algebraic Numbers, pp. 45–51.
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The base case for the induction is the casen = 0, and the three statements are
true by hypothesis in this case.

Assume that the three statements hold forn. From (ii), an+1 is defined, and
then (iii) shows thatan+1 satisfies

(iii ′) |an+1 − an| = | f (an)|/| f ′(an)| ≤ c2n | f ′(a0)|.
The fact thatan and f ′(a0) are inR, in combination with (iii′), shows thatan+1

is in R. This proves (i) forn + 1.
For (ii) and (iii), we make use of the following Taylor expansions off (X) and

f ′(X) aboutb:

f (X) = f (b)+ (X − b) f ′(b)+ (X − b)2g(X) with g(X) ∈ R[X]

and

f ′(X) = f ′(b)+ (X − b)h(X) with h(X) ∈ R[X].

To check that these expansions are valid in any characteristic, it is enough to
check the first one, since the second one follows by differentiation. For the first
one, it is enough to treat the special caseXk. Dividing Xk − bk by X − b, we see
that we are to produceg(X) such that

(X − b)g(X) =
k−1∑
j =0

bk−1− j X j − kbk−1 =
k−1∑
j =0

bk−1− j (X j − bj ).

Every term on the right side is divisible byX − b, and thus the quotientg(X) is
in R[X].

Put Qn = an+1 − an = − f (an)/ f ′(an). By (iii) for n, |Qn| ≤ | f ′(an)|c2n
;

in particular,|Qn| < | f ′(an)|. In the expansion off ′(X), we takeb = an and
evaluate atX = an+1 to obtain

f ′(an+1) = f ′(an)+ Qnh(an+1).

Since|Qn| < | f ′(an)| and |h(an+1)| ≤ 1, we see that| f ′(an+1)| = | f ′(an)|.
This proves (ii) forn + 1.

In the expansion off (X), we takeb = an and evaluate atX = an+1 to obtain

f (an+1) = f (an)+ (an+1 − an) f ′(an)+ (an+1 − an)
2g(an+1).

But (an+1 − an) f ′(an) = − f (an), and hence this equation simplifies to

f (an+1) = Q2
ng(an+1).
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Sinceg(an+1) is in R, application of (iii) forn and (ii) forn + 1 gives

| f (an+1)|
| f ′(an+1)|2 = |Qn|2|g(an+1)|

| f ′(an)|2 ≤
( | f (an)|
| f ′(an)|2

)2 ≤ (c2n
)2 = c2n+1

,

and this proves (iii) forn + 1. This completes the induction.
Now we can prove the theorem. Ifn < m, then (iii′) and the ultrametric

inequality imply that

|am − an| ≤ max
n≤k<m

|ak+1 − ak| ≤ | f ′(a0)| max
n≤k<m

c2k ≤ | f ′(a0)|c2n
. (∗)

Consequently{an} is a Cauchy sequence. Leta be its limit. Substituting
into the definition ofan+1, using (ii), and passing to the limit, we obtaina =
a − f (a)/ f ′(a). Thus f (a) = 0. Takingn = 0 in (∗) and lettingm tend to
infinity gives|a − a0| ≤ | f ′(a0)|c, and this is≤ c < 1 becausef ′(a0) is in R. �

Corollary 6.29 (Hensel’s Lemma). LetF be a field with a nontrivial discrete
absolute value, necessarily nonarchimedean, and assume thatF is complete. Let
R be the valuation ring, letp be the unique maximal ideal, and letf (X) be a
polynomial inR[X]. If f (X) is the reduced polynomial with coefficients inR/p
and if ā is a simple root off (X), then f (X) has a simple roota ∈ R whose
image inR/p is ā.

PROOF. Leta0 be any member ofRwhose image inR/p is ā. The assumptions
imply that f (a0) is in p and that f ′(a0) is in R but notp. Thus the hypotheses
of Theorem 6.28 are satisfied, and the theorem produces a roota of f (X) with
a − a0 in p. �

EXAMPLES WITH F = Qp AND R = Zp.

(1) Suppose thatp is an odd prime and thatn is an integer for which the
Legendre symbol

(
n
p

)
is +1, i.e., for which GCD(n, p) = 1 andn has a square

root modulop. Thenn has a square root inZp. This is immediate from Corollary
6.29 with f (X) = X2 − n.

(2) Suppose thatp = 2 and thatn is an integer12 having the form 8k + 1. The
maximal ideal inZ2 is (2). Corollary 6.29 is not applicable tof (X) = X2 − n,
since evaluation of the derivativef ′(X) = 2X at any point ofZ2 leads to a
member of the ideal(2). However, we can apply Theorem 6.28. Leta0 = 1,
so that f (a0) = 1 − n and f ′(a0) = 2. The theorem produces a roota in Z2 if
|1 − n|2/|2|22 < 1, i.e., if |1 − n|2 < 1

4. Since|1 − n|2 = | − 8k|2 = 1
8|k|2 < 1

4,
the theorem indeed applies. The resulting roota in Z2 hasa ≡ 1 mod(2).

12In fact,n could be a 2-adic integer in this argument.
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(3) Suppose thatp > 3. Every nonzero residuēa in Z/pZ has āp−1 ≡
1 mod p. Corollary 6.29 shows immediately that the polynomialX p−1 − 1 has
a roota whose image inZp/pZp is ā. Since the elements̄a are distinct, we
conclude thatZp contains allp − 1 of the(p − 1)st root of unity.

(4) As promised at the beginning of Section 4, we show thatQp for p = 5
is obtained also by completing the fieldQ(i ) with respect to a certain absolute
value and that in fact there are two distinct equivalence classes of absolute values
on Q(i ) for which Q5 results. Thus letF = Q, K = Q(i ), andp = (5). The
prime factorization of(5)Z[i ] is as(2 + i )(2 − i ). If we put P1 = (2 + i ) and
P2 = (2 − i ), thenK P1 andK P2 are both equal toQ5 because Example 1 above
shows that the square roots of−1 already appear inQ5. If a is one of the square
roots, then

∣∣2+a
∣∣
5

∣∣2−a
∣∣
5 = ∣∣(2+a)(2−a)

∣∣
5 = |5|5 = 1

5. Thus one of
∣∣2+a

∣∣
5

and
∣∣2− a

∣∣
5 equals1

5 and the other equals 1. What is happening is that there are
two field mappingsQ(i )→ Q5. For each of them, the effect on the base fieldQ
is the same; however, one field mapping sendsi in Q(i ) to a in Q5, and the other
sendsi to −a. For definiteness, let us say that

∣∣2 + a
∣∣
5 = 1

5. Then the valuation
of Q(i )with respect toP1 = (2+ i ) is consistent with the 5-adic valuation ofQ5,
but the valuation ofP2 = (2 − i ) is not. This example shows why the definition
of completion insists on a mapping of valued fields (respecting absolute values),
not merely a mapping of fields.

(5) Suppose thatp = 2. The question is the prime factorization off (X) =
X3+ X2−2X +8 inZ2. This polynomial was studied at length toward the end of
Section V.4 in connection with common index divisors. It is irreducible overQ,
but we are to factor it overQ2. We shall show that it splits into first-degree factors.
Considering the polynomial modulo 2, we find thatf (X) ≡ (X − 1)X2 mod 2.
Since 1 is a simple root modulo 2, Corollary 6.29 says that there exists an element
θ1 in Z2 such thatf (θ1) = 0 andθ1 ≡ 1 mod 2. Dividing f (X) by X − θ1, we
obtain

f (X) = (X − θ1)
(
X2 + (θ1 + 1)X + (θ1(θ1 + 1)− 2)

)
.

To show that the quadratic factor splits overQ2, it is necessary and sufficient
to show that its discriminant is a square, sinceQ2 has characteristic 0. The
discriminant is

(θ1 + 1)2 − 4(θ1(θ1 + 1)− 2) = 4
(
(1

2(θ1 + 1))2 − (θ1(θ1 + 1)− 2)
)
,

and we can ignore the square factor of 4. We know thatθ1 ≡ 1 mod 2. Let us
computeθ1 modulo 8Z2 by writing θ1 = 8ϕ + c with ϕ ∈ Z2 and withc = ±1
or ±3. Substituting intof (X) and computing modulo 8Z2, we have

0 = f (θ1) ≡ c3 + c2 − 2c mod 8Z2.
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Sincec is odd,c3 ≡ c andc2 ≡ 1 mod 8. Thus 0≡ c + 1 − 2c mod 8 and
c ≡ 1 mod 8. Consequently

(1
2(θ1 + 1))2 − (θ1(θ1 + 1)− 2) ≡ 1 mod 8.

By Example 2 any 2-adic integer that is≡ 1 mod 8Z2 is a square inZ2, and thus
f (X) indeed factors overZ2 as the product of three first-degree factors.

We conclude this section with a version of Hensel’s Lemma that we state
without proof.13 This version deals with factorizations rather than roots. Briefly
it says that we can lift arelatively primefactorization modulop to a factorization
in R[X] if at least one of the two factors modulop has leading coefficient 1. This
theorem certainly implies Corollary 6.29.

Theorem 6.30(Hensel’s Lemma). LetF be a field with a nontrivial discrete
absolute value, necessarily nonarchimedean, and assume thatF is complete. Let
R be the valuation ring, letp be the unique maximal ideal, letk be the residue
class field, and letf (X) be a polynomial inR[X]. Suppose that there exist
polynomialsg0(X) andh0(X) in R[X] such thatg0(X) modp andh0(X) modp
are relatively prime ink[X], g0 has leading coefficient 1, andf (X) factors modulo
p as f (X) ≡ g0(X)h0(X) modp. Then there exist polynomialsg(X) andh(X)
in R[X] such thatg(X) has leading coefficient 1,g(X) ≡ g0(X) modp, h(X) ≡
h0(X) modp, and f (X) factors inR(X) as f (X) = g(X)h(X).

6. Ramification Indices and Residue Class Degrees

Sections 1–4 have presented the ingredients of a two-stage process for analyzing
congruence information, and now it is time to use everything together. The goal
is to have techniques for extracting information about a global number-theoretic
problem by seeing what the problem says about ideals, for reducing the questions
about ideals to questions about powers of prime ideals, and for then assembling
the results.

We give one illustration of the utility of our constructions: With the techniques
we had in Chapter V, we gave only a partial proof of the Dedekind Discriminant
Theorem (Theorem 5.5). By contrast, we shall see in Section 8 that the present
techniques lead naturally to a complete proof.

Although we might want to work just within one number field, it is helpful to
change the context so that we are comparing a number field with a finite extension.
There is no loss of generality in doing so; we can always take the base field to

13A proof may be found in Hasse’sNumber Theory, pp. 169–172.
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be the rationalsQ, and the effect is that we consider only the finite set of prime
ideals for the extension field that contain a given prime numberp.

As long as we are going to consider finite extensions of fields in addressing
number theory, we might as well treat also the case of function fields in one
variable, at least to the extent that the two theories are quite analogous. Thus we
are led to the following set-up.

Let R be a Dedekind domain considered as a subring of its field of fractions
F , let K be a finiteseparable14 extension ofF with [K : F ] = n, and letT be
the integral closure ofR in K . We shall work withF and K as valued fields,
having some absolute value on them. The case of interest in this section will be
that the absolute value is nonarchimedean and arises from a discrete valuation
whose valuation ring containsR or T , respectively. Theorem 6.5 shows that the
valuation is defined by means of some prime ideal℘ of Ror T , and the associated
absolute value may thus be denoted by an expression15 like | · |℘ .

We start from a prime idealp in R and form the corresponding absolute value
on F as in Section 3, obtaining a valued field(F, | · |p). Then we complete as in
Section 4, writing the completion as

ψ0 : (F, | · |p)→ (Fp, | · |p).

We know that the idealpT in T has a prime factorization of the formpT =
Pe1

1 · · · P
eg
g , whereP1, . . . , Pg are distinct prime ideals inT . The integersei are

calledramification indices and the dimensionsfi = dimR/p(T/Pi ) are called
residue class degrees. We are interested in saying everything we can about
P1, . . . , Pg and about the indicesei and fi . The fundamental relationship is
given by Theorem 9.60 ofBasic Algebra, namely

g∑
i=1

ei fi = n.

We know that eachPi gives us a nonarchimedean absolute value| · |Pi
on K ,

unique up to equivalence, and then a completion

ψi : (K , | · |Pi
)→ (K Pi , | · |Pi

).

14The role of separability will become apparent before the statement of Theorem 6.31 below.
15The number-theory case ultimately requires also a limited amount of analysis of archimedean

absolute values, and that will be carried out in Section 9. In the context of passing from a Diophantine
equation to congruence information, part of the role that archimedean absolute values play is in
analyzing signs. Thus for example the simple-minded equationx2 + y2 = −1 has no solutions in
integers; the reason for the absence of solutions is a constraint on signs, not some limitation from
congruences with respect to powers of primes. Archimedean absolute values control signs.
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The first important step is to establish an isomorphism involving fields such
that the identity

∑g
i =1 ei fi = n is a dimension formula that follows from the

isomorphism. The identity in question concerns the ringK ⊗F Fp, which is
a commutative algebra overK or over Fp, whichever we like, and which is
semisimple by Corollary 2.30 under our assumption thatK is a finite separable
extension ofF. The Wedderburn theory (Theorems 2.2 and 2.4) shows that
K ⊗F Fp is isomorphic to a finite direct product of fields,16 each of which is a
finite extension ofFp. What we shall prove later in this section is the following
theorem.

Theorem 6.31. Let R be a Dedekind domain considered as a subring of its
field of fractionsF , let K be a finite separable extension ofF with [K : F ] = n,
and letT be the integral closure ofR in K . If p is a nonzero prime ideal ofR
and if the idealpT in T has a prime factorization of the formpT = Pe1

1 · · · P
eg
g ,

whereP1, . . . , Pg are distinct prime ideals inT and theej are positive integers,
then

K ⊗F Fp
∼=

g∏
j =1

K Pj .

When the formula
∑g

j =1 ej f j = n is specialized to the field extensionK Pj /Fp,
it becomese∗

j f ∗
j = [K Pj : Fp], wheree∗

j and f ∗
j are the ramification index and

residue class degree associated toK Pj /Fp. If we accept for the moment the result
of Lemma 6.36 below thate∗

j and f ∗
j coincide with the corresponding indicesej

and f j for K/F , thenn = ∑g
j =1 ej f j = ∑n

j =1 e∗
j f ∗

j = ∑g
j =1[K Pj : Fp] indeed

counts theFp dimensions of both sides of the formulaK ⊗F Fp
∼= ∏g

j =1 K Pj

in the theorem. The theorem says much more than this, and we shall mine its
consequences after giving the proof of the theorem.

For orientation, let us recall Example 4 from Section 5. In that example, we had
R = Z, F = Q, K = Q(i ), T = Z[i ], p = 5Z, andFp = Q5. The factorization
pT = ∏

P
ej

j is 5Z[i ] = (2+ i )(2− i ), and the two completed versions ofK are
K(2+i )

∼= Q5 andK(2−i )
∼= Q5. Thus the identity in the theorem specializes to

Q(i )⊗Q Q5
∼= Q5 × Q5.

Proving the identity on this level would be more challenging than necessary
because the isomorphism cannot be unique; it can always be composed with
the interchange of the two factors on the right side. For this reason the proof
makes use of valued fields, and then in effect the desired isomorphism becomes
a constructive one that we can write down rather explicitly.

16The words “direct product” in connection with finitely many fields refer to the direct sum of
the additive structures, with multiplication given coordinate by coordinate.
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Let us now work toward proving Theorem 6.31. Above, we mentioned the
completion mappingψ0 for F relative to an absolute value in the equivalence
class determined byp, as well asψj for K relative to some absolute value in the
class determined byPj . In addition, we have inclusion mappings corresponding
to the field extensionsK/F andK Pj /Fp. Figure 6.1 below is a square diagram
that assigns the namesϕ0 andϕj to these as well.

F
ψ0−−−→ Fp

ϕ0

⏐⏐+ ⏐⏐+ϕj

K
ψj−−−→ K Pj

FIGURE 6.1. Commutativity of completion and extension as field mappings.

The diagram in Figure 6.1 commutes. In fact,ψjϕ0 andϕjψ0 are bothF
homomorphisms, being compositions ofF homomorphisms, and hencex ∈ F
impliesψjϕ(x) = x(ψjϕ(1)) = x(1) = x(ϕjψ0(1)) = ϕjψ0(x).

But more is true: we are going to impose absolute values on the four fields in the
diagram in such a way that the four field mappings are homomorphisms of valued
fields. We have already defined| · |p on F as any absolute value corresponding
to p, and then| · |p is defined onFp in such a way that the completion mapping
ψ0 preserves absolute values. Theorem 6.33 below will enable us to define an
absolute value in a unique fashion onK Pj such thatϕj preserves absolute values.
Proposition 6.34 will give us the definition of an absolute value onK , and we
shall check in Lemma 6.35 that Figure 6.1 with these absolute values in place is
a commutative diagram of valued fields. Finally we use this commutativity to
prove in Lemma 6.36 that the ramification indexe∗

j and residue class degreef ∗
j

for K Pj /Fp match the corresponding parametersej and f j for K/F , and then we
are ready for the main part of the proof of the theorem.

We begin our preliminary work by limiting the possibilities for a finite exten-
sion of a complete valued field(F, | · |F ). If K is a finite extension ofF , anorm
on theF vector spaceK relative to| · |F is a function‖ · ‖ from K to R having

(i) ‖x‖ ≥ 0 on K with equality if and only ifx = 0,
(ii) ‖cx‖ = |c|F‖x‖ for c ∈ F andx ∈ K ,

(iii) ‖x + y‖ ≤ ‖x‖ + ‖y‖ for all x andy in K .

Lemma 6.32.If (F, | · |F ) is a complete valued field, ifK is a finite extension
of F , and if‖ · ‖1 and‖ · ‖2 are any two norms onK relative to| · |F , then there
exist real constantsC andC′ such that

‖x‖1 ≤ C‖x‖2 and ‖x‖2 ≤ C′‖x‖1 for all x ∈ K .

ConsequentlyK is Cauchy complete in the metric induced by either norm.
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REMARK. It is not important thatK be a field in this lemma, only that it be a
finite-dimensional vector space overF .

PROOF. Let n = dimF K . Fixing an ordered basis(x1, . . . , xn) of K over F ,
we may express any memberx of K in the formx = ∑n

i =1 ci xi with all ci in F .
With theci ’s defined this way, we define‖x‖sup = max1≤i ≤n |ci |F . To prove the
displayed inequalities, it is enough to prove them for‖ · ‖supand any other norm
‖ · ‖. For one direction of the inequality, we have

‖x‖ = ∥∥∑
i ci xi

∥∥ ≤ ∑
i ‖ci xi ‖ = ∑

i |ci |F‖xi ‖ ≤ (∑
i ‖xi ‖

)‖x‖sup.

This proves that‖x‖ ≤ C‖x‖sup with C = ∑
i ‖xi ‖.

For the reverse inequality we shall prove by induction onk that an inequality
‖x‖sup ≤ C′

k‖x‖ holds for all x in the F linear span of at mostk of the vec-
tors x1, . . . , xn. The base case for the induction isk = 1, and then‖x‖sup =
‖xi ‖−1‖x‖ wheneverx is a multiple ofxi . SoC′

1 = max1≤i ≤n(‖xi ‖−1).
Assume thatC′

1, . . . ,C
′
k exist and that we are to produceC′

k+1. Arguing by
contradiction, we may assume that there is some sequence{x(m)} in K , each term
having at mostk + 1 nonzero coefficients, such that‖x(m)‖ = 1 for all m and
‖x(m)‖suptends to infinity. Possibly by passing to a subsequence, we may assume
that the nonzero coefficients ofx(m) all lie in a particular subset ofk + 1 of the
coefficients, and there is no harm in assuming that this subset is{1, . . . , k + 1}.
Passing to a further subsequence, we may assume that there is some indexj such
that the largest coefficient of eachx(m), when measured by| · |F , is the j th, and
there is no harm in assuming thatj = k + 1.

Let c(m)1 , . . . , c(m)k+1 be the coefficients ofx(m), so thatx(m) = ∑k+1
i =1 c(m)i xi . Put

y(m) = (c(m)k+1)
−1x(m) = ∑k

i=1 d(m)i xi + xk+1, whered(m)i = (c(m)k+1)
−1c(m)i . Here

|d(m)i |F ≤ 1 for 1 ≤ i ≤ k and for allm, and also‖y(m)‖ = |c(m)k+1|−1
F ‖x(m)‖ =

|c(m)k+1|−1
F tends to 0.

For each vectory(m)−xk+1, only the firstk coefficients can be nonzero, and the
same thing is true of differencesy(m) − y(m

′) of two such vectors. The inductive
hypothesis tells us that‖y(m) − y(m

′)‖sup ≤ C′
k‖y(m) − y(m

′)‖, and the right
side tends to 0 asm andm′ tend to infinity because‖y(m)‖ and‖y(m

′)‖ tend to 0.
Therefore thei th coordinate ofy(m) forms a Cauchy sequence. SinceF is given as
complete,{y(m)} is convergent in the norm‖ · ‖supto somey = ∑k

i =1 di xi +xk+1

in K .
By the easy direction of our inequality,‖y(m)−y‖ ≤ C‖y(m)−y‖sup. The right

side tends to 0, and hence so does the left. We know that‖y(m)‖ tends to 0, and
hencey = 0. But this conclusion contradicts the form ofy as

∑k
i=1 di xi + xk+1

with coefficient 1 forxk+1. We conclude thatC′
k+1 exists as asserted, and the

lemma follows. �
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Theorem 6.33.If (F, | · |F ) is a complete valued field relative to a nontrivial
nonarchimedean discrete absolute value and ifK is a finite separable extension
of F with [K : F ] = n, thenK has a unique absolute value| · |K extending
| · |F , K is complete and nonarchimedean, and the integral closureT in K of
the valuation ringR of F is the valuation ring ofK . The extension is given by
|x|K = |NK/F (x)|1/nF .

REMARKS. SinceT is the valuation ring, Proposition 6.2 shows thatT has a
unique nonzero prime ideal. It follows that ifp is a nonzero prime ideal ofR,
thenpT = Pe for a single prime idealP of T . We shall make frequent use of
this fact in applications without explicit mention.

PROOF. For uniqueness, suppose that| · |1 and| · |2 are two absolute values on
K that extend| · |F . Let us see that each of these is a norm onK relative to| · |F .
In fact, what needs checking for| · |1 is that the function respects scalars from
F appropriately. Ifc is in F andx0 is in K , then|cx0|1 = |c|1|x0|1 = |c|F |x0|1,
the second equality following because| · |1 restricts to| · |F on F . A similar
argument applies to| · |2, and thus we are dealing with two norms.

If the two given absolute values are inequivalent, then Proposition 6.12 shows
in the presence of the nontriviality of| · |F that we can find anx ∈ K with
|x|1 > 1 and |x|2 ≤ 1. Then limk |x−k|1 = 0 while |x−k|2 ≥ 1 for all k.
Consequently there cannot exist a constantC such that|y|2 ≤ C|y|1 for all
y ∈ F , in contradiction to Lemma 6.32.

We conclude that| · |1 and| · |2 are equivalent, say that|x|1 = |x|s2 for all
x ∈ K and somes > 0. Since| · |F is nontrivial, there exists somex0 ∈ F
with |x0|1 > 1. The equality|x0|1 = |x0|s2 then implies thats = 1. This proves
uniqueness.

We turn to existence. Proposition 6.2 shows that the valuation ringR in F for
the discrete valuationvF corresponding to| · |F on F is a local principal ideal
domain and that the valuation idealp is the unique maximal ideal ofR. Theorem
6.5 shows that the valuationvp determined byp is the same as the given valuation
vF . Hence| · |F is given for alla ∈ F by |a|F = r −vp(a) for somer > 1. Letπ
be a generator of the principal idealp of R.

SinceK/F is finite and separable, Theorem 8.54 ofBasic Algebrashows that
the integral closureT of R in K is a Dedekind domain. LetpT = Pe1

1 · · · P
eg
g

be the factorization of the idealpT of T into the product of powers of distinct
prime ideals ofT . EachPj defines a nonarchimedean valuationvPj of K . If a
is any element ofF , then we can writea = πku for someu ∈ R× and some
integerk. The computationaT = aRT = πkuRT = πk RT = πkT = pkT =
Pke1

1 · · · P
keg
g shows thatvp(a) = k and thatvPj (a) = kej . HencevPj = ej vp on

F , and therefore the formula|x|Pj
= (r e−1

j )
−vPj (x) for x ∈ K defines an absolute
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value onK that has|a|F = r −vp(a) = r −e−1
j vPj (a) = (r e−1

j )
−vPj (a) = |a|Pj

for all

a in F . This proves existence. The absolute value| · |Pj
on K is complete by

Lemma 6.32 and is nonarchimedean because it is given by a discrete valuation.
Let us show thatg = 1. Arguing by contradiction, suppose that there are at

least two distinct prime idealsP1 andP2 of T that containp. SinceP1 + P2 = T ,
we can choosex1 ∈ P1 andx2 ∈ P2 with x1 + x2 = 1. ThenvP1(x1) > 0 and
vP1(1) = 0, from which we see thatvP1(x2) = 0. SincevP2(x2) > 0, we obtain
a contradiction to the uniqueness part of the theorem. Thus the prime ideal ofT
is unique. Let us writeP for this ideal.

We know thatvP(T) ≥ 0, i.e., thatT is contained in the valuation ring ofvP.
Proposition 6.4 shows that the valuation ring ofvP equalsS−1T , whereS is the
complement ofP in T . The uniqueness ofP means thatT is local, and hence
every member ofS is a unit inT . ThusS−1T = T , andT is the valuation ring.

Write | · |K in place of| · |Pj
. To prove the explicit formula for| · |K in

the statement of the proposition, choose a finite Galois extensionL of F that
containsK ; such a fieldL exists becauseK/F is separable.17 By the existence
just proved, let| · |L be an extension of| · |K to L. If σ is in Gal(L/F), then
x 	→ |σ(x)|L andx 	→ |x|L are both absolute values onL that extend| · |F . By
the uniqueness just proved,|σ(x)|L = |x|L . Applying | · |L to both sides of the
formula NL/F (x) = ∏

σ∈Gal(L/F) σ (x) gives

|NL/F (x)|F = |NL/F (x)|L = ∏
σ∈Gal(L/F)

|σ(x)|L = |x|[L:F ]
L . (∗)

If x is in K , then the left side equals(|NK/F (x)|F )
[L:K ] , and the right side equals

(|x|K )[L:K ][ K :F ] = (|x|[K :F ]
K )[L:K ] . Thus the desired formula follows by extracting

the positive [L : K ]th root of both sides of(∗). �

Proposition 6.34. Under the hypotheses of Theorem 6.31, letvp be the
valuation ofF defined byp, and letvPj be the valuation ofK defined byPj ,

1 ≤ j ≤ g. Thenej vp = vPj

∣∣
F . Consequently if| · |p is an absolute value on

F defined byp, then for eachj some member| · |Pj
of the equivalence class

of absolute values defined onK by Pj is an extension of| · |p. In this case the
inclusion of(F, | · |p) into (K , | · |Pj

) is a homomorphism of valued fields.

PROOF. Let S be the multiplicative system inR given as the set-theoretic
complement ofp in R. For the first conclusion Proposition 6.4 and Theorem 6.5
together show that it is enough to prove that

ej vS−1p = vS−1Pj

∣∣
F . (∗)

17The fieldL can be taken to be a splitting field of the minimal polynomial overF of an element
ξ such thatK = F(ξ). The extensionL/F is separable by Corollary 9.30 ofBasic Algebra.
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From the identity
pT = Pe1

1 · · · P
eg
g ,

we have
S−1pT = (S−1P1)

e1 · · · (S−1Pg)
eg . (∗∗)

SinceS is the complement ofp in R, vp is 0 onS. HencevS−1p is 0 onS. From
R∩ Pj = p, we haveS∩ Pj ⊆ S∩ p = ∅. Thus the members ofS lie in R ⊆ T
but in noPj , andvPj is 0 onS. HencevS−1Pj

is 0 onS.
Letπ be a generator of the principal idealS−1p in S−1R, so thatvS−1p(π) = 1.

SinceπS−1T = S−1pT , equation(∗∗) shows thatvS−1Pj
(π) = ej . Each element

y of F is of the form y = πku for some integerk and someu ∈ F with
vS−1p(u) = 0. The elementu must be inS−1R but not S−1p and hence is in
S−1. ThusvS−1Pj

(u) = 0. We have now seen thatvS−1Pj
(x) = ej vS−1p(x) for the

elementx = u above and also forx = π . ThereforevS−1Pj
(x) = ej vS−1p(x) for

all x ∈ F , and(∗) is proved.
Now thatej vp = vPj

∣∣
F , chooser > 1 such that|x|p = r −vp(x) for x ∈ F .

If r ′ is defined byr = (r ′)ej , then the definition|x|Pj
= (r ′)−vPj (x) for x ∈ K

restricts forx ∈ F to |x|Pj
= (r ′)−vPj (x) = (r ′)−ej vp(x) = r −vp(x) = |x|p, and the

inclusion is indeed a homomorphism of valued fields. �

With these facts in place, let us make Figure 6.1 into a commutative diagram
of valued fields. Fromp, we use any corresponding choice of| · |p on F , and
this uniquely determines an absolute value by the same name onFp. Next we
apply Theorem 6.33 to the inclusionϕj : Fp → K Pj to obtain a unique extension
of | · |p from Fp to an absolute value| · |Pj

on K Pj .
Meanwhile, with the indexj specified, Proposition 6.34 gives us a unique

absolute value| · |Pj
onK such that the inclusionϕ0 : F → K is a homomorphism

of valued fields. The completion mappingψj : K → K Pj in turn gives us a
second determination of| · |Pj

on K Pj , and Lemma 6.35 below says that these
two determinations match, i.e., that Figure 6.2 is a commutative diagram of
homomorphisms of valued fields.

(F, | · |p)
ψ0−−−→ (Fp, | · |p)

ϕ0

⏐⏐+ ⏐⏐+ϕj

(K , | · |Pj
)

ψj−−−→ (K Pj , | · |Pj
)

FIGURE 6.2. Commutativity of completion and extension
as homomorphisms of valued fields.
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Lemma 6.35. In the above notation the two determinations of| · |Pj
on K Pj

coincide—one by using Theorem 6.33 to insist thatϕjψ0 in Figure 6.2 be the
composition of homomorphisms of valued fields, and the other by using Proposi-
tion 6.34 to insist thatψjϕ0 in Figure 6.2 be the composition of homomorphisms
of valued fields.

REMARKS. The commutativity formulaψjϕ0 = ϕjψ0 for field mappings is
known from the discussion concerning Figure 6.1.

PROOF. Let us give two different names to the two possible absolute values on
K Pj , writing | · |′ for the one that makes|ψj (k)|′ = |k|Pj

for k ∈ K and writing

| · |′′ for the other, which makes|ϕj (x)|′′ = |x|p for x ∈ Fp. Let y be inF . Then
the equalityϕjψ0 = ψjϕ0 implies that

|ϕjψ0(y)|′ = |ψjϕ0(y)|′ = |ϕ0(y)|Pj
= |y|p = |ψ0(y)|p. (∗)

If x0 is given in Fp, then we can choose a sequence{xn} in F with {ψ0(xn)}
convergent tox0 in Fp. Then {ψ0(xn)} is Cauchy in the metric onFp, and
it follows from (∗) applied with y = xn − xn′ that {ϕjψ0(xn)} is Cauchy in
the metric from| · |′ on K Pj . If we have a second such sequence{x′

n} in F
with ψ0(x′

n) convergent tox0 and if we alternate the terms of{xn} and{x′
n} to

produce a sequence{zn}, then{ϕjψ0(zn)} remains Cauchy in the metric from| · |′.
Since| · |′ is complete, it follows that|ϕj (x0)|′ is given by a well-defined limit
independently of the sequence inψ0(F) used to approximatex0. The formula
(∗) shows that|ϕj (x0)|′ = |x0|p, and the definition of| · |′′ shows that this equals
|ϕj (x0)|′′. By the uniqueness in Theorem 6.33,| · |′ = | · |′′ on K Pj . �

Lemma 6.36.In the above notation and that of Theorem 6.31, the ramification
indexe∗

j corresponding toK Pj /Fp for the closure of the idealψj (Pj ) coincides
with the ramification indexej corresponding toK/F for the idealPj .

REMARK. In addition, the residue class degreef ∗
j for K Pj /Fp coincides with

the residue class degreef j for K/F . In fact, the five paragraphs of review that
follow Theorem 6.26 mention that residue class fields change neither during the
localization step nor in the completion step of our two-step process. ThusR/p
remains the same during the two steps, and so doesT/Pj . Hence the dimension
of T/Pj as a vector space overR/p remains the same.

PROOF. Let vp,F , vPj ,K , vp,Fp , andvPj ,K Pj
be the valuations corresponding to

the absolute values onF , K , Fp, andK Pj , respectively. The last of these is well
defined by Lemma 6.35. Proposition 6.34 shows that

ej vp,F = vPj ,Kϕ0 and e∗
j vp,Fp = vPj ,K Pj

ϕj . (∗)
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Meanwhile, the completion mappingsψ0 andψj satisfy

vp,Fpψ0 = vp,F and vPj ,K Pj
ψj = vPj ,K . (∗∗)

Multiplying the second equation of(∗) on the right byψ0 and substituting from
the first equation of(∗∗), we obtain

e∗
j vp,F = e∗

j vp,Fpψ0 = vPj ,K Pj
ϕjψ0.

We substitute from the commutativity formulaϕjψ0 = ψjϕ0 and unwind the right
side as

vPj ,K Pj
ψjϕ0 = vPj ,Kϕ0 = ej vp,F .

Thuse∗
j vp,F = ej vp,F . Sincevp,F is not identically 0, we obtaine∗

j = ej . �

PROOF OF THEOREM 6.31. As was mentioned before the statement of the
theorem, it follows from Proposition 2.29 and the Wedderburn theory thatK⊗F Fp

is isomorphic to a product
∏g′

i=1 Li of fields, each of which is a finite extension
of Fp and each of which hasK embedded in it. The subfieldsLi are uniquely
determined withinK ⊗F Fp, and we letηi be the projection ofK ⊗F Fp onto
Li . Eachηi is a ring homomorphism and is given by multiplication by a specific
element ofK ⊗F Fp, namely the element that is 1 in thei th position and is 0 in
the other positions. When restricted toK ⊗ 1,ηi gives a field mapαi : K → Li ;
when restricted to 1⊗ Fp, it gives a field mapβi : Fp → Li .

We shall develop a small abstract theory about these field mapsαi andβi .
Suppose thatM is a field containingF , thatα : K → M andβ : Fp → M are
F algebra homomorphisms, and thatM is a finite separable extension ofβ(Fp).
Theorem 6.33 says thatM has a unique absolute value| · |p,β extending| · |p
and that the valued field(M, | · |p,β) is complete. The extension property means
thatβ : (Fp, | · |p) → (M, | · |p,β) is a homomorphism of valued fields. The
restrictionα∗(| · |p,β) to K makes(K , α∗(| · |p,β)) into a valued field in such a
way that

α : (K , α∗(| · |p,β))→ (M, | · |p,β) (∗)

is a homomorphism of valued fields. Let us see that

α∗(| · |p,β) is one (and only one) of the absolute values| · |Pj
on K (∗∗)

and thatα in (∗) factors as the composition of the completion mapping

ψj : (K , | · |Pj
)→ (K Pj , | · |Pj

)



6. Ramification Indices and Residue Class Degrees 363

followed by some other homomorphism of valued fields

ι : (K Pj , | · |Pj
)→ (M, | · |p,β).

To get at(∗∗) and the factorization ofα, let us show that the field mapping

ϕ0 : (F, | · |p)→ (K , α∗(| · |p,β)) (†)

is a homomorphism of valued fields, i.e., thatϕ∗
0α

∗(| · |p,β) = | · |p. The field
mappingsαϕ0 andβψ0, which carryF into M via K and Fp, respectively, are
compositions ofF homomorphisms and hence areF homomorphisms. Therefore
x ∈ F implies thatαϕ0(x) = x(αϕ0(1)) = x(1) = x(βψ0(1)) = βψ0(x), and
we see thatαϕ0 = βψ0 on F . For x ∈ F , this identity accounts for the third
equality in the following computation proving(†):

|x|p = |ψ0x|p = |βψ0x|p,β
= |αϕ0x|p,β = α∗(| · |p,β)(ϕ0x) = ϕ∗

0α
∗(| · |p,β)(x).

Returning to(∗∗) and applying(†), we see thatα∗(| · |p,β) is ≤ 1 on R. Since
T is the integral closure ofR, Proposition 6.20 shows thatα∗(| · |p,β) is ≤ 1
on T and that it arises from some nonzero prime ideal ofT , necessarily one of
the idealsP1, . . . , Pg. This proves(∗∗). Then the factorization(∗) follows from
(∗∗) and the universal mapping property of completions as given in Theorem
6.25, since(M, | · |p,β) is complete.

Now let us specialize by takingM = Li with i fixed. As in the first
paragraph of the proof, the projectionηi : K ⊗F Fp → Li gives us field mappings
αi : K → Li andβi : Fp → Li by composingηi with K → K ⊗ 1 and
with Fp → 1 ⊗ Fp. If u1, . . . ,un is a vector-space basis ofK over F , then
u1 ⊗ 1, . . . ,un ⊗ 1 is a vector-space basis ofK ⊗F Fp over Fp, and it follows
that Li is finite-dimensional overFp. Let us check thatLi is separable overFp.
We are given thatK is separable overF , hence thatK = F(ξ) for an element
ξ whose minimal polynomialg(X) over F is separable. Thenξ ⊗ 1 is a root of
g(X) regarded as inFp[X], and so isηi (ξ ⊗ 1). ThereforeLi /Fp is separable,
and the above theory is applicable. In the theory,Li acquires an absolute value
| · |p,βi such thatβi : (Fp, | · |p)→ (Li , | · |p,βi ) is a homomorphism of valued
fields, and then(Li , | · |p,βi ) is complete. The theory produces a unique index
j = j (i ) makingαi : (K , | · |Pj ) → (Li , | · |p,βi ) into a homomorphism of
valued fields.

Let us see thatαi (K ) is dense inLi . Every member ofLi is the image underηi

of some member
∑n

l=1 ul ⊗ cl of K ⊗F Fp with eachcl in Fp. The computation

ηi (ul ⊗ cl ) = ηi (ul ⊗ 1)ηi (1 ⊗ cl ) = αi (ul )βi (cl )
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shows that every member ofLi is of the form
∑n

l=1 αi (ul )βi (cl ). SinceF is dense
in Fp, we can choose membersc′

l of F as close as we please tocl . Sinceβi is
isometric,

∑n
l=1 αi (ul )βi (cl ) is then close to

∑n
l=1 αi (ul )βi (c′

l ) = ∑n
l=1 αi (c′

l ul ).
Consequentlyαi (K ) is indeed dense inLi .

Recall in connection with(∗) thatαi : K → Li factors as a composition of
homomorphisms of valued fields, namely asψj : (K , | · |Pj

) → (K Pj , | · |Pj
)

followed by ι : (K Pj , | · |Pj
) → (Li , | · |p,βi ). SinceK Pj is complete,ι(K Pj )

is closed inLi . The dense imageαi (K ) = ι(ψj (K )) in Li is contained in the
closed subsetι(K Pj ), and it follows thatι is ontoLi . That is, the homomorphism
of valued fields

ι : (K Pj , | · |Pj
)→ (Li , | · |p,βi )

is an isomorphism. This identifies the valued field(Li , | · |p,βi ) as isomorphic to
(K Pj , | · |Pj

).
As a consequence of the argument thus far, we have constructed a choice-free

function i 	→ j (i ) carrying {1, . . . , g′} into {1, . . . , g}. The function has the
property thatK Pj (i ) is isomorphic as a valued field toLi for eachi . We are going
to show thati 	→ j (i ) is onto{1, . . . , g}. Thus let the completion homomorphism
ψj : (K , | · |Pj

)→ (K Pj , | · |Pj
) be given.

The F bilinear mapping(ψj , ϕj ) : K × Fp → K Pj given by multiplication
has a linear extension

ψj ⊗ ϕj : K ⊗F Fp → K Pj

that is a ring homomorphism. The rangeK Pj is a field that is finite-dimensional
overϕj (Fp), and the image ofψj ⊗ ϕj is aϕj (Fp) vector subspace ofK Pj that is
closed under multiplication. Consequently the image ofψj ⊗ ϕj is closed under
inverses18 and is a field. The kernel ofψj ⊗ ϕj is therefore a maximal ideal, and
it follows that there exists somei such thatψj ⊗ ϕj factors as a composition of
ηi : K ⊗F Fp → Li followed by a field mapγ : Li → K Pj .

Having constructed a particularLi , let us formαi ,βi , andPj (i ) as in the abstract
theory withM . The mapβi : (Fp, | · |p)→ (Li , | · |p,βi

) is a homomorphism of
valued fields such thatγβi = ϕj , and the mapαi : (K , |, · |Pj (i )

)→ (Li , | · |p,βi
)

is a homomorphism of valued fields such thatγαi = ψj . The existence part of
Theorem 6.33 shows that there exists an absolute value| · |γ on K Pj such that
γ : (Li , | · |p,βi

) → (K Pj , | · |γ ) is a homomorphism of valued fields. Since
ϕ∗

j (| · |Pj
)) = | · |p = β∗

i (| · |p,βi ) = β∗
i γ

∗(| · |γ ) = ϕ∗
j (| · |γ )), the uniqueness

18The same argument applies here withFp as was used in Section 4 withR: within a field if a
nonzero element is algebraic over a base field, then the smallest ring containing the base field and
the element contains also the inverse of the element.



6. Ramification Indices and Residue Class Degrees 365

part of Theorem 6.33 shows that| · |γ = | · |Pj
on K Pj . Meanwhile, the equality

ψj = γαi implies thatψ∗
j = α∗

i γ
∗. Then we have(| · |Pj

on K
) = ψ∗

j

(| · |Pj
on K Pj

)
= α∗

i γ
∗(| · |Pj

on K Pj

)
sinceψ∗

j = α∗
i γ

∗

= α∗
i γ

∗(| · |γ on K Pj

)
since| · |γ = | · |Pj

= α∗
i

(| · |p,βi
on Li

)
= (|, · |Pj (i ) ) on K

)
.

Thereforej = j (i ), and the mapi 	→ j (i ) is onto.
To complete the proof, let us compute dimensions relative toFp, starting

from the decomposition into fieldsLi . The ramification indexe∗
j and the residue

class degreef ∗
j for the valuation ring and ideal ofK Pj equal the corresponding

parametersej and f j for T andPj , by Lemma 6.36. Thus we have

n =
g′∑

i =1
dimFp Li =

g′∑
i=1

dimFp K Pj (i ) =
g∑

j =1

∑
j (i )= j

dimFp K Pj (i )

=
g∑

j =1

∑
j (i )= j

e∗
j (i ) f ∗

j (i ) =
g∑

j =1

∑
j (i )= j

ej (i ) f j (i ) =
g∑

j =1
|{i | j (i )= j }| ej f j .

On the other hand, we know thatn = ∑
j ej f j , and we have just proved that

|{i | j (i ) = j }| ≥ 1 for each j . It follows that |{i | j (i ) = j }| = 1 for each
j , i.e., that the functioni 	→ j (i ) is one-one onto. In particular,g′ = g. The
theorem follows. �

Notationally what is happening in the proof of the theorem is that a function
i 	→ j (i ) is constructed such thatαi : K → Li factors asαi = ιψj (i ) for some
canonical isomorphismι : K Pj (i ) → Li of complete valued fields. Renumbering
the factors and ignoring canonical isomorphisms, we find thatK ⊗F Fp is the
direct product of the factorsK Pi and thatαi = ψi carriesK to K ⊗ 1 and then
to thei th factorK Pi . Any linear mapping of the formA ⊗ 1 in effect is therefore
block diagonal with each block corresponding to the effect on someK Pi .

Let us apply these considerations to operations “left-multiplication-by,” which
we write asl ( · ). If ξ is a member ofK , the characteristic polynomial ofl (ξ)
over F is det(X1 − l (ξ)), and the characteristic polynomial ofl (ξ)⊗ 1 overFp

is still det(X1− l (ξ)), but now with its coefficients fromF regarded as members
of Fp via the inclusionψ0 : F → Fp.

The linear functionX(1 ⊗ 1) − l (ξ) ⊗ 1 is block diagonal, equal to
X1 − l (ψi (ξ)) on thei th block for 1 ≤ i ≤ g. The characteristic polynomial
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det(X1 − l (ξ)), regarded as having coefficients inFp, is therefore the product
of theg characteristic polynomialsX1 − l (ψi (ξ)), each with coefficients inFp.
In turn, this product formula yields a sum formula for the trace TrK/F (ξ) and
a product formula for the normNK/F (ξ). If ξ is a primitive element for the
extensionK/F , then we can say even more. Let us write all these consequences
as a corollary.

Corollary 6.37. Let R be a Dedekind domain regarded as a subring of its field
of fractionsF , let K be a finite separable extension ofF with [K : F ] = n, and
let T be the integral closure ofR in K . Let p be a nonzero prime ideal ofR, and
let the idealpT in T have a prime factorization of the formpT = Pe1

1 · · · P
eg
g ,

whereP1, . . . , Pg are distinct prime ideals inT ande1, . . . ,eg are positive. For
1 ≤ i ≤ g, let fi = [T/Pi : R/p]. If ξ is anyelement ofK , then

(a) the F linear mapl (ξ) on K given by left multiplication byξ has the
property that its field polynomial det(X−l (ξ))overF , when reinterpreted
as having coefficients inFp, factors overFp as the product

det(X − l (ξ)) =
g∏

i=1

det(X − l (ξi ))

of theg field polynomials of the imagesξi = ψi (ξ) under the completion
mapψi : K → K Pi ,

(b) NK/F (ξ) = ∏g
i =1 NK Pi /Fp(ξi ),

(c) TrK/F (ξ) = ∑g
i =1 TrK Pi /Fp(ξi ).

Furthermore, ifξ andF together generateK , if m(X) is the minimal polynomial
of ξ over F , and if m(X) = ∏g′

j =1 mj (X) expressesm(X) as the product of
distinct monic irreducible polynomials inFp[X], then

(d) g′ = g ,
(e) there is a one-one onto functioni 	→ k(i ) on the set{1, . . . , g} such that

K Pi is isomorphic as a field toFp[X]/(mk(i )(X)),
(f) degmk(i )(X) = ei fi .

PROOF. Conclusion (a) was proved in the paragraph before the statement of
the corollary, and (b) and (c) follow immediately from (a).

Under the assumption thatK = F(ξ), the minimal polynomialm(X) of
ξ and the characteristic polynomial det(X1 − l (ξ)) are equal; thusm(X) =
det(X − l (ξ)) is irreducible overF . Applying Proposition 2.29a, we see that
K ⊗F Fp

∼= Fp[X]/(m(X)) as anFp algebra. The assumed separability ofK/F
means thatm(X) is a separable polynomial, andm(X) therefore factors over the
extension fieldFp of F as a product of distinct monic irreducible polynomials
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in Fp[X], say asm(X) = m1(X) · · · mg′(X). The Chinese Remainder Theorem
implies that

K ⊗F Fp
∼=

g′∏
i=1

Fp[X]/(mi (X)),

and eachFp[X]/(mi (X)) is a field. The factors on the right must coincide with
the factors in Theorem 6.31, and it follows thatg′ = g and that eachK Pi is of
the form Fp[X]/(mk(X)) for somek = k(i ). This proves (d) and (e). For (f),
degmk(i )(X) is the product of the ramification index and the residue class degree
for K Pi /Fp, and this product equalsei fi as a consequence of Lemma 6.36 and
its remark. �

A by-product of (d) is that we obtain a way of computingg for the extension:
it is the number of irreducible factors into whichm(X) splits when it is factored
over Fp instead ofF . Hensel’s Lemma in the form of Theorem 6.30 can help
with carrying out this factorization in favorable cases ifξ is chosen to be integral
over R, i.e., to be inT . Namely we reduce the coefficients ofm(X) modulo
p, obtaining a monic polynomial in(R/p)[X], and we factor this polynomial19

as a product of powers of distinct primes in(R/p)[X]. Since the powers of
distinct primes are relatively prime and since everything is monic, Theorem 6.30
is applicable and allows us to lift the factorization toFp[X]. The resulting monic
factors inFp[X] may not be irreducible in unfavorable circumstances,20 but we
have at least made progress.

Theorem 6.31 has accomplished even more than is stated in Corollary 6.37.
For eachi , it has identified a field extension, namelyK Pi /Fp, in which the indices
ei and fi are isolated from the otherej ’s and f j ’s. Under an additional hypothesis
on the residue class field (it is enough to assume that the residue class field is
finite), Proposition 6.38 below shows that it is possible to interpolate a unique
intermediate fieldL with Fp ⊆ L ⊆ K Pi such that the residue class degree (the
parameterf ) of K Pi /L is 1 and the ramification index (the parametere) of K/Fp

is 1. Thus the proposition says that we can separateei and fi from each other.
One says thatK Pi /L is totally ramified andL/Fp is unramified.

Proposition 6.38.Let F be a complete valued field under a nonarchimedean
discrete valuationv, let Randp be the valuation ring and valuation ideal forv, let
K be a finite separable extension ofF of degreen, let T be the integral closure of
R in K , and letP be the unique maximal ideal inT as in Theorem 6.33. Suppose

19On a computer, for example, ifR/p is finite.
20In Example 5 in the previous section, the given polynomial inZ[X] is m(X) = X3+X2−2X+8,

and the reduced polynomial inF2[X] is X2(X + 1). Theorem 6.30 exhibits a factorization ofm(X)
over Z2[X] as the product of a linear factor and a quadratic factor, and we saw in Example 5 of
Section 5 that the quadratic factor is reducible overZ2[X].
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that R/p is a finite field. Lete be the integer such thatpT = Pe, and let f be
the dimension ofT/P over R/p. Then there exists a unique intermediate fieldL
for which the integral closureU of R in L and the unique maximal ideal℘ in U
have the following properties:

(a) pU = ℘ and℘T = Pe,
(b) [U/℘ : R/p] = f and [T/P : U/℘] = 1.

The proof is carried out in Problems 15–16 at the end of the chapter. We shall
apply Proposition 6.38 in Section 8. The intermediate fieldL in the proposition
is called theinertia subfield of K/F .

Once this separation of an extension of a complete valued field into a totally
ramified extension and an unramified extension has been accomplished, one can
go on to study each kind of extension separately, in order to find out what kind
of ramification is possible. The results are stated as Lemmas 6.47 and 6.48, and
proofs are carried out in Problems 17–19 at the end of the chapter.

7. Special Features of Galois Extensions

In this section we analyze what happens in the setting of Theorem 6.31 when
the extension of fields is a Galois extension. For simplicity for the moment, let
us work with the number-field setting, even though analogous results hold for
function fields in one variable as well. Thus letK/F be a finiteGaloisextension
of number fields, letT and R be the rings of algebraic integers inK and F
respectively, and letp be a nonzero prime ideal inR. Since the extensionK/F
is Galois, the Galois group Gal(K/F) permutes transitively the nonzero prime
ideals containingpT , and the factorization ofpT into powers of distinct prime
ideals ofT takes the special formpT = Pe

1 · · · Pe
g with all the exponents the

same.21 In addition, the dimension of each finite fieldT/Pi over R/p is an
integer f independent ofi , and we haveef g= [K : F ].

Let us review Theorem 9.64 and its surrounding discussion inBasic Alge-
bra. If we write P for one of the idealsPi , then the subgroupGP of G =
Gal(K/F) is called thedecomposition groupat P. Eachσ ∈ GP descends
to an automorphismσ of T/P that fixesR/p, thereby yielding a member of
G = Gal((T/P)/(R/p)). The mapG → G is certainly a homomorphism,
and Theorem 9.64 ofBasic Algebrasays that it is onto. It follows that this
homomorphism ise-to-1. In Basic Algebrathis homomorphism was of interest
when F = Q and e = 1, since it ensures the presence of certain kinds of
permutations inG and makes it possible to determineG completely in certain
circumstances.

21Lemma 9.61 and Theorem 9.62 ofBasic Algebra.
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Theorem 6.31 allows us to isolate each prime idealP in such an analysis,
reinterpreting everything in the context of a particularp-adic field. Carrying
through this process gives insights into the decomposition group and the nature
of the homomorphismGP → G. The point of this section is to explain some of
these insights.

We work within the setting of Theorem 6.31 except that we assume that the
residue class fields are finite fields, as they are in the number-theory context. Thus
let R be a Dedekind domain regarded as a subring of its field of fractionsF , let
K be a finiteGaloisextension ofF with [K : F ] = n, and letT be the integral
closure ofR in K . We suppose thatp is a nonzero prime ideal ofR and thatR/p
is a finite field. LetpT = Pe

1 · · · Pe
g be the prime factorization of the idealpT

in T ; hereP1, . . . , Pg are assumed to be distinct prime ideals inT . Let f be the
common value of the dimension ofT/Pi over R/P.

In the decompositionK ⊗F Fp
∼= ∏g

i =1 K Pi of Theorem 6.31, the projection
ηi to thei th factor on the right side is a member ofK ⊗F Fp; specifically it is the
member of the direct product whosei th coordinate is the multiplicative identity
of K Pi and whose other coordinates are 0. The elementηi is anidempotent in
the sense thatη2

i = ηi , and theηi ’s areorthogonal in the sense thatηi ηj = 0 for
i �= j . The only idempotents ofK ⊗F Fp are the sums of distinct elementsηi ,
and theηi ’s are distinguished from the other idempotents in beingprimitive : ηi

is not the sum of two nonzero orthogonal idempotents.
Recall the relationship derived in the proof of Theorem 6.31 betweenPi and

the elementηi : the mappingβi : Fp → K Pi given byβi (x) = (1 ⊗ x)ηi for
x ∈ Fp is a homomorphism of valued fields, and so is the mappingαi : K → K Pi

given byαi (k) = (k ⊗ 1)ηi for k ∈ K . These facts uniquely determinePi from
among the idealsP1, . . . , Pg.

We extend the action by each memberσ of G = Gal(K/F) to K ⊗F Fp as the
transformationσ⊗1. ThenG acts onK ⊗F Fp, manifestly keeping each element
of Fp fixed. Since the members ofG respect multiplication and addition, they
map idempotents to idempotents inK ⊗F Fp, sending primitive idempotents to
primitive idempotents. ThusG permutes the elementsηi . The elementsx with
ηi x = x are exactly the members ofK Pi , and henceG permutes the fieldsK Pi .

Lemma 6.39.In the above setting withK/F Galois, letPi be one of the ideals
P1, . . . , Pg. Then a memberσ of the Galois groupG = Gal(K/F) extends to a
field automorphism ofK Pi fixing Fp if and only if it is an isometry of(K , | · |Pi

),
i.e., if and only ifσ satisfies|σ x|Pi

= |x|Pi
for all x ∈ K .

PROOF. If σ is an isometry fromK into itself in the metric determined by| · |Pi
,

thenσ is uniformly continuous as a function fromK into the complete spaceK Pi

and therefore extends to a continuous function from the completionK Pi into K Pi .
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It follows from the continuity of the extension and the fact thatσ respects the
operations onK thatσ respects the operations onK Pi . These remarks apply also
to the extension ofσ−1, and the extension ofσ−1 is a two-sided inverse to the
extension ofσ . Sinceσ is the identity onF , the continuity forces the extension
of σ to be the identity onFp.

Conversely suppose thatσ extends to an automorphism ofK Pi fixing Fp. Let
us use the nameσ also for the extension. OnK Pi , the functionsx 	→ |x|Pi

and
x 	→ |σ(x)|Pi

are absolute values that extend| · |p on Fp. Theorem 6.33 shows
that they must be equal, and thereforeσ is an isometry. �

Proposition 6.40. In the above setting withK/F Galois, let P be one of
the idealsP1, . . . , Pg, let G = Gal(K/F) be the Galois group, and letGP

be the decomposition group atP. Then K P is a Galois extension ofFp, the
members ofGP extend to be isometries ofK P that fix Fp, and the resulting map
ϕ : GP → Gal(K P/Fp) exhibitsGP as isomorphic to Gal(K P/Fp).

PROOF. SinceK P is generated byFp and K , it is obtained by adjoining to
Fp the same roots of the same polynomials overF that are used to generateK .
ThereforeK P/Fp is a Galois extension.

Lemma 6.39 gives us the map ofGP into Gal(K P/Fp). The mapϕ is a
homomorphism because the extension of each member ofGP is unique. It is
one-one because the inclusionK ⊆ K P is one-one.

To see that it is onto, letσ be in Gal(K P/Fp), and choose an elementξ ∈ K
such thatK = F(ξ). If m(X) is the minimal polynomial ofξ over F , thenσ(ξ)
is an element ofK P with m(σ (ξ)) = 0. Consequentlyσ(ξ) is a root ofm(X).
SinceK/F is Galois andm(X) has one root inK , all its roots are inK . Thus
σ(ξ) is in K . The most general member ofK is of the formq(ξ), whereq(X)
is a polynomial of degree less than degm(X), andq(σ (ξ)) has to be inK also.
Thusσ is an automorphism ofK fixing F . As such,σ must sendT into itself
and must sendP into some idealPi of T containingpT . Meanwhile, Lemma
6.39 shows thatσ is an isometry ofK relative to| · |P. Thusσ must sendP into
itself. In other words, the restriction ofσ to K is in the decomposition groupGP.

�

We know from Theorem 9.64 ofBasic Algebrathat every memberσ of the
decomposition groupGP yields a memberσ of Gal((T/P)/(R/p)) and that
the resulting mapσ 	→ σ is a homomorphism onto. Proposition 6.40 allows
us to reinterpret this homomorphism as carrying the Galois group ofK P onto
the Galois group ofT/P. The order of Gal(K P/Fp) is ef , and the order of
Gal((T/P)/(R/p)) is f . Thus the kernel of this homomorphism, which is
called theinertia group of K P/Fp, has ordere. By Galois theory the fixed
field L of the inertia group has [K P : L] = e, L/Fp is a Galois extension,
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and Gal(L/Fp) has order f . This construction has been arranged to make
Gal(L/Fp) ∼= Gal((T/P)/(R/Fp)). As the Galois group of a finite extension
of finite fields, the Galois group on the right is cyclic of orderf . Therefore
Gal(L/Fp) is cyclic of order f .

Referring back to the statement of Proposition 6.38, we might guess that the
fixed field L of the inertia group is the unique intermediate field such thatK/L
is totally ramified andL/F is unramified. This guess is completely correct, but
we omit the proof.

8. Different and Discriminant

Theorem 6.31 is the key to a “local/global” approach to handling certain kinds
of problems in algebraic number theory and in its analog in algebraic geometry.
To illustrate the approach and its power, we shall give in this section and in the
problems at the end of the chapter a full proof for the Dedekind Discriminant
Theorem (Theorem 5.5), which was left only partially proved in Chapter V.
That theorem as stated in Chapter V says that the prime numbersp for which
ramification occurs in passing fromQ to a number fieldK are exactly the primes
dividing the field discriminant. The result we obtain now22 will in fact generalize
Theorem 5.5 significantly. In giving the details, we leave the proofs of Proposition
6.38 and Lemmas 6.47 and 6.48 to Problems 15–19 at the end of the chapter.

In the approach used in Chapter V, we were unable to handle primes that are
“common index divisors” in the sense of Section V.2. Section V.4 exhibited
an example of a common index divisor. The difficulty with the approach in
Chapter V is that localization by itself does not ostensibly separate the primes
from one another sufficiently for us fully to handle them one at a time. The
completion step is a tool powerful enough to complete the separation.

For part of this section, we shall work in the setting of Theorem 6.31, in
which we compare two Dedekind domains whose fields of fractions are related
by a separable field extension. The situation of eventual interest is that the two
Dedekind domains are the rings of algebraic integers within two number fields,
but we shall encounter alsop-adic versions of this situation. Thus letR be a
Dedekind domain regarded as a subring of its field of fractionsF , let K be a finite
separable extension ofF with [K : F ] = n, and letT be the integral closure
of R in K . In this setting we shall introduce an idealD(K/F) of T known as
the “relative different” of the two fields, and we shall establish conditions under
which the relative different captures fairly precisely what ramification occurs in
passing fromR toT . This is the generalized version of the Dedekind Discriminant
Theorem and appears as Theorem 6.45 below.

22Dedekind’s Theorem on Differents, given as Theorem 6.45.



372 VI. Reinterpretation with Adeles and Ideles

In the special case thatF = Q, we shall see that the field discriminantDK

satisfies|DK | = N(D(K/Q)). In words, the field discriminant is the absolute
norm of the relative differentD(K/Q) except possibly for a sign. Using the
properties ofN( · ) listed in Proposition 5.4, we can read off the version of
the Dedekind Discriminant Theorem stated in Theorem 5.5 from the results we
establish about the relative different.

We work with fractional ideals inF and inK . If M is any nonzero fractional
ideal ofK , we define its (relative)dual as

M̂ = {x ∈ K | TrK/F (xy) is in R for all y ∈ M}.

Lemma 6.41. In the above setting, ifM is a nonzero fractional ideal ofK ,
then so is its dual̂M .

PROOF. SinceT hasK as its field of fractions, there exists anF vector space
basis{t1, . . . , tn} of K consisting of members ofT . If m0 is a nonzero member
of M andmj = tj m0, then{m1, . . . ,mn} is anF vector space basis ofK lying in
M . Form theR submoduleM1 = ∑n

j =1 Rmj of M , and let{x1, . . . , xn} be the
F vector space basis ofK such that TrK/F (xj mj ) = δi j . Let

M̂1 = {x ∈ K | TrK/F (xm) is in R for all m ∈ M1}.

If we expand a general elementx of K as x = ∑n
j =1 ci xi , then a necessary

condition forx to be in M̂1 is thatcj = TrK/F (xmj ) be in R for all j . On the
other hand, this condition is also sufficient because an elementx with all cj ∈ R
has TrK/F (xm) = ∑n

j =1 cj r j if m = ∑n
j =1 r j mj . ThusM̂1 is a finitely generated

Rmodule withx1, . . . , xn as generators. LetSbe theT submodule ofK given by
S = ∑n

j =1 T xj . This is a finitely generatedT submodule ofK that containŝM1.

The inclusionM ⊇ M1 evidently implies that̂M ⊆ M̂1, and hencêM ⊆ S. In
this way,M̂ is exhibited as aT submodule of the finitely generatedT submodule
S of K , andM̂ must itself be finitely generated becauseT is a Noetherian ring.

�

Proposition 6.42. In the above setting, the dual̂T of T is of the formT̂ =
D(K/F)−1 for an idealD(K/F) of T . This idealD(K/F) has the property that

M̂ = M−1D(K/F)−1

for every nonzero fractional idealM of K .

REMARK. The idealD(K/F) in T is called therelative different of K with
respect toF .
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PROOF. From the definition,̂T consists of allx in K for which TrK/F (xt) is
in R; any memberx of T has this property, and thusT ⊆ T̂ . Lemma 6.41 shows
that T̂ is a fractional ideal ofK . SinceT̂ containsT , it is the inverse of an ideal
of T . This ideal we define asD(K/F).

Let M be an arbitrary nonzero fractional ideal ofK . SinceM−1M = T , we
have TrK/F (M−1D(K/F)−1 · M) = TrK/F (D(K/F)−1) = TrK/F (T̂ T) ⊆ R,
and it follows thatM−1D(K/F)−1 ⊆ M̂ . For the reverse inclusion, letx be in
M̂ . Then TrK/F (x M · t) ⊆ TrK/F (x M) ⊆ R for all t ∈ T , and hencex M ⊆
T̂ = D(K/F)−1. This being true for allx ∈ M̂ , we obtainM̂ M ⊆ D(K/F)−1.
ThereforeM̂ ⊆ M−1D(K/F)−1. �

Proposition 6.43.In the above setting, ifL is a field withF ⊆ L ⊆ K , then

D(K/F) = D(K/L)D(L/F)
as an equality of fractional ideals inK .

REMARKS. LetU be the integral closure ofR in L. In the displayed line of the
proposition,D(L/F) is an ideal inU , and the right side amounts to the product
in T given byD(K/L) · D(L/F)T .

PROOF. We use the fact that traces can be computed in stages. An ele-
ment x of K is in D(K/F)−1 if and only if TrK/F (xT) ⊆ R, if and only if
TrL/F

(
TrK/L(xT)

) ⊆ R, if and only if TrK/L(xT) ⊆ Û = D(L/F)−1, if and
only if TrK/L(xTD(L/F)) ⊆ U , if and only if xTD(L/F) ⊆ D(K/L)−1. Thus
D(K/F)−1D(L/F) = D(K/L)−1, and the result follows. �

The main result of this section, from which the Dedekind Discriminant The-
orem will be derived as Corollary 6.49, is Theorem 6.45 below, Dedekind’s
Theorem on Differents. The proof requires some preparation. Two results will be
used to reduce Theorem 6.45 to a statement about complete fields, for which only a
single prime ideal is involved, both forR and forT . The first of these is Theorem
6.31, or more particularly its consequence for traces given in Corollary 6.37c.
The other is the following strengthening of the Weak Approximation Theorem in
the presence of additional hypotheses. The reduction step to a statement about
complete fields then appears as Corollary 6.46.

Theorem 6.44(Strong Approximation Theorem). LetF be a number field,
let R be its ring of algebraic integers, letP1, . . . , Pr be distinct nonzero prime
ideals inR, and letvPj for eachj be the valuation ofF and of its completion that
corresponds toPj . If l1, . . . , lr are integers and ifxj for 1 ≤ j ≤ r is a member
of the completed fieldFPj , then there existsy in F such that

vPj (y − xj ) ≥ l j for 1 ≤ j ≤ r

and such thatvQ(y) ≥ 0 for all other nonzero prime idealsQ of R.
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REMARKS.
(1) It will be helpful to have a name for the property in the conclusion of

Theorem 6.44. Thus letT be a Dedekind domain regarded as a subring of its
field of fractionsK . We say thatT has thestrong approximation property if
whenever distinct nonzero prime idealsP1, . . . , Pr of T are given, along with
integersl1, . . . , lr and membersxj of the completed fieldK Pj for 1 ≤ j ≤ r ,
then there existsy in K such thatvPj (y − xj ) ≥ l j for 1 ≤ j ≤ r and such that
vQ(y) ≥ 0 for all other nonzero prime idealsQ of T . The content of Theorem
6.44 is that the ring of algebraic integers in any number field has the strong
approximation property.

(2) More generally any principal ideal domain has the strong approximation
property. In fact, ifR is a principal ideal domain with field of fractionsF , if K
is a finite extension ofF , and if T is the integral closure ofR in K , thenK is
a Dedekind domain (according to the remarks with Proposition 6.7), andK has
the strong approximation property. The proof is an easy adaptation of the proof
below, with the principal ideal domain substituting for the ringZ of integers. As
a consequence ifk is a field and ifT is the integral closure ofk[X] in a finite
extension ofk(X), thenT has the strong approximation property.

(3) Any Dedekind domain with only finitely many prime ideals has the strong
approximation property asan immediate consequence of the Weak Approximation
Theorem (Theorem 6.23). One does not need to make use of the fact that such a
domain is always a principal ideal domain.

(4) For a number field the conclusion of the theorem as stated imposes a
limitation on all the nonarchimedean absolute values. The conclusion cannot be
strengthened to impose a limitation onall equivalence classes of absolute values,
since the Artin product formula (Theorem 6.51 below) imposes a constraint on
the set of all of them.

PROOF.23 We may assume that eachl j satisfiesl j ≥ 0. Recall that for each
prime numberp, there are only finitely many prime idealsP in R with P ∩ Z =
pZ. Possibly by moving some of the conditionsvQ(y) ≥ 0 into the displayed
hypothesis concerning thePj ’s, we may assume that there is some finite set
{p1, . . . , pq} of primes such that{P1, . . . , Pr } consists exactly of all prime ideals
P such thatP ∩ Z = pi Z for somei with 1 ≤ i ≤ q.

Application of the Weak Approximation Theorem (Theorem 6.23) to the ab-
solute values corresponding toP1, . . . , Pr produces an elementz ∈ F with

23This proof is from Hasse’sNumber Theory, pp. 379–380. The argument forR = Z and all
l j = 0 is the key. After an application of the Weak Approximation Theorem, what has to be shown
is that if Pj = pj Z for 1 ≤ j ≤ r and if a rationalab−1 is given, then there exists a rationalmn−1

with l prime top1, . . . , pr such that the denominator ofab−1−mn−1 is divisible only by the primes
p1, . . . , pr . Another proof of Theorem 6.44, which appears in other books, uses the theory of adeles
and ideles to be developed in the next two sections, and again the argument forZ is the key.
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vPj (z − xj ) ≥ l j for 1 ≤ j ≤ r .

Form the fractional idealzR in F , and let its unique factorization bezR =
Pa1

1 · · · Par
r Q1Q−1

2 , where theaj are inZ and whereQ1 andQ2 are ideals ofR
whose prime factorizations involve noPj . Let us see thatQ2 divides a nonzero
principal ideal(N) of R whose generatorN is in Z and thatN can be chosen to
be relatively prime top1, . . . , pq. In fact, it is enough to treat each prime factor
of Q2 separately and multiply the results. For a prime factorP, we know that
P∩Z = pZ for some primep in Z, and we know thatpR is the product ofP and
another ideal ofR. This primep is nonassociate to each ofp1, . . . , pq because
the only prime ideals whose intersection withZ is somepi Z areP1, . . . , Pr and
because no such prime ideal dividesQ2. Therefore the prime factorization of
(N) contains no factorP1, . . . , Pr .

Let b be a positive integer to be specified, and choose an integerl such that
l N ≡ 1 mod pb

i for 1 ≤ i ≤ q. If pi R factors as
∏

k P
mik
ik

with eachPik in

{P1, . . . , Pr }, thenl has the property thatl N − 1 lies in
(∏

k P
mik
ik

)b
, hence in

eachPb
ik

. Consequentlyl N − 1 lies in Pb
j for 1 ≤ j ≤ r .

We show that ifb is sufficiently large, then the elementy = lNz is the
element we seek. First consider nonzero prime idealsQ not in{P1, . . . , Pr }. Our
factorizations ofzRand(N) show thatyR = l Q3Q1Pa1

1 · · · Par
r . The power of

Q on the right side is≥ 0 becauseQ1 andQ3 are ideals ofR, and thus

vQ(y) ≥ 0. (∗)

Now write y − xj = (l N − 1)z+ (z− xj ), and apply the valuationvPj . Then
we have

vPj (y − xj ) ≥ min
(
vPj ((l N − 1)z), vPj (z − xj )

)
,

and it follows fromvPj (z − xj )) ≥ l j that

vPj (y − xj ) ≥ l j (∗∗)

if we can arrange that
vPj ((l N − 1)z) ≥ l j . (†)

Sincel N −1 lies inPb
j and sincevPj (z) = aj , a sufficient condition for(†) is that

b+ aj ≥ l j . As j varies, we impose only finitely many conditions onb to get(†)
to hold for all j , and then the result is that(∗∗) holds for all j . In combination
with (∗), this inequality shows thaty has the required properties. �

The preparation is all in place to prove Dedekind’s Theorem on Differents,
from which we shall easily derive the Dedekind Discriminant Theorem. The
statement is as follows.
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Theorem 6.45(Dedekind’s Theorem on Differents). LetR be a Dedekind
domain regarded as a subring of its field of fractionsF , let K be a finite separable
extension ofF with [K : F ] = n, and letT be the integral closure ofR in
K . Suppose thatT has the strong approximation property. Letp > 0 be the
characteristic of the residue class field ofR/p, let p be a nonzero prime ideal
in R, let pT = Pe1

1 · · · P
eg
g be the factorization ofpT as the product of positive

powers of distinct prime ideals inT , and let the relative different ofK/F split as

D(K/F) = P
e′

1
1 · · · P

e′
g

g Q for an idealQ relatively prime to allPj . Then for each
j with 1 ≤ j ≤ g, e′

j is given by

e′
j =

{
ej − 1 if p does not divideej ,

ēj with ēj ≥ ej if p dividesej .

ConsequentlyD(K/F) has alle′
j = 0 if and only ifej = 1 for all j .

The idea is to reduce Theorem 6.45 to the case of complete fields. In the
notation in the statement of the theorem, the prime idealsP1, . . . , Pg are exactly
the prime ideals ofT that dividepT , and it is customary to writePj | p for these
prime ideals ofT and only these. IfM is a nonzero fractional ideal ofK and if
M = Pk1

1 · · · P
kg
g Q with Q a fractional ideal whose factorization involves noPj ,

we define thepth component ofM to be

Mp = Pk1
1 · · · P

kg
g .

The understanding in the special case that allkj are 0 is thatMp is taken to beT . In
all cases,M is then the product over allp of itspth component, since the complete
factorization ofM has nonzero exponents for only finitely many nonzero prime
ideals ofT . For the two examples that appear in the statement of Theorem 6.45,

(pT)p = ∏
Pj |p

P
ej

j and D(K/F)p = ∏
Pj |p

P
e′

j

j .

The reduction of Theorem 6.45 to the case of complete fields results from the fol-
lowing proposition, which combines Theorem 6.31 and the strong approximation
property (Theorem 6.44 in the case of number fields).

Proposition 6.46. Let R be a Dedekind domain regarded as a subring of its
field of fractionsF , let K be a finite separable extension ofF with [K : F ] = n,
and letT be the integral closure ofR in K . Suppose thatT has the strong
approximation property. Ifp is any nonzero prime ideal inR, then the different
D(K/F) has the property that

D(K/F) =
∏
p

∏
P|p

D(K P/Fp),
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the outer product being taken over all nonzero prime idealsp of R and the inner
product being taken over all prime idealsP of T containingpT . Here the fields
K P andFp are the completions ofK andF corresponding toP andp, respectively.

PROOF. We actually will show equality of the inverses of the two sides of the
displayed formula. By the first conclusion of Proposition 6.42, we are to show
that a memberx of K has

TrK/F (xT) ⊆ R if and only if TrK P/Fp((xT)i ) ⊆ Rp (∗)

for all p and all P with P | p. Here( · )i refers to the embeddingK → K Pi in
Theorem 6.31 given byξ 	→ ξi = ηi (1 ⊗ ξ), whereηi is thei th projection. To
prove(∗), we use the formula of Corollary 6.37c, namely

TrK/F (ξ) =
g∑

i=1
TrK Pi /Fp(ξi ) for all ξ ∈ K . (∗∗)

This formula is valid for everyp.
First suppose that TrK P/Fp((xT)i ) ⊆ Rp for all p and allP with P | p. Fix p,

and putξ = xt with t ∈ T . Summing the traces overP with P | p and applying
(∗∗), we see that the valuation with respect top of the member TrK/F (ξ) of F
is ≥ 0. That is, the factorpk that appears in the factorization of the principal
fractional ideal TrK/F (ξ)R of F hask ≥ 0. This being true for allp means that
TrK/F (ξ)R is an ordinary ideal. Hence TrK/F (ξ) is in R.

In the reverse direction, suppose that TrK/F (xT) ⊆ R. For each nonzero prime
idealP in T , letvP be the corresponding valuation. Fixp. Let{P1, . . . , Pg} be the
set ofP’s with P | p. Now fix i . By the assumed strong approximation property
of K , there exists an elementy in K with

vPi (y − x) ≥ max(vPi (x),0),

vPj (y) ≥ max(vPj (x),0) for j �= i,

vQ(y) ≥ 0 for all prime idealsQ /∈ {P1, . . . , Pg}.

Let us see thatvPj (yx−1) ≥ 0 for all j . For j �= i , this is immediate because
vPj (y) ≥ vPj (x). For j = i , we compute that

vPi (yx−1 − 1) = vPi (y − x)− vPi (x) ≥ max(vPi (x),0)− vPi (x)

= max(0,−vPi (x)) ≥ 0,

and then we see thatvPi (yx−1) ≥ min(vPi (yx−1 − 1), vPi (1)) ≥ 0.
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With y now fixed, we make use of the strong approximation property ofK a
second time, obtaining an elementz in K with

vPj (z − yx−1) ≥ max(vPj (x
−1),0) for 1 ≤ j ≤ g,

vQ(z) ≥ 0 for all prime idealsQ /∈ {P1, . . . , Pg}.

SincevPj (yx−1) ≥ 0 andvPj (z − yx−1) ≥ 0 for all j , we find thatvPj (z) ≥ 0
for all j . FromvQ(z) ≥ 0 for all otherQ, we conclude thatz is in T . Since
TrK/F (xT) ⊆ R, TrK/F (xz) lies in R. The trace formula(∗∗) therefore shows
that

g∑
j =1

TrK Pj /Fp(xj zj ) lies in Rp. (†)

Meanwhile, we have

TrK Pj /Fp(xj zj ) = TrK Pj /Fp(xj (zj − yj x
−1
j ))+ TrK Pj /Fp(yj ) (††)

for 1 ≤ j ≤ g. For all j , the first term on the right side of(††) lies in Rp because
the definition ofz makesvPj (x(z − yx−1)) ≥ 0. For j �= i , the second term
on the right side lies inRp because of the definition ofy. Thus(††) shows that
TrK Pj /Fp(xj zj ) lies in Rp for j �= i . Comparing this conclusion with(†), we see
that TrK Pi /Fp(xi zi ) lies in Rp. Resubstituting into(††), we find that

TrK Pi /Fp(yi ) lies in Rp. (‡)

Finally the definition ofy shows thatvPi (y − x) ≥ 0. Hence TrK Pi /Fp(yi − xi )

is in Rp. Combining this fact with(‡), we conclude that TrK Pi /Fp(xi ) is in Rp.
Sincei is arbitrary, TrK Pj /Fp(xj ) is in Rp for 1 ≤ j ≤ g. �

With the proof of Theorem 6.45 reduced to the case of complete valued fields
by Proposition 6.46, we need to make use of Lemmas 6.47 and 6.48 below, whose
proofs are carried out in Problems 17–19 at the end of the chapter.

Lemma 6.47. Let F be a complete valued field with respect to a discrete
nonarchimedean valuation, letR be its valuation ring, letp be its valuation ideal,
let K be a finite separable extension ofF with [K : F ] = n, let T be the integral
closure ofR in K , and letP be the unique nonzero prime ideal inT . Suppose
thatK/F is totally ramified withpT = Pe for an integere ≥ 1, and suppose that
the isomorphic residue class fieldsR/p andT/P are finite fields of characteristic
p. Then the differentD(K/F) is given byD(K/F) = Pe′

, where

e′ =
{

e− 1 if p does not dividee,

ē with ē ≥ e if p dividese.



8. Different and Discriminant 379

Lemma 6.48. Let F be a complete valued field with respect to a discrete
nonarchimedean valuation, letR be its valuation ring, letp be its valuation ideal,
let K be a finite separable extension ofF with [K : F ] = n, let T be the integral
closure ofR in K , and letP be the unique nonzero prime ideal inT . Suppose that
K/F is unramified, i.e., haspT = P, and suppose that the residue class fields
R/p andT/P are finite fields of characteristicp. Then the differentD(K/F)
equalsT .

PROOF OFTHEOREM6.45. Proposition 6.46 shows that

D(K/F)p =
∏
P|p

D(K P/Fp). (∗)

Thus consider an extensionK P/Fp of complete valued fields. LetL be the inertia
subfield ofK P/Fp as given by Proposition 6.38. The intermediate fieldL has the
properties thatK P/L is totally ramified and thatL/Fp is unramified.

Let U be the integral closure ofR in L, and let℘ be the unique nonzero
prime ideal inU . The properties ofL make℘T = Pe for a suitable integer
e = e(P |℘), T/P ∼= U/℘, andpU = ℘. Lemmas 6.47 and 6.48 tell us that
D(L/Fp) = U and thatD(K P/L) = Pe′

, where

e′ =
{

e− 1 if p does not dividee,

ē with ē ≥ e if p dividese.
(∗∗)

Problem 33 at the end of Chapter IX ofBasic Algebrashows that ramification
indices multiply for successive extensions. Thuse(P | p) = e(P |℘)e(℘ | p) =
e·1 = e. Proposition 6.43 shows that differents multiply in corresponding fashion.
ThereforeD(K P/Fp) = D(K P/L)D(L/Fp) = Pe′

U = Pe′
. Substituting into

(∗), we obtain

D(K/F)p =
⊕
P|p

D(K P/Fp) =
⊕
P|p

Pe′(P|p),

wheree′(P | p) is the integere′ of (∗∗) whene = e(P | p). This proves Theorem
6.45 for thepth component ofD(K/F). Sincep is arbitrary and only finitely
many components can be unequal toT , the theorem follows. �

Corollary 6.49 ( = THEOREM 5.5, Dedekind Discriminant Theorem). LetK
be a number field, letT be its ring of algebraic integers, letp be a prime number,
and let(p)T = Pe1

1 · · · P
eg
g be the factorization of(p)T as the product of powers

of distinct prime ideals inT . Thenej is greater than 1 for somej if and only if
p divides the field discriminantDK .
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PROOF. Let us observe first that the discriminantDK is given up to sign by the
index|T̂/T |. In fact,T is a torsion-free finitely generated abelian group and hence
is free abelian of rankn = [K : Q], say with an orderedZ basis� = (x1, . . . , xn).
Since theQ bilinear form(x, y) 	→ TrK/Q(xy) is nondegenerate onK , there exists
an ordered basis� = (y1, . . . , yn) of K with TrK/Q(xi yj ) = δi j . Let us write
xj = ∑

i ai j yi with all ai j in Q. According to Proposition 5.1,DK equals the
discriminantD(�) of �, defined in Section V.2 byD(�) = det[TrK/Q(xi xj )] i j .
Substitutingxj = ∑

i ai j yi , we obtain

DK = det
[∑

k
ak j TrK/Q(xi yk)

]
i j = det

[∑
k

ak jδik
]
i j = det[ai j ] i j .

Thus|DK | = |T̂/T | = ∣∣D(K/Q)−1
/

T
∣∣, as asserted.

In a moment we shall show that∣∣D(K/Q)−1/T
∣∣ = |T/D(K/Q)|, (∗)

from which we conclude that|DK | = N(D(K/Q)). Assuming(∗), we continue.

Unique factorization of ideals allows us to writeD(K/Q) = P
e′

1
1 · · · P

e′
g

g Q, where
Q is an ideal relatively prime to(p). Combining the equalityDK = N(D(K/Q))
with Proposition 5.4 shows that

DK = N(D(K/Q)) = N(Q)
g∏

j =1
N(P

e′
j

j ) = N(Q)
g∏

j =1
pe′

j f j ,

whereN(Q) is an integer not divisible byp and wheref j = dimFp(T/Pj ) for
1 ≤ j ≤ g. ConsequentlyDK is prime top if and only if e′

j = 0 for all j . If we
take into account thatT has the strong approximation property as a consequence
of Theorem 6.44, then application of Theorem 6.45 completes the proof of the
present corollary except for the verification of(∗).

Thus we are left with proving that
∣∣D(K/Q)−1

/
T
∣∣ = |T/D(K/Q)|. More

generally we shall show that

|I −1/T | = |T/I | (∗∗)

for every nonzero idealI in T . In turn, we shall deduce(∗∗) after showing that

|M/P M| = N(P) (†)

wheneverM is a nonzero fractional ideal inK and P is a nonzero prime ideal
in T . We do so by showing thatM/P M is a vector space over the fieldT/P of
dimension 1. It is evident thatT carriesM to itself andP M to itself, and that
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P carriesM to P M. Thus the action ofT on M/P M descends to an action of
T/P on M/P M. The vector spaceM/P M is not 0 becauseM �= P M by unique
factorization of fractional ideals. To see thatM/P M has dimension at most 1,
fix an elementx of M that does not lie inP M. ThenxT + P M is a fractional
ideal of K that is contained inM + P M = M and containsP M and a member
of M that is not inP M. Hence it equalsM . Accordingly, if y ∈ M is given, we
can chooset ∈ T such thatxt − y is in P M. Then(t + P)(x + P M) = y+ P M,
andT/P carriesx + P M ontoM/P M. SoM/P M is 1-dimensional overT/P,
and(†) follows.

Returning to(∗∗), let I = Q1 · · · Qk expressI as the product of nonzero prime
ideals. Iterated application of(∗∗) and the First Isomorphism Theorem gives

|I −1/T | = |I −1/Q1 · · · Qk I −1| = |I −1/Q1 · · · Qk−1I −1|N(Qk)

= |I −1/Q1 · · · Qk−2I −1|N(Qk)N(Qk−1)

= · · · = |I −1/I −1|
k∏

j =1
N(Qj ) = N(I ).

This proves(∗∗) and therefore also(∗). �

One more point needs explanation. The discussion in Section IX.17 ofBasic
Algebraconcerned a monic irreducible polynomialF(X) in Z[X] and its reduc-
tion F(X) modulo p, and the interest was in the Galois groupG of the splitting
field K′ of F(X) over Q. Theorem 9.64 of that book dealt with the natural
homomorphism from a decomposition subgroupGP of G onto the Galois group
G of the splitting field overFp of F(X), and it was asserted without proof that
this homomorphism is one-one ifp does not divide the discriminant ofF(X).
The order of the kernel of the homomorphism was identified as the common
ramification index of the prime idealsP′ containing(p)R′, R′ being the ring
of algebraic integers inK′. Let K = Q[X]/(F(X)). Except in the quadratic
case, the fieldK typically has much lower dimension overQ thanK′ does. The
Dedekind Discriminant Theorem relatesDK to ramification relative toK, as well
as DK′ to ramification relative toK′. We know that primes not dividing the
discriminant ofF(X) do not divideDK, but we need a proof that primes not
dividing the discriminant ofF(X) do not divideDK′ .

To approach this question, one needs the notion of “relative discriminant” anal-
ogous to that of “relative different” for an extensionK/F of number fields. The
relative different is defined so as to be an ideal forK, and the relative discriminant
is an ideal forF. (The field discriminant is the generator of the relative discrimi-
nant forK/Q with the appropriate sign attached.) One proves that the behavior
of the relative discriminant under successive extension is reasonable, just as it is
for degree of extension, ramification indices, residue class degrees, and relative
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differents. These results show that ifQ ⊆ K ⊆ L, then the field discriminant for
K divides the field discriminant forL. The next step is to extend the notion of
field discriminant so that it applies to commutative semisimple algebras and to
show that the discriminant of a tensor product overQ of finitely many number
fields is a certain function of the field discriminants and dimensions of the factors.
Finally we return toF(X) and its splitting fieldK′. Let ξ be a root ofF(X) in
K′, and letσ1(ξ), . . . , σn(ξ) be the distinct conjugates ofξ . ThenK′ is generated
by the subfieldsQ(ξ1), . . . ,Q(ξn), and the (Q multilinear) multiplication map
extends to an algebra homomorphism ofQ(ξ1) ⊗Q · · · ⊗Q Q(ξn) onto K′. As
the tensor product of commutative semisimple algebras in characteristic 0, this is
commutative semisimple (Corollary 2.37) and is therefore a direct sum of fields
(Theorem 2.2). Thus we can regardK′ as a subfield of the tensor product of fields
isomorphic toQ[X]/(F(X)), and the discriminant ofK′ divides the discriminant
of the tensor product. Putting everything together, we see that the only possible
primes dividingDK′ are the primes that divideDK. Therefore the primes that fail
to divide the discriminant ofF(X) do not ramify inK′.

9. Global and Local Fields

A global field K is either a number field, i.e., a finite extension ofQ, or a function
field in one variable over a finite field, i.e., a finite extension of someFq(X), where
Fq is a finite field.24 An example of the latter is

K = Fp(x)[y]/(y2 − (x3 − x)) ∼= Fp(x)
[√

x3 − x
]
.

In this section we shall develop some machinery for working with global fields.
Our interest at present is in number fields, but function fields in one variable are
the object of study in Chapter IX. Consequently the results will be stated for
all global fields as long as all global fields can readily be treated together, and
thereafter we shall specialize to number fields.

The virtue of global fields for current purposes is that their completions with
respect to nontrivial absolute values are always locally compact with a nontrivial
topology. In the case of number fields, we know this for archimedean absolute
values by Proposition 6.27, and it follows for nonarchimedean absolute values
by Corollary 6.21 and Theorem 6.26. In the function-field case as above, the
completions have to be nonarchimedean by Proposition 6.14, and their absolute
values have to be discrete by Corollary 6.22; then the residue class fields are always

24It will be shown in Chapter VII that a function field in one variable over a finite field is always
a finiteseparableextension ofFq(Y) for a suitable indeterminateY.
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finite, and Theorem 6.26 shows that the completions are all locally compact with
a nontrivial topology.

To study a global fieldK in the style of this chapter, one studies simultaneously
the completions25 of K with respect to one absolute value from each equivalence
class.26 Two completions are said to beequivalent completionsif the absolute
values on the domains of the completion maps are equivalent in the sense of Sec-
tion 3. An equivalence class of completions of nontrivial absolute values is called
a placeof K . A place is calledarchimedeanor nonarchimedeanaccording as
the corresponding absolute values are archimedean or nonarchimedean; in the
archimedean case it is calledreal or complexaccording as the locally compact
completed field isR or C.

Because of the special hypotheses for the situation with global fields, we shall
see that to each place corresponds a distinguished choice of an absolute value
on K from the equivalence class, called thenormalized absolute value in the
class.27 These normalized completions are glued together28 in a fashion to be
described in the next section to form the ring of “adeles” ofK and the group of
“ideles” of K . Historically ideles preceded adeles, and ideles were introduced in
order to reinterpret class field theory and improve upon it; convincing motivation
is therefore not readily at hand without knowledge that extends beyond this book.
However, we can get some advance insight into how adeles and ideles might be
useful from the first part of the classical proof of the Dirichlet Unit Theorem
(Theorem 5.13) as given in Section V.5.

That proof in effect handles archimedean places in a way similar to the way
that adeles handle all places. In more detail letK be a number field of degree
n over Q, and letR be its ring of algebraic integers. In Chapter V we usually
regardedK as a subfield ofC, but we shall not do so here. As was observed
in Section V.2, there exist exactlyn field mappings ofK into C, and we denote
them byσ1, . . . , σn. If x is in K , then the imagesσ1(x), . . . , σn(x) are called
the conjugatesof x. Among σ1, . . . , σn are r1 real-valued mappings andr2

complex conjugate pairs, withr1 + 2r2 = n. Let us number the mappings so that
σ1, . . . , σr1 are real-valued and so thatσr1+1, . . . , σr1+r2 pick out one from each
complex conjugate pair. Proposition 6.27 shows that the functionsx 	→ |σ1(x)|,

25It is important not to lose sight of the fact that a “completion” is a certain kind of homomorphism
of valued fields and does not consist merely of the range space.

26The completion of the trivial absolute value is excluded.
27The range of each completion is a locally compact field whose topology is not the discrete

topology. Such a field is often called alocal field in books. Examples areR, C, p-adic fields, and
fieldsFq((X)) of formal Laurent series. One can show that there are no other locally compact fields
whose topology is not discrete. The definition of “local field” in some books is arranged to exclude
R andC.

28It is tempting to think in terms of the gluing as involving just the locally compact fields, but
the completion mappings play a role and that description is thus an oversimplification.
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. . . , x 	→ |σr1+r2(x)| are a complete set of representatives for the archimedean
places ofK ; the firstr1 are real, and the lastr2 are complex.

Just before Lemma 5.17 we introduced the mapping� : K → Rr1 ×Cr2 given
by

�(x) = (
σ1(x), . . . , σr1(x), σr1+1(x), . . . , σr1+r2(x)

)
for x ∈ K .

Lemma 5.17 observed that the image�(R) of R is a lattice inRr1 × Cr2 ∼= Rn.
The starting point for proving the Dirichlet Unit Theorem in Section V.5 was to
apply the Minkowski Lattice-Point Theorem to this lattice�(R). Proposition
6.27 allows us to interpret the mapping� as the natural embedding ofK into the
product of its completions at all archimedean places.

The ring of adeles ofK will be a corresponding space for dealing with com-
pletions with respect to all nontrivial absolute values, archimedean and nonar-
chimedean.

While we have the archimedean places of the number fieldK at hand, let us
address the question of their normalized representatives. Since the field maps
from K into C given byσr1+1,...,r1+r2 are equal to the complex conjugates of
σr1+r2+1, . . . , σn, every memberx of K has

NF/Q(x) =
n∏

j =1
σj (x) = ( r1∏

j =1
σj (x)

)( r1+r2∏
j =r1+1

|σj (x)|2
)
.

This formula can be viewed as an archimedean analog of the formula in Corollary
6.37b. The number fieldQ has one archimedean place, and ordinary absolute
value is taken as its normalized representative. We denote this representative by
| · |∞. With | · | denoting ordinary absolute value onR andC, we obtain

|NK/Q(x)|∞ = ( r1∏
j =1

|σj (x)|
)( r1+r2∏

j =r1+1
|σj (x)|2

)
.

It is customary to use letters likev andw as indices for places. The real places
are the completionsx 	→ σj (x), 1 ≤ j ≤ r1, of K into R, and thenormalized
absolute valueon K for a real place is the pullback from ordinary absolute
value onR. Thus if | · |R denotes ordinary absolute value onR and if v is a
real place corresponding toσj , then we define|x|v = |σj (x)|R for x ∈ K . The
normalization to use for the complex places is motivated by the formula above.
If r1 + 1 ≤ j ≤ r1 + r2, thenσj in effect contributes twice to the above formula,
once fromj and once fromj + r2, and the notion of normalized absolute value is
to take this double contribution into account. Thus we write| · |C for thesquare
of the ordinary absolute value onC; this quantity is not really an absolute value,
since the triangle inequality fails for it, but it has too many desirable features to
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be ignored. We define thenormalized absolute valueon K for a complex place
to be the pullback from this function| · |C on C even though the result fails to
satisfy the triangle inequality. Thus ifv is a complex place corresponding toσj

with r1 + 1 ≤ j ≤ r1 + r2, then we define|x|v = |σj (x)|C = |σj (x)|2 for x ∈ K .
With these definitions of normalized absolute values for archimedean places, the
formula above for|NF/Q(x)|∞ can be rewritten as

|NK/Q(x)|∞ = ( r1∏
j =1

|σj (x)|R
)( r1+r2∏

j =r1+1
|σj (x)|C

) = ( ∏
v real

|x|v
)( ∏
v complex

|x|v
)
.

We summarize matters in the following proposition.

Proposition 6.50.If K is a number field, then

|NF/Q(x)|∞ = ∏
v archimedean

|x|v for x ∈ K ,

where| · |v is the pullback of| · |R , the ordinary absolute value, for real places
and where| · |v is the pullback of| · |C , the ordinary absolute valuesquared, for
complex places.

At this point we could give a definition of normalized absolute value corre-
sponding to nonarchimedean places. But we shall digress in order to motivate
the definition using concepts from measure theory that may be known to some
readers and not to others. These concepts play a role within the text only in the
next paragraph and in Example 4 of normalized discrete absolute values below,
and the reader will not miss any results or proofs by skipping this material.

The digression begins. Any locally compact group has a nonzero measure
on it that is invariant under left translation,29 and this measure is unique up to
multiplication by a scalar. Let a locally compact fieldL be given, and letμ be
an invariant measure of this kind with respect to the additive group ofL. Each
nonzero elementc of L has the property thatμ(cE) is a multiple ofμ(E) that
is independent ofE. If we write |c|L for this multiple and put|0|L = 0, then it
turns out that some power| · |αL with 0< α ≤ 1 is necessarily an absolute value
and that this powerα can be taken to be 1 in all cases except whenL = C. In the
case ofC, it is easy to check that|c|C = |c|2, and the triangle inequality therefore

29Although the details will not be important for us, let us be more precise: The measure is on
theσ -algebra of “Baire sets” on the group—the smallestσ -algebra containing those compact sets
that are intersections of countably many open sets. The measure is not the 0 measure, it is finite on
all the generating compact sets, and it takes the same value on a set as it does on any left translate
of the set. It is called a leftHaar measure. For more information, see the author’sAdvanced Real
Analysis, Chapter VI.
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fails for α = 1. But in all other cases,| · |L is a canonical choice for an absolute
value onL. Now suppose thatψ : K → L is a field map of a global fieldK onto
a dense subfield of a locally compact field. We impose this special absolute value
| · |L on L. Then a necessary and sufficient condition on an absolute value| · |K
for ψ : (K , | · |K ) → (L , | · |L) to be a completion is that| · |K = ψ∗(| · |L).
In other words, the pullback of the special normalization of the absolute value on
the locally compact field is the natural normalization to use for the absolute value
on the global field.

With the digression now over, we want to associate to each nonarchimedean
place of a global field a special normalization of an absolute value. (We handled
the question of normalization at archimedean places earlier in the section.) We can
be a bit more general. Suppose thatF is an arbitrary field with a discrete valuation
v and with corresponding nontrivial absolute value given by|x|v = r −v(x) for
somer > 0. Let R be the valuation ring andp the valuation ideal;p is a principal
ideal of the form(π) for someπ ∈ R. Suppose that the residue class fieldR/p is
finite. Then we say that| · |v is normalized if |π |v = |R/p|−1. This definition
is independent of the choice ofπ .

EXAMPLES OF NORMALIZED DISCRETE ABSOLUTE VALUES.

(1) The fieldQ and thep-adic absolute value given by|ab−1 pk|p = p−k when
a andb are integers prime top. The valuation ringR consists of allab−1 with
a ∈ Z, b ∈ Z, andb prime to p. The valuation ideal consists of all suchab−1

with a divisible by p, and the quotientR/p is isomorphic toFp. The element
π may be taken to bep, and|p|p equalsp−1, which equals|R/p|−1. Thus the
p-adic absolute value onQ is normalized.

(2) LetK be a number field of degreen overQ, and letT be its ring of algebraic
integers. Letp be a nonzero prime ideal inT , and letv be the corresponding
valuation of K . Let q = |T/p|, and define|x|p = q−v(x). Then | · |p is
normalized because Theorem 6.5e shows that the residue class field obtained
from the valuation is isomorphic toT/p.

(3) Let K = Fq(X), fix a prime polynomialc(X) in Fq[X], and consider
the absolute value onK defined by|a(X)b(X)−1c(X)k| = q−k degc(X) whenever
a(X) andb(X) are polynomials relatively prime toc(X). This example runs
completely parallel to the two previous examples, andπ may be taken to be
c(X). The residue class field has as representatives all polynomialsh(X) with
degh(X) < degc(X) and thus has orderqdegc(X). This order matches|c(X)|−1,
and hence| · | is normalized.

(4) If F is a locally compact field whose topology comes from some nontrivial
discrete absolute value with finite residue class field, then the canonical absolute
value | · |F described in the digression above and obtained from an invariant
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measureμ on the additive group ofF is normalized. To see this, letR and
p be the valuation ring and valuation ideal, and writep = (π). Put m =
|R/p|, and letx1, . . . , xm be representatives of them cosets ofR/p in R. Then
μ(xj + p) = μ(p) for 1 ≤ j ≤ m by translation invariance ofμ, and hence
μ(R) = ∑m

j =1μ(xj +p) = mμ(p). Substituting and using the definition of| · |F

givesμ(p) = μ(πR) = |π |Fμ(R) = |π |Fmμ(p). The numberμ(p) is positive,
sincep is a nonempty open subset ofF , and we can cancel to get|π |Fm = 1.
Thus|π |F = |R/p|−1, and| · |F is normalized.

Theorem 6.51(Artin product formula). IfF is a number field and if normalized
absolute values are used, then∏

v

|x|v = 1 for all nonzerox ∈ F,

the product being taken over all placesv. In this product, only finitely many of
the factors can be different from 1.

REMARKS. A version of this theorem is valid for function fields in one variable.
As Corollary 6.22 permits, one can state this analogous theorem in terms of
discrete valuations that are trivial on the base field, and absolute values need play
no role. The precise statement and proof appear in Chapter IX. Corollary 6.9 in
the present chapter is a special case.

PROOF. First we prove the result forQ. Let a rationaly = ±pk1
1 · · · pkr

r be
given; herep1, . . . , pr are distinct primes. The product

∏
v |y|v is taken over

all places, hence over all primes and the one archimedean place∞. For this
y ∈ Q, we have|y|pj = p

−kj

j for 1 ≤ j ≤ r and |y|p′ = 1 for all other

primesp′. So
∏

p prime |y|p = p−k1
1 · · · p−kr

r . Since|y|∞ = pk1
1 · · · pkr

r , we obtain∏
all v |y|v = 1.
Let R be the ring of algebraic integers inF . Givenx in F , factor the fractional

ideal x R. The nonarchimedean places correspond to the nonzero prime ideals
in R, and|x|v is 1 except for thev’s corresponding to those prime ideals in the
factorization. There are only finitely many of these. Since also there are only
finitely many archimedean places, we see that|x|v = 1 for all but finitely manyv.

Let us consider the nonarchimedean places separately from the archimedean
ones. The nonarchimedean places correspond to nonzero prime ideals℘, and we
group these according to the prime numberp such that℘ ∩ Z = pZ, writing
℘ | pZ for this correspondence. For fixedp and for each℘ with ℘ | pZ, let
x℘ be the image ofx under the local embedding inF℘ . Corollary 6.37b gives
NF/Q(x) = ∏

℘|pZ NF℘/Qp(xp). Theorem 6.33 shows that|x℘ |F℘
is a power

of |NF℘/Qp(x℘)|Qp
. To determine the power, we observe from Example 2 that
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the canonical absolute values onQp and F℘ are normalized, and we specialize
|x℘ |F℘

and |NF℘/Qp(x℘)|Qp
to x℘ in Qp. Making the comparison, we find that

|NF℘/Qp(x℘)|Qp
= |x℘ |F℘

. We know that each local embedding respects absolute
values; since Theorems 6.5e and 6.26e together show that the residue class fields
of F℘ andQp have orders|R/℘| and |Z/pZ|, it follows that |x℘ |F℘

= |x|℘ .
Therefore

|NF/Q(x)|p = |NF/Q(x)|Qp
= ∏
℘|pZ

|NF℘/Qp(x℘)|Qp

= ∏
℘|pZ

|x℘ |F℘
= ∏
℘|pZ

|x|℘. (∗)

For the finitely many archimedean places, Proposition 6.50 gives us the formula

|NF/Q(x)|∞ = ∏
v archimedean

|x|v, (∗∗)

where| · |∞ is the ordinary absolute value onQ. Multiplying (∗) and(∗∗) and
using the known identity

∏
v |y|v = 1 for the elementy = NF/Q(x) of Q, we

obtain the theorem. �

10. Adeles and Ideles

In this section we do the gluing that creates the adeles and the ideles out of the
places of a global field. We begin with a topological construction, and then we
superimpose the algebraic structure. The general constructions and the two main
theorems will be valid for all global fields, but we shall discuss proofs of the
theorems only for number fields.

Suppose that{Xi | i ∈ I } is a nonempty family of locally compact Hausdorff
spaces. Assume that for all but finitely manyi ∈ I we are given a compact open
subsetZi of Xi . Therestricted direct product of the Xi ’s relative to theZi ’s is
the subset ∏

i ∈I

′
Xi ⊆

∏
i ∈I

Xi

defined by

(xi )i ∈I ∈
∏
i ∈I

′
Xi if and only if xi ∈ Zi for all but finitely manyi .

The restricted direct product is topologized as follows. Suppose thatS ⊆ I is a
finite subset and thatZi is defined fori /∈ S. Put

X(S) =
∏
i∈S

Xi ×
∏
i /∈S

Zi .
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In their respective product topologies the first factor is locally compact, and the
second factor is compact. CertainlyX(S) is a subset of the restricted direct
product, and evidently the restricted direct product is the union of the subsets
X(S) over all finite subsetsS for which Zi is defined wheni /∈ S. We topologize∏′

i ∈I Xi by insisting that eachX(S) be an open subset.30 The resulting topology
is locally compact Hausdorff. In fact, any two members of

∏′
i ∈I Xi lie in a

commonX(S), and the open sets that separate them inX(S) separate them in∏′
i ∈I Xi . Also, any(xi )i∈I is in someX(S), which is locally compact, and a

compact neighborhood withinX(S)will be a compact neighborhood in
∏′

i ∈I Xi .
Now we superimpose the algebraic structure. LetK be a global field. To each

placev of K , we have associated a normalized absolute value| · |v on K and a
completionιv : (K , | · |v) → (Kv, | · |Kv ). Each of the complete valued fields
Kv is locally compact. Except at the finitely many archimedean places, which
occur only in the number-field case,| · |Kv arises from a discrete valuation. We
takeRv to be the corresponding valuation ring, i.e.,Rv = {

x ∈ Kv
∣∣ |x|v ≤ 1

}
.

This is a compact open additive subgroup ofKv. Thus we can form a restricted
direct product in which the index setI is the set of places ofK , thevth locally
compact Hausdorff space isKv, and thevth compact open subset isRv. This
restricted direct product carries the structure of a commutative ring with identity,
with its addition and multiplication defined in coordinate-by-coordinate fashion,
and the operations are continuous. Thus we obtain a topological ring, known as
the ring ofadelesof K and denoted byAK or simply byA when no ambiguity is
possible.

If for eachx ∈ Kv0, we sendx into the tuple(av)v that hasav0 = x andav = 0
for v �= v0, then the result is a one-one continuous ring homomorphism ofKv
into A. This homomorphism of course does not send the multiplicative identity
of Kv to the multiplicative identity ofA.

The completion mappingsιv : K → Kv embedK into eachKv, and we can
form a corresponding diagonal mapι : K → ∏

v Kv into the full product ofKv ’s
by definingι(x) = (ιv(x))v. Actually, we shall check forx �= 0 that only finitely
many places have|ιv(x)|v = |x|v unequal to 1, and therefore the image of the
diagonal map is in the adeles. Thus we have a diagonal ring homomorphism

ι : K → A given by ι(x) = (ιv(x))v for x ∈ K .

The fact that in the number-field case,|x|v is unequal to 1 for only finitely many
places appears as part of Theorem 6.51. For the function-field case, the fieldK is
a finite separable extension of some fieldFq(X), and all but finitely many places
come from nonzero prime ideals in the integral closureR of Fq[X] in K . At the

30In other words, a set in
∏′

i ∈I Xi is open if and only if its intersection with eachX(S) is open
in X(S).
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unexceptional such places the value of|x|v comes by treatingx Ras a fractional
ideal and factoring it; only finitely many ideals are involved in the factorization,
and only those among all the unexceptional places can have|x|v �= 1. The main
structural theorem about the adeles is as follows.

Theorem 6.52. If K is a global field, then the image ofK in the adelesA
under the diagonal mappingι : K → A is discrete, and the quotientA/ι(K ) of
additive groups is compact.

For a number field the compactness in Theorem 6.52 encodes Lemma 5.17
and the Strong Approximation Theorem. The proof of the theorem is not hard,
and we return to it in a moment. In the current discussion Theorem 6.52 is
not something to appreciate for its own consequences but instead is a prototype
for a corresponding theorem about “ideles” that encodes for number fields the
finiteness of the class number and the Dirichlet Unit Theorem.

The construction of the “ideles” ofK proceeds similarly to the construction
of the adeles. Again we use a restricted direct product, with the set of places as
index set. The locally compact Hausdorff space associated to the placev is the
multiplicative groupK ×

v . Forv nonarchimedean, we again letRv be the valuation
ring in Kv, and take the compact open subset ofK ×

v to be the groupR×
v of units

in Rv, i.e.,R×
v = {

x ∈ Kv
∣∣ |x|v = 1

}
. The group of ideles is the restricted direct

product of the groupsK ×
v relative to the compact subgroupsR×

v . The result is a
locally compact abelian group, known as the group ofidelesof K and denoted
by IK or simply byI.

Warning: As a set,I coincides with the group of unitsA×. However, the
topologies do not match. The topology forI is finer than the relative topology on
A×. See Problems 7–8 at the end of the chapter.

If for eachx ∈ Kv0, we sendx into the tuple(av)v that hasav0 = x andav = 1
for v �= v0, then the result is a one-one continuous group homomorphism ofK ×

v

into I. As with the ideles we also have a diagonal mappingι : K × → I given by
ι(x) = (ιv(x))v; the image is contained inI , since for a nonzerox ∈ K , |x|v can
be unequal to 1 for only finitely manyv.

The Artin product formula (Theorem 6.51) and the corresponding result for
function fields in one variable over a finite field put a constraint on the image. We
define theabsolute value|(av)v| of an idele(av)v to be the product of the absolute
values of the components:|(av)v| = ∏

v |av|v. This is well defined because only
finitely many factors are allowed to be different from 1. IfI1 denotes the group
of ideles of absolute value 1, thenI1 is a closed subgroup ofI. The Artin product
formula and its function-field analog imply that the image of the diagonal mapping
is contained inI1. The main structural theorem about the ideles is as follows.
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Theorem 6.53. If K is a global field, then the image ofK × in the subgroup
I1 of the idelesI under the diagonal mappingι : K × → I is discrete, and the
quotient groupI1/ι(K ×) is compact.

From now on, we suppose that the global fieldK is a number field. Let
S∞ be the set of archimedean places. We begin by supplying direct proofs
of the discreteness in Theorems 6.52 and 6.53 and of the compactness of the
quotient in Theorem 6.52. After some additional discussion we return to prove
the compactness of the quotient in Theorem 6.53.

PROOF OF DISCRETENESS OFι(K ) IN THEOREM 6.52. It is enough to produce
a neighborhoodU of 0 in A such thatU ∩ ι(K ) = {0}. The setU of all
(xv)v ∈ A such that|xv|v < 1 for all archimedean places and|xv|v ≤ 1 for all
nonarchimedean places is an open product set inA(S∞) and hence is an open
neighborhood of 0 inA. Since Theorem 6.51 shows that

∏
v |ιv(y)|v = 1 for all

y �= 0 in K and since
∏
v |xv|v < 1 for all (xv)v in U , U ∩ ι(K ) = {0}. �

PROOF OF DISCRETENESS OFι(K ×) IN THEOREM 6.53. The setU of all
(xv)v ∈ Isuch that|xv−1|v < 1 for all archimedean places and|xv−1|v ≤ 1 for all
nonarchimedean places is an open product set inI(S∞)and hence is an open neigh-
borhood of 1 inI. If (xv)v = ι(y)with y ∈ K × andy �= 1, thenxv−1 = ιv(y−1)
with y−1 �= 0, and Theorem 6.51 shows that

∏
v |ιv(y)−1|v=

∏
v |ιv(y−1)|v=1.

The members(xv)v of U all have
∏
v |xv − 1|v < 1, and thusU ∩ ι(K ×) = {1}.

�

PROOF OF COMPACTNESS OFA/ι(K ) IN THEOREM6.52. We begin by observing
that

A = ι(K )+ A(S∞), (∗)

i.e., that the set of sums of a member ofι(K ) and a member ofA(S∞) exhaustsA.
In fact, given(xv)v in A, we letv1, . . . , vr be the finitely many nonarchimedean
places for which|xvj |vj

> 1. The Strong Approximation Theorem (Theorem
6.44) applied to the elementsxv1, . . . , xvr produces a membery of K such that
|ιvj (y) − xvj |vj

< 1 for 1 ≤ j ≤ r and such that|ιv(y)|v ≤ 1 for all other

nonarchimedean placesv. Consequently|ιv(y)−xv|v ≤ 1 for all nonarchimedean
v. This inequality means exactly that(xv)v − ι(y) is in A(S∞). Hence

x = ι(y)+ ((xv)v − ι(y))

is the required decomposition, and(∗) is proved.
In addition, we have

ι(R) = ι(K ) ∩ A(S∞). (∗∗)
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In fact, the inclusion⊆ is clear. For the inclusion⊇, let y be a member ofK such
thatι(y) is in A(S∞). Then|ιv(y)|v ≤ 1 for all nonarchimedeanv, and it follows
that y is in R.

To prove the compactness, we use the identity(M+N)/M ∼= N/(M∩N)given
by the Second Isomorphism Theorem in the category of locally compact abelian
groups, takingM = ι(K ) andN = A(S∞). Then(∗) shows thatM + N = A,
and(∗∗) shows thatM ∩ N = ι(R). Hence

A/ι(K ) ∼= A(S∞)/ι(R). (†)

Let us writeA(S∞) = � × �, where� = Rr1 × Cr2 = ∏
v archimedeanKv and

� = ∏
v nonarchimedeanRv. The mapping� : K → � defined near the beginning

of Section 9 has the property that

ι(R)+ ({0} ×�) = �(R)×�.
From this equality we obtain

A(S∞)/(ι(R)+ ({0} ×�) ∼= (�×�)/(�(R)×�) ∼= �/�(R),
and Lemma 5.17 shows that this is compact. Since({0} × �) ∩ ι(R) = {0},
application of the First Isomorphism Theorem and then the Second Isomorphism
Theorem gives(

A(S∞)/ι(R)
)/(

A(S∞)/(ι(R)+ ({0} ×�)) ∼= (
ι(R)+ ({0} ×�))/ι(R)

∼= ({0} ×�)/(({0} ×�) ∩ ι(R))
= {0} ×�,

and this is compact also. So the closed subgroupA(S∞)/(ι(R) + ({0} × �) of
A(S∞)/ι(R) and the quotient by this subgroup are both exhibited as compact, and
it follows thatA(S∞)/ι(R) is compact. Application of(†) shows thatA/ι(K ) is
compact. �

A first approach to proving the compactness ofI1/ι(K ×) in Theorem 6.53 is to
pursue an analogy with the above proof forA/ι(K ) by showing that multiplicative
analogs of(∗) and(∗∗) from that proof are valid here:

I ?= ι(K ×) I(S∞),

ι(R×) = ι(K ×) ∩ I(S∞).

The second of these formulas is fine and is easily proved: The inclusionι(R×) ⊆
ι(K ×)∩I(S∞) is clear. For the inclusionι(R×) ⊇ ι(K ×)∩I(S∞), let y be a mem-
ber of K × such thatι(y) is in I(S∞). Then|ιv(y)|v = 1 for all nonarchimedean
v, and it follows thaty andy−1 are inR, hence thaty is in R×.
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The difficulty is that an equalityI ?= ι(K ×) I(S∞) holds if and only if the ring
R of algebraic integers inK is a principal ideal domain. Let us elaborate on this
point, since we will be led by it to the relationship between ideles and the ideal
class group that makes ideles useful.

Let us enumerate the nonzero prime ideals ofRasP1, P2, . . . in some fashion.
As was mentioned in Section 2, each nonzero fractional idealI in K has a finite
unique factorization of the formI = P

ki1
i1

· · · P
kim
im

, whereki1, . . . , kim are integers.
The mapping that carriesI to the tuple(aj )j ≥1 with aj = kil when j = i l and
aj = 0 when j is not in{ki1, . . . , kim} is a group isomorphism� from the groupI
of fractional ideals onto a free abelian group

⊕∞
j =1 Z of countably infinite rank.

Some of these fractional ideals are of the formx Rfor somex ∈ K ×, and they are
the principal fractional ideals. They form a subgroupP of I that is isomorphic
to K ×, and the quotientI/P is isomorphic to the ideal class group ofK , as was
shown at the end of Section 2. Theorem 5.19 says that the groupI/P is a finite
group; its order is theclass numberof K .

Meanwhile, suppose that(xv)v is a member of the groupI of ideles. To
each nonarchimedean placev, Corollary 6.8 associates a unique nonzero prime
ideal, which we write asPi (v) for a functioni ( · ). If qv = |R/Pi (v)|, then the
relationship between the valuation ordv( · ) and the normalized absolute value
associated toPi (v) is |xv|v = q−ordv(xv)

v . Since(xv)v is an idele, there are only
finitely many nonarchimedeanv’s for which ordv(xv) is not 0. We can therefore
map(xv)v into the tuple of integers(ordv(xv))v and compose with�−1 to obtain
a homomorphism of the groupI into the groupI of fractional ideals. In more
detail, the mapping fromI to

⊕∞
j =1 Z is given by(xv)v 	→ (aj )j ≥1 with ai (v) =

ordv(xv), and then�−1 interprets this sequence of integers as the exponents of
the appropriate prime ideals. Since any association of members ofK ×

v at finitely
many nonarchimedean places can be extended to an idele by making the idele
be 1 at the remaining places, this homomorphism ofI into I is ontoI.

Now suppose that the given idele(xv)v is of form ι(x) for somex in K ×.
Then the procedure for mapping this idele to a product of powers of the nonzero
prime ideals ofR is the same as the procedure for decomposing the fractional
idealx Ras a product of powers of nonzero prime ideals ofR. Consequently our
homomorphism descends to a homomorphism

I
/
ι(K ×) −→ I/P

of the idele class groupI
/
ι(K ×) onto the (finite) ideal class groupI/P. This

is the fundamental fact about the ideles; the displayed homomorphism in effect
says that the idele class group refines the information in the ideal class group.
The subject of class field theory shows that this refined information is useful.

Under the homomorphism ofI ontoI, the kernel consists exactly ofI(S∞),
the ideles whose components at each nonarchimedean placev are in R×

v . Thus
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I/I(S∞) → I is an isomorphism. Taking into account the effect onι(K ×), we
obtain an isomorphism

I
/(
ι(K ×) I(S∞)

) ∼= I/P.
Returning to our hoped-for equalityI ?= ι(K ×) I(S∞) and comparing with the
displayed isomorphism, we see thatI equalsι(K ×) I(S∞) if and only if I = P.
EqualityI = P holds if and only if every fractional ideal ofK is principal, if and
only if every ordinary ideal ofR is principal.

Thus we see why a direct analog of the proof of Theorem 6.52 does not work
for Theorem 6.53. But at the same time we obtain information about how to give
a correct proof. We saw that factoringI/ι(K ×) by I(S∞) leads to the finite group
I/P. We shall see that if we factorI/ι(K ×) by a suitably larger groupI(S) with
Sstill finite, then the quotient is the trivial group. An indication of this fact was
in Problems 19–23 at the end of Chapter V, which showed that if we localizeR
at a large enough finite set of nonzero prime ideals, then the result is a principal
ideal domain. In adelic/idelic terms the corresponding procedure is to enlarge
S∞ to a suitable finite setS containingS∞ and to replaceI(S∞) by I(S); this
enlargement has the effect of replacingR×

v by K ×
v at finitely many placesv in

considering what happens to ideals, and this is exactly what the localization in
those problems accomplishes. Thus for a suitable finite setScontainingS∞, we
will have an isomorphism

I
/(
ι(K ×) I(S)

) ∼= {1};
in other words,

I = ι(K ×) I(S)
for a suitable finite setScontainingS∞.

One final remark is needed, and then we are ready to carry out the proof of
the compactness ofI1/ι(K ×). The remark is that we always have at least one
archimedean place, and adjusting an idele suitably at one archimedean place
can change it from being inI to being in the subgroupI1 of ideles for which∏
v |xv|v = 1. The members ofι(K ×) are already in this subgroup, but the

members ofI(S) need not be. Thus we replaceI(S) by I(S) ∩ I1 = I1(S), and
the above equality becomes

I1 = ι(K ×) I1(S)

for a suitable finite setS.

PROOF OF COMPACTNESS OFI1/ι(K ×) IN THEOREM 6.53. LetS be as above.
SinceI1 = ι(K ×) I1(S), the Second Isomorphism Theorem gives

I1/ι(K ×) ∼= I1(S)/(ι(K ×) I1(S)). (∗)

We shall prove that the right side is compact.
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Let T be the complement ofS∞ in S, and define

�×
1 = ∏

v∈S∞
K ×
v , �×

2 = ∏
v∈T

K ×
v , �×

2 = ∏
v∈T

R×
v , �×

3 = ∏
v /∈S

R×
v .

If E is any subset ofI(S), E1 will denote the set of members ofE of total
absolute value 1. Thus for example,(�×

1 )
1 is the set of tuples(xv)v∈S∞ with∏

v∈S∞ |xv|v = 1.
Let� : K × → �×

1 be the mapping given in Section 9. Each memberu of the
group of unitsR× has the property that|u|v = 1 for every nonarchimedean place
v. Then it follows from the Artin product formula (Theorem 6.51) that� carries
R× into (�×

1 )
1. One of the two key ingredients in the proof of Theorem 6.51 is

the observation that

(�×
1 )

1/�(R×) is compact. (∗∗)

In fact,�×
1 is a product ofr1 copies ofR× andr2 copies ofC×. The function

Log :�×
1 → Rr1+r2 given by

Log(x1, . . . , xr , xr1+1, . . . , xr1+r2+1)

= (log |x1|R, . . . , log |xr1|R, log |xr1+1|C, . . . , log |xr1+r2|C)
is a continuous homomorphism of�×

1 onto Rr1+r2, and its kernel is compact,
being the product ofr1 two-element groups andr2 circles. The image of(�×

1 )
1 is

a hyperplane, and the proof of the Dirichlet Unit Theorem (Theorem 5.13) shows
that Log(�×

1 )
1/Log�(R×) is compact. Then(∗∗) follows.

The other key ingredient is the finiteness of the class number ofK , which was
proved as Theorem 5.19. Leth be this class number. For eachv in T = (S∞)c, let
Pv be the corresponding nonzero prime ideal inR. The idealPh

v in R is principal,
and we letπv be a generator. This element has the properties thatK ×

v /ιv(πv)
Z Rv

is compact and that|ιv′(πv)|v′ = |πv|v′ = 1 for all nonarchimedeanv′ with
v′ �= v. Let

�2 = ∏
v∈T
ιv(πv)

Z Rv;

this is a subgroup between�2 and�2 such that�2/�2 is compact. Let be the
subgroup ofK × given by = ∏

v∈T π
Z
v .

The groupι( ) is certainly a subgroup ofι(K ×), and the fact that|πv|v′ = 1
for v′ /∈ S implies thatι( ) is contained inI1(S). Each member ofι(R×) has
all nonarchimedean absolute values equal to 1, and consequently we have an
inclusion ι(R×)ι( ) ⊆ ι(K ×)I1(S). In view of (∗), I1(S)/(ι(K ×) I1(S)) is a
homomorphic image of

I1(S)
/(
ι(R×)ι( )({1} ×�×

2 ×�×
3 )
)
, (†)
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and it is therefore enough to prove that(†) is compact.
The members ofι(R×) have all nonarchimedean absolute values equal to 1

and consequently

ι(R×)({1} ×�×
2 ×�×

3 ) = �(R×)×�×
2 ×�×

3 .

Therefore the quotient of(†) by

I1(S)
/(
ι( )((�×

1 )
1 ×�×

2 ×�×
3 )
)

(††)

is isomorphic to

I1(S)
/(
ι( )(�(R×)×�×

2 ×�×
3 )
)/

I1(S)
/(
ι( )((�×

1 )
1 ×�×

2 ×�×
3 )
)
,

which in turn is isomorphic to(
ι( )((�×

1 )
1 ×�×

2 ×�×
3 )
)/(
ι( )(�(R×)×�×

2 ×�×
3 )
)
,

which is a homomorphic image of

((�×
1 )

1 ×�×
2 ×�×

3 )
/
(�(R×)×�×

2 ×�×
3 )

∼= (�×
1 )

1/�(R×).

The right side is compact by(∗∗), and therefore it is enough to prove that(††) is
compact.

Let us check that

ι( )((�×
1 )

1 ×�×
2 ×�×

3 ) = (�×
1 ×�2 ×�3)

1. (‡)

The inclusion⊆ is immediate. Thus suppose that((ωv)v∈S∞, (σv)v∈T , (δv)v /∈S)

lies in the right side of(‡). Since (σv)v∈T lies in �2, there exists an ele-
ment π0 in  such thatrv = ιv(π0)

−1σv lies in Rv for all v ∈ T . De-
fine (ω′

v)v∈S∞ in �×
1 by ω′

v = ιv(π0)
−1ωv. For a suitable(δ′v)v /∈S, we then

haveι(π0)((ω
′
v)v∈S∞, (rv)v∈T , (δ

′
v)v /∈S) = ((ωv)v∈S∞, (σv)v∈T , (δv)v /∈S), and(‡)

is proved.
Combining(‡) and(††), we see that it is enough to prove that

I1(S)
/
(�×

1 ×�2 ×�3)
1 (‡‡)

is compact. The inclusion ofI1(S) into I(S) induces a homomorphism

I1(S)
/
(�×

1 ×�2 ×�3)
1 → I(S)

/
(�×

1 ×�2 ×�3) (§)

that is evidently one-one. But it is also onto because ifv0 is an archimedean
place and if(xv)v is given inI(S), then we can adjust(xv0) in such a way that
the replacement(xv)v has absolute value 1. The adjustment is by a member of
�×

1 × {1} × {1}, and thus(§) is onto. The right side of(§) is

(�×
1 ×�2 ×�3)/(�

×
1 ×�2 ×�3) ∼= �2/�2,

and we have arranged that this is compact. Consequently(‡‡) is compact, and
the proof is complete. �
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11. Problems

1. If F is a complete field with a nonarchimedean absolute value and if
∑∞

n=1 an is
an infinite series whose termsan are inF , prove that the series converges inF if
and only if limn an = 0.

2. Let the 2-adic absolute value be imposed onQ. Theorem 6.5 shows thatZ is
dense in the subring ofQ consisting of all rationals with odd denominator.
(a) Find a sequence of integers converging in this metric to1

3.
(b) Generalize the result of (a) by finding an explicit sequence of integers

converging in this metric to any given rationalab−1, wherea and b are
nonzero integers withb odd.

3. For the Dedekind domainR = Z and its field of fractionsK = Q, the ring of
units R× is just{±1}, and the set of archimedean places is justS∞ = {∞}. The
formula ι(R×) = ι(K ×) ∩ I(S∞) of Section 10 therefore becomes{ι(±1)} =
ι(Q×) ∩ (R× ×∏p Z×

p

)
.

(a) Verify this formula directly.
(b) SinceZ is a principal ideal domain, the theory of Section 10 and the above

remarks show thatI = ι(Q×)
(
R× × ∏

p Z×
p

)
. Prove this formula by an

explicit construction whose only allowable choice, in view of (a), is a certain
sign.

4. Let R be the Dedekind domainZ[
√−5 ].

(a) Verify for each choice of sign that the ideals(1±√−5 ,3) and(1±√−5 ,2)
are prime and that(1 + √−5 ,2) = (1 − √−5 ,2).

(b) Find the prime factorizations of the principal ideals(1 + √−5) and(3).
(c) Let P be the prime idealP = (1+ √−5 ,3), and letvP be the valuation of

R determined byP. Prove thatvP
(
(1 + √−5)/3

) = 0.
(d) Lemma 6.3 shows that(1 + √−5)/3 can be written as the quotient of two

membersa andb of R with vP(a) = vP(b) = 0. Find such a choice ofa
andb.

5. Let v be a discrete valuation of a fieldF , let Rv be the valuation ring, and let
Pv be the valuation ideal. It was observed after Proposition 6.2 that 1+ Pn

v is a
group under multiplication for anyn ≥ 1. Prove forn ≥ 1 that the multiplicative
group(1+ Pn

v )/(1+ Pn+1
v ) is isomorphic to the additive groupPn

v /Pn+1
v under

the mapping induced by 1+ x 	→ x + Pn+1
v .

6. Derive the finiteness of the class number of a number fieldK from the compact-
ness ofI1

K /ι(K
×) given as Theorem 6.53.

Problems 7–8 compare the topology on the idelesI = IK of a number fieldK with
the topology of the adelesA = AK . The notation is as in Section 10.
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7. For each finite setS of places containing the archimedean places, exhibit the
mappingsI(S) → Kv for v ∈ S andI(S) → Rv for v /∈ S as continuous, and
deduce that the inclusionI → A is continuous.

8. Let pn be thenth positive prime inZ, and letxn = (xn,v)v be the adele inAQ

with xn,v = pn if v = pn andxn,v = 1 if v �= pn. The result is a sequence{xn} of
ideles inIQ. Show that this sequence converges to the idele(1)v in the topology
of the adeles but does not converge in the topology of the ideles.

Problems 9–10 below assume knowledge from measure theory of elementary prop-
erties of measures and of the existence–uniqueness theorem for translation-invariant
measures (Haar measures) on locally compact abelian groups. The continuity in
Problem 10a requires making estimates of integrals.

9. Let G be a locally compact abelian topological group with a Haar measure
written asdx, and let� be an automorphism ofG as a topological group, i.e., an
automorphism of the group structure that is also a homeomorphism ofG. Prove
that there is a positive constanta(�) such thatd(�(x)) = a(�)dx.

10. LetF be a locally compact topological field, and letF× be the group of nonzero
elements, the group operation being multiplication.
(a) Letc be in F×, and define|c|F to be the constanta(�) from the previous

problem when the measure is an additive Haar measure and� is multipli-
cation byc. Define|0|F = 0. Prove thatc 	→ |c|F is a continuous function
from F into [0,+∞) such that|c1c2|F = |c1|F |c2|F .

(b) If dx is a Haar measure forF as an additive locally compact group, prove
thatdx/|x|F is a Haar measure forF× as a multiplicative locally compact
group.

(c) Let F = R be the locally compact field of real numbers. Compute the
functionx 	→ |x|F . Do the same thing for the locally compact fieldF = C
of complex numbers.

(d) Let F = Qp be the locally compact field ofp-adic numbers, wherep is a
prime. Compute the functionx 	→ |x|F .

(e) For the fieldF = Qp of p-adic numbers, suppose that the ringZp of p-adic
integers has additive Haar measure 1. What is the additive Haar measure of
the maximal idealI of Zp?

Problems 11–14 analyze the structure of complete valued fields whose residue class
fields are finite, showing that the only kinds arep-adic fields and fields of formal
Laurent series over a finite field. LetF be a complete valued field with a discrete
nonarchimedean valuation, letv be the valuation, letR be the valuation ring, and let
p be the maximal ideal ofR. Suppose that the residue class fieldR/p is finite of order
q = pm for a prime numberp. Theorem 6.26 shows that the topology onF is locally
compact. The normalized absolute value onF corresponding tov is | · |F = q−v( · ).
For some purposes it is convenient to separate theequal-characteristic casefor F
andR/p from theunequal-characteristic case.
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11. Show in the unequal-characteristic case thatF has characteristic 0.

12. (a) In both cases, use Hensel’s Lemma to show thatF has a full set of(q − 1)st

roots of unity and that coset representatives inF for R/p can be taken to
be these elements and 0. Denote this subset ofq elements ofF by E. The
subsetE is of course closed under multiplication.

(b) Show in the equal-characteristic case thatE is closed under addition and
subtraction and is therefore a subfield ofF isomorphic toFq.

13. In the equal-characteristic case, writeFq for the subfield ofF constructed in
Problem 12b, and lett be a generator of the principal idealp, so thatv(t) = 1.
(a) Show that each nonzero element ofR has a convergent infinite-series ex-

pansion of the form
∑∞

k=0 aktk with all ak in Fq and that the value ofv on
such an element is the smallestk ≥ 0 such thatak �= 0.

(b) Show conversely that every series
∑∞

k=0 aktk with all ak in Fq lies in R, and
conclude thatR ∼= Fq[[ t ]].

(c) Deduce thatF is isomorphic to the fieldFq((t)) of formal Laurent series
overFq, the understanding being that each such series involves only finitely
many negative powers oft .

14. Let F be an arbitrary complete valued field in the unequal-characteristic case.
Since Problem 11 showsF to be of characteristic 0,F contains a subgroupQ′

isomorphic as a field toQ.
(a) Show that the integerq = pm in Q′ lies inp.
(b) Deduce that the numberv0 = v(p) is positive.
(c) For each nonzero memberab−1 pk of Q′ for which a and b are integers

relatively prime top, show thatv(ab−1 pk) = kv0.

(d) Deduce that(Q′, | · |1/(mv0)

F ) is isomorphic as a valued field to(Q, | · |p).

(e) LetQ′ be the closure ofQ′ in F , and explain why(Q′, | · |1/mF ) is isomorphic
as a valued field to(Qp, | · |p).

(f) Let t be a generator ofp. With E as in Problem 12a, show that each member
of F has a unique series expansion

∑∞
k=−N aktk with eachak in E and with

N depending on the element, and show furthermore that every such series
expansion converges to an element ofF .

(g) Let c1, . . . , cl with l = qv0 be an enumeration of the elements
∑v0−1

k=0 aktk

with all ak in E. Show that to each elementx in Rcorresponds somecj such
that p−1(x − cj ) lies in R. Deduce that every element ofR is the sum of a
convergent series of the form

∑∞
k=0 cjk pk.

(h) Explain how it follows from the previous part thatF is a finite-dimensional
vector space overQ′, hence thatF is a finite extension of the fieldQp.

Problems 15–19 continue the analysis in Problems 11–14 by examining finite sepa-
rable extensions of complete valued fields whose residue class fields are finite. The
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goal is to prove Proposition 6.38 and Lemmas 6.47 and 6.48. LetF be a complete
valued field with a discrete nonarchimedean valuation, letRbe the valuation ring, and
let p be the maximal ideal ofR. Suppose that the residue class fieldR/p is finite of
orderq = pm for a prime numberp. Let K be a finite separable extension ofF , put
n = [K : F ], and letT be the integral closure ofR in K . Theorem 6.33 shows that
K is a valued field, that it has a unique nonzero prime idealP, that the valuation ring
of K is T , and that the valuation ideal isP. Write f for the dimension ofT/P over
R/p, so thatT/P has orderq f . Also, writee for the power such thatpT = Pe. It
is known from Chapter IX ofBasic Algebrathatn = ef . In the equal-characteristic
case, there is an especially transparent argument for proving Proposition 6.38, and
Problem 15 gives that. Problem 16 gives a less transparent argument that handles
both cases at once. The remaining problems address Lemmas 6.47 and 6.48.

15. In the equal-characteristic case, letE be the subset ofq elements ofF described
in Problem 12, and let̃E be the corresponding subset ofq f elements ofK .
Problem 13 shows thatE is a field isomorphic toFq and thatẼ is an extension
field isomorphic toFq f . Let t be a generator inR of p, and let̃t be a generator
in T of P. Problem 13 shows thatF = Fq((t)) and thatK = Fq f (( t̃ )).
(a) Show that the setL of formal Laurent series int with coefficients fromFq f

is an intermediate field betweenF andK , so thatL = Fq f ((t)).
(b) Why does it follow that the integral closure ofR in L is U = Fq f [[ t ]] and

that the maximal ideal ofU is℘ = tU ?
(c) Deduce that the residue class field ofL isFq f of orderq f and that℘T = Pe,

so that the residue class degree ofL/F is f and the ramification index of
K/L is e.

(d) How can one conclude thatL/F is unramified and thatK/L is totally
ramified?

16. In this problem no distinction is made between the equal-characteristic case and
the unequal-characteristic case. LetkF andkK be the residue class fields ofF and
K , and writekK = kF (α), whereα is a root of a monic irreducible polynomial
g(X) in kF [X]. Let g(X) be a monic polynomial inR[X] that reduces modulo
p to g(X).
(a) Prove that there existsα ∈ T with α + P = α and withg(α) = 0.
(b) With α as in (a), letL be the intermediate field betweenF andK given by

L = F(α), let U be the integral closure ofR in L, let ℘ be the maximal
ideal ofU , and letkL = U/℘. Show thatα lies inU and that the member
α of kK is in the image of the natural field mapkL → kK .

(c) Conclude from (b) thatkL = kK .
(d) By comparing [L : K ], the degrees ofg(X) andg(X), and the indiceseand

f for K/F andL/F , prove thatL has the properties required by Proposition
6.38.
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17. This problem applies to both the equal-characteristic case and the unequal-
characteristic case. Letξ be a member ofT such thatK = F(ξ), and let
g(X) = Xn + c1Xn−1 + · · · + cn be its minimal polynomial overF .

(a) Let N = ∑n−1
k=0 Rξ k. This is a freeR submodule ofT of rank n with

{1, ξ, . . . , ξn−1} as anR basis. Define

N̂ = {y ∈ K | TrK/F (xy) is in R for all x ∈ M}.
Put xi = ξ i −1 for 1 ≤ i ≤ n. Why is there a uniqueyj in K with
TrK/F (xi yj ) = δi j ? Show thatN̂ is a freeR module with{y1, . . . , yn}
asR basis.

(b) If A is a matrix inMn(R) with detA = ±1 and ifzk = ∑
j Ajk yj , why is∑n

k=1 Rzk = ∑n
k=1 Ryk?

(c) Let K ′ be a splitting field ofg(X) over F , and letξ1, . . . , ξn be the roots of
g(X) in K ′, with ξ1 = ξ . It is known fromBasic Algebrathatξ1, . . . , ξn are
distinct. Prove that

n∑
i =1

g(X)

g′(ξi )(X − ξi ) = 1

by observing that the difference of the two sides is a polynomial inX of
degree at mostn − 1 and all ofξ1, . . . , ξn are roots.

(d) Letσj be the field map that fixesF and carriesF(ξ) into K ′ in such a way that
σj (ξ) = ξj . These mappings have the property that TrK/F (ξ) = ∑n

j =1 σj (ξ)

for all ξ ∈ K . If h(X) is in the ringK [[ X]] of formal power series overK ,
let hσj (X) be the polynomial obtained by applyingσj to each coefficient,
and extend TrK/F : K → F to a mapping ofK [[ X]] to F [[ X]] by letting
TrK/F h(X) = ∑n

j =1 hσj (X). By making the substitutionX 	→ 1/X in (c)
and using the extended trace function just defined, show that

Xn

1 + c1X + · · · + cn Xn
= TrK/F

( X

g′(ξ)(1 − ξX)

)
.

(e) Write the identity in (d) out with power series, equate the coefficients
of X, X2, . . . , Xn on the two sides, and deduce that TrK/F

(
ξ k−1g′(ξ)−1

)
equals 0 for 1≤ k < n and equals 1 fork = n.

(f) Form then-by-n matrix A with Ai j = TrK/F
(
(ξ i −1g′(ξ)−1)(ξ j −1)

)
. The

result of (e) shows that this matrix has all entries equal to 0 that lie above
the off-diagonali + j = n + 1 and all entries equal to 1 that lie on the
off-diagonal. By writingξ i + j −2 = ξnξ i + j −(n+1)−1 and by substituting for
ξn, show that the remaining entriesAi j lie in R.

(g) Combine the conclusions of (a), (b), and (f) to prove thatN̂ = g′(ξ)−1N.

18. This problem continues with the notation of Problem 17 and assumes in addition
thatK/F is unramified, i.e., thatf = n ande = 1. The objective is to prove the
assertion of Lemma 6.48 thatD(K/F) = T .



402 VI. Reinterpretation with Adeles and Ideles

(a) Prove that the intermediate fieldL constructed in Problem 16 isK itself,
that the polynomialg(X) is the minimal polynomial ofα over F , and that
K = F(α).

(b) Let N = ∑n−1
k=0 Rαk. Apply Problem 17 to obtain̂N = g′(α)−1N. Using

the inclusionN ⊆ T , deduce that̂N ⊇ T̂ , and conclude thatD(K/F)−1 ⊆
g′(α)−1T .

(c) Prove thatg′(α) is a unit inT , and deduce thatD(K/F) = T .

19. This problem continues with the notation of Problem 17 and assumes in addition
thatK/F is totally ramified, i.e., thate = n and f = 1. The objective is to prove
the assertion of Lemma 6.47 thatD(K/F) = Pe′

with e′ equal toe− 1 if p does
not dividee and withe′ ≥ e if p dividese. Let E be the set of representatives in
R of the members ofR/p as constructed in Problem 12. Sincef = 1, the setE
is also a set of representatives inT of the members ofT/P. LetvK andvF be the
respective discrete valuations ofK and F , so thatvF = nvK

∣∣
F

by Proposition
6.34. Letπ andλ be respective generators ofP andp.
(a) Prove that ifM is a field with a discrete valuationw and if x1, . . . , xm are

elements ofM with x1 + · · · + xm = 0 andm ≥ 2, then the number ofj ’s
for whichw(xj ) = min1≤i ≤mw(xi ) is at least 2.

(b) Let g(X) = c0Xn + c1Xn−1 + · · · + cn with c0 = 1 be the field polynomial
of π overF . Why are all the coefficientscj in R, and why isvK (cj ) divisible
by n for each j ?

(c) Taking into account thatπ is a root of its field polynomial and applying
(a), show that there exist integersi and j with 0 ≤ i < j ≤ n such that
j − i = vK (cj )− vK (ci ) and that all other integersk with 0 ≤ k ≤ n have
vK (ckπ

n−k) ≥ n.
(d) Using the divisibility conclusion of (b), show thatg(X) is anEisenstein

polynomial relative top in the sense thatc0 = 1, that all ofc1, . . . , cn lie in
p, and thatcn does not lie inp2.

(e) Conclude from (d) thatg(X) is irreducible overF , thatg(X) is the minimal
polynomial ofπ over F , and thatK = F(π).

(f) For eachk ≥ 0, apply the division algorithm to writek = ni + j with
0 ≤ j < n = e, and defineyk = λiπ j . Show that every member ofT has
a unique convergent series expansion as

∑∞
k=0 akyk and that all such series

expansions have sum inT .
(g) By rewriting the expansion in (f) suitably, show that{1, π, . . . , πn−1} is an

R basis for the freeR moduleT .

(h) By applying Problem 17 withN = ∑n−1
k=0 Rπk, prove that̂T = g′(π)−1T ,

and deduce thatD(K/F) = (g′(π)).
(i) Computingg′(π) and applying the valuationv to it, show thatv(g′(π)) =

e − 1 if v(e) = 0 and thatv(g′(π)) ≥ e if v(e) > 0. Explain how this
conclusion proves Lemma 6.47.



CHAPTER VII

Infinite Field Extensions

Abstract. This chapter provides algebraic background for directly addressing some simple-sounding
yet fundamental questions in algebraic geometry. All the questions relate to the set of simultaneous
zeros of finitely many polynomials inn variables over a field.

Section 1 concerns existence of zeros. The main theorem is the Nullstellensatz, which in part
says that there is always a zero if the finitely many polynomials generate a proper ideal and if the
underlying field is algebraically closed.

Section 2 introduces the transcendence degree of a field extension. IfL/K is a field extension,
a subset ofL is algebraically independent overK if no nonzero polynomial in finitely many of
the members of the subset vanishes. A transcendence basis is a maximal subset of algebraically
independent elements; a transcendence basis exists, and its cardinality is independent of the particular
basis in question. This cardinality is the transcendence degree of the extension. ThenL is algebraic
over the subfield generated by a transcendence basis. Briefly any field extension can be obtained by
a purely transcendental extension followed by an algebraic extension. The dimension of the set of
common zeros of a prime ideal of polynomials over an algebraically closed field is defined to be the
transcendence degree of the field of fractions of the quotient of the polynomial ring by the ideal.

Section 3 elaborates on the notion of separability of field extensions in characteristicp. Every
algebraic extensionL/K can be obtained by a separable extension followed by an extension that is
purely inseparable in the sense that every elementx of L has a powerxpe

for some integere ≥ 0
with xpe

separable overK .
Section 4 introduces the Krull dimension of a commutative ring with identity. This number is

one more than the maximum number of ideals occurring in a strictly increasing chain of prime ideals
in the ring. ForK [X1, . . . , Xn] whenK is a field, the Krull dimension inn. If P is a prime ideal in
K [X1, . . . , Xn], then the Krull dimension of the integral domainR = K [X1, . . . , Xn]/P matches
the transcendence degree overK of the field of fractions ofR. Thus Krull dimension extends the
notion of dimension that was defined in Section 2.

Section 5 concerns nonsingular and singular points of the set of common zeros of a prime ideal
of polynomials inn variables over an algebraically closed field. According to Zariski’s Theorem,
nonsingularity of a point may be defined in either of two equivalent ways—in terms of the rank of a
Jacobian matrix obtained from generators of the ideal, or in terms of the dimension of the quotient of
the maximal ideal at the point in question factored by the square of this ideal. The point is nonsingular
if the rank of the Jacobian matrix isn minus the dimension of the zero locus, or equivalently if the
dimension of the quotient of the maximal ideal by its square equals the dimension of the zero locus.
Nonsingular points always exist.

Section 6 extends Galois theory to certain infinite field extensions. In the algebraic case inverse
limit topologies are imposed on Galois groups, and the generalization of the Fundamental Theorem
of Galois Theory to an arbitrary separable normal extensionL/K gives a one-one correspondence
between the fieldsF with K ⊆ F ⊆ L and the closed subgroups of Gal(L/K ).

403
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1. Nullstellensatz

Algebraic geometry studies the geometric properties of sets defined by algebraic
equations. In the simplest case some fieldK is specified, the equations are
polynomial equations in several variables with coefficients inK , and one seeks
solutions to the system of equations with the variables taking values inK or some
larger field.

The nature of the subject is that even fairly simple-sounding geometric ques-
tions require algebraic background beyond what is inBasic Algebraand the
first six chapters of the present book. This chapter addresses the necessary
background, largely from the theory of fields, for addressing fundamental ques-
tions concerning existence of solutions, the dimension of the space of solutions,
singularity of the solution set at a particular point, and effects of changing fields.

The present section supplies background for the question of existence. We
have a system of polynomial equations inn variables with coefficients inK , and
we are interested in simultaneous solutions in a given extension fieldL of K . A
solution can be regarded as a column vector inLn. Think of the equations as of the
form Fi (X1, . . . , Xn) = 0 with eachFi a polynomial, and then the set of solutions
is the locus of common zeros of theFi ’s in Ln. The locus of common zeros is
unaffected by enlarging the system of equations by allowing all equations of the
form

∑
i Gi Fi = 0 with eachGi is arbitrary inK [X1, . . . , Xn]; thus we may as

well regard the left sides as all members of some idealI in K [X1, . . . , Xn]. The
Hilbert Basis Theorem says that any ideal inK [X1, . . . , Xn] is finitely generated,
and hence studying the common zero locus for an ideal is always the same as
studying the common zero locus for a finite set of polynomials.

A proper ideal need not have a nonempty locus of common zeros. For example,
if K = R, then the single equationX2 + Y2 + 1 = 0 has no solutions inR2.
Hilbert’s Nullstellensatz1 is partly the affirmative statement that any proper ideal
has a nonzero locus of common zeros under the additional assumption thatK is
algebraically closed.

Theorem 7.1(Nullstellensatz). LetK be a field, letK be an algebraic closure,
and letn be a positive integer. Then every maximal idealJ of K [X1, . . . , Xn]
has the property thatK [X1, . . . , Xn]/J is a finite algebraic extension ofK , and
in particular the maximal ideals ofK [X1, . . . , Xn] are of the form

(X1 − a1, . . . , Xn − an),

where(a1, . . . ,an) is an arbitrary member ofK n. Consequently ifI is any proper
ideal inK [X1, . . . , Xn], then

(a) the locus of common zeros ofI in K n is nonempty,

1German for “zero-locus theorem.”
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(b) any f in K [X1, . . . , Xn] that vanishes on the locus of common zeros of
I in K n has the property thatf k is in I for some integerk > 0.

Before coming to the proof, we mention an important corollary.

Corollary 7.2. Let K be a field, letK be an algebraic closure, letn be a
positive integer, and letI be aprime ideal in K [X1, . . . , Xn]. Then I contains
every polynomial inK [X1, . . . , Xn] that vanishes on the locus of common zeros
of I in K [X1, . . . , Xn].

PROOF. If f is a member ofK [X1, . . . , Xn] that vanishes on the locus of
common zeros ofI , then (b) in the theorem shows thatf k is in I for somek.
SinceI is prime, one of the factors off k = f · · · f lies in I . �

EXAMPLE FOR COROLLARY. Let K = L = C, and letI be the principal ideal in
C[X,Y] generated byY2 − X(X + 1)(X − 1). ConsiderC[X,Y] as isomorphic
toC[X][Y]. As a polynomial inY overC[X], p(X,Y) = Y2− X(X +1)(X −1)
is irreducible becauseX(X + 1)(X − 1) is not the square of a polynomial inX.
SinceC[X,Y] is a unique factorization domain,p(X,Y) is prime. ThereforeI =
(p(X,Y)) is a prime ideal. The corollary says that every polynomial vanishing
on the locus of points(x, y) ∈ C2 for which y2 = x(x + 1)(x − 1) is the product
of Y2 − X(X + 1)(X − 1) and a polynomial in(X,Y). Consequently the ring
of restrictions of polynomials to the locus for whichy2 = x(x + 1)(x − 1) is
isomorphic toC[X,Y]/

(
Y2 − X(X + 1)(X − 1)

)
.

Theorem 7.1b has a tidy formulation in terms of the “radical” of an ideal. If
R is a commutative ring with identity andI is an ideal inR, then theradical of
I , denoted by

√
I , is the set of allr in R such thatr k is in I for somek ≥ 1. It is

immediate that the radical ofI is an ideal containingI and that
√

I is proper ifI
is proper. IfI is an ideal inK [X1, . . . , Xn] and if f is in

√
I , then f k is in I for

somek > 0, and hencef vanishes on the locus of common zeros ofI . Theorem
7.1b says conversely that anyf vanishing on the locus of common zeros ofI has
f k in I for somek > 0. This means thatf is in

√
I . We can therefore rewrite

(b) in the theorem as follows:

(b′) the ideal of all f in K [X1, . . . , Xn] that vanish on the locus of common
zeros ofI in K n is exactly

√
I .

The proof of Theorem 7.1 will follow comparatively easily from the following
two lemmas.

Lemma 7.3. If K is a field andL is an extension field that is generated as a
K algebra byn elementsx1, . . . , xn, i.e., if L = K [x1, . . . , xn], then everyxj is
algebraic overK .
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REMARKS. Conversely ifx1, . . . , xn are elements of an extension fieldL that
are algebraic overK , thenK (x1, . . . , xn) = K [x1, . . . , xn]. The reason is that

K (x1, . . . , xn) = K (x1, . . . , xn−1)(xn) = K (x1, . . . , xn−1)[xn]

= K (x1, . . . , xn−2)(xn−1)[xn] = K (x1, . . . , xn−2)[xn−1][xn]

= · · · = K [x1] · · · [xn−1][xn] = K [x1, . . . , xn].

PROOF. We proceed by induction onn. For n = 1, if L = K [x1], then we
know from the elementary theory of fields thatx1 is algebraic overK .

For the inductive step, suppose thatL = K [x1, . . . , xn]. SinceL is a field,
K (x1) ⊆ L, and henceL = K (x1)[x2, . . . , xn]. By the inductive hypothesis
applied toL and K (x1), the elementsx2, . . . , xn are algebraic overK (x1). To
complete the proof, it is enough to show thatx1 is algebraic overK .

Fix j ≥ 2. The elementxj , being algebraic overK (x1), satisfies a polynomial
equation

Xm + am−1Xm−1 + · · · + a0 = 0

witham−1, . . . ,a0 in K (x1). Clearing fractions, we see thatxj satisfies an equation

bmXm + bm−1Xm−1 + · · · + b0 = 0

with bm, . . . ,b0 in K [x1] andbm �= 0. Multiplying through bybm−1
m shows that

xj satisfies

(bmX)m + bm−1(bmX)m−1 + · · · + b0(bm)
m−1 = 0,

and we see thatbmxj is integral over the ringK [x1]. Let us writecj for the
elementbm ∈ K [x1] that we have just produced for thisj .

In the case ofj = 1, we can usem = 1 anda0 = −x1 in the above argument,
and we are then led toc1 = x1. If xl1

1 · · · xln
n is any monomial inK [x1, . . . , xn] and

if l is defined asl = max(l1, . . . , ln), then the fact that the integral elements over
K [x1] form a ring implies that(c1 · · · cn)

l xl1
1 · · · xln

n is integral overK [x1]. Hence
for any f in K [x1, . . . , xn], (c1 · · · cn)

l f is integral overK [x1] for a suitable
integer l = l ( f ). Since K (x1) ⊆ K [x1, . . . , xn], this conclusion applies in
particular to any memberf of K (x1).

The ringK [x1] is a principal ideal domain and is therefore integrally closed
in its field of fractionsK (x1). For f in K (x1), we have seen that(c1 · · · cn)

l f
is integral overK [x1] for somel = l ( f ). The element(c1 · · · cn)

l f is in K (x1),
and the integral-closure property therefore implies that(c1 · · · cn)

l f is in K [x1].
Consequently there exists a fixed elementh of K [x1] such that every elementf

of K (x1) is of the formg/hl for someg in K [x1] and some integerl ≥ 0. We apply
this observation tof = q(x1)

−1 for each irreducible polynomialq(X) in K [X],
and we obtainq(x1)g = hl with g andl depending onq(X). If x1 is transcen-
dental overK , this equality implies the polynomial identityq(X)g(X) = h(X)l .
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Consequently every irreducible polynomialq(X) dividesh(X). If K is infinite,
this is a contradiction because there are infinitely many distinct polynomialsX−a
in K [X]; if K is finite, this is a contradiction because there exists at least one
irreducible polynomial of each degree≥ 1. We arrive at a contradiction in either
case, and thereforex1 is algebraic overK . This completes the induction and the
proof. �

Lemma 7.4. Let K be a field, and letL be an algebraic extension ofK . If
I is a proper ideal inK [X1, . . . , Xn], then I L [X1, . . . , Xn] is a proper ideal in
L[X1, . . . , Xn].

REMARK. As usual, the notationI L [X1, . . . , Xn] refers to the set of sums of
products of elements ofI and elements ofL[X1, . . . , Xn].

PROOF. First let us identify the integral closure ofK [X1, . . . , Xn] in the field
L(X1, . . . , Xn) as L[X1, . . . , Xn]. The ring L[X1, . . . , Xn] is a unique factor-
ization domain, and Proposition 8.41 ofBasic Algebrashows that it is integrally
closed. Consequently the integral closure ofK [X1, . . . , Xn] in L(X1, . . . , Xn) is
contained in L[X1, . . . , Xn]. On the other hand, the integral closure of
K [X1, . . . , Xn] in L(X1, . . . , Xn) containsL becauseL/K is algebraic, and
it contains eachXj . Therefore it containsL[X1, . . . , Xn] and must equal
L[X1, . . . , Xn].

Now we apply Proposition 8.53 ofBasic Algebrato the ringK [X1, . . . , Xn],
its field of fractionsK (X1, . . . , Xn), the extension fieldL(X1, . . . , Xn), and
the integral closureL[X1, . . . , Xn] of K [X1, . . . , Xn] in L(X1, . . . , Xn). The
proposition says that ifP is any maximal ideal ofK [X1, . . . , Xn], then the ideal
PL[X1, . . . , Xn] is proper inL[X1, . . . , Xn]. This result is to be applied to any
maximal idealP of K [X1, . . . , Xn] that containsI . �

PROOF OFTHEOREM 7.1. LetJ be a maximal ideal inK [X1, . . . , Xn]. Then
L = K [X1, . . . , Xn]/J is a field. HenceL = K [x1, . . . , xn] is a field if thexi ’s
are defined byxi = Xi + J. Lemma 7.3 shows that eachxj is algebraic overK ,
and the first conclusion of the theorem follows.

When this conclusion is applied toK instead ofK , then the fact thatK is
algebraically closed implies that eachxj lies in the cosets determined byK , i.e., the
cosets of the constant polynomials. Consequently for eachj , there is an element
aj in K such thatxj − aj lies in J. Then it follows that(X1 − a1, . . . , Xn − an)

is contained inJ. Since the ideal(X1 − a1, . . . , Xn − an) is maximal, J =
(X1 − a1, . . . , Xn − an). This proves that the maximal ideals are as in the
displayed expression in the theorem.

To prove (a), we apply Lemma 7.4 to the idealI in K [X1, . . . , Xn] and to the al-
gebraic extensionK of K . The lemma produces a proper ideal ofK [X1, . . . , Xn]
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containingI , and we extend it to a maximal idealJ of K [X1, . . . , Xn]. From the
previous paragraph of the proof,J is of the formJ = (X1 −a1, . . . , Xn −an) for
some(a1, . . . ,an) in K n. The idealJ is therefore identified as the kernel of the
evaluation homomorphism ofK [X1, . . . , Xn] at the point(a1, . . . ,an). Every
member ofJ thus vanishes at(a1, . . . ,an), and the same thing is true of every
member ofI . This proves (a).

For (b), letI be a proper ideal inK [X1, . . . , Xn], and let f be as in (b). Intro-
duce an additional indeterminateY, and letJ be the ideal inK [X1, . . . , Xn,Y]
generated byI and f Y − 1. If some point(x1, . . . , xn, y) lies on the locus of
common zeros ofJ in K n+1, then(x1, . . . , xn) lies on the locus of common zeros
of I in K n, sinceI ⊆ J; thus f (x1, . . . , xn) = 0, since f is assumed to vanish
on all common zeros ofI in K n. Consequentlyf (x1, . . . , xn)y − 1 = −1 �= 0,
and we find thatf (X1, . . . , Xn)Y − 1 does not vanish on the locus of common
zeros ofJ in K n+1, contradiction. We conclude that no point(x1, . . . , xn, y) lies
on the locus of common zeros ofJ in K n+1. By (a), we see that

J = K [X1, . . . , Xn,Y]. (∗)

Let us writeX for the expressionX1, . . . , Xn. Then(∗) implies that

1 =
r∑

i =1
pi (X,Y)gi (X)+ q(X,Y)( f (X)Y − 1) (∗∗)

for someg1, . . . , gr in I and somep1, . . . , pr andq in K [X,Y]. Let ψ be the
substitution homomorphism ofK [X,Y] into K (X) that carriesK into itself, X
into itself, andY into f (X)−1. Application ofψ to (∗∗) gives

1 =
r∑

i =1
pi (X, f (X)−1)gi (X), (†)

sinceψ
(

f (X)Y − 1
) = 0. If Yk is the largest power ofY that appears in any of

the polynomialspi (X,Y), then we can rewrite(†) as

f (X)k =
r∑

i =1

(
f (X)k pi (X, f (X)−1)

)
gi (X)

and exhibit f (X)k as the sum of products of the membersgi of I by members of
K [X]. Thus f (X)k is in I , and (b) is proved. �

2. Transcendence Degree

Let K be a field, and letL be an extension field. The algebraic construction in
this section will show thatL can be obtained fromK in two steps, by a “purely
transcendental” extension followed by an algebraic extension. The number of
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indeterminates in the first step (or the cardinality if the number is infinite) will be
seen to be an invariant of the construction and will be called the “transcendence
degree” ofL/K .

Before coming to the details, let us mention what transcendence degree will
mean geometrically. Suppose that the fieldK is algebraically closed, suppose
that I is a prime ideal inK [X1, . . . , Xn], and suppose thatV is the locus of
common zeros ofI . Corollary 7.2 shows thatI is the set of all polynomials
vanishing onV , and thus the integral domainK [X1, . . . , Xn]/I may be regarded
as the set of all restrictions toV of polynomials. IfL is the field of fractions of
K [X1, . . . , Xn]/I , then the transcendence degree ofL/K will be interpreted as
the “number of independent variables” or “dimension” of the locusV .

Now we can make the precise definitions. LetK be a field, and letL be
an extension field. A finite subsetx1, . . . , xn of L is said to bealgebraically
independentover K if the ring homomorphismK [X1, . . . , Xn] → L given by
f 	→ f (x1, . . . , xn) is one-one.2 Otherwise it is algebraically dependent.

EXAMPLE. Let K = C, and let p(X,Y) = Y2 − X(X + 1)(X − 1). The
principal idealI = (p(X,Y)) was shown to be prime inC[X,Y] in the example
with Corollary 7.2. ThereforeC[X,Y]/I is an integral domain. Letx andy be
the cosetsx = X + I and y = Y + I . If L denotes the field of fractions of
C[X,Y]/I , then we may regardx andy as members ofL. The subset{x, y} of L
is algebraically dependent because the polynomialp(X,Y) maps to 0 under the
substitution homomorphism ofC[X,Y] into L with X 	→ x andY 	→ y.

A subsetS of L is called atranscendence setover K if each finite subset of
S is algebraically independent overK . A maximal transcendence set overK is
called atranscendence basisof L over K . For each transcendence setS of L
overK , we writeK (S) for the smallest subfield ofL containingK andS. If some
transcendence basisS has the property thatK (S) = L, thenL is said to be a
purely transcendentalextension ofK ; in this case it follows from the definitions
thatS is a transcendence basis ofL over K .

EXAMPLE, CONTINUED. With K andL as in the example above, the setsS = {x}
andS = {y} are transcendence sets overK = C. It is not hard to see that{x} is a
transcendence basis ofL overK . Actually, if z is any member ofL that is not inC,
then{z} is a transcendence set overC. The reason is thatC is algebraically closed;
hence eitherz is transcendental overC or elsez lies inC. Lemma 7.6 below shows
that any transcendence set ofL overC can be extended to a transcendence basis,
and Theorem 7.9 shows that all transcendence bases ofL overC have the same
cardinality. It follows that ifz is any member ofL that is not inC, then{z} is a

2By convention the empty set is algebraically independent overK .
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transcendence basis ofL overC and that every transcendence basis ofL overC
is of this form. The two-element set{x, y} cannot be a transcendence set by this
reasoning, but we can see this conclusion more directly just by observing that
{x, y} was shown in the example above to be algebraically dependent.

Shortly we shall establish the existence of transcendence bases in general. If
S is a transcendence basis and ifK ′ is defined to beK (S), then we shall show
thatL is algebraic overK ′. The subfieldK ′ of L depends on the choice ofS, but
there is a uniqueness theorem: the cardinality of a transcendence basis ofL/K
is independent of the particular transcendence basis.

Lemma 7.5. Let L/K be a field extension, letS be a transcendence set of
L over K , let K (S) be the subfield ofL generated byK andS, and letx be an
element ofL not in S. ThenS′ = S∪ {x} is a transcendence set ofL over K if
and only ifx is transcendental overK (S).

PROOF. Suppose thatx is transcendental overK (S) and is not inS. Let n
distinct elementsx1, . . . , xn of S′ be given. If these are all inS, then f 	→
f (x1, . . . , xn) is one-one becauseS is a transcendence set. Suppose that one of
the n elements isx; say xn = x. If f is in the kernel of the homomorphism
f 	→ f (x1, . . . , xn), i.e., if f (x1, . . . , xn) = 0, thenx is a root of the polynomial
g(X) = f (x1, . . . , xn−1, X) in K (x1, . . . , xn−1)[X]. Since x is assumed to
be transcendental overK (S), the polynomialg must be 0. If we expand the
polynomial f in powers ofX as

f (X1, . . . , Xn−1, X) = cl (X1, . . . , Xn−1)X
l + · · · + c0(X1, . . . , Xn−1),

the condition thatg be 0 says thatcj (x1, . . . , xn−1) = 0 for all j . Since the set
{x1, . . . , xn−1} is algebraically independent, we see thatcj = 0. Thereforef = 0.
Hence{x1, . . . , xn} is algebraically independent, andS′ is a transcendence set.

Conversely suppose thatS′ is a transcendence set ofL over K . We are to
show that the only polynomialF(X) in K (S)[X] such thatF(x) = 0 is the 0
polynomial. Since only finitely many coefficients ofF are in question, we may
view F as inK ({x1, . . . , xn})[X] for some finite subset{x1, . . . , xn}of S. Clearing
fractions, we can writeF as

F(X) = d(x1, . . . , xn)
−1(cl (x1, . . . , xn)X

l + · · · + c0(x1, . . . , xn)
)

for suitable polynomialsd, c0, . . . , cl in K [X1, . . . , Xn] with d(x1, . . . , xn) �= 0.
Define

F̃(X1, . . . , Xn, X) = cl (X1, . . . , Xn)X
l + · · · + c0(X1, . . . , Xn).

The conditionF(x) = 0 yields F̃(x1, . . . , xn, x) = 0. Since{x1, . . . , xn, x}
is by assumption algebraically independent overK , we see that̃F = 0. Thus
cj (X1, . . . , Xn) = 0 for all j , and consequentlycj (x1, . . . , xn) = 0 for all j .
ThereforeF = 0, as required. �
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Lemma 7.6. If L/K is a field extension, then

(a) any transcendence set ofL over K can be extended to a transcendence
basis ofL over K ,

(b) any subset ofL that generatesL as a field overK has a subset that is a
transcendence basis ofL over K .

In particular, there exists a transcendence basis ofL over K .

PROOF. For (a), order by inclusion upward the transcendence sets containing
the given one. To apply Zorn’s Lemma, we need only show that the union of a
chain of transcendence sets inL over K is again a transcendence set. Thus let
finitely many elements of the union of the sets in the chain be given. Since the sets
in the chain are nested, all these elements lie in one member of the chain. Hence
they are algebraically independent overK , and it follows from the definition that
the union of the sets in the chain is a transcendence set. By Zorn’s Lemma there
exists a maximal transcendence set, and this is a transcendence basis by definition.

For (b), we argue in the same way as for (a). Let the given generating set
be G. Order by inclusion upward the transcendence sets that are subsets ofG.
The empty set is such a transcendence set. As with (a), the union of a chain of
transcendence sets inL over K is again a transcendence set, and the union is
contained inG if each individual set is. By Zorn’s Lemma there exists a maximal
transcendence subsetS of G. To complete the proof, it is enough to show that
every member ofG is algebraic overK (S). Let x be inG. We may assume that
x is not in S. By maximality,S∪ {x} is not a transcendence set. Then Lemma
7.5 shows thatx is algebraic overK (S). HenceS is the required transcendence
basis.

For the final conclusion we apply (a) to the empty set, which is a transcendence
set ofL over K . �

Theorem 7.7. If L/K is a field extension, then there exists an intermediate
field K ′ such thatK ′/K is purely transcendental andL/K ′ is algebraic.

PROOF. Lemma 7.6 produces a transcendence basisS for L/K . DefineK ′
to be the intermediate fieldK (S) generated byK and S. Then K ′ is purely
transcendental overK by definition. Ifx is a member ofL that is not inK ′, then
S∪ {x} is not a transcendence set ofL over K by maximality ofS, and Lemma
7.5 shows thatx is algebraic overK (S) = K ′. HenceL is algebraic overK ′. �

As was mentioned earlier in the section, the intermediate fieldK ′ with the
properties stated in the theorem is not unique. In the example above withK = C
and withL equal to the field of fractions ofC[X,Y]/

(
Y2 − X(X + 1)(X − 1)

)
,

K ′ can be any subfieldC(z) with z not in the subfieldC. For an even simpler
example, letK be arbitrary, and letL = K (x) be any purely transcendental
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extension. Use of the transcendence basis{x} of L over K leads toK ′ = L in
the proof of Theorem 7.7. But{x2} is another transcendence basis, and for it we
haveK ′ = K (x2). The extensionL/K ′ is algebraic becausex is a root of the
polynomialX2 − x2 in K (x2)[X].

We turn to the matter of showing that any two transcendence bases ofL over
K have the same cardinality. We shall make use of the following result, which
was proved at the end of the appendix ofBasic Algebra:

Let S and E be nonempty sets withS infinite, and suppose that to
each elements of S is associated a countable subsetEx of E in such
a way thatE = ⋃

s∈S Es. Then cardE ≤ cardS.

In our application of this result, the setsEx will all be finite sets.

Lemma 7.8 (Exchange Lemma). LetL/K be a field extension. IfE is any
subset ofL, let K (E) be the subfield ofL generated byK andE, and letK (E)
be the subfield of all elements inL that are algebraic overK (E). If E ∪ {x} and
E ∪ {y} are finite transcendence sets ofL overK and if x lies in K (E ∪ {y}) but
not K (E), theny lies in K (E ∪ {x}).

PROOF. The condition thatx lie in K (E ∪ {y}) implies that there exist a finite
subset{x1, . . . , xn} of E and a memberf of K (X1, . . . , Xn,Y)[Z] such that

f (x1, . . . , xn, y, Z) �= 0 but f (x1, . . . , xn, y, x) = 0. (∗)

Clearing fractions, we may assume thatf lies in K [X1, . . . , Xn,Y, Z]. Expand
f in powers ofY as

f (X1, . . . , Xn,Y, Z) =
l∑

j =0
cj (X1, . . . , Xn, Z)Y j .

Since f (x1, . . . , xn, y, Z) �= 0 by (∗), at least one of the coefficients, say
ci , has to satisfyci (x1, . . . , xn, Z) �= 0. Lemma 7.5 shows thatx is tran-
scendental overK (E), and thereforeci (x1, . . . , xn, x) �= 0. Consequently
f (x1, . . . , xn,Y, x) is nonzero. Sincef (x1, . . . , xn, y, x) = 0 by (∗), y is
algebraic overK ({x1, . . . , xn, x}). Thereforey lies in K (E ∪ {x}). �

The statement of Lemma 7.8 defines an operationE 	→ K (E) on subsets ofL.
Because an algebraic extension of an algebraic extension is algebraic, applying

this operation a second time does nothing new:K
(

K (E)
) = K (E). We shall

make use of this fact in the proof of Theorem 7.9 below.

Theorem 7.9. If L/K is a field extension, then any two transcendence bases
of L over K have the same cardinality.
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REMARKS. The cardinality is called thetranscendence degreeof L/K . For
applications to algebraic geometry, the situation of interest is that this cardinality
is finite, but we give a complete proof of the theorem anyway.

PROOF. First suppose thatL/K has a finite transcendence basisB. Let|B| = n.
Let B′ be another transcendence basis, and letm = |B ∩ B′|. We prove that
|B′| = |B| by induction downward onm. The base case of the induction is that
m = n. ThenB ⊆ B′, and we must haveB = B′ by maximality ofB.

For the inductive step, suppose thatm < n and that|B′| = |B| whenever
|B ∩ B′| ≥ m + 1. We write the elements ofB in an order such thatB =
{x1, . . . , xn} and B ∩ B′ = {x1, . . . , xm}. Lemma 7.5 shows thatxm+1 is tran-
scendental overK (B − {xm+1}). Hencexm+1 does not lie inK (B − {xm+1}).
A second application of Lemma 7.5 shows thatL = K (B′). The inclusion
B′ ⊆ K (B − {xm+1}) is impossible because otherwise we would have

L = K (B′) ⊆ K
(

K (B − {xm+1})
) = K (B − {xm+1}).

Hence there exists an elementy of B′ that does not lie inK (B − {xm+1}). A
third application of Lemma 7.5 shows that(B −{xm+1})∪{y} is a transcendence
set for L/K . Sincey lies in L = K (B), the Exchange Lemma (Lemma 7.8)
shows thatxm+1 lies in K

(
(B − {xm+1}) ∪ {y}). ConsequentlyB is contained in

K
(
(B − {xm+1}) ∪ {y}), andL = K

(
(B − {xm+1}) ∪ {y}). A fourth application

of Lemma 7.5 shows that the transcendence setB1 = (B − {xm+1}) ∪ {y} is a
transcendence basis. The setB1 hasn elements, and the inclusionB1 ∩ B′ ⊇
{x1, . . . , xm, y} shows that|B1 ∩ B′| ≥ m + 1. The inductive hypothesis shows
that |B′| = |B1|, and therefore|B′| = |B|. This completes the proof under the
assumption thatL/K has a finite transcendence basis.

We may now suppose thatL/K has no finite transcendence basis. LetB be a
transcendence basis ofL/K ; existence is by Lemma 7.6. To each elementx of
L, we shall associate a canonical finite subsetEx of L.

Since the elementx is algebraic overK (B), use of the field polynomial ofx
over K (B) shows thatx is algebraic overK (E) for some finite subsetE of B.
Let E0 be such a finite setE with the smallest cardinality; the setE0 will be
the canonical finite subsetEx that we seek. To show thatE0 is canonical, we
show that wheneverx lies in K (E) for some finite subsetE of B, thenE0 ⊆ E.
Arguing by contradiction, suppose thaty is a member ofE0 that is not inE, and
defineE1 = E0 −{y}. By minimality of |E0|, x does not lie inK (E1). However,
x does lie inK (E1 ∪ {y}). Application of the Exchange Lemma shows thaty
lies in K (E1 ∪ {x}). Since

K (E1 ∪ {x}) ⊆ K
(
E1 ∪ K (E)

) ⊆ K
(

K (E1 ∪ E)
) = K (E1 ∪ E),
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y lies in K (E1 ∪ E). Sincey is in B but is not inE1 ∪ E, Lemma 7.5 shows
that y is not algebraic overK (E1 ∪ E), and we arrive at a contradiction. This
completes the proof that wheneverx lies in K (E) for some finite subsetE of B,
thenE0 ⊆ E. HenceE0 is canonical.

For each elementx of L, we letEx be the finite subset ofB constructed in the
previous paragraph. Then we have a well-defined map ofL to the set of all finite
subsets ofB given byx 	→ Ex ⊆ B. Now let B′ be a second transcendence basis
of L/K , and restrict the map fromL to B′. TakingS = B′ andE = ⋃

x∈B′ Ex

in the indented result quoted just before Lemma 7.8, we find that

card
( ⋃

x∈B′
Ex
) ≤ card(B′). (∗)

On the other hand, anyx in B′ lies in K (Ex) by definition ofEx. HenceB′ ⊆
K
(⋃

x∈B′ Ex
)
. Applying the operationK ( · ) to both sides gives

L = K (B′) ⊆ K
(

K
(⋃

x∈B′ Ex
) ) = K

(⋃
x∈B′ Ex

)
.

Since
⋃

x∈B′ Ex is a subset ofB and since a proper subset ofB cannot be a
transcendence basis ofL/K , we conclude that

B = ⋃
x∈B′ Ex.

Consequently
cardB = card

(⋃
x∈B′ Ex

)
.

In combination with(∗), this equality implies that cardB ≤ cardB′. Reversing
the roles ofB andB′ gives cardB′ ≤ cardB. Therefore cardB = cardB′ by the
Schroeder–Bernstein Theorem.3 �

3. Separable and Purely Inseparable Extensions

Thus far in this book, we have been interested in the detailed structure of algebraic
field extensions only when they are separable. For applications to algebraic
geometry, however, algebraic extensions that are not separable arise and even
play a special role. Thus it is essential to have some understanding of their
nature.

Let us review the material on separability in Section IX.6 ofBasic Algebra.
Let K be a field. A polynomial inK [X] is defined to beseparableif it splits
into distinct first-degree factors in its splitting field overK . Let L/K be an
algebraic extension of fields. An element ofL is defined to beseparableover
K if its minimal polynomial overK is separable. Elements ofL that fail to be
separable overK are calledinseparableoverK . The prototype of an inseparable

3A proof of the Schroeder–Bernstein Theorem appears in the appendix ofBasic Algebra.
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element is the elementa1/p in the extensionk(a1/p), wherek = Fp(a) is a simple
transcendental extension of the finite fieldFp. Corollary 9.31 ofBasic Algebra
shows that the separable elements ofL over K form a subfield, andL/K is
defined to be separable if every every member ofL is separable overK . As
a consequence of Corollary 9.29 ofBasic Algebra, we know that a separable
extension of a separable extension is separable.

One further tool fromBasic Algebrais needed in order to handle the failure of
separability. This is Proposition 9.27, which says that an irreducible polynomial
f (X) in K [X] is separable if and only iff ′(X) is not the zero polynomial. It is
immediate that every irreducible polynomial is separable ifK has characteristic 0.
Thus we need discuss only characteristicp in the remainder of this section.

The consequence of Proposition 9.27 for characteristicp is that an irreducible
polynomial f (X) fails to be separable overK if and only if the only powers of
X that appear with nonzero coefficient inf (X) are the powersXkp, i.e., if and
only if f (X) = g(X p) for someg in K [X].

In this case the polynomialg(X) is certainly irreducible inK [X], and we can
repeat this process. The polynomialg(X) fails to be separable overK [X] if and
only if g(X) = h(X p) for someh in K [X]. Then f (X) = h(X p2

). Repeating
this process as many times as possible, we see that to each irreducible polynomial
f (X) in K [X] correspond a unique nonnegative integereand a uniqueseparable
irreducible polynomialg(X) such thatf (X) = g(X pe

). We callpe thedegree of
inseparability of f (X) overK . From the definitions an element of an algebraic
extension ofK is inseparable if and only if the degree of inseparability of its
minimal polynomial overK is greater than 1.

If L/K is an algebraic field extension, then an elementα of L is said to be
purely inseparable4 over K if α pμ lies in K for some integerμ ≥ 0. Let us see
in this case that the minimal polynomial ofα over K is of the formX pe − α pe

for somee ≥ 0.

Proposition 7.10.If K is a field of characteristicp and ifα is a member ofK
such that p

√
α is not in K , thenX pμ − α is irreducible inK [X] for everyμ ≥ 0.

PROOF. Let L be a splitting field ofX pμ −α overK . If β is a root ofX pμ −α,
thenβ pμ = α, and henceX pμ − α = X pμ − β pμ = (X − β)pμ .

Let f (X) be a monic irreducible factor ofX pμ − α in K [X]. Let us see that
X pμ − α = f (X)n for somen. In fact, if the contrary were true, then there
would be a second monic irreducible factorg(X) of X pμ − α in K [X] relatively
prime to f (X). Then we can writeu(X) f (X) + v(X)g(X) = 1 for suitable

4Warning: Not every element ofL that is purely inseparable overK is inseparable overK . The
elements ofK are counterexamples. Corollary 7.12 below shows that the elements ofK are the only
counterexamples.
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polynomialsu(X) andv(X) in K [X]. As members ofL[X], both f (X) and
g(X) have to be powers ofX − β by unique factorization, and thus they both
vanish atβ. Substitution ofβ into u f + vg = 1 therefore yields a contradiction.
HenceX pμ − α = f (X)n.

Since f (X) has to be(X − β)m for somem, we obtainX pμ − α = f (X)n =
(X − β)mn. The integersm andn must dividepμ. Thusm = pν , and f (X) =
(X−β)pν = X pν −β pν . Since f (X) is assumed to be inK [X], β pν lies inK . An
inequalityν < μ would imply thatγ = (β pν )p

μ−ν−1
lies in K ; the pth power of

γ is α, however, and the hypothesis of the proposition says that such an element
γ cannot be inK . We conclude thatν = μ, and thusf (X) = X pμ − α. In other
words,X pμ − α is irreducible inK [X]. �

Corollary 7.11. If L/K is an algebraic extension in characteristicp, if α is
a purely inseparable element ofL over K , and if e is the smallest nonnegative
integer such thatα pe

lies in K , then the minimal polynomial ofα over K is
X pe − α pe

.

PROOF. This is immediate from Proposition 7.10. �

Corollary 7.12. If L/K is an algebraic extension in characteristicp and ifα
is an element ofL that is separable and purely inseparable overK , thenα lies
in K .

PROOF. Sinceα is purely inseparable overK , Corollary 7.11 says that the
minimal polynomial ofα overK is X pe −α pe

, wheree is the smallest nonnegative
integer such thatα pe

lies in K . The separability ofα says that this polynomial
is separable. Unlesspe = 1, the polynomial has derivative 0 and thus repeated
roots. Thereforepe = 1 ande = 0, and we conclude thatα lies in K . �

An algebraic field extensionL/K in characteristicp is said to bepurely
inseparable if every element ofL is purely inseparable overK . Since purely
inseparable elementsα have minimal polynomials of the formX pe − α pe

, the
degree of a purely inseparable extension has to be a power ofp.

Theorem 7.13.If L/K is an algebraic field extension in characteristicp and
if Ks is the subfield of all elements ofL that are separable overK , thenL/Ks is
a purely inseparable extension.

PROOF. Let α be an element ofL, and let f (X) be the minimal polynomial
of α over K . Then we can writef (X) = g(X pe

), where pe is the degree
of inseparability of f . The polynomialg(X) is irreducible overK , and it is
separable. Sinceα pe

is a root,α pe
is a separable element. Thereforeα pe

lies in
Ks. By definition of pure inseparability,α is purely inseparable overKs. Since
α is arbitrary inL, L is purely inseparable overKs. �
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Corollary 7.14. Let R be a Dedekind domain, letF be its field of fractions,
let K be a finite algebraic extension ofF , and letT be the integral closure ofR
in K . ThenT is a Dedekind domain.

REMARKS. This result is quite important. It was used extensively in Chapter VI,
as was explained in the remarks with Proposition 6.7, and it plays a foundational
role in the theory of algebraic curves as presented in Chapters IX and X. Theorem
8.54 ofBasic Algebraproved this result under the assumption thatK is a finite
separable extension ofF , and we are now dropping the hypothesis of separability.
SinceK/F is automatically a separable extension in characteristic 0, we may
assume that the characteristic is not 0.

PROOF. Theorem 7.13 shows thatK can be obtained in two steps fromF ,
a separable extension followed by a purely inseparable extension. The integral
closure ofF in the separable extension field is a Dedekind domainD by Theorem
8.54 of Basic Algebra, and the integral closure ofD in K equalsT by the
transitivity of integral closure. Consequently it is enough to prove the corollary
under the additional hypothesis thatK is a purely inseparable extension ofF .
What needs proof (in view of the statement of Theorem 8.54 ofBasic Algebra)
is thatT is Noetherian, i.e., that each ideal ofT is finitely generated.

Let p be the characteristic. SinceK/F is finite and purely inseparable, there
exists some powerq = pm of p such that the fieldK q is contained inF ;
specifically, the integerq is to be large enough for theqth power of each element
of a vector-space basis ofK over F to lie in F . We begin by proving that

T = {
b ∈ K | bq ∈ R

}
. (∗)

The inclusion⊆ follows, sinceb ∈ T implies thatbq is in T ∩ F = R. For the
inclusion⊇, letb �= 0 be inK . Corollary 7.11 shows that the minimal polynomial
of b overF is X pe − bpe

, wheree is the smallest integer≥ 0 such thatbpe
lies in

F . SinceK pm ⊆ F , e ≤ m. Thusb is a root of a polynomialX pm − a, where
a = bpm

is a member ofR. Consequentlyb is integral overR and must lie inT .
This proves(∗).

Fix an algebraic closureKalg of K , and letH = Fq−1
denote the inverse image

of F under theqth power isomorphism ofKalg onto itself. This is a subfield of
Kalg, and it containsK becauseK q ⊆ F . Let S ⊆ H be the ring of allb in H
with bq in R. Sincex 	→ xq is a field isomorphism ofH onto F , x 	→ xq is a
ring isomorphism ofSonto R. ThereforeS is a Dedekind domain. It containsT
by (∗).

Let I be a nonzero ideal inT , and form the idealJ = SI in S generated by
I . SinceS is Dedekind,J is invertible as a fractional ideal ofH relative toS. If
J−1 denotes the inverse, thenJ−1 is a finitely generatedSmodule inH such that



418 VII. Infinite Field Extensions

J−1J = S. ThusS = J−1J = J−1SI = J−1I . Accordingly, choose finite sets
{xi } in J−1 and{ai } in I such that

∑
xi ai = 1.

We shall show that{ai } is a set of generators ofI as an ideal inT . We
apply theqth power mapping to

∑
xi ai = 1, obtaining

∑
xq

i aq
i = 1 with xq

i in
Hq = F ⊆ K and withaq

i in Sq = R. Putbi = aq−1
i xq

i . Then
∑

xq
i aq

i = 1
implies that

∑
ai bi = 1; hereai is in I andbi is in I q−1K ⊆ K . If a is in I , then∑

(bi a)ai = a, and it is enough to show thatbi a is in T for eachi , i.e., to show
thatbi I ⊆ T for eachi .

Theq-fold product(xi I ) · · · (xi I ) is contained inSbecausexi I ⊆ J−1J = S.
Thusbi I = xq

i aq−1
i I ⊆ S. Sobi I ⊆ S∩ K . If s is any element inS∩ K , then

we know thatr = sq is a member ofR becauseSq = R. Hences is a root of
Xq − r with r in R. That is,s is integral overR. Sinces also is inK , s lies in the
integral closure ofR in K , which isT . Thusbi I ⊆ T , and the proof is complete.

�

A field K is perfect if either it has characteristic 0 or else it has characteristic
p and the field mapx 	→ xp of K into itself is onto. Examples of perfect fields
include all finite fields, all algebraically closed fields, and of course all fields of
characteristic 0.

Proposition 7.15.A field K is perfect if and only if every algebraic extension
of K is separable.

PROOF. We need to consider only the case thatK has characteristicp. Suppose
that x 	→ xp fails to be ontoK . Chooseβ in K such thatX p − β has no root
in K . Proposition 7.10 shows thatX p − β is irreducible overK . Since this
polynomial has derivative 0, it is not separable. ThusX p −β is a polynomial that
is irreducible but not separable, and adjunction of a root ofX p −β to K produces
an extensionL of K that is not separable.

Conversely suppose that the field mapx 	→ xp of K to itself is onto. Then
x 	→ xpe

is onto K for everye ≥ 0. Let L be an algebraic extension ofK ,
and let Ks be the subfield of elements separable overK . If α is given in L,
then Theorem 7.13 shows that there exists a nonnegative integere such thatα pe

is in Ks. Let g(X) be the minimal polynomial ofα pe
over K , and writeg(X) =

Xm + c1Xm−1 + · · · + cm. SinceK is perfect, there existsbj for each j with

1 ≤ j ≤ m such thatbpe

j = cj . Put f (X) = Xm + b1Xm−1 + · · · + bm. Then

f (α)p
e = (α pe

)m + bpe

1 (α
pe
)m−1 + · · · + bpe

m = g(α pe
) = 0,

and thereforef (α) = 0. Consequentlyf (X) divides the minimal polynomial of
α over K , and the fact thatα pe

lies in K (α) implies that

[K (α) : K ] ≤ deg f (X) = degg(X) = [K (α pe
) : K ] ≤ [K (α) : K ].
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Equality must hold throughout, and thereforeK (α) = K (α pe
). SinceK (α pe

) is
contained inKs, α lies in Ks. Therefore every member ofL lies in Ks, andL is
separable overK . �

A function field in r variables over a fieldK is a field L that is finitely
generated overK and has transcendence degreer overK . A transcendence basis
{x1, . . . , xr } of such an extensionL/K is called aseparating transcendence
basisof L/K if L is a separable algebraic extension ofK (x1, . . . , xr ). If the
function fieldL in r variables overK has a separating transcendence basis, we
say thatL is separably generatedover K .

The two kinds of fields of continual interest in Chapter VI were number fields
and function fields in one variable over a base field. In the latter case some results
beginning in Section VI.6 assumed in effect that the function field is separably
generated over the base field. It was asserted at the beginning of Section VI.9 that
function fields in one variable over finite fields are always separably generated;
this assertion is a special case of Theorem 7.20 below.

Proposition 4.28 ofBasic Algebragave a version of the Factor Theorem valid
for all commutative rings with identity. For the present investigation we need a
version of the division algorithm that is valid in this wider context.

Lemma 7.16.Let R be a commutative ring with identity, letf (X) andg(X)
be members ofR[X] of respective degreesm andn, and leta be the leading
coefficient ofg(X). For the integerk = max(m−n+1, 0), there existq(X) and
r (X) in R[X] such that

ak f (X) = g(X)q(X)+ r (X) with degr < n or r = 0.

PROOF. If m< n, thenk = 0, and the displayed formula holds withq(X) = 0
andr (X) = f (X). For m ≥ n − 1, we proceed by induction onm. The base
case of the induction ism = n − 1, which we have already handled. For the
inductive step, suppose thatm ≥ n. The integerk is m−n+1. If b is the leading
coefficient of f (X), thena f (X) − bXm−ng(X) is a polynomial that either is 0
or has degree less thanm. The inductive hypothesis allows us to write

a(m−1)−n+1(a f (X)− bXm−ng(X)
) = g(X)q1(X)+ r1(X)

with degr1 < n or r1 = 0. If we setq(X) = bam−nXm−n + q1(X) andr (X) =
r1(X), then we obtainak f (X) = g(X)q(X)+ r (X), and the lemma follows.�

Lemma 7.17.Let L/K be a field extension, letx1, . . . , xn, xn+1 be elements
of L, and suppose thatx1, . . . , xn are algebraically independent overK but
that x1, . . . , xn, xn+1 are not algebraically independent. Then the idealI of all
polynomials inK [X1, . . . , Xn+1] that vanish at(x1, . . . , xn+1) is principal with a
generator that is irreducible inK [X1, . . . , Xn+1] and involvesXn+1 nontrivially.
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PROOF. The algebraic dependence implies thatI contains nonzero polyno-
mials. Letg(X1, . . . , Xn, Xn+1) be one whose degree inXn+1 is as small as
possible, sayl . Expandg as

g = c0(X1, . . . , Xn)X
l
n+1 + c1(X1, . . . , Xn)X

l−1
n+1 + · · · + cl (X1, . . . , Xn).

The algebraic independence ofX1, . . . , Xn implies that at least one ofc0, . . . , cl−1

is nonzero. SinceK [X1, . . . , Xn] is a unique factorization domain, we can factor
out and discard the greatest common divisor of the coefficientsc0, . . . , cl . Thus
we may assume thatg is primitive as a polynomial inXn+1. If f is any element
in I , then Lemma 7.16 applied to the ringK [X1, . . . , Xn] allows us to write
ak f = gq + r with r = 0 or degr < k. Substituting(x1, . . . , xn+1), we see that
r is in I . The minimality ofl implies thatr = 0, and thusak f = gq. Write c(h)
for the greatest common divisor of the coefficients of a polynomialh. Taking
the greatest common divisor of the coefficients on each side ofak f = gq and
applying Gauss’s Lemma, we obtainakc( f ) = c(q). Thereforeak dividesq,
and we obtainf = gq0 for someq0. ConsequentlyI is principal. If g = g1g2,
then the definition ofI shows that at least one ofg1 andg2 is in I , sayg1. The
minimality of l implies that the degree ofg1 in Xn+1 is l . Thereforeg2 is in
K [X1, . . . , Xn]. Sinceg is primitive,g2 divides 1. Henceg2 lies in K . �

Theorem 7.18(Mac Lane). IfL/K is a field extension that is finitely generated
and separably generated, then any set of generators contains a subset that is a
separating transcendence basis ofL/K .

PROOF. Let the characteristic bep. The proof is by induction on the tran-
scendence degree of the extension. For transcendence degree 0, the required set
is the empty set, and there is nothing to prove. The main step is transcendence
degree 1.

Thus letL = K (x1, . . . , xn), and suppose that{z} is a transcendence basis of
L overK such thatL is separable overK (z). Sincez is transcendental,zdoes not
lie in K (zp). Thus Proposition 7.10 shows thatX p−zp is irreducible overK (zp),
andz is inseparable overK (zp). The fieldL is algebraic overK (zp), and the
subset of separable elements overK (zp) is a subfield. SinceL = K (x1, . . . , xn)

and sincez is a member ofL that is not separable overK (zp), it follows that some
xi , sayx1, is inseparable overK (zp). It will be proved that{x1} is a separating
transcendence basis ofL overK , i.e., thatx1 is transcendental overK and thatL
is separable algebraic overK (x1).

We apply Lemma 7.17 withn = 2 to the elementsz, x1. The lemma pro-
duces an irreducible polynomialf (Z, X) in K [Z, X] such that f (z, x1) = 0.
Gauss’s Lemma shows that this polynomial remains irreducible when considered
in K (Z)[X], and we have a ring isomorphismK (Z)[X] ∼= K (z)[X] becausez is
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transcendental overK . Up to a nonzero factor fromK (z), f (z, X) is the minimal
polynomial ofx1 over K (z). SinceL is separable overK (z), the elementx1 is
separable overK (z), and its minimal polynomial overK (z) involves some power
of X that is not a power ofX p.

Let us prove thatx1 is transcendental overK . In the contrary case, letg(X)
be its minimal polynomial overK . Sinceg vanishes whenX = x1 andZ = z,
g(X) satisfies an identityg(X) = q(Z, X) f (Z, X) in K [Z, X]. It therefore
satisfies the same identity inK (X)[Z]. Sinceg(X) is a unit inK (X)[Z], so is
f (Z, X). Therefore f (Z, X) is independent ofZ. Sinceg(X) is the minimal
polynomial forx1 over K , g(X) = c f (Z, X) for somec in K . Since f (Z, X)
involves a power ofX that is not a power ofX p, the same thing is true ofg(X),
and consequentlyx1 is separable overK . Thereforex1 is separable over the larger
field K (zp), in contradiction to the defining condition onx1. We conclude that
x1 is transcendental overK .

SinceL has transcendence degree 1 overK , it follows thatz is algebraic over
K (x1). Let us see thatz is separable overK (x1). In fact, Gauss’s Lemma shows
that f (Z, X) remains irreducible when considered inK (X)[Z], and we have a
ring isomorphismK (X)[Z] ∼= K (x1)[Z] becausex1 is transcendental overK .
Thereforef (Z, x1) is the product of a nonzero member ofK (x1) and the minimal
polynomialm(Z) of z overK (x1). If z were inseparable overK (x1), thenm(Z)
would be a polynomial inZ p, and we would havef (Z, X) = h(Z p, X) with
h in K [Z, X]. We know that f (Z, X) involves some power ofX that is not a
power of X p, and hence the same thing is true ofh(Z p, X). Sinceh(zp, X) is
irreducible inK [X], x1 is separable overK (zp), in contradiction to the defining
property ofx1. Thereforez is separable overK (x1).

The defining property ofz is that allxj are separable overK (z). Sincez is
separable overK (x1), all of x2, . . . , xn are separable overK (x1). ThereforeL
is separable overx1, and{x1} is a separable transcendence basis ofL/K . This
completes the proof of the theorem for transcendence degree 1.

The inductive step is somewhat a formal consequence of what has just been
proved. To see this, suppose that the theorem is known for transcendence de-
grees 1 andr − 1, and letL = K (x1, . . . , xn) have transcendence degreer .
The assumption is thatL has a transcendence basis{z1, . . . , zr } such thatL
is separable overK (z1, . . . , zr ). Put K1 = K (z1). Then the set{z2, . . . , zr }
is a transcendence basis ofL over K1 consisting ofr − 1 elements, andL is
separable overK1(z2, . . . , zr ) = K (z1, . . . , zr ) by assumption. By the inductive
hypothesis for the case of transcendence degreer − 1, some subset ofr − 1
elements from amongx1, . . . , xn forms a separating transcendence basis ofL
over K1; let us say that this basis is{x1, . . . , xr −1}. This implies thatL is
separable overK1(x1, . . . , xr −1) = K (z1, x1, . . . , xr −1). In other words, if
K ′ = K (x1, . . . , xr −1), thenL = K ′(xr , . . . , xn) is separable overK ′(z1). Since
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L/K ′ has transcendence degree 1,{z} is a separating transcendence basis ofL/K ′.
By the inductive hypothesis for transcendence degree 1, somexj for r ≤ j ≤ n
forms a separating transcendence basis ofL/K ′. For this j , {x1, . . . , xr −1, xj } is
then a separating transcendence basis ofL/K . �

Lemma 7.19. Suppose thatL is a field extension of transcendence degreer
over a fieldK and thatL is not separably generated overK . If x1, . . . , xn are
elements ofL such thatL = K (x1, . . . , xn), then for a suitable relabeling of the
xi ’s, the subfieldK (x1, . . . , xr +1) of L is of transcendence degreer and is not
separably generated overK .

PROOF. We fix K andr , and we proceed by induction onn. The base case is
thatn = r +1, and then there is nothing to prove. For the inductive step, suppose
that the lemma has been proved forn − 1 whenn > r + 1. We prove the lemma
for n. Sincer < n, we can renumber thexi ’s and assume thatK (x2, . . . , xn)

has transcendence degreer over K . If this field is not separably generated over
K , then we are in a situation withn − 1 elements. The inductive hypothesis is
applicable, and the lemma follows in this case.

Thus suppose thatK (x2, . . . , xn) is separably generated overK . Theorem 7.18
shows that after a renumbering of the indices, we may assume that{x2, . . . , xr +1}
is a separating transcendence basis ofK (x2, . . . , xn) over K . This implies that
K (x2, . . . , xn) is a separable extension ofK (x2, . . . , xr +1). Since by assumption
L = K (x1, . . . , xn) is not separably generated overK , K (x1, . . . , xn) is not
separable overK (x2, . . . , xr +1). A separable extension of a separable extension is
separable, and we deduce thatK (x1, . . . , xn) is not separable overK (x2, . . . , xn).
Thusx1 is inseparable overK (x2, . . . , xn) and is consequently inseparable over
the subfieldK (x2, . . . , xr +1). HenceK (x1, . . . , xr +1) is not separably generated
over K . �

Theorem 7.20(F. K. Schmidt). If K is a perfect field, then every finitely
generated field extension ofK is separably generated overK .

REMARK. In particular, the theorem applies ifK is a finite field or is alge-
braically closed or has characteristic 0.

PROOF. Let K have characteristicp. We induct on the transcendence degree
of the field extension ofK . The base case of the induction is transcendence
degree 0, and then the theorem is handled by Proposition 7.15. For the inductive
step, assume that the theorem holds for all finitely generated field extensions of
K having transcendence degreer − 1 over K . Let L = K (x1, . . . , xn) have
transcendence degreer over K . Arguing by contradiction, suppose thatL is not
separably generated overK . Lemma 7.19 shows for a suitable renumbering of the
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xi ’s that K ′ = K (x1, . . . , xr +1) has transcendence degreer and is not separably
generated overK .

We divide matters into two cases. First suppose that the transcendence degree
of K ′′ = K (x1, . . . , xr ) is r − 1. The inductive hypothesis shows thatK ′′ is
separably generated overK , and then Theorem 7.18 shows that we may renumber
the variables in such a way that{x1, . . . , xr −1} is a transcendence basis ofK ′′ over
K andK ′′ is separable algebraic overK (x1, . . . , xr −1). Then{x1, . . . , xr −1, xr +1}
is a transcendence basis ofK ′, andxr is algebraic overK (x1, . . . , xr −1, xr +1).
Sincexr is separable overK (x1, . . . , xr −1), it is separable over the larger field
K (x1, . . . , xr −1, xr +1). ThereforeK ′ is separably generated overK , contradic-
tion.

The remaining case is that every subset ofr members of{x1, . . . , xr +1} is a
transcendence basis ofK ′ overK . Lemma 7.17 produces an irreducible polyno-
mial f in K [X1, . . . , Xr +1] such that f (x1, . . . , xr +1) = 0. Since{x1, . . . , xr }
is a transcendence basis ofK ′, application of Gauss’s Lemma shows thatf is
irreducible in K (X1, . . . , Xr )[Xr +1] ∼= K (x1, . . . , xr )[Xr +1]. Hence up to a
nonzero factor fromK , f (x1, . . . , xr , Xr +1) is the minimal polynomial ofxr +1

over K (x1, . . . , xr ). The failure ofK ′ to be separably generated overK implies
thatxr +1 is inseparable overK (x1, . . . , xr ), and thus the only powers ofXr +1 that
appear in its minimal polynomial overK (x1, . . . , xr ) are powersX pk

r +1. In other
words, f is in K [X1, . . . , Xr , X p

r +1]. Since we are assuming that anyr of the
elementsx1, . . . , xr +1 form a transcendence basis ofK ′ overK , there is nothing
special aboutXr +1 in this argument. Consequentlyf is in K [X p

1 , . . . , X p
r , X p

r +1].
SinceK is perfect, any polynomial involving onlypth powers of each indeter-
minate is thepth power of some polynomial. Consequentlyf is reducible in
K [X1, . . . , Xr +1], in contradiction to the irreducibility guaranteed by Lemma
7.17. All cases thus lead to a contradiction, and the proof is complete. �

4. Krull Dimension

In this section we develop the algebraic background necessary for a discussion
of dimension. Suppose thatK is an algebraically closed field, suppose thatI is
a prime ideal inK [X1, . . . , Xn], and suppose thatV(I ) is the locus of common
zeros ofI . Corollary 7.2 shows thatI is the set of all polynomials vanishing on
V(I ), and thus the integral domainR = K [X1, . . . , Xn]/I may be regarded as
the set of all restrictions toV(I ) of polynomials. IfL is the field of fractions
of R, then the transcendence degree ofL/K is interpreted as the “number of
independent variables” on the locusV(I ). We define it to be thedimensionof
V(I ). The elementsXj + I of R for 1 ≤ j ≤ n generateR as aK algebra,
and therefore they generateL over K as a field. We shall make critical use of
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the fact implied by Lemma 7.6b that some subset of{X1 + I , . . . , Xn + I } is a
transcendence basis ofL. We shall speak of such a subset as atranscendence
basisof R for economy of words. We denote its cardinality by tr.degR.

EXAMPLE. We continue with the example from Sections 1–2. LetK = C,
let I be the principal ideal

(
Y2 − X(X + 1)(X − 1)

)
in C[X,Y], and let L

be the field of fractions of the integral domainR = C[X,Y]/I . Corollary
7.2 shows that the ringR is the ring of restrictions of polynomials to the locus
V(I ) = {(x, y) ∈ C2 | y2 = x(x+1)(x−1)}. According to the above definition,
the dimension ofV(I ) is the transcendence degree ofL, which we have seen is 1.
This is in accord with the intuition that the locusV(I ) is a “curve” in the sense
of having one independent complex parameter.

The goal of this section is to produce an equivalent definition of dimension
that does not depend on the fact thatK [X1, . . . , Xn]/I is an integral domain.
The rephrased definition will extend to any commutative ring with identity and
is essential for modern algebraic geometry.

Let R be any commutative ring with identity. TheKrull dimension of R,
denoted by dimR, is the supremum of the indicesd of all strictly increasing
chains

P0 � P1 � · · · � Pd

of prime ideals inR. We define dimR = ∞ if there is no finite supremum.

EXAMPLES OFKRULL DIMENSION.

(1) R equal to a field. The only prime ideal is 0. Thus the Krull dimension of
any field is 0.

(2) R = Z. The prime ideals are of the formpZ for each prime numberp,
together with 0. Each nonzero prime ideal is maximal. Consequently there is a
strictly increasing chain 0� pZ of prime ideals for each prime numberp, but
there are no longer such chains. Thus dimZ = 1. More generally any principal
ideal domainR that is not a field, or even any Dedekind domainR that is not a
field, has dimR = 1 because every nonzero prime ideal is maximal.

(3) Rcommutative Artinian. In Chapter II a ring with identity was defined to be
Artinian if its two-sided ideals satisfy the descending chain condition. Problem 8
at the end of that chapter showed thateveryprime ideal in such a ring is maximal.
In other words, every commutative Artinian ring has Krull dimension 0.

(4) Polynomial ringR = K [X1, . . . , Xn], whereK is a field. In geometric
terms for the case thatK is algebraically closed, the relevant zero locus for this
R is K n, which we certainly want to have dimension equal ton, and the field of
fractions ofR is K (X1, . . . , Xn), which indeed has transcendence degreen. Let
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us examine the Krull dimension ofR. If 0 ≤ k ≤ n and if we form the ideal
(X1, . . . , Xk), then the ring isomorphism

R ∼= K [Xk+1, . . . , Xn][ X1, . . . , Xk]

shows that the quotientR/(X1, . . . , Xk) is isomorphic toK [Xk+1, . . . , Xn],
which is an integral domain. Therefore(X1, . . . , Xk) is prime, and we have
a strictly increasing chain

0 � (X1) � · · · � (X1, . . . , Xn−1) � (X1, . . . , Xn).

So dimK [X1, . . . , Xn] ≥ n. Actually, equality holds, as Theorem 7.22 will
show.

Lemma 7.21. Let R be a commutative ring with identity, letS−1R be the
localization relative to a multiplicative systemS in R, let I be an ideal inR, and
let Sbe the image ofS in R/I . Then

S−1R
/

S−1I ∼= S−1(R/I )

via the mappings−1r + S−1I 	→ (s + I )−1(r + I ).

PROOF. Let q : R → R/I and q̄ : S−1R → S−1R/S−1I be the quotient
homomorphisms, and letη : R → S−1R and η̄ : R/I → S−1(R/I ) be the
canonical homomorphisms ofR andR/I into their localizations. To each of the
rings X1 = S−1R

/
S−1I and X2 = S−1(R/I ) is associated a canonical map,

namelyη1 : R → X1 andη2 : R → X2 with η1 = q̄η andη2 = η̄q. Let
us see that the pairs(Xi , ηi ) for i = 1,2 have the following universal mapping
property with respect to ring homomorphismsϕ of R into a commutative ring
T with identity such thatϕ(1) = 1, ϕ(I ) = 0, andϕ(S) ⊆ T×: there exists a
unique homomorphismϕi : Xi → T such thatϕ = ϕi ηi .

For i = 1, we first apply the universal mapping property of the localization
S−1R to write ϕ = ϕ1η and then apply the universal mapping property of the
quotient to writeϕ = ϕ1q̄η. For i = 2, we first apply the universal mapping
property of the quotientR/I to writeϕ = ϕ2q and then apply the universal map-
ping property of the localization to writeϕ = ϕ2η̄q. From these constructions we
deduce existence and uniqueness ofϕi in both cases. The asserted isomorphism
then follows from the general fact that objects satisfying a universal mapping
property are unique up to isomorphism; tracking down that isomorphism gives
the explicit formula in the lemma. �
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Theorem 7.22. Let K be a field, letR be an integral domain that is finitely
generated as aK algebra, and letL be the field of fractions ofR. Then the Krull
dimension ofR equals the transcendence degree ofL over K .

PROOF. If x1, . . . , xn are generators ofR as a K algebra, thenR ∼=
K [X1, . . . , Xn]/I , where I is the ideal of all polynomials inK [X1, . . . , Xn]
that vanish at(x1, . . . , xn). The idealI is prime, sinceR is assumed to be an
integral domain. Letr be the transcendence degree ofL overK . We know from
Lemma 7.6b that some subset of{x1, . . . , xn} is a transcendence basis ofL over
K ; thereforer ≤ n. To prove the theorem, we shall prove thatr ≥ dim R and
thatr ≤ dim R.

Suppose thatP andQ are prime ideals ofR with P ⊆ Q. Then the identity
map on R descends to aK algebra homomorphismϕ : R/P → R/Q. If
αj = xj + P andβj = xj + Q are the images ofxj under the respective quotient
mapsR → R/P andR → R/Q, then{α1, . . . , αn} is a set of generators ofR/P,
{β1, . . . , βn} is a set of generators ofR/Q, andϕ(αj ) = βj for 1 ≤ j ≤ n. If r ′ =
tr.degR/Q, we may assume that{β1, . . . , βr ′ } is a transcendence basis ofR/Q.
Then{α1, . . . , αr ′ } is an algebraically independent subset ofR/P overK because
if f is a nonzero polynomial inK [X1, . . . , Xr ′ ] such that f (α1, . . . , αr ′) = 0,
then application ofϕ and use of the fact thatϕ fixes each coefficient off yields
f (β1, . . . , βr ′) = 0; the latter equation contradicts the algebraic independence of
{β1, . . . , βr ′ }. We conclude that

P ⊆ Q implies tr.deg(R/P) ≥ tr.deg(R/Q). (∗)

To prove the inequalityr ≥ dim R, let a chain of prime ideals

0 ⊆ P0 � P1 � · · · � Pd

of R be given. We are to show thatr ≥ d. AbbreviateK [X1, . . . , Xn] as A, so
that R = A/I . Pull the chain of ideals ofR back to a chain of ideals inA as

I ⊆ P′
0 � P′

1 � · · · � P′
d. (∗∗)

Inequality(∗) shows that

tr.deg(A/P′
0) ≥ tr.deg(A/P′

1) ≥ · · · ≥ tr.deg(A/P′
d). (†)

Since takingP′
0 = I shows that tr.deg(A/I ) = tr.deg(R) = r , every member of

(†) is ≤ r . It will follow from (†) thatr ≥ d if we show that each inequality in
(†) is strict, i.e., that for prime idealsP andQ in A,

P � Q implies tr.deg(A/P) > tr.deg(A/Q). (††)
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Since dimR is the supremum of the integersd as in(∗∗) and(†), proving(††)
will prove thatr ≥ dim R.

Thus letP andQ be prime ideals inA = K [X1, . . . , Xn] with P � Q. Put
αj = Xj + P andβj = Xj + Q, so that the mappings ofA to A/P and A/Q
are f (X1, . . . , Xn) 	→ f (α1, . . . , αn) and f (X1, . . . , Xn) 	→ f (β1, . . . , βn).
Then A/P = K [α1, . . . , αn] and A/Q = K [β1, . . . , βn]. As above, ifr ′ =
tr.degA/Q, then we may assume that{β1, . . . , βr ′ } is a transcendence basis of
A/Q. Arguing by contradiction, we may assume that tr.degA/P = tr.degA/Q.
Then it follows that{α1, . . . , αr ′ } is a transcendence basis ofA/P. We localizeA
with respect to the multiplicative systemSconsisting of the complement of 0 in
K [X1, . . . , Xr ′ ]. ThenS−1A = K (X1, . . . , Xr ′)[Xr ′+1, . . . , Xn]. To understand
S−1P, we apply Lemma 7.21 to write

S−1A/S−1P ∼= S−1(A/P), (‡)

whereS is the image ofS in A/P. The restriction toK [X1, . . . , Xr ′ ] of the
mapA → A/P carriesf (X1, . . . , Xr ′) to f (α1, . . . , αr ′) and is one-one because
{α1, . . . , αr ′ } is a transcendence set. ThereforeS ∩ P = ∅, and S → S is
one-one. Corollary 8.48d ofBasic Algebrashows fromS∩ P = ∅ that S−1P
is a proper ideal ofS−1A. SinceS → S is one-one, let us viewS as S =
{ f (α1, . . . , αr ′) | f �= 0}. Then

S−1(A/P) = K (α1, . . . , αr ′)[αr ′+1, . . . , αn]. (‡‡)

Sinceαr ′+1, . . . , αn are algebraic overK (α1, . . . , αr ′) because of the assumption
tr.degA/P = tr.degA/Q = r ′, the remark with Lemma 7.3 shows that(‡‡) is
a field. By(‡), S−1P is a maximal ideal. Arguing similarly withQ, we see that
S∩ Q = ∅ and thatS−1Q is a maximal ideal. FromP ⊆ Q, we haveS−1P ⊆
S−1Q. BecauseS−1P andS−1Q are maximal,S−1P = S−1Q. ThereforeQ ⊆
S−1P. SinceQ properly containsP, we can chooseg in Q that is not inP. Thisg
is an element ofK [X1, . . . , Xn] such thatg(α1, . . . , αn) �= 0 andg(β1, . . . , βn) =
0. From the inclusionQ ⊆ S−1P, there exist anf in P and a nonzeros in
K [X1, . . . , Xr ] with g = s−1 f . Then f = sg. Since f (α1, . . . , αn) = 0 and
s(α1, . . . , αr ′)g(α1, . . . , αn) �= 0, we obtain a contradiction. This contradiction
proves(††) and shows thatr ≥ dim R.

The argument thatr ≤ dim R will proceed by induction onr . If r = 0, then
R = K [x1, . . . , xn] is a field by the remark with Lemma 7.3, and dimR = 0 by
Example 1 of Krull dimension. Now suppose inductively thatr > 0 and that the
inequality is known when tr.degR < r . Put A = K [X1, . . . , Xn], and suppose
that R = A/I = K [x1, . . . , xn] with x1 transcendental overK . We localizeA
with respect to the multiplicative systemS consisting of the complement of 0
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in K [X1]. Then S−1A = K (X1)[X2, . . . , Xn]. To understandS−1I , we apply
Lemma 7.21 to write

S−1A/S−1I ∼= S−1(A/I ),

whereS is the image ofS in A/I . Arguing as in the previous paragraph, we see
that

S−1(A/I ) ∼= K (x1)[x2, . . . , xn].

Combining these two isomorphisms, we see thatS−1A/S−1I has transcendence
degreer − 1 over K (x1). By the inductive hypothesis,S−1A/S−1I has Krull
dimension≥ r − 1. Thus there exists a strictly increasing chain

S−1I = Q0 � Q1 � · · · � Qr −1

of prime ideals inS−1A. If we put Pi = A∩ Qi for eachi , then eachPi is prime
in A. From the theory of localization, we know thatQi is recovered fromPi by
Qi = S−1Pi , and thus we have a strictly increasing chain

I = P0 � P1 � · · · � Pr −1 (§)

of prime ideals inA. The fact thatPr −1 is proper implies thatS∩ Pr −1 = ∅. That
is, no nonzero member ofK [X1] lies in Pr −1. Consequently the image ofX1

in A/Pr −1 is transcendental overK . The Nullstellensatz (Theorem 7.1) shows
that Pr −1 is not maximal inA. Hence the chain(§) can be extended by a strict
inclusion in a maximal idealPr , andr ≤ dim A/I = dim R. This completes the
induction and the proof. �

5. Nonsingular and Singular Points

In this section we develop the initial algebraic background necessary for a dis-
cussion of nonsingular and singular points. Unlike what happened in previous
sections, we shall not try to separate completely the algebra from the geometric
setting, because the points to be investigated are the actual points of a zero locus.

The motivation comes from the Implicit Function Theorem in the calculus of
several variables. In that setting, suppose that we havel numerical-valued smooth
functions f1, . . . , fl of n variables. Letk be an integer with 1< k < n, and ab-
breviate(x1, . . . , xn) as(x, y), wherex = (x1, . . . , xk) andy = (xk+1, . . . , xn).
Suppose that(x0, y0) has the property thatfi (x0, y0) = 0 for 1 ≤ i ≤ l . The hope
is that there is a smooth vector-valued functiony = g(x) defined nearx = x0

such thaty0 = g(x0) and such thatfi (x, y) = 0 for 1 ≤ i ≤ l with (x, y) near
(x0, y0) if and only if y = g(x), i.e., that the locus of common zeros off1, . . . , fl
is locally the graph of a smooth function ofk variables. According to the Implicit
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Function Theorem, a sufficient condition for this to happen is thatk + l = n and
that the (square) matrix of the first partial derivatives at(x0, y0) of the fi ’s for
1 ≤ i ≤ l with respect to theyj ’s for k + 1 ≤ j ≤ n be invertible. A little more
generally but still withk + l = n, the locus of common zeros is locally the graph
of a smooth function ofl of the variables in terms of the remainingk variables if
the matrix of all the first partial derivatives of thefi ’s has the maximum possible
rank, namelyl .

Let us describe the setting for a comparable situation in algebraic geome-
try. Throughout this section we assume that K is an algebraically closed field.
Suppose thatI is a prime ideal inK [X1, . . . , Xn], and letV(I ) be the locus of
common zeros5 of I in K n. The Hilbert Basis Theorem shows thatI is finitely
generated overK as an ideal, and we let{ f1, . . . , fl } be a set of generators.
Corollary 7.2 shows thatI is the set of all polynomials vanishing onV(I ), and
thus the integral domainR = K [X1, . . . , Xn]/I may be regarded as the set of all
restrictions toV(I ) of polynomials in the following sense: ifx = (x1, . . . , xn) is
a member ofV(I ) and f (X1, . . . , Xn) is in K [X1, . . . , Xn], then every member
of the cosetf + I has the same value atx, and it is consequently meaningful to
write f (x) for f in R.

From Theorem 7.22 the transcendence degree overK of the field of fractions
of R equals the Krull dimension of the ringR, and these numbers are what is
taken as the dimension ofV(I ) over K . We write dimV(I ) for this dimension.
In this setting, a pointx of V(I ) is called anonsingular point, or regular point ,
if the matrix

[
∂ fi
∂Xj
(x)
]

has rank equal ton− dimV(I ). Otherwisex is asingular
point.

It is important to observe that these definitions do not depend on the choice of
the set{ f1, . . . , fl } of generators ofI . In fact, it is enough to show that the row
space of the matrix

[
∂ fi
∂Xj
(x)
]

is exactly the space of all row vectors( ∂ f

∂X1
(x) · · · ∂ f

∂Xn
(x)
)

for f ∈ I ,

since the latter space is manifestly independent of the choice of generators. To see
that the displayed space equals the row space of the matrix whose rank appears
in the definition of singular point, letg1, . . . , gn be arbitrary polynomials. Then
f = ∑

i gi fi is the most general member ofI . Use of the product rule and the
fact that fi (x) = 0 for eachi shows that ∂ f

∂Xj
(x) = ∑

i gi (x)
∂ fi
∂Xj
(x). Since the

gi are arbitrary, we can arrange for(g1(x), . . . , gn(x)) to be any given member
of K n. Thus the space of all row vectors

(
∂ f
∂X1
(x) · · · ∂ f

∂Xn
(x)
)

for f ∈ I is
the set of allK linear combinations of row vectors

(
∂ fi
∂X1
(x) · · · ∂ fi

∂Xn
(x)
)

for
1 ≤ i ≤ l , as asserted.

5In terminology to be used in later chapters, one says thatV(I ) is theaffine variety corresponding
to I .
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EXAMPLES.

(1) Irreducible affine curve6 in K 2. Suppose thatn = 2 in the notation
above and thatI is nonzero and is generated by a single nonconstant polynomial
f (X,Y). The condition thatI be prime is exactly the condition thatf (X,Y)
be a prime polynomial. In turn, sinceK [X,Y] is a unique factorization domain,
the condition thatf (X,Y) be prime is exactly the condition thatf (X,Y) be
irreducible. Let us specialize to a case for which the first partial derivatives take
an especially simple form: suppose that

f (X,Y) = Y2 − h(X).

The only possible factorization isf (X,Y) = (Y + √
h(X) )(Y − √

h(X) ), and
thus f (X,Y) is irreducible inK [X,Y] if h(X) is not the square of a member
of K [X]. The relevant integral domain isR = K [X,Y]/( f (X,Y)), and we let
x = X + ( f (X,Y)) and y = Y + ( f (X,Y)). Thenx is transcendental over
K , and the equationy2 = h(x) shows thaty is algebraic overK (x). Hence
tr.degR = 1, and the correspondingV(I ) has dimV(I ) = 1. If (x0, y0) is a
point of V(I ), then the matrix of first partial derivatives is(

∂ f

∂X

∂ f

∂Y

)
(x0,y0)

= (−h′(X) 2Y )(x0,y0)
.

The rank of this matrix is≤ 1, and nonsingularity of(x0, y0) means that the
matrix has rank equal to 1. If the characteristic is�= 2, then the condition for a
singularity is thaty2

0 = h(x0), y0 = 0, andh′(x0) = 0 simultaneously. Hence
V(I ) is everywhere nonsingular7 if and only if h has no multiple roots inK .

(2) Irreducible affine hypersurface8 in K n. For generaln, again suppose that
I is a prime ideal generated by a single nonconstant polynomialf (X1, . . . , Xn).
The condition onf for I to be prime is thatf be irreducible inK [X1, . . . , Xn].
The relevant ring isR = K [X1, . . . , Xn]/( f (X1, . . . , Xn)), and the image inR
of a polynomialg(X1, . . . , Xn) is 0 only if g is divisible by f , by Corollary
7.2. The polynomialf is nonconstant in someXj , say for j = n. Then
no nonzero polynomialg(X1, . . . , Xn−1) maps to 0 inR. Consequently the
elementsxi = Xi + ( f (X1, . . . , Xn)) have the property that{x1, . . . , xn−1} is
a transcendence set inR. The equationf (x1, . . . , xn) = 0 shows thatxn is
algebraic overK (X1, . . . , Xn−1). Hence the correspondingV(I )has dimV(I ) =
tr.degR = n − 1. The nonsingular points ofV(I ) are the points ofV(I ) for
which some first partial derivative off is nonzero.

6Some authors include irreducibility in the definition of “affine curve.” This book does not.
7If K has characteristic 2 and ifx0 has the property thath′(x0) = 0, then we can choosey0 with

y2
0 = h(x0) becauseK is algebraically closed, and(x0, y0) will be a singular point. HenceV(I ) is

everywhere nonsingular if and only ifh has degree exactly 1.
8Some authors include irreducibility in the definition of “affine hypersurface.” This book does

not.
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Theorem 7.23(Zariski’s Theorem). WithK algebraically closed, letI be a
prime ideal inK [X1, . . . , Xn], let R = K [X1, . . . , Xn]/I , and letV(I ) be the
locus of common zeros ofI in K n. If x = (x1, . . . , xn) is a point ofV(I ), define
mx to be the maximal ideal

mx = { f ∈ R | f (x) = 0}

of R, let Rx be the localization ofRwith respect tomx, and letMx be the maximal
ideal of Rx. Then

dimK (Mx/M
2
x) = dimK (mx/m

2
x) ≥ dimV(I ),

andx is nonsingular if and only if equality holds. The set of nonsingular points
of V(I ) is nonempty.

REMARKS. We are going to prove for each pointx of V(I ) that

dimK (Mx/M
2
x) = dimK (mx/m

2
x)

and that
dimK (mx/m

2
x)+ rank

[
∂ fi
∂Xj

] = n,

where{ fi } is a finite set of generators ofI . Since by definitionx is nonsingular if
and only if rank

[
∂ fi
∂Xj

] = n−dimV(I ), it will follow that x is a nonsingular point

if and only if dimK (mx/m
2
x) = dimV(I ). Only for the special case thatV(I ) is an

irreducible affine hypersurface do we prove that the inequality dimK (mx/m
2
x) ≥

dimV(I ) always holds for allx and that equality always holds for somex. The
general case will ultimately be reduced to the special case; we return to this matter
in Chapter X. The partial proof that we give in the present section will be preceded
by an example.

EXAMPLE 1, CONTINUED. Suppose that an affine varietyV in K 2 is obtained
from the irreducible polynomialf (X,Y) = Y2 − h(X). Let us assume thatK
has characteristic�= 2 and that(0, 0) lies in V . The latter condition means that
h(0) = 0. Let x = X + ( f (X,Y)) andy = Y + ( f (X,Y)). Sincey2 = h(x),
any polynomial in(x, y) can be rewritten in such a way that the only powers of
y that occur are 0 and 1. ThusR = {p(x)+ yq(x) | p ∈ K [x],q ∈ K [x]}, and

m(0,0) = {
xp(x)+ yq(x) | p ∈ K [x], q ∈ K [x]

}
.

The idealm2
(0,0) consists of all sums of products of two elements of this kind.

From two polynomialsxp(x), we can get any polynomialx2a(x); from xp(x)
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andyq(x), we can get anyxyb(x); and from two polynomialsyq(x), we can get
any y2c(x) = h(x)c(x). Thus

m2
(0,0) = {

x2a(x)+ h(x)c(x)+ yxb(x)
}
.

What happens depends on the first-degree term inh(x). Examining the possibil-
ities, we see that

m2
(0,0) =

{ {xa(x)+ yxb(x)} if h′(0) �= 0,

{x2a(x)+ yxb(x)} if h′(0) = 0.

Hence

m(0,0)/m
2
(0,0)

∼=
{

K y if h′(0) �= 0,

K x + KY if h′(0) = 0.

In other words, dimK m(0,0)/m
2
(0,0) equals 1 if(0, 0) is nonsingular and equals 2 if

(0,0) is singular. Since dimV(I ) = 1, this result is consistent with the statement
of Theorem 7.23.

PARTIAL PROOF OFTHEOREM 7.23. As mentioned in the remarks, one thing
that we are going to prove for each pointx of V(I ) is that

dimK (mx/m
2
x)+ rank

[
∂ fi
∂Xj

] = n, (∗)

where{ f1, . . . , fl } is a finite set of generators ofI .
Let Ix be the pullback toK [X1, . . . , Xn] of the idealmx, i.e., let

Ix = {
f | f + I ∈ mx

} = {
f ∈ K [X1, . . . , Xn] | f (x1, . . . , xn) = 0

}
.

The K linear mapping f 	→ f + I carries Ix onto mx; composing with the
quotient mappingmx → mx/m

2
x gives aK linear mappingϕ of Ix ontomx/m

2
x.

If f maps underϕ to the 0 coset, thenf + I = ∑
j (gj + I )(hj + I ) for suitable

polynomialsgj andhj with gj + I andhj + I in mx. Then f −∑j gj hj lies in I ,
and f is exhibited as a member ofI 2

x + I . Converselyϕ does carryI 2
x and I to

the 0 coset. Thus the kernel ofϕ is exactlyI 2
x + I , andϕ descends to aK linear

isomorphismIx
/
(I 2

x + I ) ∼= mx/m
2
x. Therefore

dimK
(
Ix
/
(I 2

x + I )
) ∼= dimK (mx/m

2
x). (∗∗)

We define aK linear mapθ of K [X1, . . . , Xn] to the spaceM1n(K ) of all
n-dimensional row vectors overK by

θ( f ) = (
∂ f
∂X1
(x) · · · ∂ f

∂Xn
(x)
)
.
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The product rule for differentiation shows thatθ(I 2
x ) = 0. The idealIx, considered

as aK vector space, is spanned byI 2
x and the various polynomialsXj − xj . Since

θ(Xj − xj ) is the j th standard basis vector ofM1n(K ), the vectorsθ(Xj − xj )

form a basis ofM1n(K ). Thereforeθ descends to aK linear isomorphism
θ̄ : Ix/I 2

x → M1n(K ).
We observed just before Examples 1 and 2 that the vector space of all row

vectorsθ( f ) for f ∈ I equals the row space for the matrix
[
∂ fi
∂Xj

]
. Hence

dimK θ(I ) = rank
[
∂ fi
∂Xj

]
.

Sinceθ(I ) = θ̄((I + I 2
x )/I

2
x

)
and sincēθ is one-one, this equality shows that

dimK
(
(I + I 2

x )/I
2
x

) = rank
[
∂ fi
∂Xj

]
. (†)

Adding (∗∗) and(†) gives

dimK (Ix/I
2
x ) = dimK (mx/m

2
x)+ rank

[
∂ fi
∂Xj

]
.

Since, as we have seen,Ix/I 2
x is isomorphic toM1n(K ) via θ̄ , the left side isn,

and(∗) is proved.
The second thing that we are going to prove now is that

dimK (mx/m
2
x) = dimK (Mx/M

2
x). (††)

If L is the field of fractions of the integral domainR, then the localizationRx is the
subring ofL of all quotientsg/h with g andh in R andh(x) �= 0. The inclusion
mx ⊆ Mx induces aK linear ring homomorphismϕ : mx/m

2
x → Mx/M2

x , and
(††) will follow if ϕ is shown to be one-one onto.

If g/h is given inMx with g ∈ mx and withh ∈ R havingh(x) �= 0, then the
decomposition

h(x)−1g = g
h + ( g

h

)(h(x)−1h−1
1

)
exhibitsh(x)−1g in mx as mapping tog/h + M2

x . Thereforeϕ is onto.

If g in mx maps to
∑

i

( gi
hi

)( g′
i

h′
i

)
in M2

x , then we can clear fractions and write

hg = ∑
i gi g′

i h
′′
i for an elementh of R with h(x) �= 0. Here

∑
i gi g′

i h
′′
i is in m2

x.
The set of elementsf in R such thatf g is in m2

x is an ideal inR that containsmx

and that containsh. Sinceh is not inmx and sincemx is maximal, this ideal inR
containsf = 1, and it follows thatg is inm2

x. Consequentlyϕ is an isomorphism,
and(††) is proved. �
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PROOF OF REMAINDER OFTHEOREM 7.23 FOR IRREDUCIBLE AFFINE HYPER-
SURFACES. Let I be the principal ideal( f (X1, . . . , Xn)), where f is irreducible.
We saw in Example 2 above that dimV(I ) = n − 1. The matrix that appears
in (∗) has only one row, corresponding tof , and hence it has rank 1 or rank 0.
Substituting this fact into(∗), we see that dimK (mx/m

2
x) ≥ n − 1 = dimV(I ).

Arguing by contradiction, suppose that strict inequality holds for everyx in
V(I ). Then ∂ f

∂Xj
(x) = 0 for all x ∈ V(I ) and for all j . By Corollary 7.2, each

∂ f
∂Xj

is the product off and a polynomial. Since the degree of∂ f
∂Xj

in Xj is less

than the degree off in Xj , it follows that ∂ f
∂Xj

= 0 for all j . In characteristic 0,
this condition forcesf to be constant and contradicts the assumption thatf is
an irreducible polynomial (and in particular the assumption thatf is not a unit).
In characteristicp, this condition forces each power of eachXj that occurs in
f to be a multiple ofp. That is, it says thatf (X1, . . . , Xn) = g(X p

1 , . . . , X p
n ).

Let Fr : K → K be the field map given bya 	→ ap. This is ontoK , since
K is algebraically closed. Hence there exists a polynomialh(X1, . . . , Xn) such
that hFr = g. Then f (X1, . . . , Xn) = g(X p

1 , . . . , X p
n ) = (

h(X1, . . . , Xn)
)p

exhibits f as reducible, contradiction. Hence strict inequality cannot hold for all
x ∈ V(I ), and some point ofV(I ) is nonsingular. �

6. Infinite Galois Groups

In this section,K denotes a field, andKalg denotes a fixed algebraic closure of
K . We defineKsep to be the subfield of all elements ofKalg that are separable
over K . The fieldKsep is called aseparable algebraic closureof K . Theorem
7.13 shows thatKalg is a purely inseparable extension ofKsep. If F1 andF2 are
any fields withF1 ⊆ F2, then the group of all field automorphisms ofF2 fixing
F1 is denoted by Gal(F2/F1) and is called theGalois groupof F2 over F1.

The purpose of this section is to extend the theory of Galois groups to handle
infinite extensions. Such an extended theory has at least two important applica-
tions in the current context. A first application is to developments in algebraic
number theory beyond what appears in Chapters V and VI. For example one way
of viewing traditional class field theory for a number fieldF is that one forms
Gal(Falg/F), defines the maximal abelian extensionFab of F to be the fixed
field of the closure of the commutator subgroup of Gal(Falg/F), and asks for a
description ofFab in terms ofF . A second application is to the study of varieties
over fields that are not algebraically closed. If a fieldK is given and a prime ideal
I in Kalg[X1, . . . , Xn] is specified by giving a finite set of generators, we can ask
whether the same ideal can be defined via generators that lie inK . The given
generators have coefficients inKalg, and it is usually not obvious whether they
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can be adjusted to have coefficients inK . However, if Galois theory is available,
then the question becomes whether the operation of each element of the Galois
group Gal(Kalg/K ) carries each generator into a member of the ideal,9 and this
question is decidable by methods to be discussed in Chapter VIII. More generally
algebraic geometry from before 1960 frequently worked with a fieldK and an
algebraically closed fieldL that is larger thanKalg, for example withK = Q and
L = C. Under the assumption thatK is perfect andL is algebraically closed,
Theorem 7.34 below shows that Gal(L/K ) fixes only the elements ofK , and thus
Galois theory can still be used to decide in this situation whether a prime ideal in
L[X1, . . . , Xn] is generated by members ofK [X1, . . . , Xn].

The definition of “normal field extension” inBasic Algebrawas limited to
suitable finite separable algebraic extensions. We now drop both the finiteness
assumption and the separability assumption: A fieldL with K ⊆ L ⊆ Kalg is
said to be anormal extensionof K if there exists some nonempty family{ fi }i ∈S

of nonconstant polynomials inK [X] such thatL is generated byK and all the
roots inKalg of all the polynomialsfi . More specifically all the polynomialsfi
split in Kalg, say asfi (X) = ci

∏d(i )
j =1 (X − αi j ), andL is to be the subfield of

Kalg generated byK and all the rootsαi j .

Proposition 7.24.The following conditions on a fieldL with K ⊆ L ⊆ Kalg

are equivalent:

(a) L is a normal extension ofK ,
(b) Gal(Kalg/K ) carriesL to itself,
(c) anyK isomorphism ofL into Kalg carriesL to itself,
(d) any polynomialf in K [X] that is irreducible overK and has one root in

L necessarily splits inL.

PROOF. If (a) holds, letL be generated byK and elementsαi j as in the
paragraph before the proposition. Ifϕ is in Gal(Kalg/K ), thenϕ(αi j ) is a root of
f ϕi = fi becausefi has coefficients inK . Henceαi j equals someαi j ′ . Thusϕ
permutes the generators ofL over K , andϕ(L) = L. Therefore (b) holds.

If (b) holds, then anyK field map ofL into Kalg extends to aK automorphism
of Kalg, by Theorem 9.23 ofBasic Algebra. By (b), the extended mapping carries
L into itself. Thus (c) holds.

If (c) holds, let f in K [X] be irreducible overK , and suppose thatx0 is a
root of f in L. Let x1 be another root off in Kalg. By the uniqueness of
simple extensions, we know that there exists aK isomorphismϕ0 : K (x0) →
K (x1) ⊆ Kalg, and we can regardϕ0 as aK field map ofK (x0) into Kalg. The
mapϕ0 extends to aK field automorphism ofKalg, and we restrict the extension

9This condition is always necessary. For it to be sufficient, one has to show that the only members
of Kalg fixed by all elements of Gal(Kalg/K ) are the members ofK .
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to a mapϕ : L → Kalg. By (c), ϕ(L) ⊆ L. SinceK (x0) ⊆ L, we obtain
K (x1) = ϕ(K (x0)) ⊆ ϕ(L) ⊆ L. Thusx1 is in L, and (d) holds.

If (d) holds, then for each elementxi of L, let fi be the minimal polynomial of
xi overK . Then certainlyL is generated byK and the elementsxi . By (d), each
fi splits inL. ThereforeL is generated overK by all the roots of the polynomials
fi and is normal. Thus (a) holds. �

Proposition 7.25.Every member of Gal(Kalg/K ) carriesKsepinto itself, any
two members of Gal(Kalg/K ) that agree onKsepare equal onKalg, and any field
map of Ksep into Kalg extends to an automorphism ofKalg. Consequently the
operation of restriction fromKalg to Ksepdefines an isomorphism

Gal(Kalg/K ) ∼= Gal(Ksep/K ).

PROOF. The first statement has three conclusions to it. For the first conclusion,
if ϕ is in Gal(Kalg/K ) and if x0 is in Ksep, let f be the minimal polynomial ofx0

over K . By separability,f is a separable polynomial overK . Sinceϕ fixes f ,
ϕ carriesx0 to some rootx1 of f , and hencef is the minimal polynomial ofx1

over K . Since f is a separable polynomial overK , x1 is separable overK and
lies in Ksep.

For the second conclusion, letϕ be a member of Gal(Kalg/K ) that is 1 onKsep.
If x is in Kalg, then the pure inseparability ofKalg/Ksep implies thatxpe = a for
somea ∈ Ksep and some integere ≥ 0. The elementx has (X − x)p

e =
X pe − xpe = X pe − a and hence is the unique root ofX pe − a. Sinceϕ(x) has
to be a root of this polynomial,ϕ(x) = x.

The third conclusion is a special case of the extendability to all ofKalg of any
field mapping of a subfield ofKalg into Kalg. For the displayed isomorphism
the first conclusion shows that restriction carries Gal(Kalg/K ) into Gal(Ksep/K ),
the second conclusion shows that restriction is one-one, and the third conclusion
shows that restriction is onto. �

Corollary 7.26. Let L be a field withK ⊆ L ⊆ Ksep, form Gal(L/K ), and
let LGal(L/K ) be the fixed field

LGal(L/K ) = {x ∈ L | γ x = x for all x ∈ Gal(L/K )}.

ThenL is normal overK if and only if LGal(L/K ) = K .

PROOF. Let L be normal overK , letx be inLGal(L/K ), and let f be the minimal
polynomial ofx over K . SinceL is normal, f splits in L. SinceL ⊆ Ksep, the
roots of f in L all have multiplicity one. Arguing by contradiction, suppose
that x is not in K . Then degf > 1, and f has another rootx1 besidesx.
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Hence we can find aK isomorphismϕ : K (x) → K (x1) with ϕ(x) = x1. The
mappingϕ extends to a field automorphism ofKalg, and Proposition 7.24 shows
thatϕ(L) = L, sinceL is normal. Thusϕ defines by restriction a member of
Gal(L/K ). Sinceϕ(x) = x1, we have a contradiction to the assumption thatx is
in LGal(L/K ) = K .

Conversely letLGal(L/K ) = K . Let x be in L, and let f be its minimal
polynomial overK . Let x1 = x andx2, . . . , xr be the distinct images ofx in
L under members of Gal(L/K ). These are all roots off , and the roots off
have multiplicity 1 becausex lies in Ksep. Each member of Gal(L/K ) permutes
x1, . . . , xr and hence acts via a permutation in the symmetric groupSr . Put
g(X) = ∏r

i=1 (X − xi ). Expandingg gives

g(X) = Xr − (∑
i

xi
)
Xr −1 + ( ∑

i< j
xi xj

)
Xr −2 − · · · ± (∏

i
xi
)
.

Each permutation of{x1, . . . , xr } fixes the coefficients ofg(X), which are mem-
bers ofL, and hence the coefficients are inLGal(L/K ) = K . Thereforeg(X) is
in K [X]. Sinceg(x) = 0, f (X) dividesg(X). OverL, g(X) splits. By unique
factorization inL[X], f (X) must split, too. By Proposition 7.24,L is normal
over K . �

To obtain a version of the Fundamental Theorem of Galois Theory in the
present context, it is necessary to introduce a topology on each Galois group. An
example will illustrate.

EXAMPLE. Let K be the finite fieldFq, whereq = pr for a primep. If Ln

is a finite extension ofK of degreen, then Proposition 9.40 ofBasic Algebra
shows that Gal(Ln/K ) is cyclic of ordern, a generator being theFrobenius
elementFrq defined by Frq(x) = xq. The thing about the Frobenius element is
that it really makes sense on allLn’s simultaneously. We know (from Proposition
7.15 for example) that every algebraic extension ofK is separable, and hence
Ksep = Kalg. Here we can viewKsep as an aligned union of the fieldsLn for
n ≥ 1, and Frq really makes sense as a member of Gal(Ksep/K ) under the same
definition: Frq(x) = xq. On eachLn, some nonzero power of Frq is the identity,
but this is no longer true on the infinite fieldKsep. Thus the mapping 1	→ Frq
extends to a one-one homomorphism ofZ into Gal(Ksep/K ). However, it is not
onto. Any elementγ of Gal(Ksep/K ) has the property that for eachn, there is
a unique integerkn with 0 ≤ kn < n such thatγ

∣∣
Ln

= Frkn
q , and the sequence

{kn} determinesγ ; nevertheless Problem 3 at the end of the chapter shows that
the sequence need not ultimately be constant, and thereforeγ need not be in
the image ofZ. The Galois group Gal(Ksep/K ) is instead a certain topological
completion ofZ that is usually denoted bŷZ. Taking the topology into account
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will be essential to extending the Fundamental Theorem of Galois Theory, since
Z andẐ are distinct subgroups of Gal(Ksep/K ) that have the same fixed field,
namelyK itself.

If L is a normal extension ofK with L ⊆ Ksep, we shall introduce a topology on
Gal(L/K ) to make “close” mean “equal on a large finite-dimensional subspace.”
With this intuition as a guide, we could define a basic neighborhood of an element
γ0 of Gal(L/K ) by taking finitely many elementsα1, . . . , αn in K and forming

{γ ∈ Gal(L/K ) | γαi = γ0αi for 1 ≤ i ≤ n}.
It is more useful, however, to define the topology in another way, and then it will
turn out that we indeed would have obtained a neighborhood basis by the above
definition. In any event, the topology turns out to be compact Hausdorff and to
make Gal(L/K ) into a topological group.

The method we use will be to define the topology as an “inverse limit.” In-
verse limit is a general notion in category theory defined by a universal mapping
property. As usual it consists of an object and a morphism; it need not exist in a
general category, but when it does exist, it is unique up to canonical isomorphism.
For the category of interest, the objects are the compact (Hausdorff) topological
groups, and the morphisms are continuous group homomorphisms. If we wanted
to emphasize the category-theory aspects of the construction, we would also need
products of this category with itself, but we shall not belabor this point.

Let I be adirected set, i.e., a nonempty partially ordered set under an ordering
≤ such that for anya andb in I , there is an elementc in I with a ≤ c andb ≤ c.
We allow ourselves to writeb ≥ a in place ofa ≤ b whenever convenient. Two
examples of directed sets of particular interest both haveI = {1,2,3, . . . }; in
one case the ordering is given bya ≤ b if a dividesb, and in the other case the
ordering is given by the usual notion of inequality.

An inverse system(I , {Gi }, { fi j }) in the category of compact topological
groups consists of a directed setI , a system of compact topological groupsGi ,
one for eachi ∈ I , and a system of continuous homomorphismsfi j : Gj → Gi ,
defined wheneveri and j are in I with i ≤ j , such that

• fi i = 1 for all i ∈ I ,
• fi j ◦ f jk = fik wheneveri ≤ j ≤ k.

EXAMPLES.
(1) Let I = {1,2, 3, . . . } with a ≤ b meaning thata dividesb. Let Ga be the

cyclic groupZ/aZ of ordera. Define fab : Gb → Ga to be the homomorphism
such thatfab(1 + bZ) = 1 + aZ.

(2) Let I = {1,2, 3, . . . } with the usual ordering. Fix a prime numberp, and
defineGa to be the cyclic groupZ/paZ of order pa. Define fab : Gb → Ga to
be the homomorphism such thatfab(1 + pbZ) = 1 + paZ.
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An inverse limit (G, { fi }i ∈I ) of the inverse system(I , {Gi }, { fi j }), often
written G = lim← Gi and sometimes also called theprojective limit , consists

of a compact topological groupG and continuous homomorphismsfi : G → Gi

such that

(i) fi j ◦ f j = fi wheneveri ≤ j ,
(ii) whenever(G′, { f ′

i }i ∈I ) is a pair consisting of a compact topological group
G′ and continuous homomorphismsf ′

i : G′ → Gi such thati ≤ j implies
fi j ◦ f ′

j = f ′
i , then there exists a unique continuous homomorphism

F : G′ → G such thatfi ◦ F = f ′
i for all i .

In the two examples the inverse limit group in the first case isẐ; in the second
case the inverse limit is isomorphic to the additive groupZp of p-adic integers.
In the first case we omit a description of the homomorphismsfa : Ẑ → Z/aZ. In
the second case the homomorphismsfa are easy to describe:fa : Zp → Z/paZ
is given by the composition of the quotient homomorphismZp → Zp/paZp and
the isomorphismZp/paZp → Z/paZ asserted by Theorem 6.26e.

Proposition 7.27. In the category of compact topological groups, an inverse
system(I , {Gi }, { fi j }) has at least one inverse limit, namely(G, { fi }i∈I ) with

G =
{
(gi )i∈I ∈ ∏

i ∈I
Gi

∣∣ fi j (gj ) = gi wheneveri ≤ j
}
,

fi = restriction toG of the i th projection
∏
j

Gj → Gi .

REMARKS. It is to be understood from the statement thatG gets the relative
topology from

∏
i ∈I Gi . We refer to this(G, { fi }i∈I ) as thestandard inverse

limit of (I , {Gi }, { fi j }).
PROOF. If (gi )i∈I and(g′

i )i ∈I are inG, then the fact that eachfi j is a homomor-
phism implies thatfi j (gj g′

j ) = gi g′
i and thatfi j (g

−1
j ) = g−1

i . Therefore(gi g′
i )i∈I

and(g−1
i )i ∈I are inG, andG is a group. The subset ofGi × Gj with fi j (xj ) = xi

is topologically closed, and it follows thatG is the intersection of closed sets and
hence is closed. Since

∏
j ∈I Gj is compact Hausdorff,G is compact Hausdorff.

The continuity of the multiplication and inversion is a consequence of those
properties for

∏
j ∈I Gj . The i th projection of

∏
j ∈I Gj onto Gi is a continuous

homomorphism, and hence so is the restriction of this projection toG.
Condition (i) in the definition of inverse limit is immediate, and we have to

prove (ii). Let (G′, { f ′
i }i ∈I ) be given with eachf ′

i : G′ → Gi having the
property thati ≤ j implies fi j ◦ f ′

j = f ′
i . For eachg′ in G′, the I -tuple

( f ′
i (g

′))i ∈I is a member of
∏

i Gi , and the mapg′ 	→ ( f ′
i (g

′))i∈I is continuous
into the product topology because each entry is continuous. Ifi ≤ j , then



440 VII. Infinite Field Extensions

the tuple( f ′
i (g

′))i ∈I has the property thatfi j ( f ′
j (g

′)) = f ′
i (g

′) because of the
given compatibility condition for thef ′

i ’s. Therefore the mapF given byg′ 	→
( f ′

i (g
′))i ∈I has its image in the subsetG of

∏
i Gi , and it is evidently a continuous

group homomorphism. The mapF proves the existence assertion in (ii) because
fi ◦ F(g′) = fi

(
( f ′

j (g
′))j ∈I

) = f ′
i (g

′).
For uniqueness, suppose thatH : G′ → G is a continuous homomorphism

such thatfi ◦ H = f ′
i for all i . For eachg′ ∈ G′, we havefi (H(g′)) = f ′

i (g
′).

Thus H(g′) is the member(gi )i ∈I of
∏

i ∈I Gi for which gi = f ′
i (g

′) for all i .
HenceH is uniquely determined. �

Proposition 7.28. In the category of compact topological groups, any two
inverse limits for an inverse system(I , {Gi }, { fi j }) are canonically isomorphic.

PROOF. This is a special case of the uniqueness in category theory of objects
having a specific universal mapping property, as established inBasic Algebra. �

It is important in applications that the inverse limit of an inverse system of
compact groups depend only on what happens far out in the directed set. We have
not yet used that the indexing set is a directed set, rather than merely a partially
ordered set, and we shall use this property now.

Corollary 7.29. Let I be a directed set, letj0 be in I , and letI ′ be the set of
members ofI that are≥ j0. If (I , {Gi }, { fi j }) is an inverse system of compact
groups, then the two inverse systems(I , {Gi }, { fi j }) and(I ′, {Gi }, { fi j }) have
canonically isomorphic inverse limits, the isomorphism of the standard inverse
limit G ⊆ ∏

i∈I Gi onto the standard inverse limitG′ ⊆ ∏
i≥ j0 Gi being given

by projection to the coordinates≥ j0.

PROOF. Let P : G → G′ be the projection, and letf ′
i : G′ → Gi for i ≥ j0

be the associated maps. Certainlyf ′
i ◦ P = fi for i ≥ j0. We shall extend the

definition of f ′
i to apply to alli ∈ I . If i ∈ I is given, we use the fact thatI is

directed to choosei ′ with i ′ ≥ i andi ′ ≥ j0. Define f ′
i = fi i ′ ◦ f ′

i ′ . Let us see
that f ′

i is well defined. Leti ′′ havei ′′ ≥ i andi ′′ ≥ j0. Choosei ′′′ with i ′′′ ≥ i ′
andi ′′′ ≥ i ′′. The computation

fi i ′′′ ◦ f ′
i ′′′ = fi i ′ ◦ fi ′i ′′′ ◦ f ′

i ′′′ = fi i ′ ◦ f ′
i ′

shows thati ′ and i ′′′ yield the same definition off ′
i , and a similar argument

shows thati ′′ andi ′′′ yield the same definition. Thereforei ′ andi ′′ yield the same
definition. Thusf ′

i is now defined for alli in I .
We shall show that(G′, { f ′

i }i ∈I ) is an inverse limit of(I , {Gi }, { fi j }), and then
the corollary follows from Proposition 7.28. Property (i) of inverse limits is built
into the definition of the homomorphismsf ′

i . For property (ii) ofG′, suppose that
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(G̃, { f̃i }i ∈I ) is a pair consisting of a compact topological groupG̃ and continuous
homomorphisms̃fi : G̃ → Gi such thati ≤ j implies fi j ◦ f̃ j = f̃i . By (ii) for
existence withG, find a continuous homomorphismF : G̃ → G with fi ◦F = f̃i
for all i . Substituting fromf ′

i ◦ P = fi , we obtain f ′
i ◦ (P ◦ F) = f̃i , and this

says thatP ◦ F : G̃ → G′ is the map we seek for the existence in (ii) forG′. For
uniqueness in (ii), suppose thatF ′ : G̃ → G′ satisfiesf ′

i ◦ F ′ = f̃i for all i . Then
f ′
i ◦ F ′ = f ′

i ◦ (P ◦ F) for i ≥ j0. By (ii) for uniqueness withG′, F ′ = P ◦ F .
This says that the map from̃G to G′ in (ii) is unique. �

Let us now apply these considerations to topologize Galois groups of infinite
separable normal algebraic extensions. The topologized Galois group will be the
inverse limit of finite Galois groups, each with the discrete topology.10

We return to our fieldK , its algebraic closureKalg, and its separable algebraic
closureKsepwithin Kalg. Let L be a field withK ⊆ L ⊆ Ksep, and assume that
L/K is a normal extension, not necessarily finite. We shall topologize Gal(L/K ).
Let x be any element ofL, and letF be the finite extensionF = K (x) of K . If
f is the minimal polynomial ofx overK , then f has a root inL and must split in
L becauseL/K is normal. Letx1, . . . , xn be the roots off , with x1 = x. Then
E = K (x1, . . . , xn) is a finite normal extension ofK with K ⊆ F ⊆ E ⊆ L.
Sincex is arbitrary inL, L is the union of all the finite normal extensions ofK
lying within L.

For each pair(E, E′) of normal extensions ofK with K ⊆ E ⊆ E′ ⊆ L,
Proposition 7.24 gives us restriction homomorphismsϕE E′ : Gal(E′/K ) →
Gal(E/K ). We writeϕE for the special case thatE′ = L, so thatϕE L = ϕE.
If K ⊆ E ⊆ E′ ⊆ E′′ ⊆ L, thenϕE E′ ◦ ϕE′ E′′ = ϕE E′′ , and consequently the
system ({

E finite normal
extension ofK
in L

}
, {Gal(E/K )}, {ϕE E′ }

)
is an inverse system of (discrete finite) topological groups. Meanwhile, we can
form the group Gal(L/K ) and the system{ϕE} of homomorphisms withϕE =
ϕE L.

Proposition 7.30. With the above notation, the group Gal(L/K ) may be
identified with the underlying abstract group of the inverse limit lim

L←E
Gal(E/K ),

taken over finite normal extensionsE/K with E ⊆ L, in such a way that the
homomorphismsϕE become the homomorphisms of the inverse limit.

10The inverse limit of a finite group is called aprofinite group . Profinite groups have special
properties by comparison with general compact groups, but it will not be necessary for us to undertake
a study of them.
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PROOF. Let G = lim
L←E

Gal(E/K ), putGE = Gal(E/K ), and regardG as the

standard inverse limit given as in Proposition 7.27:

G = {
(γE)E ∈ ∏E GE

∣∣ ϕE E′(γE′) = γE wheneverE ⊆ E′}.
For eachE, we have a homomorphismϕE : Gal(L/K ) → GE, and the product
of the values of these defines a homomorphism� : Gal(L/K ) → ∏

E GE. The
relationsϕE E′ ◦ ϕE′ E′′ = ϕE E′′ show that the image of� is contained in the
subgroupG of

∏
E GE. We shall show that� : Gal(L/K ) → G is one-one

onto.
Let us see that� is one-one. Ifγ �= 1 is in Gal(L/K ), then there existsx ∈ K

with γ (x) �= x. Let E be a finite normal extension ofK within L containingx.
Thenγ

∣∣
E �= 1, and thusϕE(γ ) �= 1. Hence�(γ ) �= 1, and� is one-one.

Let us see that� is ontoG. Let (γE)E ∈ G be given. Forx in L, choose a
finite normalE with x ∈ E andE ⊆ L, and defineγ (x) = γE(x). The relations
among theϕE E′ show that this definition ofγ (x) is independent of the choice of
E, andγ is therefore a field map ofL into itself. Certainlyγ fixes K , and we
can construct an inverse toγ from the mappingsγ−1

E . Thusγ is in Gal(L/K ).
Application of� gives�(γ ) = (ϕE(γ ))E = (γE)E, and� is onto. �

Using Proposition 7.30, we transfer the topology from lim
L←E

Gal(E/K ) to

Gal(L/K ), and we can now regard Gal(L/K ) as a compact topological group.
For any finite normal extensionF of K with F ⊆ L, consider the group
Gal(L/F). The inverse-limit topology identifies Gal(L/K ) with a subgroup
of
∏

E⊇K Gal(E/K ), the product being taken over all finite normal extensionsE
of K contained inL, and Corollary 7.29 allows us to identify Gal(L/K ) with a
subgroup of ∏

E⊇F
Gal(E/K ),

the product being taken over all finite normal extensionsE of F contained inL.
Under this identification Gal(L/F) is identified with the subgroup of elementsγ
of the image of Gal(L/K ) for whichϕF (γ ) = 1. SinceϕF is continuous, this is
a closed set. In turn, this set equals the image of Gal(L/F) in the subset

∏
E⊇F

Gal(E/F).

The latter gives the standard inverse limit topology on Gal(L/F). Except for
some details, the conclusion is as follows.
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Corollary 7.31. With the notation of Proposition 7.30, give Gal(L/K ) the
inverse-limit topology. IfF is a finite normal extension ofK contained inL,
then Gal(L/F) is a closed subgroup of Gal(L/K ), and the relative topology on
Gal(L/F) coincides with the inverse-limit topology of Gal(L/F). The subgroup
Gal(L/F) of Gal(L/K ) is a normal subgroup of finite index in Gal(L/K ). Being
a closed subgroup of finite index, it is an open subgroup.

PROOF. We still need to prove that Gal(L/F) has finite index in Gal(L/K ).
Proposition 7.24 shows that the restriction toF of any member of Gal(L/K ) is
an automorphism ofF . SinceF is a finite extension ofK , there are only finitely
many possibilities for this automorphism. If two elementsγ andγ ′ of Gal(L/K )
restrict to the same automorphism ofF , thenγ−1γ ′ is a member of Gal(L/K )
fixing F , i.e., a member of Gal(L/F). Thusγ ′ lies in the cosetγ Gal(L/F),
and we conclude that there are only finitely many cosets. Since every member of
Gal(L/K ) restricts onF to an automorphism ofF , the subgroup of members of
Gal(L/K ) restricting to the identity onF is a normal subgroup. Thus Gal(L/F)
is normal in Gal(L/K ). �

Corollary 7.32. With the notation of Proposition 7.30, Gal(L/K ) has a system
of open normal subgroups with intersection{1}. Hence the same thing is true of
any closed subgroup ofT of Gal(L/K ). Moreover, ifU is any open neighborhood
of 1 in T , then some open normal subgroup lies inU ; consequently the open
normal subgroups ofT form a neighborhood base about the identity.

PROOF. The open normal subgroups in the first conclusion are the subgroups
Gal(L/F) as in Corollary 7.31. Since every member ofL lies in some finite
normal extension ofK within L, a member of Gal(L/K ) cannot lie in every
Gal(L/F) unless it is the identity onL.

Let U be an open neighborhood of 1 in the closed subgroupT of Gal(L/K ).
The set-theoretic complementUc of U in T is a compact set, and the complements
of the open normal subgroups ofT are open sets whose union coversUc, by the
result of the previous paragraph. By compactness finitely many complements of
open normal subgroups ofT together coverUc. The intersection of these open
normal subgroups is then an open normal subgroup contained inU . �

Theorem 7.33(Fundamental Theorem of Galois Theory). LetK be a field,
and let Kalg be an algebraic closure, so thatK ⊆ Ksep ⊆ Kalg. Let L be a
normal extension ofK lying in Ksep. LetS be the set of all closed subgroups of
Gal(L/K ), and letF be the set of all intermediate fields betweenK andL. Then
F 	→ Gal(L/F) is a one-one mapping ofF ontoS with inverseS 	→ LS, LS

being the fixed field withinL of the groupS.

PROOF. First we show that Gal(L/F) is closed; Corollary 7.31 shows this only
whenF is anormalextension ofK . Let {Fα} be the set of all finite extensions
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of K contained inF . ThenF = ⋃
α Fα, and thus Gal(L/F) = ⋂

α Gal(L/Fα).
EachFα is contained in a finite normal extensionEα of K lying in L, and hence
Gal(L/Fα) ⊇ Gal(L/Eα). Corollary 7.31 shows that Gal(L/Eα) is an open
subgroup of Gal(L/K ), and hence the larger subgroup Gal(L/Fα) is open (as
a union of cosets, each of which is open). Open subgroups are closed. Thus
Gal(L/Fα) is closed, and so is Gal(L/F) = ⋂

α Gal(L/Fα).
Next if F is inF, then the inclusionL ⊇ F and the fact thatL is normal over

K together imply thatL is normal overF . By Corollary 7.26,F = LGal(L/F).
HenceF 	→ Gal(L/F) is one-one, andS 	→ LS is a left inverse of it.

Finally we show thatS 	→ LS is a right inverse by showing that Gal(L/LS) = S
for any closed subgroupS of Gal(L/K ). DefineT = Gal(L/LS). Certainly
S ⊆ T . The previous step shows thatF = LGal(L/F) for all F ∈ F. Taking
F = LS gives LS = LGal(L/LS) = LT . Let V be an arbitrary open normal
subgroup ofT , and putE = LV . The members ofT/V give well-defined
automorphisms ofE, and

ET/V = (LV )T/V = LT = LS = (LV )SV/V = ESV/V . (∗)

The groupT/V is a finite group of automorphisms ofE fixing K , and Corollary
9.37 ofBasic Algebra, when applied to the groupT/V and the separable extension
E/ET/V , shows thatT/V = Gal(E/ET/V ). Similarly it shows thatSV/V =
Gal(E/ESV/V ). By (∗), T/V = SV/V , i.e., T = SV. Corollary 7.32 shows
that the open normal subgroups ofT form a neighborhood base about the identity
of T . From the equalityT = SV for arbitraryV , let us see that

S is dense inT . (∗∗)

Arguing by contradiction, letg be inT but not in the closure ofS. FindV small
enough so thatgV−1 ∩ S = ∅. FromT = SV, we can writeg = sv with s ∈ S
andv ∈ V . ThensvV−1 ∩ S = ∅, and hencevV−1 ∩ S = ∅. This last equality
is a contradiction, since the identity lies invV−1, and(∗∗) is proved. SinceS
is closed, it follows from(∗∗) that S = T . But T = Gal(L/LS) by definition.
Therefore Gal(L/LS) = S, and the proof of the theorem is complete. �

Theorem 7.34.Let K be a perfect field, andL be an algebraically closed field
containingK . Then the only members ofL fixed by every element of Gal(L/K )
are the members ofK .

PROOF. Proposition 7.15 shows thatKsep = Kalg, and Corollary 7.26 implies
that the only members ofKalg fixed by Gal(Kalg/K ) are the members ofK . Thus
we are done unlessL contains elements not inKalg.

Let x andy be any two members ofL not inKalg, and letψ be in Gal(Kalg/K ).
The singleton sets{x} and{y} are transcendence sets overKalg, and Lemma 7.6
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shows that they can be extended to transcendence bases ofL over Kalg. Call
these transcendence basesE andF , respectively. Theorem 7.9 shows thatE and
F have the same cardinality. Therefore there exists a one-one functionϕ of E
onto F such thatϕ(x) = y. This functionϕ extends uniquely to a field map
� of Kalg(E) onto Kalg(F) that restricts toψ on Kalg. Theorem 7.7 shows that
L is an algebraic extension ofKalg(E) and ofKalg(F); henceL is an algebraic
closure ofKalg(E) and ofKalg(F). The composition of� followed by inclusion
is a field map ofKalg(E) into L, and Theorem 9.23 ofBasic Algebrashows that
it can be extended to a field map̃� of L into L. Since�̃(L) is an algebraic
closure ofKalg(F), �̃(L) = L. Thus there exists a member̃� of Gal(L/Kalg)

with �̃(x) = y such that̃�
∣∣
Kalg

= ψ .

Takingψ to be the identity shows that no element ofL transcendental overK
is fixed by Gal(L/K ). If an elementz of Kalg is given that is not inK , then the
first paragraph of the proof produces a memberψ of Gal(Kalg/K ) that movesz.
Applying the result of the second paragraph to thisψ with x arbitrary and with
y = x shows thatψ extends to a member of Gal(L/K ) that movesz. �

7. Problems

1. Let L/K be a field extension in characteristicp. Prove that the set of elements
of L that are purely inseparable overK is a subfield ofL.

2. In characteristicp, let K (α) be an algebraic extension of a fieldK , and form the
inclusionsK ⊆ K (α pe

) ⊆ K (α), whereα pe
is the smallest power ofα that is

separable overK . Prove that the subfield of separable elements in the extension
K (α)/K consists exactly ofK (α pe

), i.e., that no separable elements ofK (α)
over K lie outsideK (α pe

).

3. Partially order the positive integers by saying thata ≤ b if a dividesb. Let
(Ẑ, { fa}a≥1) be the inverse limit of the cyclic groupsZ/aZ, with the homomor-
phism fab from Z/bZ to Z/aZ being given byfab(1 + bZ) = 1 + aZ whena
dividesb. Each membercof Z defines a memberzc of Ẑ such thatfa(zc) = c+aZ
for all a. Exhibit some other explicit member of̂Z.

4. Prove that the only members ofC fixed by all members of Gal(C/Q) are the
members ofQ. What members ofR are fixed by Gal(R/Q)?

5. By making use of the fieldK = Q(
√

2,
√

3,
√

5,
√

7, . . . ), show that there exist
subgroups of Gal(Qalg/Q) of index 2 that are not open.

Problems 6–14 concern primary ideals and make use of the notion of the radical
√

I
of an idealI as defined in Section 1. Throughout,R will denote a commutative ring
with identity. A proper idealI of R is primary if whenevera andb are inR, ab is
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in I , anda is not in I , thenbm is in I for some integerm > 0. It is immediate that
every prime ideal is primary.

6. Prove that an idealI of R is primary if and only if every zero divisor inR/I is
nilpotent (in the sense that some power of it is 0), if and only if 0 is primary in
R/I .

7. (a) Prove that ifI is a primary ideal, then
√

I is a prime ideal. (Educational
note: In this case the prime ideal

√
I is called theassociated prime ideal

to I .)
(b) Prove that ifI is any ideal and ifI ⊆ J for a prime idealJ, then

√
I ⊆ J.

8. (a) Show that the primary ideals inZ are 0 and(pn) for p prime andn > 0.
(b) Let R = C[x, y] and I = (x, y2). Use Problem 6 to show thatI is primary.

Show thatP = √
I is given byP = (x, y). Deduce thatP2 � I � P and

that a primary ideal is not necessarily a power of a prime ideal.
(c) Let K be a field, letR = K [X,Y, Z]/(XY − Z2), and letx, y, z be the

images ofX,Y, Z in R. Show thatP = (x, z) is prime by showing that
R/P is an integral domain. Show thatP2 is not primary by starting from
the fact thatxy = z2 lies in P2.

9. Prove that ifI is an ideal such that
√

I is maximal, thenI is primary. Deduce
that the powers of a maximal ideal are primary.

10. An ideal isreducible if it is the finite intersection of ideals strictly containing it;
otherwise it isirreducible .
(a) Show that every prime ideal is irreducible.
(b) Let R = C[x, y], and let I be the maximal ideal(x, y). Show thatI 2 is

primary and that the equalityI 2 = (Rx + I 2) ∩ (Ry+ I 2) exhibits I 2 as
reducible.

11. Prove that ifR is Noetherian, then every ideal is a finite intersection of proper
irreducible ideals. (The idealR is understood to be an empty intersection.)

12. Suppose thatR is Noetherian and thatQ is a proper irreducible ideal inR. Prove
that 0 is primary inR/Q, and deduce thatQ is primary inR.

13. Prove that ifQ1, . . . , Qn are primary ideals inR that all have
√

Qi = P, then
Q = ⋂n

i =1 Qi is primary with
√

Q = P.

14. (Lasker–Noether Decomposition Theorem)The expressionI = ⋂n
i =1 Qi of

an idealI as an intersection of primary idealsQi is said to beirredundant if

(i) no Qi contains the intersection of the other ones, and
(ii) the Qi have distinct associated prime ideals.

Prove that ifR is Noetherian, then every ideal is the irredundant intersection of
finitely many primary ideals.



CHAPTER VIII

Background for Algebraic Geometry

Abstract. This chapter introduces aspects of the algebraic theory of systems of polynomial equations
in several variables.

Section 1 gives a brief history of the subject, treating it as one of two early sources of questions
to be addressed in algebraic geometry.

Section 2 introduces the resultant as a tool for eliminating one of the variables in a system of
two such equations. A first form of Bezout’s Theorem is an application, saying that iff (X,Y) and
g(X,Y) are polynomials of respective degreesm andn whose locus of common zeros has more
thanmnpoints, thenf andg have a nontrivial common factor. This version of the theorem may be
regarded as pertaining to a pair of affine plane curves.

Section 3 passes to projective plane curves, which are nonconstant homogeneous polynomials in
three variables, two such being regarded as the same if they are multiples of one another. Versions of
the resultant and Bezout’s Theorem are valid in this context, and two projective plane curves defined
over an algebraically closed field always have a common zero.

Sections 4–5 introduce intersection multiplicity for projective plane curves. Section 4 treats a
line and a curve, and Section 5 treats the general case of two curves. The theory in Section 4 is
completely elementary, and a version of Bezout’s Theorem is proved that says that a line and a curve
of degreed have exactlyd common zeros, provided the underlying field is algebraically closed,
the zeros are counted as often as their intersection multiplicities, and the line does not divide the
curve. Section 5 makes more serious use of algebraic background, particularly localizations and the
Nullstellensatz. It gives an indication that ostensibly simple phenomena in the subject can require
sophisticated tools to analyze.

Section 6 proves a version of Bezout’s Theorem appropriate for the context of Section 5: ifF
andG are two projective plane curves of respective degreesm andn over an algebraically closed
field, then either they have a nontrivial common factor or they have exactlymncommon zeros when
the intersection multiplicities of the zeros are taken into account.

Sections 7–10 concern Gr¨obner bases, which are finite generating sets of a special kind for ideals
in a polynomial algebra over a field. Section 7 sets the stage, introducing monomial orders and
defining Gröbner bases. Section 8 establishes a several-variable analog of the division algorithm for
polynomials in one variable and derives from it a usable criterion for a finite set of generators to be a
Gröbner basis. From this it is easy to give a constructive proof of the existence of Gr¨obner bases and
to obtain as consequences solutions of the ideal-membership problem and the proper-ideal problem.
Section 9 obtains a uniqueness theorem under the condition that the Gr¨obner basis be reduced.
Adjusting a Gröbner basis to make it reduced is an easy matter. A consequence of the uniqueness
result is a solution of the ideal-equality problem. Section 10 gives two theorems concerning solutions
of systems of polynomial equations. The Elimination Theorem identifies in terms of Gr¨obner bases
those members of the ideal that depend only on a certain subset of the variables. The Extension
Theorem, proved under the additional assumption that the underlying field is algebraically closed,

447
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gives conditions under which a solution to the subsystem of equations that depend on all but one
variable can be extended to a solution of the whole system. The latter theorem makes use of the
theory of resultants.

1. Historical Origins and Overview

Modern algebraic geometry grew out of early attempts to solve simultaneous
polynomial equations in several variables and out of the theory of Riemann
surfaces. We shall discuss the first of these sources in the present chapter and the
second of the sources in Chapter IX.

Serious consideration of simultaneous polynomial equations of degree> 2
dates to a 1750 book1 by Gabriel Cramer (1704–1752), who may be better
known for Cramer’s rule in connection with determinants. Cramer was interested
in various aspects of the zero loci of polynomials in two variables with real
coefficients. Thinking of the zero locus, we refer to a nonconstant polynomial in
two variables as a plane curve.

One of the problems of interest to Cramer was to find the number of points in
the plane that would uniquely determine a plane curve of degreen up to a constant
multiple. Cramer gave the answer1

2n(n+3) to this problem. For example, when
n = 2, if we normalize matters by taking the coefficient ofx2 to be 1, then the
possible quadratic polynomials

f (x, y) = x2 + bxy+ cy2 + dx + ey+ f

involve five unknown coefficients. Each conditionf (xi , yi ) = 0 gives a linear
condition on the coefficients, and Cramer was able to write down explicitly a
plane curve through the given points in question by introducing determinants and
applying his rule to solve the problem.

Already with this much description the reader will see a certain subtlety—that
there will be special choices of the five points for which existence or uniqueness
will fail. We could also ask about the effect of multiplicities: what does it mean
geometrically to take two or more of the points to be equal, and how does such
an occurrence affect the number of points that can be specified?

Cramer noticed a subtlety that is less easy to resolve, even in hindsight. If we
are given any two plane curves of degree 3, then Cardan’s formula says that we
can solve one equation fory in terms ofx, obtaining three expressions inx; then
we can substitute fory in the other equation each of the three expressions inx and
obtain a cubic equation inx each time. In other words, we should expect up to 9
points of intersection for two cubics, and 9 should sometimes occur. (The various

1G. Cramer,Introductionà l’Analyse des Lignes courbes algébriques, Chez les Fr`eres Cramer
& Cl. Philibert, Geneva, 1750.
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forms of Bezout’s Theorem, which came a little later, confirm this argument.) The
number of points that determine a cubic completely is1

2n(n + 3) for n = 3, i.e.,
is 9. Thus we have 9 points determining a unique cubic, and yet the second cubic
goes through these 9 points as well. What is happening? This question has come
to be known asCramer’s paradox.

Explaining this kind of mystery became an early impetus for the development
of algebraic geometry.

The question of the number of points of intersection had been the subject of
conjecture for some time earlier, and it was expected that two plane curves of
respective total degreesm andn in some sense hadmn points of intersection.
Étienne Bezout (1730–1783) took up this question and dealt with parts of it
rigorously. The quadratic case can be solved by finding one variable in terms of
the other and by substituting, but let us handle it by the method that Bezout used.
If we view each polynomial as quadratic iny and having coefficients that depend
on x, then we have a system

a0 + a1y + a2y2 = 0,

b0 + b1y + b2y2 = 0.

Instead of regarding this as a system of two equations fory, we regard it as
a system of two homogeneous linear equations for variablesx0, x1, x2, where
x0 = 1, x1 = y, x2 = y2. We can get two further equations by multiplying each
equation byy:

a0y + a1y2 + a2y3 = 0,

b0y + b1y2 + b2y3 = 0,

and then we have four homogeneous linear equations forx0 = 1, x1 = y, x2 =
y2, x3 = y3. Since the system has the nonzero solution(1, y, y2, y3), the deter-
minant of the coefficient matrix must be 0. Remembering that the coefficients
depend onx, we see that we have eliminated the variabley and obtained a poly-
nomial equation forx without using any solution formula for polynomials in one
variable. The device that Bezout introduced for this purpose—the determinant of
the coefficient matrix—is called theresultant of the system and is a fundamental
tool in handling simultaneous polynomial equations. With it Bezout went on in
1779 to give a rigorous proof that when two polynomials in(x, y) are set equal
to 0 simultaneously, one of degreem and the other of degreen, then there cannot
be more thanmn solutions unless the two polynomials have a common factor.
This is a first form of Bezout’s Theorem and is proved in Section 2.

In order to have a chance of obtaining a full complement ofmnsolutions, we
make three adjustments—allow complex solutions instead of just real solutions
(even in the case(m, n) = (2,1) ), consider “projective plane curves” instead of
ordinary plane curves to allow for solutions at infinity (even in the case(m,n) =
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(1, 1) ), and introduce a suitable notion of intersection number of two plane curves
at a point in order to take multiplicities into account (even in the case(m, n) =
(2, 1) ). We shall allow complex solutions already in Section 2, and we shall make
an adjustment for projective plane curves in Section 3. The issue of intersection
multiplicity is more complicated. The beginnings of a classical approach to it
are indicated in Section 4, and a somewhat more modern approach appears in
Section 5. With the full theory of intersection multiplicities of projective plane
curves in place, we obtain a general form of Bezout’s Theorem2 in Section 6.

The theory of the resultant can be extended in various ways, but we shall
largely not pursue this matter. Studies of zero loci of systems of equations took
a more geometric turn in the first part of the nineteenth century through the work
of Julius Plücker (1801–1858) and others, but these matters will be left for an
implicit discussion in Chapter X. Instead, we skip to a development that began
with the doctoral thesis of Bruno Buchberger in 1965. Buchberger was interested
in being able to decide when a polynomial is a member of an ideal that is specified
by a finite list of generators. For this purpose he learned that each ideal has a
special finite set of generators that is unique once certain declarations are made.
He devised an algorithm for determining such a set of generators,3 and he gave
the name “Gr¨obner basis” to the set, in honor of his thesis advisor.4 The special
unique such basis is called a “reduced Gr¨obner basis.”

An unfortunate feature of the algorithm (and even of later improved algorithms)
is that Gröbner bases are extraordinarily complicated to calculate. The timing
of Buchberger’s discovery was therefore especially fortuitous, coming when
computers were becoming more common, more economical, and more powerful.

Buchberger was able to give a test for membership in an ideal in terms of
a multivariable division algorithm involving any Gr¨obner basis. Other general
problems involving ideals were solvable as well. Because of the uniqueness of the
reduced Gr¨obner basis, two ideals are identical if and only if their reduced Gr¨obner
bases are equal. When some of the theory of resultants was incorporated into
the theory of Gr¨obner bases, these bases could also be used to address various
questions of identifying zero loci. Other problems involving ideals could be
addressed by similar methods. The theory has flowered tremendously since its
initial discovery and by the present day has found many imaginative applications
to applied problems. Sections 7–10 give an introductory account of this important
theory.

2A correct proof of the general form of the theorem seems to have been published for the first
time by Georges-Henri Halphen (1844–1889) in 1873.

3Devising the algorithm was Buchberger’s real contribution, since the abstract existence of the
special set of generators is an easy consequence of the Hilbert Basis Theorem and had already been
used in papers of H. Hironaka in 1964.

4Wolfgang Gröbner (1899–1980). The name is often spelled out as “Groebner,” particularly
when it is used in connection with computer algorithms.
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2. Resultant and Bezout’s Theorem

Let A be a unique factorization domain. The case thatA = K [X1, . . . , Xr ] for
a field K will be the main case of interest for us. Iff andg are polynomials in
A[X] of the form

f (X) = f0 + f1X + · · · + fmXm,

g(X) = g0 + g1X + · · · + gnXn,

with m andn both positive, then we letR( f, g) be the(m+n)-by-(m+n)matrix⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

f0 f1 · · · fm−1 fm 0 0 0 · · · 0
0 f0 · · · fm−2 fm−1 fm 0 0 · · · 0
...

. . .
. . .

...

0 · · · f0 · · · fm
g0 g1 · · · gn−1 gn 0 · · · 0
0 g0 · · · gn−2 gn−1 gn · · · 0
...

. . .
. . .

...

0 · · · g0 g1 · · · gn

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

in which there aren rows above theg0 in the first column and there aremremaining
rows. Theresultant of f andg is the determinant

R( f, g) = detR( f, g).

Theorem 8.1.If A is a unique factorization domain and iff andg are nonzero
members ofA[X] of the form f (X) = ∑m

i =0 fi Xi andg(X) = ∑n
j =0 gj X j with

m> 0 andn > 0 and with at least one offm andgn nonzero, then the following
are equivalent:

(a) f andg have a common factor of degree> 0 in X,
(b) a f + bg = 0 for some nonzeroa andb in A[X] with dega < n and

degb < m.
(c) R( f, g) = 0.

RegardR( f, g) as a constant polynomial inX. When R( f, g) �= 0, there
exist uniquea andb in A[X] such thata(X) f (X)+ b(X)g(X) = R( f, g) with
dega < n and degb < m. Both the polynomialsa andb are nonzero if both
f (X) andg(X) are nonconstant.

REMARKS. The theorem says thata f + bg = R( f, g) holds in every case
for which at least one of the coefficientsfm andgn is nonzero. Sometimes the
theorem appears in texts with the assumption that both coefficients are nonzero;
in this connection, see Problem 5 at the end of the chapter. WhenR( f, g) = 0,
the theorem does not point to a useful way to identify a common factor; the
division algorithm can be used for this purpose in some circumstances, but the
use of Gröbner bases as in Section 7 will be more helpful.
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PROOF. Let us prove the equivalence of (a) and (b). Suppose that (a) holds.
If u is a nonconstant polynomial inX that divides bothf and g, let us write
f = bu and g = −au. Thena f + bg = 0. Also, dega + degu = degg;
since degu > 0, dega < degg ≤ n. Similarly degb < m. Thus (b) holds.
Conversely suppose that (b) holds, so thata f = −bg with a andb nonzero and
with dega < n and degb < m. Suppose thatfm �= 0. The equalitya f = −bg
shows thatf dividesbg. Since degb < m = deg f , f cannot divideb. But
A[X] is a unique factorization domain, and thus there is some prime factorp of
f of positive degree such thatpk for somek divides f but notb. Thenp divides
both f andg, and (a) holds. A similar argument works ifgn �= 0.

Now we prove the equivalence of (b) and (c). LetF be the field of fractions
of A. We set up a one-one correspondence between polynomialsa(X) in A[X]
of degree at mostn − 1 andn-dimensional row vectors( α0 α1 · · · αn−1 )

with entries inA by the formula

a(X) = α0 + α1X + · · · + αn−1Xn−1,

and similarly we set up one-one correspondences for degrees at mostm − 1 and
at mostm + n − 1 by the formulas

b(X) = β0 + β1X + · · · + βm−1Xm−1,

c(X) = γ0 + γ1X + · · · + γm+n−1Xm+n−1.

Examining the form ofR( f, g), we see that the matrix equality

( α0 α1 · · · αn−1 β0 · · · βm−1 )R( f, g)

= ( γ0 γ1 · · · γm+n−1 ) (∗)

holds if and only if the polynomial equality

a(X) f (X)+ b(X)g(X) = c(X). (∗∗)

holds. If (b) holds, thena f = −bg, and (∗∗) shows thatc = 0. That is,
( γ0 γ1 · · · γm+n−1 ) is the 0 row vector. Interpreting(∗) as a matrix equality
over F and assuming thata and b are not both 0, we see that the transpose
of R( f, g) has a nontrivial null space. ThereforeR( f, g) = detR( f, g) =
0. This proves (c). Conversely if (c) holds, then we can find row vectors
( α0 α1 · · · αn−1 ) and ( β0 β1 · · · βm−1 ) not both 0, having entries
in F , such that the left side of(∗) equals the 0 row vector. Clearing fractions, we
may assume that( α0 α1 · · · αn−1 )and( β0 β1 · · · βm−1 )have entries
in A. Referring to(∗), we obtaina f +bg = 0 with dega at mostn−1 and degb
at mostm − 1. We know that at least one ofa andb is nonzero, and we have to



2. Resultant and Bezout's Theorem 453

see that both are nonzero. The situation is symmetric ina andb. If a were to
equal 0, then we would havebg = 0 and we could conclude thatb = 0 because
g �= 0. So we would obtain the contradictiona = b = 0. This proves (b).

For the last statement of the theorem, suppose thatR( f, g) �= 0. Then Cramer’s
rule applied over the field of fractionsF of A shows that the matrix inverse of
R( f, g) is of the form

R( f, g)−1 = R( f, g)−1S( f, g),

whereS( f, g) is a matrix with entries inA. Consequently the row vector

( R( f, g) 0 · · · 0)R( f, g)−1

has entries inA, and we can define membersα0, . . . , αn−1, β0, . . . , βm−1 of A by

( α0 α1 · · · αn−1 β0 · · · βm−1 )

= ( R( f, g) 0 · · · 0)R( f, g)−1.

Then(∗) holds with( γ0 γ1 · · · γm+n−1 ) = ( R( f, g) 0 · · · 0), and
the equality(∗∗) shows thata(X) f (X) + b(X)g(X) = R( f, g). If both f and
g are nonconstant, then neithera(X) nor b(X) can be 0, since otherwise the
equation would show thatR( f, g) is a nonconstant polynomial. �

Theorem 8.2(Bezout’s Theorem). LetK be any field, and letf (X,Y) and
g(X,Y) be nonconstant polynomials inK [X,Y], of exact respective degreesm
andn. If the locus of common zeros off andg in K 2 has more thanmnpoints,
then f andg have a nonconstant common factor inK [X,Y].

PROOF. For most of the proof, we assume thatK is infinite. Arguing by
contradiction, suppose thatf and g both vanish at distinct points(xi , yi ) for
1 ≤ i ≤ mn+ 1, and suppose thatf andg have no nonconstant common factor.
Since there are only finitely many membersc of K such thatyi − yj = c(xi − xj )

for somei and j with i �= j and sinceK is assumed to be infinite, we can find
c in K such thatyi − yj �= c(xi − xj ) for all i and j with i �= j . For thisc,
yi − cxi �= yj − cxj when i �= j , and therefore the second coordinates of the
points(xi , yi − cxi ) are distinct. The common zeros off (X,Y) andg(X,Y)
include the points(xi , yi ), and thus the common zeros off (X,Y + cX) and
g(X,Y + cX) include themn+1 points(xi , yi − cxi )whose second coordinates
are distinct.

In other words, there is no loss of generality in assuming that the given
polynomials f and g vanish atmn + 1 points whose second coordinates are
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distinct. Regardf (X,Y) and g(X,Y) as membersf (X) and g(X) of A[X],
whereA = K [Y], and write

f (X) = f0 + f1X + · · · + fm′ Xm′
,

g(X) = g0 + g1X + · · · + gn′ Xn′
,

with each fi andgi in A and with fm′ �= 0 andgn′ �= 0. Herem′ ≤ m andn′ ≤ n.
Let us rule out the possibility thatm′ = 0 orn′ = 0. Indeed, if we hadm′ = 0,

then the polynomialf would be nonzero and would depend onY alone. Since
f is nonzero and has degreem ≥ 1, it has at mostm roots. But we are assuming
that f andg vanish atmn+ 1 points whoseY coordinates are distinct, and the
inequalitiesm ≤ mn < mn+ 1 therefore give a contradiction. Thusm′ �= 0.
Similarly n′ �= 0. So Theorem 8.1 is applicable.

Form the square matrixR( f, g) of sizem′ + n′ and its determinantR( f, g).
The latter is a member ofK [Y], and Theorem 8.1 shows that it cannot be 0, since
f andg are assumed to have no nonconstant common factor inK [X,Y].

Let us bound the degree of the memberR( f, g) = detR( f, g) of K [Y]. Each
term in the expansion of the determinant is of the form

± ∏
1≤i ≤m′+n′

R( f, g)i,σ (i ) (∗)

for some permutationσ of {1, . . . ,m′ + n′}. HereR( f, g)i j is given by

R( f, g)i j =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

f j −i for 1 ≤ i ≤ n′ and for j with i ≤ j ≤ m′ + i,

0 for 1 ≤ i ≤ n′ and for all otherj,

gj +n′−i for n′ + 1 ≤ i ≤ n′ + m′ and for j
with i ≤ n′ + j ≤ m′ + i ,

0 for n′ + 1 ≤ i ≤ n′ + m′ and for all otherj .

In addition, the degree off j −i as a member ofK [Y] is at mostm′ − ( j − i ), and
the degree ofgj +n′−i is at mostn′ − ( j + n′ − i ) = i − j . Setting j = σ(i ), we
see that the degree of(∗) is at most∑

1≤i ≤n′
(m′ − σ(i )+ i )+ ∑

n′+1≤i ≤m′+n′
(i − σ(i ))

= m′n′ − ∑
1≤i ≤m′+n′

σ(i )+ ∑
1≤i ≤m′+n′

i = m′n′ ≤ mn.

Thus R( f, g) is a nonzero polynomial inK [Y] of degree at mostmn. Conse-
quently it has at mostmn roots.

Theorem 8.1 shows thata f + bg = R( f, g) for suitable membersa andb of
K [X,Y]. Recalling thatf andg are assumed to vanish atmn+ 1 points whose
second coordinates are distinct, we see thatR( f, g) vanishes at each of these
second coordinates, and we arrive at a contradiction.



2. Resultant and Bezout's Theorem 455

Now we can allowK to be finite. LetK ′ be an infinite extension. We have
just seen thatf and g have a nonconstant factor inK ′[X,Y]. Without loss
of generality, this factor depends nontrivially onX. Theorem 8.1 applied with
A = K ′[Y] shows thatR[ f, g] = 0. The same theorem withA = K [Y]
then shows thatf andg have a common factor inA[X] = K [X,Y] depending
nontrivially on X. �

Let us introduce some geometric language for the situation in Theorem 8.2.
Affine n-spaceover a fieldK is the set ofn-dimensional column vectors

An = An
Kalg

= {
(x1, . . . , xn) ∈ K n

alg

}
with entries in a fixed algebraic closureKalg of K . The set ofK rational points,
or K points, in An is the subset

An
K = {

(x1, . . . , xn) ∈ K n}.
We shall comment on the appearance ofKalg in these definitions shortly.

Members ofAn are calledpoints in n-dimensional affine space, and the func-
tions P 	→ xj (P) give thecoordinatesof the points. IfL is any field between
K andKalg, then any polynomialf in K [X1, . . . , Xn] defines a corresponding
polynomial function fromAn

L into L.
For algebraic geometry the case of interest for Sections 1–6 of this chapter is

the casen = 2. The way of viewing a curve is influenced by Cramer’s thinking as
discussed in Section 1: the particular polynomial that defines a curve is important,
not just the zero locus in the affine plane, but two curves are to be regarded as the
same if each is a nonzero multiple of the other. We can incorporate this viewpoint
into algebraic language by defining anaffine plane curveC over the fieldK to
be any nonzero proper principal ideal5 in K [X,Y]. The curve is anaffine plane
line if the degree of any generator is 1.

In practice in studying affine plane curves, there is ordinarily no need to
distinguish between a polynomial and the principal ideal that it generates, and
we shall feel free to refer to an affine plane curveC = ( f ) as f when there is no
possibility of confusion.

The zero locus of a curve is the corresponding geometric notion, but it can
readily be empty, as is the case withX2 + Y2 + 1 when K = R. On the
other hand, the Nullstellensatz (Theorem 7.1) ensures that the zero locus will be
nonempty if the underlying field is algebraically closed. Thus we define thezero
locusV(C) = V(( f )) of the curveC = ( f (X,Y)) by6

5Warning: This definition will be changed slightly in Chapter IX and again in Chapter X to
reflect changed emphasis in those chapters.

6The letter “V” is the letter that is commonly used in the notation for a zero locus. It stands for
“variety,” a notion that we have not yet defined. But beware: not all objects labeled with a “V” are
actually varieties the way the term is normally defined. An affine plane curve will turn out to be a
variety exactly when the generating polynomialf is prime inKalg[X,Y].
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V(C) = VKalg(C) = {
(x, y) ∈ K 2

alg | f (x, y) = 0
}
.

This is the same as the set of all(x, y) such that every member of the idealC
vanishes at(x, y). The set ofK rational points, or K points, of C is

VK (C) = VK (( f )) = {
(x, y) ∈ K | f (x, y) = 0

}
.

When we are content to refer to an affine curveC = ( f ) as f , we are content
also to writeV( f ) in place ofV(C) = V(( f )).

In Chapter X, under the assumption thatK is algebraically closed, we shall
extend these definitions from the casen = 2 andC as above to the case that
n is general andC is replaced by any idealI in K [x1, . . . , Xn]. The setV(I )
of common zeros of the members ofI in K n = K n

alg will be called an “affine
algebraic set.” The case of affinen-space itself arises when the ideal is 0.

For generalK , not necessarily algebraically closed, it is meaningful to consider
the setVK (I ) of K rational points, i.e., the subset of common zeros lying inK n.
For I = 0 andV(I ) = An, the distinction betweenVK (I ) andVKalg(I ) is hardly
worth mentioning, but the distinction is well worth making for generalI and is
made for the caseV(I ) = An for consistency. Although the study of setsVK (I )
is of importance in number theory, in geometry overR, and in other areas, we
shall not pursue it in Chapter X for lack of space.

Returning to Theorem 8.2, we see that the statement concernsVK (C)∩VK (D),
whereC andD are the principal idealsC = ( f ) andD = (g) in K [X,Y]. The
theorem says that ifVK (C)∩ VK (D) contains more thanmnpoints, then there is
a nonzero principal idealh with (h) ⊆ ( f ) ∩ (g).

3. Projective Plane Curves

Section 2 dealt with intersections of affine plane curves. Even over an alge-
braically closed field, two affine plane curves need not intersect. An example is
the pair of straight linesX +Y −1 andX +Y −2, whose locus of common zeros
is empty. To get these lines to intersect, we have to introduce “points at infinity.”
The projective plane is the device for including such points.

Let K be a field, and letKalg be an algebraic closure. Theprojective plane
overK is defined set theoretically as the quotient ofK 3

alg−{0} by an equivalence
relation:

P2 = P2
Kalg

= {
(x, y, w) ∈ K 3

alg − {0}}/ ∼,
where(x′, y′, w′) ∼ (x, y, w) if (x′, y′, w′) = λ(x, y, w) for someλ ∈ K ×

alg.
The set ofK rational points, or K points, of P2 is the quotient

P2
K = {

(x, y, w) ∈ K 3 − {0}}/ ∼,
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where(x′, y′, w′) ∼ (x, y, w) if (x′, y′, w′) = λ(x, y, w) for someλ ∈ K .
When there is a need to be careful, we shall write [x, y, w] for the member ofP2

K
corresponding to(x, y, w) in K 3 − {0}. But often there will not be such a need,
and we shall simply refer to(x, y, w) as a member ofP2

K . BothP2 andP2
K have

additional structure on them, given by “affine local coordinates,” and we come to
that matter later in this section.

Let us record briefly the obvious generalization of the projective plane to other
dimensions:Projectiven-spaceoverK is defined set theoretically as the quotient

Pn = Pn
Kalg

= {
(x1, . . . , xn+1) ∈ K n+1

alg − {0}}/ ∼,
where(x′

1, . . . , x
′
n+1) ∼ (x1, . . . , xn+1) if (x′

1, . . . , x
′
n+1) = λ(x1, . . . , xn+1) for

someλ ∈ K ×
alg. The setPn

K of K rational points of Pn is the set defined in similar
fashion using just nonzero vectors inK n+1 and scalars inK ×.

Scalar-valued functions onPn
K are of little interest because they amount to

scalar-valued functions ofK n − {0} that are unchanged when(x1, . . . , xn) is
replaced by a multiple of itself. A polynomial of this kind, for example, is
necessarily constant. Instead, the polynomials of interest that are related toPn

K are
“homogeneous polynomials.” Amonomial in K [X1, . . . , Xn+1] is a polynomial
of the form X j1

1 · · · X jn+1
n+1; its total degree is

∑n+1
i =1 ji . We say that a nonzero

F in K [X1, . . . , Xn+1] is homogeneousof degreed ≥ 0 if every monomial
appearing inF with nonzero coefficient has total degreed. By convention the 0
polynomial is homogeneous of every degree. We writeK [X1, . . . , Xn+1]d for
the set of homogeneous polynomials of degreed. Each suchF satisfies

F(λx1, . . . , λxn+1) = λd F(x1, . . . , xn+1)

for all (x1, . . . , xn+1) ∈ K n+1 andλ ∈ K ×. Conversely the fact that the mapping
of polynomials into polynomial functions is one-one for an infinite field implies
that homogeneous polynomials over an infinite field can be detected by this
property.

Let us assemble some further properties of homogeneous polynomials: The
monomials of total degreed form aK basis of the vector spaceK [X1, . . . , Xn+1]d;
this fact follows from the definition of polynomials overK . To calculate the
dimension ofK [X1, . . . , Xn+1]d, consider the problem of takingd factorsX on
which to place subscripts and usingn dividers to separate theX1’s from theX2’s
and so on. The number of monomials in question is just the number of ways of
selecting then dividers from among thed + n symbols and dividers. Thus we
obtain the important formula

dimK K [X1, . . . , Xn+1]d =
(

d + n

n

)
.

Lemma 8.3.Any polynomial factor of a homogeneous polynomial over a field
K is homogeneous.
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PROOF. Write F = F1F2 nontrivially. Letd1 ande1 be the highest and lowest
total degrees of terms inF1, and letd2 ande2 be the highest and lowest total
degrees of terms inF2. The product of the terms of total degreed1 in F1 and
the terms of total degreed2 in F2 is nonzero and is thed1d2 total-degree part
of F . The product of the terms of total degreee1 in F1 and the terms of total
degreee2 in F2 is nonzero and is thee1e2 total-degree part ofF . SinceF is
homogeneous,d1d2 = e1e2. It follows thatd1 = e1 andd2 = e2; thusF1 andF2

are homogeneous. �

An ideal I in K [X1, . . . , Xn+1] is called ahomogeneous idealif it is the sum
overd ≥ 0 of its intersections withK [X1, . . . , Xn+1]d:

I =
∞⊕

d=0

(I ∩ K [X1, . . . , Xn+1]d).

The sum is to be regarded as a direct sum of vector spaces. For such an ideal, we
can compute the quotientK [X1, . . . , Xn+1]/I term by term:

K [X1, . . . , Xn+1]/I =
∞⊕

d=0

K [X1, . . . , Xn+1]d
/
(I ∩ K [X1, . . . , Xn+1]d).

We can often recognize a homogeneous ideal from its generators: an ideal with a
set of generators that are all homogeneous is necessarily a homogeneous ideal. In
fact, if an idealI has homogeneous generatorsFj , then the most general member
of I is a finite sum of termsAj Fj . The terms of total degreed in Aj Fj are the
product ofFj with the terms inAj of total degreed − degFj , and each such term
is in I . Hence each member ofI is a sum of homogeneous polynomials that lie
in I , and the assertion follows.

In the setting ofP2, projective plane curves overK are initially defined to be
nonconstanthomogeneouspolynomials inK [X,Y,W]. Although such polyno-
mials are not well defined on the projective plane, their zero loci are well defined
subsets ofP2. As in the affine case, the particular polynomial that defines a curve
is important, not just the zero locus, but two curves are to be regarded as the same
if each is a nonzero multiple of the other. We can incorporate this viewpoint into
algebraic language by defining aprojective plane curveof degreed > 0 over
the fieldK to be any nonzero proper principal ideal inK [X,Y,W] generated by a
homogeneous polynomial of degreed. Such an ideal is necessarily homogeneous.
In the special cases thatd = 1, 2, 3, or 4, the curve is called aprojective line,
conic, cubic, or quartic respectively.

Just as in the affine case, in practice in studying projective plane curves,
there is often no need to distinguish between a homogeneous polynomial and
the homogeneous principal ideal that it generates, and we shall feel free to refer
to a projective plane curveC = (F) ⊆ K [X,Y,W] as F when there is no
possibility of confusion.
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If (F) is a projective plane curve of degreed, then its zero locus is denoted by

V((F)) = VKalg((F)) = {
[x, y, w] ∈ P2

∣∣ F(x, y, w) = 0
}
.

The locus
VK ((F)) = {

[x, y, w] ∈ P2
K

∣∣ F(x, y, w) = 0
}

is called the set ofK rational points, or K points, of the curve. When we allow
ourselves to refer to the curve simply asF , then we can writeV(F) in place of
V((F)).

The affine planeA2
K = {(x, y)} has a standard one-one embedding into the

projective planeP2
K . Namely we map(x, y) into [x, y,1]. The set that is missed

by the image is the set withw = 0, which is the set ofK rational points of the line
L with L(X,Y,W) = W, a line called theline at infinity . We shall denote this
line by W. The points ofVK (W), i.e., those withw = 0, are called thepoints at
infinity .

Except for the line at infinity, lines inP2
K correspond under restriction exactly

to lines in K 2. Namely the projective lineL(X,Y,W) = aX + bY + cW
corresponds to the affine linel (x, y) = aX + bY + c, and vice versa. In certain
ways the geometry ofP2

K is simpler than the geometry ofA2
K :

(i) Two distinct lines inP2
K intersect in a unique point. In fact, we set up the

system of equations(
a b c
a′ b′ c′

)( x
y
w

)
=
(

0
0

)
.

Since the lines are distinct, the coefficient matrix has rank 2. Thus
the kernel has dimension 1, and there is just one point [x, y, w] in the
intersection.

(ii) Two distinct points inP2
K lie on a unique line. In fact, we set up the

system of equations(
x y w

x′ y′ w′

)(a
b
c

)
=
(

0
0

)
and argue in similar fashion.

Along with the embedding ofA2
K into P2

K is a correspondence between pro-
jective curves and affine curves. Let us work with the polynomials themselves,
without identifying each polynomial with every nonzero scalar multiple of itself.
The passage from a nonzero homogeneous polynomialF(X,Y,W) of degree
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d > 0 to a polynomialf (X,Y) is given by f (X,Y) = F(X,Y,1). The mapping
F 	→ f is a substitution homomorphism, and it therefore respects products.
However, the degree may drop in the process, and in particularf (X,Y) is a
constant if and only ifF(X,Y,W) is a multiple ofWd.

In the reverse direction iff (X,Y) is a polynomial of degreee, then f (X,Y)
arises from a polynomialF(X,Y,W), but we have to specify the degreed of F
and we must haved ≥ e. Operationally we obtainF by inserting a power ofW
into each term off to make the total degree of the term becomed. For example,
with f (X,Y) = Y2 + XY + X3 if the desired degree is 3, thenF(X,Y,W) =
Y2W+XY W+X3. On the other hand, if the desired degree is 4, thenF(X,Y,W)
= Y2W2 + XY W2 + X3W.

The formula for this reverse process isF(X,Y,W) = Wd f (XW−1,Y W−1).
That is,F is given by a substitution homomorphism, followed by multiplication
by a power ofW. From this fact, we can read off conclusions of the following
kind:

If polynomials f (X,Y) and g(X,Y) are obtained from homoge-
neous polynomialsF(X,Y,W) andG(X,Y,W) by takingW = 1,
then there exist integersr and s such that the polynomial
Wr F(X,Y,W) + WsG(X,Y,W) is homogeneous and such that
f (X,Y)+ g(X,Y) is obtained from it by takingW = 1.

As we mentioned above,P2
K has more structure than simply the structure of

a set. About any point inP2
K we can introduce various systems of “affine local

coordinates.” The idea is to imitate what happens in the definition of a manifold:
the whole manifold is covered by charts, each giving an invertible mapping of a
set in the manifold to an open subset of Euclidean space. Here a single system
of affine local coordinates plays the role of a chart; it putsA2

K into one-one
correspondence with the complement of the zero locus of a line inP2

K .
Let� be a member of the matrix group GL(3, K ). Then� maps the setK 3

of column vectors in one-one fashion ontoK 3 and passes to a one-one map of
P2

K ontoP2
K called theprojective transformation corresponding to�. Two�’s

give the same map ofP2
K if and only if they are multiples of one another. The

group action of GL(3, K ) onP2
K is transitive because GL(3, K ) acts transitively

on K 3 − {(0,0, 0)}.
If L is the projective line whose coefficients are given by the row vector

(a b c) and if � is is in GL(3, K ), then the row vector(a b c)�−1

defines a new projective lineL�, and theK rational points ofL� are given by

VK (L
�) = �(VK (L)).

In fact, let

( x
y
w

)
be in VK (L). Then

(
x′

y′

w′

)
= �

( x
y
w

)
is in �(VK (L)) and

satisfies
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(a b c)�−1

( x′
y′
w′

)
= 0;

hence it is inVK (L�). Conversely if

(
x′

y′

w′

)
is inVK (L�), then

( x
y
w

)
= �−1

(
x′

y′

w′

)
satisfies

(a b c)

( x
y
w

)
= (a b c)�−1

( x′
y′
w′

)
= 0,

and thus

(
x′

y′

w′

)
is� of something inVK (L).

To form the analog of a chart, fix [x0, y0, w0] in P2
K . Choose (by transitivity)

some� in GL(3, K ) with �(x0, y0, w0) = (0,0,1). Then we can defineaffine
local coordinateson�−1(K × K × {1}) to K 2 by the one-one map

ϕ(�−1(x, y, 1)) = (x, y).

This definition generalizes the standard embedding of the affine planeK 2 into
P2

K earlier; that embedding was the case� = 1.

EXAMPLES OF AFFINE LOCAL COORDINATES FORP2
K .

(1) Suppose(x0, y0, w0) = (x0, y0,1). We can choose� =
(

1 0 −x0

0 1 −y0

0 0 1

)
. Then

�

( x
y
1

)
=
(1 0 −x0

0 1 −y0

0 0 1

)( x
y
1

)
=
( x − x0

y − y0

1

)
.

In this case, the local coordinates are defined on

�−1(K × K × 1) = K × K × 1

and are given by

ϕ(x, y,1) = ϕ(�−1(�(x, y,1)))

= ϕ(�−1(x − x0, y − y0,1)) = (x − x0, y − y0).

This� is handy for reducing behavior about(x0, y0,1) in P2
K to behavior about

(0,0) in K 2.
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(2) Suppose(x0, y0, w0) = (0,1, 0). We can choose� =
(

0 0 1
1 0 0
0 1 0

)
. Then

�

( x
1
w

)
=
(0 0 1

1 0 0
0 1 0

)( x
1
w

)
=
(
w

x
1

)

and

ϕ(x,1, w) = ϕ(�−1(�(x, 1, w))) = ϕ(�−1(w, x,1)) = (w, x).
This� is handy for studying behavior near one of the points at infinity inP2

K .

We can use affine local coordinates to examine the behavior of a projective
plane curve “near a particular point,” by which is meant “with that point as the
center point in the analysis.” To examine behavior near(0, 0, 1), we use the
correspondencef (X,Y) = F(X,Y,1) that we discussed earlier. For a general
point, we make use of the fact that wheneverF is a homogeneous polynomial of
degreed, then so isF◦�−1. To examine the behavior ofF near a point(x0, y0, w0)

in K 3 − {(0,0, 0)}, we choose� in GL(3, K ) with �(x0, y0, w0) = (0, 0,1),
and we define

f (X,Y) = F(�−1(X,Y,1)).

Under this correspondence the behavior ofF at (x0, y0, w0) is reflected in the
behavior of f at (0,0). We call f (X,Y) the local expressionfor F in the affine
local coordinates determined by�. This local expression is a polynomial in
K [X,Y], and it is nonconstant unlessF is a scalar multiple of(W ◦ �)d for
somed.

EXAMPLES, CONTINUED.

(1) Suppose that(x0, y0, w0) = (x0, y0,1) and that� =
(

1 0 −x0

0 1 −y0

0 0 1

)
. Compu-

tation gives

�−1

( x
y
1

)
=
( x + x0

y + y0

1

)
,

and the corresponding local expression for a projective plane curveF is

f (X,Y) = F(X + x0,Y + y0,1).

For the projective plane curve

F(X,Y,W) = X2Y + XY W+ W3

and the same�, the local expressionf (X,Y) splits into homogeneous terms as
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f (X,Y) = (x2
0 y0 + x0y0 + 1)+ (x2

0Y + 2x0y0X + x0Y + y0X)

+ (y0X2 + 2x0XY + XY)+ (X2Y).

We shall use this splitting in the next section in the first example of intersection
multiplicity.

(2) Suppose that(x0, y0, w0) = (0,1, 0) and that� =
(

0 0 1
1 0 0
0 1 0

)
. Then

�−1

( x
y
1

)
=
( y

1
x

)
,

and the local expression for a projective plane curveF relative to this� is

f (X,Y) = F(Y,1, X).

For the same projective plane curveF as in Example 1, namely

F(X,Y,W) = X2Y + XY W+ W3,

we obtain
f (X,Y) = (Y2 + XY)+ (X3).

We shall examine this example further in the next section.

In this way we have associated to each projective plane curveF and to the
system of affine local coordinates determined by a member� of GL(3, K ) a local
expression that is a nonzero polynomial inK [X,Y]. Conversely if the degree
d and the member� of GL(3, K ) are given and iff in K [X,Y] is nonzero of
degree at mostd, then we can reconstruct a projective plane curveF of degree
d whose local expression relative to� is f . We have only to form the unique
homogeneous polynomialG of degreed with f (X,Y) = G(X,Y, 1) and then
put F = G ◦�.

With these preparations in place, we return to a consideration of resultants and
Bezout’s Theorem. Our objective is to rephrase Theorem 8.2 to take advantage
of properties of the projective plane.

Lemma 8.4.Let K be a field, letA be the polynomial ringA = K [x1, . . . , xr ],
and let f andg be members ofA[X] of the form

f (X) = f0 + f1X + · · · + fmXm,

g(X) = g0 + g1X + · · · + gnXn,

where f j is a member ofA homogeneous of degreem′ − j andgj is a member of
A homogeneous of degreen′ − j . Then the resultantR( f, g) is a homogeneous
member ofA of degreemn′ + m′n − mn.
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REMARKS. In the application to proving Theorem 8.5, we will havem′ = m
andn′ = n, and thenR( f, g) is homogeneous of degreemn. Problem 8 at the
end of the chapter concerns a situation for whichm′ �= m andn′ �= n.

PROOF. There is no loss of generality in assuming thatK is algebraically closed,
hence in particular is infinite. Each nonzero entryR( f, g)i j ofR( f, g) is a coeffi-
cient of f or of g. For each entry, definep(i, j ) such thatR( f, g)i j (t x1, . . . , t xr )

= t p(i, j )R( f, g)i j (x1, . . . , xr ). The assembled matrixRwith powers oft in place
is ⎛⎜⎜⎜⎜⎝

tm′
f0 tm′−1 f1 · · · tm′−m fm · · ·

0 tm′
f0 · · ·

...
. . .

tn′
g0 tn′−1g1 · · · tn′−ngn · · ·

0 tn′
g0 · · ·

⎞⎟⎟⎟⎟⎠ . (∗)

It turns out that there is a functionq(i ) such thatr ( j ) = q(i )+ p(i, j ) depends
only on j . Heretq(i ) is thei th entry of

(tn′
, tn′−1, . . . , tn′−n+1; tm′

, tm′−1, . . . , tm′−m+1).

The matrix(∗) with tq(i ) multiplying every entry of thei th row is⎛⎜⎜⎜⎜⎝
tn′

tm′
f0 tn′

tm′−1 f1 · · · tn′
tm′−m fm · · ·

0 tn′−1tm′
f0 · · ·

...
. . .

tm′
tn′

g0 tm′
tn′−1g1 · · · tm′

tn′−ngn · · ·
0 tm′−1tn′

g0 · · ·

⎞⎟⎟⎟⎟⎠ . (∗∗)

In (∗∗), tr ( j ) is the j th entry of (tm′+n′
, tm′+n′−1, . . . , tm′+n′−m−n+1). Then we

have
tu R( f, g)(t x1, . . . , t xr ) = tvR( f, g)(x1, . . . , xr ),

whereu = ∑
i q(i ) andv = ∑

j r ( j ). So

R( f, g)(t x1, . . . , t xr ) = tv−u R( f, g)(x1, . . . , xr ).

In other words,R( f, g) is a homogeneous function. SinceK is infinite, R( f, g)
is homogeneous as a member ofA. Computingu and v, we find thatu =
mm′+nn′− 1

2m(m−1)− 1
2n(n−1)andv = (m+n)(m′+n′)− 1

2(m+n)(m+n−1).
Thereforev − u = mn′ + m′n − mn, and the degree of homogeneity ofR( f, g)
is mn′ + m′n − mn. �
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Theorem 8.5(Bezout’s Theorem). LetK be a field, letKalg be an algebraic
closure, and suppose thatF in K [X,Y,W]m andG in K [X,Y,W]n are projective
plane curves. Then their locusV(F) ∩ V(G) of common zeros inP2

Kalg
is

nonempty. If this zero locus has more thanmn points, thenF andG have as a
common factor some homogeneous polynomial in(X,Y,W) of positive degree.

REMARKS. For two polynomialsf (X,Y) andg(X,Y) in affine space, applica-
tion of Theorem 8.1 concerning the resultant in theY variable involves checking
that at least one of the polynomials has the expected degree in theY variable, and
doing so may not be so easy. In the projective setting, this problem disappears
if we apply a projective transformation and arrange that [0,0, 1] not be on the
zero locus of one of the given polynomials, sayF(X,Y,W). In fact, if F is in
K [X,Y,W]m, then the coefficient ofWm has to be a constant, and this term is
the only term ofF that contributes to the value ofF at (0, 0, 1). With the above
adjustment the coefficient must be nonzero, and Theorem 8.1 is applicable.

PROOF. Without loss of generality, we may assume throughout thatK is
algebraically closed. WriteF andG in the form

F(X,Y,W) = f0 + f1W + · · · + fmWm with f j ∈ K [X,Y]m− j ,

G(X,Y,W) = g0 + g1W + · · · + gnWn with gj ∈ K [X,Y]n− j .
(∗)

Pick a point(x, y, w)at whichF is nonzero, and move it to(0,0,1)by a projective
transformation, so thatF(0, 0, 1) �= 0. RegardingF andG as polynomials inW,
with coefficients inA = K [X,Y], we formR(F,G), which Lemma 8.4 identifies
as a member ofK [X,Y]mn.

SinceR(F,G) is homogeneous as a member ofK [X,Y] and sinceK is alge-
braically closed, we can choose a point(x0, y0) �= (0,0) with R(F,G)(x0, y0)

= 0. Then the resultant ofF(x0, y0,W) and G(x0, y0,W) is 0, and Theo-
rem 8.1 applies becauseF(x0, y0,W) has degreem in W. The theorem says
that these two polynomials inW have a common factor. SinceK is alge-
braically closed, this common factor vanishes at somew0, and then we must
haveF(x0, y0, w0) = G(x0, y0, w0) = 0. This proves the first conclusion.

For the second conclusion, suppose thatV(F)∩V(G) containsmn+1 points.
Join these points by lines, and pick a point ofP2

K that is not on any of the lines.
We can do so becauseK , being algebraically closed, is infinite. Applying a
projective transformation, we may assume that the point is [0,0,1]. Write F and
G in the form(∗). RegardingF andG as polynomials inW, with coefficients in
A = K [X,Y], we again formR(F,G), which Lemma 8.4 identifies as a member
of K [X,Y]mn. For fixed(x0, y0), Theorem 8.1 says thatR(F,G)(x0, y0) = 0 if
and only if F(x0, y0,W) andG(x0, y0,W) have a common factor (necessarily a
common factor of the formW − w0 becauseK is algebraically closed), if and
only if F(x0, y0, w0) = G(x0, y0, w0) = 0 for somew0. So at each of ourmn+1
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points, say(xi , yi , wi ), we haveR(F,G)(cxi , cyi ) = 0 for all scalarsc. Since
(xi , yi ) �= (0,0), R(F,G) vanishes on the lineyi X − xi Y = 0. Consequently
yi X − xi Y dividesR(F,G) in K [X,Y].

Suppose that(xi , yi ) is a multiple of(xj , yj )with i �= j . Then(xi , yi , wi ) and
(xj , yj , wj )both satisfyyi X−xi Y = 0. Since(0,0,1) satisfies this also and since
(0,0, 1) is not to be on any of the connecting lines, we obtain a contradiction.

Thus themn+1 factorsyi X−xi Y are nonassociate primes inK [X,Y] dividing
R(F,G). By unique factorization forK [X,Y], their product dividesR(F,G).
Since degR(F,G) = mn, we conclude thatR(F,G) = 0. Then Theorem
8.1 shows thatF andG have a nonconstant common factor inK [X,Y][W] =
K [X,Y,W]. The common factor is homogeneous by Lemma 8.3, and the second
conclusion is proved. �

4. Intersection Multiplicity for a Line with a Curve

In this section we begin the topic of “intersection multiplicity” for projective plane
curves. The idea is that the number of points in the intersectionV(F)∩ V(G) in
Bezout’s Theorem as formulated in Theorem 8.5 should actually equalmn, not
merely be bounded above bymn, if the field is algebraically closed and the points
are counted according to their “multiplicities,” whatever that might mean.

The prototype is the factorization of a polynomial of degreen in one variable.
The polynomial has at mostn roots, and it has exactlyn if the field is algebraically
closed and each root is counted according to its multiplicity. In this case, as we
well know, a rootz0 of f (z) has multiplicityk if (z− z0)

k is the largest power of
z − z0 that dividesf (z).

Our objective in this section is to develop a notion of intersection multiplicity
for the case of a line and a curve at a point; the case of two curves is less
intuitive and is postponed to the next section. The main result is to be that the
sum of the intersection multiplicities at all points for a line and a projective
plane curve equals the degree of the curve, provided that the underlying field is
algebraically closed and that the line does not divide the curve. The statement
in the previous paragraph about polynomials in one variable will amount to a
special case; for this special case the projective line isY, the projective curve is
of the formWd−1Y − F(X,W), whereF is homogeneous of degreed and where
f (X) = F(X,1), and the divisibility proviso is thatF not be the 0 polynomial,
i.e., that f (z) not be identically 0.

Let K be a field, letL be in K [X,Y,W]1, and let F be in K [X,Y,W]d.
The notation for intersection multiplicity will beI (P, L ∩ F), where P =
(x0, y0, w0) is in VK (F) ∩ VK (L). To make the definition, we introduce affine
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local coordinates. Choose� in GL(3, K ) with �(x0, y0, w0) = (0,0, 1), and
form the corresponding local expressions

f (X,Y) = F(�−1(X,Y,1)) = f1(X,Y)+ · · · + fd(X,Y),

l (X,Y) = L(�−1(X,Y,1)).

Here f j is the part of f that is homogeneous of degreej . Sincel (0, 0) = 0,
we see thatl (X,Y) = bX − aY for some constantsa andb not both 0. Then

ϕ(t) =
(

at
bt

)
, for t ∈ K , is a parametrization of the locus inA2

K on which

l (x, y) = 0. The compositionf (ϕ(t)) is a polynomial int with f (ϕ(0)) = 0. In
fact,

f (ϕ(t)) = f1(at,bt)+ f2(at,bt)+ · · · + fd(at,bt)

= t f1(a,b)+ t2 f2(a,b)+ · · · + td fd(a,b).

There are two possibilities. Iff ◦ ϕ is not the 0 polynomial, thenf (ϕ(t))
has a zero of some finite order att = 0, and this order is defined to be the
intersection multiplicity , or intersection number, I (P, L ∩ F). If f ◦ ϕ is the
0 polynomial, then we say thatI (P, L ∩ F) = +∞. It will be convenient to
defineI (P, L ∩ F) = 0 if P is not in VK (L) ∩ VK (F). We need to check that
I (P, L ∩ F) does not depend on the choice of�, but we postpone this verification
until after we consider two examples.

EXAMPLES OF INTERSECTION MULTIPLICITY.

(1) Example 1 in the previous section showed that relative to a suitable� in
GL(3, K ), the projective plane curve

F(X,Y,W) = X2Y + XY W+ W3

has local expressionf (X,Y) aboutP = (x0, y0,1) given by

f (X,Y) = (x2
0 y0 + x0y0 + 1)+ (x2

0Y + 2x0y0X + x0Y + y0X)

+ (y0X2 + 2x0XY + XY)+ (X2Y)

= f0 + f1(X,Y)+ f2(X,Y)+ f3(X,Y).

For a lineL, the intersection multiplicityI (P, L ∩ F) is 0 unlessP lies inVK (F),
i.e., unlessf0 = x2

0 y0 + x0y0 + 1 = 0. Suppose that the lineL is given by

L(X,Y,W) = αX + βY + γW,

with local expression

l (X,Y) = L(X + x0,Y + y0,1) = (αx0 + βy0 + γ )+ (αX + βY).
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Hereα andβ are not both 0. The intersection multiplicityI (P, L ∩ F) is 0 unless
P lies also inVK (L), i.e., unlessαx0 + βy0 + γ = 0. Thus suppose thatP lies
in VK (L)∩ VK (F). Then we can parametrize the locus for whichl (x, y) = 0 by(

x
y

)
= ϕ(t) =

(−βt
αt

)
, and we obtain

f1(ϕ(t)) = f1(−βt, αt) = t (x2
0α − 2x0y0β + x0α − y0β),

f2(ϕ(t)) = f2(−βt, αt) = t2(y0β
2 − 2x0αβ + αβ).

One point lying inVK (F) is P = (x0, y0,1) = (
1,−1

2,1
)
, and P lies also

in VK (L) if α − 1
2β + γ = 0, i.e., if γ satisfiesγ = 1

2β − α. Then we
have f1(ϕ(t)) = t (2α + 3

2β) and f2(ϕ(t)) = t2(−1
2β

2 − αβ). Consequently,
I (P, L ∩ F) is ≥ 1 if and only ifγ = 1

2β−α. In this case,I (P, L ∩ F) is ≥ 2 if
and only if 2α + 3

2β = 0, i.e., ifα = −3
4β. When both conditions are satisfied,

we have f2(ϕ(t)) = t2(−1
2β

2 − αβ) = t2(1
4β

2), and this is not the 0 function
because under these conditions,β = 0 would imply that(α, β, γ ) = (0,0, 0);
henceI (P, L ∩ F) = 2.

(2) Example 2 in the previous section considered the pointP = (x0, y0, w0) =
(0,1,0) for the sameF , namelyF(X,Y,W) = X2Y + XY W+ W3. This P
lies in VK (F). For a suitable�, the earlier computations showed that the local
expression forF is

f (X,Y) = (Y2 + XY)+ (X3).

The most general lineL for which P lies in VK (L) is αX + γW = 0, and the
corresponding local expression is

l (X,Y) = L(Y, 1, X) = αY + γ X.

We use the parametrizationϕ(t) = (−αt, γ t) for L and obtain

f (ϕ(t)) = t2(γ 2 − αγ )+ t3(−α3).

By inspection we see thatI (P, L ∩ F) ≥ 2 for all choices ofα andγ , and that
I (P, L ∩ F) ≥ 3 if and only if γ = 0 or γ = α. If γ = 0 or γ = α, thenα3

cannot be 0, and thusI (P, L ∩ F) = 3.

Let us return to the verification thatI (P, L ∩ F) does not depend on the choice
of�. Thus suppose that� is another member of GL(3, K )with�(x0, y0, w0) =
(0,0,1). Write

� ◦�−1 =
(
α β 0
γ δ 0
r s 1

)
,



4. Intersection Multiplicity for a Line with a Curve 469

form the local expressions

f ′(X,Y) = F(�−1(X,Y,1)) = f ′
1(X,Y)+ · · · + f ′

d(X,Y),

l ′(X,Y) = L(�−1(X,Y,1)) = b′X − a′Y,

and parametrize the locus inA2
K with l ′(x, y) = 0 by(

x
y

)
= ϕ′(t) =

(
a′t
b′t

)
.

We need a lemma.

Lemma 8.6. In the above notation,f (X,Y) equals

(r X + sY+ 1)d−1 f ′
1(αX + βY, γ X + δY)

+ (r X + sY+ 1)d−2 f ′
2(αX + βY, γ X + δY)

+ · · · + f ′
d(αX + βY, γ X + δY),

and therefore
f1(X,Y) = f ′

1(αX + βY, γ X + δY).
PROOF. For the first conclusion, let us justify the following computation:

f (X,Y) = (F ◦�−1)(� ◦�−1)(X,Y, 1)

= (F ◦�−1)(αX + βY, γ X + δY, r X + sY+ 1)

= (F ◦�−1)
(
(r X + sY+ 1)

(
αX+βY

r X+sY+1,
γ X+δY

r X+sY+1,1
))

= (r X + sY+ 1)d f ′( αX+βY
r X+sY+1,

γ X+δY
r X+sY+1

)
= (r X + sY+ 1)d( f ′

1 + · · · + f ′
d)
(
αX+βY

r X+sY+1,
γ X+δY

r X+sY+1

)
= (r X + sY+ 1)d−1 f ′

1(αX + βY, γ X + δY)
+ (r X + sY+ 1)d−2 f ′

2(αX + βY, γ X + δY)
+ · · · + f ′

d(αX + βY, γ X + δY).

In fact, the first three lines are valid if we make the computation in the field of
fractionsK (X,Y), the fourth line uses the homogeneity ofF and a substitution
homomorphism that evaluates members ofK [X,Y,W] at points ofK (X,Y,W),
and the remaining lines use the homogeneity off ′

1, . . . , f ′
d and a substitution

homomorphism that evaluates their arguments at points ofK (X,Y).
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This proves the first conclusion. To derive the second conclusion from it, we
expand each of the coefficients on the right side and group terms of the same
degree of homogeneity under(X,Y) 	→ (λX, λY). The only term whose degree
of homogeneity is 1 isf ′

1(αX+βY, γ X+δY)with a coefficient 1 coming from the
expansion of(r X+sY+1)d−1; all other terms have higher degree of homogeneity.
When f (X,Y)on the left side is expanded as a sum of homogeneous polynomials,
the term of degree 1 isf1(X,Y). The second conclusion follows. �

Continuing with the verification thatI (P, L ∩ F) does not depend on the
choice of�, we apply Lemma 8.6 toL in place ofF , and we obtain

l (X,Y) = l ′(αX + βY, γ X + δY).
Sincel (X,Y) = bX − aY andl ′(X,Y) = b′X − a′Y, this equation shows that

b = b′α − a′γ and − a = b′β − a′δ.

Putting� = αδ − βγ , we solve fora′ andb′ and obtain

αa + βb = �a′ and γa + δb = �b′.

Whenx = at andy = bt, we thus have

αx + βy = αat + βbt = t�a′ and γ x + δy = γat + δbt = t�b′.

Substituting these formulas into the first conclusion of Lemma 8.6 and using the
homogeneity of eachf ′

j gives

f (ϕ(t)) = (art + bst+ 1)d−1t� f ′
1(a

′,b′)

+ (art + bst+ 1)d−2t2�2 f ′
2(a

′,b′)+ · · · + td�d f ′
d(a

′,b′).

If j is the smallest index for whichf ′
j (a

′,b′) �= 0, then the lowest power of
t remaining on the right side after expansion of the coefficients ist j , and its
coefficient is� j f ′

j (a
′,b′). Thus we can conclude that the lowest power oft with

nonzero coefficient on the left side ist j , and its coefficientf j (a,b) must equal
� j f ′

j (a
′,b′). The equality of the lowest power oft remaining on each side shows

that I (P, L ∩ F) is the same when computed fromf as when computed fromf ′,
and we obtain as a bonus the formulaf j (a,b) = � j f ′

j (a
′,b′) if t j is that power.

This completes the verification thatI (P, L ∩ F) does not depend on the choice
of �.

Now we come back to the circle of ideas around Bezout’s Theorem. The first
task is to clarify the meaning of infinite intersection multiplicity.
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Proposition 8.7.Over the fieldK if a projective lineL and a projective plane
curve F meet at a pointP in P2

K , then I (P, L ∩ F) = +∞ if and only if L
dividesF .

PROOF. If L dividesF , then in the above notation the local expressionl (X,Y)
divides f (X,Y). Sincel (ϕ(t)) is the 0 polynomial, so isf (ϕ(t)).

Conversely suppose thatf (ϕ(t)) is the 0 polynomial, so thatfr (a,b) = 0 for
all r with 1 ≤ r ≤ d = degF . Without loss of generality, supposeb �= 0. The
equality

0 = fr (a,b) = c0ar + c1ar −1b + · · · + cr br

= br (c0(ab−1)r + c1(ab−1)r −1 + · · · + cr
)

says thatZ − ab−1 is a factor ofbr (c0Zr + c1Zr −1 + · · · + cr ). If we write

br (c0Zr + c1Zr −1 + · · · + cr ) = (Z − ab−1)u(Z)

and takeZ = XY−1, then

br fr (X,Y) = br Yr (c0(XY−1)r + c1(XY−1)r −1 + · · · + cr
)

= Yr (XY−1 − ab−1)u(XY−1) = b−1l (X,Y)
(
Yr −1u(XY−1)

)
.

Hencel (X,Y) divides fr (X,Y) for all r . It follows thatl (X,Y) divides f (X,Y)
and then thatL dividesF . �

The full-strength version of Bezout’s Theorem says that two projective plane
curves F and G of degreesm and n meet in at mostmn points even when
multiplicities are counted, and that the number is equal tomnif K is algebraically
closed and multiplicities are counted. This theorem will be proved in Section 6.
For the time being, we shall limit ourselves to the special case of the full-strength
theorem in which one of the curves is a line.

Theorem 8.8(Bezout’s Theorem). LetK be an algebraically closed field. If
F is a projective plane curve overK of degreed and if L is a projective line such
thatL does not divideF , then

∑
P I (P, L ∩ F) = d.

PROOF. First we show that∑
P

I (P, L ∩ F) < +∞. (∗)

SinceL is assumed not to divideF , Proposition 8.7 shows thatI (P, L ∩ F)
is finite at every point ofVK (L) ∩ VK (F). Thus

∑
P I (P, L ∩ F) is finite if
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there are only finitely many points inVK (L) ∩ VK (F). Bezout’s Theorem in the
form of Theorem 8.5 shows that eitherVK (L) ∩ VK (F) is finite or elseL and
F have as a common factor some homogeneous polynomial of positive degree.
SinceL has degree 1,L is prime, and thusL andF can have a common factor of
positive degree only ifL dividesF . We are assuming the contrary, and therefore
VK (L) ∩ VK (F) is finite. This proves(∗).

Possibly by applying a projective transformation, we may assume7 that the
given lineL is the line at infinityW. Then the pointsPj with I (Pj ,W ∩ F) > 0
are of the form [xj , yj ,0]. Taking into account that the algebraically closed field
K is necessarily infinite, we can apply a second projective transformation, one
that translates theY variable, and assume that noyj is 0. Then we can write
Pj = [r j ,1,0] with r j in K . Let us see that

H(X) = F(X, 1,0) is a nonzero polynomial of degree exactlyd. (∗∗)

In fact, F(X,Y,W) is homogeneous of degreed, and we have arranged that
[1,0,0], which certainly lies inVK (W), is not inVK (F). Consequently theXd

term in F(X,Y,W) has nonzero coefficient, and(∗∗) follows.
Next let us prove that

I
(
(r, 1,0),W ∩ F

) = multiplicity of r as a root ofH(X) = F(X,1, 0). (†)

Then it will follow that
∑

P I (P,W ∩ F) equals the number of roots of
H(X) = F(X,1,0), each counted as many times as its multiplicity. In view
of (∗∗) and the fact thatK is algebraically closed, we will then have proved that∑

P I (P,W ∩ F) = d, as required.
To prove(†), we introduce affine local coordinates about(r, 1,0), using�−1 =(

1 0 r
0 0 1
0 1 0

)
, so that�(r,1,0) = (0, 0,1). The local versionsf of F and l of W

relative to this� are

f (X,Y) = F(�−1(X,Y,1)) = F(X + r,1,Y),

l (X,Y) = W(�−1(X,Y,1)) = Y.

Hencel (X,Y) is of the formbX−aY with a = −1 andb = 0. If we parametrize
l by ϕ(t) = (at, bt) = (−t, 0), then

f (ϕ(t)) = f (−t,0) = F(−t + r,1, 0).

7If P andP′ are distinct points inP2
K , then there exists a projective transformation carryingP

to [1,0,0] andP′ to [0,1, 0]. This transformation carries the unique line throughP andP′ to the
line at infinity.



5. Intersection Multiplicity for Two Curves 473

The order of vanishing off (ϕ(t)) at t = 0, which is I
(
[r,1,0],W ∩ F

)
, thus

equals the order of the zero ofF(−t + r,1,0) at t = 0, which equals the
multiplicity of r as a root ofH(X) = F(X, 1, 0). This proves(†), and the
theorem follows. �

5. Intersection Multiplicity for Two Curves

In this section we continue the topic of “intersection multiplicity” begun in Sec-
tion 4. That section dealt with intersection multiplicity for the special case of a
projective line and a projective plane curve, and the present section deals with
the general case of two projective plane curves. The next section will use the
general notion to address Bezout’s Theorem in full generality. In this section and
the next we shall make occasional use of material from Chapter VII, especially
Lemma 7.21 and the results in Section VII.1.

It is worth reviewing qualitatively what happened in Section 4. What we
did was refer the given line and curve to affine space, parametrize the line in a
natural way, and substitute the parametrization into the formula for the curve to
obtain a scalar-valued function of one variable. The order of vanishing of the
resulting scalar-valued function of one variable was defined to be the intersection
multiplicity. The classical approach8 for handling two curves proceeds by trying
to generalize this construction, in effect parametrizing one curve and substituting
into the other. The fact that there need be no natural parametrization of either
of the curves leads to a number of complications, and ultimately the argument
involves a complicated ring of power series.

We shall follow a somewhat more modern approach9 based on localizations.10

The definition is not particularly intuitive, and it is necessary to study some
examples to see its virtues. We give the definition, show that the definition is
consistent with the definition in the special case of Section 4, check that the
definition makes sense in general, state some properties that are useful in making
computations, work out an example, and then verify the properties. Thus letF
andG be homogeneous polynomials in(X,Y,W) of respective degreesm andn,
and letP = [x0, y0, w0] be a point of the projective planeP2

K over a fieldK . We
refer matters back to affine space in the usual way by letting� be any member
of GL(3, K ) such that�(x0, y0, w0) = (0,0,1). The local expressions from�

8An account appears in Walker, Chapter IV.
9See Fulton, Chapter 3, for the present section and Fulton, Chapter 5, for the next section.
10For a still more modern and more general approach, see Serre’sAlgèbre Locale. Serre’s opening

sentence summarizes matters by saying, “Intersection multiplicities in algebraic geometry are equal
to certain ‘Euler–Poincar´e characteristics’ formed by means of the Tor functors of Cartan–Eilenberg.”
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about(0, 0) corresponding toF andG are the polynomialsf andg with

f (X,Y) = F(�−1(X,Y,1)),

g(X,Y) = G(�−1(X,Y,1)).

These polynomials break into homogeneous parts as

f (X,Y) = f0 + f1(X,Y)+ · · · + fm(X,Y),

g(X,Y) = g0 + g1(X,Y)+ · · · + gn(X,Y),

with f j andgj homogeneous of degreej in the pair(X,Y). We assume thatP
lies on the locusVK (F)∩VK (G) of common zeros ofF andG, and the condition
for this to happen is thatf0 = g0 = 0. Theorder of vanishing mP(F) of F at
P is the first j for which f j is not the zero polynomial; we saw as a consequence
of Lemma 8.6 that this quantity is well defined independently of the choice of�.

Theintersection multiplicity I (P, F ∩ G) of F andG at P can be defined in
either of two equivalent ways. The equivalence of the two definitions will be used
repeatedly in the discussion and follows from the fact that localization commutes
with passage to the quotient by an ideal, a fact that was proved as Lemma 7.21.
One definition is

I (P, F ∩ G) = dimK
((

K [X,Y]/( f, g)
)
(0,0)

)
,

where
(
K [X,Y]/( f, g)

)
(0,0) is the localization at(0,0) of the K algebra

K [X,Y]/( f, g). That is, we form the quotient ring ofK [X,Y] by the ideal
generated overK by f andg, localize with respect to the maximal ideal of all
members of the quotient vanishing at(0, 0), and compute the dimension of this
localization overK . The other definition is

I (P, F ∩ G) = dimK
(
S−1K [X,Y]

/
S−1( f, g)

)
,

whereS is the multiplicative system inK [X,Y] consisting of the complement of
the maximal ideal(X,Y), i.e., consisting of all polynomials that are nonvanishing
at(0,0). In either case all elements of the ring being localized have interpretations
as functions, and the multiplicative system consists of all the functions that are
nonzero at a certain point. Nevertheless, the matter is a little subtle because
some members of the multiplicative system in the first case may be zero divisors.
Here is a lower-dimensional example of that phenomenon that can also serve as
a guiding example for Theorem 8.12 below.
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EXAMPLE OF GEOMETRIC LOCALIZATION. R = (
K [X]/((X2(X − 1)2))

)
(0),

with the subscript indicating localization at 0. Before passage to the localization,
the quotientQ = K [X]/((X2(X −1)2)) has dimension 4, with a basis consisting
of the cosets of 1, X, X2, X3. The multiplicative systemS for localization at 0
consists of all members of the quotient that are nonzero at 0. The localization as a
set consists of equivalence classes of pairs(r, s) with r in Q ands in S, two pairs
(r, s) and(r ′, s′) being equivalent ift (rs′−r ′s) = 0 for somet in S. Localization
is a ring homomorphism, and we therefore consider the pairs(r, s) in the class of
the additive identity. These havet (r 1 − 0s) = 0 for somet . Thent andr have
representativest (X) andr (X) in K [X] such thatt (X)r (X) = p(X)X2(X − 1)2

for somep(X). Furthermore,t (0) �= 0. ThenX2 must divider (X), and this
condition is also sufficient for the choicet (X) = (X − 1)2. Thus the members
X2q(X) of K [X] give 0 in the localization, and the localization is isomorphic to
the 2-dimensional algebraK [X]/(X2).

Proposition 8.9 below will show thatI (P, F ∩ G) is independent of the func-
tion� used to introduce affine local coordinates. Assuming this independence,
we begin with an example that shows that the definition is consistent with the
definition in Section 4.

EXAMPLE 1 OF INTERSECTION MULTIPLICITY. Case of a lineL and a curve
F homogeneous of degreed. Assuming thatP lies in VK (L) ∩ VK (F), we
introduce affine local coordinates by means of a member� of GL(3, K ) that
carries a representative ofP to (0,0,1), and we letl (X,Y) and f (X,Y) be
the corresponding local expressions forL and F . Let f = f1 + · · · + fd
be the decomposition off into its homogeneous parts. Since the intersection
multiplicity is being assumed to be independent of the choice of� and since for
any second point on a line through(0,0, 1), there exists a� that fixes(0, 0,1)
and carries that second point to(1, 0,1), we may assume thatl (X,Y) = Y. We
introduce the parametrization(x, y) = ϕ(t) = (t,0) for the line l (X,Y) and
substitute intof (X,Y), obtaining f (ϕ(t)) = f1(t,0) + · · · + fd(t,0). In the
definition of Section 4, the intersection multiplicity is the leastr such thatfr (t,0)
is not identically 0, or else it is+∞ if f (ϕ(t)) is identically 0. With the new
definition we observe from the definition ofr that f is of the form

f (X,Y) = (cr Xr + · · · + cd Xd)+ Yg(X,Y) = cr Xr (1+ Xh(X))+ Yg(X,Y)

with cr �= 0, g(X,Y) ∈ K [X,Y], and h(X) ∈ K [X]. The ideal inK [X,Y]
generated byY and f is the same as the ideal generated byY andXr (1+ Xh(X)).
Hence

K [X,Y]/(Y, f ) ∼= K [X,Y]/(Y, Xr (1 + Xh)) ∼= K [X]/(Xr (1 + Xh)).
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The polynomial 1+ Xh(X) takes a nonzero value at 0 and hence is a member of
the multiplicative system that we use to form the localization. Thus(

K [X,Y]/(Y, f )
)
(0,0)

∼= (
K [X]/(Xr (1 + Xh))

)
(0)

∼= (
K [X]/(Xr )

)
(0).

The dimension of the right side isr , and thus the new definition of intersection
multiplicity matches the old one.

Proposition 8.9. The intersection multiplicity of two projective plane curves
F andG at P is well defined independently of the member of� that moves a
representative ofP to (0, 0, 1).

PROOF. It is enough to takeP = [0,0,1] and to compare the effect of passing
to affine local coordinates determined by the identity with the effect of passing
to the coordinates determined by a general element� of GL(3, K ) of the form

� =
(
α β 0
γ δ 0
r s 1

)
. Let degF = m and degG = n. If f (X,Y) = F(X,Y,1) and

f̃ (X,Y) = F(�−1(X,Y,1)), then the computation in the proof of Lemma 8.6
shows that

f (X,Y) = (1 + r X + sY)m f̃
(
αX+βY

1+r X+sY,
γ X+δY

1+r X+sY

)
. (∗)

Similarly if g(X,Y) = G(X,Y,1) andg̃(X,Y) = G(�−1(X,Y,1)), then

g(X,Y) = (1 + r X + sY)n g̃
(
αX+βY

1+r X+sY,
γ X+δY

1+r X+sY

)
.

Let

X′ = αX+βY
1+r X+sY , Y′ = γ X+δY

1+r X+sY , and �−1 =
(
α′ β ′ 0
γ ′ δ′ 0
r ′ s′ 1

)
.

It is purely a formal matter that the mappingT defined by(T h)(X,Y) = h(X′,Y′)
is a field isomorphism ofK (X,Y) onto K (X′,Y′). It sendsK [X,Y] onto
K [X′,Y′] and sends

(
K [X,Y]

)
(0,0) onto

(
K [X′,Y′]

)
(0,0). Referring to the formu-

las forX′ andY′, we see that the image ofK [X,Y] is contained in the localization(
K [X,Y]

)
(0,0); by the universal mapping property of localizations, the image of(

K [X,Y]
)
(0,0) is contained in

(
K [X,Y]

)
(0,0). Comparing these two conclusions,

we see that
(
K [X′,Y′]

)
(0,0) ⊆ (

K [X,Y]
)
(0,0).

Meanwhile, we can solve the equations definingX′ andY′ for X andY. If we
compare the results with the formula for�−1, we find that

X = α′ X′+β ′Y′
1+r ′ X′+s′Y′ and Y = γ ′ X′+δ′Y′

1+r ′ X′+s′Y′ .
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Thus the situation is symmetric, and we have
(
K [X,Y]

)
(0,0) ⊆ (

K [X′,Y′]
)
(0,0).

Consequently the mapping

(T h)(X,Y) = h
(
αX+βY

1+r X+sY,
γ X+δY

1+r X+sY

)
is an algebra automorphism of

(
K [X,Y]

)
(0,0).

To prove the proposition, recall that localization commutes with passage to the
quotient by an ideal. In view of(∗), it is therefore enough to show that

dimK
((

K [X,Y]
)
(0,0)

/
( f, g)

)
?= dimK

((
K [X,Y]

)
(0,0)

/
((1 + r X + sY)mT f, (1 + r X + sY)nT g)

)
. (∗∗)

The factor(1 + r X + sY) is a unit in
(
K [X,Y]

)
(0,0), and we can simplify the

quotient algebra on the right side of(∗∗) to(
K [X,Y]

)
(0,0)

/
(T f, T g).

In turn, this algebra isK isomorphic to
(
K [X,Y]

)
(0,0)

/
( f, g) becauseT is an

automorphism of
(
K [X,Y]

)
(0,0). The dimensional equality in(∗∗) follows. �

Let us extend the definition of intersection multiplicity to include the case
that the point of interest does not lie in the locus of common zeros. We define
I (P, F ∩ G) = 0 if P is not in VK (F) ∩ VK (G). Assume now thatK is
algebraically closed. Below we compute a fairly typical example of intersection
multiplicity. To do so, we shall make use of certain properties ofI (P, F ∩ G)
that we list in Theorem 8.10 below. In fact, there is an algorithm for computing
I (P, F ∩ G) using only these properties,11 but we shall not give it.

Before stating the properties, we need to make some definitions. Recall from
earlier in the section that the order of vanishingmP(G)of G atP is computed using
a suitable� in GL(3, K ) to referG to affine local coordinates aboutP, defining
g(X,Y) = G(�−1(X,Y,1)), expandingg(X,Y)as a sum of homogeneous terms
g(X,Y) = g0 + g1(X,Y)+· · ·+ gn(X,Y), and definingmP(G) to be the leastj
such thatgj is not the 0 polynomial. The homogeneous polynomialgj (X,Y) is X j

times a polynomial in the one variableY X−1, and the fact thatK is algebraically
closed implies thatgj has a factorization of the form

gj (X,Y) = c
∏

i

(αi X + βi Y)
mi

11Fulton, p. 76.
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with c in K . Here j = ∑
i mi , and the pairs(αi , βi ) correspond to distinct

members ofP1
K that are uniquely determined up to indexing ifc �= 0. Let

l i (X,Y) = αi X + βi Y, and letLi be the corresponding projective line. We
refer to all the linesLi as thetangent linesto G at P, and we say thatmi is the
multiplicity of Li . The geometry of the situation is indicated in Problem 12 at
the end of the chapter.

Theorem 8.10.Let K be an algebraically closed field, letP be inP2
K , and let

F andG be projective plane curves overK . Then the intersection multiplicity
I (P, F ∩ G) has the following properties:

(a) I (P, F ∩ G) = I (P,G ∩ F),
(b) I (P, F ∩ G) = I (P, F ∩ (G + H F)) for any projective plane curveH

with degH F = degG such thatG + H F �= 0,
(c) I (P, F ∩ G) > 0 if and only if P lies in VK (F) ∩ VK (G),
(d) I (P, F ∩ G) ≤ I (P, AF ∩ BG) for any projective plane curvesA and

B, with equality if A andB are nonvanishing atP,
(e) I (P, F ∩ G) is finite if and only if F andG have no common factor of

degree≥ 1 havingP on its zero locus,
(f) I (P, F ∩ G H) = I (P, F ∩ G)+ I (P, F ∩ H) and consequently ifF =∏

i Fri
i andG = ∏

j G
sj

j , thenI (P, F ∩ G) = ∑
i, j r i sj I (P, Fi ∩ Gj ),

(g) I (P, F ∩ G) ≥ mP(F)mP(G), with equality ifF andG have no tangent
lines in common atP.

REMARKS. Properties (a) and (b) are evident. Properties (c) and (d) are
conversational and will be proved in these remarks. Properties (e), (f), and (g)
require proofs, and we give those proofs after computing an example. For (c), if
P lies inVK (F)∩VK (G), then the local expressionsf (X,Y) andg(X,Y) vanish
at 0, and so does every member of the ideal( f, g); therefore( f, g) is a proper ideal
in
(
K [X,Y]

)
(0,0), and the dimension of the quotient is positive. Conversely ifP is

not inVK (F), say, thenf (X,Y) lies in the multiplicative systemSof nonvanish-
ing polynomials at(0,0), andS−1( f, g) = (1); henceS−1K [X,Y]/S−1( f, g) =
0, andI (P, F ∩G) = 0. For (d),S−1(a f,bg) ⊆ S−1( f, g)with equality ifa and
b are nonvanishing at(0, 0), and henceS−1K [X,Y]/S−1( f, g) is a homomorphic
image ofS−1K [X,Y]/S−1(a f,bg) and is a one-one homomorphic image ifa and
b are nonvanishing at(0,0).

EXAMPLE 2 OF INTERSECTION MULTIPLICITY. Let K = C, and let the two
projective curves be the homogeneous versions ofY2 = X3 andY2 = X5. In
other words, let

F(X,Y,W) = Y2W − X3 and G(X,Y,W) = Y2W3 − X5.



5. Intersection Multiplicity for Two Curves 479

We computeI (P, F ∩ G) for all points P in VK (F) ∩ VK (G). In the affine
plane the intersections(x, y)may be found by substituting the one equation into
the other (or, with more effort in this case, by using the resultant). We obtain
x5 − x3 = 0. This givesx3(x2 − 1) = 0. The factorx2 − 1 has two distinct
roots, and each gives two distincty’s. Thus we obtain the five affine solutions
(+1,±1), (−1,±i ), (0, 0). The fact that the first four occurred routinely with
multiplicity 1 translates into intersection multiplicity 1 for each: In fact, (b) shows
that I (P, F ∩ G) = I (P, F ∩ (W2F − G)), andW2F − G restricts at(X,Y, 1)
to X5 − X3 = X3(X2 − 1). At each of the points(+1,±1), X5 − X3 when
viewed as equal to 0 has a vertical tangentX −1 of multiplicity 1, whileY2 − X3

has a tangent that is not vertical. A similar argument applies at each of the points
(−1,±i ). By (g), the intersection multiplicity is 1 at each of the four points
(+1,±1) and(−1,±i ).

Next let us consider(0,0). The order ofX5 − X3 is 3, and the homogeneous
term of degree 3, namely−X3, factors as the cube of a linear factor that gives
the vertical lineX. Meanwhile,Y2 − X3 has order 2 at(0,0), andY2 factors
as the square of a linear factor that gives the horizontal lineY. The two curves
have no tangents in common. Hence equality holds in (g), and the intersection
multiplicity is 6 at(0, 0).

Finally let us check points(x, y, w) on the line at infinity, i.e., those with
w = 0. Puttingw = 0 in the formulaF = G = 0 shows thatx = 0. Thus
the only point ofVK (F) ∩ VK (G) on the line at infinity isP = [x0, y0, w0] =
[0, 1,0]. The local versions ofF andG may be given in the variablesX and
W by restricting(X,Y,W) to (X,1,W) and considering the polynomials about
(x, w) = (0, 0). As above, (b) givesI (P, F ∩ G) = I (P, F ∩ (W2F − G)), but
F = Y2W − X3 restricts toW − X3 andW2F − G = −W2X3 + X5 remains
unchanged upon restriction. The respective lowest-order terms, in factored form,
areW and−X3(X + W)(X − W). None of the factors of the first polynomial
matches a factor of the second polynomial, and (g) says that the intersection
multiplicity is 1 · 5 = 5.

The upshot is that we get multiplicity 6 from(0,0), multiplicity 1 apiece from
four other points in the affine plane, and multiplicity 5 fromP = [0, 1, 0]. The
total is 15, the product of the degrees of the given curves, as it must be if we are
to have any chance of obtaining the desired generalization of Bezout’s Theorem.

To get at Theorem 8.10, we make use of a structure theorem about idealsI in
K [X1, . . . , Xn] for which V(I ) is a finite set. To prove the structure theorem,
which appears as Theorem 8.12 below, we first prove a lemma about the radical√

I of an idealI , a notion defined in Section VII.1.

Lemma 8.11. If R is a commutative Noetherian ring andI is an ideal inR,
then(

√
I )m ⊆ I for some integerm ≥ 1.
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PROOF. Since R is Noetherian, the ideal
√

I is finitely generated. Let
{a1, . . . ,an} be a set of generators for it. By definition of radical, choose integers
k1, . . . , kn such thata

kj

j is in I for 1 ≤ j ≤ n, and putm = ∑n
j =1 kj . The most

general element of
√

I is of the form
∑n

j =1 r j aj with all r j in R. Themth power

of this element is a sum of terms of the formral1
1 · · · aln

n with
∑n

j =1 l j = m. In

view of the definition ofm, we must havel j ≥ kj for somej . Then the factora
l j

j

is in I , and hence the whole termral1
1 · · · aln

n is in I . �

Theorem 8.12. Let K be an algebraically closed field, and letI be an ideal
in the polynomial ringK [X1, . . . , Xn] whose locus of common zeros inK n is
a finite set{P1, . . . , Pk}. ThenK [X1, . . . , Xn]/I is isomorphic as a ring to the
product of its localizations at the pointsPj :

K [X1, . . . , Xn]/I ∼=
k∏

j =1

(
K [X1, . . . , Xn]/I

)
(Pj )
.

Consequently

dimK (K [X1, . . . , Xn]/I ) =
k∑

j =1

dimK
(
K [X1, . . . , Xn]/I

)
(Pj )
.

REMARKS. The one-variable case is a guide: The idealI is principal, and we
can writeK [X]/I asK [X]/(

∏k
j =1 (X −cj )

mj ). The pointsPj of the theorem are
the memberscj of K , and the same argument as for the first example of the section
shows that

(
K [X]/(

∏
j (X−cj )

mj )
)
(cj )

∼= K [X]/(X−cj )
mj . The isomorphism of

the theorem therefore reduces to an instance of the Chinese Remainder Theorem.

PROOF. Let ϕj : K [X1, . . . , Xn]/I → (
K [X1, . . . , Xn]/I

)
(Pj )

be the canoni-
cal homomorphism, and letϕ = (ϕ1, . . . , ϕk). The mappingϕ is a ring homomor-
phism into

∏k
j =1

(
K [X1, . . . , Xn]/I

)
(Pj )

, and we shall prove thatϕ is one-one
onto. Doing so requires some preparation.

Let I j be the maximal ideal of all polynomials vanishing atPj . The Null-
stellensatz (Theorem 7.1) shows that

√
I consists of all f ∈ K [X,Y] such

that f vanishes at eachPi , i.e., that
√

I = ⋂k
j =1 I j . Lemma 8.11 shows that

(
√

I )m ⊆ I for somem, and thus
(⋂k

j =1 I j
)m ⊆ I . For i �= j , I m

i + I m
j is an

ideal whose locus of common zeros is empty, and the Nullstellensatz shows that
I m
i + I m

j = K [X1, . . . , Xn]. The Chinese Remainder Theorem (Theorem 8.27

of Basic Algebra) therefore applies and shows that the intersection
⋂k

j =1 I m
j and
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the product
∏k

j =1 I m
j coincide. SimilarlyIi + I j = K [X1, . . . , Xn], and hence⋂k

j =1 I j = ∏k
j =1 I j . Putting these facts together, we conclude that

k⋂
j =1

I m
j =

k∏
j =1

I m
j = ( k∏

j =1
I j
)m = ( k⋂

j =1
I j
)m ⊆ I . (∗)

Let us now denote members ofK [X1, . . . , Xn] by uppercase letters and their
cosets moduloI by the corresponding lowercase letters. Let us observe for
1 ≤ i ≤ k that there existsFi ∈ K [X1, . . . , Xn] with Fi (Pj ) = δi j . In fact, we
start from the special case that ifP �= Q, then there existsF with F(P) = 1
andF(Q) = 0. For the special case,P andQ differ in some coordinate; say that
xl (P) �= xl (Q). Then the polynomial

F(X1, . . . , Xn) = (Xl − xl (Q))(xl (P)− xl (Q))
−1

has the required properties. To constructF1 with F1(Pj ) = δ1 j , chooseGj

with Gj (P1) = 1 andGj (Pj ) = 0. ThenF1 = ∏
i �=1 Gi hasF1(P1) = 1 and

F1(Pj ) = 0 for j �= 1. The polynomialsF2, . . . , Fk are constructed similarly.
With m as in the second paragraph of the proof, fixj and defineEi =

1 − (1 − Fm
i )

m. This is divisible byFm
i and hence lies inI m

j if i �= j . In
addition, 1− Fm

j lies in I j , and hence 1− Ej = (1 − Fm
j )

m is in I m
j . Therefore

1−∑k
i =1 Ei = (1− Ej )−

∑
i �= j Ei lies in I m

j . Since the left side is independent

of j , 1−∑k
i =1 Ei lies in

⋂k
j =1 I m

j , and we conclude from(∗) that

1 −
k∑

i=1
Ei lies in I . (∗∗)

We just saw thatEi lies in
⋂

j �=i I m
j . Hence ifi �= j , thenEi Ej lies in

⋂k
l=1 I m

l ⊆
I . Passing to cosets moduloI , we find from this fact and from(∗∗) that

ei ej = 0 for i �= j, and that
k∑

i =1
ei = 1. (†)

Multiplying the second equation byej and substituting from the first equation,
we obtain

e2
i = ei for all i . (††)

Using(†) and(††), let us prove for eachi that

to eachG ∈ K [X1, . . . , Xn] with G(Pi ) �= 0

corresponds a polynomialH with hg = ei . (‡)
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In fact, we may assume thatG(Pi ) = 1. Let Q be the member ofIi given by
Q = 1 − G. The elementQmEi is in I m

i becauseQ is in Ii , and it is in I m
j

for j �= i becauseEi is in I m
j for j �= i . ThusQmEi is in

⋂k
j =1 I m

j ⊆ I , and
qmei = 0. Consequently

g(ei +qei +· · ·+qm−1ei ) = (1−q)ei (1+q +· · ·+qm−1) = ei (1−qm) = ei ,

andH = Ei (1 + Q + · · · + Qm−1) is a polynomial as in(‡).
Now we can prove thatϕ is one-one. Iff is a member ofK [X1, . . . , Xn]/I

such thatϕ( f ) = 0, thenϕi ( f ) = 0 for all i . This means that there exists a
membergi of the multiplicative system for localization atPi such thatgi f = 0.
Any corresponding polynomialGi hasGi (Pi ) �= 0. By (‡), there existshi with
hi gi = ei . Then (†) gives f = ∑k

i=1 ei f = ∑k
i=1 hi gi f = 0. Thusϕ is

one-one.
For the proof thatϕ is onto, we recall that the multiplicative system used to

obtain
(
K [X1, . . . , Xn]/I

)
(Pj )

consists of the elementsK [X1, . . . , Xn]/I that

are nonzero atPj , andϕj carries these to units in
(
K [X1, . . . , Xn]/I

)
(Pj )

. Since
Ej (Pj ) = 1, ϕj (ej ) is a unit. Fori �= j , we haveϕj (ei )ϕj (ej ) = ϕj (ei ej ) = 0,
and thereforeϕj (ei ) = 0. Consequently

ϕj (ej ) =
k∑

l=1
ϕj (el ) = ϕj

( k∑
l=1

el
) = ϕj (1) = 1,

and ϕj (ej ) is the identity of
(
K [X1, . . . , Xn]/I

)
(Pj )

. The localization at
Pj consists of the equivalence classes of all pairs(r j , sj ) with r j and sj in
K [X1, . . . , Xn]/I and sj in the multiplicative system for indexj . Thus let
such pairs(r j , sj ) be given for 1≤ j ≤ k. We are to produce an elementa
of K [X1, . . . , Xn]/I such thatϕj (a) = ϕj (r j )(ϕj (sj ))

−1 for all j . Use of(‡)
produceshj with hj sj = ej for all j , and this element has the property that
ϕj (hj )ϕj (sj ) = ϕj (ej ) = 1, hence thatϕj (hj ) = ϕj (sj )

−1. Consequently the
elementa = ∑

j r j hj ej has the property that

ϕj (a) = ϕj
(∑

i
r i hi ei

) = ∑
i
ϕj (ri )ϕj (hi )ϕj (ei ) = ϕj (r j )(ϕj (sj ))

−1

and exhibitsϕ as onto. �

Corollary 8.13. Let K be an algebraically closed field, and letI be an ideal
in the polynomial ringK [X1, . . . , Xn] whose locus of common zeros inK n is a
finite set{P1, . . . , Pk}. ThenK [X1, . . . , Xn]/I is finite-dimensional, and so is
the localization

(
K [X1, . . . , Xn]/I

)
(Pj )

for each j .
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PROOF. This is a corollary partly of the statement of Theorem 8.12 and partly
of the proof. Letm be as in the proof. IfI0 is the maximal ideal(X1, . . . , Xn)

of K [X1, . . . , Xn], then I m
0 is the ideal generated by all monomials of degreem,

and K [X1, . . . , Xn]/I m
0 is finite-dimensional. Consequently the maximal ideal

I j = (X1 − x1(Pj ), . . . , Xn − xn(Pj )) has the property thatK [X1, . . . , Xn]/I m
j

is finite-dimensional. SinceI m
i + I m

j = K [X1, . . . , Xn] for i �= j , the Chinese
Remainder Theorem shows that

K [X1, . . . , Xn]
/ k⋂

j =1
I m
j

∼=
k∏

j =1
K [X1, . . . , Xn]/I m

j ,

and the left side is therefore finite-dimensional. By(∗) in the proof of Theorem
8.12,

⋂k
j +1 I m

j ⊆ I , and henceK [X1, . . . , Xn]/I is finite-dimensional. Then(
K [X1, . . . , Xn]/I

)
(Pj )

is finite-dimensional as a consequence of the statement
of Theorem 8.12. �

PROOF OFTHEOREM 8.10e. If F andG have a common factorH of degree
≥ 1 such thatH(P) = 0, we may assume thatH is irreducible. Introduce affine
local coordinates aboutP. If f, g, h denote the local versions ofF,G, H , then
the ideal( f, g) of K [X,Y] is contained in the principal ideal(h). The latter
ideal is proper becauseh(0,0) = 0, and the irreducibility ofH thus implies that
(h) is prime. If S denotes the multiplicative system inK [X,Y] of polynomials
that are nonvanishing at(0, 0), thenS−1( f, g) ⊆ S−1(h), and we have a natural
quotient homomorphism ofS−1K [X,Y]/S−1( f, g) onto S−1K [X,Y]/S−1(h).
The latter is isomorphic as aK algebra to(K [X,Y]/(h))(0,0), and the dimension
of this localization is a lower bound forI (P, F ∩ G). SinceK [X,Y]/(h) is an
integral domain,K [X,Y]/(h) maps one-one into any localization of itself, and
dimK (K [X,Y]/(h)) is a lower bound forI (P, F ∩ G). Sinceh is nonconstant,
eitherX orY actually occurs in it, sayY. Thenh divides no member ofK [X], and
the mapping ofK [X] into cosets modulo(h) is one-one. ThereforeK [X,Y]/(h)
contains a subalgebra isomorphic toK [X] and must be infinite-dimensional.

Conversely ifF andG have no common factor of degree≥ 1 with P on its
locus, then (d) shows that we may assumeF andG to have no common factor of
degree≥ 1 of any kind. In this case Theorem 8.5 shows that the locus of common
zeros ofF andG is finite, and Corollary 8.13 shows thatI (P, F ∩ G) is finite.�

PROOF OFTHEOREM8.10f. We are to prove that

I (P, F ∩ G H) = I (P, F ∩ G)+ I (P, F ∩ H). (∗)

If F andG H have a common factor of degree≥ 1 that vanishes atP, thenF and
one ofG andH have such a factor. By symmetry we may assume thatF andG
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have that common factor. Then the left side of(∗) and the first term on the right
are infinite by (e), and(∗) is verified.

Thus we may assume thatF andG H have no common factor that vanishes
at P. If F has a prime factor that does not vanish atP, then (d) shows that we
can drop that factor from all three appearances ofF in (∗). In other words, it is
enough to prove (f) under the assumption thatF andG H have no common factor
of degree≥ 1 of any kind.

With this assumption in place, introduce affine local coordinates aboutP, let S
denote the multiplicative system inK [X,Y] of polynomials that are nonvanishing
at (0,0), and let f, g, h be the local versions of the given curvesF,G, H . The
inclusion of ideals( f, gh) ⊆ ( f, g) induces an inclusionS−1( f, gh) ⊆ S−1( f, g)
and then an onto algebra homomorphism

ϕ : S−1K [X,Y]/S−1( f, gh)→ S−1K [X,Y]/S−1( f, g).

We shall exhibit aK vector-space isomorphismψ of S−1K [X,Y]/S−1( f, h)onto
kerϕ, and the resulting dimensional equality

dimK
(
S−1K [X,Y]/S−1( f, gh)

)
= dimK

(
S−1K [X,Y]/S−1( f, g)

)+ dimK
(
S−1K [X,Y]/S−1( f, h)

)
(∗∗)

will prove (∗) and hence (f). We define

� : S−1K [X,Y] → S−1K [X,Y]/S−1( f, gh)

as aK linear map by�(u) = gu+ S−1( f, gh). If a f + bh is in S−1( f, h), then
�(a f + bh) = a f g + bgh+ S−1( f, gh) = S−1( f, gh). Thus� descends to a
K linear mapψ of S−1K [X,Y]/S−1( f, h) into S−1K [X,Y]/S−1( f, gh). It is
evident thatϕ� = 0 and hence thatϕψ = 0, i.e., imageψ ⊆ kerϕ.

If any memberu+S−1( f, gh) of kerϕ is given, then 0= ϕ(u+S−1( f, gh)) =
u + S−1( f, g) shows thatu is in S−1( f, g). Say thatu = a f + bg. Then
ψ(b+S−1( f, h)) = bg+S−1( f, gh) = bg+a f +S−1( f, gh) = u+S−1( f, gh)
shows that imageψ ⊇ kerϕ. Hence imageψ = kerϕ, i.e.,ψ is onto.

To see thatψ is one-one, suppose thatψ(u + S−1( f, h)) is the 0 coset, i.e.,
that gu + S−1( f, gh) = S−1( f, gh). Then gu = a f + bgh with u,a,b in
S−1K [X,Y]. Clearing fractions, we may assume thatu,a,b are in K [X,Y].
The formulag(u − bh) = a f in K [X,Y], in the presence of the assumption that
F andG have no common factor of degree≥ 1, implies thatf dividesu − bh.
Write u − bh = c f with c in K [X,Y]. Thenu = c f + bh, andu lies in the ideal
( f, h). In other words,u + S−1( f, h) is the trivial coset, andψ has been shown
to be one-one. This proves(∗∗) and hence (f). �
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Lemma 8.14.For any fieldK , let{Li }i ≥1 be a system of nonzero homogeneous
polynomials inK [X,Y] of the form Li = ai X + bi Y, let {Mj }j ≥1 be another
such system withMj = cj X +dj Y, and suppose that noLi is a scalar multiple of
someMj . Forn ≥ 1, let B0, . . . , Bn be the system of homogeneous polynomials

Bk = L1 · · · LkM1 · · · Mn−k for 0 ≤ k ≤ n.

Then{B0, . . . , Bn} is a vector-space basis of the spaceK [X,Y]n of all homoge-
neous polynomials in(X,Y) of degreen.

PROOF. The set{B0, . . . , Bn} hasn + 1 elements, andn + 1 is the dimension
of K [X,Y]n because{Xn, Xn−1Y, . . . ,Yn} is a basis. Thus it is enough to show
that{B0, . . . , Bn} is linearly independent. If we have a relation

∑n
k=0 ck Bk = 0

for scalarsck, then we observe thatL1 divides eachBk for k ≥ 0, andL1 does
not divide B0 because by assumptionL1 does not divide any factorMj . Thus
c0 = 0. In effect, casen of the lemma has now been reduced to casen − 1, and
the result readily follows by induction. �

PROOF OF THEOREM 8.10g. Putp = mP(F) and q = mP(G). We pass
to affine local coordinates aboutP, letting f andg be the members ofK [X,Y]
corresponding toF andG. If I denotes the maximal idealI = (X,Y) in K [X,Y],
then f lies in I p andg lies in I q. We form the following sequence ofK vector
spaces andK linear mappings:

K [X,Y]/I q⊕K [X,Y]/I p ψ−→ K [X,Y]/I p+q ϕ−→ K [X,Y]/(I p+q+( f, g)) −→0.

Here the mappingϕ is the algebra homomorphism induced by the inclusion
I p+q ⊆ I p+q + ( f, g), and it is ontoK [X,Y]/(I p+q + ( f, g)). The mappingψ
is defined by

ψ(a + I q,b + I p) = a f + bg+ I p+q

and is merelyK linear.
Let us see that the sequence is exact atK [X,Y]/I p+q. Since

ϕψ(a + I q,b + I p) = ϕ(a f + bg+ I p+q) = I p+q + ( f, g),

we obtain imageψ ⊆ kerϕ. If h + I p+q is in kerϕ, thenh is in I p+q + ( f, g),
hence is of the formu + a f + bg with u in I p+q. Thenh − u = a f + bg, and
ψ(a + I q,b + I p) = h − u + I p+q = h + I p+q. So imageψ ⊇ kerϕ, and we
have imageψ = kerϕ.

The mappingψ descends to a one-one linear map of

M = (K [X,Y]/I q ⊕ K [X,Y]/I p)
/

kerψ
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into K [X,Y]/I p+q. The vector spaceK [X,Y]/I q may be identified with the
space of all polynomials of degree less thanq, and that space is finite-dimensional.
Similarly K [X,Y]/I p is finite-dimensional, and therefore

dimK M = dimK K [X,Y]/I q + dimK K [X,Y]/I p − dimK kerψ. (∗)

Meanwhile,ϕ exhibitsK [X,Y]/(I p+q + ( f, g)) as isomorphic as a vector space
to (K [X,Y]/I p+q)/M . Consequently

dimK K [X,Y]/I p+q = dimK M + dimK K [X,Y]/(I p+q + ( f, g)). (∗∗)

Combining(∗)and(∗∗)with the simple vector-space isomorphismK [X,Y]/I d ∼=
K [X,Y,W]d−1 and with the fact from Section 3 that dimK K [X,Y,W]d−1 =(d+1

2

)
gives

dimK K [X,Y]/(I p+q + ( f, g))

= dimK K [X,Y]/I p+q − dimK K [X,Y]/I q

− dimK K [X,Y]/I p + dimK kerψ

≥ dimK K [X,Y]/I p+q − dimK K [X,Y]/I q − dimK K [X,Y]/I p

= (p+q+1
2

)− (q+1
2

)− (p+1
2

)
= pq, (†)

with equality on the fourth line if and only if kerψ = 0.
The locus of common zeros ofI p+q + ( f, g) is just {0}, and Theorem 8.12

therefore shows that

dimK
(
K [X,Y]/(I p+q + ( f, g))

)
(0,0) = dimK K [X,Y]/(I p+q + ( f, g)). (††)

The inclusion( f, g) ⊆ I p+q + ( f, g) induces an algebra homomorphism of(
K [X,Y]/( f, g)

)
(0,0) onto

(
K [X,Y]/(I p+q + ( f, g))

)
(0,0). Therefore

dimK
(
K [X,Y]/( f, g)

)
(0,0) ≥ dimK

(
K [X,Y]/(I p+q + ( f, g))

)
(0,0). (‡)

Let Sbe the set-theoretic complement ofI = (X,Y) in K [X,Y]. Because of the
isomorphismS−1K [X,Y]/S−1J ∼= (

K [X,Y]/J
)
(0,0) for any idealJ, equality

will hold in (‡) if S−1( f, g) = S−1(I p+q + ( f, g)). Combining(†), (††), and
(‡), we find that

I (P, F ∩ G) ≥ pq, (‡‡)
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with equality if

I p+q ⊆ S−1( f, g) and ψ is one-one. (§)

Inequality (‡‡) completes the proof of the inequality in (g) of the theorem.
Because equality holds in(‡‡) if (§) holds, we can complete the proof of all
of (g) by showing that(§) holds if F andG have no tangent line in common.

Thus for the remainder of the proof, we assume thatF andG have no tangent
line in common. Let the tangent lines ofF , repeated according to their multiplic-
ities, beL1, . . . , L p, and let the tangent lines ofG beM1, . . . ,Mq. DefineLi for
i > p to beL p, and defineMj for j > q to beMq.

In order to prove that the first conclusion of(§), namely thatI p+q ⊆ S−1( f, g),
we shall prove thatI t ⊆ S−1( f, g) for t sufficiently large, and then we shall prove
by induction downward ont that I t ⊆ S−1( f, g) as long ast ≥ p + q. If f
and g were to have a nonconstant common factor, then a tangent line for that
common factor would be a tangent line for bothf andg, and no such tangent
line exists according to our assumption. Therefore Bezout’s Theorem (Theorem
8.2) applies tof andg and shows that their locus of common zeros is finite. Let
it be {(0,0), Q1, . . . , Ql }. The third paragraph of the proof of Theorem 8.12
shows that there exists a polynomialh in K [X,Y] such thath(0,0) = 1 and
h(Qi ) = 0 for 1 ≤ i ≤ l . ThenXh andY h vanish on{(0, 0), Q1, . . . , Ql }, and
the Nullstellensatz (Theorem 7.1) shows that there existsN such that(Xh)N and
(Y h)N lie in ( f, g). Sinceh is in the multiplicative systemS, XN andYN lie in
S−1( f, g). Any monomial of degree≥ 2N contains either a factorXN or a factor
YN , and consequentlyI 2N ⊆ S−1( f, g).

Proceeding inductively downward ont , suppose thatI t ⊆ S−1( f, g) and
that t − 1 ≥ p + q. As in Lemma 8.14, the polynomials defined byBk =
L1 · · · LkM1 · · · Mt−1−k for 0≤k ≤ t−1 form a vector-space basis ofK [X,Y]t−1.
We show that each of these lies inS−1( f, g); then we can conclude thatI t−1 ⊆
S−1( f, g), and our induction will be complete. Letf = fp + fp+1 + · · · and
g = gq + gq+1 + · · · be the expansions off andg as sums of homogeneous
polynomials in(X,Y). If Bk is given, then an inequalityk ≥ p would imply that
Bk contains a factorL1 · · · L p; this is fp up to a constant factor. An inequality
t − 1− k ≥ q would imply thatBk contains a factorM1 · · · Mq; this isgq up to a
constant factor. Sincek < pandt−1−k < q would together imply the inequality
t − 1 < p + q that we are assuming not to be the case, one of the alternatives
k ≥ p andt − 1 − k ≥ q must occur. Say the first occurs. Except for a constant
factor, we then haveBk = fpC for some homogeneous polynomialC(X,Y) of
degreet − 1− p. Substituting forfp givesBk = ( f − fp+1 − · · · )C. Each term
fp+r C with r > 0 is of degree(p+ r )+ (t −1− p) > t −1 and therefore lies in
I t ⊆ S−1( f, g). Also, the termf C lies inS−1( f, g). HenceBk lies inS−1( f, g).
This completes the induction, and we conclude thatI p+q ⊆ S−1( f, g).
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In order to prove the second conclusion of(§), namely thatψ is one-one,
suppose that 0= ψ(a + I q,b + I p) = a f + bg + I p+q, i.e., that all terms of
a f + bg are of order≥ p+ q. Writea = ar + ar +1 + · · · with ar �= 0 if a is not
in I q, and writeb = bs + bs+1 + · · · with bs �= 0 if b is not in I p, so that

a f + bg = ar fp + bsgq + (higher-order terms).

The right side is assumed to be inI p+q, which means that one of the following
two conditions is satisfied:

(i) r + p = s + q < p + q andar fp + bsgq = 0,
(ii) ar fp is in I p+q, andbsgq is in I p+q.

If (i) holds, then the facts thatar fp = −bsgq and that f andg have no tangent
lines in common imply thatfp dividesbs. Sinces < p, we must havebs = 0.
Thereforear = 0, and the conditions onar andbs imply thata is in I q andb is
in I p, which we are trying to show. If (ii) holds, then the fact thatar fp is in I p+q

implies thatar = 0 or r ≥ q; in either case,a is in I q. Similarly the fact that
bsgq = 0 implies thatbs = 0 or s ≥ p; in either case,b is in I p. We conclude
thatψ is one-one, as was to be shown. �

6. General Form of Bezout’s Theorem for Plane Curves

With the discussion complete concerning intersection multiplicity for general
projective plane curves, we arrive at the general form of Bezout’s Theorem for
plane curves.

Theorem 8.15(Bezout’s Theorem). LetK be an algebraically closed field,
and letF andG be projective plane curves overK of respective degreesm and
n. If F andG have no common factor of positive degree, then∑

P∈P2
K

I (P, F ∩ G) = mn.

REMARKS. The sum overP has only finitely many nonzero terms by Theorem
8.5, and each intersection multiplicity in the sum is finite by Theorem 8.10e.

PROOF. Theorem 8.5 shows that the locus of common zeros ofF andG is a
finite set. By applying a suitable� in GL(3, K ), we may assume that none of
these zeros lies on the line at infinity, namelyW. To do so, we choose a pointP
not in the finite set of common zeros. There are only finitely many lines passing
throughP and some member of the set of common zeros, and we choose a line
throughP different from all these. If� is chosen so as to move this line to the
line at infinity W, then none of the common zeros will lie on the lineW.
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With this normalization in place, let{P1, . . . , Pk} be the set of common zeros
of F andG. We introduce local versionsf andg of F andG by the definitions
f (X,Y) = F(X,Y,1) andg(X,Y) = G(X,Y, 1). Application of Theorem 8.12
to the idealI = ( f, g) in K [X,Y] gives

dimK K [X,Y]/( f, g) =
k∑

j =1
dimK

(
K [X,Y]/( f, g)

)
(Pj )

=
k∑

j =1
I (Pj , F ∩ G).

The theorem will therefore follow if we prove that

dimK K [X,Y]/( f, g) = mn. (∗)

To prove(∗), we shall first prove a related equality concerningK [X,Y,W] and
the ideal(F,G) in it, and then we shall use the fact thatF andG have no common
zeros withW to transfer the conclusion toK [X,Y].

DefineK linear mappingsϕ : K [X,Y,W] ⊕ K [X,Y,W] → K [X,Y,W] and
ψ : K [X,Y,W] → K [X,Y,W] ⊕ K [X,Y,W] by

ϕ(A, B) = AF + BG and ψ(C) = (CG,−C F),

and form the sequence ofK vector spaces andK linear maps given by

0 −→ K [X,Y,W]
ψ−→ K [X,Y,W] ⊕ K [X,Y,W]

ϕ−→ K [X,Y,W]. (∗∗)

It is evident thatψ is one-one, thatϕψ = 0, and that imageϕ = (F,G). If
(A, B) is in kerϕ, thenAF + BG = 0. SinceF andG have no common factor
of positive degree,F dividesB andG divides A. SettingC = AG−1 therefore
gives A = CG andB = −AG−1F = −C F. Hence(A, B) lies in imageψ . In
other words,(∗∗) is exact, and imageϕ = (F,G).

Let d ≥ m + n. If we denote byψd andϕd the restrictions ofψ andϕ to
K [X,Y,W]d−m−n and K [X,Y,W]d−n ⊕ K [X,Y,W]d−m, respectively, and if
we go over the argument in the previous paragraph, then we see that the sequence

0 −→ K [X,Y,W]d−m−n
ψd−→ K [X,Y,W]d−n ⊕ K [X,Y,W]d−m

ϕd−→ K [X,Y,W]d

is exact and that imageϕd = (F,G)d. The vector spaces in question here are all
finite-dimensional, and thus we obtain

dimK (F,G)d
= dimK K [X,Y,W]d−n + dimK K [X,Y,W]d−m − dimK K [X,Y,W]d−m−n

= (d−n+2
2

)+ (d−m+2
2

)− (d−m−n+2
2

)
= −mn+ (d+2

2

)
= −mn+ dimK K [X,Y,W]d. (†)
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The ideal(F,G) is homogeneous, and thus we know from Section 3 that the image
of K [X,Y,W]d in K [X,Y,W]/(F,G) is K [X,Y,W]d/(F,G)d. If we write(
K [X,Y,W]/(F,G)

)
d for this quotient, then(†) shows that

dimK
(
K [X,Y,W]/(F,G)

)
d = mn (††)

for all d ≥ m + n.
To prove(∗) and the theorem, we shall translate(††) into a conclusion about

K [X,Y]/( f, g). Fix d ≥ m + n, and let{V1 + (F,G), . . . ,Vmn + (F,G)} be
a K basis of

(
K [X,Y,W]/(F,G)

)
d. Definevj (X,Y) = Vj (X,Y,1) for each j .

We shall prove that the vectors

v1 + ( f, g), . . . , vmn + ( f, g) (‡)

form a K basis ofK [X,Y]/( f, g).
We need to make use of the fact thatF andG have no common zeros on the

line at infinity. SinceW(F,G) ⊆ (F,G), theK linear mapping of multiplication
by W on K [X,Y,W] descends to aK linear mappingL of K [X,Y,W]/(F,G)
to itself defined byL(H + (F,G)) = W H + (F,G). Let us see that

L : K [X,Y,W]/(F,G)→ K [X,Y,W]/(F,G) is one-one. (‡‡)

In fact, suppose thatW H = AF + BG for someH in K [X,Y,W]. For any
U in K [X,Y,W], let U0(X,Y) = U (X,Y,0). If U is homogeneous, then so
is U0. In this notation we can writeF = F0 + W M andG = G0 + W N for
homogeneous membersM andN of K [X,Y,W]. The polynomialsF0 andG0

are relatively prime: in fact, ifF0 andG0 have a nontrivial common factorD0,
then we can regardD0 as a projective plane curve, and it must have a common
zeroQ with W, by Theorem 8.5; but thenF , G, andW haveQ as a common zero,
in contradiction to the normalization in the first paragraph of the proof. Since
W H = AF + BG implies A0F0 = −B0G0, it follows that F0 divides B0 and
thatG0 divides A0. In other words,B0 = C0F0 and A0 = −C0G0 for someC0

in K [X,Y]. If we defineA′ = A + C0G andB′ = B − C0F , then the formulas
for A0 and B0 show thatA′

0 = B′
0 = 0. HenceA′ = W A′′ and B′ = W B′′

for some homogeneous polynomialsA′′ and B′′. ThenW H = AF + BG =
(A′ −C0G)F + (B′ +C0F)G = A′F + B′G = W(A′′F + B′′G), and we obtain
H = A′′F + B′′G. ThusH lies in (F,G), and(‡‡) is proved.

Left multiplication L by W carriesK [X,Y,W]d into K [X,Y,W]d+1 and
carries(F,G)d into (F,G)d+1. ThereforeL is well defined as a mapping from(
K [X,Y,W]/(F,G)

)
d into

(
K [X,Y,W]/(F,G)

)
d+1. Since it is one-one by

(‡‡) and since the spaces are finite-dimensional, it is onto. Therefore

{Wr V1 + (F,G), . . . ,Wr Vmn + (F,G)} is a basis (§)
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of
(
K [X,Y,W]/(F,G)

)
d+r for everyr ≥ 0.

To prove that(‡) spansK [X,Y]/( f, g), let h be in K [X,Y]. Let H be
a homogeneous polynomial inK [X,Y,W] with h(X,Y) = H(X,Y, 1), and
choose an integers such thatWsH lies in K [X,Y,W]d+r for somer ≥ 0. Then
we can writeWsH = ∑mn

j =1 cj Wr Vj + AF + BG for suitable scalarscj and
homogeneous polynomialsA andB. Restricting the domain to points(X,Y, 1)
givesh = ∑mn

j =1 cj vj + a f + bg, and thereforeh + ( f, g) = ∑mn
j =1 cj vj + ( f, g).

This proves that(‡) spansK [X,Y]/( f, g).
To prove that(‡) is linearly independent, suppose that

∑mn
j =1 cj vj = a f + bg

with a and b in K [X,Y]. If A and B are homogeneous polynomials such
that a(X,Y) = A(X,Y, 1) andb(X,Y) = B(X,Y, 1), thenWr ∑mn

j =1 cj Vj =
WsAF + Wt BG, provided the exponentsr, s, t are chosen to make the de-
grees of the termsWr ∑mn

j =1 cj Vj , WsAF, and Wt BG match. Consequently
Wr ∑mn

j =1 cj Vj lies in (F,G)d+r , and (§) shows that the coefficients are all 0.
This proves that(‡) is linearly independent. �

7. Gröbner Bases

The remainder of the chapter returns to the main question introduced in Section 1,
that of how to get information about the set of simultaneous solutions of polyno-
mial equations in several variables. The resultant introduced in Section 2 gave us
one tool, but the tool is of most use when there are only two equations. Beyond
two equations the number of cases to check quickly grows, and the resultant is of
limited usefulness.12

The tool to be introduced in this section is of a completely different nature.
Historically it was introduced in order to have a way of deciding whether an ideal
in K [X1, . . . , Xn] contains a given polynomial. We know from the Hilbert Basis
Theorem that every such ideal is finitely generated, and it is assumed that the
ideal to be tested is specified by such a set of generators.

The proof of the Hilbert Basis Theorem gives a clue how to start studying an
ideal of polynomials. In the statement of the theorem,R is a Noetherian integral
domain, andI is a nonzero ideal inR[X]. It is to be proved thatI is finitely
generated. The proof by Hilbert is longer than the proof given inBasic Algebra,
but the idea is clearer. To each nonzero memberf (X) of I , we associate the
coefficient of the highest power ofX appearing inf (X). These coefficients,
together with 0, form an idealL(I ) in R, andL(I ) is finitely generated because
R is Noetherian. Leta1, . . . ,ar be generators, letf1(X), . . . , fr (X) be members

12The nature of the extended theory can be found in Van der Waerden, Volume II, Chapter XI.
Theorem 8.31 below in effect reproduces some of this extended theory in a context that is manageable
because of the theory of Gr¨obner bases.

7. Gröbner Bases
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of I with respective highest coefficientsa1, . . . ,ar , and letq be the largest of the
degrees off1(X), . . . , fr (X). If a generalg(X) in I is given and ifa ∈ R is its
highest coefficient, then we know thata = ∑

i ci ai with ci ∈ R. The polynomial
h(X) given byh(X) = g(X) − ∑

i ci fi (X)Xdegg−deg fi has degree lower than
degg, andg(X) will be in ( f1, . . . , fr ) if h(X) is in ( f1, . . . , fr ). Iterating this
construction, we see that it is enough to account for all the members ofI of degree
≤ q − 1. To handle these, one way to proceed is to enlarge the set{ f1, . . . , fr } a
little. For eachk with 0 ≤ k ≤ q − 1, let Lk(I ) be the union of{0} and the set of
coefficients ofXk in members ofI of degreek. Each of these is an ideal ofR and
hence is finitely generated, and we adjoin to{ f1, . . . , fr } a finite set of generators
for eachLk(I ) with 0 ≤ k ≤ q − 1. The result is a finite set{g1, . . . , gs} of
generators ofI , as one easily checks.

In fact, the set{g1, . . . , gs} is a special set of generators. For any memberf
of R[X], let LT( f ) be the complete term off (X) containing the highest power
of X. What the argument shows is that{g1, . . . , gs} is a subset ofI such that
LT(I ) = (

LT(g1), . . . , LT(gs)
)
, whereLT(I ) denotes the ideal given as the linear

span of all polynomialsLT(g) for g in I . One can show that this property of
{g1, . . . , gs} implies that{g1, . . . , gs} generatesI . In essence this property will
be the defining property of a “Gr¨obner basis” ofI . It is not automatically satisfied
for just any finite generating set{ f1, . . . , fr }, as the example below shows. We
shall see that it is easy to use such a set of generators to test any polynomial inR[X]
for membership inI . Thus the original problem historically for introducing such
sets is solved except for one little detail: the proof of the Hilbert Basis Theorem is
not constructive, and we are left with no idea how actually to construct a Gr¨obner
basis.13

EXAMPLE. Treat K [X,Y] as an instance of the above setting by letting
R = K [Y] and regardingK [X,Y] as R[X]. Consider the idealI = ( f1, f2)
in R[X] with f1(X,Y) = X2 + 2XY2 and f2(X,Y) = XY + 2Y3 − 1. Then(

LT( f1), LT( f2)
) = (X2, XY), and every monomial appearing with nonzero

coefficient in a member of the latter ideal has total degree at least 2. On the
other hand,I contains the polynomial

Y f1(X,Y)− X f2(X,Y) = Y(X2 + 2XY)− X(XY + 2Y3 − 1) = X,

and its leading term isX, whose total degree is 1. ThusLT(I ) properly contains(
LT( f1), LT( f2)

)
.

Because of the nonconstructive nature of the proof of the Hilbert Basis Theo-
rem, it is necessary to start afresh. One message to glean from the abstract proof

13The exposition in this section and the next three is based partly on the book of Cox–Little–
O’Shea and the Web tutorial of Fabrizio listed in the Selected References.
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is that the leading terms of the members ofI are important and somewhat control
the nature ofI . To handleK [X1, . . . , Xn] when K is a field, it is of course
necessary to use an additional induction that enumerates the variables. In the
example above, we treatedX as more significant thanY. For the inductive step
for generalK [X1, . . . , Xn], the ring R in the above argument isK with some
numberm of the indeterminates included, andX is the(m + 1)st indeterminate.
Putting all the steps of the induction together, we see that the order in which the
variables are processed appears to be important.

The theory of Gr¨obner bases as it has evolved allows a healthy extra measure
of generality. Instead of defining leading terms by insisting on an ordering of the
indeterminates, it defines them by using a suitable kind of ordering of monomials,
and that is where we begin. LetK [X1, . . . , Xn] be given,K being a field. Let
M be the set of all monomials inK [X1, . . . , Xn]. A monomial ordering ≤ on
M is a total ordering14 with the two additional properties that

(i) M1 ≤ M2 implies M1M3 ≤ M2M3 for all M1,M2,M3 in M,
(ii) 1 ≤ M for all M in M.

We write M2 ≥ M1 to meanM1 ≤ M2. Also, M1 < M2 meansM1 ≤ M2 with
M1 �= M2, andM1 > M2 meansM1 ≥ M2 with M1 �= M2.

EXAMPLES OF MONOMIAL ORDERINGS. Each ordering assumes that the vari-
ables are enumerated in some way. In these examples we take this enumeration
to be X1, . . . , Xn. The first four examples all have the property that the largest
Xj is X1 and the smallest isXn.

(1)Lexicographic ordering, abbreviated as “lex” by many authors and written
as≤LEX in this list of examples. This, the most important monomial ordering, is
already suggested by the proof of the Hilbert Basis Theorem. In principle it can
be used for all purposes in Sections 7–10, but one application in Chapter X will
require a different monomial ordering. Its disadvantage is that it sometimes makes
lengthy computations take longer than necessary; this matter will be discussed
more in Section 9. The definition is thatXi1

1 · · · Xin
n ≤LEX X j1

1 · · · X jn
n if either

the two monomials are equal or else the firstk for which i k �= jk hasi k < jk.
Thus for example,X1X2

2X3
3 ≤LEX X2

1. The word “lexicographic” refers to the
dictionary system for alphabetizing in which a first word comes before a second
word if for the first position in which the two words differ, the letter of the first
word in that position precedes alphabetically the letter of the second word in that
position.

(2) Graded lexicographic ordering, abbreviated as “glex” or “grlex” by
many authors. As in Section 3 thetotal degreeof a monomialXi1

1 · · · Xin
n is

14This means a partial ordering with the properties that each paira, b hasa ≤ b or b ≤ a and
that both hold only ifa = b.

7. Gröbner Bases
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deg(Xi1
1 · · · Xin

n ) = ∑n
k=1 i k. The definition of the ordering is thatM ≤GLEX N

if either degM < degN or else if degM = degN and M ≤LEX N. Thus for
example,X2

1 ≤GLEX X1X2
2X3

3 because the total degree 2 of the first monomial is
less than the total degree 6 of the second monomial. ButX1X2

2X3
3 ≤GLEX X2

1X4
3

because both monomials have the same total degree 6 and the second monomial
involves a higher power ofX1 than does the first. This monomial ordering is not
much used; more common is the variant of it in the next example.

(3) Graded reverse lexicographic ordering, abbreviated as “grevlex” by
many authors. The definition is thatM ≤GREVLEX N if either degM < degN or
else if degM = degN andNt ≤LEX Mt , whereMt is M but with the exponents
of Xj andXn− j interchanged for eachj , and whereNt is defined similarly. This
ordering takes some getting used to. For example,X2

1X4
3 ≤GREVLEX X1X2

2X3
3

whenn = 3 because both monomials have the same total degree andX3
1X2

2X3 =
(X1X2

2X3
3)

t ≤LEX (X
2
1X4

3)
t = X4

1X2
3. By contrast,X1X2

2X3
3 ≤GLEX X2

1X4
3.

(4) Orderings ofk-elimination type, where 1 ≤ k ≤ n − 1. These are
orderings such that any monomial containing one ofX1, . . . , Xk to a positive
power exceeds any monomial inXk+1, . . . , Xn alone. These will be discussed
in Section 10. Of them, one of particular importance is theBayer–Stillman
ordering of k-elimination type. Here a monomialM is ≤ a monomialN if the
sum of the exponents ofX1, . . . , Xk for M is less than the corresponding sum
for N or else the two sums are equal andM ≤GREVLEX N. This ordering is
commonly used for making computations in the context of Section 10.

(5) Ordering from a tuple ofweight vectors. For 1 ≤ i ≤ n, let w(i ) be a
vector inRn of the formw(i ) = (w(i )1 , . . . , w

(i )
n ), and assume thatw(1), . . . , w(n)

are linearly independent overR. Identify the monomialXα with the vector of
individual exponentsα = (α1, . . . , αn). The ordering given by the weight vectors
w
(i )
j is defined by saying thatXα ≤ Xβ if Xα = Xβ or if the first i such that
w(i ) · α �= w(i ) · β hasw(i ) · α < w(i ) · β. Here the dot refers to the ordinary dot
product. A condition is needed on thew(i )’s to ensure that 1≤ Xα for all α. (See
Problem 14 at the end of the chapter.) Here are two specific examples for which
the condition is satisfied. Lete(i ) be thei th standard basis vector ofRn. The
lexicographic ordering in Example 1 is determined by the tuple of weight vectors
(e(1), . . . ,e(n)). The Bayer–Stillman ordering in Example 4 is determined by the
tuple of weight vectors(

e(1) + · · · + e(k),e(k+1) + · · · + e(n),−e(n), . . . ,−e(k+2),−e(k), . . . ,−e(2)
)
.

Further discussion of monomial orderings determined by weight vectors occurs
in Problems 14–15 at the end of the chapter.

Property (i) of monomial orderings insists that the ordering respect multipli-
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cation of monomials in the natural way. Property (ii), according to the next
proposition, is a well-ordering property. The proof of the proposition will be
preceded by a lemma.

Proposition 8.16.In any monomial ordering forK [X1, . . . , Xn], any decreas-
ing sequenceM1 ≥ M2 ≥ M3 ≥ · · · is eventually constant. Consequently each
nonempty subset ofM has a smallest element in the ordering.

Lemma 8.17.If I is an ideal inK [X1, . . . , Xn] generated by monomials and
if f (X1, . . . , Xn) is in I , then each monomial appearing in the expansion off
with nonzero coefficient lies inI . ConsequentlyI has a finite set of monomials
as generators. Moreover, if{M1, . . . ,Ms} is a set of monomials that generateI
and if M is any monomial inI , then someMj dividesM .

PROOF. Let {Mα} be the set of monomials that generatesI . If f is in I , then
we can write f = ∑k

j =1 hj Mαj for polynomialshj . Let hj = ∑l j

i =1 ci j Mi j be
the expansion ofhj in terms of monomials. IfM0 is a monomial appearing inf
with nonzero coefficientc, then the only possible monomialMi j in hj that can
contribute towardc is one withMi j Mαj = M0 if such a monomial exists. For
some j , such a monomial must exist, orc would be 0; thusM0 lies in I .

For the second conclusion, write{ f1, . . . , fl } by the Hilbert Basis Theorem.
The first conclusion shows that each monomial contributing to eachf j lies in
I , and the set of all these monomials, asj varies, is therefore a finite set of
monomials generatingI .

For the third conclusion, writeM = ∑s
i =1 ai Mi for polynomialsai . Expand-

ing eachai in terms of monomials, we see that someai contains with nonzero
coefficient a monomialM ′ such thatM = M ′Mi . The divisibility follows. �

PROOF OFPROPOSITION8.16. LetM be a monomial, and letI be the linear
span of all monomialsM ′ with M ′ ≥ M . If M ′ is a such a monomial andN is
any monomial, thenN M′ ≥ N M by (i), andN M ≥ 1M = M by (i) and (ii).
ThereforeN M′ lies in I , andI is an ideal.

From such an idealI , we can recoverM as the unique monomialM0 in I such
that M0 ≤ M ′ for every monomialM ′ in I , since any suchM0 hasM0 ≤ M as
well asM ≤ M0.

With M1,M2, . . . given as in the proposition, letIk be the linear span of all
monomialsM ′ ≥ Mk. We have just seen thatIk is an ideal, and theIk’s are
increasing ink. Then I = ⋃∞

k=1 Ik is an ideal generated by monomials, and
Lemma 8.17 shows that it has a finite set of monomials as a set of generators.
Each such monomial generator lies in someIk. Since theIk’s are nested, all the
generators lie in someIk0, and we conclude thatI = Ik0. The previous paragraph
of the proof shows thatIk0 determinesMk0, and thereforeMk = Mk0 for all
k ≥ k0.

7. Gröbner Bases
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For the last statement of the proposition, if there were no least element, then for
any element in the subset, we could always find a smaller element in the subset.
In this way, we would be able to construct a strictly decreasing infinite sequence
in M, in contradiction to what has just been proved. �

Fix a monomial ordering forK [X1, . . . , Xn]. If f is any nonzero member of
K [X1, . . . , Xn] and if f is expanded as aK linear combination of monomials,
then we define the leading monomial, leading coefficient, and leading term off
by

LM( f ) = largest monomial with nonzero coefficient in expansion off,

LC( f ) = coefficient ofLM( f ) in f,

LT( f ) = LC( f ) LM( f ).

It will be convenient to be able to use these definitions without having to dis-
tinguish the casesf �= 0 and f = 0. Accordingly, let us adjoin 0 to the set
M, agreeing that 0< M and 0M = 0 for every monomialM . We adopt the
convention thatLM(0) = 0, LT(0) = 0, andLC(0) = 0.

Since any monomial that occurs in a sum of two polynomials occurs in one or
the other of them, it is immediate from the definition that

LM( f1 + f2) ≤ max(LM( f1), LM( f2))

if f1, f2, and f1 + f2 are nonzero. Checking the various cases, we see that this
inequality persists if one or more off1, f2, and f1 + f2 are 0.

The comparable results concerning multiplication are contained in the next
proposition.

Proposition 8.18. If f1 and f2 are two nonzero members ofK [X1, . . . , Xn],
then

LM( f1 f2) = LM( f1) LM( f2) and LC( f1 f2) = LC( f1) LC( f2);
hence

LT( f1 f2) = LT( f1) LT( f2).

These equalities persist if one or both off1 and f2 are 0. Moreover, iff1 and f2
are nonzero and haveLT( f1) = LT( f2), thenLM( f1 − f2) < LM( f1).

PROOF. For the first statement, let the expansions off1 and f2 as linear
combinations of distinct monomials bef1 = a1 LM( f1) + ∑

i ci Mi and f2 =
a2 LM( f2) + ∑

j dj Nj with Mi < LM( f1) for all i and Nj < LM( f2) for all j .
Then f1 f2 equals

a1a2 LM( f1) LM( f2)+ a2
∑
i

ci Mi LM( f2)+ a1
∑

j
dj LM( f1)Nj +∑

i, j
ci dj Mi Nj ,
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and the conclusions in the first sentence of the proposition will follow if it is
shown thatMi LM( f2) < LM( f1) LM( f2), thatLM( f1)Nj < LM( f1) LM( f2), and
thatMi Nj < LM( f1) LM( f2). The first inequality follows from (i) becauseMi <

LM( f1), and the second inequality is similar. For the third we apply (i) twice to
obtainMi Nj ≤ Mi LM( f2) ≤ LM( f1) LM( f2)and observe that the end expressions
can be equal only if equality holds in both instances. The latter is impossible
becauseK [X1, . . . , Xn] is an integral domain, and thusMi Nj < LM( f1) LM( f2).

The three displayed equalities persist if one or both off1 and f2 are 0 because
LM( f ), LT( f ), andLC( f ) can be 0 only iff = 0.

Finally if f1 and f2 are nonzero and have expansions as in the first paragraph of
the proof withLT( f1) = LT( f2), thenLC( f1) = a1 andLC( f2) = a2. Hencef1− f2
has an expansion involving only the monomialsMi and Nj . Consequently if
f1− f2 �= 0, then the largest of theMi ’s andNj ’s is< LM( f1). ThusLM( f1− f2) <
LM( f1). This inequality holds also iff1 − f2 = 0. �

If I is a nonzero ideal inK [X1, . . . , Xn], we defineLT(I ) to be the vector
space of allK linear combinations of polynomialsLT( f ) with f in I . It fol-
lows from Proposition 8.18 thatK [X1, . . . , Xn] LT(I ) ⊆ LT(I ), and therefore
LT(I ) is an ideal inK [X1, . . . , Xn]. A finite unordered subset{g1, . . . , gk}
of nonzero elements of the idealI is called aGröbner basisof I if LT(I ) =(

LT(g1), . . . , LT(gk)
)
. The inclusion⊇ follows from the definition, and the

question is whetherLT(g1), . . . , LT(gk) generateLT(I ).
Among the examples below, Example 3 is particularly suggestive of the utility

of a Gröbner basis. The idea is that an ordinary set of generators may have
the property that certain “small” elements ofI can be expanded in terms of the
generators only using “large” coefficients and that this property is reflected in the
failure of (LT(g1), . . . , LT(gk)) to exhaustLT(I ).

EXAMPLES WITH LEXICOGRAPHIC ORDERING.

(1) Principal ideal. IfI = ( f (X1, . . . , Xn)), then{ f } is a Gröbner basis. In
fact, the most general member ofI is of the formh f with h in K [X1, . . . , Xn],
and Proposition 8.18 givesLT(h f ) = LT(h) LT( f ). ThereforeLT(I ) = (LT( f )),
as required.

(2) Ideal generated by members ofK [X1, . . . , Xn]1. Suppose thatI =
(L1, . . . , Lk), where eachL j is a homogeneous linear polynomial of degree 1. For
example,I could be(X1 + X2 + X3, X1 − X3). Let us form the corresponding

k-by-n coefficient matrix, specifically
(

1 1 1
1 0 −1

)
in the 3-variable example. If

we perform row operations to transform this matrix into reduced row-echelon
form and letL ′

1, . . . , L
′
k′ be the members ofK [X1, . . . , Xn]1 corresponding to

the reduced matrix, specificallyX1 − X3 and X2 + 2X3 for the reduced form

7. Gröbner Bases
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1 0 −1
0 1 2

)
of
(

1 1 1
1 0 −1

)
, then I = (L ′

1, . . . , L
′
k′) and moreover{L ′

1, . . . , L
′
k′ } is a

Gröbner basis ofI . This fact is not particularly obvious in the full generality of
this example, but it will be shown to be an easy consequence of Theorem 8.23 in
the next section.

(3) Earlier example in this section. InK [X,Y], let I = ( f1, f2)with f1(X,Y)
= X2 + 2XY2 and f2(X,Y) = XY + 2Y3 − 1. Then

(
LT( f1), LT( f2)

) =
(X2, XY). We saw thatX is a member ofI and thatLT(X) = X is not in(

LT( f1), LT( f2)
)
. So { f1, f2} is not a Gröbner basis. If we enlarge the set

of generators ofI to { f1, f2, X}, then we still do not have a Gr¨obner basis
becausef2 − Y X = 2Y3 − 1 is in I and LT( f2 − Y X) = 2Y3 does not lie
in
(

LT( f1), LT( f2), LT(X)
) = (X2, XY, X) = (X). We can enlarge the set of

generators still further to{ f1, f2, X, 2Y3 − 1}. Is this a Gröbner basis? Here
we have

(
LT( f1), LT( f2), LT(X), LT(2Y3 − 1)

) = (X,Y3), and it seems as if this
equalsLT(I ). But we need a way of checking easily. We shall obtain a way of
checking in Theorem 8.23 in the next section.

The question of existence–uniqueness of a Gr¨obner basis will be addressed
constructively in Sections 8–9; however, we did observe at the beginning of this
section that Hilbert’s proof of the Hilbert Basis Theorem essentially handles exis-
tence when the monomial ordering is the usual lexicographic ordering. Actually,
the argument at the beginning of the section had two parts to it—a nonconstructive
argument producing a certain finite set of leading terms and a verification that
those leading terms lead to a set of generators of the ideal. The first part, being
a nonconstructive existence proof, does not help us in our current efforts, and
we defer to Problem 13 at the end of the chapter the question of adapting it to
a general monomial order. The second part, on the other hand, is a useful kind
of verification in our current efforts. It shows that a certain kind of finite subset
of an ideal is necessarily a set of generators, and it generalizes as follows. The
generalization will play a role in Section 9.

Proposition 8.19. If K is a field, if a monomial ordering is specified for
K [X1, . . . , Xn], and if {g1, . . . , gk} is a Gröbner basis for a nonzero idealI of
K [X1, . . . , Xn], then{g1, . . . , gk} generatesI .

PROOF. First we prove that iff �= 0 is in I , then there exist agj , a monomial
M0, and a nonzero scalarcsuch thatLM( f −cM0gj ) < LM( f ). To see this, we use
the hypothesis that{g1, . . . , gk} is a Gröbner basis to find polynomialsh1, . . . , hk

such thatLM( f ) = ∑k
i =1 hi LM(gi ). Then it must be true fori equal to some

index j that LM( f ) = M0 LM(gj ) for one of the monomialsM0 that appears in
hj with nonzero coefficient. SinceM0 LM(gj ) = LM(M0) LM(gj ) = LM(M0gj ),
we can rewrite this equality asLT( f ) = c LT(M0gj ) for some scalarc �= 0. Then
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LT( f ) = LT(cM0gj ), and Proposition 8.18 shows thatLM( f − cM0gj ) < LM( f ),
as asserted.

Iterating this construction and assuming that we never get 0, we can find
successively nonzero scalarsci , monomialsMi , and membersgji of the Gröbner
basis such that the sequenceLM

(
f − ∑l

i=1 cj Mj gji

)
indexed byl is strictly

decreasing, in contradiction to Proposition 8.16. To avoid the contradiction, we
must havef −∑l

i =1 cj Mj gji = 0 for somel , and thenf is exhibited as in the
ideal(g1, . . . , gk). Hence the Gr¨obner basis generatesI . �

8. Constructive Existence

Throughout this section,K denotes a field, and we work with a fixed monomial
ordering onK [X1, . . . , Xn]. Ideals inK [X1, . . . , Xn] will always be specified by
giving finite sets of generators. Our objective is to obtain a constructive proof of
the existence of a Gr¨obner basis for each nonzero ideal inK [X1, . . . , Xn], along
with a useful test procedure for deciding whether a given finite set of generators of
I is a Gröbner basis. As is often the case with existence proofs, the motivation for
the proof comes from a certain amount of deduction of properties that a Gr¨obner
basis must satisfy if its exists. It was mentioned in the previous section that the
failure of a set of generators to be a Gr¨obner basis has something to do with
its failure to be able to represent all “small” elements of the ideal by means of
expansions in terms of the generators that use “small” coefficients. The first part
of this section will explore this idea, seeking to make it precise. The main step
will be a checkable text for a set to be a Gr¨obner basis; this is Theorem 8.23.
The existence argument will be an easy corollary. A by-product of the existence
argument will be a way of testing a polynomial for membership inI .

In the one-variable case any ideal is principal, necessarily of the form(g(X)),
and the test for membership of a polynomialf in the ideal is to apply the division
algorithm, writing f (X) = q(X)g(X) + r (X) with r = 0 or degr < degg.
Then f is a member of the ideal if and only ifr = 0. The starting point for the
several-variable theory is to do the best we can to generalize the division algorithm
to several variables, recognizing that we cannot expect too much because of the
complicated ideal structure in several variables.

Proposition 8.20(generalized division algorithm). Let( f1, . . . , fs) be a fixed
enumeration of a set of nonzero members ofK [X1, . . . , Xn], and let f be an
arbitrary nonzero member ofK [X1, . . . , Xn]. Then there exist polynomials
a1, . . . ,as andr such that

f = a1 f1 + · · · + as fs + r,
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such thatLM(aj f j ) ≤ LM( f ) for all j , and such that no monomial appearing inr
with nonzero coefficient is divisible byLM( f j ) for any j .

REMARK. The proof below will stop short of giving an algorithm, because
omitting the details of the algorithm will make the invariant of the construction
clearer. To make the proof into an algorithm, one merely needs to be systematic
about the choices in the proof. There is no claim of any uniqueness ofa1, . . . ,as

or r in the statement; in fact, Problem 16 at the end of the chapter shows that
more than one kind of nonuniqueness is possible. Corollary 8.21 below, however,
will show that if the givenf1, . . . , fs form a Gröbner basis of an idealI , then
r is independent of the enumeration of the Gr¨obner basis, even without the
requirement thatLM(aj f j ) ≤ LM( f ) for all j .

PROOF. We shall do a kind of induction involving decompositions off of the
form

f = (a1 f1 + · · · + as fs)+ p + r, (∗)

wherea1, . . . ,as, p, r are polynomials with the properties that

(i) LM(p) ≤ LM( f ),
(ii) LM(ai fi ) ≤ LM( f ) for all i ,
(iii) no monomialM appearing inr with nonzero coefficient hasM divisible

by anyLM( fi ),

and we shall demonstrate thatLM(p) decreases at every step of the induction as
long asp �= 0. Initially we take allai = 0, p = f , andr = 0. Then(∗) and the
three properties hold at the start. Let us describe the inductive step.

If LT( f j ) dividesLT(p) for some j , then we replaceaj by aj + LT(p)/ LT( f j ),
we changep to p − (

LT(p)/ LT( f j )
)

f j , and we leaver alone. The equality(∗)
is maintained, and (iii) continues to hold. Since

LT
((

LT(p)/ LT( f j )
)

f j
) = LT

(
LT(p)/ LT( f j )

)
LT( f j )

= (
LT(p)/ LT( f j )

)
LT( f j ) = LT(p),

(∗∗)

Proposition 8.18 shows thatLM(p) strictly decreases. Consequently (i) continues
to hold. By the same kind of computation as for(∗∗),

LM
((

aj + LT(p)/ LT( f j )
)

f j
) ≤ max

(
LM(aj f j ), LM

(
LT(p)/ LT( f j )

)
f j
)

≤ max(LM( f ), LM(p)) = LM( f ),

and therefore (ii) continues to hold. This completes the inductive step ifLT( f j )

dividesLT(p) for some j .
The contrary case is thatLT(p) is divisible byLT( fi ) for no i . Then we replace

p by p − LT(p), we changer to r + LT(p), and we leave allai alone. The
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equality(∗) is maintained, and (ii) continues to hold. SinceLM(p) = LM(LT(p)),
Proposition 8.18 shows thatLM(p) strictly decreases. Consequently (i) continues
to hold. Also, (iii) continues to hold because of the assumption thatLT(p) is
divisible byLT( fi ) for no i . This completes the inductive step ifLT(p) is divisible
by LT( fi ) for no i .

Proposition 8.16 shows that the induction can continue for only finitely many
steps. Since it must continue as long asp �= 0, the conclusion is thatp = 0 after
some stage, and then the decomposition of the proposition has been proved.�

Corollary 8.21. If {g1, . . . , gs} is a Gröbner basis of a nonzero idealI of
K [X1, . . . , Xn] and if f is any nonzero member ofK [X1, . . . , Xn], then there
exist polynomialsg andr such thatf = g+r , g is in I , and no monomial appear-
ing in r with nonzero coefficient is divisible byLM(gj ) for any j . Moreover,r is
uniquely determined by these properties, andg has an expansiong = ∑s

i=1 ai gi

with LM(ai gi ) ≤ LM( f ) for all i .

REMARKS. The uniqueness statement implies in particular thatr is independent
of the enumeration of the set{g1, . . . , gs}. This corollary will give us some insight
into the way a Gr¨obner basis can resolve cancellation. Shortly we shall introduce
specific members ofI that have cancellation built into their definition. Being in
I , they have expansions with remainder term 0, according to this corollary. Since
the remainder is unique, the corollary says that they can be rewritten in terms of
the Gröbner basis in a way that eliminates the cancellation.

PROOF. For existence, let{g1, . . . , gs} be a Gröbner basis ofI , and apply
Proposition 8.20 tof and the ordered set(g1, . . . , gs). Then the existence follows
immediately.

For uniqueness, suppose thatf = g1 + r1 = g2 + r2. Thenr1 − r2 = g2 − g1

exhibitsr1 − r2 as in I . Arguing by contradiction, suppose thatr1 �= r2. The
hypothesis onr1 and r2 shows that no monomial with nonzero coefficient in
r1 − r2 is divisible by anyLM(gj ), and in particularLM(r1 − r2) is not divisible
by any of the generators of the monomial ideal

(
LM(g1), . . . , LM(gs)

) = LM(I ).
SinceLM(r1 − r2) is a monomial in this ideal, this conclusion contradicts the last
conclusion of Lemma 8.17. �

Suppose thatXα = Xα1
1 · · · Xαn

n andXβ = Xβ1
1 · · · Xβn

n are two monomials in
K [X1, . . . , Xn]. Then we define theirleast common multipleLCM(Xα, Xβ) to
be

LCM(Xα, Xβ) = Xγ = Xγ1
1 · · · Xγn

n with γj = max(αj , βj ) for all j .

This notion does not depend on the choice of a monomial ordering. Observe
for any two monomialsM andN that LCM(M, N)/M and LCM(M, N)/N are
monomials.
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If f1 and f2 are nonzero polynomials, then the expression

LCM
(

LM( f1), LM( f2)
)

LT( f1)
f1 = LCM

(
LM( f1), LM( f2)

)
LM( f1)

f1
LC( f1)

is a polynomial whose leading monomial is LCM
(

LM( f1), LM( f2)
)

and whose
leading coefficient is 1. We define theS-polynomial of f1 and f2 to be

S( f1, f2) = LCM
(

LM( f1), LM( f2)
)

LT( f1)
f1 − LCM

(
LM( f1), LM( f2)

)
LT( f2)

f2.

This is the difference of two polynomials with the same leading monomial
LCM

(
LM( f1), LM( f2)

)
and with the same leading coefficient 1. Accordingly,

Proposition 8.18 shows that

LM(S( f1, f2)) < LCM
(

LM( f1), LM( f2)
)
.

The elementsS( f1, f2) are the elements mentioned in the remarks with Corollary
8.21; the above inequality is a precise formulation of their built-in cancellation.

Lemma 8.22 below says that whenever cancellation of this kind occurs in
any sum of products with functionsf1, . . . , fs, then the sum of products can be
rewritten in terms of theS-polynomialsS( f j , fk). In this way the nature of the
cancellation has been made more transparent, partly being accounted for by the
definitions of the individual polynomialsS( f j , fk).

Lemma 8.22.Let M andM1, . . . ,Ms be monomials, letf1, . . . , fs be nonzero
polynomials, and suppose thatMi LM( fi ) = M for all i . If c1, . . . , cs are constants
such thatLM

(∑s
i=1 ci Mi fi

)
< M , then the sum

∑s
i =1 ci Mi fi can be rewritten

in the form

s∑
i =1

ci Mi fi =
∑
j<k

djk M

LCM
(

LM( f j ), LM( fk)
) S( f j , fk)

for suitable constantsdjk . In the sum on the right side, each nonzero term has
leading monomial< M .

PROOF. Let us writeLi j = LCM
(

LM( fi ), LM( f j )
)

for i �= j . We may assume
that all theci are nonzero, and we proceed by induction ons. There is nothing to
prove fors = 1. The key step iss = 2, for which we are given that theM term
of c1M1 f1 + c2M2 f2 is 0, i.e., that

c1 LC( f1)+ c2 LC( f2) = 0. (∗)
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Substituting forLC( f2) from (∗) gives

M L−1
12 S( f1, f2) = M f1/ LT( f1)− M f2/ LT( f2)

= M1 f1/ LC( f1)− M2 f2/ LC( f2)

= c−1
1 LC( f1)

−1(c1M1 f1 + c2M2 f2),

and this proves the displayed formula of the lemma withd12 = c1 LC( f1).
Assume the result fors−1 ≥ 2. We are given that

∑s
i =1 ci LC( fi ) = 0, which

we break into two parts as

c1 LC( f1)− c1 LC( f1)
LC( f2)

LC( f2) = 0,(
c2 + c1 LC( f1)

LC( f2)

)
LC( f2)+

s∑
i =3

ci LC( fi ) = 0.

The inductive hypothesis gives

c1M1 f1 − c1 LC( f1)
LC( f2)

M2 f2 = d12M L−1
12 S( f1, f2),(

c2 + c1 LC( f1)
LC( f2)

)
M2 f2 +

s∑
i =3

ci Mi fi = ∑
2≤ j<k

djk M L−1
jk S( f j , fk).

Adding these two formulas, we obtain the displayed formula of the lemma for
the cases, and the induction is complete. �

Theorem 8.23.Let {g1, . . . , gs} be a set of generators of a nonzero idealI of
K [X1, . . . , Xn], and assume thatgi �= 0 for all i . Then the following conditions
on {g1, . . . , gs} are equivalent:

(a) {g1, . . . , gs} is a Gröbner basis ofI ,
(b) for each pair(gj , gk) with S(gj , gk) �= 0, every expansion ofS(gj , gk) as

S(gj , gk) = ∑s
i =1 ai jk gi + r with the two properties that

(i) LM(ai jk gi ) ≤ LM(S(gj , gk)) and
(ii) no monomial appearing inr with nonzero coefficient is divisible

by LM(gj ) for any j
hasr = 0,

(c) for each pair(gj , gk) with S(gj , gk) �= 0, there is an expansion of the
form S(gj , gk) = ∑s

i =1 ai jk gi with LM(ai jk gi ) ≤ LM(S(gj , gk)).

REMARKS. Because of the equivalence of (b) and (c), the generalized divi-
sion algorithm (Proposition 8.20) gives us a procedure for testing whether these
conditions are satisfied by{g1, . . . , gs}. Namely we follow through the steps in
the proof of Proposition 8.20 in whatever fashion we please for each nonzero
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S(gj , gk). If we get remainderr = 0 for each pair( j, k), then the conditions are
satisfied. If we get a nonzero remainderr for some pair, then the conditions are
not satisfied. In view of the equivalence of (a) with these conditions, we have an
effective (though somewhat tedious) way of checking whether{g1, . . . , gs} is a
Gröbner basis.

PROOF. We prove that (a) implies (b) and that (c) implies (a). Since (b)
certainly implies (c), the proof will be complete.

Let (a) hold, i.e., let{g1, . . . , gs} be a Gröbner basis. IfS(gj , gk) �= 0, then
S(gj , gk) is a nonzero member ofI because eachgi lies in I , and S(gj , gk)

consequently has an expansion as
∑s

i=1 ai gi + r with r = 0. By Corollary 8.21 it
has a possibly different expansion withr = 0 and withLM(ai gi ) ≤ LM(S(gj , gk))

for eachi . On the other hand, in any expansion ofS(gj , gk) as
∑s

i =1 ai gi + r
such that (ii) holds, whether or notLM(ai gi ) ≤ LM(S(gj , gk)), r must be 0 by
Corollary 8.21. This proves (b).

To prove that (c) implies (a), we argue by contradiction. Among all expan-
sions of members ofI as

∑s
i=1 bi gi such thatLT

(∑s
i=1 bi gi

)
is not in the ideal(

LT(g1), . . . , LT(gs)
)
, choose one for which

M = max
1≤i ≤s

LM(bi gi )

is as small as possible; this choice exists by Proposition 8.16. For this choice, let

f =
s∑

i=1
bi gi . (∗)

Define Mi = LM(bi ) for eachi with bi �= 0. If i0 is an index withM =
LM(bi0gi0), then M = Mi0 LM(gi0) by Proposition 8.18, and henceM lies in(

LT(g1), . . . , LT(gs)
)
. SinceLT

(∑s
i =1 bi gi

)
is not in

(
LT(g1), . . . , LT(gs)

)
, it

follows thatLT
(∑

i bi gi
)
< M . Within the set{1, . . . , s}, define a subsetE to

consist of thosei for which Mi LM(gi ) = M . This set containsi0, and it has the
property that alli not in E haveLM(bi gi ) < M . We regroupf as

f = ∑
i∈E

bi gi + ∑
i /∈E

bi gi = ∑
i ∈E

LC(bi )Mi gi + ∑
i ∈E
(bi − LT(bi ))gi + ∑

i /∈E
bi gi .

Every term in the second and third sums on the right side has leading monomial
< M , and so doesf . ThereforeLM

(∑
i∈E LC(bi )Mi gi

)
< M . It follows that

the expression
∑

i∈E LC(bi )Mi gi is of the form considered in Lemma 8.22 with
ci = LC(bi ) for i ∈ E (andci = 0 for i /∈ E). The lemma tells us that∑

i∈E
LC(bi )Mi gi = ∑

j,k
djk(M/L jk)S(gj , gk)
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for suitable scalarsdjk , whereL jk = LCM
(

LM(gj ), LM(gk)
)
.

Now we apply the hypothesis (c), expanding eachS(gj , gk) in some way as
S(gj , gk) = ∑s

i =1 ai jk gi with theai jk equal to polynomials such that

LM(ai jk gi ) ≤ LM(S(gj , gk)). (∗∗)

Substituting forS(gj , gk), we obtain

f = ∑
i, j,k

djk(M/L jk)ai jk gi + ∑
i∈E
(bi − LT(bi ))gi + ∑

i /∈E
bi gi . (†)

We know that every term in the second and third sums on the right side of(†)
has leading monomial< M , and we shall estimate the leading monomial of each
term in the first sum. Multiplying the inequality

LM(S(gj , gk)) < LCM
(

LM(gj ), LM(gk)
) = L jk

by the monomialM/L jk yields

(M/L jk) LM(S(gj , gk)) < M (††)

for every pair( j, k). Combining(∗∗) and(††) gives

LM
(
(M/L jk)ai jk gi

) = (M/L jk) LM(ai jk gi ) ≤ (M/L jk) LM(S(gj , gk)) < M.

Since eachdjk is a scalar, every term in the first sum on the right side of(†)
has leading monomial< M . Thus(†) is an expansion of a member ofI that
contradicts the minimality of maxi LM(bi gi ) in the expansion(∗). From this
contradiction we conclude that (a) holds. �

EXAMPLE OF A VERIFICATION THAT A SET IS A GRÖBNER BASIS. This example
continues Example 2 of “Examples with lexicographic ordering” in the previous
section. A nonzero idealI is generated by members ofK [X1, . . . , Xn]1 of the
form (L1, . . . , Ls), where eachL j is a linear combination ofX1, . . . , Xn. After
initial manipulations we assume that the matrix of coefficients ofL1, . . . , Ls is in
reduced row-echelon form. The assertion is that{L1, . . . , Ls} is then a Gr¨obner
basis ofI . To prove this, we writeL j = Xnj + l j , whereXnj is the associated
corner variable andl j is a linear combination ofXnj +1, . . . , Xn such that the
coefficient of each corner variable is 0. Ifj < k, then

S(L j , Lk) = −lk Xnj + l j Xnk = −lk(Xnj + l j )+ l j (Xnk + lk) = −lkL j + l j Lk.

The second term on the right side contains no variableX1, . . . , Xnj , but the first
term on the right side containsXnj . Therefore, relative to the lexicographic
ordering, we haveLM

(
S(L j , Lk)

) = LM(−lkL j ) = LM(lk)Xnj . Consequently
LM(l j Lk) ≤ LM

(
S(L j , Lk)

)
(and actually strict inequality must hold). Thus the

displayed formula shows thatS(L j , Lk) = a1L j + a2Lk in the form demanded
by (c) of Theorem 8.23. Since (c) implies (a) in the theorem,{L1, . . . , Ls} is a
Gröbner basis ofI .



506 VIII. Background for Algebraic Geometry

Corollary 8.24 (Buchberger’s algorithm).15 Each nonzero ideal in the poly-
nomial ringK [X1, . . . , Xn] has a Gr¨obner basis. Such a basis can be obtained by
the following procedure: Start from any set{ f1, . . . , ft } of nonzero generators,
apply the generalized division algorithm in some fashion to eachS( f j , fk) and
to the generating set{ f1, . . . , ft }, and adjoin to the set of generators any nonzero
remainders obtained from this process. Iterate this process for enlarging a set
{ f ′

1, . . . , f ′
t ′ } of generators as long as a nonzero remainder is obtained for some

S( f ′
j , f ′

k). This process must terminate at some point with all remainders equal
to 0, and the resulting generating set is a Gr¨obner basis.

PROOF. At the stage of the iteration that works with the set{ f ′
1, . . . , f ′

t ′ } of
generators, any nonzero remainderr that arises has the property that no monomial
occurring inr is divisible by anyLM( f ′

j ). By Lemma 8.17,LT(r ) is not a member
of
(

LT( f ′
1), . . . , LT( f ′

t )
)
. However, at the next stage whenr has been designated

as one of the generators ofI , LT(r ) has become one of the generators of this
ideal. Therefore the ideal

(
LT( f ′

1), . . . , LT( f ′
t )
)

strictly increases as we pass from
one stage to the next. SinceK [X1, . . . , Xn] is Noetherian, its ideals satisfy the
ascending chain condition, and this chain of ideals must stabilize. Consequently
all the remainders must be 0 at some point, and then Theorem 8.23 shows that
the set of generators is a Gr¨obner basis. �

EXAMPLE OF THE COMPUTATION OF AGRÖBNER BASIS. We return to Example
3 of “Examples with lexicographic ordering” in the previous section. InK [X,Y],
we let f1(X,Y) = X2 + 2XY2 and f2(X,Y) = XY + 2Y3 − 1, and we define
I = ( f1, f2). We seek a Gr¨obner basis ofI , using the lexicographic ordering.
Direct computation givesS( f1, f2) = Y(X2 +2XY2)− X(XY+2Y3 −1) = X.
SinceX is not divisible byLM( f1) or by LM( f2), S( f1, f2) = 0 f1 + 0 f2 + X
is an expansion ofS( f1, f2) as in Theorem 8.23c withr = X. The procedure
of Corollary 8.24 says to adjoinf3 = X to the generating set and test again.
Direct computation givesS( f1, f3) = 1(X2 + 2XY2) − X · X = 2XY, and
S( f1, f3) = 0 f1 + 0F2 + (2Y) f3 + 0 is an expansion ofS( f1, f3) as in (c),
sinceLM(2Y f3) ≤ LM

(
S( f1, f3)

)
. ThusS( f1, f3) gives us a 0 remainder, hence

nothing new to process. In addition, we haveS( f2, f3) = 1(XY + 2Y3 − 1) −
Y · X = 2Y3 − 1. No term of this is divisible by any of the leading monomials of
f1, f2, f3, namelyX2, XY, X. Hence 2Y3−1 is a nonzero remainder.16 Therefore
we are to adjoinf4 = 2Y3 − 1 to our set. Computation givesS( f1, f4) =
2XY4 + X2 = (2Y4 + X) f3, S( f2, f4) = 2Y5 − Y2 + 1

2 X = 1
2 f3 + Y2 f4,

15Computer programs typically use an improved version of this algorithm to compute Gr¨obner
bases.

16It was not a bad choice of decomposition that led to a nonzero remainder when some other
decomposition might have given us 0; the equivalence of (b) and (c) in Theorem 8.23 assures us of
that fact.
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andS( f3, f4) = 1
2 X = 1

2 f3. In every case each term has leading monomial at
most the leading monomial of theS-polynomial. Hence all remainders are 0, and
Corollary 8.24 says that{ f1, f2, f3, f4} is a Gröbner basis ofI .

Corollary 8.25 (solution of the ideal-membership problem). IfI is a nonzero
ideal in K [X1, . . . , Xn] and f is a polynomial, then a procedure for deciding
whether f lies in I is as follows: introduce a monomial ordering, construct
a Gröbner basis{g1, . . . , gs} of I by means of Corollary 8.24, and apply the
generalized division algorithm to writef = ∑s

i =1 ai gi + r for polynomials
a1, . . . ,ar , r such that no monomial appearing inr with nonzero coefficient is
divisible byLM(gj ) for any j . Then f lies in I if and only if r = 0.

PROOF. Corollary 8.24 produces the Gr¨obner basis, and Corollary 8.21 affirms
that this procedure decides whetherf lies in I . �

Corollary 8.26 (solution of the proper-ideal problem). IfI is a nonzero ideal
in K [X1, . . . , Xn], then a procedure for deciding whetherI = K [X1, . . . , Xn]
is to compute a Gr¨obner basis forI and to see whether one of its members is a
nonzero scalarc.

PROOF. If I has a nonzero scalar as one of its generators, then 1 lies inI ,
and henceI certainly equalsK [X1, . . . , Xn]. Conversely if I is given, then
Corollary 8.24 produces a Gr¨obner basis{g1, . . . , gs}. SinceLT(1) = 1 and since
LT(I ) = (

LT(g1), . . . , LT(gs)
)
, the monomial 1 must lie in

(
LT(g1), . . . , LT(gs)

)
.

Since 1 is a monomial, Lemma 8.17 shows that it must be divisible byLM(gj )

for some j . ThereforeLM(gj ) = 1. Since 1 is the smallest monomial in any
monomial ordering, it is the only monomial appearing with a nonzero coefficient
in gj . Thereforegj is a nonzero scalar. �

In many applications of Gr¨obner bases, there is some flexibility in what mono-
mial ordering to impose in obtaining the Gr¨obner basis. In Corollaries 8.25 and
8.26, for example, absolutely any monomial ordering works fine. The actual
calculation of Gr¨obner bases is often computationally demanding, and thus it
is worthwhile to use such a basis that takes relatively little time to compute.
According to computer scientists,17 Gröbner bases are the most widely useful
when computed relative to the lexicographic ordering, but they are then also
the most time-consuming to compute. The monomial orderings that make the
computation of Gr¨obner bases proceed quickly tend to be ones that first bound

17The Web essay “Representation and monomial orders,”http://www.umich.edu/
∼gpcc/scs/magma/text835.htm , within the publication of the Statistics and Computation
Service listed in the Selected References contains a discussion of various monomial orders and their
uses and advantages.
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the total degree in one or two steps. One of the reasons that this kind of monomial
ordering works so efficiently is that once the total degree is bounded, there are
only finitely many monomials less than any given monomialM .

9. Uniqueness of Reduced Gr¨obner Bases

In this section,K continues to denote a field, and we work with a fixed monomial
ordering onK [X1, . . . , Xn]. Ideals inK [X1, . . . , Xn] will always be specified
by giving finite sets of generators. Our objective in this section is to show how
any Gröbner basis can be “reduced” and that a “reduced” Gr¨obner basis for an
ideal is unique. A by-product of the uniqueness argument will be a way of testing
two ideals for equality.

Any finite set of generators ofI that contains a Gr¨obner basis is again a Gr¨obner
basis. Thus a constructed Gr¨obner basis will often be unnecessarily large. One
simple kind of redundance is addressed by Lemma 8.27 below.

Lemma 8.27. If {g1, . . . , gs} is a Gröbner basis for a nonzero idealI in
K [X1, . . . , Xn] and if LM(g1) lies in the ideal

(
LT(g2), . . . , LT(gs)

)
, then

{g2, . . . , gs} is a Gröbner basis ofI .

REMARK. Lemma 8.17 shows how to check whetherLM(g1) lies in the ideal(
LT(g2), . . . , LT(gs)

)
; all we have to do is see whether someLM(gj ) for j ≥ 1

dividesLM(g1).

PROOF. By hypothesis,
(

LT(g2), . . . , LT(gs)
)= ( LT(g1), . . . , LT(gs)

)=LT(I ).
Therefore{g2, . . . , gs} is a Gröbner basis ofI . (Recall that the definition of
Gröbner basis does not assume that the set generates the ideal; Proposition 8.19
deduces that it generates.) �

A Gröbner basis{g1, . . . , gs} of a nonzero idealI is said to beminimal if
LC(gj ) = 1 for all j and if noLM(gi ) is divisible byLM(gj ) for some j �= i .
Lemma 8.27 shows that in trying to transform a Gr¨obner basis into a form for
which a uniqueness result will apply, there is no loss of generality in assuming
that the given Gr¨obner basis is minimal.

EXAMPLE. As in the example following Corollary 8.24, letI be the ideal in
K [X,Y] given by I = ( f1, f2) with f1(X,Y) = X2 + 2XY2 and f2(X,Y) =
XY + 2Y3 − 1. Then we saw that{ f1, f2, f3, f4} is a Gröbner basis ofI in
the lexicographic ordering, wheref3(X,Y) = X and f4(X,Y) = 2Y3 − 1.
The leading monomials areLM( f1) = X2, LM( f2) = XY, LM( f3) = X, and
LM( f4) = Y3. The first two are divisible by the third. Therefore{X,Y3 − 1

2} is
the corresponding minimal Gr¨obner basis.
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Unfortunately an ideal can have more than one minimal Gr¨obner basis, as is
shown in Problem 17 at the end of the chapter. A Gr¨obner basis{g1, . . . , gs} of
an idealI is said to bereduced if it is minimal and if for eachi , no monomial
appearing ingi with nonzero coefficient is divisible byLM(gj ) for some j �= i .

Theorem 8.28(uniqueness of reduced Gr¨obner basis). IfI is a nonzero ideal
in K [X1, . . . , Xn], then I has a unique reduced Gr¨obner basis, and this can be
obtained algorithmically starting from any minimal Gr¨obner basis.

PROOF OF UNIQUENESS. Let {g1, . . . , gs} be any Gr¨obner basis. SinceLT(I ) =(
LT(g1), . . . , LT(gs)

)
, Lemma 8.17 shows that anyLM( f ) for f ∈ I is divisible by

LM(gj ) for somej . If {h1, . . . , ht } is a second Gr¨obner basis, then this argument
shows that eachLM(hi ) is divisible by someLM(gj ). Turned around, the argument
shows thatLM(gj ) is divisible by someLM(hk). Since{h1, . . . , ht } is assumed
minimal,LM(hk) cannot be divisible byLM(hi ) if i �= k. ThusLM(hi ) = LM(hk),
and these equalLM(gj ). Then it follows thats = t and that we may enumerate
any two minimal Gr¨obner bases in such a way that the leading monomial of the
i th member of each basis is the same for eachi with 1 ≤ i ≤ s.

With this normalization in place, let us show thatgi = hi . To do so, we expand
gi −hi asgi −hi = ∑s

j =1 aj hj with LM(gi −hi ) = maxj LM(aj hj ) in accordance
with (b) of Theorem 8.23. Choosek such that the maximum on the right side is
attained atk, i.e., such that

LM(ak) LM(hk) = LM(gi − hi ). (∗)

Arguing by contradiction, suppose that the right side of(∗) is nonzero. Then it
must be a monomial occurring in eithergi or hi . Since the two Gr¨obner bases are
reduced, no monomial occurring ingi is divisible byLM(gk) = LM(hk) if k �= i ,
and similarly for monomials occurring inhi . We conclude thatk = i and that
LM(hi ) = LM(gi − hi ). But this is impossible by Proposition 8.18 ifgi − hi �= 0,
sinceLM(gi ) = LM(hi ) andLC(gi ) = LC(hi ) = 1. Therefore the right side of(∗)
is 0, andgi = hi . �

PROOF OF EXISTENCE. Let {g1, . . . , gs} be a minimal Gr¨obner basis ofI . As
was shown in the proof of uniqueness, the leading monomialsLM(g1), . . . , LM(gs)

are independent of the choice of the actual minimal basis. Looking at the definition
of “reduced,” we see therefore that the property of being reduced is a property of
each membergi of the basis separately. That is, it is meaningful to say thatgi

is reduced if no monomial appearing ingi with nonzero coefficient is divisible
by LM(gj ) for some j �= i . We shall show how to replacegi by an elementg′

i
with the same leading monomial in such a way that the new set is still a Gr¨obner
basis andg′

i is reduced, and then the proof will be complete. There is no loss of
generality in takingi = 1.

Gröbner Bases
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Applying the generalized division algorithm (Proposition 8.20), we write

g1 =
s∑

j =2
aj gj + r (∗∗)

in such a way that
LM(g1) = max

2≤ j ≤s
LM(aj gj ) (†)

and that no monomial appearing inr with nonzero coefficient is divisible by
LM(gj ) for any j ≥ 2. If we defineg′

1 to be this elementr , then the elementg′
1

is reduced in the above sense, and the only question is whether{g′
1, g2, . . . , gs}

is a Gröbner basis. Since{g1, . . . , gs} is minimal,LM(g1) is not divisible by any
LM(gj ) for j ≥ 2. ConsequentlyLM(g1) appears with nonzero coefficient on the
left side of(∗∗), and it does not appear in any of the termsaj gj with nonzero
coefficient on the right side. Consequently it appears inr = g′

1, andLM(g1) ≤
LM(g′

1). On the other hand, the equality(†) implies thatLM(g′
1) ≤ LM(g1).

ThereforeLM(g1) = LM(g′
1), and LT(I ) = (

LT(g1), LT(g2) . . . , LT(gs)
) =(

LT(g′
1), LT(g2) . . . , LT(gs)

)
. Consequently{g′

1, g2, . . . , gs} is a Gröbner basis
by definition. �

Corollary 8.29 (solution of the ideal-equality problem). LetI and J be two
nonzero ideals inK [X1, . . . , Xn] specified in terms of finite sets of generators.
Then I = J if and only if the reduced Gr¨obner bases ofI and J relative to a
single monomial ordering are the same.

REMARK. As with the solution of problems listed in Corollaries 8.25 and 8.26,
the desired end is independent of the monomial ordering, and in practice one
might just as well start from a monomial ordering for which the computation of
Gröbner bases is relatively easy.

PROOF. This result is immediate from Corollary 8.24 (constructive existence
of Gröbner bases) and Theorem 8.28. �

10. Simultaneous Systems of Polynomial Equations

In this section we combine our techniques concerning the resultant and Gr¨obner
bases to attack the original problem discussed in Section 1, that of solving systems
of simultaneous polynomial equations in several variables. Our interest ultimately
will be in the case that the underlying field is algebraically closed.

Corollary 8.26 and the Nullstellensatz already combine to give a criterion for
such a system to have no solutions: We regard the system as the zero locus of
an ideal, and we calculate a Gr¨obner basis for the ideal. Then the system has no
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solutions if and only if the Gr¨obner basis contains a constant polynomial, i.e., if
and only if the reduced Gr¨obner basis is{1}.

Let us now consider the problem of finding the solutions when solutions exist.
We begin with the case of two equations in two unknowns over the fieldC,
recalling what we know from the theory of the resultant. Consider the system

X2Y + Y2 = 5,

XY = 2.

Set f (X,Y) = X2Y +Y2 −5 andg(X,Y) = XY−2. To find points(x, y)with
f (x, y) = g(x, y) = 0, using the style of Sections 1–3, we compute the resultant
of f andg in the X variable, say, and obtain the polynomialY4 − 5Y2 + 4Y.
Setting this equal to 0 gives usy = 0, y = 1, andy = 1

2(−1 ± √
17). We can

then substitute each suchy into x2y+ y2 = 5 and get candidates(x, y). Doing so
for y = 0 gives us no candidates, and doing so for each of the other three values
of y gives us two values ofx, differing only in a sign. So we get six pairs(x, y).
However, only three of these satisfy the second given equation,xy = 2, one for
each nonzero value ofy. Thus the resultant gives us a handle on the problem of
finding solutions, but it has two shortcomings: it produced a value ofy yielding
no solution pairs(x, y), and it produced extraneousx values.

To find points(x, y) with f (x, y) = g(x, y) = 0, using the style of Sec-
tions 7–10, we consider( f, g) as an ideal inC[X,Y], and we are interested
in the locus of common zerosVC(( f, g)) of the ideal. We start by finding a
reduced Gr¨obner basis with respect to a suitable ordering. The usual lexicographic
ordering will do fine here, and the result is{X + 1

2Y2 − 5
2,Y

3 − 5Y + 4}. By
what may seem to be good fortune, the second element depends onY alone, and
the roots arey = 1 andy = 1

2(−1 ± √
17). If we substitute these values into

the equationx + 1
2 y2 − 5

2 = 0, we get one value ofx for eachy. We can solve
because the coefficient 1 ofx is nonzero for eachy in question. No pair(x, y)
that we obtain is superfluous because the locus of common zeros off andg is
identical with the locus of common zeros of the members of the Gr¨obner basis.

This approach raises several questions about a possible generalization:

(i) Under what conditions can we expect that a Gr¨obner basis for an idealI
in K [X,Y] will contain a member that depends just onY?

(ii) If the Gröbner basis contains no element that depends just onY, then
what can we expect?

(iii) If we are able to solve for values ofy, under what conditions can we use
the remaining member(s) of the Gr¨obner basis to solve forx?

Part of the answer to (i) is contained in the Elimination Theorem proved as
Theorem 8.30 below. This theorem says for the lexicographic ordering that the
members of a Gr¨obner basis that depend just onY generateI ∩ K [Y]; in fact,
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they form a Gr¨obner basis of this ideal ofK [Y]. For the case thatI = ( f, g), the
resultant is a member ofI ∩ K [Y]. Thus a nonzero resultant ensures that some
member of the Gr¨obner basis will depend just onY; on the other hand,I ∩ K [Y]
has to be a principal ideal inK [Y], and any Gr¨obner basis of that principal ideal
has to contain the ideal’s generator (up to a scalar factor). By contrast, a zero
resultant leads us to question (ii) because it says, by Theorem 8.1, thatf and
g have a common factorh(X,Y) of positive degree inX as long as bothf and
g have positive degree inX. The largest power ofX in h has as coefficient
a polynomial inY that has only finitely many roots, and ifK is algebraically
closed, then everyy unequal to one of these roots will produce anx such that
h(x, y) = 0 and therefore such thatf (x, y) = g(x, y) = 0. In other words,
except in degenerate cases a zero resultant implies that there cannot be a member
of the Gröbner basis that depends just onY. Finally the answer to (iii) lies deeper
and is contained in the Extension Theorem, which is proved as Theorem 8.31
below.

Let I be a nonzero ideal inK [X1, . . . , Xn], K being any field for now. If
0 ≤ k ≤ n − 1, then the kth elimination ideal of I is the ideal
I ∩ K [Xk+1, . . . , Xn] in K [Xk+1, . . . , Xn]. A monomial ordering on
K [X1, . . . , Xn] will be said to be ofk-elimination type if any monomial con-
taining any ofX1, . . . , Xk to a positive power is greater than any monomial in
Xk+1, . . . , Xn alone. The usual lexicographic ordering is ofk-elimination type
for everyk. An example of a monomial ordering ofk-elimination type that is of
great interest in applications is the one of Bayer–Stillman described in Example 4
of monomial orderings in Section 7.

Theorem 8.30 (Elimination Theorem). LetK be any field, letI be a
nonzero ideal inK [X1, . . . , Xn], let 0 ≤ k ≤ n, and fix a monomial ordering
of k-elimination type. If{g1, . . . , gs} is a Gröbner basis ofI , then the subset of
members of{g1, . . . , gs} depending only onXk+1, . . . , Xn is a Gröbner basis of
thekth elimination idealJ = I ∩ K [Xk+1, . . . , Xn].

PROOF. Relabeling the members of{g1, . . . , gs}, we may assume that thegj ’s
lying in J are g1, . . . , gt . The first step is to show thatJ = (g1, . . . , gt ). If
f ∈ J is given, we apply the generalized division algorithm (Proposition 8.20)
and write f = ∑s

i =1 ai gi + r with LM(ai gi ) ≤ LM( f ) for all i and with no
monomial appearing inr with nonzero coefficient divisible byLM(gj ) for any
j . Corollary 8.21 shows thatr = 0. If ai �= 0 andi is not≤ t , thenLM(ai gi )

involves at least one ofX1, . . . , Xk, and the definition of monomial ordering of
k-elimination type implies thatLM(ai fi ) > LM( f ). It follows thatai = 0 for
i > t , and thusJ = (g1, . . . , gt ).

To see that{g1, . . . , gt } is a Gröbner basis ofJ, we apply Theorem 8.23. We
are to show for each pair(gj , gk) with S(gj , gk) �= 0 and{ j, k} ⊆ {1, . . . , t} that
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there is an expansionS(gj , gk) = ∑t
i =1 ai gi with LM(ai gi ) ≤ LM

(
S(gj , gk)

)
. In

view of the argument withf in the previous paragraph, it is enough to show that
S(gj , gk) lies in J. The formula is

S(gj , gk) = LCM
(

LM(gj ), LM(gk)
)

LT(gj )
gj − LCM

(
LM(gk), LM(gk)

)
LT(gk)

gk.

The coefficient fractions are members ofK [Xk+1, . . . , Xn], since the monomial
ordering is ofk-elimination type, and thusS(gj , gk) is indeed inJ. �

EXAMPLE. Formula for discriminant of a polynomial in one variable. This
example is one that we have addressed before by specialized methods. We include
it anyway because the use of Gr¨obner bases allows one to solve many similar
problems that the specialized methods do not address. By way of illustration,
let (X − r )(X − s)(X − t) be a cubic polynomial. The discriminant isD =
(r − s)2(s− t)2(r − t)2. This is a polynomial that is symmetric inr, s, t , and the
general theory of symmetric polynomials (in the problems for Chapter VIII in
Basic Algebra) shows that it has to be a polynomial in the elementary symmetric
polynomialsa = r + s+ t , b = rs + r t + st, c = rst. We seek a formula forD
in terms ofa, b, c. We form the idealI in K [r, s, t, D,a, b, c] given by

I = (
D − (r − s)2(s− t)2(r − t)2,a − (r + s+ t),b− (rs + r t + st), c− rst

)
.

With the variables enumerated asr, s, t, D,a, b, c, we use any monomial order-
ing of 4-elimination type, the lexicographic ordering for example, and form the
reduced Gr¨obner basis ofI . Calculation best done with the aid of a computer
givesD − a2b2 + 4b3 + 4a3c− 18abc+ 27c2 and three other members ofI that
involve r , s, or t . Theorem 8.30 shows that the 4th elimination ideal is principal
with generatorD −a2b2+4b3+4a3c−18abc+27c2. Thus the desired formula
is D = a2b2 − 4b3 − 4a3c + 18abc− 27c2.

Let us come to the Extension Theorem. The statement and proof of this theorem
do not make use of Gr¨obner bases, but they do refer to thekth elimination ideal,
which is identified explicitly in Theorem 8.30 with the aid of a Gr¨obner basis.
The intention is that the theorem be applied inductively in any application, taking
into account one additional variable at each step of an induction.

Theorem 8.31(Extension Theorem). LetK be an algebraically closed field, let
I = ( f1, . . . , fs) be an ideal inK [X1, . . . , Xn], and letJ be the first elimination
ideal of I in K [X2, . . . , Xn]. For eachfi , expandfi in powers ofX1 as

fi (X1, . . . , Xn) = gi (X2, . . . , Xn)X
l1
1 + (lower powers ofX1)

with gi in K [X2, . . . , Xn] andgi nonzero unlessfi = 0. Suppose that(c2, . . . , cn)

lies in the zero locusVK (J) ⊆ K n−1. If gi (c2, . . . , cn) �= 0 for somei , then there
existsc1 in K such that(c1, . . . , cn) is in the zero locusVK (I ) ⊆ K n.
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Before giving the proof, we need to extend the theory of the resultant slightly
in such a way that it applies tos polynomials f1, . . . , fs rather than just to two.
To do so, we introduce new indeterminatesU2, . . . ,Us and regard

F = U2 f2 + · · · + Us fs

as a member ofK [U2, . . . ,Us, X1, . . . , Xn] whose degree deg1 F in X1 is the
maximum of the degrees off2, . . . , fs in X1. We can then viewf1 as a member of
the same polynomial ringK [U2, . . . ,Us, X1, . . . , Xn] of degree deg1 f1 and form
the resultant off1 andF in theX1 variable. This is computed as the determinant
of some square matrix of size deg1 f1 + deg1 F , and we are interested only in
the case that deg1 f1 ≥ 1 and deg1 F ≥ 1. When expanded in monomials
Uα = Uα2

2 · · ·Uαs
s , the determinant is of the form

R( f1, F) =
∑
α

hα(X2, . . . , Xn)U
α

with eachhα in K [X2, . . . , Xn]. The polynomialshα will be called thegeneral-
ized resultantsin the X1 variable of the ordered pair( f1, { f2, . . . , fs}).

PROOF OF THEOREM 8.31. Let us abbreviateX = (X2, . . . , Xn) and c̄ =
(c2, . . . , cn); we shall write

(X1, X) = (X1, . . . , Xn) and (X1, c̄) = (X1, c2, . . . , cn).

We seekc1 ∈ K with f j (c1, c) = 0 for all j . The assumption is thatgi (c̄) �= 0
for somei , and we may as well assume that thisi is i = 1. If deg1 f1 = 0, then
f1 is in J, and the conditions thatf1 = 0 onVK (J) and thatg1(c̄) �= 0 contradict
one another; hence deg1 f1 ≥ 1.

As in the paragraph before the proof, putF = U2 f2+· · ·+Us fs. If deg1 F = 0,
then f j is independent ofX1 for all j ≥ 2, and hencef j is in J for j ≥ 2. In this
case it is enough to findc1 with f1(c1, c̄) = 0. Sinceg1(c̄) �= 0, f1(X1, c̄) is a
one-variable polynomial of degreel1 ≥ 1, and it is 0 for some valuec1. Thus the
proof is complete if deg1 F = 0.

We may therefore assume that deg1 F ≥ 1. Form the resultant inX1 given by

R( f1, F) = ∑
α

hα(X)Uα,

where thehα ’s are the generalized resultants mentioned above. The main step is
to prove that eachhα lies in the first elimination idealJ. Sincehα depends only
on X, it is enough to prove that eachhα is in I . We have arranged that each off1
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andF has positive degree and has nonzero leading coefficient inX1, and hence
Theorem 8.1 shows that

a f1 + bF = R( f1, F)

for some nonzero polynomialsa andb in K [U2, . . . ,Us, X1, X]. Let the mono-
mial expansions ofa andb in terms of theUα ’s be a = ∑

α aαUα andb =∑
α bαUα. Then we have

∑
α

aα f1Uα + (∑
β

bβUβ
)( s∑

i =2
fi Ui

) = ∑
α

hαUα. (∗)

Let ei be the multi-index that is 1 in thei th place and 0 elsewhere. This has the
property thatUei = Ui for 2 ≤ i ≤ s. We can rewrite(∗) as∑

α

hαUα = ∑
α

aα f1Uα +∑
α

( ∑
(β,i ) with
2≤i ≤s,
β+ei =α

bβ fi
)
Uα.

Equating the coefficients ofUα on both sides gives

hα = aα f1 + ∑
(β,i ) with
2≤i≤s,
β+ei =α

bβ fi

and exhibitshα as in I . Thereforehα is in the elimination idealJ.
Sincec̄ lies in VK (J), hα(c̄) = 0 for all α. Consequently

R( f1, F)(U2, . . . ,Us, c̄) = 0.

Theorem 8.1 shows thatf1(X1, c̄) and F(U2, . . . ,Us, X1, c̄) have a common
factor of positive degree inX1 provided either or both of two specific coefficients
are nonzero. These are the coefficients ofXdeg1 f1

1 in f1(X1, c̄) and ofXdeg1 F
1 in

F(U2, . . . ,Us, X1, c̄). The coefficient ofXdeg1 f1
1 in f1(X1, X) is g1(X); thus

the coefficient ofXdeg1 f1
1 in f1(X1, c̄) is g1(c̄) and is nonzero by assumption.

Therefore Theorem 8.1 is applicable.
The common factor off1(X1, c̄) and F(U2, . . . ,Us, X1, c̄) may be taken to

be prime, and then it has to be a nonzero scalar multiple ofX1 − c1 for some
c1 ∈ K , since that is the only kind of prime factor that dividesf1(X1, c̄), K being
algebraically closed. Thus the elementc1 of K satisfies

f1(c1, c̄) = 0 and F(U2, . . . ,Us, c1, c̄) = 0. (∗∗)
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Writing out F , we have

0 = F(U2, . . . ,Us, c1, c̄) = U2 f2(c1, c̄)+ · · · + Us fs(c1, c̄).

This is an identity inK [U2, . . . ,Us], and each coefficient must be 0 on the right
side. Thus 0= f2(c1, c̄) = · · · = fs(c1, c̄). Since(∗∗) shows thatf1(c1, c̄) = 0,
this proves the theorem. �

11. Problems

1. How many points are inPn
K if K is a finite field withq elements?

2. Resolve Cramer’s paradox as formulated in Section 1.

3. (Euler’s Theorem) Prove that ifF(X1, . . . , Xn) is any homogeneous polyno-
mial of degreed, then

∑n
j =1 Xj

∂F
∂Xj

= d F.

4. Let A andB be unique factorization domains, and letι : A → B be a one-one
homomorphism of commutative rings with identity. For eachh(X) in A[X], let
hι(X) be the member ofB[X] obtained by applying the substitution homomor-
phism that acts byι on the coefficients and fixesX. Using resultants, prove that
if f (X) andg(X) are two members ofA[X] such that f ι(X) andgι(X) have a
common factor inB[X] that is not inB, then f andg have a common factor in
A[X] that is not inA.

5. Theorem 8.1 assumes that at least one of the coefficientsfm andgn is nonzero.
Sometimes this theorem is phrased with the stronger hypothesis thatfm andgn

are both nonzero. By comparing the resultants that are involved, show that all
parts of the theorem with at least one offm andgn nonzero are consequences of
the theorem with bothfm andgn nonzero.

6. LetK be an algebraically closed field, letf andg be members ofK [X1, . . . , Xn]
with f irreducible, and suppose thatg(a1, . . . ,an) = 0 wheneverf (a1, . . . ,an)

= 0. Give two proofs, one using the Nullstellensatz and one using resultants,
that f dividesg.

7. Factor the memberY3 − 2XY2 + 2X2Y − 4X3 of C[X,Y]3 into first-degree
factors.

8. Find the intersections inP2
C of the zero loci of the projective plane curves

F(X,Y,W) = X(Y2 − XW)2 − Y5 andG(X,Y,W) = Y4 + Y3W − X2W2.

9. Let A be a unique factorization domain, letB = A[Y1, . . . ,Ym, Z1, . . . , Zn], let
F andG be the polynomials inB[X] given by

F(X) =
m∏

i =1
(X − Yi ) and G(X) =

n∏
j =1
(X − Zj ),

and letR(Y1, . . . ,Ym, Z1, . . . , Zn) be the resultantR(F,G) with respect toX.
(a) Show thatR(Y1, . . . ,Ym, Z1, . . . , Zn) equals 0 ifYi is set equal toZj .
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(b) Deduce from (a) thatYi − Zj dividesR(Y1, . . . ,Ym, Z1, . . . , Zn).
(c) Deduce from (b) thatR(Y1, . . . ,Ym, Z1, . . . , Zn) = c

∏
i, j (Yi − Zj ) for

somec �= 0 in A depending onm andn.

10. Let f (X) be in K [X], K being a field, and letf ′(X) be the derivative off (X).
Using the result of the previous problem and the computation at the beginning
of Section V.4, prove thatR( f, f ′) is a nonzero multiple of the discriminant of
f , the multiple depending only on degf .

11. Let F and G be the homogeneous polynomials given byF(X,Y,W) =
(X2 + Y2)2 + 3X2Y W − Y3W andG(X,Y,W) = (X2 + Y2)3 − 4X2Y2W2.
CalculateI (P, F ∩ G) for P = [0, 0,1].

12. LetG be a nonconstant homogeneous polynomial inK [X,Y,W]d vanishing at
a pointP of P2

K , let m = mP(G) be the order of vanishing ofG at P, and letL
be a projective line throughP. Show from the definitions thatL is a tangent line
to G at P in the sense of Section 5 if and only ifi (P, L ∩ G) ≥ m + 1 in the
sense of Section 4.

13. Deduce relative to an arbitrary monomial ordering the (nonconstructive) exis-
tence of a Gr¨obner basis for a nonzero idealI in K [X1, . . . , Xn] from the form
of a set of generators of the idealLT(I ).

14. For 1≤ i ≤ n, letw(i ) be the weight vectorw(i ) = (w(i )1 , . . . , w
(i )
n ) in Rn, and

suppose that these vectors are linearly independent. Show that thew(i ) define a
monomial ordering as in Example 5 of Section 7 if and only if for eachj , the
first i with w(i )j �= 0 hasw(i )j > 0.

15. This problem shows for two variables that every monomial ordering arises from a
system of two independent weight vectors satisfying the condition in the previous
problem. Let a monomial ordering be imposed onK [X,Y].
(a) If X > Yq for all q > 0, show that the ordering is lexicographic and is

determined by the system of two weight vectors{(1,0), (0, 1)}.
(b) If X < Yq for someq > 0, show that there exists a unique real number

r ≥ 0 such that for all ordered pairs of integersu ≥ 0 andv ≥ 0, Xu > Yv

if ru > v andXu < Yv if ru < v.
(c) If X < Yq for someq > 0 and if r is defined as in (b), prove that the

monomial ordering is determined by the system of two weight vectors
{(r, 1), (s, t)} for a suitable(s, t).

16. In K [X,Y], define f (X,Y) = X2Y + XY2 + Y2, f1(X,Y) = XY − 1, and
f2(X,Y) = Y2 − 1. Show that

f (X,Y) = (X + Y) f1 + 1 f2 + r1 = X f1 + (X + 1) f2 + r2

with r1(X,Y) = X + Y + 1 andr2 = 2X + 1 gives two decompositions in the
lexicographic ordering off relative to{ f1, f2} satisfying the conditions of the
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generalized division algorithm of Proposition 8.20. Conclude that the remainder
term need not be unique, nor need the coefficients off1 and f2.

17. Observe for any scalara that the idealI = (X2 + cXY, XY) in K [X,Y] is
independent ofc.
(a) Verify that{X2 + cXY, XY} is a minimal Gröbner basis ofI relative to the

lexicographic ordering for any choice ofc.
(b) Show that{X2, XY} is the reduced Gr¨obner basis forI .

Problems 18–20 characterize ideals inK [X1, . . . , Xn] whose locus of common zeros
is a finite set under the assumption thatK is an algebraically closed field. Thus let
K be an algebraically closed field, and letI be a nonzero ideal inK [X1, . . . , Xn].

18. Under the assumption for eachj with 1 ≤ j ≤ n that I contains a nonconstant
polynomialPj (Xj ), prove thatVK (I ) is a finite set.

19. Conversely under the assumption thatVK (I )) is a finite set, use the Nullstellensatz
to produce for eachj , a nonconstant polynomialPj (Xj ) lying in I .

20. Impose the usual lexicographic ordering on monomials. Prove thatLT(I ) con-

tains someX
l j

j for each j with 1 ≤ j ≤ n if and only if VK (I ) is a finite
set. (Educational note: The advantage of this characterization over the one in
Problems 18–19 is that checking this one is easy by inspection once a Gr¨obner
basis ofI has been computed.)

Problems 21–23 relate solutions of simultaneous systems of polynomial equations to
the theory of the Brauer group in Chapter III. A fieldL is said to satisfycondition
(C1) if every homogeneous polynomial of degreed in n variables withd < n has a
nontrivial zero. The significance of this condition was shown in Problem 20 at the
end of Chapter III: the Brauer groupB(L) of such a field is necessarily 0. The present
set of problems establishes that a simple transcendental extension of an algebraically
closed field satisfies condition (C1). No knowledge of Chapter III is needed for these
problems, but Problem 23 will take for granted a certain theorem to be proved in
Chapter X.

21. LetK be an algebraically closed field, and letL = K (X)be a simple transcenden-
tal extension. It is to be shown that any memberF(T1, . . . , Tn) of L[T1, . . . , Tn]d

of the form F(T1, . . . , Tn) = ∑
i1,...,in

ai1···in T i1
1 · · · Tin

n has a nontrivial zero if
d < n and eachai1,...,in lies in the fieldL = K (X).
(a) Why is it enough to consider such polynomials with eachai1,...,in in the

polynomial ringK [X]?
(b) With the simplification from (a) in place, letδ be the maximum degree in

X of the coefficientsai1···in . Let N be a positive integer to be specified. By
looking for a solution of the formTi = ∑N

j =0 bi j X j with eachbi j in K , show
that substitution of this formula into the formulaF(T1, . . . , Tn) = 0 leads
to a system of homogeneous polynomial equations overK in the unknowns
bi j , one of each degree from 0 toδ + Nd.
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22. (a) In the setting of the previous problem, show that the number of unknowns
is (N + 1)n and that the number of equations is at mostNd + δ + 1.

(b) Show forN sufficiently large that the number of equations is less than the
number of unknowns.

23. The following theorem will be discussed in Chapter X: ifK is algebraically
closed and ifm ≤ n, then the locus of common zeros inPn

K of m nonconstant
homogeneous polynomials inK [X1, . . . , Xn+1] is nonempty. Assuming this
theorem, deduce from the previous two problems the conclusion that the field
L = K (X) satisfies condition (C1) ifK is algebraically closed.



CHAPTER IX

The Number Theory of Algebraic Curves

Abstract. This chapter investigates algebraic curves from the point of view of their function fields,
using methods analogous to those used in studying algebraic number fields.

Section 1 gives an overview, explaining how Riemann’s theory of Riemann surfaces of functions
ties in with the notion of an algebraic curve and explaining how such curves can be investigated
through the discrete valuations of their function fields. It is shown that what needs to be studied is
arbitrary function fields in one variable over a base field. It is known that every compact Riemann
surface can be viewed as an algebraic curve irreducible overC, and thus the function fields of
compact Riemann surfaces are to be viewed as informative examples of the theory in the chapter.

Section 2 introduces the notion of a divisor, which is any formal finiteZ linear combination of
the discrete valuations of the function field that are trivial on the base field, and the notion of the
degree of a divisor, which is the sum of its coefficients weighted suitably. Each nonzero member
x of the function field gives rise to a principal divisor(x), and the main result of the section is that
the degree of every principal divisor is 0. This is an analog for function fields of the Artin product
formula for number fields.

Section 3 contains the definition of the genus of the function field under study. The main object
of study is the vector spaceL(A) for a divisor A; this consists of 0 and all nonzero membersx of
the function field such that(x) + A is a divisor≥ 0. Roughly speaking, it may be viewed as the
space of functions on the zero locus of the curve whose poles are limited to finitely many points and
to a certain order depending on the point. The genus is defined in terms of dimL(A)− degA when
A is a divisor that is a large multiple of the pole part of any fixed principal divisor. The main result
of the section is Riemann’s inequality, which says that dimL(A) ≥ degA + 1 − g for all divisors
A, whereg ≥ 0 is the genus, and thatg is the smallest integer that works in this inequality for all
divisorsA.

Sections 4–5 concern the Riemann–Roch Theorem, which gives an interpretation of the difference
of the two sides of Riemann’s inequality as dimL(B) for a suitable divisorB that can be defined in
terms ofA. Section 4 gives the statement and proof of the theorem, and Section 5 gives a number
of simple applications.

1. Historical Origins and Overview

As was mentioned in Chapter VIII, modern algebraic geometry grew out of early
attempts to solve simultaneous polynomial equations in several variables and out
of the theory of Riemann surfaces. Chapter VIII discussed the impact of the first
of these sources, and the present chapter discusses the impact of the second.

520
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The theory of Riemann surfaces was begun by Riemann and continued by
Liouville, Abel, Jacobi, Weierstrass, and others. This section discusses briefly
the point of view in these studies, which began as an effort to solve a problem in
real analysis, moved into complex analysis, and finally arrived at investigations of
affine plane curves overC, but from a point of view quite different from the one in
Chapter VIII. The end result is a study of the curve through the functions on its zero
locus, and the approach has something in common with the approach to algebraic
number theory in Chapter VI. It is not necessary to understand the background in
maximum generality, and we shall be content with suitable examples.

Riemann was interested in saying something useful about seemingly intractable
integrals like the one arising from the arc length of an ellipse; let us take

y = y(x) =
∫ x dt√

(t − a)(t − b)(t − c)
,

wherea,b, c are distinct constants, as a specific example. The lower limit of
integration is unimportant, since it affects the value of the integral only by an
additive constant. We sketch an analysis of the integral,1 proceeding formally for
the moment. Althoughy as a function ofx seems intractable, any sort of inverse
function has nice properties. The formula fory gives us

dy = dx√
(x − a)(x − b)(x − c)

,

and an inverse functionx = x(y) thus has derivative

dx

dy
=
√
(x − a)(x − b)(x − c).

Consequently we should expect that(dx

dy

)2 = (x − a)(x − b)(x − c).

Of course, the singularities ata,b, c are problematic, and the square root might
have a negative argument, depending on the location ofx.

Riemann’s starting point for a rigorous investigation was to letx be complex,
rather than real, and to let the integral be taken over paths inC. The result is
then not an ordinary functiony(x), since the square root in the integrand is not
a well-defined function fort in C − {a,b, c}. We can make a choice for which
the square root is well defined, however, as long as we restrict attention to a
small neighborhood of a particulart . Thus we can visualize small overlapping
disks each centered at a point along an arbitrary path of integration witht in
C − {a,b, c} with the property that the integrand is well defined on each such

1For more details one can consult the author’s bookElliptic Curves, pp. 165–183.
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disk. The interpretation of the square root may be assumed to match on the
intersection of any two disks. When a path goes around one or more of the
singularities and we return to the samet , we view the new disk as the same as
the old one if the values of the square root match, but as different if the values do
not match. The union of the disks with this convention becomes a new domain
of interest, and the functionF(t) = √

(t − a)(t − b)(t − c) on C − {a, b, c}
becomes a well-defined functionF(ζ ) on this new domain. This new domain is a
relatively simple example of aRiemann surface, i.e., a connected 1-dimensional
complex manifold.

In more modern language the new domain is a twofold covering of the three-
times punctured planeC − {a,b, c}, obtained as follows. We fix a base pointz0

in C − {a, b, c} and define a winding number for each of the pointsa, b, c as
usual. The subset of the fundamental group ofC−{a,b, c} for which the sum of
the three winding numbers is even is a subgroup and corresponds, via standard
covering-space theory, to a certain twofold covering spaceR of C − {a,b, c},
the covering map being callede. This covering space is a new domain on which
the integrand is well defined. On each fiber of the covering,e is two-to-one. Let
ζ0 be one of the two preimages ofz0. Let us adjoin pointsa∗,b∗, c∗,∞∗ to the
covering spaceRand extendeby the definitionse(a∗) = a, e(b∗) = b, e(c∗) = c,
e(∞∗) = ∞. One can show that the complex structure extends fromR to the
enlarged spaceR∗ in such a way that the extendede is a holomorphic function
from R∗ ontoC ∪ {∞}. The enlarged spaceR∗ becomes acompactRiemann
surface, and the extendede is a branched covering of the Riemann sphereC∪{∞}.
TopologicallyR∗ turns out to be a torus, as we shall see in a moment.

Riemann in his own investigations went on to study the function theory of
compact Riemann surfaces. The interest is in deciding whether there is a globally
defined meromorphic function with poles/zeros only at chosen points and with
poles/zeros at most/least of some specified order. If there is such a function,
one wants to know the dimension of the space of such functions. The basic tool
for addressing this question is the Riemann–Roch Theorem. In the context of
Riemann surfaces, the Riemann–Roch Theorem has both an analysis aspect and an
algebraic aspect. The analysis aspect may be viewed as using the theory of elliptic
differential operators to prove existence of enough nonconstant meromorphic
functions for the Riemann surface to acquire an algebraic structure. For the
purposes of this book, we can just accept this circumstance and not try to extend
it in any way; however, we will sketch in a moment how the algebraic structure
can be obtained concretely for our example. The algebraic aspect may be viewed
as mining this algebraic structure to deduce as many dimensionality relations
as possible among the function spaces of interest. This is the theory that we
shall want to extend; we return to our method for carrying out this project after
producing the algebraic structure for our example by elementary means.
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To introduce the algebraic structure in our example, we use our knowledge of
R∗ to make sense out of the expression

w(C) =
∫

C
F(ζ )−1 dζ

for any piecewise smooth curveC on R∗ that starts from the base pointζ0.
If C is given byC(t) for t in an intervalI , then this integral is to be equal to
w(C) = ∫

t∈I F(C(t))(e◦C)′(t)dt. Let�a, �b, �c be small loops inC−{a,b, c}
respectively abouta,b, c based atz0, each having winding number 1, and define
�1 = �a�b and�2 = �b�c. Lift �1 and�2 to curves̃�1 and�̃2 in R∗ based at
ζ0, and define

ω1 =
∫
�̃1

F(ζ )−1 dζ and ω2 =
∫
�̃2

F(ζ )−1 dζ.

It turns out that! = Zω1 + Zω2 is a lattice inC and that there is a well-defined
functionw : R∗ → C/! such that wheneverζ is in R∗ andC is a piecewise
smooth curve fromζ0 toζ , thenw(ζ ) ≡ w(C) mod!. The functionw(ζ ) is one-
one onto and is biholomorphic. In particular,R∗ is exhibited as homeomorphic
to a torus.

Letw−1 : C/!→ R∗ be the inverse function ofw, and letμ : C → C/! be
the quotient map. Then the compositionP = e◦w−1◦μ carriesC toC∪{∞} and
can be seen to satisfyP′2 = (P − a)(P − b)(P − c). In other words,P has been
constructed rigorously as an inverse function to the original integral. Except for
small details,P is the Weierstrass℘ function for the lattice! in C. It is almost
true thatz 	→ (P(z), P′(z)) is a parametrization of the zero locus of the affine
plane curvey2 − (x − a)(x − b)(x − c) defined overC. The sense in which this
parametrization fails is thatP(z) takes on the value∞ at certain points. What
happens more precisely is thatz 	→ [ P(z), P′(z),1] is a parametrization of the
zero locus of the projective plane curveY2W − (X − aW)(X − bW)(X − cW).

Our initial focus in this chapter is in mining this kind of algebraic-curve
structure overC to deduce as many dimensionality relations as possible among
interesting finite-dimensional subspaces of scalar-valued functions on the zero
locus of the curve. For instance in the example above, one can ask for the
dimension of the space of meromorphic functions onR∗ with at worst simple
poles at two specified points and with no other poles. The main theorem of this
chapter, the Riemann–Roch Theorem, gives quantitative information about the
dimension of this space and of similar spaces. The goal for this introduction is
to frame this question as an algebra question about the algebraic structure and
to see that some basic tools introduced in Chapter VI in the context of algebraic
number theory are the appropriate tools to use here.
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The primary object of study is the “function field” of the curve in question.
Let us construct this function field for our example. The ideal

I = (
Y2 − (X − a)(X − b)(X − c)

)
in C[X,Y] is prime, and the restrictions of all polynomial functions to its zero
locusV(I ) may be identified with the integral domainR = C[X,Y]/I by the
Nullstellensatz. It takes a little argument, which we omit, to justify saying that the
meromorphic functions on the zero locus may be viewed as the field of fractions
F of C[X,Y]/I ; suffice it to say for the moment that we insist that the behavior at
all points of the locus, including any points on the line at infinity in the projective
plane, be limited to poles and zeros, and that is why nonrational functions of
(X,Y) do not appear. At any rate,F is what is taken as the function field of the
curve. To have obtained a field by this construction, we could have started with
any affine plane curvef (X,Y) overC as in Chapter VIII, except that the principal
ideal ( f (X,Y)) in C[X,Y] has to be assumed to be prime to yield an integral
domain as quotient. That is,f (X,Y) has to be an irreducible polynomial; we say
that the affine plane curvef (X,Y) has to be assumed to beirreducible overC.

The study of members of the function fieldF from the point of view of their
poles and zeros is analogous to the problem of studying factorizations in the
number-theoretic setting. This point was already made in Section VIII.7 ofBasic
Algebra, where the case of the affine plane curve above in which(a, b, c) =
(0,+1,−1) was studied in detail. For this one choice of(a,b, c), the integral
domainR = C[X,Y]/I was observed to be the integral closure ofC[X] in a
finite separable extension ofC(X), and it is a Dedekind domain by Theorem 8.54
of Basic Algebra; in fact, the same argument works for any choice of(a, b, c) as
long asa,b, c are distinct complex numbers.

Unique factorization of elements into prime elements fails in thisR, but we
saw that a geometrically meaningful factorization instead is the factorization of
nonzero ideals into prime ideals. This latter factorization is unique becauseR is a
Dedekind domain. Meanwhile, since nonzero prime ideals are maximal inR, the
Nullstellensatz shows2 that the nonzero prime ideals inR correspond exactly
to the points of the zero locusV(I ). Consequently the unique factorization of
nonzero ideals inRhas the geometric interpretation of associating orders of zeros
and poles to members ofR. This all seems very tidy, but there are at least three
awkward matters that we need to take into account:

2Let ϕ : C[X,Y] → R be the quotient homomorphism. IfM is a maximal ideal inR, then
ϕ−1(M) is a maximal ideal inC[X,Y] and hence is the set of all polynomials vanishing at some
(x0, y0). To show that(x0, y0) is in V(I ), assume the contrary. Then there existsg ∈ I with
g(x0, y0) �= 0. Thisg is not in the maximal idealϕ−1(M), and thus there existf ∈ ϕ−1(M) and
h ∈ C[X,Y] with f + gh = 1. Applyingϕ, we obtainϕ( f ) = 1, in contradiction to the fact that
ϕ( f ) lies in the proper idealM of R.
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(i) we have not included information about zeros and poles at the points at
infinity when the curve is viewed projectively, and that information surely
plays some role,

(ii) the analysis of the function fieldF seems to rely on a subfieldC(X) for
which there is surely no canonical description,

(iii) the ring R no longer need be integrally closed ifa, b, c are not assumed
distinct, if for example(a,b, c) = (0, 0, 1).

Point (ii) turns out to be an advantage, allowing us to work with the given curve
from multiple perspectives. The “key observation” at the end of this section will
make clear how we can take advantage of (ii).

Point (iii) is quite significant. The trouble with the curveY2−X2(X−1) is that
the curve has a singularity at(0, 0) in the sense of Section VII.5. The maximal
ideals of the ringC[X,Y]

/(
Y2 − X2(X − 1)

)
correspond to points on the zero

locus of the curve; but the ring is not a Dedekind domain, and we have few tools
for working with it. To handle matters properly, we have to form the function
field directly asF = C(X)[Y]

/(
Y2 − X2(X − 1)

)
and defineR to be the integral

closure ofC[X] in F. This ringR is bigger thanC[X,Y]
/(

Y2−X2(X−1)
)

and is
a Dedekind domain. Unfortunately its nonzero prime ideals no longer correspond
exactly to points of the zero locus. Example 1 below will illustrate. What happens
is thatF readily provides information about the behavior of nonsingular points
of the zero locus but not about singular points. Problems 5–11 at the end of the
chapter address this matter for nonsingular points for affine plane curves more
generally. The tool for making the connection for curves in higher dimension is
Zariski’s Theorem (Theorem 7.23), and we shall carry out the details in Chapter X
when we treat thegeometryof curves, as opposed to the number theory.

Point (i) is relevant and is easily handled. When we form the function field
of the curve and takeR to be the integral closure ofC[X] in it, we can associate
C[X] with the polynomials ofC and think of them as embedded in the fieldC(X)
of rational functions. The rational functions are all meaningful on the Riemann
sphereC ∪ {∞}, and we study behavior of rational functions near∞ by writing
them in terms ofX−1 and regardingX−1 as a new variable that is near 0. In
studying our curve, the points in the projective plane that we miss by considering
just the affine curve are the ones that lie over∞ in the Riemann sphere. We
study them by considering the integral closureR′ of C[X−1] in F. If the curve is
nonsingular at all points lying over∞, then these points correspond to the prime
ideals ofR′ whose intersection withC[X−1] is the prime idealX−1C[X−1] of
C[X−1].

EXAMPLES.

(1) Affine plane curvef (X,Y) = Y2 − X2(X − 1). This polynomial is
irreducible overC but is singular at(0, 0) in the sense that∂ f

∂X and ∂ f
∂X both
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vanish there. LetF = C(X)[Y]/( f (X,Y)), and letx and y be the images of
X andY in F. These elements lie in the ringS = C[X,Y]/( f (X,Y)), whose
maximal ideals correspond to points on the zero locus by the Nullstellensatz.
All members ofS are of the forma(x) + yb(x), wherea andb are arbitrary
polynomials in one variable. Any proper ideal inScontainingx has to be of the
form (x, yc1(x), . . . , ycn(x)) for some polynomialsc1, . . . , cn. A little argument
using the fact thatC[x] is a principal ideal domain shows that the ideal is of the
form (x, yc(x)). Using products ofx and polynomials, we see that we can discard
all terms ofc(x) but the constant term. Hence the ideal is either(x) itself or is
(x, y). The ideal(x) is not prime, sincey · y is in it andy is not in it. The ideal
(x, y) is maximal and hence prime. Since(x, y)2 = (x2, xy, y2) = (x2, xy) is
properly contained in(x), (x) is not the product of prime ideals inS. ThusS is
not a suitable ring for investigating poles and zeros of members of the fieldF.
By contrast, a little computation shows that the integral closureR of C[x] in F
is generated as aC algebra byx andx−1y. This is a Dedekind domain, and the
decomposition of the ideal(x) in Ras a product of prime ideals can be checked to
be(x) = (x, x−1y + i )(x, x−1y − i ). A factor on the right does not consist of all
functions vanishing at some(0, y0) lying on the zero locus. The only point(0, y0)

on the zero locus is(0,0), and the two prime factors of(x) say something about
derivatives at that point. This example will be considered further in Problems
21–22 at the end of the chapter.

(2) Affine plane curvef (X,Y) = Y2− X4+1. This polynomial is irreducible
overC and is nonsingular at every point of its zero locus inC2. Again we form the
function fieldF, the membersx andy of it, and the ringC[X,Y]/( f (X,Y)). Us-
ing the fact thatX4−1 is square free, we can check that this ring is the full integral
closureR of C[x] in F. The ringR is a Dedekind domain, and its elements are all
expressionsa(x) and yb(x), wherea(x) andb(x) are polynomials. Moreover,
we have(y + x2)(y − x2) = y2 − x4 = (x4 − 1) − x4 = −1. Consequently
the elementsy ± x2 are nonconstant units inR, and they cannot have zeros or
poles on the zero locus off (X,Y) in C2. Thus knowledge of the orders of zeros
and poles at every point of the zero locus off (X,Y) in C2 does not determine
a member ofR up to a constant factor. Instead, we have to take into account
the behavior at any points at infinity on the zero locus in the projective planeP2

C.
To see what this set is, we convertf (X,Y) into a homogeneous polynomial of
degree 4, specifically intoF(X,Y,W) = Y2W2 − X4 + W4, and then we look
for points [x, y, w] with F(x, y, w) = 0 andw = 0. These havex = 0 and thus
come down to [0, y,0]. In other words, there is only one point at infinity on the
zero locus of the curve. It is singular because all three partial derivatives ofF
are 0 there. The fact that it is singular means that we should not expect the
prime ideals lying overx−1C[x−1] in the integral closureR′ of C[x−1] in F to
correspond to the points at infinity on the curve. We return to this example shortly.
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All these matters begin to sound quite complicated to sort out, but magically
there is a simple way of handling them: for an affine plane curve irreducible
over C, we work with the fieldF of rational functions for the curve, ignoring
the geometry of the curve, and we consider all discrete valuations on this field
that are 0 onC×. Discrete valuations were discussed at length in Section VI.2.
They depend only onF, not on the choice of a subring for whichF is the field
of fractions. As will be seen in Chapter X, the full set of discrete valuations of
F gives information about all potential nonsingular points for any affine curve
with function fieldF, not necessarily planar; there will even be such a curve
whose extension to be defined projectively is everywhere nonsingular, and then
the points on the zero locus of the curve in projective space will be in one-one
correspondence with the discrete valuations ofF.

Let us review what Chapter VI tells us about discrete valuations in our set-
ting. Let f (X,Y) be an irreducible polynomial inC[X,Y], let F be the field
C(X)[Y]/( f (X,Y)), let x andy be the images ofX andY in F, and letR be the
integral closure ofC[x] in F. This is a Dedekind domain by Theorem 8.54 of
Basic Algebra. Corollary 6.10 classifies the discrete valuations ofF that are 0 on
C×. It shows that all but finitely many correspond to prime ideals inR. There
are only finitely many others. Corollary 6.10 tells us that these other discrete
valuations can be described in terms of the integral closureR′ of C[x−1] in F;
this is another Dedekind domain whose field of fractions isF. The exceptional
discrete valuations ofF arise from those prime ideals ofR′ that occur in the
decomposition of the idealx−1R′ into prime ideals ofR′. Geometrically we may
view these additional discrete valuations as associated in some way with points at
infinity in a projective space, but we can proceed with algebraic manipulations of
these discrete valuations without invoking the geometric interpretation or using
projective space.

EXAMPLE 2,CONTINUED. We continue with the affine plane curveY2− X4+1,
the prime idealI = (Y2 − X4 +1), and the ringR given as the integral closure of
C[X] in the fieldF = C(X)[Y]/I . Corollary 6.10 divides the discrete valuations
of F that are 0 onC× into two kinds. The ones of the first kind are built from the
nonzero prime ideals ofR. Sincey ± x2 are units inR, all of these valuations
take the value 0 ony ± x2. The discrete valuations of the second kind are those
appearing in the decomposition of the idealx−1R′ in the integral closureR′ of
C[x−1] in F. The elementx−2y is in R′ because it is a root of the polynomial
Y2 − (1 − x−4) in C[x−1][Y]. HenceR′ containsx−1 andx−2y. On the other
hand, the most general element ofF is of the forma(x−1)x−2y+b(x−1), wherea
andb are rational expressions in one variable, and this is a root of the polynomial

Y2 − 2b(x−1)Y + (b(x−1)2 − a(x−1)2(1 − x−4)
)
.
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For this element to be inR′, the coefficients must be inC[x−1]. This means that
b(X) is a polynomial and thata(X)2(1− X4) is a polynomial. Since 1− X4 has
no repeated roots, the latter condition forcesa(X) to be a polynomial. Thusx−1

andx−2y generateR′ as aC algebra. Define ideals inR′ by

P1 = (x−1, x−2y + 1) and P2 = (x−1, x−2y − 1).

Then it is straightforward to check the decompositions

(x−1) = P1P2, (x−2y + 1) = P4
1 , and (x−2y − 1) = P4

2 .

Since [F : C(x−1)] = 2 and sincex−1 is prime inC[x−1], the ideal(x−1) in R′ is
the product of at most two prime ideals, and it follows thatP1 andP2 are prime
ideals inR′. They are distinct because the difference of the respective second gen-
erators is a nonzero scalar. In view of Corollary 6.10, there are exactly two discrete
valuations ofF that are 0 onC× other than the ones coming from prime ideals of
R, and these are the ones coming from the prime idealsP1 andP2 of R′. Let us call
themv1 andv2. The above decompositions of principal ideals givev1(y + x2) =
v1(x−1)−2 + v1(x−2y + 1) = (−2) + (+4) = +2, whereasv1(y − x2) =
(−2)+ (0) = −2. Thusv1 takes the distinct values 0,+2, and−2 on 1,y + x2,
andy − x2. Similarly v2 takes the values 0,−2, and+2 on these elements.

We shall work with those discrete valuations of the field of rational functions
for the curve under study that are 0 on the base field. These are canonical,
independent of our choice of some Dedekind domain whose field of fractions is
the given field. However, making a choice of Dedekind domain is convenient
for making calculations. Then we can consider the discrete valuations as of two
kinds, and which discrete valuations are of which kind will depend on our choice
of Dedekind domain.

Context for the study in this chapter. Having concluded that the object to
investigate is the field of rational functions of our curve and that the tools include
the discrete valuations, we can now consider the context in which we should
work. Letk be any field, not necessarily algebraically closed. We want to work
with the “function field” of a suitable kind of curve defined overk. If I is an ideal
in k[X1, . . . , Xn], then the ringR = k[X1, . . . , Xn]/I is an integral domain if
and only if the idealI is prime, and in this case the field of fractionsF of R can
be taken to be the associated function field. Thus we restrict attention to the case
that I is prime. To bring in the notion that the curve is to be 1-dimensional, we
recall from Theorem 7.22 that the integral domainR has Krull dimension 1 in
the sense of Section VII.4 if and only if the field of fractionsF has transcendence
degree 1 overk. In this case,F is finitely generated as a field overk, with a finite
set of generators consisting of the elementsxj = Xj + I for 1 ≤ j ≤ n. That is,
F is a function field in one variable overk.
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Conversely ifF is a function field in one variable overk, thenF is a finite
algebraic extension of a simple transcendental extensionk(x1). Let us write it as
F = k(x1)[x2, . . . , xn] for somen. Form the polynomial ringk[X1, . . . , Xn] and
the ring homomorphism of this ring intoF that fixesk and sendsXj into xj . The
image of this homomorphism is an integral domainR whose field of fractions is
F, and the kernel is a prime idealI such thatR ∼= k[X1, . . . , Xn]/I . Theorem
7.22 tells us thatR has Krull dimension 1.

We are led to the following definition. For any fieldk and any integern ≥ 1,
an idealI in k[X1, . . . , Xn] is called anaffine curve irreducible3 over k if I is
prime and the integral domainR = k[X1, . . . , Xn]/I has Krull dimension 1. An
affine plane curve( f (X,Y)) in the sense of Chapter VIII will be an object of this
kind if f (X,Y) is an irreducible polynomial.4

The geometry of the zero loci of the curves we study will not play a role in the
mathematics of this chapter; only the field of fractionsF and the base fieldk will.
We postpone to Chapter X any discussion of the geometry.5 For any function
field F in one variable over an arbitrary fieldk, we shall study in detail those
discrete valuations ofF that are 0 onk. We refer to such discrete valuations as
thediscrete valuations ofF defined overk. It will be helpful as motivation to
remember for the special case in whichk is algebraically closed

• that the members ofF may be viewed as all rational functions on the zero
locus of an affine curve irreducible overk,

• that the order-of-a-zero function at any nonsingular point of this zero
locus gives an example of a discrete valuation ofF defined overk, and

• that all discrete valuations ofF defined overk arise in this way if the
zero locus is nonsingular at every point and we take into account points
at infinity in projective space.

However, the formal development will not make use of these interpretations.

3Beware of assuming too much irreducibility about such a curve. Just becauseI is prime does
not mean thatI remains prime when we extend the scalars and work with an algebraic closurekalg

of k. For example,X2 + Y2 is an affine curve irreducible overR, but it factors as(X + iY)(X − iY)
overC and is therefore not irreducible overC.

4This change of context for the word “curve” from the definition in Chapter VIII is appropriate
because of a change of emphasis: we shall now be studying an associated function field rather than the
defining ideal. The word “curve” will undergo a genuine change in meaning in Chapter X: because
of the Nullstellensatz, classical algebraic geometry in the form to be discussed in much of Chapter X
places emphasis on zero loci defined by prime ideals of polynomials over an algebraically closed
field, and it will be convenient to define the curve to be the zero locus rather than the defining ideal.

5In Chapter X we shall introduce two distinct notions of sameness for the zero loci under the
assumption that the field is algebraically closed, namely “isomorphism” and “birational equivalence.”
The first is a refinement of the second. Birational equivalence will turn out to mean that the function
fields are isomorphic. An important theorem says that each birational equivalence class of irreducible
curves contains one and only one isomorphism class of curves that are everywhere nonsingular in
the sense of Section VII.5.
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What to expect from the study. Whenk is not necessarily algebraically closed,
these interpretations break down, at least to some extent. Yet the main theorem of
the chapter, the Riemann–Roch Theorem, is still geared to the geometric interpre-
tation of discrete valuations in terms of poles and zeros. One may reasonably ask
why one goes to the trouble of working in such a general context that the theory no
longer has its geometric interpretation. The answer is that the investigation is to
be regarded as one in number theory, not in geometry. For example, studying an
affine plane curve over a fieldFp is the same as studying solutions of congruences
in two variables modulo a prime. Studying such a curve over thep-adic fieldQp

is the same as studying solutions of such congruences modulo arbitrary powers
of p. The Riemann–Roch Theorem is actually the first serious aid in making this
study. The present chapter therefore does not constitute such a study; it merely
prepares one for such a study. In addition, there is a side benefit to understanding
the number theory that arises this way: the methods and results of this subject
and of algebraic number theory have enough in common that the methods and
results for each suggest methods and results for the other.

An especially tantalizing example of this phenomenon concerns zeta functions.
The zeros with 0< Res ≤ 1 for the Riemann zeta function, which is the
meromorphic continuation toC of ζ(s) = ∑∞

n=1 n−s = ∏
p prime(1 − p−s)−1,

influence the error term in the distribution of the primes as asserted by the Prime
Number Theorem. The classical Riemann hypothesis is the statement that the
only such zeros occur on the line Res = 1

2; it implies a high level of control of
this error term. There is a corresponding zeta function for any algebraic number
field, and to it corresponds a version of the Riemann hypothesis appropriate for
prime ideals for the number field. Proofs or counterexamples for these versions
of the Riemann hypothesis have been sought for more than a century.

Meanwhile, one can formulate a Riemann hypothesis for any function field
in one variable over any finite field, and again the statement has consequences
for the distribution of prime ideals. This time, however, the Riemann hypothesis
is a theorem, stated and proved by A. Weil in 1940. One might hope that the
methods used for Weil’s theorem could shed enough light on the classical Riemann
hypothesis to lead to a proof, but to date this has not happened.

Key observation to be used during the study. In the next section we shall
make systematic use of the following construction for any function fieldF in
one variable over the fieldk. If x is any element ofF transcendental overk,
then the only discrete valuations ofF defined overk that take a nonzero value
on x may be described as follows. LetR be the integral closure ofk[x] in F,
and letR′ be the integral closure ofk[x−1] in F. ThenR and R′ are Dedekind
domains by Corollary 7.14, whether or notF is a separable extension ofk(x).
Both haveF as field of fractions. Let the idealsx R of R andx−1R′ of R′ have
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prime decompositionsx R = Pe1
1 · · · P

eg
g andx−1R′ = Q

e′
1

1 · · · Q
e′

g′
g′ . Then the

valuationsvPi for 1 ≤ i ≤ g andvQj for 1 ≤ j ≤ g′ defined byPi andQj have
vPi (x) = ei andvQj (x) = −e′

j , and no other discrete valuation ofF that is defined
overk takes a nonzero value onx. This observation follows from Corollary 6.10
and the definition of the discrete valuation associated with a nonzero prime ideal
in a Dedekind domain.

2. Divisors

Let k be a field, and letF be a function field in one variable overk. The first step
is one of normalization: there is no loss of generality in replacingk by the larger
field k′ of all elementsF that are algebraic overk.6

Proposition 9.1.Let F be a function field in one variable overk, and letk′ be
the subfield of all elements inF algebraic overk. If x is inF×, then every discrete
valuation ofF defined overk vanishes onx if and only if x is in k′. Consequently
F is automatically a function field in one variable overk′, and as such, its discrete
valuations defined overk′ coincide with its discrete valuations defined overk.

PROOF. If x ∈ F is transcendental overk, then the observation at the end
of Section 1 produces discrete valuations ofF defined overk that take nonzero
values onx. Conversely ifx ∈ F× is algebraic overk, we argue by contradiction.
We may assume thatx �= 0. Suppose thatv is a discrete valuation ofF defined
over k such thatv(x) �= 0. Possibly replacingx by x−1, we may assume that
v(x) > 0. Being nonzero algebraic overk, x satisfies a polynomial equation

amxm + am−1xm−1 + · · · + a1x + a0 = 0

with all aj ∈ k and witha0 �= 0. For eachj with aj �= 0, we havev(aj x j ) =
v(aj ) + j v(x) = j v(x) > 0. If aj = 0, thenv(aj x j ) = ∞ > 0. Thus
v(amxm+am−1xm−1+· · ·+a1x) > 0. Sincev(a0) = 0, property (vi) of discrete
valuations in Section VI.2 shows that

v
(
(amxm + am−1xm−1 + · · · + a1x)+ a0

) = v(a0) = 0 �= ∞ = v(0),
contradiction.

The conclusions in the last sentence of the proposition now follow: SinceF
is generated overF by finitely many elementsx1, . . . , xn, it is generated over
k′ by the same elements. Moreover, any element ofF transcendental overk is
transcendental overk′, sincek′ is algebraic overk. ThusF is a function field in
one variable overk′. The first paragraph of the proof shows that every discrete
valuation ofF defined overk is defined overk′, and the converse statement is
immediate from the definition. �

6The fieldk′ is called thefield of constantsby some authors.
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In accordance with Proposition 9.1, there is no loss of generality in replacing
k byk′ throughout. Changing notation,we assume henceforththatF is a function
field in one variable defined overk and that every element ofF not in k is
transcendental overk. These hypotheses will not be repeated for each result.

Suppressingk in the notation, we denote byVF the set of all discrete valuations
of F defined overk. A divisor is any member of the free abelian groupDF on
VF. Elements ofDF will be written additively,7 and thus a typical member ofDF

is
A =

∑
v∈VF

nvv

with only finitely many of the integersnv nonzero. We write ordv A for the integer
nv, calling it theorder of A at v. The identity element ofDF is calledzero and
is denoted by 0.

Eachx in F× defines aprincipal divisor (x) by the formula

(x) =
∑
v∈VF

v(x)v.

We verify that(x) is indeed a divisor by showing thatv(x) is nonzero for only
finitely manyv in VF. Forx in k, v(x) = 0 for allv. All otherx are transcendental
over k, and the observation at the end of Section 1 shows that exactlyg + g′
members ofVF are nonzero onx, whereg andg′ are certain positive integers
depending onx.

It is sometimes convenient to decompose(x) as a particular difference of two
divisors, writing(x) = (x)0 − (x)∞ with

(x)0 =
∑
v∈VF,
v(x)>0

v(x)v and (x)∞ =
∑
v∈VF,
v(x)<0

(−v(x))v.

This notation is motivated by the interpretation of(x) for the casek = C, which
is discussed in an example below.

Because of the formulav(xy) = v(x)+ v(y), the set of principal divisors is a
subgroupPF of DF, and the mappingx 	→ (x) is a group homomorphism ofF×
onto PF. The quotientCF = DF/PF is called the group ofdivisor classesof F
overk.

EXAMPLE. k = C. This is the setting of a compact Riemann surface, provided
we take for granted that every compact Riemann surface can be realized as a
nonsingular projective curve overC. The fieldF is the field of global meromorphic

7Some authors use a multiplicative notation.
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functions on the surface. A principal divisor can be viewed as a compilation of
the orders of the zeros and poles of a nonzero global meromorphic function: each
member ofVF corresponds to a point of the surface, and the order of a principal
divisor (x) with x ∈ F× at a point is positive if the meromorphic functionx has
a zero at the point, negative ifx has a pole there. It is known that the sum of the
orders of all the zeros of a nonzero global meromorphic function equals the sum
of the orders of all the poles. In the current framework the statement is that the
sum overv(x) is 0 for everyx ∈ F× whenk = C.

Theorem 9.3 will generalize the fact about compact Riemann surfaces that∑
v∈VF

v(x) = 0 for everyx ∈ F× whenk = C. WhenC is replaced by a more
general field that is not necessarily algebraically closed, Proposition 6.9 already
shows that the termsv(x) in the corresponding sum have to be weighted by certain
integers in order to yield sum 0. These integers are dimensions that are shown to
be finite in the next proposition.

Proposition 9.2.Let v be any discrete valuation ofF defined overk, let Rv be
the valuation ring, and letPv be the valuation ideal. ThenRv andPv arek vector
spaces, and dimk Rv/Pv is finite.

REMARKS. The integerfv = dimk Rv/Pv is called theresidue class degreeof
the valuationv. The proof gives a method for computingfv, and we shall make
use of this method shortly in proving Theorem 9.3.

PROOF. The fact thatRv and Pv are k vector spaces is immediate from
Proposition 9.1. Sincev is not identically zero, there exists somex ∈ F with
v(x) �= 0, andx is transcendental by Proposition 9.1. Possibly replacingx by
x−1, we may assume thatv(x) > 0. The observation at the end of Section 1
classifies those members ofVF taking positive values onx. In that notation we
decompose(x)R asPe1

1 · · · P
eg
g , andv is the valuation defined byPj for some j .

Theorem 6.5e shows thatRv/Pv ∼= R/Pj . Sincex is prime ink[x], the general
theory of extensions of Dedekind domains shows thatPj ∩k[x] = xk[x] and that
f j = dimk[x]/(x)(R/Pj ) is finite. The fieldk[x]/(x) is isomorphic tok, and thus
the dimension overk of Rv/Pv ∼= R/Pj is f j . �

The degreeof a divisor A is the integer degA = ∑
v∈VF

fv ordv(A), where
fv is the residue class degree ofv as defined in the remarks with Proposition
9.2. Degree is a homomorphism ofDF into Z. We shall prove in Theorem
9.3 that principal divisors have degree 0. This result extends Proposition 6.9,
which handles the special case of the function fieldk(x). Theorem 9.3 may be
regarded as a function-field analog of the Artin product formula (Theorem 6.51)
for number fields, but the proof is much easier for function fields because we can
take advantage of the observation at the end of Section 1.
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Theorem 9.3.The degree of every principal divisor is 0. In more detail, if(x)
is a principal divisor withx not in k, then deg(x)0 = deg(x)∞ = dimk(x) F, and
hence deg(x) = deg(x)0 − deg(x)∞ = 0.

PROOF. If x is in k×, then Proposition 9.1 shows thatv(x) = 0 for every
v ∈ VF, and hence deg(x) = 0. Thus we may assume thatx is transcendental
overk. Applying the observation at the end of Section 1 and using the notation
from there, we know that the onlyv’s for whichv(x) �= 0 are the ones relative to
the prime idealsPi of R and the prime idealsQj of R′ such that

x R = Pe1
1 · · · P

eg
g and x−1R′ = Q

e′
1

1 · · · Q
e′

g′
g . (∗)

Moreover,vPi (x) = ei andvQj (x) = −e′
j . In addition, the proof of Proposition

9.2 showed that the respective residue class degrees are the usual indicesfi and
f ′
j associated to the decompositions(∗). Thus

deg(x)0 =
g∑

i =1
fi ei and deg(x)∞ =

g′∑
j =1

f ′
j e

′
j .

Two applications of Theorem 9.60 ofBasic Algebrashow that

g∑
i =1

fi ei = dimk(x) F and
g′∑

j =1
f ′
j e

′
j = dimk(x−1) F.

Thus deg(x)0 = dimk(x) F, and deg(x)∞ = dimk(x−1) F. The theorem therefore
follows from the fact thatk(x) = k(x−1). �

Let DF,0 be the subgroup of all divisors of degree 0. Theorem 9.3 shows
that PF ⊆ DF,0. The quotientCF,0 = DF,0/PF is therefore a subgroup of
CF = DF/PF and is the group of all divisor classes of degree 0. This is a
function-field analog of the class group for an algebraic number field; it can be
shown to be finite ifk is a finite field but it not ifk is an arbitrary field.

3. Genus

In this section,F denotes a function field in one variable over a fieldk, and we
assume that every element ofF outsidek is transcendental overk. We continue
with the notationVF, DF, fv, ordv A, degA, and(x) for x ∈ F×, all as in Section 2.

If we were studying only what happens withk = C, we would be interested
in the vector space of all meromorphic functions whose poles are limited to a
certain finite set of points and are limited to some particular order at each of those
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points. The underlying compact Riemann surface is an ordinary closed orientable
2-dimensional manifold, and the dimensions of these spaces of meromorphic
functions turn out to control the genus of this manifold. For generalk, we study
the natural generalization of this situation.8 The vector spaces of interest are
defined in terms of divisors, and we will be led to a natural definition of genus of
the curve under study.

We introduce a partial ordering onDF by saying that two divisorsA and B
have A ≤ B if ordv A ≤ ordv B for all v ∈ VF. The inequalityB ≥ A is to
mean the same thing asA ≤ B. If A ≤ B andA′ ≤ B′, thenA + A′ ≤ B + B′
because ordv(A + A′) = ordv A + ordv A′ ≤ ordv B + ordv B′ = ordv(B + B′).
If A ≤ B, then−A ≥ −B.

For each divisorA, we shall study thek vector space

L(A) = {0} ∪ {x ∈ F× | (x) ≥ −A
} = {

x ∈ F | v(x) ≥ − ordv A
}
.

For x �= 0, we can think ofv(x) as telling the order of the zero ofx at a point
corresponding tov. In that spirit, if A ≥ 0, thenL(A) consists of all functions
whose poles are limited to the set ofv’s for which ordv A �= 0, with the order of the
pole bounded above by the number ordv A. For generalA, a similar interpretation
is valid, except that the members ofL(A) are required also to vanish at certain
points at least to certain orders.

We shall suppress any name for the function that embedsVF in DF. Thus
for example ifv0 is in VF, thenL(v0) refers toL(A) for the divisorA such that
ordv0 A = 1 and ordv A = 0 whenv �= v0.

Corollary 9.4. L(0) = k, andL(A) = 0 if A is a nonzero divisor withA ≤ 0.

PROOF. If A ≤ 0 is nontrivial and ifx ∈ F× were to have(x) ≥ −A, then we
would have deg(x) ≥ − degA > 0, in contradiction to the conclusion deg(x) = 0
of Theorem 9.3. ThusL(A) = 0. Next, we have

L(0) = {
x ∈ F× | v(x) = 0 for all x

} ∪ ⋃
v∈VF

L(−v).

The first term on the right side isk×, and the second term gives 0 by what we
have just proved. HenceL(0) = k. �

If A ≤ B, then it follows from the definition thatL(A) ⊆ L(B). We shall
be interested in how muchL(B) increases whenB increases. This change is
measured by what happens to the quotient spaceL(B)/L(A). The key case is
that B = A + v0 for somev0 ∈ VF, and we treat that in the following lemma.

8In doing so, we follow the approach in the book by Villa Salvador, Chapter 3, but with different
notation.
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Lemma 9.5. If A is a divisor andv0 is in VF, then

dimk L(A + v0)/L(A) ≤ fv0 = degv0.

PROOF. Put f = fv0, let Rv0 be the valuation ring ofv0, and letPv0 be the
valuation ideal ofv0. Sincev0 carriesF× onto Z, we can choose an element
y ∈ F× with v0(y) = ordv0(A + v0).

Let f + 1 membersx1, . . . , xf +1 of L(A+ v0) be given. We shall produce an
equation of linear dependence among the cosetsxi + L(A), and this will prove
the lemma. Computation gives

v0(xi y) = v0(xi )+ v0(y) = v0(xi )+ ordv0(A + v0) ≥ 0

for 1 ≤ i ≤ f + 1, sincexi is in L(A + v0). Hencexi y is in Rv0. Since
dimk(Rv0/Pv0) = f , there exist membersc1, . . . , cf +1 of k not all 0 such that∑ f +1

i =1 ci (xi y+Pv0) = Pv0, i.e., such that
∑ f +1

i =1 ci xi y lies inPv0. Then
∑ f +1

i =1 ci xi

lies in y−1Pv0, and

v0
( f +1∑

i =1
ci xi

) ≥ −v0(y)+ 1 = − ordv0(A + v0)+ 1 = − ordv0 A. (∗)

Since eachxi is in L(A + v0), so is
∑ f +1

i =1 ci xi . This fact and(∗) together show

that
∑ f +1

i =1 ci xi is in L(A), i.e., that
∑ f +1

i =1 ci xi + L(A) is the 0 coset. This proves
the desired linear dependence and shows that dimk L(A + v0)/L(A) ≤ f . �

Theorem 9.6. If A andB are divisors such thatA ≤ B, thenL(B)/L(A) is
finite-dimensional overk with

dimk L(B)/L(A) ≤ degB − degA.

Moreover,L(A) andL(B) are separately finite-dimensional overk, and conse-
quently

dimk L(B)− degB ≤ dimk L(A)− degA.

REMARKS. We define�(A) = dimk L(A). This is finite by the theorem, and
the resulting inequality of the theorem is that

�(B)− degB ≤ �(A)− degA.

PROOF. The first conclusion is immediate from Lemma 9.5 by induction
on
∑
v (ordv B − ordv A). Fixing a reference pointv0 in VF and takingA =
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ordv B≤0(ordv B)v− v0 and applying Corollary 9.4 toA, we see thatL(A) = 0.

Therefore the first conclusion specializes to

dimk L(B)− degB ≤ − degA.

Since dimk L(B) is certainly nonnegative, this inequality implies thatL(B) is
finite-dimensional. Then we can expand the left side of the first conclusion of the
theorem to obtain

dimk L(B)− dimk L(A) = degB − degA,

and the proof is complete. �

The theorem identifies�(B)−degB as a quantity of interest when we are trying
to understand a divisorB. We shall undertake a study of this quantity, beginning
first with the case of a divisorB equal to a multiple of the pole part(x)∞ of a
principal divisor(x). Recall that the signs are arranged to have(x)∞ ≥ 0.

Lemma 9.7. For eachx in F that is not ink, there exists a constantCx such
that the multiplep(x)∞ of (x)∞ satisfies

�
(
p(x)∞

)− deg
(
p(x)∞

) ≥ Cx

for every integerp.

PROOF. Applying the observation at the end of Section 1, we form the integral
closureR of k[x] in F and the integral closureR′ of k[x−1] in F. The discrete
valuationsv for which v(x) < 0 are exactly those arising from prime ideals in
the prime decomposition ofx−1k[x−1], according to Corollary 6.10. Specifi-

cally the idealx−1k[x−1] in R′ decomposes as a productQ
e′

1
1 · · · Q

e′
g′

g′ , and the
corresponding discrete valuations havevQk(x

−1) = e′
k. Theorem 9.3 shows that

deg(x)∞ = dimk(x) F.
Let n = dimk(x) F. Choose a basisy1, . . . , yn of F over k(x) consisting of

members ofR. Eachv arising from a prime ideal ofR hasv(yj ) ≥ 0 for
1 ≤ j ≤ n by Proposition 6.7. The remainingv’s all havev(x) < 0, and
therefore there exists an integerk ≥ 0 such thatv(yj ) ≥ kv(x) for 1 ≤ j ≤ n and
for all these remainingv’s. For this value of the integerk, the elementsy1, . . . , yn

all lie in L(k(x)∞).
Let m ≥ 0 be arbitrary. Thev’s coming from someQk, i.e., those with

v(x) < 0, havev(xi ) ≥ v(xm) whenever 0≤ i ≤ m, and the remainingv’s,
i.e., those withv(x) ≥ 0, all havev(xi ) ≥ 0 for 0 ≤ i ≤ m. Therefore
1, x, x2, . . . , xm all lie in L((xm)∞) = L(m(x)∞).
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Multiplying, we see thatxi yj lies in L
(
(k + m)(x)∞

)
for 0 ≤ i ≤ m and

1 ≤ j ≤ n. These elementsxi yj are linearly independent overk, and therefore

�
(
(k + m)(x)∞

) ≥ (m + 1)n = (m + 1)deg(x)∞.

Since deg is a homomorphism fromDF into Z,

deg
(
(k + m)(x)∞

) = (k + m)deg(x)∞.

Therefore eachm ≥ 0 has

�
(
(k + m)(x)∞

)− deg
(
(k + m)(x)∞

) ≥ (m + 1 − k − m)deg(x)∞
= (1 − k)deg(x)∞.

We have therefore proved that

�(q(x)∞)− deg(q(x)∞) ≥ (1 − k)deg(x)∞

for all integersq that are sufficiently positive. Ifp is any integer, we can findq
as above withp ≤ q. Thenp(x)∞ ≤ q(x)∞, and Theorem 9.6 shows that

(1 − k)deg(x)∞ ≤ �(q(x)∞)− deg(q(x)∞) ≤ �(p(x)∞)− deg(p(x)∞).

This proves the lemma withCx = (1 − k)deg(x)∞. �

Lemma 9.8. If A is any divisor andx is any member ofF×, thenL((x)+ A) ∼=
L(A) canonically. Therefore�((x) + A) = �(A). In addition, deg((x) + A) =
degA.

PROOF. Define ak linear mappingϕ : L(A) → F by ϕ(y) = x−1y. This is
certainly one-one, and its image is contained inL((x)+ A) because any nonzeroz
in L(A) has(z) ≥ −A and then also(x−1z) = −(x)+(z) ≥ −(x)− A. Similarly
ψ(y) = xy is one-one and carriesL((x)+ A) into L(A). By inspection,ψϕ = 1
and ϕψ = 1. ThereforeL((x) + A) and L(A) are canonically isomorphic
and have the same dimension overk. For the last conclusion, deg((x) + A) =
deg(x)+ degA = degA by Theorem 9.3. �

Theorem 9.9(Riemann’s inequality). For eachx in F that is not ink, let gx

be the integer such that 1− gx is the largest possibleCx with

�
(
p(x)∞

)− deg
(
p(x)∞

) ≥ Cx

for every integerp. Then

(a) the integerg = gx is independent ofx,
(b) g is ≥ 0,
(c) �(A)− degA ≥ 1 − g for every divisorA.
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REMARKS. The integergx in the theorem exists by Lemma 9.7. Once it has
been proved to be an integerg independent ofx, it is called thegenusof the
function fieldF overk.

PROOF. We begin by proving (c) withg replaced bygx. LetCx be any integer
with the property that�(p(x)∞) − deg(p(x)∞) ≥ Cx for all p. If a divisor A
is given, we can writeA = A0 − A∞, where A0 = ∑

ordv A>0 (ordv A)v and
A∞ = ∑

ordv A<0 (− ordv A)v. Then A ≤ A0, and Theorem 9.6 shows that
�(A)− degA ≥ �(A0)− degA0. Thus it is enough to prove (c) forA0. Let p be
any integer≥ 0. SinceA0 ≥ 0, we havep(x)∞ − A0 ≤ p(x)∞. Hence a second
application of Theorem 9.6 shows that

�
(
p(x)∞ − A0

)− deg
(
p(x)∞ − A0

) ≥ �(p(x)∞)− deg
(
p(x)∞

) ≥ Cx.

Since deg is a homomorphism, this inequality implies that

�
(
p(x)∞ − A0

) ≥ Cx + p deg(x)∞ − degA0.

Fix an integerp large enough for the right side to be positive. For thisp, the
vector spaceL(p(x)∞ − A0) is nonzero; lety be a nonzero member of it. This
y has(y) ≥ −(p(x)∞ − A0), and hencep(x)∞ ≥ A0 − (y). A third application
of Theorem 9.6, in combination with Lemma 9.8, shows that

�
(
p(x)∞

)− deg
(
p(x)∞

) ≤ �(A0 − (y))− deg(A0 − (y))
= �(A0)− degA0.

The left side is≥ Cx, and hence�(A0)− degA0 ≥ Cx. Therefore

�(A)− degA ≥ Cx (∗)

for every divisorA. Since one choice ofCx is 1− gx, this proves (c).
Taking A = p(y)∞, we see that the bestCy hasCy ≥ Cx. Since the roles of

x andy can be interchanged, this proves (a). Finally if we takeA = 0 in (c) and
apply Corollary 9.4, we see that 1− 0 ≥ 1− g. Thusg ≥ 0. This proves (b).�

EXAMPLES OF GENUS.

(1) F = k(x) for a transcendentalx. In the proof of Lemma 9.7, we have
n = 1 and can takey1 = 1. Thenk = 0, and the proof of the lemma shows that
the inequality of the lemma holds withCx = (1 − 0)deg(x)∞ = 1. Therefore
1 − g ≥ Cx = 1, andg ≤ 0. Sog = 0 by Theorem 9.9b.
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(2) F = C[x, y]/(y2 − x4 + 1). This example was discussed in Section 1, and
we havex−1R′ = P1P2 with P1 = (x−1, x−2y + 1) andP2 = (x−1, x−2y − 1).
The corresponding valuations therefore havevP1(x) = vP2(x) = −1. Meanwhile,
the elements 1 andy form a basis ofF overk(x). The element 1 hasvP1(1) =
vP2(1) = 0; so 1 is inL(p(x)∞) for every p ≥ 0. Sincex−2y is the sum of a
generator ofP1 and a generator ofP2, x−2y lies in R′. Write (x−2y) = I1 · · · Il ,
where eachI j is a prime ideal inR′. Sincex−2y and P1 together generate 1,
P1 is not one of the idealsI j . Similarly P2 is not one of theI j ’s. Thus(y) =
(x−1)−2(x−2y) = (P1P2)

−2I1 · · · Il , and we obtainvP1(y) = vP2(y) = −2.
Hencey lies in L(2(x)∞), and we can takek = 2 in the proof of Lemma 9.7. For
thisk, we haveCx = (1 − 2)deg(x)∞ = −2. Therefore 1− g ≥ Cx = −2, and
g ≤ 3. In fact,g = 1 here, as a special case of the next example. Thus a routine
use of the estimate from Lemma 9.7 has its limitations.

(3)F = k[x, y]/(y2− p(x)), wherep(x) is a square-free polynomial of degree
m andk has characteristic�= 2. Theng = 1

2m−1 if m is even andg = 1
2(m−1)

if m is odd. This computation will be carried out in Problems 12–20 at the end
of the chapter.

Theorem 9.9 gives the lower bound of 1− g for �(A)− degA for all divisors
A. There is also an upper bound, with the proviso thatL(A) �= 0.

Proposition 9.10.If A is any divisor such thatL(A) �= 0, then

�(A)− degA ≤ 1.

Hence any divisorA with degA ≤ −1 has�(A) = 0.

PROOF. Let y be a member ofF× that lies inL(A). Then everyv ∈ VF has
v(y) ≥ − ordv A and hence 0≥ − ordv A − v(y) = − ordv(A + (y)). This
inequality says thatA + (y) ≥ 0. Then Corollary 9.4 and Theorem 9.6 together
give

1 = �(0)− deg 0≥ �(A + (y))− deg(A + (y)),
and the right side equals�(A) − degA by Lemma 9.8. Then 1− degA ≤
�(A)− degA ≤ 1, and we must have degA ≥ 0 whenever�(A) ≥ 1. �

4. Riemann–Roch Theorem

Riemann’s inequality, proved in Section 3, shows that every divisorA satisfies
�(A)−degA ≥ 1−g, whereg is the genus of the curve in question. The Riemann–
Roch Theorem, to be proved in the present section, gives an interpretation for the
difference between the two sides of the inequality.
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In the classical setting of compact Riemann surfaces, the proof of the Riemann–
Roch Theorem makes use of meromorphic differential forms, sometimes called
abelian differentials by complex analysts. Meromorphic differential forms are
objects that locally look likef (z)dz, wherez is a local coordinate andf (z)
is a meromorphic function, and that fit together to be globally defined on the
complex manifold. What the formulaf (z)dz = g(w)dw for fitting together
means that in the overlap of the regions for two local coordinatesz andw,
f (z)dz = g(w(z)) dw

dz dz holds and hencef (z) = g(w(z)) dw
dz . In the language

of differential geometry, a meromorphic differential form is a meromorphic sec-
tion of the cotangent bundle of the complex manifold. An important step that
has to be carried out to make these differential forms useful is to prove a version
of the Residue Theorem. This theorem says that the sum over all points of the
manifold of the residues of the differential form is 0, the residue off (z)dz at
the point corresponding toz = 0 being the coefficient ofz−1 in the Laurent
expansion9 of f (z) about 0. Once this theorem is in hand, one can begin to prove
the Riemann–Roch Theorem.

In our present setting with the function fieldF in one variable overk, it is not
too hard to define an analog of meromorphic differential forms and to establish
that they behave the way one would expect from differential calculus. In order
to make use of these forms, one has to prove an analog of the Residue Theorem,
and doing so requires some hard work. A. Weil discovered that this construction
could be bypassed and that one could prove the theorem directly. The idea is to
introduce the tool that differential forms make available and to skip the differential
forms themselves.

It is worth understanding this background in a little more detail because oth-
erwise the proof below may seem very strange indeed. To fix the ideas for this
background only, suppose that the base fieldk is algebraically closed. Let us
recall that elements ofVF are meant to correspond to points of a zero locus in
projective space, at least when the curve is everywhere nonsingular. We write
this correspondence asv 	→ p(v). A local coordinate aboutp(v) is denoted
by a symbol likez classically, and in the setup with valuations, it is simply a
member of the valuation ideal ofv with v(z) = 1. A differential form that is
given locally by classical expressions likef (z)dz attaches to eachv in VF the
function gv 	→ Residuep(v)(gv f dz), wheregv is any Laurent expansion about
p(v).

Classically this Laurent expansion is to be convergent in some deleted neigh-
borhood of p(v), and it involves only finitely many negative powers of the
local coordinate. The assumption that it converges is not important because
if v( f ) = n, then the only powers ofz whose coefficients ingv affect the residue
at p(v) are thekth powers fork + n ≤ −1. Thus the assumption ongv is that it is

9One has to show that this coefficient is independent of the choice of the local coordinate.
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a member of the Laurent series fieldk((z)). To compute the residue forgv f dz,
we need to know how to interpretf (z) as a Laurent series aboutp(v). Let Rv
be the valuation ring ofv, and letPv be the valuation ideal. The fieldRv/Pv is
a finite extension ofk and must be isomorphic tok becausek is algebraically
closed. For eachc ∈ k, choose a memberac ∈ Rv such that the coseta + Pv
corresponds toc; we may assume thata0 = 0. Denote the set of these elements
ac by Rk. If v( f ) = n, thenh = z−n f is in Rv, and thus some uniquea0 in
Rk has the property thath − a0 is in Pv. Hencez−1(h − a0) is in Rv, and some
uniquea1 in Rk has the property thatz−1(h − a0) − a1 is in Pv. From this,
z−1(z−1(h − a0) − a1) is in Rv, and we can continue to subtract members of
Rk and divide byz in this way. The result is thath = a0 + a1z + a2z2 + · · ·
in the sense thatv(h − a0 − a1z − · · · − akzk) ≥ k + 1 for everyk. Therefore
f = znh = zn(a0+a1z+a2z2+· · · ). If we replace eachak by the corresponding
memberck of k, thenzn(c0 + c1z+ c2z2 + · · · ) is the member ofk((z)) that we
associate tof .

With this identification in place, we can regard the given differential form as
yielding ak linear function

Residue :
∏
v∈VF

k((z))→
∏
v∈VF

k.

We want to cut down the domain of this mapping so the sum of the residues is
meaningful for every member of the image. The local expressionsf (z)dzinvolve
only finitely many poles in a neighborhood of each point, and compactness implies
that there are only finitely many such points globally. Except at these points the
residue ofgv f dz can be nonzero only ifgv has a pole atp(v). Thus we can
ensure that the sum of the residues is meaningful if we assume thatv(gv) ≥ 0
except for finitely manyv.

For algebraic purposes the domain is still unnecessarily large. Since each
local coordinate in the algebraic realization is actually a member ofF, the only
members ofk((z)) that we need to handle at each point are the members ofF.
So letA∗

F = ∏
v∈VF

F, and letAF be thek subspace of all members{gv} of the
product such thatv(gv) < 0 only finitely often. Then the differential form gives
us ak linear functional

Sum of Residues :AF → k.

We have seen that if the differential form is given byf (z)dzlocally nearp(v) and
if v(gv) ≥ −v( f ), then the residue is 0 atp(v). Hence there is some divisorA,
depending on the differential form, such that ifv(gv) ≥ − ordv A for all v ∈ VF,
then all residues are 0 and the sum of the residues is 0. Consequently the kernel
of the sum-of-residues map associated to the differential form contains all tuples
{gv} of AF such thatv(gv) ≥ − ordv A for this divisorA and allv.
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Finally there is one more classical fact to bring into play. This is the Residue
Theorem itself, saying that the sum of the residues is zero for any meromorphic
differential form. If{gv} is actually a constant tuple withgv = h for someh ∈ F,
then the sum-of-residues map as defined above is giving us the classical sum of
residues for the product ofh and the given differential form. This sum is zero. In
other words, every member of the diagonally embeddedF in AF lies in the kernel
of the sum-of-residues map associated to the differential form.

Weil’s idea in a nutshell is that instead of developing differential forms, working
with residues, and proving the consequence of the Residue Theorem, one should
just start with any abstract linear functional onAF that satisfies the conditions
that we noted above. Then the Riemann–Roch Theorem drops out fairly easily.
This is the approach we shall follow. The abstract kind of linear functional on
AF will be called a “differential” in what follows, as a reminder of the classical
object that lies behind it.10

Without further ado, we proceed with the Riemann–Roch Theorem. In this
section,F denotes a function field in one variable over a fieldk, and we assume
that every element ofF outsidek is transcendental overk. We continue with the
notationVF, DF, fv, ordv A, degA, and(x) for x ∈ F×, all as in Sections 2–3,
and with the notationL(A) and�(A) as in Section 3. IfA is a divisor, we let

δ(A) = �(A)− degA − (1 − g).

Riemann’s inequality (Theorem 9.9) implies thatδ(A) ≥ 0 for all A’s and that
δ(A) = 0 for someA’s. We seek an interpretation ofδ(A).

Let A∗
F be the ring of all functions fromVF into F, with the operations taken

pointwise. It is customary to write such a functionξ asv 	→ ξv rather than as
v 	→ ξ(v). LetAF be the subring11 of all membersξ of A∗

F such thatv(ξv) < 0
for only finitely manyv in VF. We shall treatAF as an infinite-dimensional
associativek algebra with identity.

Consider the diagonal map� : F → AF defined by the formula�(x)v = x for
all x ∈ F. Under this map, the memberx of F goes to the function whose value
at eachv is x. The reason that�(x) is inAF and not justA∗

F is thatv(x) < 0 for
only finitely manyv ∈ VF. The map� is a one-onek algebra homomorphism.

10Weil’s argument dates to 1935. It appears in book form in Weil’sBasic Number Theory, where
the details are carried out whenk is a finite field and where comments are made for generalk. Lang
simplified Weil’s argument and wrote it down for algebraically closed fieldsk in his Introduction
to Algebraic and Abelian Functions. A version of this argument for generalk appears in Villa
Salvador’s book. The present exposition benefits from all three of these books.

11For readers familiar with Section VI.10, the notation is intended to hint at “adeles” ofF.
However, completions and topologies will play no role in the construction.

4. Riemann–Roch Theorem
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For each divisorA, define

L(A) = {
ξ ∈ AF | v(ξv) ≥ − ordv(A)

}
.

It is immediate from the definitions that

L(A) ∩�(F) = �(L(A)).

Let us see that

A ≤ B if and only if L(A) ⊆ L(B).

In fact, the “only if” part of the statement is evident. Conversely suppose that
L(A) ⊆ L(B). Choose for eachv ∈ VF an elementπv in F with v(πv) = 1. The
function ξA : VF → F defined by(ξA)v = π− ordv A hasv((ξA)v) = − ordv A
and lies inAF, since ordv A is nonzero for only finitely manyv. The definitions
show thatξA lies in L(A), hence inL(B). Thus − ordv(A) = v((ξA)v) ≥
− ordv B, ordv A ≤ ordv B, and A ≤ B. This proves the “if” part of the
displayed equivalence. If we apply the equivalence twice, we see that

A = B if and only if L(A) = L(B).

Let us take note of two operations on divisorsA and the effect of these oper-
ations on the spacesL(A). If A and B are divisors, we defineC = min(A, B)
pointwise by the formula ordv C = min(ordv A, ordv B). ThenC is a divisor
with C ≤ A andC ≤ B. ThusL(C) ⊆ L(A) andL(C) ⊆ L(B), and we
consequently obtain

L(min(A, B)) ⊆ L(A) ∩ L(B).

Still with A and B as divisors, we defineC = max(A, B) pointwise by the
formula ordv C = max(ordv A, ordv B). ThenA ⊆ C andB ⊆ C, from which
we obtainL(A) ⊆ L(C) andL(B) ⊆ L(C). This proves the inclusion⊆ in the
identity

L(A)+ L(B) = L(max(A, B)).

To prove⊇, let ξ be inL(max(A, B)). We shall decomposeξ as a sumη+ ζ in
L(A)+ L(B) with one ofηv andζv equal to 0 for eachv. Let v be given. Since
ξ is in L(max(A, B)), v(ξv) ≥ − ordv(max(A, B)) = − max(ordv A, ordv B).
That is,−v(ξv) ≤ max(ordv A, ordv B). If −v(ξv) ≤ ordv A, then defineηv = ξv
andζv = 0; otherwise, we have−v(ξv) ≤ ordv B, and we defineηv = 0 and
ζv = ξv. Thenv(ηv) ≥ − ordv A for all v, andv(ζv) ≥ − ordv B for all v. This
proves⊇ in the displayed formula.
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Lemma 9.11.If A andB are divisors withA ≤ B, then

dimk

(L(B)/L(A)) = degB − degA.

PROOF. Proceeding inductively, we see that it is enough to handle the case that
B = A + v0, wherev0 is in VF. Thus we are to show that

dimk

(L(A + v0)/L(A)
) = fv0 = deg(v0). (∗)

Put f = fv0, let Rv0 be the valuation ring ofv0, and letPv0 be the valuation ideal
of v0. To prove≤ in (∗), we argue as in the proof of Lemma 9.5. Sincev0 carries
F× ontoZ, we can choose an elementy ∈ F× with v0(y) = ordv0(A + v0).

Let f + 1 membersξ (1), . . . , ξ ( f +1) of L(A+ v0) be given. We shall produce
an equation of linear dependence among the cosetsξ (i ) + L(A), and this will
prove≤ in (∗). Computation gives

v0(ξ
(i )
v0

y) = v0(ξ
(i )
v0
)+ v0(y) = v0(ξ

(i )
v0
)+ ordv0(A + v0) ≥ 0

for 1 ≤ i ≤ f + 1, with the inequality at the right holding becauseξ (i ) is
in L(A + v0). Henceξ (i )v0

y is in Rv0. Since dimk(Rv0/Pv0) = f , there exist

membersc1, . . . , cf +1 of k not all 0 such that
∑ f +1

i=1 ci (ξ
(i )
v0

y + Pv0) = Pv0, i.e.,

such that
∑ f +1

i =1 ci ξ
(i )
v0

y lies in Pv0. Then
∑ f +1

i =1 ci ξ
(i )
v0

lies in y−1Pv0, and

v0
( f +1∑

i=1
ci ξ

(i )
v0

) ≥ −v0(y)+ 1 = − ordv0(A + v0)+ 1 = − ordv0 A. (∗∗)

Since eachξ (i ) is in L(A + v0), so is
∑ f +1

i =1 ci ξ
(i )
v0

. This fact and(∗∗) together

show that
∑ f +1

i =1 ci ξ
(i )
v0

is inL(A), i.e., that
∑ f +1

i =1 ci ξ
(i )+L(A) is the 0 coset. This

proves the desired linear dependence and shows that dimk L(A+v0)/L(A) ≤ f .
To prove≥ in (∗), we shall producef membersξ ( j ) of L(A + v0) that are

linearly independent moduloL(A). We begin by choosingη in L(A) with
v0(ηv0) = − ordv0 A. (For example take any memberη′ of L(A), changeη′

v0

to a new value on whichv0 takes the value− ordv0 A, and leaveη′ unchanged at
all otherv.) Let x1, . . . , xf be a set of representatives inRv0 of the f members of
ak basis of the quotientRv0/Pv0, and letπv0 be a member ofF with v0(πv0) = 1.
Defineξ ( j ) for 1 ≤ j ≤ f by

ξ ( j )v =
{
ηv for v �= v0,

ηv0xjπ
−1
v0

for v = v0.

For eachj , we have

v0(ηv0xjπ
−1) = v0(ηv0)+ v(xj )− v0(πv0)

= − ordv0 A + v(xj )− 1 ≥ − ordv0 A − 1,

4. Riemann–Roch Theorem
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and thusξ ( j ) is in L(A + v0). To prove the linear independence moduloL(A),
suppose thatc1, . . . , cf are members ofk such that

∑ f
j =1 cj ξ

( j ) is in L(A). In

this case we have an inequalityv0
(∑ f

j =1 cj ξ
( j )
) ≥ − ordv0 A, which expands out

as

v0
( f∑

j =1
cj ηv0xjπ

−1
v0

) ≥ v0(ηv0).

Sincev0(π
−1
v0
) = −1, subtraction ofv0(ηv0) from both sides yieldsv0

(∑ f
j =1 cj xj

)
≥ 1. Therefore

∑ f
j =1 cj xj lies in Pv0. By the assumed linear independence over

k of thexj ’s moduloPv0, all thecj ’s are 0. Therefore the elementsξ ( j ) are linearly
independent moduloL(A), and the proof of≥ in (∗) is complete. �

Lemma 9.12. If A and B are divisors withA ≤ B, then there is an exact
sequence in the category ofk vector spaces given by

0 −−→ L(B)/L(A)
ψ−−→ L(B)/L(A)
ϕ−−→ (L(B)+�(F))/(L(A)+�(F)) −−→ 0.

Consequently

dimk(L(B)+�(F))
/
(L(A)+�(F)) = (�(A)− degA)− (�(B)− degB)

= δ(A)− δ(B).
PROOF. The mapψ is induced by the map� : L(B) → L(B) followed by

passage to the quotient. It descends toL(B)/L(A) because�(L(A)) ⊆ L(A),
and it is one-one because�(L(B)) ∩ L(A) ⊆ L(A). The mapϕ is induced
by the mapx 	→ x + �(F) followed by passage to the quotient. It descends
to L(B)/L(A) becauseL(A) maps intoL(A) + �(F), and it is onto because
x 	→ x + �(F) carriesL(B) onto L(B) + �(F). The compositionϕψ is 0
becauseL(B)maps under� into�(F), which lies in the 0 coset.

To prove the exactness, letξ +L(A) be in kerϕ. This condition means thatξ
is inL(B) and hasξ +�(F) in L(A)+�(F). Thus there existsη in L(A) with
ξ − η in�(F). Sinceξ andη are inL(B), ξ − η is inL(B)∩�(F) ⊆ �(L(B)).
Henceξ + L(A) = (ξ − η) + L(A) lies in�(L(B)) + L(A) = imageψ , and
exactness is proved.

From the exactness we obtain

dimk L(B)/L(A) = dimK L(B)/L(A)+ dimk(L(B)+�(F))
/
(L(A)+�(F)).

The left side equals degB −degA by Lemma 9.11, and the first term on the right
side equals�(B) − �(A) by the finite dimensionality ofL(B) andL(A), which
was proved as part of Theorem 9.6. The result follows. �
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Theorem 9.13.There exists a divisorC such thatAF = L(C) + �(F). For
each divisorA,

δ(A) = dimk

(AF

/
(L(A)+�(F))).

PROOF. Riemann’s inequality produces a divisorC, specifically any suffi-
ciently large positive power of a divisor(x)∞, such thatδ(C) = 0. If we can
show thatAF = L(C) + �(F), then the dimensional equality in Lemma 9.12
with B = C will complete the proof of the present theorem.

Suppose that there exists a memberξ of AF that is not inL(C) +�(F). For
eachv ∈ VF, let av = min(v(ξv),− ordv C), and defineC′ = −∑v∈VF

avv.
Sinceξ is in AF, only finitely many integersv(ξv) are negative. This fact and
the fact thatC is a divisor together imply that only finitely manyav are negative.
SinceC is a divisor, only finitely many integers− ordv C can be positive, and
thus only finitely manyav can be positive. ThereforeC′ is a divisor.

The definition ofC′ is arranged in such a way thatC ≤ C′. Also, everyv has
v(ξv) ≥ av = − ordv C′, and henceξ lies inL(C′). Consequently

dimk(L(C′)+�(F))/(L(C)+�(F)) ≥ 1.

By Lemma 9.12,δ(C)− δ(C′) ≥ 1. SinceC was assumed to haveδ(C) = 0, we
obtain−δ(C′) ≥ 1, in contradiction to the fact thatδ(A) ≥ 0 for every divisor
A. We conclude that everyξ in AF lies inL(C)+�(F). �

Theorem 9.13 gives a first interpretation of the differenceδ(A) between the
two sides of Riemann’s inequality (Theorem 9.9). We shall now apply Theorem
9.13 and reinterpretδ(A) as the dimension�(B) of a suitable divisorB obtained
from A, and then we will have obtained the Riemann–Roch Theorem.

A differential of F is ak linear functionalω onAF with the property thatω
vanishes onL(A) for some divisorA andω vanishes also on�(F). The set of
all differentials ofF will be denoted by Diff(F). Let us observe that Diff(F) is
a vector subspace ofk linear functionals onAF. Scalar multiplication byk is
not an issue. To see that Diff(F) is closed under pointwise addition, letω and
ω′ be differentials vanishing onL(A) andL(B), respectively. We have seen that
L(min(A, B)) ⊆ L(A) ∩ L(B). Thusω + ω′ vanishes onL(min(A, B)). Since
ω + ω′ vanishes also on�(F), ω + ω′ is a differential.

Thek vector space of differentials vanishing onL(A)+�(K )may be identified
with the vector space ofk linear functionals on the quotientAF/(L(A)+�(F)),
and the latter space is finite-dimensional of dimensionδ(A) by Theorem 9.13.
Since a finite-dimensional vector space and its dual have the same dimension, the
k vector space of differentials vanishing onL(A)+�(K ) hask dimensionδ(A).

In addition, Diff(F) carries a scalar multiplication byF that makes it into an
F vector space. What is required to verify this statement is a definition, and then

4. Riemann–Roch Theorem



548 IX. The Number Theory of Algebraic Curves

the verification of the properties of anF vector space is routine. Ify is in F and
ω is a differential, we defineyω on AF by (yω)(ξ) = ω(�(y)ξ). The linear
functionalyω vanishes on�(F) because� is a homomorphism. It is enough to
check fory �= 0 that

if ω vanishes onL(A), thenyω vanishes onL(A + (y)),
where(y) is the principal divisor corresponding toy. To prove this vanishing,
let ξ be inL(A+ (y)). Thenv(ξv) ≥ − ordv(A+ (y)) = − ordv A− ordv(y) =
− ordv A−v(y), which implies thatv(ξvy) ≥ − ordv A, which implies thatξ�(y)
lies inL(A), which implies thatω(ξ�(y)) = 0, which implies that(yω)(ξ) = 0.
This proves the asserted vanishing, and it follows that Diff(F) carries a well-
defined scalar multiplication byF.

Each setL(A), whereA is a divisor, will be called aparallelotope of AF.
These sets are large subsets ofAF, since dimk AF/(L(A) + �(F)) is finite and
dimk AF/�(F) is infinite. We are going to associate a particular parallelotope
to each nonzero differential. Since we have seen that distinct parallelotopes
correspond to distinct divisors, we shall obtain a way of associating a divisor to
each nonzero differential.

Corollary 9.14. If ω is a nonzero differential andL(A) is a parallelotope in
its kernel, then

�(A) ≤ δ(0) and degA ≤ δ(0)+ g − 1.

Consequently there exists a unique maximum parallelotope on whichω vanishes.

REMARKS. In view of the remarks before the corollary, we therefore obtain a
functionω 	→ Div(ω) from the set Diff(F)−{0} of nonzero differentials into the
setDF of divisors.

PROOF. If we know that�(A) ≤ δ(0), then addition to this inequality of
Riemann’s inequality degA − �(A) ≤ g − 1 as given in Theorem 9.9 shows that

degA ≤ δ(0)+ g − 1

and proves the second inequality. The inequality�(A) ≤ δ(0) is trivial if
L(A) = 0.

Therefore we may assume in the two inequalities thatL(A) �= 0. Let y be
any nonzero member ofL(A). Since the kernel ofω containsL(A), the kernel
of yω containsL(A + (y)), by a computation made above. Meanwhile, the
elementy, being inL(A), has(y) ≥ −A and hence 0≤ A + (y). Therefore
L(0) ⊆ L(A + (y)), and the kernel ofyω containsL(0). Since the kernel ofyω
contains�(F), yω is well defined on the quotient spaceAF/(L(0)+�(F)).
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Now suppose thaty1, . . . , yn is a k basis ofL(A). Let us use the fact that
ω �= 0 to prove thaty1ω, . . . , ynω are linearly independent when viewed on
AF/(L(0)+�(F)): If c1, . . . , cn are members ofk not all 0, thenz = ∑n

j =1 cj yj

is a nonzero member ofL(A), and we have just seen thatzω is well defined on
AF/(L(0) + �(F)). Then we have

∑n
j =1 cj (yjω) = (∑n

j =1 cj yj
)
ω = zω, and

this cannot act as 0 onAF/(L(0) + �(F)) without being identically 0 onAF.
Since anyξ0 such thatω(ξ0) �= 0 has the property thatzω(�(z)−1ξ0) �= 0, the
linear functionalsy1ω, . . . , ynω onAF/(L(0)+�(F)) are linearly independent.

We know thatδ(0) = dimk AF/(L(0)+�(F)) by Theorem 9.13, and hence

n = �(A) ≤ δ(0).

This completes the proof of the two inequalities.
We turn to the existence and uniqueness of the maximum parallelotope on

which ω vanishes. We continue to assume thatω �= 0. Now suppose that
A is a divisor such thatω vanishes onL(A). Suppose thatB is a divisor for
which B ≤ A fails and for whichω(L(B)) = 0. We know that the divisor
max(A, B) has the property thatL(max(A, B)) = L(A) + L(B). Sinceω
vanishes onL(A) andL(B), it follows that it vanishes onL(max(A, B)). Since
B ≤ A fails, there exists somev0 ∈ VF with ordv0 B > ordv0 A, and thisv0 has
ordv0 max(A, B) > ordv0 A. Thus deg max(A, B) > degA.

The second inequality proved above shows that the degree is bounded on all
divisors whose parallelotopes are in kerω. In finitely many steps we consequently
arrive at a divisorC withL(C) ⊆ kerω such that any divisorB withL(B) ⊆ kerω
hasB ≤ C. ThenC is the unique maximum divisor on whose parallelotopeω
vanishes. The parallelotope determines the divisor, and the proof of the corollary
is complete. �

Recall from Section 2 that the additive subgroupPF of principal divisors within
the groupDF of all divisors breaksDF into equivalence classes known asdivisor
classes. The groupCF = DF/PF is the group of all divisor classes. The operation
of a principal divisor(y), for y ∈ F×, on a divisorA is A 	→ A + (y). On the
other hand, we have seen that if a nonzero differentialω vanishes onL(A), then
yω vanishes onL(A + (y)). In the notation of the remarks with Corollary 9.14,
we therefore have

Div(yω) = Div(ω)+ (y).
A single orbit of nonzero differentials under the scalar-multiplication action on
Diff (F) by F× thus yields a single divisor class withinDF. We shall show that
Diff (F) is 1-dimensional as anF vector space. Then the nonzero differentials
form a single orbit underF×, and the divisors that arise as Div(ω) for some
nonzero differentialω form a single divisor class.

4. Riemann–Roch Theorem
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Lemma 9.15. As a vector space overF, the space Diff(F) of differentials is
1-dimensional.

PROOF. First we prove that Diff(F) is nonzero. Referring to Theorem 9.13,
we know thatδ(A) = dimk

(AF

/
(L(A)+�(F))). If δ(A) > 0, then there exist

nonzero linear functionals onAF

/
(L(A)+�(F)), and the lift of such a nonzero

linear functional toAF is a nonzero differential. Thus it is enough to produce a
divisor A with δ(A) > 0. Fix v0 in VF, and letA = −2v0. Proposition 9.10
shows that�(A) = 0. Therefore

δ(A) = �(A)− degA − (1 − g) = 2 + g − 1 = g + 1> 0,

and thisA hasδ(A) > 0.
Now we shall prove that theF dimension of Diff(F) is at most 1. Arguing by

contradiction, suppose thatω andω′ are differentials that are linearly independent
overF. If ω vanishes onL(A) andω′ vanishes onL(A′), thenω + ω′ vanishes
onL(A)∩L(A′) ⊇ L(C), whereC = min(A, A′). Let B be an arbitrary divisor.
Suppose for the moment thatL(B) �= 0. If y �= 0 is in L(B), then(y) ≥ −B,
andC + (y) ≥ C − B. SoL(C + (y)) ⊇ L(C − B). We have seen that the
vanishing ofω onL(C) implies the vanishing ofyω onL(C + (y)). Therefore
yω vanishes onL(C − B). Similarly yω′ vanishes onL(C − B).

Still with L(B) �= 0, letn = �(B), and letx1, . . . , xn andy1, . . . , yn be bases
of L(B) over k. Thenx1ω, . . . , xnω, y1ω

′, . . . , ynω
′ are linearly independent

overk because a relation

n∑
i=1

ai xiω +
n∑

j =1
bj yjω

′ = 0

would mean that the membersx = ∑n
i=1 ai xi and y = ∑n

j =1 bj yj of F have
xω + yω′ = 0. Sinceω andω′ are assumed to be linearly independent overF,
x = y = 0. But thenai = 0 for all i andbj = 0 for all j . Consequently we
can generate 2n linearly independent differentials that all vanish onL(C − B).
These differentials may be regarded as linear functionals on thek vector space
AF/(L(C − B)+�(F)), whosek dimension isδ(C − B) by Theorem 9.13.

Consequently
δ(C − B) ≥ 2�(B),

and this inequality is true also ifL(B) = 0, by Riemann’s inequality. Substituting
from the formula forδ( · ), we obtain

�(C − B)− deg(C − B)− 1 + g ≥ 2�(B)

= 2
(

degB + 1 − g)+ δ(B))
≥ 2 degB + 2 − 2g
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because Riemann’s inequality shows thatδ(B) ≥ 0. Replacing deg(C − B) by
degC − degB gives

degB ≤ �(C − B)− degC − 3 + 3g. (∗)

Proposition 9.10 shows that�(C − B) ≤ 1 + deg(C − B) if �(C − B) �= 0. In
this case the two inequalities together give

2 degB ≤ −2 + 3g;

hence�(C − B) = 0 if degB is positive and sufficiently large. Choosing then a
divisor B with degB positive and sufficiently large, we have�(C − B) = 0, and
(∗) gives

degB ≤ − degC − 3 + 3g.

Since the right side is fixed and the left side can be made arbitrarily large, we
have arrived at a contradiction. �

As a result of Lemma 9.15, the divisors of the form Div(ω) for some nonzero
differentialω constitute a single class in the groupCF = DF/PF of divisor classes.
This class is called thecanonical classof F, and any divisor in the class is called
acanonical divisor.

Theorem 9.16(Riemann–Roch Theorem). LetF be a function field in one
variable over a fieldk, and suppose that every member ofF not ink is transcen-
dental overk. If A is any divisor ofF andC is any canonical divisor, then

�(A) = degA + (1 − g)+ �(C − A),

whereg is the genus ofF.

PROOF. Lemma 9.15 shows that there exists a nonzero differentialω0. Let
C0 = Div(ω0). Lemma 9.15 shows thatC = C0 + (y0) for somey0 ∈ F×. Then
ω = y0ω0 has

Div(ω) = Div(y0ω0) = Div(ω0)+ (y0) = C0 + (y0) = C.

Let B be a divisor to be specified, and considerC−B. Any nonzero differential
ω′ vanishing onL(C − B) is of the formω′ = zω for somez ∈ F× by Lemma
9.15, and Div(ω′) = Div(zω) = C + (z). ThereforeL(C + (z)) ⊇ L(C − B),
C + (z) ≥ C − B, and(z) ≥ −B. This inequality means thatz is in L(B).
Conversely ify is any nonzero element inL(B), then(y) ≥ −B andC + (y) ≥
C − B. SoL(C + (y)) ⊇ L(C − B). We know thatyω vanishes onL(C + (y)),
and henceyω vanishes onL(C − B).

4. Riemann–Roch Theorem



552 IX. The Number Theory of Algebraic Curves

Consequently the differentials vanishing onL(C − B) are exactly the dif-
ferentialsyω with y in L(B). Such differentials vanish on�(F) by definition,
and the space of them isk isomorphic to the space ofk linear functionals on
AF

/(L(C − B) + �(F))). By Theorem 9.13 the latter space hask dimension
δ(C − B), and hence the space of differentials in question hask dimension
δ(C − B). In short,

δ(C − B) = �(B).
SinceB is arbitrary, we can specialize it toB = C − A. Then we obtain

�(C − A) = δ(A) = �(A)− degA − (1 − g),

and the theorem follows. �

5. Applications of the Riemann–Roch Theorem

We begin with some immediate applications of the Riemann–Roch Theorem, and
then we obtain some applications that require arguments that are a bit more subtle.
Another application appears in the problems at the end of Chapter X.

Corollary 9.17. If C is any canonical divisor, then�(C) = g.

PROOF. Put A = 0 in Theorem 9.16, and use the fact given in Corollary 9.4
that�(0) = 1. �

Corollary 9.18. If C is any canonical divisor, then degC = 2g − 2.

PROOF. Put A = C in Theorem 9.16, and apply Corollary 9.17 and Corollary
9.4. �

Corollary 9.19. Any divisor A with degA > 2g − 2 hasδ(A) = 0, i.e.,
�(A) = degA + (1 − g).

PROOF. If degA > 2g − 2, then it follows from Corollary 9.18 that
deg(C − A) < 0. By Proposition 9.10,�(C − A) = 0. Then the corollary
is immediate from Theorem 9.16. �

Corollary 9.20. If A is a divisor with degA = 2g − 2, then eitherA is a
canonical divisor and�(A) = g, or A is not a canonical divisor and�(A) = g−1.

PROOF. If A is a canonical divisor, then�(A) = g by Corollary 9.17. Other-
wise, the divisorC − A, which has degree 0 by Corollary 9.18, is not a principal
divisor. Any nonzeroy in L(C − A) then would have(y) ≥ −(C − A) and
0 = deg(y) ≥ − deg(C − A) = 0; hencev(y) = − ordv(C − A) for all v, and
(y) = C − A, contradiction. ConsequentlyL(C − A) = 0 and�(C − A) = 0.
Theorem 9.16 now gives�(A) = degA+ (1− g) = (2g−2)+ (1− g) = g−1.

�
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EXAMPLES OF CANONICAL DIVISORS.

(1) Genusg = 0. In Corollary 9.20 withg = 0, the alternative�(A) =
g − 1 = −1 is impossible, and therefore every divisor with degree−2 is a
canonical divisor.

(2) Genusg = 1. In Corollary 9.20 withg = 1, takeA = 0. Then�(A) =
1 = g by Corollary 9.4. So Corollary 9.20 says that the divisor 0 is a canonical
divisor.

Corollary 9.21. If v0 is in VF andn > max(2g − 1, 0), then there exists a
nonscalarx in F× with (x)∞ ≤ nv0.

PROOF. Let A = nv0, and let fv0 be the residue class degree ofv0. Then
degA = n fv0 ≥ n > max(2g − 1,0), and Corollary 9.19 gives

�(A) = degA + (1 − g) = n fv0 + (1 − g)

> max(2g − 1,0)+ (1 − g) = max(g,1 − g) ≥ 1.

Hence�(A) ≥ 2, andL(A) contains a nonscalar elementx. Thisx has

−n = − ordv0 A ≤ ordv0(x) = ordv0(x)0 − ordv0(x)∞ = − ordv0(x)∞,

and thus(x)∞ ≤ nv0. �

Doubly periodic meromorphic functions onC in the subject of complex analy-
sis may be viewed as meromorphic functions on some torus,12 which is a compact
Riemann surface of genus 1. The Weierstrass℘ function for the torus in question
has a double pole at one point, two zeros, and no other poles or zeros. It is therefore
a functionx with (x)∞ = 2v0 if v0 is the discrete valuation corresponding to the
location of the pole. Hence thisx provides an example with equality holding in
Corollary 9.21 wheng = 1. A theorem of Liouville in this terminology says that
there is no meromorphic function on the torus having just one simple pole and no
other poles. The final corollaries abstract this result to our setting, but they need
an additional hypothesis to ensure thatfv0 = 1. Certainly fv0 will equal 1 if k is
algebraically closed. We considerg = 1 andg > 1 separately. These corollaries
will be generalized in Problems 23–25 at the end of the chapter.

Corollary 9.22. If k is algebraically closed, ifv0 is in VF, and ifg = 1, then
everyx in F with (x)∞ ≤ v0 is a scalar multiple of the identity.

PROOF. Put A = v0. We seekx ∈ F with v0(x) ≥ −1 = − ordv0 A and
with v(x) ≥ 0 = − ordv A for all otherv. Thus we seekx in L(A). This A
has degA = 1 = g = 2g − 1. By Corollary 9.19,�(A) = degA + (1 − g) =
1 + (1 − 1) = 1. SinceL(A) already contains the multiples of the identity, it
contains nothing else. �

12The particular torus isC/!, where! is the lattice of periods.
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Corollary 9.23. If k is algebraically closed, ifv0 is in VF, and ifg > 1, then
everyx in F with (x)∞ ≤ v0 is a scalar multiple of the identity.

PROOF. We argue by contradiction. Suppose thatx is a nonscalar element in
L(v0). Taker = 2g − 1, and letc1, . . . , cr be distinct members ofk. For eachj
with 1 ≤ j ≤ r , x − cj is in L(v0). Since deg(x − cj ) = 0, there exists a unique
vj ∈ VF with vj (x−cj ) = 1. The divisor of the element(x−cj )

−1 is thenv0−vj .
It follows that everyk linear combination of the elements(x − cj )

−1 lies in L(A)
for A = v1+· · ·+vr . On the other hand, these elements are linearly independent
becausevj

(∑r
i =1 ai (x − cj )

−1
)
< 0 if and only ifaj �= 0. Thus�(A) ≥ 2g − 1

and degA = 2g−1. Since degA > 2g−2, Corollary 9.19 is applicable and gives
�(A) = degA+1−g. Thus 2g−1 ≤ �(A) = degA+1−g = 2g−1+1−g = g,
and we obtain the contradictiong ≤ 1. �

6. Problems

1. LetF be a function field in one variable over the fieldk, and letk′ be the subfield
of all members ofF that are algebraic overk.
(a) Suppose thatt1, . . . , tn are members ofk′ that are linearly independent over

k, and suppose thatx ∈ F is transcendental overk. Prove thatt1, . . . , tn are
linearly independent overk(x).

(b) Deduce from (a) that [k′ : k] ≤ [k′(x) : k(x)].
(c) Deduce that [k′ : k] <∞.

Problems 2–4 concern perfect fields, which were defined in Section VII.3. The field
k is perfect if either it has characteristic 0 or else it has characteristicp and the field
mapx 	→ xp of k into itself is onto.

2. Prove that an algebraic extension of a perfect field is perfect.

3. Whenk is perfect, refine an argument in Section 1 by making use of Theorems
7.18, 7.20, 7.22, and the Theorem of the Primitive Element, and show that any
function field in one variable is the function field of some affine plane curve
irreducible overk.

4. Let k be a perfect field. An affine plane curvef (X,Y) irreducible overk is
nonsingular at a point(a, b) of its zero locus if at least one of∂ f

∂X (a,b) and
∂ f
∂Y (a,b) is nonzero. Using Bezout’s Theorem and taking a cue from the proof of
Theorem 7.20, prove that the curve can be singular at only finitely many points
of its zero locus.

Problems 5–11 seek to attach a discrete valuation of the function field of an irreducible
affine plane curve to each point of the zero locus at which the curve is nonsingular.
Let k be a base field, letf (X,Y) be an irreducible polynomial ink[X,Y], let R =
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k[X,Y]/( f (X,Y)), let x andy be the images ofX andY in R, and letF be the field
of fractions ofR. Suppose that(a, b) ∈ k2 has the property thatf (a, b) = 0. The
condition of nonsingularity off at(a,b) is that one of∂ f

∂X and ∂ f
∂Y be nonvanishing at

(a,b), and it will be assumed that∂ f
∂X (a,b) �= 0. Observe from Lemma 7.16 that ifSis

any integral domain, ifs is in S, and ifc(X) is in S[X], thenc(X)−c(s) = (X−s)d(X)
for somed(X) in S[X].

5. Let f1(X) be the member ofk[X] defined as above to makef (X,b) =
(X − a) f1(X). Using the fact that∂ f

∂X (a,b) �= 0, prove that f1(a) �= 0 and
therefore also thatf1(x) �= 0.

6. Letg(X,Y) be a member ofk[X,Y] with g(x, y) �= 0. Prove that ifg(a,b) = 0,
then there existg1(X) in k[X] andh1(X,Y) in k[X,Y] with

g(X,Y) f1(X)− f (X,Y)g1(X) = (Y − b)h1(X,Y),

and deduce thatg(x, y) = (y − b)h1(x, y)/ f1(x).

7. Show that there is a discrete valuationv1 of F overk with v1(y − b) > 0.

8. If h(a, b) = 0 in Problem 6, then the process can be repeated to give

g(x, y) = (y − b)2h2(x, y)/ f1(x)
2.

It can be repeated again ifh2(a,b) = 0, and so on. By applying the valuation
v1 of the previous problem tog(a, y), show that there is an upper bound to the
integersk ≥ 0 such that a nonzero memberg(x, y) in R can be written in the
form g(x, y) = (y − b)khk(x, y)/ f1(x)k for somehk(x, y) in R.

9. (a) Deduce that each nonzerog(x, y) in R is of the form

g(x, y) = (y − b)nh(x, y)/ f1(x)
n

with n ≥ 0, h(x, y) in R, andh(a,b) �= 0, and that the integern and the
memberh(x, y) of R are uniquely determined byg(x, y).

(b) Conclude that every nonzero memberg(x, y) of the field of fractionsF is
of the form(y − b)nh1(x, y)/h2(x, y) with n in Z, h1(x, y) andh2(x, y)
nonzero inR, h1(a,b) �= 0, andh2(a,b) �= 0.

(c) Prove in (b) thatg(x, y) uniquely determinesn.

10. Write each nonzerog(x, y) in F as in (b) of the previous problem, and put
v(g) = n. Also, definev(0) = ∞. Show that the resulting functionv is a
well-defined valuation ofF havingR in its valuation ring, taking the value 0 on
all members ofR that are nonvanishing at(a,b), and having all members ofR
vanishing at(a,b) in its valuation ideal.
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11. Prove that there is only one valuation ofF overk taking the value 0 on all members
of R that are nonvanishing at(a,b) and having all members ofR vanishing at
(a, b) in its valuation ideal.

Problems 12–20 compute the genus of certain function fields in one variable. Letk
be a field of characteristic�= 2, let f (X) be a square-free nonconstant polynomial in
k[X], let F = k(X)[Y]/(Y2 − f (X)), and letx andy be the images ofX andY in F.
In these problems,p denotes a positive integer.

12. Verify that
(a) the elementx is transcendental overk, y is algebraic overk(x) with y2 =

f (x), andF is a function field in one variable overk,
(b) every member ofF is uniquely of the forma(x)+ yb(x)with a(x) andb(x)

in k(x),
(c) every member ofF not ink is transcendental overk,
(d) F/k(x) is a Galois extension of degree 2, and the nontrivial elementσ of

Gal(F/k(x)) satisfiesσ(a(x) + yb(x)) = a(x) − yb(x) for a(x) andb(x)
in k(x).

13. Prove that the integral closure ofk[x] in F is the ring R of all elements
a(x)+ yb(x) such thata(x) andb(x) are ink(x).

14. (a) Deduce from the previous problem thatR is the set of all membersz of F
such thatv(z) ≥ 0 for all v in DF that satisfyv(x) ≥ 0.

(b) Deduce from (a) thatL(p(x)∞) ⊆ R.

15. Letv be any member ofDF with v(x) < 0.
(a) Prove that every nonzeroc(x) in k[x] hasv(c(x)) = (degc)v(x).
(b) Prove thatv(y) = 1

2(deg f )v(x).
(c) Prove that ifa(x) and b(x) are in k[x] with degb + 1

2 deg f ≤ p and
dega ≤ p, thenv(a(x)+ yb(x)) ≥ pv(x).

16. Prove that ifa(x) andb(x) are ink[x] with degb+ 1
2 deg f ≤ p and dega ≤ p,

thena(x)+ yb(x) lies in L(p(x)∞).

17. (a) Prove that ifv is in DF and if σ is in Gal(F/k(x)), then the functionvσ

defined byvσ (z) = v(σ (z)) for z ∈ F is in DF.
(b) Why isv(x) < 0 if and only ifvσ (x) < 0?
(c) Deduce that ifz is in L(p(x)∞), then so isσ(z).

18. (a) Using the previous problem, show that ifa(x) andb(x) are ink[x] with
a(x) + yb(x) in L(p(x)∞) and if v is a member ofDF with v(x) < 0,
thenv(a(x)) ≥ pv(x) andv(a(x)2 − f (x)b(x)2) ≥ 2pv(x). Conclude that
dega ≤ p and deg(a2 − f b2) ≤ 2p.

(b) Deduce thatL(p(x)∞) consists of all membersa(x)+ yb(x) of R such that
dega ≤ p and degb + 1

2 deg f ≤ p.
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19. Calculate that�(p(x)∞) = 2p + 2 − [1
2(1 + deg f )

]
if p ≥ [1

2(1 + deg f )
]
.

Here [· ] denotes the greatest integer function.

20. (a) Why is deg(x)∞ = 2?
(b) Using Corollary 9.19 withA = p(x)∞ for a suitablep, prove that the genus

of F is g = [1
2(1 + deg f )

]− 1.

Problems 21–22 compute the genus of certain further function fields in one variable.
The notation is as in Problems 12–20 except thatf (X) is allowed to have repeated
factors. Suppose thatf (X) = g(X)2h(X), whereh(X) is a square-free nonconstant
polynomial andg(X) is in k[X]. Let F = k(X)[Y]/(Y2 − f (X)).

21. WithF′ = k(X)[Z]/(Z2 − h(X)), exhibit a field isomorphismF → F′ fixing k.

22. Suppose thatf (X) has degree 3.
(a) Prove thatF has genus 1 iff (X) has no repeated root ink and thatF has

genus 0 otherwise.
(b) Prove that the affine plane curveY2− f (X) overk has a singularity ink2

alg if

and only if f (X) has a repeated root ink2
alg. Herekalg denotes an algebraic

closure ofk.

Problems 23–25 introduce Weierstrass points. Letk be an algebraically closed field,
and letF be a function field in one variable overk of genusg. Fix a discrete valuation
v in DF.

23. Why is it true that�(0v) = 1, �(1v) = 1 if g ≥ 1, �((2g − 1)v) = g, �(2gv) =
g + 1, and�(nv) ≤ �((n + 1)v) ≤ �(nv)+ 1 for all integersn ≥ 0?

24. Deduce from the previous problem that there exist exactlyg integers 0< n1 <

n2 < · · · < ng < 2g such that there is nox in F with (x)∞ = ni v. (Educational
note: The integersni are called theWeierstrass gapsof v, and(n1, . . . ,ng) is
the gap sequencefor v. Classically whenF is viewed as the function field of
an everywhere nonsingular projective curve, then the points of the zero locus in
projective space are in one-one correspondence with the members ofDF; with
this understanding, the point corresponding tov is called aWeierstrass pointif
the gap sequence forv is anything but(1, 2, . . . , g). Accordingly let us callv a
Weierstrass valuationin this case.)

25. Prove that
(a) v is a Weierstrass valuation if and only if�(gv) > 1.
(b) 1 is a Weierstrass gap ifg > 0.
(c) v is not a Weierstrass valuation ifg = 0 or g = 1.
(d) if r ands are positive integers with sum< 2g that are not Weierstrass gaps

atv, thenr + s is not a Weierstrass gap atv.
(e) if 2 is not a Weierstrass gap atv, then the gap sequence is(1,3, 5, . . . ,2g−1).



CHAPTER X

Methods of Algebraic Geometry

Abstract. This chapter investigates the objects and mappings of algebraic geometry from a geo-
metric point of view, making use especially of the algebraic tools of Chapter VII and of Sections
7–10 of Chapter VIII. In Sections 1–12,k denotes a fixed algebraically closed field.

Sections 1–6 establish the definitions and elementary properties of varieties, maps between
varieties, and dimension, all overk. Sections 1–3 concern varieties and dimension. Affine algebraic
sets, affine varieties, and the Zariski topology on affine space are introduced in Section 1, and
projective algebraic sets and projective varieties are introduced in Section 3. Section 2 defines
the geometric dimension of an affine algebraic set, relating the notion to Krull dimension and
transcendence degree. The actual context of Section 2 is a Noetherian topological space, the Zariski
topology on affine space being an example. In such a space every closed subset is the finite union of
irreducible closed subsets, and the union can be written in a certain way that makes the decomposition
unique. Every nonempty closed set has a meaningful geometric dimension. In affine space the
irreducible closed sets are the varieties, and each variety acquires a geometric dimension. The
discussion in Section 2 applies in the context of projective space as well, and thus each projective
variety acquires a geometric dimension. Moreover, any nonempty open subset of a Noetherian
space is Noetherian. A nonempty open subset of an affine variety is called quasi-affine, and a
nonempty open subset of a projective variety is called quasiprojective. Each quasi-affine variety or
quasiprojective variety has a dimension equal to that of its closure, which is a variety.

Sections 4–6 take up maps between varieties. Section 4 introduces spaces of scalar-valued
functions on quasiprojective varieties—rational functions, functions regular at a point, and functions
regular on an open set. The section goes on to relate these notions for the different kinds of varieties.
Section 5 introduces morphisms, which are a restricted kind of function between varieties. The
tools of Sections 4–5 together show that for many purposes all the different kinds of varieties can be
treated as quasiprojective varieties. Section 6 introduces rational maps between varieties; these are
not everywhere-defined functions, but each can be restricted to an open dense subset on which it is
a morphism. Rational maps with dense image correspond to field mappings of the fields of rational
functions, with the order of the mappings reversed.

Section 7 concerns singularities at points of varieties, still over the fieldk. Zariski’s Theorem
was stated in Chapter VII for affine varieties and partly proved at that time. In the current context
it has a meaning for any point of any quasiprojective variety. The section proves the full theorem,
which characterizes singular points in a way that shows they remain singular under isomorphisms
of varieties.

Section 8 concerns classification questions overk for irreducible curves, i.e., quasiprojective
varieties of dimension 1. From Section 6 it is known that two irreducible curves are equivalent under
rational maps if and only if their fields of rational functions are isomorphic. The main theorem of
Section 8 is that each such equivalence class of irreducible curves contains an everywhere nonsingular
projective curve, and this curve is unique up to isomorphism of varieties. The points of this curve
are parametrized by those discrete valuations of the underlying function field that are defined overk.

558
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Sections 9–12 relate the general theory of Sections 1–6 to the topic of solutions of simultaneous
solutions of polynomial equations, as treated at length in Chapter VIII. Section 9 treats monomial
ideals ink[X1, . . . , Xn], identifying their zero loci concretely and computing their dimension. The
section goes on to introduce the affine Hilbert function of this ideal, which measures the proportion of
polynomials of degree≤ s not in the ideal. In the way that this function is defined, it is a polynomial
for larges called the affine Hilbert polynomial of the ideal. Its degree equals the dimension of the
zero locus of the ideal. Section 10 extends this theory from monomial ideals to all ideals, again
concretely computing the dimension of the zero loci, obtaining an affine Hilbert polynomial, and
showing that its degree equals the dimension of the zero locus of the ideal. Section 11 adapts the
theory to homogeneous ideals and projective algebraic sets by making use of the cone in affine
space over the set in projective space. Section 12 applies the theory of Section 11 to address the
question how the dimension of a projective algebraic set is cut down when the set is intersected with
a projective hypersurface. A consequence of the theory is the result that a homogeneous system of
polynomial equations over an algebraically closed field with more unknowns than equations has a
nonzero solution.

Section 13 is a brief introduction to the theory of schemes, which extends the theory of varieties
by replacing the underlying algebraically closed field by an arbitrary commutative ring with identity.

1. Affine Algebraic Sets and Affine Varieties

We come now to the more geometric side of algebraic geometry. At least initially
this means that we are interested in the set of simultaneous solutions of a system
of polynomial equations in several variables. Because of the Nullstellensatz the
natural starting point for the investigation is the case that the underlying field of
coefficients is algebraically closed.

Accordingly, throughout Sections 1–6 of this chapter,k will denote an alge-
braically closed field.1 We fix a positive integern and denote byA the polynomial
ring A = k[X1, . . . , Xn]. Typical ideals ofA will be denoted bya, b, . . . . We
begin by expanding on some definitions made in Section VIII.2. The set

An = {
(x1, . . . , xn) ∈ kn}

is calledaffine n-space. Members ofAn are calledpoints in affinen-space, and
the functionsP 	→ xj (P) give thecoordinatesof the points.

To each subsetS of polynomials inA, we associate thelocus of common
zeros, or zero locusof the members ofS:

V(S) = {
P ∈ An | f (P) = 0 for all f ∈ S

}
.

Any such setV(S) is called anaffine algebraic setin An. If S is a finite set
{ f1, . . . , fk} of polynomials, we allow ourselves to abbreviateV({ f1, . . . , fk})

1The exposition in these sections is based in part on Chapters 2, 4, and 6 of Fulton’s book,
Chapter I of Hartshorne’s book, and Chapter I of Volume 1 of Shafarevich’s books.
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asV( f1, . . . , fk). It is immediate from the definitions thatV(S) is the same as
V(a) if a is the ideal inA generated byS. The Hilbert Basis Theorem shows that
every ideal ofA is finitely generated, and it follows that every affine algebraic set
is of the formV( f1, . . . , fk) for somek and some polynomialsf1, . . . , fk.

In Chapter VIII we worked extensively with examples of ideals ofA and their
corresponding affine algebraic sets, and it will not be necessary to give further
examples of that kind now.

Observe from the definition thatV(S) = ⋂
f ∈S V( f ) for any subsetSof A. It

follows immediately thatS 	→ V(S), as a function carrying each subsetS of A
to a subsetV(S) of An, is inclusion reversing:S1 ⊆ S2 impliesV(S1) ⊇ V(S2).
Using this same identity, we obtain the following further properties ofV .

Proposition 10.1.Affine algebraic sets inAn have the following properties:

(a) V(∅) = V(0) = An andV(A) = ∅,
(b) V

(⋃
α Sα

) = ⋂
α V(Sα) if the Sα ’s are arbitrary subsets ofA,

(c) V(S) = V(S1) ∪ V(S2) if S1 andS2 are subsets ofA and if S is defined
as the set of all productsf1 f2 with f1 ∈ S1 and f2 ∈ S2.

PROOF. Property (a) is immediate. For (b), we have

V
(⋃
α

Sα
) = ⋂

f ∈⋃
α Sα

V( f ) = ⋂
α

⋂
f ∈Sα

V( f ) = ⋂
α

V(Sα).

For (c), we observe first thatV( f1 f2) = V( f1) ∪ V( f2) for any f1 and f2 in A.
Then

V(S) = ⋂
f1∈S1,
f2∈S2

V( f1 f2) = ⋂
f1∈S1

⋂
f2∈S2

(
V( f1) ∪ V( f2)

)
= ( ⋂

f1∈S1

V( f1)
) ∪ ( ⋂

f2∈S2

V( f2)
) = V(S1) ∪ V(S2). �

Properties (a), (b), and (c) in the proposition are the axioms for the closed
sets in a topology onAn. This topology is called theZariski topology on affine
n-space. Every one-point set is closed. The Zariski topology onAn is never
Hausdorff; for example, ifn = 1, then it is the topology onk1 = k in which the
nonempty open sets are the complements of the finite sets. Since one-point sets
are closed and the topology is not Hausdorff, the Zariski topology onAn is never
regular. At first glance it looks like a useless topology, but we shall see already
in Proposition 10.3b and again in Section 2 that it is quite helpful for handling
the bookkeeping used in passing back and forth between algebra and geometry.

Next we introduce a functionE 	→ I (E), carrying each subsetE of An to an
ideal I (E) in A, by the definition

I (E) = {
f ∈ A | f (P) = 0 for all P ∈ E

}
.
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ThenI (E) = ⋂
P∈E I ({P}). It follows immediately thatE 	→ I (E) is inclusion

reversing:E1 ⊆ E2 implies I (E1) ⊇ I (E2). The result forI ( · ) that parallels
Proposition 10.1 is as follows.

Proposition 10.2.For fixedn, the functionI ( · ) has the following properties:
(a) I (∅) = A and I (A) = 0,
(b) I (E1 ∪ E2) = I (E1) ∩ I (E2) if E1 andE2 are subsets ofAn,
(c) I (E1 ∩ E2) ⊇ I (E1)+ I (E2) if E1 andE2 are subsets ofAn.

REMARKS. Equality can fail in (c). For example, ifE1 is the one-point set{0}
andE2 is its complement, thenI (E1 ∩ E2) = I (∅) = A, while I (E2) = 0 and
I (E1) consists of all members ofA with 0 constant term.

PROOF. Property (a) is immediate. For (b), we have

I (E1 ∪ E2) = ⋂
P∈E1∪E2

I ({P}) = ( ⋂
P∈E1

I ({P}))∩ ( ⋂
P∈E2

I ({P})) = I (E1)∩ I (E2).

In (c), the fact thatI ( · ) is inclusion reversing implies thatI (E1 ∩ E2) ⊇ I (E1)

and thatI (E1 ∩ E2) ⊇ I (E2). SinceI (E1 ∩ E2) is closed under addition, (c)
follows. �

This is all quite elementary. The less trivial question is the extent to which
V( · ) and I ( · ) are inverse to one another. Proposition 10.3 gives the answer.

Proposition 10.3.For fixedn,
(a) I (V(a)) = √

a for each ideala in A,
(b) V(I (E)) = E for each subsetE of An, whereE is the Zariski closure

of E,
(c) V(a) = V(

√
a ) for each ideala in A,

(d) any two idealsa andb in A haveab ⊆ a ∩ b ⊆ √
ab and consequently

haveV(a ∩ b) = V(ab) = V(a) ∪ V(b).

REMARKS. Recall from Section VII.1 that
√

a denotes the radical ofa, con-
sisting of all f in A such thatf k is in a for some integerk ≥ 1. The radical ofa
equalsa itself if a is prime.

PROOF. Conclusion (a) is the Nullstellensatz as formulated in Theorem 7.1b.
For (b), the definitions show thatV(I (E)) ⊇ E. Since any setV(S) is Zariski

closed, we must haveV(I (E)) ⊇ E. On the other hand, the fact thatE is closed
means thatE = V(S) for someS. ThusV(S) = E ⊇ E, and the inclusion-
reversing property ofI ( · ) gives I (V(S)) ⊆ I (E). Since the definitions imply
that S ⊆ I (V(S)), we obtainS ⊆ I (E). From the inclusion-reversing property
of V( · ), we conclude thatE = V(S) ⊇ V(I (E)).

For (c), (a) and (b) giveV(
√

a ) = V(I (V(a))) = V(a) = V(a) becauseV(a)
is closed.
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For (d), the inclusionab ⊆ a ∩ b is immediate. If f is in a ∩ b, then f is
in a and inb, and hencef 2 is in ab. Thus f is in

√
ab . Applying V( · ) gives

V(ab) ⊇ V(a ∩ b) ⊇ V(
√

ab ). SinceV(ab) = V(
√

ab ) by (c), V(a ∩ b) =
V(ab). Finally V(ab) = V(a) ∪ V(b) by Proposition 10.1c. �

An affine variety is any affine algebraic set of the formV(p), wherep is a
prime ideal2 of A. That is, an affine variety is the locus of common zeros of any
prime ideal ofA.

For example, iff is an irreducible polynomial inA, then f is prime becauseA
is a unique factorization domain, and consequently the principal ideal( f ) is prime.
Thus the zero locus inA2 of an irreducible polynomialf in k[X,Y] is an example
of an affine variety. This particular kind of affine variety is called anirreducible
affine plane curve.3,4 More generally, if f is irreducible inA = k[X1, . . . , Xn]
with n ≥ 2, then the zero locus off in An is called anirreducible affine
hypersurface.5 Another example of an affine variety is any translate of any vector
subspace ofAn. Examples of affine varieties other than irreducible hypersurfaces,
translates of vector subspaces, and varieties built from other varieties in simple
ways often take some work to establish. The reason is that it is usually not easy
to show that a particular nonprincipal ideal is prime. Here is one example that is
manageable.

EXAMPLE. The twisted cubic in A3 is the zero locusV(p) of the idealp in
k[X,Y, Z] given byp = (Y− X2, Z − X3); that is,V(p) = {(x, x2, x3) | x ∈ k}.
The substitution homomorphismϕ that fixesk and sendsX to X, Y to X2, and
Z to X3 carriesk[X,Y, Z] into k[X]. It is ontok[X] because any polynomial in
X alone is sent to itself byϕ. The kernel ofϕ manifestly containsp. To see that
it equalsp, we argue by contradiction. Choose a polynomialf in kerϕ not in p
whose degree inZ is as small as possible and whose degree inY is as small as
possible among those of minimal degree inZ. If Z occurs somewhere inf , then
by replacing all occurrences ofZ in f with X3, we replacef by another member
of f + p of lower degree inZ, contradiction. Thusf has noZ in it. Arguing

2Warning: The books by Fulton and Hartshorne in the Selected References use the narrow
definition of variety that is reproduced here. Some books by other authors allow all affine algebraic
sets to be called varieties. Volume 1 of Shafarevich’s books does not use the word “variety.”

3Warning: This definition represents a change from Chapters VIII and IX, corresponding to a
change in point of view. Previously the word “curve” referred to the ideal, and now it is to refer to
the zero locus. From a mathematical standpoint Proposition 10.3 shows that this distinction is not
important in the presence of the irreducibility and the fact thatk is algebraically closed. The change
thus represents only a matter of convenience for the exposition.

4Some authors build the condition of irreducibility into the definition of “curve,” but this book
does not.

5Some authors build the condition of irreducibility into the definition of “hypersurface,” but this
book does not.
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similarly, we see thatf has noY in it. So f is a polynomial inX. Sinceϕ acts
as the identity on polynomials inX alone, f = 0. This contradiction shows that
kerϕ = p. Since imageϕ = k[X] is an integral domain,p is prime. By the
Nullstellensatz,p may be described alternatively as the ideal of all polynomials
vanishing onV(p).

Every affine variety is nonempty, as a consequence of the Nullstellensatz. In
fact, any prime idealp of A is contained in a maximal idealm, whose zero locus
is identified as some pointP of An. The inclusionp ⊆ m implies thatV(p) ⊇
V(m) = {P}. Affine varieties are characterized by a geometric irreducibility
property that is stated in Corollary 10.4.

Corollary 10.4. The affine varieties inAn are characterized as those nonempty
Zariski closed sets that cannot be written as the union of two proper closed subsets.

REMARKS. One says that the affine varieties are those affine algebraic sets that
areirreducible . Irreducible sets are nonempty by definition.

PROOF. Let V(p) be an affine variety withp prime, and suppose thatV(p) =
E1∪ E2 with E1 andE2 both closed and properly contained inV(p). Application
of I ( · )and use of Proposition 10.2b givesI (V(p)) = I (E1)∩ I (E2). Proposition
10.3a allows us to rewrite this conclusion asp = b1 ∩ b2 with b1 = I (E1) and
b2 = I (E2). By Problem 10a at the end of Chapter VII,p = b1 or p = b2. If
p = b1, thenV(p) = V(b1) = V(I (E1)), and this equalsE1 by Proposition
10.3b becauseE1 is closed. Similarly ifp = b2, thenV(p) = E2. ThusE1 and
E2 cannot both be proper subsets ofV(p).

Conversely suppose thatE is an irreducible closed subset ofAn. Let f and
g be members ofA with f g in I (E). Then Propositions 10.3b and 10.1c give
E = V(I (E)) ⊆ V( f g) = V( f ) ∪ V(g). Therefore

E = (
E ∩ V( f )

) ∪ (E ∩ V(g)
)

exhibitsE as the union of two closed sets. By irreducibility one of the two closed
sets equalsE. If E = E ∩ V( f ), thenE ⊆ V( f ) and I (E) ⊇ I (V( f )) ⊇ ( f ).
If E = E ∩ V(g), then similarlyI (E) ⊇ (g). Either way, one off andg lies in
I (E). SinceE is assumed nonempty,I (E) is proper. ThereforeI (E) is prime.

�

2. Geometric Dimension

We continue to assume thatk is an algebraically closed field and to writeA
for k[X1, . . . , Xn]. If p is a prime ideal inA, then thedimensionof the affine
varietyV(p) was defined in Section VII.2 to be the transcendence degree of the
field of fractions of the integral domainA/p overk. This quantity depends only
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on V(p) becausep can be recovered fromV(p) by the formulap = I (V(p))
given in Proposition 10.3a. The integral domainA/p is finitely generated as a
k algebra with generatorsX1 + p, . . . , Xn + p, and Theorem 7.22 shows that
this transcendence degree equals the Krull dimension of the ringA/p, which is
denoted by dimA/p. The latter quantity is the supremum of the indicesd of all
strictly increasing chainsp0 � p1 � · · · � pd of prime ideals inA/p.

Because of this equality, it is natural to use the notion of Krull dimension in
order to generalize the definition of dimension from varieties to all nonempty
affine algebraic sets.6 If a is an any proper ideal inA, not necessarily prime, and
V(a) is its locus of common zeros, we might first try defining dimV(a) to be the
Krull dimension ofA/a. This approach is a bit cumbersome because two distinct
idealsa anda′ can haveV(a) = V(a′); thus some argument would be needed to
see that dimV(a) is well defined before it would be possible to proceed.

Instead, we shall give a direct geometric definition of dimension in terms of
the Zariski topology onAn. Theorem 10.7 later in this section will show that the
geometric quantity dimV(a) equals the Krull dimension ofA

/√
a , thus that the

dimension of an affine algebraic set has an algebraic formulation. From this result
we shall deduce that dimV(a) equals the Krull dimension ofA/a itself. This
algebraic formulation of a definition will not yet allow us to compute dimensions
concretely, but we shall introduce in Sections 9–11 an equivalent combinatorial
definition of dimension that is computable in terms of Gr¨obner bases.

A topological spaceX will be said to beNoetherianif every strictly decreasing
sequence of closed subsets is finite in length. An example is affinen-spaceAn.
In fact, if E1, E2, . . . are closed sets inAn with E1 ⊇ E2 ⊇ · · · , then the
corresponding ideals haveI (E1) ⊆ I (E2) ⊆ · · · . SinceA is Noetherian, there
exists some integerk with I (Ek) = I (Ek+1) = · · · . Applying V( · ) and using
Proposition 10.3b, we obtainEk = Ek+1 = · · · .

We can generalize the definition of irreducibility for closed sets fromAn to
an arbitrary Noetherian topological space. Namely a nonempty closed setE is
irreducible if it is not the union of two proper closed subsets. An important ob-
servation about any Noetherian topological space is that any nonempty relatively
open subsetU of an irreducible closed setV is dense inV ; in fact, if U denotes
the closure ofU , thenV = U ∪ (V − U ) exhibitsV as the union of two closed
subsets, and the irreducibility forcesU = V sinceV − U �= V .

Proposition 10.5. If X is a Noetherian topological space, then any closed
subset is the finite union of irreducible closed subsets. This decomposition of a
closed set as such a union may be chosen in such a way that none of the closed sets
in the union contains another set in the union, and in this case the decomposition
is unique.

6We shall leave the dimension of the empty set as undefined for now.
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PROOF. For existence of some decomposition of each closed set as a finite
union of irreducible closed subsets, we argue by contradiction. Assuming that
there exists some closed subsetE of X that is not the finite union of irreducible
closed subsets, we may assume by the Noetherian condition onX thatE isminimal
among all such counterexamples. SinceE cannot itself be irreducible, we can
write E = E1 ∪ E2 with E1 andE2 closed and properly contained inE. Since
E is minimal among all closed subsets that are not the finite union of irreducible
closed subsets,E1 andE2 can be expressed as finite unions of irreducible closed
subsets. Substituting these expressions into the equalityE = E1 ∪ E2 gives a
contradiction to the fact thatE is a counterexample.

This proves existence of a decomposition. By going through the sets in the
decomposition one at a time and by discarding any set that is contained in another
set, we obtain a decomposition as in the second sentence of the proposition.

For uniqueness, suppose thatE = E1 ∪ · · · ∪ Ek = F1 ∪ · · · ∪ Fl gives two
decompositions of the asserted kind. Say thatk ≥ l . SinceFi ⊆ E1∪· · ·∪· · ·∪Ek,
we obtainFi = (Fi ∩ E1) ∪ · · · ∪ (Fi ∩ Ek). Irreducibility of Fi implies that
Fi = Fi ∩ Ej (i ) for some j = j (i ). HenceFi ⊆ Ej (i ) for some functionj (i )
from {1, . . . , l } to {1, . . . , k}. Reversing the roles of theEi ’s and theFj ’s yields
a functioni ( j ) such thatEj ⊆ Fi ( j ). ThenFi ⊆ Ej (i ) ⊆ Fi ( j (i )). Since noFi

contains someFi ′ with i ′ �= i , we conclude thati ( j (i )) = i for all i . Therefore
k = l , andi ( · ) and j ( · ) are inverse to each other. �

Corollary 10.6. Every affine algebraic set inAn can be expressed uniquely as
the finite (possibly empty) union of affine varieties in such a way that none of the
varieties contains another of the varieties.

REMARKS. For example,

V(X2 − Y2) = V(X + Y) ∪ V(X − Y)

by Proposition 10.1c, and the affine algebraic set on the left side is expressed as
the union of the affine varieties on the right.

PROOF. We saw before Proposition 10.5 thatAn is a Noetherian topological
space, and Corollary 10.4 shows that the irreducible subsets are the affine varieties.
The closed sets are the affine algebraic sets by definition, and hence the result is
a special case of Proposition 10.5. �

The geometric dimensionof a nonempty closed subsetE of a Noetherian
topological spaceX is the supremum of the integersd ≥ 0 such that there exists
a strictly increasing chainE0 � E1 � · · · � Ed of irreducible closed subsets
of E. This definition makes sense because a chain withd = 0 can always be
formed withE0 equal to one of the irreducible closed sets from Proposition 10.5;
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however, there is no guarantee in this generality that the geometric dimension
will be finite. In any event, it is clear from the definition that if two closed sets
E andE′ haveE ⊆ E′, then the geometric dimension ofE is ≤ the geometric
dimension ofE′.

In the case of a nonempty affine algebraic setV(S), the geometric dimension
of V(S) is to refer to this kind of dimension relative to the Zariski topology.

EXAMPLES OF GEOMETRIC DIMENSION INAn.
(1) Any one-point set inAn is closed and plainly has geometric dimension 0.

Any affine varietyV with more than one point has geometric dimension≥ 1,
since{P} � V is a strictly increasing chain of irreducible closed sets ifP is
chosen as a point inV .

(2) An has geometric dimensionn. This fact will follow from Theorem 10.7
below becauseA has Krull dimensionn as a consequence of Theorem 7.22.

(3) Twisted cubic inA3, namely{(x, x2, x3) | x ∈ k}. According to the
example in Section 1, this isV(p) for the prime idealp = (Y − X2, Z − X3) ⊆
k[X,Y, Z]. The inclusions of prime ideals(X,Y, Z) � (Y − X2, Z − X3) �
(Y − X2) � 0 give the strictly increasing chain{0} � V(p) � {(x, x2, z)} � A3,
which is of the kind described forA3. If another term could be included between
{0} andV(p), then we would obtain a sequence showing thatA3 has geometric
dimension≥ 4, in contradiction to Example 2. SoV(p) has geometric dimension
≤ 1. In view of Example 1,V(p) has geometric dimension equal to 1.

Theorem 10.7.If a is any proper ideal ofA, then the following four quantities
are equal:

(a) the geometric dimension ofV(a),
(b) the Krull dimension ofA

/√
a ,

(c) the maximum of the geometric dimension ofVj over all affine varieties
Vj contained inV(a),

(d) the Krull dimension ofA/a.

REMARKS. We take these equal quantities as the definition of thedimension
dimV(a) of the affine algebraic setV(a). Because of Theorem 7.22, these
quantities equal the transcendence degree overk of the field of fractions ofA/a
in the case thata is a prime ideal. Fora = 0, we know that dimA = n; hence
the equal quantities in the theorem are≤ n.

PROOF. Let
E0 ⊆ E1 ⊆ · · · ⊆ Ed (∗)

be an increasing chain of irreducible closed subsets ofV(a), and definepj to be
the idealpj = I (Ej ). Then eachpj is a prime ideal by Corollary 10.4, and also

pd ⊆ · · · ⊆ p1 ⊆ p0 (∗∗)
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becauseI ( · ) is inclusion reversing. If(∗) is strictly increasing, then so is(∗∗); in
fact, if pj were to equalpj −1 for some j , then we would haveEj = V(I (Ej )) =
V(pj ) = V(pj −1) = V(I (Ej −1)) = Ej −1, contradiction. In(∗), we haveEd ⊆
V(a), and thus Proposition 10.3a gives

√
a = I (V(a)) ⊆ I (Ed) = pd. In other

words, any strictly increasing sequence(∗) of irreducible closed subsets ofV(a)
yields a strictly increasing sequence(∗∗) of prime ideals ofA that contain

√
a .

Conversely if(∗∗) is a strictly increasing sequence of prime ideals ofA con-
taining

√
a , and if we defineEj = V(pj ) for 0 ≤ j ≤ d, then we obtain the

sequence(∗) of irreducible closed subsets ofV(
√

a ) = V(a), and(∗) is strictly
increasing, since an equalityEj = Ej −1 would imply thatpj = I (V(pj )) =
I (Ej ) = I (Ej −1) = I (V(pj −1)) = pj −1 because of Proposition 10.3a.

Thus the strictly increasing sequences(∗) of irreducible closed subsets ofV(a)
are in one-one correspondence with the strictly increasing sequences(∗∗)of prime
ideals ofA containing

√
a . Letϕ : A → A

/√
a be the quotient homomorphism.

Application ofϕ to (∗∗) yields a strictly increasing sequence of ideals ofA
/√

a
by the First Isomorphism Theorem, and prime ideals map to prime ideals under
this correspondence. Thus the existence of a strictly increasing sequence as in
(∗∗) implies that the Krull dimension ofA

/√
a is≥ d. Meanwhile, the existence

of a strictly increasing sequence as in(∗) implies that the geometric dimension of
V(a) is ≥ d. We have seen that these sequences are in one-one correspondence,
and therefore the equality of (a) and (b) in the theorem follows.

In (c) certainly the geometric dimension of anyVj is≤ the geometric dimension
of V(a). If d0 denotes the geometric dimension ofV(a), then we can find a strictly
increasing chain as in(∗) with d = d0 and with all the sets contained inV(a).
Corollary 10.4 shows thatEd0 is an affine variety contained inV(a), and the
sequence(∗) shows that the geometric dimension ofEd0 is at leastd0. Thus
Vj = Ed0 is an affine variety contained inV(a) whose geometric dimension
equals that ofV(a).

To complete the proof, we show the equality of (b) and (d), i.e., we show that
A/a andA

/√
a have the same Krull dimension. Sincea ⊆ √

a , it is enough to
show that in any strictly increasing sequence of prime ideals as in(∗∗) such that
all the ideals containa, all the ideals actually contain

√
a . (Then the sequences

(∗∗) for a will be in one-one correspondence with the sequences for
√

a , and we
can argue using the First Isomorphism Theorem as in the third paragraph of the
proof.) Thus letx be in

√
a . By definition of radical,xk lies in a for somek.

Sincea ⊆ pd, xk lies in pd. But pd is prime, and thereforex lies in pd. Thus
every ideal in the sequence(∗∗) for a occurs in the sequence(∗∗) for

√
a , and

the theorem follows. �

The dimension of an irreducible hypersurface inA = k[X1, . . . , Xn] is n − 1,
as was observed in Section VII.5. Proposition 10.9 below will prove a converse.
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Lemma 10.8.Every minimal nonzero prime ideal inA is principal.

PROOF. Let p be a minimal nonzero prime ideal, letf �= 0 be a nonzero
member, and writef as the product of irreducible elements. Sincep is prime,
one of the irreducible elements, sayg, lies inp. SinceA is a unique factorization
domain,g is prime. Consequently(g) is a prime ideal ofA lying in p. By
minimality of p, p = (g). �

Proposition 10.9. Suppose thatp is a prime ideal ofA and V(p) is the
corresponding affine variety. If dimV(p) = n − 1, thenp is principal, and hence
V(p) is an irreducible hypersurface.

PROOF. For anyn ≥ 1, dimV(p) = n − 1 < n = dimV(0) impliesp �= 0.
Since dimV(p) = n − 1, there exists a chain

0 = q0 � q1 � · · · � qn−1

of prime ideals inA/p. If ϕ : A → A/p denotes the quotient homomorphism,
then this chain lifts toA as

0 � p � ϕ−1(q1) � · · · � ϕ−1(qn−1).

This chain hasn members after the 0 at the left, andA has Krull dimensionn.
Consequently the first nonzero element, which isp, is a minimal nonzero prime
ideal of A. By Lemma 10.8,p is principal. �

A quasi-affine varietyis any nonempty Zariski open subset of an affine variety.
These sets and their projective analogs, which will be defined in Section 3, will be
the main objects of interest geometrically in Sections 1–6. IfY is a quasi-affine
variety, then the closureY is the affine variety in question because any nonempty
relatively open subset of an affine variety is dense in the variety.7

Let us see that the relative Zariski topology on a quasi-affine varietyY makes
Y into a Noetherian topological space. In fact, ifX is a Noetherian topological
space andY is a topological subspace, thenY is Noetherian. To see this, we
argue by contradiction, lettingE1 ⊇ E2 ⊇ · · · be a strictly decreasing sequence
of relatively closed sets inY. Then the sequence of closures inX forms a
decreasing sequence of closed sets inX with the property thatEj = Y ∩ Ej for
each j becauseEj is assumed to be relatively closed inY. It follows that the
sequence of closures is strictly decreasing, contradiction.

Consequently any quasi-affine varietyY is Noetherian in the relative Zariski
topology and has a meaningful geometric dimension. We write dimY for this
dimension.

7This important observation was made just before Proposition 10.5.
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Lemma 10.10. If Y is a quasi-affine variety inAn and if E is a nonempty
relatively closed subset ofY, then E is irreducible8 for Y if and only if E is
irreducible forAn.

REMARKS. We shall actually prove the stronger result that ifY is a nonempty
open subset of a Noetherian topological spaceX (such asAn) and if E is a
nonempty relatively closed subset ofY, thenE is irreducible forY if and only if
E is irreducible forX. This stronger result will be used in Section 3.

PROOF. First we check thatE reducible impliesE reducible. IfE is reducible,
say is a unionE = E1 ∪ E2 with E1 andE2 relatively closed proper subsets of
E, thenE = E1 ∪ E2. Each ofE1 andE2 is a closed subset ofE. To see that
E1 is proper, we argue by contradiction. IfE1 = E, then intersecting both sides
with Y gives the contradictionE1 = Y ∩ E1 = Y ∩ E = E becauseE1 andE
are both relatively closed. SimilarlyE2 is proper, and thusE is reducible.

Conversely suppose thatE is reducible, say is a unionE = F1 ∪ F2 with F1

and F2 closed inX and properly contained inE. Intersecting both sides with
Y gives E = Y ∩ E = Y ∩ (F1 ∪ F2) = (Y ∩ F1) ∪ (Y ∩ F2) becauseE is
relatively closed. The setsY ∩ F1 andY ∩ F2 are relatively closed, and their
union isE. To see thatE is reducible, we argue by contradiction. IfY ∩ F1 = E,
thenE ⊆ F1. SinceF1 is closed inX, E ⊆ F1. ThusF1 is not a proper subset
of E, contradiction. Similarly we cannot haveY ∩ F2 = E, and thereforeE
is exhibited as the union of the two proper relatively closed subsetsY ∩ F1 and
Y ∩ F2. �

Proposition 10.11.If Y is a quasi-affine variety inAn, then dimY = dimY.
Here dimY refers to the dimension of the affine varietyY in any of the senses of
Theorem 10.7.

REMARKS. This proposition is a formal consequence of Lemma 10.10. The
stronger statement that we actually prove is that ifY is a nonempty open subset
of a Noetherian topological spaceX, then the geometric dimension ofY as a
Noetherian space equals the geometric dimension ofX as a Noetherian space.

PROOF. LetE0 ⊆ E1 ⊆ · · · ⊆ Ed be a strictly increasing sequence of relatively
closed irreducible subsets ofY. Then E0 ⊆ E1 ⊆ · · · ⊆ Ed is an increasing
sequence of closed subsets ofAn, each of which is irreducible by Lemma 10.10.
SinceEj = Y ∩ Ej for eachj , the setsEj are strictly increasing. Since the given
sequence of setsEj is arbitrary, it follows that dimY ≤ dimY.

For the reverse inequality, letF0 ⊆ F1 ⊆ · · · ⊆ Fd be a strictly increasing
sequence of irreducible closed subsets ofY. If Ej denotesFj ∩ Y, thenE0 ⊆

8 . . . in the sense of not being the union of two relatively closed proper subsets.
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E1 ⊆ · · · ⊆ Ed is an increasing sequence of relatively closed subsets ofY,
each of which is irreducible by Lemma 10.10. SinceFj = Ej , the setsEj are
strictly increasing. Since the given sequence of setsFj is arbitrary, it follows that
dimY ≤ dimY. �

3. Projective Algebraic Sets and Projective Varieties

We continue to assume thatk is an algebraically closed field and to writeA
for k[X1, . . . , Xn]. In Section VIII.3 we studied the projective analogs of affine
plane curves, and the task for the present section is to study similarly the projective
analogs of general affine algebraic sets, affine varieties, and quasi-affine varieties.

As in Section VIII.3,projective n-spaceoverk is defined set theoretically as
the quotient

Pn = {
(x0, . . . , xn) ∈ kn+1 − {0}}/ ∼,

where(x′
0, . . . , x

′
n) ∼ (x0, . . . , xn) if (x′

0, . . . , x
′
n) = λ(x0, . . . , xn) for some

λ ∈ k×. We write [x0, . . . , xn] for the class of(x0, . . . , xn) in Pn.
Put Ã = k[X0, . . . , Xn]. The polynomials of interest for algebraic geometry

relative toPn are the homogeneous polynomials iñA. The definitions of “mono-
mial,” “total degree” of a monomial, “homogeneous polynomial,” and “degree” of
a homogeneous polynomial all appear in Section VIII.3; monomials are defined so
as to have coefficient 1. By convention the 0 polynomial is homogeneous of every
degree. We writẽAd = k[X0, . . . , Xn]d for thek vector space of homogeneous
polynomials of degreed. Each memberF of Ãd satisfies

F(λx0, . . . , λxn) = λd F(x0, . . . , xn)

for all (x0, . . . , xn) ∈ kn+1 andλ ∈ k×. Conversely the fact that the mapping of
polynomials into polynomial functions is one-one for an infinite field implies that
a memberF of Ã is homogeneous of degreed if it satisfies the above displayed
property. Four further properties of̃Ad from Section VIII.3 are that

• the zero locus of a member of̃Ad is well defined as a subset ofPn,
• the monomials of total degreed form ak basis of the vector spacẽAd,
• dimk Ãd = (d+n

n

)
,

• any polynomial factor of a homogeneous polynomial over a fieldk is
homogeneous.

An ideal a in Ã is called ahomogeneous idealif it is the vector-space
sum overd ≥ 0 of its intersections with̃Ad: a = ⊕∞

d=0 (a ∩ Ãd). Any ideal
in Ã that is generated by homogeneous polynomials is a homogeneous ideal. A
special case of this fact is that if ak vector subspacead of Ãd is specified for each
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integerd ≥ 0, thena = ⊕∞
d=0 ad is a homogeneous ideal if and only if for each

d ≥ 0 ande ≥ 0, the inclusionF Ãd ⊆ Ãd+e holds for eachF in Ãe.
We can now imitate some of the development of Sections 1 and 2 for the

present context as long as we stick to homogeneous polynomials inÃ and to
homogeneous ideals. For any homogeneous polynomialF in Ã, the set

V(F) = {
P = [x0, . . . , xn] ∈ Pn | F(x0, . . . , xn) = 0

}
is well defined by the first bulleted property above. Thus ifS is any set of
homogeneous elements iñA, we can associate thelocus of common zerosin Pn,
or zero locus, of the members ofSby the formula

V(S) = ⋂
F∈S

V(F).

If a is a homogeneous ideal, thenV(a) by convention meansV(S), whereS is
the subset of all homogeneous members ofa. Any such setV(S) is called a
projective algebraic setin Pn. The functionS 	→ V(S) is inclusion reversing.
The analog of Proposition 10.1 in the present context is that projective algebraic
sets have the following properties:

(i) V(∅) = V(0) = Pn andV(Ã) = ∅,
(ii) V

(⋃
α Sα

) = ⋂
α V(Sα) if the Sα ’s are arbitrary sets of homogeneous

elements iñA,
(iii) V(S) = V(S1) ∪ V(S2) if S1 andS2 are sets of homogeneous elements

in Ã and if S is defined as the set of all productsF1F2 with F1 ∈ S1 and
F2 ∈ S2.

Consequently the projective algebraic sets inPn form the closed sets for a topology
onPn called theZariski topology onPn.

Next we associate to each pointP of Pn a homogeneous idealI (P) in Ã by
the definition

I (P) = {
F ∈ Ã | F(x0, . . . , xn) = 0 whenever [x0, . . . , xn] = P

}
.

Problem 1 at the end of the chapter shows thatI (P) is indeed a homogeneous
ideal. In terms of the idealsI (P), we defineI (E) = ⋂

P∈E I (P) for each
subsetE of Pn. The resultE 	→ I (E) is a function carrying subsetsE of Pn to
homogeneous idealsI (E) in Ãn. The functionE 	→ I (E) is inclusion reversing,
and the same argument as for Proposition 10.2 shows that for eachn it satisfies

(i) I (∅) = Ã and I (Pn) = 0,
(ii) I (E1 ∪ E2) = I (E1) ∩ I (E2) if E1 andE2 are subsets ofPn,

(iii) I (E1 ∩ E2) ⊇ I (E1)+ I (E2) if E1 andE2 are subsets ofPn.
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If S is any set of homogeneous elements iñA and if V = V(S) is the
corresponding projective algebraic set inPn, then we define thecone over V
to be the subset ofAn+1 given by

C(V) = (0, . . . ,0) ∪ {(x0, . . . , xn) ∈ An+1 | [x0, . . . , xn] ∈ V
}
.

This kind of set has the following two properties:

(i) V nonempty implies that the idealsI (C(V)) and I (V) in Ã are equal,
(ii) any homogeneous ideala in Ã with V(a) nonempty inPn hasC(V(a))

equal to the subsetV(a) in affine(n + 1)-space.

Use of this device reduces a number of questions aboutPn to questions about
An+1. An example is a projective analog of Proposition 10.3, which appears as
the next proposition.

Proposition 10.12.For fixedn,

(a) (homogeneous Nullstellensatz)a homogeneous ideala in Ã hasV(a)
empty inPn if and only if there is an integerN such thata containsÃk

for k ≥ N,
(b) I (V(a)) = √

a for each homogeneous ideala in Ã for which V(a) is
nonempty inPn,

(c) V(I (E)) = E for each subsetE of Pn, whereE is the Zariski closure of
E in Pn.

REMARK. For clarity in the proof, let us writeVa( · ) andVp( · ) to distinguish
zero loci inAn+1 from zero loci inPn.

PROOF. For (a), Vp(a) is empty inPn if and only if Va(a) is contained in
{0} in An+1, if and only if

√
a = I (Va(a)) contains(X0, . . . , Xn) by the affine

Nullstellensatz. In this case iff1, . . . , fr are generators of
√

a , then the elements
f m
1 , . . . , f m

r are ina for somem, and it follows that
(∑r

j =1 cr f j
)k

lies in a for

all scalarscj wheneverk ≥ rm; henceÃk ⊆ a for k ≥ rm. Conversely if
√

a

fails to contain someXj , thenXk
j is not ina for any k ≥ 1, and Ãk cannot be

contained ina.
For (b), I p(Vp(a)) = Ia(C(Vp(a))) = Ia(Va(a)) = √

a by (i) of cones, (ii) of
cones, and the affine Nullstellensatz.

Conclusion (c) is proved by the same argument as for Proposition 10.3b.�

A projective variety is anynonempty9 projective algebraic set of the form
V(p), wherep is a prime homogeneous ideal iñA. If the idealp is the principal

9The prime homogeneous idealp = (X0, . . . , Xn) hasV(p) = ∅, but no other prime homoge-
neous idealq hasV(q) = ∅. In order to avoid trivial counterexamples to some results, we shall
often want to exclude this particular prime idealp from consideration.
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ideal generated by an irreducible homogeneous polynomial, then the ideal or the
variety is called anirreducible projective hypersurface.10

Corollary 10.13. The projective varieties inPn are characterized as those
nonempty Zariski closed sets that cannot be written as the union of two proper
closed subsets.

REMARK. Such a subset ofPn is said to beirreducible . As in the affine case,
irreducible sets are understood to be nonempty.

PROOF. If V(p) is a projective variety, then the union of{0} and the subset
of kn+1 whose equivalence classes are inV(p) is an affine variety inAn+1. It is
irreducible inAn+1, and this irreducibility inAn+1 implies irreducibility withinPn.

Conversely ifE is an irreducible closed subset ofPn and if F and G are
homogeneousmembers of̃A with FG in I (E), then we can argue as in the proof
of Corollary 10.4 to see that one ofF andG lies in I (E) and thatI (E) is proper.
SinceI (E) is a homogeneous ideal, this fact implies thatI (E) is prime. �

Since Ã is a Noetherian ring, it follows thatPn is a Noetherian topological
space in the sense of Section 2. Consequently Proposition 10.5 is applicable.
Combining this result with Corollary 10.13, we obtain the following corollary.

Corollary 10.14. Every projective algebraic set inPn can be expressed
uniquely as the finite (possibly empty) union of projective varieties in such a
way that none of the varieties contains another of the varieties.

Geometric dimension is therefore meaningful for nonempty projective alge-
braic sets, and each such set inPn has geometric dimension≤ n.

A quasiprojective variety is any nonempty Zariski open subset of a projective
variety. Quasi-affine varieties and quasiprojective varieties will be the main
objects of interest geometrically in Sections 1–7. IfY is a quasiprojective variety,
then the relative Zariski topology onY makesY into a Noetherian topological
space, just as in the quasi-affine case. ConsequentlyY has a meaningful geometric
dimension. The arguments in Lemma 10.10 and Proposition 10.11 concerning
quasi-affine varieties are arguments in point-set topology and valid proofs of facts
about quasiprojective varieties. Therefore we obtain the following result.

Proposition 10.15.If Y is a quasiprojective variety inPn, then the closureY
in the Zariski topology ofPn is a projective variety, and the geometric dimensions
of Y andY are equal.

10As in the affine case, as long as the assumption of irreducibility is in force, the distinction
between the ideal and the variety is unimportant.
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We can identifyAn as a subset ofPn by the formula

β0(x1, . . . , xn) = [1, x1, . . . , xn]

for (x1, . . . , xn) in An. The complement ofβ0(An) in Pn is the zero locus
of the homogeneous polynomialX0, and consequentlyβ0(An) is open inPn.
Since the equalityPn = V(0) exhibitsPn as a projective variety,β0(An) is a
quasiprojective variety. We are going to show thatβ0 respects topologies in that
the Zariski topology ofAn is carried to the Zariski topology of the quasiprojective
varietyβ0(An). To do so, we make use of the corresponding transpose mapping
β t

0 : Ã → A on polynomials given byβ t
0F = f with

f (X1, . . . , Xn) = F(β0(X1, . . . , Xn)) = F(1, X1, . . . , Xn).

This is the substitution homomorphism that fixesk, fixesX1, . . . , Xn, and carries
X0 to 1. Being an algebra homomorphism onto,β t

0 carries ideals of̃A to ideals
of A. In particular, it carries homogeneous ideals ofÃ to ideals ofA.

Lemma 10.16. If a is a homogeneous ideal iñA andb = β t
0(a) is its image

underβ t
0, thenβ t

0 carries the set of homogeneous elements ofa ontob.

PROOF. Every member ofb is the sum of the images underβ t
0 of finitely many

homogeneous members ofa. If F1, . . . , Fk are these homogeneous members,
then it is enough to produceG1, . . . ,Gk in a all homogeneous of the same degree
such thatβ t

0(Fj ) = β t
0(Gj ) for all j . If d1, . . . ,dk are the respective degrees of

F1, . . . , Fk and if d = max(d1, . . . ,dk), then the elementsGj = X
d−dj

0 Fj have
the required properties. �

Lemma 10.17.Let a be a homogeneous ideal of̃A, and letb be the ideal ofA
given byb = β t

0(a). Thenβ0(V(b)) = V(a) ∩ β0(An).

PROOF. If (x1, . . . , xn) is in V(b) and if F is a homogeneous member ofa,
then f = β t

0(F) is in b with 0 = f (x1, . . . , xn) = F(β0(x1, . . . , xn)). SinceF
is arbitrary,β0(x1, . . . , xn) is in V(a). Thusβ0(V(b)) ⊆ V(a) ∩ β0(An).

For the reverse inclusion, let [1, x1, . . . , xn] be in V(a) ∩ β0(An). If f is
in b, find by Lemma 10.16 a homogeneousF in a with β t

0F = f . Since
[1, x1, . . . , xn] is in V(a), F(1, x1, . . . , xn) = 0. Therefore f (x1, . . . , xn) =
F(β0(x1, . . . , xn)) = F(1, x1, . . . , xn) = 0. Since f is arbitrary inb, the point
(x1, . . . , xn) is in V(b), andβ0(V(b)) ⊇ V(a) ∩ β0(An). �

Proposition 10.18.Under the inclusionβ0 : An → Pn, the Zariski topology
of affinen-spaceAn coincides with the relative topology fromPn.
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PROOF. If we start from an affine algebraic setV(b) in An, then Lemma 10.17
shows thatβ0(V(b)) = V(a)∩β0(An) for the homogeneous ideala = (β t

0)
−1(b)

in Ã. SinceV(a) is Zariski closed inPn, β0(V(b)) is exhibited as closed in the
relative topology onβ0(An).

Conversely suppose thatC is closed in the relative topology onβ0(An). Then
it is of the formC̃ ∩ β0(An) for some projective algebraic set̃C. The set̃C is of
the formV(a) for some homogeneous ideala. If b = β t

0(a), then Lemma 10.17
shows that

β0(V(b)) = V(a) ∩ β0(An) = C̃ ∩ β0(An) = C,

andC is exhibited asβ t
0 of an affine algebraic set inAn. �

Corollary 10.19. If V is a quasi-affine variety inAn, thenβ0(V) is a quasipro-
jective variety inPn. Moreover, the geometric dimension ofV as a quasi-affine
variety equals the geometric dimension ofβ0(V) as a quasiprojective variety.

REMARKS. In other words, the closureβ0(V) is a projective variety. It is called
the projective closure of the quasi-affine varietyV . If V is actually an affine
variety, then it has an associated prime ideal inA, and the projective varietyβ0(V)
has an associated homogeneous prime ideal inÃ. The correspondence between
the prime ideal inA and the homogeneous prime ideal iñA will be examined
shortly.

PROOF. Because of the homeomorphism given by Proposition 10.18, Lemma
10.10 as restated in the lemma’s remarks applies withY = β0(An), X = Pn, and
E equal to the closure ofV in An. The conclusion is that the closure ofE in Pn

is a projective variety, and the first conclusion of the corollary is proved. The
second conclusion is immediate from the version of Proposition 10.11 mentioned
in the remarks with that proposition. �

To each indexi with 0 ≤ i ≤ n, we can associate in a similar way a function
βi : An → Pn. The formula forβi is βi (x1, . . . , xn) = [y0, . . . , yn], where
yj = xj +1 for j < i , yi = 1, andyj = xj for j > i . Just as in Proposition 10.18,
under eachβi , the Zariski topology of affinen-spaceAn coincides with the relative
topology fromPn. One consequence is that the notion ofprojective closure is
meaningful if formed relative to anyβi in place ofβ0. Another consequence is that
Pn has a covering byn + 1 open setsβi (An) that are each Zariski homeomorphic
to An. The functionsβi may be viewed as playing a role similar to the inverses
of charts in the definition of a smooth manifold.

Having usedβ0 to associate a projective variety inPn to each affine variety in
An by passage to the topological closure, we turn to what happens with ideals.
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Distinct homogeneous ideals iñA can map underβ t
0 to the same ideal inA; for

example the principal ideals(1) and(X0) in Ã both map to(1) in A. Theorem
10.20 will show that we can associate a particularly nice ideal ofÃ to each ideal
of A in such a way that prime ideals ofA correspond to those nice ideals ofÃ
that are prime. Under this correspondence the ideals for an affine variety and its
projective closure will match. It will be apparent from the construction in the
proof that the ideal of̃A is generated by all homogeneous polynomialsF = F( f )
of the form

F(X0, . . . , Xn) = Xd
0 f (X1/X0, . . . , Xn/X0)

wheneverf �= 0 is in the ideal ofA and degf = d.

Theorem 10.20. As a mapping of ideals iñA to ideals inA, β t
0 is one-one

from the set̃I of all homogeneous idealsa of Ã such thatX0F ∈ a impliesF ∈ a
onto the setI of all ideals ofA. Under this one-one correspondence prime ideals
correspond to prime ideals.

PROOF. We are going to construct a two-sided inverse to the mapping induced
by β t

0 from ideals iñI to ideals inI.
Let A≤d be thek vector space of all members ofA, including the 0 polynomial,

of degree≤ d. The homomorphismβ t
0 carriesÃd linearly intoA≤d, and it carries

the basis of homogeneous monomials inÃ of total degreed onto the basis of all
monomials inA of total degree≤ d. Thusβ t

0 : Ãd → A≤d is one-one onto.
Observe for anyf in A≤d that the formula

F(X0, . . . , Xn) = Xd
0 f (X1/X0, . . . , Xn/X0)

defines a member of̃Ad. If we write F = ϕd( f )when f andF are related in this
way, then the functionϕd is a one-onek linear map fromA≤d into Ãd such that
ϕdβ

t
0 is the identity oñAd. Because of finite dimensionality,β t

0 : Ãd → A≤d and
ϕd : A≤d → Ãd are two-sided inverses of one another.

Suppose that an idealb in A is given. Definead = ϕd(b ∩ A≤d), and put
a = ⊕∞

d=0 ad. According to remarks in the paragraph with the definition of
homogeneous ideal,a is a homogeneous ideal ifGad ⊆ ad+e wheneverG is in
Ãe. Defineg = β t

0(G). This polynomial has degg ≤ e andϕe(g) = G, since
ϕe : A≤e → Ãe is a two-sided inverse ofβ t

0 : Ãe → A≤e. If f is in b∩ A≤d, then
g f is in b ∩ A≤(d+e), and thusGϕd( f ) = ϕe(g)ϕd( f ) = ϕd+e(g f ) is in ad+e.
This proves thata is a homogeneous ideal iñA.

Under the constructionb 	→ a, let us see thata is in Ĩ. If X0F is in
ad+1, then we can writeX0F = ϕd+1(g) for someg in b ∩ A≤d+1. That
is, X0F(X0, . . . , Xn) = Xd+1

0 g(X1/X0, . . . , Xn/X0). ThenF(X0, . . . , Xn) =
Xd

0g(X1/X0, . . . , Xn/X0). This formula shows thatg is in A≤d and thatF =
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ϕd(g). HenceF is inad. In other words, the constructionb 	→ a carries members
of I to members of̃I.

Under the constructionb 	→ a, the homogeneous ideala has the property that

β t
0(a) = β t

0

( ∞⊕
d=0

ad
) =

∞∑
d=0
β t

0(ad) =
∞∑

d=0
(b ∩ A≤d) = b.

Thus our construction starting from an ideal ofA, passing to an ideal in the set
Ĩ, and passing back to an ideal ofA recovers the original ideal ofA.

Now suppose thata is in Ĩ. Putb = β t
0(a). To see that the above passage to a

member of̃I recoversa from b, we are to show that

a ∩ Ãd = ϕd(b ∩ A≤d). (∗)

First we establish that

β t
0(a ∩ Ãd) = β t

0(a) ∩ A≤d. (∗∗)

The inclusion⊆ in (∗∗) is easy becauseβ t
0(a∩ Ãd) ⊆ β t

0(a) andβ t
0(Ãd) ⊆ A≤d.

For the reverse inclusion, letf be inβ t
0(a ∩ Ãk) ∩ A≤d for somek. This means

that degf ≤ d and thatf = β t
0(G) with G ∈ a∩ Ãk. Without loss of generality,

we may assume thatk ≥ d. Let F be the elementF = ϕdeg f ( f ) of Ãdeg f .

ThenXk−deg f
0 F = ϕk( f ), andβ t

0(X
k−deg f
0 F) = β t

0ϕk( f ) = f = β t
0(G). Hence

Xk−deg f
0 F andG are members of̃Ak with the same value underβ t

0. Sinceβ t
0 is

one-one oñAk, G = Xk−deg f
0 F . SinceG is in a and since the ideala is in Ĩ, F is

in a. Hence the elementXd−deg f
0 F is in a ∩ Ãd, and it hasβ t

0(X
d−deg f
0 F) = f .

This proves the inclusion⊇ in (∗∗). Application ofϕd to both sides of(∗∗)
proves(∗) and completes the proof of the first statement of the theorem.

We are to show that prime ideals correspond to prime ideals. Letb in I be
prime, and leta be the ideal iñI with β t

0(a) = b. Let F andG be homogeneous
elements iñA of respective degreesd ande with FG in a. Then f g lies in b,
where f = β t

0(F) andg = β t
0(G), and one off andg lies in b becauseb is

prime. Sayf is in b. ThenF = ϕd( f ) lies in the right side of(∗) and hence lies
in the left side. ConsequentlyF is in a, anda is prime.

Conversely leta in Ĩ be prime, and letb = β t
0(a). Suppose thatf andg are

members ofA with f g in b. Putd = deg f ande = degg, and defineF = ϕd( f )
andG = ϕe(g). ThenFG = ϕd+e( f g) is in ϕd+e(b ∩ A≤d+e), and(∗) shows
that FG is in a ∩ Ãd+e. Sincea is prime, one ofF andG is in a. Say thatF is
in a. Then f = β t

0(F) is in b, andb is prime. �



578 X. Methods of Algebraic Geometry

Corollary 10.21. The inclusionβ0 : An → Pn sets up a one-one correspon-
dence between the prime ideals inA and those prime homogeneous ideals inÃ
that do not containX0.

PROOF. If a is a prime homogeneous ideal iñA andX0F is in a, then either
X0 or F is in a. If we can always excludeX0 from being ina, thenF is in a, and
the condition in the proposition fora to be iñI is satisfied. The rest follows from
Theorem 10.20. �

Corollary 10.22. Let a be a prime homogeneous ideal ofÃ not containing
X0, and letb = β t

0(a) be the corresponding prime ideal ofA. Then the Zariski
closure inPn of β0(V(b)) is V(a).

REMARKS. In other words, if an affine varietyV hasb as its ideal inA, then
the projective closure ofV has the correspondinga from Theorem 10.20 as its
ideal in Ã.

PROOF. Corollary 10.19 shows thatβ0(V(b)) = V(a′) for some prime homo-
geneous ideal of̃A. Sinceβ0(V(b)) ⊆ V(a) by Lemma 10.17 and sinceV(a) is
closed inPn, V(a′) ⊆ V(a). Arguing by contradiction, suppose that the inclusion
is strict. Applying I ( · ) and using Proposition 10.12b, we obtaina′ ⊇ a. Since
application ofV( · ) to both sides ofa′ ⊇ a has to yield a strict inclusion, we must
havea′ � a. ChooseG homogeneous ina′ that is not ina, and put f = β t

0G. If
(x1, . . . , xn) is in V(b), then [1, x1, . . . , xn] is in β0(V(b)) ⊆ V(a′), and hence
f (x1, . . . , xn) = G(1, x1, . . . , xn) = 0. Thus f is in I (V(b)) = b. Since
deg f ≤ degG, the construction ofa from b in the proof of Theorem 10.20
shows thatF = ϕdegG( f ) is in a. ThenG and F are members of̃AdegG with
β t

0(G) = f = β t
0(F), and we obtainG = F , contradiction. �

EXAMPLE. Twisted cubic from the example in Section 1 and Example 2 in
Section 2. The prime idealb ⊆ k[X,Y, Z] is (Y − X2, Z − X3), and we want
to find the corresponding ideala given by Corollary 10.21. Let the additional
indeterminate iñA beW. Applyingϕ2 andϕ3 to the respective generatorsY− X2

andZ − X3 yieldsWY− X2 andW2Z − X3. These must be ina. So must

(W2Z − X3)− X(WY− X2) = W(W Z − XY)

X(W2Z − X3)− (WY+ X2)(WY− X2) = W2(X Z − Y2).and

Since we seek a prime ideal fora andW is not to be ina, W Z− XY andX Z−Y2

are ina. Thusa ⊇ (WY− X2,W Z − XY, X Z − Y2). If c denotes the ideal on
the right, thena ⊇ c and

β t
0(c) = (Y − X2, Z − XY, X Z − Y2)

= (Y − X2, Z − X3, X Z − X4) = (Y − X2, Z − X3) = β t
0(a).
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To show thata = c, it is enough according to Theorem 10.20 to show that ifF
is homogeneous andW F is in c, thenF is in c. The three generators ofc are all
in Ã2, and thusc ∩ Ãd = Ãd−2(c ∩ Ã2). Hence it is enough to show thatc ∩ Ã2

contains no nonzero element divisible byW. Sincec ∩ Ã2 consists of all linear
combinations of the three generators, we can check this fact by inspection. The
result is thata = c. Once we knowa, we can compute the projective closure of the
twisted cubic from Corollary 10.22. We find that it consists of all [w, x, y, z] of
the form [1, x, x2, x3] together with [0,0,0,1]. We might have guessed this form
for the projective closure from the parametric realization of the twisted cubic inA3

and from a passage to the limit, but proceeding in that fashion requires operations
that we have certainly not justified.

4. Rational Functions and Regular Functions

We continue to assume thatk is an algebraically closed field and to writeA for
k[X1, . . . , Xn] and Ã for k[X0, . . . , Xn]. In this section we investigate certain
classes ofk-valued functions on quasiprojective varieties, specifically the “ra-
tional” functions, the “regular” functions, and the local ring of functions regular
at a particular point. For each kind of variety that we have introduced (affine,
quasi-affine, projective, and quasiprojective), there are simple global definitions
and there are complicated butequivalentlocal definitions for these notions. The
complicated definitions have three advantages over the simple ones: they are
virtually the same for all four kinds of varieties and therefore make it possible
to work with all kinds of varieties uniformly, they make it possible in practice to
construct a function by constructing only a local part of it, and they prepare the
way better for a definition of isomorphism of varieties that does not insist on a
particular dimension for the ambient affine or projective space.

In this section we shall first give the simple definitions in the affine and
quasi-affine cases and then prove results saying that certain more complicated
local-sounding versions of these definitions amount to the same thing as the
simple definitions. Then we shall give the simple definitions in the projective and
quasiprojective cases. Finally we shall relate the quasi-affine and quasiprojective
cases and show that certain more complicated local-sounding definitions in the
quasiprojective case amount to the same thing as the simple definitions.

We begin with affine varieties. Suppose thatV = V(p) is an affine variety in
An, p being a prime ideal inA. Theaffine coordinate ring of V is A(V) = A/p,
which is an integral domain. Let us write the quotient homomorphismA → A(V)
asa 	→ ā. Because of the Nullstellensatz,A(V) can be identified with the ring of
all restrictions of polynomials toV ; in particular,ā(P) is meaningful for every
ā ∈ A(V) andP ∈ V .
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Proposition 10.23.If V is an affine variety inAn, then the pointsP of V are
in one-one correspondence with the maximal idealsmP of the affine coordinate
ring A(V), the correspondence being thatmP is the maximal ideal of all members
ā of A(V) with ā(P) = 0.

PROOF. EachmP is a maximal ideal, being the kernel of a multiplicative
linear functional. In the reverse direction, ifm is a maximal ideal ofA(V),
then its inverse image inA under the homomorphismA → A/p = A(V) is a
maximal idealM of A containingp, by the First Isomorphism Theorem. The
Nullstellensatz shows thatM consists of all polynomials vanishing at some point
P. Applying V( · ) to the inclusionM ⊇ p gives{P} = V(M) ⊆ V(p) = V .
ThusP is in V . �

Members of the field of fractionsk(V) of A(V) are calledrational functions
on V , andk(V) is called thefunction field on V . Rational functions onV are
not really functions onV in the traditional sense, since their denominators can
vanish here and there. By way of compensation, an allowable denominator never
vanishes identically; the reason is that the construction of a field of fractions
of an integral domain does not involve using the zero element of the integral
domain in a denominator. Iff is a rational function onV and P is in V , one
says that f is regular at P, or defined at P, if there existā and b̄ in A(V)
with b̄(P) �= 0 such that f = ā/b̄. In this case, an equalitȳa/b̄ = ā′/b̄′
with b̄(P) �= 0 andb̄′(P) �= 0 implies thatāb̄′ = ā′b̄, from which we see that
ā(P)b̄′(P) = ā′(P)b̄(P) and thatā(P)/b̄(P) = ā′(P)/b̄′(P). Hence f (P) can
be defined unambiguously asf (P) = ā(P)/b̄(P). For P in V , the set of rational
functions onV that are regular atP is ak algebra, as we see by carrying out the
usual manipulations to add or multiply fractions. Thisk algebra is denoted by
OP(V). It hasA(V) ⊆ OP(V) ⊆ k(V).

As in Proposition 10.23, letmP be the maximal ideal of all membersā of A(V)
with ā(P) = 0. The localization ofA(V) with respect to this maximal ideal is
exactlyOP(V). In fact, the localization is a subring ofk(V) becauseA(V) is an
integral domain. The members ofOP(V) are exactly the quotientsf = ā/b̄ with
ā andb̄ in A(V) and withb̄ not in mP. HenceOP(V) = S−1A(V), whereS is
the set-theoretic complement ofmP. ThusOP(V) is the asserted localization. It
has a unique maximal ideal and is called thelocal ring of V at P.

A rational function is said to beregular on an open subsetU of V if it is
regular at every point ofU . The regular functions onU form ak algebra denoted
byO(U ). In symbols the definition ofO(U ) isO(U ) = ⋂

P∈V OP(V).
When A(V) is a unique factorization domain, the definition of regular at a

point is simple enough to implement globally: we writef = ā/b̄ in some
fashion, reduce the fraction to lowest terms, and then read off all the pointsP
for which f is defined from the single expression off as a quotient. Ordinarily,
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however,A(V) is not a unique factorization domain, and then the definition is
more subtle, as the following example shows.

EXAMPLE. V = V(p) with p = (XW − Y Z) andn = 4. The polynomial
XW − Y Z is irreducible, and thusV is an affine variety inA4. The affine
coordinate ring isA(V) = k[W, X,Y, Z]/(XW− Y Z). The quotientf = X/Y
is a rational function onV , sinceY is not the 0 element ofA(V), and the definition
shows that f is regular at all points(w, x, y, z) of V having y �= 0. From
X W − Y Z = 0, we haveX/Y = Z/W, and thusf is defined also at all points
(w, x, y, z) of V havingw �= 0. For example it is defined at the additional point
(w, x, y, z)=(1, 0, 0,0). Actually, there exist no membersā andb̄ of A(V)with
f = ā/b̄ andb̄(w, x, y, z) �= 0 wheneverxw = yz and one or both ofw andy
are nonzero. The details are carried out in Problem 8 at the end of the chapter.

The set of pointsP in the affine varietyV at which a rational functionf on V
fails to be regular is called thepole setof f .

Proposition 10.24.If f is a rational function on the affine varietyV = V(p),
then the pole set off is the affine algebraic setV(a) ⊆ V(p) corresponding to
the ideala ⊇ p of all b ∈ A such that̄b f is in A(V).

PROOF. The seta in the statement is an ideal inA that containsp. Hence
V(a) ⊆ V(p). If P is in V(p) and f is defined atP, then there are membersā
andb̄ of A(V)with b̄(P) �= 0 such that̄b f = ā; any representative of this̄b in A
lies ina, and consequentlyP is not inV(a). Conversely if f is not defined atP,
then nob̄ such that̄b f is in A(V) hasb̄(P) �= 0. That is, no memberb of a has
b̄(P) �= 0. SoP is in V(a). This proves that the pole set off is exactlyV(a). �

Corollary 10.25. If V = V(p) is an affine variety, then

A(V) = ⋂
P∈V

OP(V).

REMARKS. In the notation introduced above, the corollary says thatA(V) =
O(V).

PROOF. The inclusion⊆ follows from the fact thatA(V) ⊆ OP(V) for each
P. For the reverse inclusion, suppose thatf lies in

⋂
P∈V OP(V). Then the

pole set of f in V is empty. The pole set forf is the setV(a) for the ideala in
Proposition 10.24, and it follows from the Nullstellensatz thata = A. Then 1 is
in a, and the definition ofa shows thatf is in A(V). �

If we consider the complement of the pole set off , then we see from Propo-
sition 10.24 that the subset ofV at which f is regular is (relatively) open inV .
Hence it is empty or dense inV . On the set wheref is regular, f is continuous
into A1, according to the following proposition.
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Proposition 10.26. If a rational function f on the affine varietyV is regular
on the nonempty open setU of V , then it is continuous fromU into A1 with the
Zariski topology (in which the proper closed sets are the finite sets).

PROOF. It is to be proved thatf −1 of any finite subset ofA1 is relatively closed
in U . Since the finite union of closed sets is closed, it is enough to consider
f −1({c}) for an elementc of k. This is the intersection withU of the pole set of
1/( f − c), which is relatively closed inU by Proposition 10.24. �

Now we can give the simple definitions in the quasi-affine case. Let the quasi-
affine varietyU in An have closure the affine varietyV . If f is a rational function
on V , then Proposition 10.24 shows thatf is regular on a nonempty open subset
of V . Since the intersection of any two nonempty open subsets is nonempty,f
is regular on a nonempty open subset ofU . Therefore it is meaningful to viewf
as a rational function onU . We define thefunction field of rational functions
onU to be the same as the function field ofV : k(U ) = k(V). The definition of
regular function at P is the same for the quasi-affine varietyU as for its Zariski
closureV , and thus thelocal ring of U at P is given byOP(U ) = OP(V). A
rational function is said to beregular on the quasi-affine varietyU if it is regular
at every point ofU . Sincek(U ) = k(V), the set of regular functions onU is the
k algebraO(U ) = ⋂

P∈U OP(U ).
The next step is to prove results saying that certain more complicated local-

sounding definitions of the above notions amount to the same thing.

Lemma 10.27. If V is an affine variety, then any two members of the affine
coordinate ringA(V) that are equal on a nonempty open subset ofV are the same.

PROOF. Subtracting, we may suppose thatā ∈ A(V) is 0 on the nonempty
open subsetU of V . By Proposition 10.26,̄a is continuous fromV into A1. The
complement of̄a−1({0}) has to be open inV and disjoint fromU , and therefore
it is empty. Soā is everywhere 0 and is the 0 element ofA(V). �

Proposition 10.28.Let U be a nonempty open subset of the affine varietyV
in An. Suppose thatf0 : U → k is a function with the following property: for
eachP in U , there exist an open subsetW of U containingP and polynomials
a andb in A such thatb is nowhere vanishing onW and f0 = a/b on W. Then
there exists one and only one memberf of k(V) such thatf is regular onU and
agrees withf0 at every point ofU .

REMARKS. For the quasi-affine case the more complicated local-sounding
definition of “regular function” onU , mentioned in the first paragraph of this
section, is what is assumed off0 in the statement of this proposition. The
proposition says that such anf0 necessarily comes from a global rational function
on V that is regular onU in the sense just above.
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PROOF OF UNIQUENESS. If there are two such members ofk(V), then sub-
tracting them gives a memberg of k(V) that is 0 onU . By definition ofk(V),
g = ā/b̄ with ā andb̄ in A(V) with with b̄ �= 0. Thenā = gb̄ is a member of
A(V) that is 0 onU . By Lemma 10.27,̄a = 0 in A(V). Thusgb̄ = 0 in k(V).
Sincek(V) is a field andb̄ �= 0, g = 0. �

PROOF OF EXISTENCE. If P is in U , then the hypothesis supplies some open
subsetW of U containingP and membersa andb of A with b nowhere 0 onW
and with f0 = a/b onW. Let ā andb̄ be the images ofa andb in A(V). Sinceb
is not identically 0 onU , b̄ is not the 0 element ofA(V). Thereforef = ā/b̄ is
a well-defined member ofk(V), and it is regular onW and agrees withf0 there.
If we start with another pointP′ and an open subsetW′ of U containingP′, then
we similarly obtain f ′ = ā′/b̄′ in k(V) that is regular onW′ and agrees with
f0 there. The open subsetW ∩ W′ is nonempty, and̄a/b̄ = ā′/b̄′ on W ∩ W′.
Thereforeb̄′ā = b̄ā′ on W ∩ W′. By Lemma 10.27,̄b′ā = b̄ā′ as members of
A(V). Dividing, we obtain f = f ′. Since the memberf of k(V) is regular on
an open neighborhood of each point ofU , it is regular onU . �

Proposition 10.28 allows us also to give a local-sounding definition of rational
function and see that it reduces to the original definition. Specifically we consider
pairs(U0, f0) with U0 nonempty open in the quasi-affine varietyU and with f0
satisfying the regularity condition onU0 in the proposition.11 Say that the pair
(U0, f0) is equivalent to the pair(U1, f1) if f0 = f1 onU0 ∩ U1. This relation is
reflexive and symmetric. Let us see from the proposition why it is transitive. If
(U0, f0) is equivalent to(U1, f1), then the existence part of the proposition yields
three members ofk(V)—one for(U0, f0), one for(U0∩U1, f0) = (U0∩U1, f1),
and one for(U1, f1). The uniqueness part shows that the first two members of
k(V) are equal and the last two are equal. Hence they are all equal. Now if
(U0, f0) is equivalent to(U1, f1) and(U1, f1) is equivalent to(U2, f2), then we
routinely find that(U0 ∩ U1, f0) is equivalent to(U1 ∩ U2, f2). From what we
have just seen,(U0, f0) is equivalent to(U2, f2), and the relation is therefore
transitive. We could take the union of all the setsU0 appearing in the pairs
within an equivalence class and obtain thelargest domainwithin U on which
the rational function in question is regular. This notion for a rational function will
not be too useful for us, but an analogous notion for rational maps in Section 6
will be quite handy.

In similar fashion the local ringOP(U ) can be formulated in terms of “germs”
of regular functions as follows. FixP in U , and consider all pairs(U0, f0) such
thatU0 is an open subset ofU containingP and f0 is a scalar-valued function on

11That is, for eachP in U0, there exist an open subsetW of U0 containingP and polynomialsa
andb in A such thatb is nowhere vanishing onW and f0 = a/b on W.
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U0 satisfying the regularity condition onU0 in the proposition.12 Say that(U0, f0)
is equivalent to(U1, f1) if f0 = f1 on some open neighborhood ofU containing
P. It is easy to see that the result is an equivalence relation. An equivalence
class is called agerm of regular functions atP. Germs inherit a natural addition,
scalar multiplication, and multiplication, and the set of germs atP is therefore a
k algebra. The use of germs is the traditional device in mathematics for isolating
local behavior of functions in arbitrarily small neighborhoods of points.

Corollary 10.29. Let U be a nonempty open subset of the affine variety
V in An, and let P be in U . To each germ{(U0, f0)} of regular functions
at P corresponds one and only one memberf of k(V) that is associated via
Proposition 10.28 to each pair(U0, f0). Moreover, this correspondence is ak
algebra isomorphism of the ring of germs onto the local ringOP(U ).

PROOF. If (U0, f0) and(U ′
0, f ′

0) are two pairs in a germ atP, then the definition
of germ gives a pair(W, g0) such thatW is a neighborhood ofP contained in
U0 ∩ U ′

0 andg agrees withf0 and f ′
0 on W. Proposition 10.28 supplies unique

membersf , f ′, andg of k(V) such thatf is regular onU0 and agrees withf0
there, such thatf ′ is regular onU ′

0 and agrees withf ′
0 there, and such thatg is

regular onW and agrees withg0 there. The uniqueness in the proposition shows
that f = g and thatg = f ′. Thereforef = f ′. So we have a well-defined map
of germs intok(V).

The imagef of the pair(U0, f0) is a member ofk(V) that is regular onU0,
hence is defined atP. Thus the map on germs is intoOP(U ). It is a k algebra
homomorphism because of the definitions of the operations on germs. If the germ
of (U0, f0) maps to 0, thenf0 is the 0 function onU0, and any representative
(W, g0) of the germ withW ⊆ U0 hasg0 equal to the 0 function onW. Thus the
germ is the 0 germ, and thek algebra homomorphism is one-one. Finally iff is a
member ofOP(U ), then f = ā/b̄ with ā andb̄ in A(V) and withb̄ nonvanishing
at P. By Proposition 10.26,̄b is nonvanishing on some open neighborhoodU0

of P. Then the germ of(U0, f0) maps to f if f0 is defined as the restriction of
ā/b̄ to U0. Therefore thek algebra homomorphism is ontoOP(U ). �

This completes the discussion of the definitions in the cases of affine and quasi-
affine varieties. Next we consider projective varieties, beginning with the simple
definitions. LetV = V(p) be a projective variety,p being a prime homogeneous
ideal in Ã different from

⊕
d≥1 Ãd. The integral domaiñA(V) = Ã/p is called

thehomogeneous coordinate ringof V . Sincep is homogeneous, we can write
Ã(V) as

Ã(V) =
∞⊕

d=0
Ãd
/
(Ãd ∩ p) =

∞⊕
d=0

Ã(V)d.

12See the previous footnote.
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Let us write the quotient homomorphism̃A → Ã(V) asF 	→ F . We say thatF
is homogeneousof degreed if it lies in Ã(V)d = Ãd

/
(Ãd ∩ p).

Despite Proposition 10.12, homogeneous members ofÃ(V) do not yield well-
defined functions onV , and we cannot simply imitate the affine case in defining
the function field ofV . Thefunction field k(V) of V is a certainpropersubfield
of the field of fractions of̃A(V), namely the set of all quotientsF/G with F andG
homogeneous of the same degree and withG �= 0. If the common degree ofF and
G is d, then the quotientF/G is homogeneous of degree 0 in(x0, . . . , xn) and is
therefore well-defined on the equivalence class [x0, . . . , xn] in Pn. Such quotients
form a field because ifF1 andG1 are homogeneous of degreed andF2 andG2 are
homogeneous of degreee, thenF1/G1 + F2/G2 = (F1 G2 + G1 F2)/(G1 G2)

and (F1 F2)/(G1 G2) are each the quotient of two members ofÃ(V) that are
homogeneous of degreed + e, the denominator not being the zero element, and
because the inverse ofF/G is G/F . Elements ofk(V) are calledrational
functions on V .

Although the values of homogeneous members ofÃ are not meaningful on
Pn, the zero locus of such a polynomialis well defined. If F is a member of
the quotientÃ(V) homogeneous of degreed, then its set of preimages iñAd

is F + (Ãd ∩ p). The members of̃Ad ∩ p all vanish at every point ofV , and
therefore whetherF vanishes at a pointP of V depends only on the coset ofF in
Ã(V). Accordingly, a memberh of k(V) is said to beregular at the pointP =
[x0, . . . , xn] of V , or definedat P, if h can be written as a quotienth = F/G of
homogeneous members ofÃ(V) of the same degree in such a way thatG(P) �= 0.
In this case,h(P) is well defined as the quotientF(x0, . . . , xn)/G(x0, . . . , xn)

for any(x0, . . . , xn) representing the pointP = [x0, . . . , xn].
The set of pointsP in the projective varietyV at which a rational functionh

on V fails to be regular is called thepole setof h. The proof of the following
result is similar to the proof of Proposition 10.24 and is therefore omitted.

Proposition 10.30. If h is a rational function on the projective varietyV =
V(p), then the pole set ofh is the projective algebraic setV(a) ⊆ V(p) corre-
sponding to the homogeneous ideala ⊇ p generated by all homogeneousG ∈ Ã
such thatGh is in Ã(V).

As in the case of affine varieties, the set of members ofk(V) regular atP in V
is ak subalgebra ofk(V) called thelocal ring of V at P and denoted byOP(V).

Corollary 10.31. If V = V(p) is a projective variety, then

k = ⋂
P∈V

OP(V).
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REMARKS. The classical prototype of this corollary is that a rational function
without poles on the Riemann sphere is constant. A direct proof of this fact for the
Riemann sphere in the style of this book follows by applying Proposition 6.9 to
the sum of the given rational function and any constant function. A generalization
appears as Corollary 9.4.

PROOF. The inclusion⊆ is automatic. For the reverse inclusion, suppose that
the rational functionh on V lies in

⋂
P∈V OP(V). Then the pole set ofh in V

is empty. The pole set forh is the setV(a) for the ideala in Proposition 10.30,
and it follows from the homogeneous Nullstellensatz (Proposition 10.12a) that
ÃN ⊆ a for all N sufficiently large. For any suchN, Ã(V)N h lies in Ã(V). It is
homogeneous of degreeN and hence is iñA(V)N . Iterating this inclusion gives

Ã(V)N hk ⊆ Ã(V)N for all k ≥ 0. (∗)

SinceV is nonempty, someXj is not in p; to fix the notation, let us suppose

that X0 is not inp. ThenX0 �= 0. Inclusion(∗) shows thatX0
N

hk lies in Ã(V)

for all k ≥ 0. Thushk lies in the subsetX0
−N

Ã(V) of the field of fractions of
Ã(V), and the ringÃ(V)[h], given by the substitution homomorphismX 	→ h
applied to the polynomial ring̃A(V)[X], is exhibited as añA(V) submodule of

the finitely generated̃A(V)moduleX0
−N

Ã(V) of the field of fractions of̃A(V).
Since Ã(V) is Noetherian as a homomorphic image ofÃ, Ã(V)[h] is a finitely
generated̃A(V) module. By Proposition 8.35 ofBasic Algebra, h is a root of
some monic polynomial iñA(V)[X]. Say thath satisfies

hl + cl−1hl−1 + · · · + c1h + c0 = 0

with eachcj in Ã(V). Decomposing each term into homogeneous parts and
equating to 0 the sum of the terms homogeneous of degree 0 shows that we can
assume eachcj to be in Ã(V)0 = k. That is, we may assume thath is algebraic
overk. Sincek is algebraically closed,h is in k. �

If we consider the complement of the pole set ofh, then we see from Proposition
10.30 that the subset ofV at whichh is regular is open inV . Hence it is empty
or dense inV . On the set whereh is regular,h is continuous intoA1, according
to the following proposition, whose proof is the same as for Proposition 10.26.

Proposition 10.32. If a rational functionh on the projective varietyV is
regular on the nonempty open setU of V , then it is continuous fromU into A1

with the Zariski topology (in which the proper closed sets are the finite sets).
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The procedure for extending the above remarks from projective varieties to
quasiprojective varieties is the same as for extending the earlier remarks from
affine varieties to quasi-affine varieties. Let the quasiprojective varietyU in Pn

have closure the projective varietyV . If h is a rational function onV , then
Proposition 10.32 shows thath is regular on a nonempty open subset ofV . Since
the intersection of any two nonempty open subsets is nonempty,h is regular on
a nonempty open subset ofU . Therefore it is meaningful to viewh as a rational
function onU . Thus we define thefunction field of U to be the same as the
function field ofV : k(U ) = k(V). The definition ofregular function at P is
the same for the quasiprojective varietyU as for its Zariski closureV , and thus
the local ring of U at P is given byOP(U ) = OP(V). A rational function is
said to beregular on the quasiprojective varietyU if it is regular at every point
of U . The set of regular functions onU is ak algebra denoted byO(U ). Thus

O(U ) = ⋂
P∈U

OP(U ).

For the special case thatU = V , Corollary 10.31 shows thatO(V) reduces to the
constants.

The next step is to check that the simple definitions in this section in the affine
and quasi-affine cases are consistent with the simple definitions in the projective
and quasi-projective cases. Proposition 10.18 and Corollary 10.19 tell us the
extent of the overlap—that any of the mappingsβj : An → Pn with 0 ≤ j ≤ n
allows us to identify any quasi-affine variety with a quasiprojective variety. Thus
what we need to show is that the definitions of function field, functions regular at
a point, and functions regular on a variety amount to the same thing for a quasi-
affine varietyU and for the quasiprojective varietyβj (U ). For concreteness we
shall takej = 0.

Corollaries 10.21 and 10.22 tell us exactly what we are to compare. The prime
idealsa of Ã not containingX0 are in one-one correspondence with the prime
idealsb of A, the correspondence beingb = β t

0(a), and the Zariski closure of
V(β t

0(b)) in Pn is V(a). The correspondence does not yield a natural map ofb

into a. Instead, the system of linear mappingsϕd : A≤d → Ãd given by

F(X0, . . . , Xn) = ϕd( f )(X0, . . . , Xn) = Xd
0 f (X1/X0, . . . , Xn/X0)

is a system of inverses to the system of restrictionsβ t
0

∣∣
Ãd

: Ãd → A≤d of the

homomorphismβ t
0 : Ã → A given by

f (X1, . . . , Xn) = β t
0(F)(X1, . . . , Xn) = F(1, X0, . . . , Xn),
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and these systems have the properties that

a ∩ Ãd = ϕd(b ∩ A≤d) and β t
0(a ∩ Ãd) = b ∩ A≤d.

Proposition 10.33.Let a prime ideala of Ã not containingX0 correspond to
the prime idealb of A under the formulab = β t

0(a) as in Theorem 10.20, and let
U = V(b) andV = V(a) be the respective affine and projective varieties forb
anda, V being the Zariski closure ofβ0(U ) in Pn. Thenβ t

0 descends to a ring
homomorphismψ of Ã(V) onto A(U ), andψ in turn induces a canonical field
isomorphism� : k(V) → k(U ). Under the field isomorphism�, the image of
the local ringOβ0(P)(V) isOP(U ) for eachP in U .

PROOF. Sinceβ t
0 carries Ã onto A and carriesa into b, β t

0 descends to a
homomorphismψ of Ã/a = Ã(V) onto A/b = A(U ). If F and G are in
the same homogeneous summandÃ(V)d of Ã(V), then we define�(F/G) =
ψ(F)/ψ(G) as a member of the field of fractionsk(U ) of A(U ). If F/G =
F

′
/G

′
, thenF G

′ = F
′
G. Applyingψ , using thatψ is a homomorphism, and

reinterpreting matters ink(U ), we see that�(F/G) = �(F ′
/G

′
), i.e., that� is

well defined. A similar argument that involves clearing fractions and applyingψ

shows that� respects addition and multiplication. Therefore� is a field mapping
of k(V) into k(U ).

Let A(U )≤d be the image ofA≤d in A/b = A(U ). Sinceβ t
0 carriesÃd onto

A≤d and carriesa ∩ Ãd onto b ∩ A≤d, ψ carries Ã(V)d onto A(U )≤d. Any
member ofk(U ) is the quotient of two members ofA(U )≤d for somed, and
it is consequently� of the quotient of the corresponding members ofÃ(V)d.
Therefore� carriesk(V) ontok(U ) and is a field isomorphism.

Let F andG in Ã(V) be the cosetsF + a andG + a, let f = β t
0(F) andg =

β t
0(G), and let f̄ andḡ in A(U ) be the cosets off +b andg+b. Thenψ(F) = f̄

andψ(G) = ḡ, and hence�(F/G) = f̄ /ḡ. Let P = (x1, . . . , xn)be inU , so that
β0(P) = [1, x1, . . . , xn] is in β0(U ). Defineβ#

0(P) = (1, x1, . . . , xn) in An+1,
so that the class ofβ#

0(P) in Pn is β0(P). Thenḡ(P) = g(P) = (β t
0G)(P) =

G(β#
0(P)) = G(β#

0(P)). Therefore f̄ /ḡ lies inOP(U ) if and only if F/G lies
in Oβ0(P)(V). So� carriesOβ0(P)(V) ontoOP(U ). �

Corollary 10.34. Let V be a projective variety, and letU be a nonempty open
subset ofV . Then each member ofO(U ) ⊆ k(V) is determined as an element
in k(V) by its restriction toU .

PROOF. Subtracting two such members, we may assume that their difference
h is 0 onU . We are to prove thath = 0 in k(V). For somej with 0 ≤ j ≤ n,
βj (An) ∩ V is nonempty, and we may assume that this is the case forj = 0.
The subsetV0 = β−1

0 (V) of An is an affine variety. SinceU andβ0(An) ∩ V are
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nonempty open subsets ofV , their intersection is nonempty, andU0 = β−1
0 (U ) is

a nonempty open subset ofV0. Let� : k(V)→ k(V0) be the field isomorphism
in Proposition 10.33. By assumption,h is inOβ0(P)(V) for everyP in U0. Since
the value ofh at P is 0, h is actually in the maximal ideal ofOβ0(P)(V) for P
in U0. Proposition 10.33 shows that�(h) is in the maximal ideal ofOP(V0) for
all P in U0. Fix P0 in U0. Then we can write the member�(h) of k(V0) as
�(h) = ā/b̄ with b̄(P0) �= 0. Sinceb̄ is continuous onV0 by Proposition 10.26,
b̄(P) is nonzero for allP in some neighborhoodW of P0 contained inU0. Then
the formula�(h) = ā/b̄ shows explicitly that�(h) is defined at such points
P and satisfies�(h)(P) = ā(P)/b̄(P). Since�(h) is in the maximal ideal of
OP(V0) for all P in U0, �(h)(P) = 0 for P in W. Henceā(P) = 0 for P in
W. Consequentlȳa and 0 are two members ofA(V) that are equal onW, and
Lemma 10.27 allows us to conclude thatā = 0. Thereforeh = 0. �

Proposition 10.35.LetU be a nonempty open subset of the projective variety
V in Pn. Suppose thath0 : U → k is a function with the following property: for
eachP in U , there exist an open subsetW of U containingP and homogeneous
polynomialsF andG in Ã of the same degree such thatG is nowhere vanishing
on W andh0 = F/G on W. Then there exists one and only one memberh of
k(V) such thath is regular onU and agrees withh0 at every point ofU .

REMARKS. For the quasiprojective case the more complicated local-sounding
definition of “regular function” onU , mentioned in the first paragraph of this
section, is what is assumed ofh0 in the statement of this proposition. The
proposition says that such anh0 necessarily comes from a global rational function
on V that is regular onU in the sense just above.

PROOF. For eachj with 0 ≤ j ≤ n such thatVj = βj (An) ∩ V is nonempty,
β−1

j (Vj ) is an affine variety, andUj = U ∩Vj is a nonempty open subset such that
hj,0 = h0

∣∣
Uj

is a function onUj with the following property: for eachP in Uj ,
there exist an open subsetW of Uj containingP and homogeneous polynomials
F andG in Ã of the same degree such thatG is nowhere vanishing onW and
hj,0 = F/G on W. We pull back this situation byβ−1

j , writing β t
j hj,0 for the

function onβ−1
j (W) given by(β t

j hj,0)(Q) = hj,0(βj (Q)). The setβ−1
j (Vj ) is an

affine variety, and the Zariski closure ofVj in Pn is V . The homomorphismβ t
j on

Ã descends to a ring homomorphismψj : Ã(V)→ A(β−1
j (Vj )), andψj induces

a field isomorphism�j : k(V)→ k(β−1
j (Vj )), according to Proposition 10.33.

The setβ−1
j (Uj ) is a nonempty open subset of the affine varietyβ−1

j (Vj ),

andβ t
j hj,0 is a function onβ−1

j (Uj ) with the following property: for eachP in

β−1
j (Uj ), there exist an open subsetW ofβ−1

j (Uj ) containingP and homogeneous



590 X. Methods of Algebraic Geometry

polynomialsF andG in Ã of the same degree such that their imagesF andG
in Ã(V) haveG nowhere vanishing onW and haveβ t

j hj,0 = ψj (F)/ψj (G) =
�(F/G) on W. Proposition 10.33 says thatψj (F) = ā andψj (G) = b̄ for
members̄a andb̄of A(β−1

j (Vj )). We are in the situation of Proposition 10.28 with

f0 = β t
j hj,0, and that proposition produces a unique memberhj of k(β−1

j (Vj ))

that is regular onβ−1
j (Uj ) and agrees withβ t

j hj,0 at every point ofβ−1
j (Uj ).

The memberh of k(V) that we seek ish = �−1
j (hj ). To verify this assertion,

we are to show that�−1
j (hj ) is independent ofj . Thus suppose thatVi ∩Vj �= ∅.

Fix P in Ui ∩ Uj = U ∩ Vi ∩ Vj , and choose the above open neighborhoodW
of P small enough for the above construction to apply for both indicesi and j .
By the uniqueness in Proposition 10.28,hj is the unique member ofk(β−1

j (Vj ))

that is regular onβ−1
j (W) and agrees withβ t

j hj,0 = β t
j (h0

∣∣
Uj
) at every point of

β−1
j (W). Thus�−1

j (hj ) = F/G on W, whereF andG are as in the previous

paragraph. By the same uniqueness argument,�−1
i (hi ) = F/G on W. The

difference�−1
i (hi ) − �−1

j (hj ) is a member ofk(V) that is regular onW and
vanishes there. By Corollary 10.34, the difference is 0 as an element ofk(V).
Therefore�−1

j (hj ) is independent ofj , and we can takeh to be this member of
k(V). �

Just as in the quasi-affine case, it is possible in the quasiprojective case to give
a local-sounding definition of rational function and a formulation ofOP(U ) in
terms of germs. We shall not use these notions, and we omit any further discussion
of them.

5. Morphisms

The goal of this section and the next is to introduce maps that make the collection
of all quasiprojective varieties over an algebraically closed fieldk into the objects
of a category in a way that does not depend on the ambient spaceAn or Pn of
the variety. These maps will all be algebraic in nature, and there will be two
choices of which class of maps to use, one involving good denominators and
one allowing occasional bad denominators. The first kind of map will be called
a “morphism,” and the second kind of map will be called a “dominant rational
map.” The relationships between these two kinds of maps and the interpretation
of these maps in terms of function fields will be of great importance in applying
this theory.

A variety over the algebraically closed fieldk henceforth will be any affine,
quasi-affine, projective, or quasiprojective variety as in the previous sections. To
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each such varietyV , Section 4 associates a function fieldk(V), a local ring
OP(V) ⊆ k(V) of regular functions at each pointP, and a ringO(E) =⋂

P∈E OP(V) ⊆ k(V) of regular functions on each nonempty open subsetE
of V . We have observed that each rational function on a varietyV is regular on
some nonempty open subset ofV , namely the complement of the pole set. One
further fact that we shall use about rational functions is the following.

Proposition 10.36. If P andQ are distinct points of a varietyV , then there
exists a rational functionh ∈ k(V) such thath is defined at bothP andQ, has
h(P) = 0, and hash(Q) �= 0.

PROOF. Without loss of generality, we may assume thatV is projective. Say
thatV ⊆ Pn. Letp be the prime homogeneous ideal iñA = k[X0, . . . , Xn] such
that Ã(V) = Ã/p, and letF 	→ F be the quotient homomorphism̃A 	→ Ã(V).
Let P = [x0, . . . , xn] andQ = [y0, . . . , yn]. Choose a homogeneous polynomial
F in Ã such thatF(x0, . . . , xn) = 0 and F(y0, . . . , yn) �= 0, and choose a
homogeneous polynomialG with degG = degF such thatG(x0, . . . , xn) �= 0
and G(y0, . . . , yn) �= 0. ThenG is not 0, andh = F/G has the required
properties. �

If U andV are varieties, then a continuous functionϕ : U → V relative to the
Zariski topology is called amorphism if for each nonempty open subsetE of V
and each regular functionf on E, the compositionf ◦ ϕ is a regular function
on the open subsetϕ−1(E) of U . Thusϕ is to be continuous and is to induce by
composition a function fromO(E) intoO(ϕ−1(E)) for each open subsetE of V .
An isomorphism of varieties is a morphism having an inverse function that is a
morphism.

It is immediate that the composition of two morphisms is a morphism and that
the identity function is a morphism. Thus the varieties overk form a category if
morphisms are used as the maps.

EXAMPLES OF MORPHISMS. Suppose thatk has characteristic different from 2.
Let U beP1, written as

P1 = {
[s, t ] | (s, t) �= (0, 0)},

and letV be the projective variety inP2 defined by the irreducible homogeneous
polynomialX2 + Y2 − Z2, i.e.,

V = {
[x, y, z] | x2 + y2 = z2 and(x, y, z) �= (0, 0, 0)}.

Let ϕ : U → V be the function given by

ϕ
(
[s, t ]

) = [s2 − t2,2st, s2 + t2].



592 X. Methods of Algebraic Geometry

This is well defined, and it is continuous because the Zariski closed proper subsets
of V are the finite sets, whose inverse images are finite sets. IfF and G are
two homogeneous members ofk[X,Y, Z] and if F and G are the images in
Ã(V) = k[X,Y, Z]/(X2 + Y2 − Z2), we are to assume thatG is not 0, i.e., that
G is not divisible byX2 + Y2 − Z2, and thenh = F/G is a typical rational
function onV . We are to show that ifh is regular on an open subsetE of V , then
h ◦ ϕ is regular onϕ−1(E) ⊆ P1. The expressionh = F/G exhibitsh as regular
on the open setE of points [x, y, z] of V with G(x, y, z) �= 0. The setϕ−1(E)
is the set of points [s, t ] in P1 with G(s2 − t2,2st, s2 + t2) �= 0. At such points
the functionh ◦ ϕ is given by

(h ◦ ϕ)(s, t) = F(s2 − t2,2st, s2 + t2)/G(s2 − t2,2st, s2 + t2),

and it is given by a rational expression with nonvanishing denominator. Thusϕ

is a morphism.
Let us see thatψ : V → P1 given by

ψ [x, y, z] =
{

[x + z, y] if [ x, y, z] �= [1,0,−1],

[−y, x − z] if [ x, y, z] �= [1,0,1]

consistently defines another morphism. For the consistency we observe that
x2 + y2 = z2 implies that(x + z)(x − z) = −y2; hence on the common domain
of the two expressions, [x + z, y] = [−y2/(x − z), y] = [−y/(x − z), 1] =
[−y, x − z]. Continuity ofψ follows because the inverse image of any finite set
is a finite set. For the regularity we observe that ifF andG are homogeneous
members of the same degree iñA(P1) = k[S, T ] with G �= 0 and ifh = F/G,
then the expressionh = F/G exhibitsh as regular on the open setE of points
[s, t ] in P1 with G(s, t) �= 0. The setψ−1(E) is the set of points [x, y, z] on V
with G(x + z, y) �= 0. At such points the functionh ◦ ψ is given by

(h ◦ ψ)[x, y, z] = F(x + z, y)/G(x + z, y),

and it is given by a rational expression with a nonvanishing denominator. Thus
ψ is a morphism. In other words,ϕ is an isomorphism.

Proposition 10.37. Let β0 : An → Pn be the usual inclusion. IfU is a
quasi-affine variety inAn, thenβ0 is an isomorphism of the quasi-affine variety
U onto the quasiprojective varietyβ0(U ).

PROOF. Proposition 10.18 shows thatβ0 is a homeomorphism ofU onto its
image. The last conclusion of Proposition 10.33 implies that the regular functions
for U match those forβ0(U ) underβ0, and the result follows. �
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Theorem 10.38. Let U be any variety, letV be any affine variety, and let
A(V) be the affine coordinate ring ofV . Then the morphismsϕ : U → V are in
one-one correspondence with thek algebra homomorphisms̃ϕ : A(V)→ O(U )
via the formula

ϕ̃( f ) = f ◦ ϕ for f ∈ A(V).

REMARKS. Membersf of A(V) lie in O(V). Thek algebra homomorphism
ϕ̃ is meaningful because the fact thatϕ is a morphism implies thatf ◦ ϕ is in
O(ϕ−1(E)) for every openE in V ; here we takeE = V andϕ−1(E) = U . The
proof of Theorem 10.38 will be preceded by a lemma.

Lemma 10.39.If U is a variety andV is an affine variety inAn, then a function
ψ : U → V is a morphism if and only ifXi ◦ ψ is a regular function onU for
the imageXi in A(V) of each coordinate functionXi with 1 ≤ i ≤ n.

PROOF. If ψ is a morphism, then the definition of morphism forcesXi ◦ ψ to
be a regular function.

Conversely supposeψ has the property that eachXi ◦ψ is a regular function.
Then f ◦ ψ is a regular function onU for each f in A(V), since every member
of A(V) is a polynomial in the elementsXi . If E is a closed set inV , thenE is
the locus of common zeros of some set{ fα} of polynomials, andψ−1(E) is the
set of pointsP such thatfα(ψ(P)) = 0 for all α. Henceψ−1(E) is the locus of
common zeros of a subset{ fα ◦ ψ} of regular functions onU and is relatively
closed inU . Thusψ is continuous.

If E is nonempty open inV , thenk(E) = k(V) shows that each regular
functionh on E is locally the quotient of members ofA(V) with nonvanishing
denominator. Let us writeh = f/g with g nonvanishing near a point of interest.
Thenh ◦ ψ = ( f ◦ ψ)/(g ◦ ψ) is exhibited locally as a rational function with
nonvanishing denominator. �

PROOF OFTHEOREM 10.38. Suppose thatα : A(V) → O(U ) is ak algebra
homomorphism. Defineψ : U → V by ψ(P) = (α(X1)(P), . . . , α(Xn)(P)).
Then Xi ◦ ψ = α(Xi ) is in O(U ) by definition ofα, and Lemma 10.39 shows
thatψ is a morphism.

The k algebra homomorphism̃ψ defined byψ̃( f ) = f ◦ ψ hasψ̃(Xi ) =
Xi ◦ ψ = α(Xi ). Since the elementsXi generateA(V), ψ̃ = α. Thus starting
from α, formingψ , and obtaining̃ψ recoversα. In the reverse direction if we
start fromϕ, form ϕ̃, and use the construction of the previous paragraph to obtain
ψ , thenψ(P) = (

ϕ̃(X1)(P), . . . , ϕ̃(Xn)(P)
) = (

X1(ϕ(P)), . . . Xn(ϕ(P))
) =

ϕ(P) for P in U . Henceψ = ϕ. Thus the functionα 	→ ψ is a two-sided inverse
of the functionϕ 	→ ϕ̃. �
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Corollary 10.40. If U and V are affine varieties, then the morphisms
ϕ : U → V are in one-one correspondence with thek algebra homomorphisms
ϕ̃ : A(V)→ A(U ) via the formula

ϕ̃( f ) = f ◦ ϕ for f ∈ A(V).

PROOF. This is immediate from Theorem 10.38, since Corollary 10.25 shows
thatO(U ) = A(U ). �

Proposition 10.41.If U andV are varieties and ifϕ : U → V andψ : U → V
are morphisms such thatϕ

∣∣
E = ψ∣∣E for some nonempty open setE in U , then

ϕ = ψ .

PROOF. Let h be a rational function onV , and letE′ be the nonempty open
subset ofV on whichh is regular. Sinceϕ andψ are morphisms,h ◦ϕ andh ◦ψ
are regular on the respective nonempty open subsetsϕ−1(E′) andψ−1(E′) of U .
The equalityϕ

∣∣
E = ψ∣∣E shows thath ◦ ϕ andh ◦ ψ are equal on the nonempty

open subsetE ∩ϕ−1(E′)∩ψ−1(E′) of U . The functionh◦ϕ−h◦ψ is therefore
a rational extension fromE ∩ ϕ−1(E′) ∩ ψ−1(E′) to U of the 0 function, and
Proposition 10.34 shows thath ◦ ϕ − h ◦ψ = 0 onU . Thereforeh ◦ ϕ = h ◦ψ
as elements ofk(U ) for everyh in k(V).

Arguing by contradiction, suppose thatP is a point inU for which ϕ(P) �=
ψ(P). Then Proposition 10.36 producesh in k(U ) such thath is regular on
an open subsetF of V containingϕ(P) andψ(P) and hash(ϕ(P)) = 0 and
h(ψ(P)) �= 0. Sinceϕ andψ are morphisms,h ◦ ϕ andh ◦ψ are regular on the
open setϕ−1(F) ∩ ψ−1(F). Their respective values atP areh(ϕ(P)) = 0 and
h(ψ(P)) �= 0. Sinceh ◦ ϕ = h ◦ ψ as rational functions, this is a contradiction.

�

Proposition 10.42.Suppose thatU andV are varieties and thatϕ : U → V
is a morphism. IfP is in U , then ϕ induces ak algebra homomorphism
ϕ∗

P : Oϕ(P)(V) → OP(U ). Composition of morphisms goes to composition
of these homomorphisms in the reverse order.

Proof. Propositions 10.33 and 10.37 together imply that we may assumeU and
V to be quasi-affine. Letf in k(V) be defined atϕ(P). Proposition 10.24 shows
that the setE on which f is regular is open inV . Sinceϕ is a morphism andf is
regular onE, f ◦ϕ is regular on the open subsetϕ−1(E) of U . Proposition 10.28,
applied toϕ−1(E) ⊆ U , shows that there exists a unique memberF of k(U ) that
is regular onϕ−1(E) and agrees withf ◦ ϕ on ϕ−1(E). We putϕ∗

P( f ) = F .
It is a routine matter to check thatϕ∗

P is a k algebra homomorphism and that
compositions go to compositions in the reverse order. �
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6. Rational Maps

This section will introduce a second kind of map that makes the collection of all
(quasiprojective) varieties over the algebraically closed fieldk into a category.
These maps will not be ordinary functions, and the definition requires some care.

If U andV are varieties over the algebraically closed fieldk, then arational
mapϕ : U → V is an equivalence class of pairs(E, ϕE), whereE is a nonempty
open set ofU andϕE is a morphism ofE into V . The equivalence relation on two
such pairs is that(E, ϕE) ∼ (E′, ϕE′) if ϕE

∣∣
E∩E′ = ϕE′

∣∣
E∩E′ . This is meaningful,

since the intersection of any two nonempty open sets is nonempty. The relation
∼ is certainly reflexive and symmetric, and Proposition 10.41 shows that it is
transitive. We can therefore take the union of the open subsetsE such that some
pair(E, ϕE) is in the equivalence class, andϕ will be definable as a morphism on
this union. This union is called thelargest domainon whichϕ is a morphism.

A morphism fromU to V defines a rational map. But a rational map need not
be an everywhere-defined function, and forming the composition of two rational
maps is problematic. For example, ifE is the open subset ofU on which a rational
mapϕ : U → V is defined andF is the open subset ofV on which a rational
mapψ : V → W is defined, then it may happen thatϕ(E) is disjoint fromF . In
this case the compositionψ ◦ ϕ makes no sense.

A rational mapϕ : U → V is said to bedominant if ϕE has dense image in
V for some (and hence every) pair(E, ϕE) in the equivalence class. It is evident
that the composition of twodominantrational maps makes sense as a rational
map. The identity mapping is a dominant rational map, and thus the collection
of all varieties overk becomes a category if the dominant rational maps are used
as the maps of the category.

A birational map is a dominant rational mapϕ : U → V that has a dominant
rational mapψ : V → U as a two-sided inverse. Two varieties admitting a
birational map from the one to the other are said to bebirationally equivalent
varieties, or to bebirational .

EXAMPLE. The irreducible affine plane curves defined byT2 − (S4 + 1) and
Y2−(X3−4X) are birationally equivalent ifk has characteristic different from 2.
Birational mappings in the two directions are given by

S = Y

2X

T = Y2 + 8X

4X2

⎫⎪⎪⎬⎪⎪⎭ and

⎧⎪⎪⎨⎪⎪⎩
X = 2

T − S2

Y = 4S

T − S2
.

The rational map from(X,Y) to (S, T) is a morphism on the complement of
(0,0) in the locusy2 = x3 − 4x in A2. The rational map from(S, T) to (X,Y)
is a morphism on the entire locust2 = s4 + 1 in A2.



596 X. Methods of Algebraic Geometry

Letϕ : U → V be a dominant rational map, and let(E, ϕE) be any pair in the
equivalence classϕ. If f ∈ k(V) is a rational function onV , then the subsetF of
V on which f is defined is open and nonempty. Sof

∣∣
F is a regular function onF .

SinceϕE is continuous and has dense image,E′ = ϕ−1
E (F) is a nonempty open

set inE ⊆ U . The functionϕE′ is a morphism fromE′ into F , and thusf
∣∣
F ◦ϕE′

is a regular function onE′. We can therefore regard it as a rational function on
U , i.e., a member ofk(U ). Consequently the dominant rational mapϕ : U → V
induces a functioñϕ : k(V) → k(U ) that is easily seen to be a field mapping
respectingk. Compositions of dominant rational maps lead to compositions of
such field mappings in the reverse order.

EXAMPLE, CONTINUED. The two irreducible affine plane curves in the example
earlier in this section have been observed to be birationally equivalent. In view
of the previous paragraph, their function fields must be isomorphic. Taking into
account that the genus of a curve, as defined in Section IX.3, depends only on the
function field, we see that the two curves must have the same genus. This equality
is confirmed by Example 3 of genus in Section IX.3, which shows that the genus
of k[x, y]/(y2 − p(x)), wherep(x) is a square-free polynomial of degreem in
characteristic different from 2, is12m−1 if m is even and is12(m−1) if m is odd.
The two curves under study havem = 4 andm = 3, and the genus is 1 in both
cases.

The main result of this section will be a converse to the construction just made,
showing how to pass from ak algebra homomorphism between function fields to
a dominant rational map in the reverse order. We require two lemmas.

Lemma 10.43.Let V = V( f ) be the hypersurface13 in An defined by a non-
constant polynomialf in k[X1, . . . , Xn]. Then the open setAn−V is isomorphic
to an affine variety, specifically to the hypersurface inAn+1 corresponding to the
irreducible polynomialXn+1 f (X1, . . . , Xn)− 1 in k[X1, . . . , Xn+1].

REMARKS. Even thoughf is not assumed irreducible,Xn+1 f −1 is irreducible.
In fact, consideration of the degree inXn+1 shows that the only possible nontrivial
factorization is of the form(Xn+1a − b)(c) with a, b, c in k[X1, . . . , Xn]. Then
bc = 1, andc has to be scalar. The open setAn − V is a quasi-affine variety
(having closureAn), and the lemma therefore asserts that this quasi-affine variety
is isomorphic to a certain affine variety inAn+1.

PROOF. Let W = V(Xn+1 f − 1). Let ϕ : W → An be the map defined by
ϕ(x1, . . . , xn+1) = (x1, . . . , xn) for (x1, . . . , xn+1) in W. ThenXj ◦ϕ is projection

13In the application of Lemma 10.43 to Lemma 10.44, it is important that the polynomialf is
allowed to be reducible.
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to the j th coordinate for 1≤ j ≤ n, which is a regular function onW. Lemma
10.39 shows thatϕ is a morphism, andϕ is one-one onto by inspection. The
inverse function is given byϕ−1(x1, . . . , xn) = (

x1, . . . , xn,1/ f (x1, . . . , xn)
)
.

Let Xj be the image ofXj in k[X1, . . . , Xn+1]/(Xn+1 f − 1) for 1 ≤ j ≤ n + 1.
Then(Xj ◦ ϕ−1)(x1, . . . , xn) equalsxj for j ≤ n and equals 1/ f (x1, . . . , xn) for
j = n + 1, and these are regular functions on the complement ofV( f ) in An.
By Lemma 10.39,ϕ−1 is a morphism. �

Lemma 10.44.If V is a variety, then there is a base for the Zariski topology
on V consisting of open sets that are isomorphic to affine varieties.

PROOF. Let P be in V , and letU be an open subset ofV containingP.
We are to produce an open subsetW of U containingP that is isomorphic to
an affine variety. Since any nonempty open set of a quasiprojective variety is
a quasiprojective variety,U is a variety. Thus we may assume thatU = V .
Since any projective variety inPn is covered by the affine varieties isomorphic
via Proposition 10.37 to nonempty intersections withβj (An), any quasiprojective
variety is covered by quasi-affine varieties. Thus we may assume thatU = V
is quasi-affine inAn. Let X be the closed subsetX = V − V in An, and let
a = I (X). SinceP is in V , it is not in X, and there exists somef in a with
f (P) �= 0. LetY = V( f ). The pointP is not inY, and thusW = V − V( f ) is
relatively open inV and containsP.

Being relatively open inV , W is a quasi-affine variety. Sincef vanishes onX,
V( f ) containsX = V − V . Thus the equalityW = V − V( f ) exhibitsW as a
relatively closed subset ofAn − V( f ), which Lemma 10.43 shows is isomorphic
to an affine variety. HenceW itself is isomorphic to a quasi-affine variety that is
closed in an affine variety. That is,W is isomorphic to an affine variety. �

Theorem 10.45. Let U andV be varieties, and letϕ 	→ ϕ̃ be the function
carrying dominant rational mapsϕ : U → V to field mappings̃ϕ : k(V)→ k(U )
respecting the operations byk and given by

ϕ̃( f ) = (class of f
∣∣
F ◦ ϕE′),

where f is in k(V), f is regular onF , (E, ϕE) is a pair in the classϕ, and
E′ = ϕ−1

E (F). Thenϕ 	→ ϕ̃ is one-one onto the set of all field mappings from
k(V) into k(U ) respectingk. Furthermore, ifP ∈ U andQ ∈ V are points, then
the maximal ideal of̃ϕ(OQ(V)) is contained in the maximal ideal ofOP(U ) if and
only if P is in the largest domain on whichϕ is a morphism and hasϕ(P) = Q.

REMARK. The ringOP(U ) is thek vector space sum of its maximal ideal
and the constants, since evaluation atP is a well-defined multiplicative linear
functional onOP(U ), and a similar comment applies toOQ(V). Whatever̃ϕ
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does, it certainly carries 1 to 1, and hence ifϕ̃ carries the maximal ideal of
OQ(V) to the maximal ideal ofOP(U ), then it carriesOQ(V) toOP(U ) also.

PROOF. We begin by invertingϕ 	→ ϕ̃. Lemma 10.44 shows that any variety
is covered by open subvarieties isomorphic to affine varieties, and the function
fields of the variety and the subvarieties may all be identified with one another.
Thus there is no loss in generality in assuming thatV is an affine variety in
An. Let X1, . . . , Xn be the images inA(V) of X1, . . . , Xn, and suppose that a
k algebra homomorphismγ : k(V) → k(U ) is given. Thenγ (X1), . . . , γ (Xn)

are rational functions onU , and we can find a nonempty open subsetE of U on
which all these functions are regular. Sinceγ is a homomorphism,γ yields by
restriction of the images a homomorphismγ : A(V) → O(E). Moreover, this
version ofγ is one-one onA(V) becauseγ as a field mapping is one-one and
because Proposition 10.34 shows that each member ofO(E) extends in only one
way to a member ofk(U ). Theorem 10.38 produces a morphismψ : E → V
such that̃ψ = γ for this restricted version ofγ . Then the equivalence classϕ of
the pair(ψ, E) is a rational map ofU into V .

To see thatϕ is dominant, suppose on the contrary thatψ(E) is a proper
closed subset ofV . Then we can find a polynomialf that is 0 onψ(E) but is not
identically 0 onV . The imagef̄ of f in A(V) is nonzero. Since the restricted
version ofγ is one-one,γ ( f̄ ) is nonzero inO(E). However,γ ( f̄ ) = ψ̃( f̄ ) =
f̄ ◦ ψ , and the right side is 0 onE, contradiction.

The construction is arranged in such a way that if we start fromϕ, form ϕ̃,
and go through the construction to produce a rational map ofU into V , then
the resulting rational map isϕ. In the reverse direction, suppose that we start
from γ , produceϕ, and then form̃ϕ, and suppose that̄f in k(V) is in A(V). If
E ⊆ U is as in the first paragraph of the proof, then a representative ofϕ is the
pair (E, ϕE), whereϕE is the morphism such that(ϕE )̃ = γ . Thenγϕ( f̄ ) is the
class of f̄ ◦ ϕE, which equals̃ϕ( f ) and henceγ ( f̄ ). In other words,γ andϕ̃
agree onA(V); being field mappings, they agree onk(V). This completes the
proof of the first conclusion of the theorem.

Now suppose thatϕ is a dominant rational map fromU to V and that̃ϕ is the
corresponding field map ofk(V) to k(U ). Let P ∈ U and Q ∈ V be points,
suppose that there is an open neighborhoodE of P such that(E, ϕE) is in the
equivalence classϕ, and suppose thatϕE(P) = Q. Lemma 10.44 shows that
there is a base of open neighborhoods ofQ in V consisting of open sets that are
isomorphic to affine varieties. SinceϕE is by assumption continuous, we can
select any such open neighborhood and assume thatϕE carriesE into it. Thus
there is no loss of generality in assuming thatV is isomorphic to an affine variety.
We associate toϕE thek algebra homomorphism(ϕE )̃ : O(V)→ O(E) given
by (ϕE )̃ ( f ) = f ◦ ϕE for f ∈ O(V). This formula shows that the membersf
of O(V) that vanish atQ are carried to members ofO(E) that vanish atP and
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that members ofO(V) that do not vanish atQ go to members ofO(E) that do
not vanish atP. Therefore(ϕE )̃ carriesOQ(V) intoOP(E) = OP(U ).

Conversely suppose that the field mapϕ̃ has the property that the maximal
ideal of ϕ̃(OQ(V)) is contained in the maximal ideal ofOP(U ). Possibly by
passing to an open subneighborhood from the outset, we may assume by Lemma
10.44 thatU andV are isomorphic to affine varieties. Dropping the isomorphism
from the notation, we can writeO(V) = A(V) = k[y1, . . . , ym] by Corollary
10.25. Each̃ϕ(yj ) is a rational function onU , which we can write as̃ϕ(yj ) =
aj /bj with aj and bj in O(U ) = A(U ). The hypothesis oñϕ implies that
ϕ̃(OQ(V)) ⊆ OP(U ), hence that each̃ϕ(yj ) is regular atP. Thus we may take
each denominatorbj to havebj (P) �= 0. Choose an open neighborhood ofP on
which allbj are nonvanishing and an open subneighborhoodE that is isomorphic
to an affine variety. Sincẽϕ respects the field operations, it carries any polynomial
in y1, . . . , ym to a quotientc/d with c andd in O(E) and withd nowhere 0 onE.
Thereforec/d is in

⋂
P′∈E OP′(E) = O(E). That is,̃ϕ carriesO(V) intoO(E).

SinceV is isomorphic to an affine variety, Corollary 10.25 and Theorem 10.38
show that̃ϕ : O(V)→ O(E) is given by the formula

ϕ̃(h)(u) = h(ϕE(u)) (∗)

for some morphismϕE : E → V and allh ∈ O(V) andu ∈ E. The first part
of the proof shows that the pair(E, ϕE) is in the equivalence classϕ. HenceP
is in the largest domain on whichϕ is a morphism. Arguing by contradiction,
suppose thatϕE(P) = Q′ �= Q. Choose by Proposition 10.36 a rational function
h on V that is defined at bothQ andQ′ and hash(Q) = 0 andh(Q′) �= 0. Then
ϕ̃ carriesOQ(V) and its maximal ideal intoOP(U ) and its maximal ideal, and
we obtain 0= ϕ̃(h)(P) = h(ϕE(P)) = h(Q′) �= 0, contradiction. We therefore
conclude thatϕE(P) = Q, and the proof of the second conclusion of the theorem
is complete. �

Corollary 10.46. If U andV are varieties, then the following conditions are
equivalent:

(a) U andV are birationally equivalent,
(b) k(U ) andk(V) are isomorphic ask algebras,
(c) there are nonempty open subsetsE of U andF of V such thatE andF

are isomorphic as varieties.

PROOF. The equivalence of (a) and (b) follows from Theorem 10.45 and the
fact that composition of dominant rational maps corresponds to composition of
homomorphisms ofk algebras in the reverse order.

Let us check that (c) implies (a). If (c) holds, letϕ : E → F andψ : F → E
be morphisms that are inverse to each other. Then the equivalence classes of
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(E, ϕ) and(F, ψ) are rational maps fromU to V and fromV to U , respectively.
The equivalence class of(E, ψ ◦ϕ) = (E,1E) is the identity rational map onU ,
and the equivalence class of(F, ϕ ◦ψ) = (F, 1F ) is the identity rational map on
V . Hence the rational maps are inverses of one another. This proves (a).

Finally let us check that (a) implies (c). If (a) holds, letϕ : U → V and
ψ : V → U be rational maps that are inverse to each other. Let(E1, ϕ)

and (F1, ψ) be pairs representingϕ andψ . Then a pair representingψ ◦ ϕ
is (ϕ−1(F1), ψ ◦ ϕ) becauseϕ is a morphism on the open subsetϕ−1(F1) of E1

andψ is a morphism on the open setF1 containingϕ(ϕ−1(F1)). Sinceψ ◦ ϕ is
the identity onU as a rational map,ψ ◦ ϕ is the identity morphism onϕ−1(F1).
Put E = ϕ−1(F1) ⊆ E1. Similarly ϕ ◦ ψ is the identity morphism onψ−1(E1),
and we putF = ψ−1(E1) ⊆ F1. Let us see thatϕ(E) ⊆ F . If e is in E, we are to
exhibit somee1 ∈ E1 withψ(ϕ(e)) in E1, and thenϕ(e)will be in F = ψ−1(E1);
for this purpose we can takee1 = e, sinceψ ◦ ϕ is the identity morphism onE.
Similarly ψ(F) ⊆ E. Thusϕ andψ exhibit E and F as isomorphic varieties.
This proves (c). �

7. Zariski’s Theorem about Nonsingular Points

Sections 1–6 have established the definitions and elementary properties of va-
rieties, maps between varieties, and dimension. The present section concerns
singularities, which are a fundamental topic of interest in algebraic geometry.14

This topic was introduced in Section VII.5 in a context that we now recognize as
affine varieties.

The definition of “nonsingular” was motivated by the classical Implicit Func-
tion Theorem. Letk be an algebraically closed field, let the affine space in
question beAn, and letp be the prime ideal such that the affine variety to study
in An is V(p). If { fi } is a finite set of generators ofp and if P is in V(p), thenP
is said to be anonsingular point of V(p) if rank

[
∂ fi
∂Xj
(P)

] = n − dimV(p), and
otherwise it issingular. Zariski’s Theorem, which was formulated as Theorem
7.23 but only partially proved in Chapter VII, addressed this situation. In order
to rephrase the theorem in our current notation, letA(V) be the affine coordinate
ring of V , and letk(V) be the field of fractions ofA(V), i.e., the function field
of V . Let mP be the maximal ideal of all members ofA(V) vanishing atP, and
let OP(V) be the local ring atP; this is the localization ofA(V) with respect to
the maximal idealmP and is a subring ofk(V). The maximal ideal ofOP(V),
consisting of all members ofk(V) defined and vanishing atP, will be denoted
by MP. Theorem 7.23, translated into this notation, is as follows.

14The exposition in this section is based in part on Chapter I of Hartshorne’s book, Chapter III
of Reid’s book, and Chapter II of Volume 1 of Shafarevich’s books.
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Theorem 10.47(Zariski’s Theorem, rephrased). In the above notation,

dimk(MP/M
2
P) = dimk(mP/m

2
P) ≥ dimV(p),

andP is nonsingular if and only if equality holds. The set of nonsingular points
of V(p) is nonempty and open.

Toward the proof of this theorem, we showed in Section VII.5 for allP ∈ V(p)
that

dimk(MP/M
2
P) = dimk(mP/m

2
P),(a)

dimk(mP/m
2
P)+ rank

[
∂ fi
∂Xj
(P)

] = n,(b)

P is a nonsingular point if and only if dimk(mP/m
2
P) = dimV(p).(c)

In addition, we completed most of the proof in the special case thatV(p) is an
irreducible affine hypersurface by showing that

dimk(mP/m
2
P) ≥ dimV(p) for all P ∈ V(p),(d)

dimk(mP/m
2
P) = dimV(p) for someP ∈ V(p).(e)

Our goal in this section is to complete the proof of Zariski’s Theorem in the general
case as stated by reducing (d) and (e) for the general case to what has already
been proved for the special case thatV(p) is an irreducible affine hypersurface.
We need also to see in all cases that the set of nonsingular points is Zariski open.

Before proceeding, let us mention the significance of Theorem 10.47. The
definition above ofnonsingular and singular points extends immediately to
quasi-affine varieties, using the same defining polynomials, and the theorem is
then applicable because the open set of nonsingular points in an affine variety
meets any nonempty open subset of the variety. In the projective case we can pull
matters back to affine space by means of one of the mapsβi : An → Pn. In this
way we obtain definitions ofnonsingular andsingular point for quasiprojective
varieties, and the theorem remains valid.15 What is far from obvious with such
a definition is that the decision nonsingular vs. singular for a point is unaffected
by isomorphisms of varieties. On the other hand, the equivalent condition on
MP/M2

P as stated in Zariski’s Theorem is manifestly unaffected by isomorphisms
of varieties because of Proposition 10.42.

15Problems 13–16 at the end of the chapter show that the rank computation can alternatively be
made directly with the homogeneous polynomials defining the projective variety in question.
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Proposition 10.48. Any m-dimensional variety is birationally equivalent to
an irreducible affine hypersurfaceH in Am+1.

PROOF. Let V be the variety in question. By definition of dimV , the function
field k(V) is a finitely generated extension field ofk of transcendence degree
m over k. Since algebraically closed fields are perfect, Theorem 7.20 shows
that k(V) is “separably generated” overk, and Theorem 7.18 shows as a con-
sequence thatk(V) has a “separating transcendence basis,” i.e., a transcendence
basis{x1, . . . , xm} such thatk(V) is a finite separable algebraic extension of
k(x1, . . . , xm). By the Theorem of the Primitive Element, there exists an element
xm+1 of k(V) such thatk(V) = k(x1, . . . , xm)[xm+1]. Let P(Xm+1) be the
minimal polynomial ofxm+1 over k(x1, . . . , xm). Writing out the equation
P(xm+1) = 0 and clearing fractions, we see thatxm+1 satisfies a polynomial
equation

ar (x1, . . . , xm)x
r
m+1 + · · · + a1(x1, . . . , xm)xm+1 + a0(x1, . . . , xm) = 0

in which the coefficient polynomialsaj (X1, . . . , Xm) ∈ k[X1, . . . , Xm] have no
nontrivial common factor. In this case the polynomialf (X1, . . . , Xm+1) equal
to

ar (X1, . . . , Xm)X
r
m+1 + · · · + a1(X1, . . . , Xm)Xm+1 + a0(X1, . . . , Xm)

is irreducible ink[X1, . . . , Xm+1]. Thus the principal ideal( f ) defines an irre-
ducible affine hypersurfaceH = V( f ) in Am+1 whose affine coordinate ring is
k[X1, . . . , Xm+1]/( f ). The field of fractionsk(H) is isomorphic tok(V), and
H is birationally equivalent toV by the equivalence of (a) and (b) in Corollary
10.46. �

Lemma 10.49.Every pointP in V(p) has 0≤ dimk(MP/M2
P) ≤ n, and the

set of pointsP in V(p) with dimk(MP/M2
P) ≥ r is a Zariski closed subset for

each integerr .

PROOF. The entries of the matrix
[
∂ fi
∂Xj

]
are polynomials, and the set of points

P of V(p) for which the matrix
[
∂ fi
∂Xj
(P)

]
has rank≤ s is a Zariski closed subset,

being the set on which all(s + 1)-by-(s + 1) minors of the matrix vanish. By
display formula (b) above, the set of pointsP for which dimk(mP/m

2
P) ≥ n − s

is closed, and (a) therefore shows that the set with dimk(MP/M2
P) ≥ n − s is

closed. �

PROOF OFTHEOREM 10.47. Letm = dimV(p), and let a birational mapping
of V(p) to an affine hypersurfaceH of Am+1 be given. By the equivalence of (a)



7. Zariski's Theorem about Nonsingular Points 603

and (c) in Corollary 10.46, there exist nonempty open subsetsE of V(p) andF
of H that are isomorphic as varieties, say by an isomorphismϕ : E → F . Since
m = dimV(p) = dim H , Proposition 10.11 shows thatm = dim E = dim F
also. For each integerr ≥ 0, let

Sr = {
P ∈ V(p) | dimk(MP/M

2
P) ≤ r

}
,

Tr = {
P ∈ E | dimk(MP/M

2
P) ≤ r

}
,

Ur = {
P ∈ F ⊆ H | dimk(MP/M

2
P) ≤ r

}
.

Lemma 10.49 shows that

Sr , Tr ,Ur are relatively open inV(p), E, F, respectively, for eachr. (∗)

Application of Proposition 10.42 toϕ andϕ−1 gives

ϕ(Tr ) = Ur for all r ≥ 0, (∗∗)

and the special case of Theorem 10.47 proved in Section VII.5 shows that

Um �= ∅ and Um−1 = ∅. (†)

Combining(∗∗) and(†) yields

Tm �= ∅ and Tm−1 = ∅. (††)

SinceSr ⊇ Tr , the first of these shows that

Sm �= ∅. (‡)

If Sm−1 �= ∅, thenE ∩ Sm−1 �= ∅ because any two nonempty open subsets of
V(p) have nonempty intersection; butTm−1 = E∩Sm−1 would then be nonempty,
in contradiction to(††). Thus

Sm−1 = ∅. (‡‡)

In view of (a),(‡) proves (e) forV(p), and(‡‡) proves (d) forV(p). Because of
(‡‡), Lemma 10.49 implies thatSm is Zariski open; thus the set of nonsingular
points is open. �
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8. Classification Questions about Irreducible Curves

Sections 1–7 give the fundamentals concerning (quasiprojective) varieties over
the algebraically closed fieldk. The remainder of the chapter will address aspects
of three problems:

(i) What are all varieties, or in what senses can varieties be classified?
(ii) To what extent can one make computations in the subject?

(iii) What can be said when the algebraically closed fieldk is replaced by a
general commutative ring with identity?

Algebraic geometry is an enormous subject, going well beyond these problems.
For example the investigation of the nature of singularities is in itself a large
subject, with striking applications to topology and differential equations. The
use of homological methods ties algebraic geometry closely to topology and to
number theory, and these methods have bearing on the extent to which compact
complex manifolds admit the structure of projective varieties. Algebraic geometry
is an ingredient in the subject of invariant theory, which studies classical varieties
using representation theory. It is an ingredient also in the subject of algebraic
groups, which concerns varieties with a group structure in which multiplication
and inversion are morphisms.

The present section concerns the first of the three problems listed above, and
we limit our discussion toirreducible curves, i.e., to varieties of dimension 1.
We say that an irreducible curve isnonsingular if it is nonsingular at every
point. We are going to show in this section that each birational equivalence
class of irreducible curves overk contains a nonsingular projective curve and
that any two nonsingular projective curves in the birational equivalence class are
isomorphic as projective varieties.16 We also will get some information about
how this nonsingular curve in the class is related to the other curves in the class.
To a great extent the classification of irreducible curves will therefore have been
reduced to the classification of the birational equivalence classes, which Corollary
10.46 says is the same thing as a classification of the function fields in one variable
overk. We will not have anything to say about classifying the function fields in
one variable except to say that each class has a genus, according to Section IX.3,
and that every nonnegative integer can arise as a genus, according to Example 3
of genus in Section IX.3.17

Chapter IX already contains clues about where to begin. Section IX.1 men-
tioned the relevance of Dedekind domains to the study, and Problems 5–11 at
the end of that chapter attached a discrete valuation to each nonsingular point of
any irreducible affine plane curve. The notions of Dedekind domains, discrete

16The exposition in this section is based in part on Chapter 7 of Fulton’s book, Chapter I of
Hartshorne’s book, Chapter II of Reid’s book, and Volume I by Zariski–Samuel.

17The subject of Teichm¨uller theory in effect addresses this question whenk = C.
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valuations, and nonsingular points are very closely related, and we begin with
some equivalences concerning them. Recall from Sections 2 and 4 that the affine
coordinate ringA(C) of any irreducible affine curveC has Krull dimension 1.
That is, the Noetherian domainA(C) has the property that every nonzero prime
ideal is maximal. We have seen that the local ringOP(C) at any point is a
localization ofA(C), namely the localization ofA(C)with respect to the maximal
idealmP of functions vanishing atP. Furthermore, the proper ideals of such a
localization are exactly the setsS−1a with a equal to an ideal disjoint from the
set-theoretic complement ofmP in A(C). It follows that every nonzero prime
ideal inOP(C) is maximal. This conclusion extends to the quasiprojective case
as a consequence of Proposition 10.33. Zariski’s Theorem in Section 7 shows that
nonsingularity of the pointP of C can be detected fromOP(C). Consequently
the following proposition is relevant.

Proposition 10.50.Let R be a Noetherian local ring that is an integral domain
with the property that the only nonzero prime ideal is the maximal ideal. LetM
be the unique maximal ideal ofR, let K be the field of fractions ofR, and let
F = R/M be the quotient field. Under the assumption thatM �= 0 and therefore
that R �= K , the following conditions onR are equivalent:

(a) R is integrally closed,
(b) R is a Dedekind domain,
(c) R is a principal ideal domain,
(d) R is the valuation ring relative to some discrete valuation ofK ,
(e) M is a principal ideal,
(f) dimF M/M2 = 1.

REMARKS. Consider (f). To see howM/M2 becomes anF vector space in a
natural way, letr + M be a member ofF , and letm+ M2 be a member ofM/M2.
Then(r + M)(m + M2) = rm + M2 is a well-defined scalar multiplication of
F on M/M2, andM/M2 becomes a vector space overF . Nakayama’s Lemma
(Lemma 8.51 ofBasic Algebra, restated in the present book on page xxiii) shows
that an equalityM N = N for a finitely generatedR moduleN is possible only
if N = 0; sinceM itself is a finitely generatedR module, being an ideal in a
Noetherian ring, and sinceM �= 0 by assumption,M2 = M is not possible.
Therefore dimF M/M2 ≥ 1.

PROOF. If (a) holds, thenRsatisfies the three conditions (Noetherian, integrally
closed, every nonzero prime ideal maximal) in the definition of Dedekind domain.
Thus (a) implies (b). A Dedekind domain with only finitely many maximal ideals
is a principal ideal domain by Corollary 8.62 ofBasic Algebra, and thus (b) implies
(c). A principal ideal domain is a unique factorization domain by Theorem 8.15
of Basic Algebra, and thus (c) implies (a) by Proposition 8.41 ofBasic Algebra.
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To see that (a) through (c) are equivalent to (d), first suppose that (a) through
(c) hold. Then every fractional ideal inK relative toR is of the formMk for
some integerk. If x �= 0 is in K , then the principal fractional idealx R is of the
form x R = Mk for somek. Section VI.2 shows that the formulav(x) = k (with
v(0) = ∞) defines a discrete valuation onK , and the definition ofv shows that
the valuation ring ofv is R. Hence (d) holds. Conversely if (d) holds, thenR is
a principal ideal domain by Proposition 6.2; thus (c) and necessarily (a) and (b)
hold.

Let us prove that (e) and (f) are equivalent. If (e) holds, then we can write
M = (π) for someπ in R. If m + M2 is a given element ofM/M2, thenm is
of the formm = rπ for somer in R. Hence(r + M)(π + M2) = rπ + M2 =
m + M2, and dimF M/M2 ≤ 1. Since the remarks before the proof show that
dimF M/M2 ≥ 1, (f) holds.

If (f) holds, let {π + M2} be anF basis ofM/M2. If m ∈ M is given, then
m + M2 = (r + M)(π + M2) for somer ∈ R. Thereforem = rπ + m′ with
m′ ∈ M2, and we see that(π)+ M2 = M . We shall apply Nakayama’s Lemma in
the local ringR/(π) with maximal idealM/(π) and with moduleN = M/(π):
Givenm ∈ M , we expandm = rπ + m′ with m′ ∈ M2 asm = rπ +∑i, j mi mj .
Then the equalitym+(π) = ∑

i, j mi mj in M/(π) shows thatm ≡ ∑
i mi

∑
j mj ,

hence that the cosetm + (π) lies in
∑

i (mi + (π))(M/(π)). In other words,
M/(π) = (M/(π))2. Nakayama’s Lemma shows thatM/(π) = 0, and therefore
M = (π). Thus (e) holds.

Finally let us prove that (c) and (e) are equivalent. If (c) holds, thenM has to be
principal, and hence (e) holds. Suppose that (e) holds, i.e., thatM = (π). Let I
be a nonzero proper ideal inR. The idealN = ⋂∞

k=1 Mk is a finitely generatedR
module becauseR is Noetherian, and it hasM N = N. By Nakayama’s Lemma,
N = 0. SinceI ⊆ M and sinceI �= 0, there exists a largest integerk ≥ 1 such
that I ⊆ Mk. Choosey �= 0 in I with y in Mk = (πk) but not inMk+1 = (πk+1).
Let us writey = aπk for somea ∈ R. Sincey is not in Mk+1 and sinceR is
local,a is a unit inR. Hencea−1y = πk is in I , and thereforeMk = (πk) ⊆ I .
Since we arranged thatI ⊆ Mk, we obtainI = Mk = (πk). Thus (c) holds. �

Corollary 10.51. Let C be an irreducible quasiprojective curve overk, and
let k(C) be its function field. IfP is a point ofC, then the following conditions
are equivalent:

(a) P is a nonsingular point,
(b) OP(C) is the valuation ring of some discrete valuation ofk(C) defined

overk,
(c) OP(C) is integrally closed.

PROOF. Let MP be the unique maximal ideal ofOP(C). Zariski’s Theorem
(Theorem 10.47) shows that (a) holds if and only if dimk MP/M2

P = 1. The
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corollary therefore follows from the equivalence of (f), (d), and (a) in Proposition
10.50, along with the observation that any discrete valuation produced by (d) has
to be 0 onk×. �

Corollary 10.52. If C is an irreducible affine curve overk with affine coordi-
nate ringA(C), then the following conditions onC are equivalent:

(a) A(C) is integrally closed,
(b) OP(C) is integrally closed for each pointP of the curve,
(c) C is nonsingular.

PROOF. If A(C) is integrally closed, then Corollary 8.48c ofBasic Algebra
shows that each localizationOP(C) is integrally closed. Conversely if each
OP(C) is integrally closed and if a memberf of the function fieldk(C) is given
that is a root of a monic polynomial with coefficients inA(C), then f is a root of
the same polynomial with coefficients inOP(C) and is inOP(C) becauseOP(C)
is integrally closed. Corollary 10.25 shows thatA(C) = ⋂

P OP(C). Therefore
f lies in A(C), and A(C) is integrally closed. This proves that (a) and (b) are
equivalent. The equivalence of (b) and (c) follows from Corollary 10.51.�

We turn our attention to constructing a nonsingular irreducible projective curve
whose field of rational functions is a given function fieldK in one variable over
k. If C is any irreducible quasiprojective curve withk(C) = K, then Corollary
10.51 associates a discrete valuation ofK overk to each nonsingular point ofC.
To get an idea whatC must be like if it is to be nonsingular at every point, we
now prove a theorem in the converse direction, associating a point of the curve
to each discrete valuation ofK overk.

Theorem 10.53.Let C be an irreducible projective curve with function field
k(C) equal toK, and letv be a discrete valuation ofK defined overk. If Rv is the
valuation ring ofv andpv is the valuation ideal, then there exists a unique point
P on the curve for which the maximal idealMP of OP(C) hasMP ⊆ pv.

PROOF OF UNIQUENESS. Assume the contrary. IfP andQ are distinct points
with MP ⊆ pv andMQ ⊆ pv, then Proposition 10.36 constructs a functionh in
k(C) with h defined atP and Q, h(P) = 0, andh(Q) �= 0. This functionh
is in MP, andh − h(Q) is in MQ. The assumed inclusions of maximal ideals
imply thatv(h) ≥ 1 and thatv(h − h(Q)) ≥ 1. On the other hand,h(Q) �= 0
implies thatv(h(Q)) = 0. Thus 0= v(h(Q)) ≥ min

(
v(h(Q)− h), v(h)

) ≥ 1,
contradiction. �

PROOF OF EXISTENCE. It is shown in Problem 12 at the end of the chapter that
any projective variety inPr is isomorphic to a projective varietyV in somePn

with n ≤ r such thatV is not contained in any subvariety
{
[x0, . . . , xn] | xj = 0

}



608 X. Methods of Algebraic Geometry

with 0 ≤ j ≤ n. That being so, we may assume thatC is a projective variety
in Pn and thatC ∩ βj (An) �= ∅ for 0 ≤ j ≤ n, whereβj : An → Pn is the
embedding defined after Proposition 10.18. LetÃ(C) = k[X0, . . . , Xn]/I (C)
be the homogeneous coordinate ring ofC, and for eachj , let xj be the image of
Xj in Ã(C). SinceI (C) does not containXj , xj is not the 0 element of̃A(C).
SinceXi andXj are homogeneous of the same degree, each functionxi /xj is a
well-defined member of the function fieldk(C).

Let N = maxi, j v(xi /xj ). Possibly by renaming some coordinatexj0 asx0,
we may assume thatv(xi0/x0) = N for somei0. Then we havev(xi /x0) =
v(xi0/x0)+ v(xi /xi0) = N − v(xi0/xi ) ≥ 0 for all i . Consequently each function
xi /x0 lies in the subringRv of k(C).

Theorem 10.20 and Corollary 10.22 show thatC0 = β−1
0 (C) is an irre-

ducible affine curve and that its prime ideal isI (C0) = β t
0(I (C)). Conse-

quently the substitution homomorphismβ t
0 : k[X0, . . . , Xn] → k[X1, . . . , Xn]

descends to a homomorphism of̃A(C) = k[X0, . . . , Xn]/I (C) onto A(C0) =
k[X1, . . . , Xn]/I (C0) that carriesx0 in Ã(C) to 1 and carries the members
x1, . . . , xn of Ã(C) to the generators ofA(C0). The membersxi /x0 of k(C)
therefore get identified with the generators ofA(C0), and we conclude that
A(C0) ⊆ Rv.

Defineq = pv ∩ A(C0). This is a prime ideal ofA(C0), and it pulls back
under the quotient homomorphismk[X1, . . . , Xn] → A(C0) to a prime ideal̃q
containingI (C0). ThenV (̃q) is an affine subvariety ofC0. Since dimC0 = 1,
there are only two possibilities. One is that dimV (̃q) = 1, in which caseV (̃q) =
C0, q̃ = I (C0), andq = 0. The other is that dimV (̃q) = 0, in which case
V (̃q) = {P} for some pointP that necessarily lies onC0. In the first case,v
is 0 on every nonzero member ofA(C) and hence is 0 onk(C)×, contradiction.
Thus we are in the second case. Thenq̃ is maximal ink[X1, . . . , Xn], q is
maximal in A(C0), q is the idealmP of all members ofA(C0) vanishing atP,
andA(C0)/q ∼= k. If Sdenotes the set-theoretic complement ofq in A(C0), then
no member ofS can be inpv because thenq + k1 = A(C0) would be inpv,
contradiction. Thusv(s) = 0 for all s ∈ S, andMP = S−1mP ⊆ pv. �

Corollary 10.54. If ϕ is a rational map from an irreducible curveC′ to an
irreducible projective curveC, then the largest domain on whichϕ is a morphism
contains every nonsingular point ofC′. If C′ is nonsingular, thenϕ is a morphism
from C′ into C.

PROOF. If ϕ is not dominant, then Problem 6 at the end of the chapter shows that
ϕ is constant. Certainly the largest domain on which a constantϕ is a morphism
is C′.

Thus suppose thatϕ is dominant. Using the notation introduced early in
Section 6, let̃ϕ : k(C) → k(C′) be the associated field map of function fields.
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Sincek(C) andk(C′) both have transcendence degree 1 overk and sincek(C) is
finitely generated as a field overk, the fieldk(C′) is a finite algebraic extension
of the fieldϕ̃(k(C)). If v is any discrete valuation ofk(C′), then it follows from
the finiteness of this extension thatv cannot be identically 0 oñϕ(k(C))×; in fact,
if it were identically 0, then the expansionx = ∑m

j =1 cj xj of a general element
x of k(C′) in terms of a vector-space basis{x1, . . . , xm} of k(C′) over ϕ̃(k(C))
would yield the inequalityv′(x) ≥ minj v(xj ), which cannot be true for allx.

Meanwhile, ifP is a nonsingular point ofC′, then Corollary 10.51 shows that
OP(C′) is the valuation ringRv for some valuationv ofk(C′)overk. The maximal
idealMP ofOP(C′) equals the valuation idealpv of v. Since the restriction ofv to
ϕ̃(k(C))× is not identically 0, the restriction comes from some positive multiplee
of a discrete valuation oñϕ(k(C)). Letv0 be the corresponding discrete valuation
of k(C); this is given byv0( f ) = e−1v(ϕ̃( f )). Let R0 be its valuation ring and
p0 be its valuation ideal ink(C); the latter is given byp0 = ϕ̃−1(pv). Theorem
10.53 shows that there exists a unique pointQ on the curveC such that the
maximal idealMQ of OQ(C) is contained inp0. That is,MQ ⊆ p0 = ϕ̃−1(pv).
Application ofϕ̃ givesϕ̃(MQ) ⊆ ϕ̃ϕ̃−1(pv) ⊆ pv = MP. Theorem 10.45 shows
that consequentlyP is in the largest domain on whichϕ is a morphism and that
ϕ(P) = Q. �

Corollary 10.55. If two nonsingular irreducible projective curves are bira-
tionally equivalent, then they are isomorphic as varieties.

PROOF. This follows by applying Corollary 10.54 twice. �

Corollary 10.56. If C is a nonsingular irreducible projective curve with
function fieldK = k(C), then the points ofC are in one-one correspondence
with the discrete valuations ofK defined overk.

PROOF. This is the correspondence given in one direction by Corollary 10.51
and in the reverse direction by Theorem 10.53. �

Corollary 10.56 has a remarkable conclusion, but the corollary assumes the
existence of a nonsingular projective curve, which we have not yet proved. In more
detail we now know that a nonsingular pointP of any irreducible projective curve
C picks out a unique discrete valuationv of the function fieldK = k(C), namely
the one whose valuation ring is given byRv = OP(C), and that conversely when
C is projective, any discrete valuationv′ defined overk picks out a certain pointP′
of C with the property thatOP′(C) ⊆ Rv′ . If P is nonsingular and we go through
the first step and then the second, usingv′ = v, we obtainOP′(C) ⊆ OP(C).
Proposition 10.36 shows thatP′ = P, and hence the second process inverts the
first. That is what Corollary 10.56 says. Also, we know from Theorem 10.47 that
many discrete valuations are involved in this process, since the set of nonsingular
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points of a variety is Zariski open. What we do not know is that any given discrete
valuation overk ever yields a nonsingular point foranycurve with the function
field K. This missing piece of information will be supplied in Corollary 10.58
below. To prove Corollary 10.58, we shall make use of the following theorem,
which we need only in the case that the fieldk is our algebraically closed fieldk.
We postpone the proof of the theorem for a moment, and when we give the proof,
we shall give it only for the case that the fieldk in the statement is algebraically
closed.

Theorem 10.57.Let k be a field, letR = k[x1, . . . , xn] be a finitely generated
integral domain overk, let K be the field of fractions ofR, and letL be a finite
algebraic extension ofK . Then the integral closureT of R in L is a finitely
generatedR module.

Corollary 10.58. Let C be an irreducible projective curve with function field
K = k(C), let P be a point ofC, and letMP be the maximal ideal ofOP(C).
Then there exists a discrete valuationv of K defined overk whose valuation ideal
pv hasMP ⊆ pv.

REMARKS. This result is a supplement to Theorem 10.53. It says that the map
of that theorem, carrying discrete valuations ofK defined overk to points ofC,
is onto.

PROOF. Without loss of generality, we may assume thatC is affine. LetmP be
the maximal ideal in the affine coordinate ringA(C) consisting of all functions
vanishing atP, and letS be the set-theoretic complement ofmP in A(C), so
that MP = S−1mP. Evaluation atP is a linear functional onA(C) with kernel
mP, and thereforeA(C) = mP + k1. In other words,mP and any element ofS
together generateA(C) as ak vector space.

If T denotes the integral closure ofA(C) in K, then Theorem 10.57 implies that
T is Noetherian, and Proposition 8.45 ofBasic Algebrashows that every nonzero
prime ideal ofT is maximal. HenceT is a Dedekind domain. Proposition
8.53 ofBasic Algebrashows that there exists a maximal idealq of T such that
mP = A(C) ∩ q. SinceT is a Dedekind domain,q is contained in the valuation
idealpv of a unique discrete valuationv of K, andT is contained in the valuation
ringTv of v. ThusmP ⊆ pv, andS ⊆ T implies thatv(s) ≥ 0 for alls ∈ S. On the
other hand, 1 lies inmP + ks for anys in S, and hence 0= v(1) ≥ min(1, v(s)).
Thereforev(s) = 0 for all s ∈ S, andMP = S−1mP ⊆ pv. �

Corollary 10.59. If K is a function field in one variable overk and if v is a
discrete valuation ofK defined overk with valuation ringRv, then there exists
an irreducible nonsingularaffinecurveC overk with function fieldK and with a
point P such thatOP(C) = Rv.
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PROOF. Choose an elementx of K such thatv(x) > 0. DefineR = k[x].
Sincev(x) �= 0, x is transcendental overk, andK is a finite algebraic extension
of the field of fractionsk(x) of R. Corollary 7.14 shows that the integral closure
T of R in K is a Dedekind domain, and Theorem 10.57 shows thatT is a finitely
generatedR module. Thus we can writeT asT = k[x1, . . . , xn] with x1 = x.
The substitution homomorphism withXj 	→ xj for all j carriesk[X1, . . . , Xn]
onto T and has a prime idealp as kernel, sinceT is an integral domain. Thus
V(p) is an affine variety withT as its affine coordinate ring. The dimension of
V(p) is the transcendence degree ofK overk, which is 1 by assumption. Thus
C = V(p) is an irreducible curve. SinceT is integrally closed by construction,
Corollary 10.52 shows thatC is nonsingular.

Let Rv ⊆ K be the valuation ring ofv, and letpv be the valuation ideal. The
inequalityv(x) > 0 shows thatv is ≥ 0 on R = k[x], and Proposition 6.7 says
thatv is consequently≥ 0 on the integral closureT of R in K. In other words,T
is contained inRv. SinceT is a Dedekind domain andK is its field of fractions,
Theorem 6.5 shows thatq = pv ∩ T is a nonzero prime (= maximal) ideal ofT
and that the discrete valuationvq of K overk determined byq coincides withv.
The maximal ideals of the affine coordinate ring of an affine variety correspond
to the points of the variety by Proposition 10.23, and thus there exists a pointP
of C such thatq is the maximal ideal ofT consisting of all functions vanishing
at P. The localization ofT with respect toq isOP(C) by definition and isRv by
Proposition 6.4. ThereforeOP(C) = Rv. �

Corollary 10.60. LetC be the irreducible nonsingular affine curve constructed
in Corollary 10.59 and having function fieldK = k(C), and regardC as a
subvariety of its projective closureC. Then there are only finitely many discrete
valuationsv′ of K defined overk such that the unique pointP of C with MP ⊆ pv′ ,
whereMP is the maximal ideal ofOP(C) andpv′ is the valuation ideal ofv′, lies
outsideC.

PROOF. We go over the argument in Corollary 10.59 with the same element
x and with any discrete valuationv′ defined overk such thatv′(x) ≥ 0. This
inequality implies thatv′ is≥ 0 onk[x], and Proposition 6.7 then shows thatv′ is
≥ 0 onT = A(C). ThusA(C) is contained in the valuation ringRv′ of v′. Define
q = pv′ ∩ A(C). Arguing as in the existence proof for Theorem 10.53, we find
thatq equals the idealmP of all members ofA(C) vanishing at a certain point
P of C, and that proof then shows thatMP ⊆ pv′ . By uniqueness in Theorem
10.53, thisP is the one and only point produced by that theorem.

In other words, the only discrete valuationsv′ of K defined overk for which
the pointP lies outsideC are those withv′(x) < 0. Corollary 6.10 shows that
there are only finitely many of these. �
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We come to the proof of Theorem 10.57, but only under the assumption thatk is algebraically
closed. The proof is rather technical, and the reader is encouraged to skip it on first reading. To
underscore this point, the proof appears in small print. We need two lemmas.

Lemma 10.61.Let Rbe a Noetherian integrally closed domain with field of fractionsF , let K be
a finiteseparableextension ofF , and letT be the integral closure ofR in K . ThenT is Noetherian
and is finitely generated as anR module.

Proof. In effect, this result was proved inBasic Algebra. In more detail: With the above
assumptions and also the assumption that every nonzero prime ideal ofR is maximal (i.e., thatR
is a Dedekind domain), the proof of Theorem 8.54 ofBasic Algebrashowed thatT is a Dedekind
domain. The hard part of that proof appeared in Section IX.15; it showed from the separability that
T is finitely generated as anR module, and it did not make use of the assumption that every nonzero
prime ideal ofR is maximal. SinceT is finitely generated andR is Noetherian, everyR submodule
of T is a finitely generatedR module, by Proposition 8.34 ofBasic Algebra. In particular, every
ideal of T is finitely generated as anR module and therefore is finitely generated as aT module.
ConsequentlyT is Noetherian. �

Lemma 10.62(Noether Normalization Lemma). Letk be an infinite field, letR = k[x1, . . . , xn]
be a finitely generated integral domain overk, and letK = k(x1, . . . , xn) be the field of fractions of
k. Then for a suitabled with 0 ≤ d ≤ n, there existd linear combinationsy1, . . . , yd of x1, . . . , xn
with coefficients ink such thaty1, . . . , yd are algebraically independent overk and such that every
element ofR is integral overk[y1, . . . , yd]. If K is separably generated overk, then theyi may be
chosen in such a way thatK is a separable extension ofk(y1, . . . , yd).

Remarks. It is immediate from the conclusion thatd is the transcendence degree ofK overk.
The lemma is a result about the extension of rings that improves upon Theorem 7.7 for fields; the
latter says that every field extension can be accomplished by a transcendental extension followed by
an algebraic extension. The present lemma says that the passage from a field to a finitely generated
integral domain can be accomplished by a full polynomial extension followed by an extension in
which each generator is not merely algebraic but actually is a root of a monic polynomial with
coefficients in the full polynomial ring.

Proof. Let I be the kernel of the quotient homomorphismk[X1, . . . , Xn] → k[x1, . . . , xn].
The core of the proof involves a single nonzerof in I . The idea is to replaceX1, . . . , Xn−1 by new
indeterminatesX′

1, . . . , X′
n−1 to make the equationf (x1, . . . , xn) = 0 become a monic polynomial

equation satisfied byxn overR′ = k[X′
1, . . . , X′

n−1]. With c1, . . . , cn−1 equal to members ofk to be
specified later, definex′

j = xj − cj xn for 1 ≤ j ≤ n − 1. The equationf (x1, . . . , xn) = 0 becomes

f (x′
1 + c1xn, . . . , x

′
n−1 + cn−1xn, xn) = 0. (∗)

For a suitable choice ofc1, . . . , cn−1, we shall show in a moment that

the polynomial f (X′
1 + c1Xn, . . . , X′

n−1 + cn−1Xn, Xn) is monic inXn (∗∗)

after multiplication by a member ofk×.
Assuming(∗∗), let us see how the first conclusion of the lemma follows by induction onn. For

n = 1, there are two cases. One case is thatK is a simple algebraic extension field ofk, and then
every element of the extension fieldR = K is a root of its minimal polynomial overk. This is the
cased = 0. The other case is thatK is a simple transcendental extension, and then we can take
y1 = x1. This is the cased = 1.

For the inductive step, assume the first conclusion of the lemma forn−1 ≥ 1,d being an integer
with 0 ≤ d ≤ n − 1. If I = 0, there is nothing to prove, sincex1, . . . , xn are then algebraically
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independent and the lemma follows withd = n and withyj = xj for 1 ≤ j ≤ n. If I �= 0, fix f �= 0
in I , and choosec1, . . . , cn−1 in k to make(∗∗) hold. Then(∗) shows thatxn is a root of a monic
polynomial with coefficients inR′ = k[x′

1, . . . , x
′
n−1]. By the inductive hypothesis we can choose

membersy′
1, . . . , y′

d of R′ with 0 ≤ d ≤ n − 1 such thaty′
1, . . . , y′

d are algebraically independent
overk and such that every element ofR′ is integral overk[y′

1, . . . , y′
d]. By transitivity of integral

dependence, every element ofR′[xn] is integral overk[y′
1, . . . , y′

d]. Since the definition ofx′
j in

terms ofxj shows thatR′[xn] = k[x′
1, . . . , x

′
n−1, xn] = k[x1, . . . , xn−1, xn] = R, every element of

R is integral overk[y′
1, . . . , y′

d]. This completes the induction, and the first sentence of conclusions
of the lemma is proved except for(∗∗).

To prove(∗∗), letr = deg f , and write f = hr +g with hr nonzero and homogeneous of degree
r and with degg ≤ r − 1 (or g = 0). Then

f (X1, . . . , Xn) = f (X′
1 + c1Xn, . . . , X′

n−1 + cn−1Xn, Xn)

= hr (c1Xn, . . . , cn−1Xn)+ (terms involving 1, Xn, X2
n, . . . , Xr −1

n )

= hr (c1, . . . , cn−1,1)X
r
n + (terms involving 1, Xn, X2

n, . . . , Xr −1
n ).

Thus(∗∗) is proved ifc1, . . . , cn−1 can be chosen with the scalarhr (c1, . . . , cn−1,1) not 0. Here the
fact thathr is nonzero and homogeneous implies thathr (X1, . . . , Xn−1,1) is not the 0 polynomial
in k[X1, . . . , Xn−1]. Sincek is an infinite field, Corollary 4.32 ofBasic Algebrashows that the
evaluation mapping ofk[X1, . . . , Xn−1] into the algebra of functions fromkn−1 into k is one-one,
and therefore there existc1, . . . , cn−1 with hr (c1, . . . , cn−1,1) �= 0. This proves(∗∗).

We are left with proving that ifK is separably generated overk, then theyi may be chosen with
K separable overk(y1, . . . , yd). We proceed as above but with an amended version of(∗∗) that we
mention in a moment. In the induction the extra hypothesis forn = 1 is that eitherx1 is separable
algebraic overk or x1 is transcendental, and in both casesK is a separable extension ofk(y1).
For the inductive step whenI �= 0, Theorem 7.18 shows that{x1, . . . , xn} contains a separating
transcendence basis; possibly by renumbering the variables, we may assume that this transcendence
basis is a subset of{x1, . . . , xn−1}. In particular,xn is separable algebraic overk(x1, . . . , xn−1). For
the polynomialf , we start from the minimal polynomial ofxn overk(x1, . . . , xn−1), next multiply
by a common denominator to get all coefficients of powers ofXn to be ink[x1, . . . , xn−1], and then
replace the occurrences ofx1, . . . , xn−1 by X1, . . . , Xn−1. The result isf . We choosey′

1, . . . , y′
d

as above, and the inductive hypothesis shows thatk(x′
1, . . . , x

′
n−1) is separable overk(y′

1, . . . , y′
d).

If we can show thatxn is separable overk(x′
1, . . . , x

′
n−1), then we will have proved thatK is a

separable extension ofk(y′
1, . . . , y′

d) because of the transitivity of separability. So the induction will
be complete.

To get thatxn is separable overk(x′
1, . . . , x

′
n−1), it is enough to prove that we can arrange for

xn to be a simple root of f (x′
1 + c1Xn, . . . , x

′
n−1 + cn−1Xn, Xn) (†)

in addition to(∗∗). Indeed, thenxn is a root of a separable polynomial overk(x′
1, . . . , x

′
n−1) and

hence is a separable element overk(x′
1, . . . , x

′
n−1). The condition(†) is the same as the condition

that the derivative of(†) with respect toXn, when evaluated atxn, be nonzero. Thus we want to
arrange that

fn(x1, . . . , xn−1, xn)+ c1 f1(x1, . . . , xn−1, xn)+ · · · + cn−1 fn−1(x1, . . . , xn−1, xn) �= 0, (††)

where the subscripts onf indicate first partial derivatives in the indicated variables. The left side
of (††) is the sum of a constant and a linear functional on the vector space of all(c1, . . . , cn−1) in
kn−1. The constant term isfn(x1, . . . , xn−1, xn), which is nonzero becausexn is separable over
k(x1, . . . , xn−1) and is therefore a simple root of its minimal polynomial overk(x1, . . . , xn−1). Thus
the left side of(††) is the value of a nonzero polynomialp(X1, . . . , Xn−1) = an + ∑n−1

j =1 aj Xj

at (c1, . . . , cn−1). Consequently(∗∗) and (††) will hold simultaneously if we choose a point
(c1, . . . , cn−1) in kn−1 at which the nonzero polynomialp(X1, . . . , Xn−1)hr (X1, . . . , Xn−1,1) is
not zero. �
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Proof of Theorem 10.57 under the assumption that k is algebraically closed.
The first step is to reduce to the case thatL = K , i.e., that the field of fractions ofR coincides with
L. To do so, choose a vector-space basis{z1, . . . , zr } of L over K consisting of elements integral
over R; this is possible by Proposition 8.42 ofBasic Algebra. Put S = R[z1, . . . , zr ]. This is a
finitely generated integral domain overk, all of its elements are integral overk, and it hasL as field
of fractions. The integral closure ofR in L equals the integral closure ofS in L.

Thus we may assume thatR = k[x1, . . . , xn] is an integral domain with field of fractionsK and
that we are to prove that the integral closureT of R in K is a finitely generatedR module. Letd be
the transcendence degree ofK overk. Since algebraically closed fields are perfect, Theorem 7.20
shows thatK is separably generated overk. Lemma 10.62 is therefore applicable, and it produces
d linear combinationsy1, . . . , yd of x1, . . . , xn overk such that the subringS = k[y1, . . . , yd] of
R is a full polynomial ring, every element ofR is integral overS, andK is a separable extension
of the fieldk(y1, . . . , yd). Since every element ofT is integral overR, the transitivity of integral
dependence implies that every element ofT is integral overS. ThereforeT is the integral closure
of S in K . Being a full polynomial ring,S is Noetherian and is a unique factorization domain; the
latter property implies thatS is integrally closed, according to Proposition 8.41 ofBasic Algebra.
Taking S to be the Noetherian integrally closed domain in Lemma 10.61, we see thatT is finitely
generated as anSmodule. SinceS ⊆ R, T is certainly finitely generated as anR module. �

Now we come to the main theorem of this section.

Theorem 10.63.Every birational equivalence class of irreducible projective
curves contains a nonsingular such curve, and this curve is unique within the
equivalence class up to isomorphism of varieties. Any irreducible nonsingular
quasiprojective curve is isomorphic to an open subvariety of some irreducible
nonsingular projective curve.

REMARKS. The new content of the theorem is the existence of the nonsingu-
lar projective curve. The uniqueness is immediate from Corollary 10.55. The
statement about nonsingular quasiprojective curves is a formality: Such a curve
C0 is birational to the nonsingular projective curveC produced by the theorem
and also to the projective closureC0 of C0. The birational maps fromC0 into
C and fromC into C0 yield morphisms fromC0 into C and fromC into C0 by
Corollary 10.54; sorting out these morphisms shows thatC0 is isomorphic to an
open subvariety ofC.

The idea for proving the existence of the projective curve in the theorem is to
start with any function fieldK in one variable overk, take any discrete valuation
v of K defined overk (these exist as a consequence of Section VI.2), and use
Corollary 10.59 to obtain some irreducible nonsingular affine curve havingK as
function field and having its local ring at some point equal to the valuation ring ofv.
Corollary 10.60 shows that except for finitely many discrete valuations, we have
associated a nonsingular point on some irreducible affine curve in the birational
equivalence class to each discrete valuation ofK defined overk. Applying
Corollary 10.59 to each of these exceptional discrete valuations, we end up with a
finite set of irreducible nonsingular affine curves such that each discrete valuation
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of K over k corresponds to some point of at least one of the curves. We shall
glue together these irreducible nonsingular affine curves in a suitable fashion to
obtain the desired irreducible nonsingular projective curve.

The proof makes use of the fact that the product of two projective varieties
is a projective variety and that morphisms behave as one might expect. Let us
postpone the details of establishing a rigorous theory of product varieties, going
right to the proof of Theorem 10.63.

PROOF OFTHEOREM10.63. LetKbe the given function field, and letC1,. . .,Cm

be the irreducible nonsingular affine curves described two paragraphs before this
paragraph. In each case the function field of the curve is isomorphic toK by
some fixed isomorphism, but we shall treat this fixed isomorphism as if it were
the identity in order to avoid unnecessary complications in the notation. LetVK

be the set of discrete valuations ofK defined overk. For v ∈ VK, we write
Rv ⊆ K for the valuation ring ofv andpv for the valuation ideal ofv.

For definiteness letCj be an affine variety inAkj , and letC1, . . . ,Cn be the
respective projective closures ofC1, . . . ,Cm in Pkj . For any pointP in Cj , let
MP be the maximal ideal of the local ringOP(Cj ).

Theorem 10.53 gives us for eachj a well-defined functionγj : VK → Cj , and
Corollary 10.58 says thatγj is ontoCj . The defining property ofγj (v) is that
Mγj (v) ⊆ pv, and it follows thatOγj (v)(Cj ) ⊆ Rv. Corollary 10.51 shows that the
inverse image underγj of any point inCj is a singleton set, and Corollary 10.60
shows that the inverse image of any point of the complementary setCj − Cj

is a finite set. LetF be the finite subsetF = ⋃m
j =1 γ

−1
j (Cj − Cj ) of VK.

For v /∈ F , γj (v) is a nonsingular point ofCj , and Corollary 10.51 shows that
Oγj (v)(Cj ) = Rv. Hence alsoMγj (v) = pv. The construction of the curves
C1, . . . ,Cm was arranged in such a way that

eachv ∈ VK hasγj (v) in Cj for some j . (∗)

Let Uj be the open set ofCj given byUj = γj (VK − F). The curvesCj are
birationally equivalent because they all haveK as function field, and Corollary
10.54 shows that the largest domain on which the birational map fromCj to C1

is a morphism includes all the nonsingular points ofCj . In particular, it contains
Uj = γj (VK − F). If ϕj is the morphism fromUj into C1, then Proposition
10.42 shows thatϕj induces a homomorphismϕ∗

j,P : Oϕj (P)(C1)→ OP(Cj ) for
P ∈ Uj . By assumption, the isomorphism̃ϕj : k(C1)→ k(Cj ) is normalized to
be the identity. Sincẽϕj is the field mapping corresponding to the birational map
ϕj , ϕ̃j is an extension ofϕ∗

j,P. Thusϕ∗
j,P is the identity under our identifications:

Oϕj (P)(C1) = OP(Cj ) for P ∈ Uj . Let P = γj (v) with v in VK − F , and let
ϕj (P) = γ1(v

′) with v′ in VK. ThenRv = Oγj (v)(Cj ) = Oϕj (P)(C1) ⊆ Rv′ , and
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it follows that v′ = v. In particular,v′ is in VK − F , andγ1(v) = ϕj (γj (v)).
Hence

ϕj ◦ γj : VK − F → U1 is independent ofj ,

ϕj : Uj → U1 is an isomorphism.and

The productW = C1 × · · · × Cm is anm-dimensional closed subvariety of
Pk1 × · · ·× Pkm, which in turn is a projective variety inPN for a suitably largeN.
For 1≤ j ≤ m, letπj : W → Cj be the j th projection map; this is a morphism.
The setU1 × · · · × Um is an open subvariety ofW, and the “diagonal”

� = {
δ(P) = (

P, ϕ−1
2 (P), . . . , ϕ

−1
m (P)

) ∣∣ P ∈ U1
}

of U1 × · · · × Um is an irreducible curve isomorphic toU1. The closureC = �
is an irreducible projective curve. It is a closed subvariety ofW, and it has� as
an open subvariety. The curve�may be identified withU1 via the projectionπ1,
and we may therefore identify the function field of�, which is the same as the
function field ofC, with K.

We shall show thatC is nonsingular. For eachj , the restrictionπj : C → Cj is
a morphism, and the image contains all pointsπj (δ(P)) = ϕ−1

j (P)with P ∈ U1.

Hence it containsUj , which is an open subset ofCj . In other words,πj : C →
Cj is a dominant morphism. ForP ∈ U1, we haveπj (δ(P)) = ϕ−1

j (P). If

Q = δ(P), this says thatπj (Q) = ϕ−1
j δ

−1(Q), from which it follows that
δ ◦ ϕj is a two-sided inverse ofπj on�. Consequently the dominant morphism
πj : C → Cj is a birational map. Let(Vj , ψj ) be a pair in the class of the rational
mapπ−1

j ; we may assume thatVj is the largest domain inCj on whichπ−1
j is a

morphism.
Let P be any point ofC, and letMP be the maximal ideal ofOP(C). Corollary

10.58 shows that there is a memberv of VK such thatMP ⊆ pv. Choosej = j (P)
with 1 ≤ j ≤ m such thatγj (v) is in Cj . Since every point ofCj is a nonsingular
point by construction, Corollary 10.54 shows that every point ofCj lies in the
domainVj on whichψj is defined as a morphism invertingπj . Consequently the
open subvarietyπ−1

j (Cj ) of C is isomorphic to the nonsingular irreducible affine
curveCj , and the pointP of C has an open neighborhood of nonsingular points.
SinceP is arbitrary,C is nonsingular. �

The remainder of this section develops a small theory of products of varieties
in projective spaces. Most of the proofs are left to the problems at the end of the
chapter. It is enough to handle the product of two varieties because general finite
products of varieties can then be treated by induction.

We begin with the product of two projective spaces. Letm ≥ 1 andn ≥ 1 be
integers, and putN = (m + 1)(n + 1) − 1 = mn+ m + n. We shall exhibit
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Pm × Pn as a projective variety inPN . To do so, we coordinatizePm, Pn, andPN

by usingxi , yj , andwi j for 0 ≤ i ≤ m and 0≤ j ≤ n. Then

Pm = {
[x0, . . . , xm]

}
, Pn = {

[y0, . . . , yn]
}
,

and
PN = {

[w00, w01, . . . , wm,n−1, wmn]
}
.

TheSegre embeddingis the function

σ
(
[x0, . . . , xm], [y0, . . . , yn]

) = [x0y0, x0y1, . . . , xmyn−1, xmyn],

i.e., wi j = xi yj . Definea ⊆ k[W00, . . . ,Wmn] to be the homogeneous ideal
generated by allWi j Wkl − Wil Wkj . Problems 17–19 at the end of the chapter
show thatσ is well defined and one-one, that the image ofσ is V(a), and that
V(a) is irreducible. Thus the Segre embedding exhibitsPm × Pn as a projective
variety inPN . This variety is known as aSegre variety.18

Let U ⊆ Pm and V ⊆ Pn be projective algebraic sets. Then the Segre
embeddingσ carriesU ×V to a subset ofPN , and we wish to see thatσ(U ×V) is
a projective algebraic set inPN . Let us use the abbreviationX = (X0, . . . , Xm).
If α = (α0, . . . , αm) is an (m + 1)-tuple of nonnegative integers, we define
|α| = α0+· · ·+αm andXα = Xα0

0 · · · Xαm
m . We defineY,β, |β|, andYβ similarly.

Any monomialXαYβ with |α| = d and|β| = e is said to bebihomogeneousof
bidegree(d,e). A bihomogeneous polynomialof bidegree(d, e) is any linear
combination of bihomogeneous monomials of bidegree(d,e).

The first observation is that any projective algebraic setSinPm can be described
as the locus of common zeros of a vector space of homogeneous polynomials in
X of a fixed degree. In fact, we know thatS is given by the locus of common
zeros of a finite set of homogeneous polynomialsF1(X), . . . , Fr (X) of various
degreesd1, . . . , dr . Let us say thatd = maxj dj . The point is thatS is given
by the locus of common zeros of a finite set of homogeneous polynomials all of
degreed. The reason is that the locus of common zeros ofFj (X) is the same

as the locus of common zeros ofX
d−dj

0 Fj (X), . . . , X
d−dj
m Fj (X). The assertion

about describingS follows.
Now letU ⊆ Pm be the locus of common zeros of homogeneous polynomials

F1(X), . . . , Fr (X) all of degreed, and letV ⊆ Pn be the locus of common zeros
of homogeneous polynomialsG1(Y), . . . ,Gr (Y) all of degreee. ThenU × V
is the locus of common zeros of the bihomogeneous polynomialsFa(X)Gb(Y),
all of bidegree(d, e). These cannot immediately be expressed in terms of the
polynomialsWi j of the Segre embedding. However, if we use the same trick
again, we can substitute theWi j ’s. Specifically suppose thatd ≤ e. Replace

18If we form the (m + 1)-by-(n + 1) matrix whose(i, j )th entry is Wi j , then an equivalent
description of the Segre variety is as the locus of common zeros of all 2-by-2 minors of this matrix.
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F1(X), . . . , Fr (X) by a family ofr (m+ 1) polynomialsF ′
1(X), . . . , F ′

r (m+1)(X)
homogeneous of degreee. Then the polynomialsF ′

a(X)Gb(Y) are bihomo-
geneous of bidegree(e,e). When such a polynomial is expanded as a linear
combination of monomials, each monomial hasefactors from amongX0, . . . , Xm

ande factors from amongY0, . . . ,Yn. We can pair the factors in whatever fashion
we want and replaceXi Yj by Wi j . In this way our system of bihomogeneous
polynomials can be rewritten as a system of polynomialsHab(W), together with
the convention thatWi j = Xi Yj . Thenσ(U ×V) is the locus of common zeros in
PN of the polynomialsHab(W) and the defining polynomials of the Segre variety.

Conversely if we have a projective algebraic set inPN , then its intersection
with the Segre variety can be described as the locus of common zeros inPm × Pn

of a family of bihomogeneous polynomials in(X,Y). We have only to take the
defining homogeneous polynomialsH(W) and substitute the definitionWi j =
Xi Yj for Wi j . If H(W) is homogeneous of degreee, then the result of the
substitution is a polynomial bihomogeneous of bidegree(e,e).

Problems 20–21 at the end of the chapter show that ifU andV are irreducible
closed sets inPm andPn, respectively, thenσ(U × V) is irreducible inPN . Thus
we can meaningfully speak of projective varieties inPm × Pn. The same pair of
problems addresses what happens for quasiprojective varieties, showing thatσ of
any relatively open subset of a projective variety inPm × Pn is a quasiprojective
variety inPN .

Now that the notion of variety is meaningful inPm ×Pn, with an interpretation
in PN , we can similarly translate definitions and facts about morphisms to make
them apply inPm × Pn. In particular, the projection of a variety to either factor
Pm or Pn is a morphism on the variety. IfU is a quasiprojective variety and if
ϕ1 : U → Pm andϕ2 : U → Pn are isomorphisms ofU onto quasiprojective
varieties inPm andPn, then the diagonal� = {(ϕ1(u), ϕ2(u)) | u ∈ U } is a
quasiprojective variety inPm × Pn, and the pair(ϕ1, ϕ2) is an isomorphism of
varieties. These matters are discussed in Problem 22 at the end of the chapter.

9. Affine Algebraic Sets for Monomial Ideals

Sections 9–12 in part address aspects of the question of how much one can
make explicit computations with affine and projective varieties. As a general
rule, the tool for such computations is the theory of Gr¨obner bases, which were
introduced in Sections VIII.7–VIII.10. The topic is an active area of continuing
research.19 One can think of immediate problems—such as finding the dimension
of an algebraic set, determining the radical of an ideal when the ideal is given,

19The book edited by Buchberger and Winkler contains a number of expository “tutorials” that
give an idea of the breadth of applications of the theory. The book contains also a certain number of
research papers.
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and deciding whether an ideal is prime. We shall concentrate on just one such
problem, that of finding the dimension.20

Part of the abstract theory in this case dates back to Hilbert, but in combination
with the theory of Gr¨obner bases it becomes easier to establish and relatively easy
to implement computationally.21 We shall prove in Section 12 as a consequence
of this investigation the deep theorem that a system of simultaneous homogeneous
polynomial equations having more equations than variables always has a nonzero
solution.22

Hilbert associated a polynomial in one variable, now known as the “Hilbert
polynomial,” to each ideal of polynomials over an algebraically closed field.
This polynomial encodes certain algebraic information about the ideal, and some
features of this polynomial depend only on the geometry of the zero locus. In
particular, the degree of the polynomial turns out to equal the geometric dimension
of the zero locus, and that will be what interests us.

The theory behind Gr¨obner bases enables one to reduce the theory of the
Hilbert polynomial to the case of a monomial ideal, for which it is relatively easy
to understand.23 We begin with that case in this section.

Let k be an algebraically closed field, consider affine spaceAn, and leta be
an ideal inA = k[X1, . . . , Xn]. In this section we shall be interested in the case
thata is generated by monomials, in which case it is called amonomial ideal.
The structure of monomial ideals is captured by Lemma 8.17, which says about
such an ideala that

• for any polynomial f �= 0 in a, each monomial term contributing tof
lies ina,

• a has a finite set of monomials as generators,
• if {M1, . . . ,Mk} is a set of monomials that generatea and if M is any

monomial ina, then someMj dividesM .

Let e1, . . . ,en be the standard basis ofAn, and let〈ej1, . . . ,ejk〉 be the lin-
ear span ofej1, . . . ,ejk . The vector space〈ej1, . . . ,ejk〉 is called acoordinate
subspaceof An. The idealpk = (X1, . . . , Xk) in A is prime, and its va-
riety is V(pk) = 〈ek+1, . . . ,en〉. Sincep0 ⊆ p1 ⊆ · · · ⊆ pn is a strictly
increasing sequence of prime ideals inA and sinceA has Krull dimensionn,

20Solutions to the other two problems are known as well. References may be found in Cox–
Little–O’Shea. For determining the radical, see p. 177. For deciding whether an ideal is prime, see
p. 207.

21The exposition in Sections 9–12 is based in part on Chapter 9 of the book by Cox–Little–O’Shea
and in part on Chapter I of Hartshorne’s book.

22For one equation with two variables, this amounts to the Fundamental Theorem of Algebra.
For two equations with three variables, it amounts to the existence part of Bezout’s Theorem as
formulated in Theorem 8.5.

23Similarly the computations associated with Gr¨obner bases make it possible to reduce the
computation of the Hilbert polynomial of a general ideal to the computation of the Hilbert polynomial
of a monomial ideal.
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no strictly increasing sequence of prime ideals containingpk can be longer than
pk ⊆ pk+1 ⊆ · · · ⊆ pn. It follows that the images of these ideals inA/p
give a strictly increasing sequence of prime ideals of maximal length and that
A/p has Krull dimensionn − k. By Theorem 10.7 the geometric dimension of
V(pk) = 〈ek+1, . . . ,en〉 is n − k. In other words, the geometric dimension of
the vector subspace〈ek+1, . . . ,en〉 is the same as the vector-space dimension.
Relabeling indices in this computation, we see that the geometric dimension of
〈ej1, . . . ,ejk〉 is k if the indices j1, . . . , jk are distinct.

Let us compute the geometric dimension of the zero locus of a general proper
monomial ideal(M1, . . . ,Mk). If α = (α1, . . . , αn) is a tuple of integers≥ 0,
we write Xα for Xα1

1 · · · Xαn
n and|α| for α1 + · · · + αn. Let Hj = V(Xj ) be the

coordinate hyperplaneof points inAn with j th coordinate 0. This is the linear
span of allei for i �= j , and it has geometric dimensionn − 1. If a monomialXα

is given, then Proposition 10.1 shows that

V(Xα) = ⋃
αj>0

V(Xj ) = ⋃
αj>0

Hj

and then that

V(Xα, Xβ) =
( ⋃
αi>0

Hi

)
∩
( ⋃
βj>0

Hj

)
= ⋃
αi>0, βj>0

(Hi ∩ Hj ).

Similarly V(M1, . . . ,Mk) is a finite union ofk-fold intersections of coordinate
hyperplanes. By Theorem 10.7 the geometric dimension ofV(M1, . . . ,Mk) is the
maximum dimension of the subspacesHi ∩ Hj ∩· · · appearing in the appropriate
union for M1, . . . ,Mk. To get the maximum dimension, we want as few distinct
indices to appear in an intersectionHi ∩ Hj ∩· · · . If the smallest possible number
of distinct indices ism, then we see thatV(M1, . . . ,Mk) has geometric dimension
n − m.

The insight is that to studyV(a), one studiesA/a, and that to study the latter,
one considers what happens as a function ofs to the part ofA/a that corresponds
to degree at mosts. In the case of a monomial ideal, this means that one is to study
the monomials outside the ideal in question, particularly how the number of these
monomials grows withs. LetM be the set of all monomials ink[X1, . . . , Xn].
For our monomial ideala, letC(a) be the complementary subset toa in M given
by

C(a) = {
Xα | Xα /∈ a

}
.

Proposition 10.64.If a is a proper monomial ideal ink[X1, . . . , Xn], then

(a) the vector subspaceV
({

Xi | i /∈ { j1, . . . , jk}
})

is contained inV(a) if
and only if

{
Xα ∈ M | α ∈ 〈ej1, . . . ,ejk〉

}
is contained inC(a),

(b) the geometric dimension ofV(a) equals the largest vector-space dimen-
sion of a coordinate subspace that lies inC(a).
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REMARK. The hypothesis “proper” is needed for (b), not for (a).

PROOF. For (a), first suppose thatV
({

Xi | i /∈ { j1, . . . , jk}
})

is contained in
V(a), and suppose thatα is in 〈ej1, . . . , ejk〉. Let P = (x1, . . . , xn) be the point
with

xi =
{

1 for i ∈ { j1, . . . , jk},
0 for i /∈ { j1, . . . , jk}.

(∗)

Then P is on the zero locus of eachXi for i /∈ { j1, . . . , jk}, and henceP is in
V(a). On the other hand, the value of the monomialXα at P is 1. Since the value
of every member ofa at P is 0, Xα cannot be ina. ThusXα is in C(a).

Next suppose thatE = V
({

Xi | i /∈ { j1, . . . , jk}
})

is not contained inV(a).
Say thatP = (x1, . . . , xn) is in E but notV(a). The condition forP to be inE
is thatxi = 0 for all i /∈ { j1, . . . , jk}. SinceP is not inV(a), some member ofa
is nonzero atP. The ideal is generated by monomials, and thus some monomial
Xα0 in a is nonzero atP. Let α0 = (α1, . . . , αn). The (nonzero) value ofα0 on
P is

∏
i with αi>0 xαi

i . Now xi = 0 for all i /∈ { j1, . . . , jk}, and consequently noi
outside{ j1, . . . , jk} can haveαi > 0. Thusα0 is in 〈ej1, . . . ,ejk〉, andα0 exhibits{
Xα ∈ M | α ∈ 〈ej1, . . . ,ejk〉

}
as failing to be contained inC(a).

For (b), we saw before the proof thatV(a) is the union of finitely many vector
subspaces and that each vector subspace is an affine variety whose geometric
dimension equals its vector-space dimension. By Theorem 10.7 the geometric
dimension ofV(a), a being proper, is the maximum of the dimensions of these
subspaces. Taking (a) into account, we conclude that (b) holds. �

We seek a formula for the number of monomials inC(a) of total degree≤ s
whens is large and positive. We begin with a lemma. For a monomial ideal
a, the function carrying each integers ≥ 0 to the number ofXα in C(a) with
|α| ≤ s is called theaffine Hilbert function of a and is denoted byHa(s, a).
Fora = k[X1, . . . , Xn], the affine Hilbert function is identically 0, and we shall
usually not be interested in this case.

EXAMPLE. Forn = 1 with one indeterminateX, the proper ideals ofk[X] are 0
and(Xk) with k > 0. The monomialsXα with |α| ≤ s are 1, X, X2, . . . , Xs. By
inspection, none of these is ina if a = 0, and thusHa(s,0) = s + 1. In the case
of (Xk) with k > 0, the monomialsXα in C((X)k) are 1, X, . . . , Xk−1, and thus
Ha(s, (Xk)) is s + 1 for s ≤ k − 1 and isk for s ≥ k − 1.

Theorem 10.65. If a is a proper monomial ideal ink[X1, . . . , Xn], then the
complementary setC(a) of monomials is a disjoint union

C(a) = C0 ∪ · · · ∪ Cn,

whereCk is a finite union of subsets of the form

E = {
Xα ∈ M | α ∈ 〈ej1, . . . ,ejk〉 + ∑

i /∈{ j1,..., jk}
ai ei

}
.
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Here it is assumed that〈ej1, . . . ,ejk〉 is ak-dimensional coordinate subspace and
the coefficientsai are particular integers≥ 0.

REMARKS. The subsets ofM of which the above setE is an example will be
calledstandard subsetsof M with k parameters. The member

∑
i /∈{ j1,..., jk} ai ei

of M is called theassociated translationof E, and〈ej1, . . . ,ejk〉 is called the
associated vector subspaceof E. Standard subsets ofM with 0 parameters are
singleton sets{Xα}. An example of a standard subset ofM with 1 parameter
when n = 2 is {Xα1

1 Xα2
2 | α1 ≥ 0, α2 = 2} = {Xα | α ∈ 〈e1〉 + 2e2}. It

is apparent that the one and only circumstance in whichCn is nonempty is that
C(a) = M, in which casea = 0.

PROOF. We proceed by induction onn, and we may assume thata �= 0. The
example above shows forn = 1 thatC(a) is a finite set ifa is a nonzero proper
ideal. ThusC(a) = C0 in this case, and the base case of the induction is settled.

Assume inductively that the theorem has been proved forn−1 indeterminates,
and leta be a nonzero ideal ink[X1, . . . , Xn]. Let Mn−1 andMn denote the
sets of monomials inX1, . . . , Xn−1 andX1, . . . , Xn, respectively. Forj ≥ 0, let
aj be the ideal ink[X1, . . . , Xn−1] of all polynomials f (X1, . . . , Xn−1) such that
X j

n f (X1, . . . , Xn−1) is in a. The idealsaj are monomial ideals becausea is a
monomial ideal, andaj ⊆ aj +1 for all j . Sincek[X1, . . . , Xn−1] is Noetherian,
there is some indexl such thataj = al for all j ≥ l . We apply the inductive
hypothesis toa0, a1, . . . , al , writing

C(aj ) = C0, j ∪ · · · ∪ Cn−1, j for 0 ≤ j ≤ l .

Here eachCk, j is a finite union of standard subsets withk parameters in then−1
indeterminatesX1, . . . , Xn−1.

Let Ck, j X
j
n be the set of all products of members ofCk, j with X j

n. We shall
show that

C(a) = C0 ∪ · · · ∪ Cn, (∗)

whereC0, . . . ,Cn are defined by

Ck+1 =
∞⋃

j =0
Ck,l X

j
n ∪

l−1⋃
j =0

Ck+1, j X
j
n for 0 ≤ k ≤ n − 1

C0 = C(a)−
n⋃

k=1
Ck.and

But first let us see that eachCk+1 for 0 ≤ k ≤ n − 1 is a finite union of standard
subsets ofMn with k + 1 parameters. EachCk+1, j is a finite union of standard
subsets ofMn−1 with some associated translationγ such thatγn = 0 and with
an associated vector subspace〈ej1, . . . ,ejk+1〉 such thatj1 < · · · < jk+1 < n.
Then eachCk+1, j X

j
n is a finite union of standard subsets ofM of the form Xα
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with associated translationγ + jen and with the same associated vector space
〈ej1, . . . ,ejk+1〉. Similarly the set

⋃∞
j =0 Ck,l X

j
n is a finite union of standard subsets

of M with associated translationγ + 0en and with associated vector space of
the form〈ej1, . . . ,ejk,en〉. ThusCk+1 is a finite union of standard subsets ofMn

with k + 1 parameters.
Let us verify(∗). The most general monomial ink[X1, . . . , Xn] is XβX j

n with
Xβ in k[X1, . . . , Xn−1], and this monomial is ina if and only if Xβ is in aj .
HenceXβX j

n is in C(a) if and only if Xβ is in C(aj ). Sinceaj = al for j ≥ l ,
C(aj ) = C(al ) for j ≥ l . Thus

C(a) =
( ∞⋃

j =l
C(al )X

j
n

)
∪
( l−1⋃

j =0
C(aj )X

j
n

)
. (∗∗)

If j ≤ l , thenXβXl
n ∈ C(a) implies XβX j

n ∈ C(a), sinceXl− j
n a ⊆ a. Therefore

C(aj ) ⊇ C(al ) for all j ≤ l , and we see thatj ≤ l implies thatC(aj ) =
C(aj ) ∪ C(al ). Substituting into(∗∗) and rearranging terms gives

C(a) =
( ∞⋃

j =0
C(al )X

j
n

)
∪
( l−1⋃

j =0
C(aj )X

j
n

)
. (†)

For j ≤ l , Xβ is in C(aj ) if and only if Xβ is in one ofC0, j , . . . ,Cn−1, j . Thus
we can rewrite(†) as

C(a) =
( ∞⋃

j =l

n−1⋃
k=0

Ck,l X
j
n

)
∪
( l−1⋃

j =0

n−1⋃
k=0

Ck, j X
j
n

)
=
( ∞⋃

j =l

n−1⋃
k=0

Ck,l X
j
n

)
∪
( l−1⋃

j =0

n−2⋃
k=0

Ck+1, j X
j
n

)
∪
( l−1⋃

j =0
C0, j X

j
n

)
.

The first term on the right side contributes toCk+1, with en to be adjoined to the
basis vectors of the associated vector subspace〈ej1, . . . ,ejk〉. Equating the terms
on the two sides that contribute toCk+1 therefore yields(∗). The setC0 is the
last term on the right side. This is finite because eachC0, j is finite, and therefore
C0 has the correct form. �

Lemma 10.66. Let E be a standard subset ofM with k parameters, and let
γ be its associated translation. Then the number of monomialsXα with |γ | ≤ s
such thatα is in E is equal to the binomial coefficient(

k + s − |γ |
s − |γ |

)
if s > |γ |. This expression is a polynomial function ofs of degreek, and the
coefficient ofsk is 1/k!.
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PROOF. Let 〈ej1, . . . ,ejk〉 be the associated vector subspace forE. The asso-
ciated translationγ is assumed to haveγi = 0 for i in { j1, . . . , jk}. We are to
count monomialsXα = Xγ Xβ with β in 〈ej1, . . . ,ejk〉 and with |γ + β| ≤ s.
Since|γ | + |β| = |γ + β| ≤ s, the latter condition onβ is that|β| ≤ s − |γ |,
which by assumption is≥ 0. The entries ofβ are allowed to be arbitrary nonzero
integers in thek entries j1, . . . , jk, subject only to the limitation that the sum of
the entries is to be≤ s − |γ |. The number of suchβ ’s equals the number of
homogeneous monomials ink + 1 variables of total degree equal tos−|γ |. This
number is recalled in a bulleted list in Section 3 and is

(s−|γ |+k
k

) = (s−|γ |+k
s−|γ |

)
.

When expanded out, this binomial coefficient equals
1
k! (s + k − |γ |)(s + k − 1 − |γ |) · · · (s + 1 − |γ |),

which is a polynomial function ofs of degreek with leading coefficient 1/k!. �

Lemma 10.67.Let E andF be standard subsets ofMwith k andl parameters,
respectively. ThenE ∩ F either is empty or is a standard subset ofM with m
parameters, wherem ≤ min(k, l ). Moreover, the only way thatm can equal
max(k, l ) is for E to equalF .

PROOF. Denote the respective associated translations forE andF by γE and
γF , and letSE andSF be the subsets of{1, . . . ,n} such that〈ei | i ∈ SE〉 and
〈ei | i ∈ SF 〉 are the associated vector spaces forE andF , respectively. LetTE

be the subset of indices

TE = {
i ∈ {1, . . . ,n} | (γE)i > 0

}
,

and defineTF similarly. We are given that|SE| = k and|SF | = l . Also, we are
given thatSE ∩ TE = ∅ andSF ∩ TF = ∅, i.e., thatTE ⊆ Sc

E andTF ⊆ Sc
F . If

E ∩ F �= ∅, then there existx andy with

γE + x = γF + y such thatxi = 0 for i /∈ SE andyj = 0 for j /∈ SF . (∗)

Thenxi = yi = 0 for i ∈ Sc
E ∩ Sc

F , and we see that a necessary condition to have
E ∩ F �= ∅ is that(γE)i = (γF )i for i ∈ Sc

E ∩ Sc
F . In this case thex andy in (∗)

must havexi = (γF )i for i ∈ SE ∩ Sc
F andyi = (γE)i for i ∈ Sc

E ∩ SF .
Conversely if(γE)i = (γF )i for i ∈ Sc

E ∩ Sc
F , then we can definexi = (γF )i

for i ∈ SE ∩ Sc
F , yi = (γE)i for i ∈ Sc

E ∩ SF , andxi = yi to be arbitrary for
i ∈ SE ∩ SF , and we obtain solutions of(∗). It is evident that all solutions of
(∗) are obtained this way. ConsequentlyE ∩ F is the standard subset ofM with
|SE ∩ SF | parameters; with associated translationγ havingγi equal toγE on Sc

E,
equal toγF on Sc

F , and equal to 0 onSE ∩ SF ; and with associated vector space
〈ei | i ∈ S〉, whereS = SE ∩ SF .

The inequality dimk(SE ∩ SF ) ≤ min(dimk SE,dimk SF ) is the inequality
m ≤ min(k, l ) of the lemma. Ifm = max(k, l ), then we must haveS = SE = SF

and an equality(γE)i = (γF )i for i ∈ Sc
E ∩ Sc

F , i.e., fori /∈ S. The latter equality
implies thatγE = γF . HenceE = F . �
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Theorem 10.68.If a is a monomial ideal ink[X1, . . . , Xn] such thatV(a) has
geometric dimensiond, then there exists a polynomialHa(s, a) in one variable
of degreed such that the affine Hilbert functionHa(s, a) is equal toHa(s, a) for
all positives sufficiently large. The leading coefficient ofHa(s, a) is positive.

REMARK. The polynomialHa(s, a) is called theaffine Hilbert polynomial
of the monomial ideala. It is of course uniquely determined.

PROOF. For s sufficiently large, we are to count the number of monomials
Xα with |α| ≤ s lying in the complementary setC(a) to a. Proposition 10.64b
and Theorem 10.65 together show thatC(a) = C0 ∪ · · · ∪ Cd disjointly, with Ck

equal to a finite union of standard subsets ofM with k parameters and withCd

nonempty. The setsCk being disjoint, it is enough to show that the number of
such monomials inCk is a function equal for larges to a polynomial of degreek,
providedCk is nonempty.

According to Lemma 10.66, ifE is a standard subset ofM with k parameters,
if s> 0 is sufficiently large, and ifγ is the translation parameter, then the number
of monomialsXα in E with |α| ≤ s is

(k+s−|γ |
s−|γ |

)
if s> |γ |, which is a polynomial

of degreek with positive leading coefficient.
Because the setsE of this kind whose finite union isCk may not be disjoint

and because we seek an exact answer for the cardinality|Ck| whens is large, we
cannot simply add finitely many such expressions to obtain a value for|Ck|. We
have to take into account the overlaps of the various setsE. Thus suppose that
Ck = E1 ∪ · · · ∪ Er for standard subsetsE1, . . . , Er of M with k parameters.
Without loss of generality, we may assume that no two of the setsE1, . . . , Er are
equal to one another. LetE1(s), . . . , Er (s) be the respective subsets of elements
α with |α| ≤ s. We use the inclusion–exclusion formula, namely

∣∣∣ r⋃
i=1

Ei (s)
∣∣∣ = ∑

i
|Ei (s)|−

∑
i1<i2

|Ei1(s)∩Ei2(s)|+
r∑

l=3
(−1)l+1 ∑

i1<···<i l

∣∣∣ l⋂
j =1

Ei j (s)
∣∣∣;

this is a formula in Boolean algebra that is readily proved by induction onr
starting from the formula|E ∪ F | = |E| + |F | − |E ∩ F |.

Lemma 10.66 shows that
∑

i |Ei (s)| is a sum of functions equal for larges> 0
to polynomials of degreed with positive leading coefficient. The leading coeffi-
cients cannot cancel, and thus the sum is for larges > 0 equal to a polynomial
of degreed with positive leading coefficient. Each of the remaining terms on
the right side of the inclusion–exclusion formula, according to Lemma 10.67, is
plus or minus the number of monomialsα with |α| ≤ s in some standard subset
E of M whose number of parameters is< d. Hence the sum of all those terms
is a function equal for larges to a polynomial that is 0 or has degree< d. The
theorem follows. �
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Proposition 10.69. A polynomial P(s) in one variable of degreed takes
integer values fors sufficiently large and positive if and only if it is an integer
linear combination of the polynomialss 	→ (s

j

)
for 0 ≤ j ≤ d.

PROOF. The sufficiency is immediate because
(s

j

)
is an integer for eachj and

s. For necessity, suppose thatP(s) is integer-valued and has degreed. Since
s 	→ (s

j

)
is integer-valued of degreej with leading coefficient 1/j !, P(s) is

certainly a rational linear combination of the polynomialss 	→ (s
j

)
. We prove

by induction ond that the coefficients are integers. For degP(s) = 0, we have(s
0

) = 1, and there is nothing to prove. Given an integer-valuedP(s) of degree

d, write P(s) = ∑d
j =0 aj

(s
j

)
. Form

�P(s) = P(s + 1)− P(s) =
d∑

j =0
aj

[(s+1
j

)− (s
j

)] =
d∑

j =1
aj
( s

j −1

) =
d−1∑
j =0

aj +1
(s

j

)
,

the third equality holding by Pascal’s triangle. Since�P(s) is integer-valued
and has degreed − 1, the inductive hypothesis shows thataj +1 is an integer for
0 ≤ j ≤ d−1; i.e.,aj is an integer for 1≤ j ≤ d. ThereforeQ(s) = ∑d

j =1 aj
(s

j

)
is integer-valued. SinceP(s) − Q(s) = a0 is integer-valued and constant,a0 is
an integer. �

Corollary 10.70. If a is a monomial ideal ink[X1, . . . , Xn] such thatV(a)
has geometric dimensiond, then the affine Hilbert polynomialHa(s, a) of a is of
the formHa(s, a) = ∑d

j =0 aj
( s

d− j

)
with integer coefficientsaj and witha0 > 0.

PROOF. This follows by combining Theorem 10.68 and Proposition 10.69.�

10. Hilbert Polynomial in the Affine Case

We continue with an algebraically closed fieldk and with the polynomial ring
A = k[X1, . . . , Xn]. Let a be an ideal inA. For each integers ≥ 0, let A≤s be
the vector subspace ofA consisting of 0 and all elements of degree at mosts, and
puta≤s = a ∩ A≤s. The inclusion ofA≤s into A descends to ak linear mapping
A≤s/a≤s → A/a, and this is one-one becauseA≤s ∩ a ⊆ a≤s. Thus we can
regardA≤s/a≤s, ass varies, as a sequence of successively better approximations
to A/a. We define theaffine Hilbert function Ha(s, a) of a by

Ha(s, a) = dimk A≤s/a≤s for s ≥ 0.

Whena is a monomial ideal, this function is the one that was investigated in
the previous section. In fact, the monomials of degree≤ s form a vector-space



10. Hilbert Polynomial in the Affine Case 627

basis ofA≤s, and the monomials ina of degree≤ s form a basis ofa≤s becausea
is spanned by monomials. IfC(a) denotes the set of monomials not ina, then the
monomials of degree≤ swithin C(a) descend to a basis ofA≤s/a≤s. The number
of such monomials gives the value of the affine Hilbert function as defined in the
previous section, and thus the new definition is consistent with the old one in the
case of monomial ideals.

Whena is a proper monomial ideal, we found in Theorem 10.68 thatHa(s, a)
equals a polynomial function ofs for s sufficiently large and that the degree of
this polynomial function equals the geometric dimension of the zero locusV(a)
in the affine spaceAn. Our goal in this section is to show that these conclusions
remain valid for all proper idealsa. The polynomial function that results for such
ana will be called the affine Hilbert polynomial ofa.

We shall make the connection between general idealsa and monomial ideals
by means of the theory of Sections VIII.7–VIII.10. We recall the notion of a
monomial ordering as defined in Section VIII.7. A monomial ordering≤ is said
to be agraded monomial ordering if |β| < |α| implies Xβ ≤ Xα. The graded
lexicographic ordering and the graded reverse lexicographic ordering (Examples 2
and 3 in Section VIII.7) are examples of graded monomial orderings, but the
lexicographic ordering in Example 1 in that section isnot a graded monomial
ordering.

Fix a graded monomial ordering. As in Section VIII.7,LT( f ) denotes the
leading monomial term of the polynomialf . By convention,LT(0) = 0. For our
ideala, we letLT(a) be the vector space of all linear combinations of polynomials
LT( f ) for f ∈ α. This is an ideal inA, and it is a monomial ideal. The connection
between the goal of this section and the results of the previous section rests on
the following remarkable theorem.

Theorem 10.71(Macaulay). Let a graded monomial ordering be imposed
on k[X1, . . . , Xn]. If a is any ideal ink[X1, . . . , Xn], then the affine Hilbert
functions ofa andLT(a) coincide:Ha(s, a) = Ha(s, LT(a)).

PROOF. Fix s ≥ 0. It is enough to prove thata≤s andLT(a)≤s have the samek
dimension. Since there are only finitely many monomials of degree≤ s, we can
choose f1, . . . , fm in a such that their leading monomialsLM( f1), . . . , LM( fk)
are distinct and form a vector-space basis ofLT(a)≤s. Without loss of generality,
we may assume thatLM( f1) > · · · > LM( fk). Certainly dimLT(a)≤s = k, and
thus it is enough to show thatf1, . . . , fk lie in a≤s and form a vector-space basis
of a≤s.

For each j , LM( f j − LT( f j )) < LM( f j ). Since the monomial ordering is
graded, this inequality implies that deg( f j − LT( f j )) ≤ s. But we know that
deg(LT( f j )) ≤ s, and therefore degf j ≤ s. Consequentlyf j lies ina≤s.

To prove that{ f1, . . . , fk} is linearly independent, suppose that
∑k

j =1 cj f j = 0
with all cj in k. Arguing by contradiction, suppose that not allcj are 0. Leti be the
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least indexj for whichcj �= 0; thenLM( fi ) = LM(ci fi ) = LM
(−∑j>i cj f j

) ≤
maxj>i LM( f j ), and we arrive at a contradiction. We conclude that{ f1, . . . , fk}
is linearly independent.

To prove that{ f1, . . . , fk} spansa≤s, we again argue by contradiction. Among
all g in a≤s with g not in the linear span of{ f1, . . . , fk}, choose one for which
LM(g) is the smallest. CertainlyLM(g) is one ofLM( f1), . . . , LM( fk). Say that
LM(g) = LM( fi ). For some scalarc �= 0, we must haveLT(g) = LT(c fi ). Then
LM(g − c fi ) < LM(g), and the minimality ofLM(g) forcesg − c fi to be in the
linear span of{ f1, . . . , fk}. Sincec fi is in the linear span, so isg, contradiction.
Thus{ f1, . . . , fk} is a spanning set ofa≤s. �

Corollary 10.72. If a is an ideal ink[X1, . . . , Xn], then for alls sufficiently
large, the affine Hilbert functionHa(s, a) of a equals a polynomial ins of the
form

∑d
j =0 aj

( s
d− j

)
with integer coefficientsaj and witha0 > 0.

REMARKS. The polynomial in the statement of the corollary is called theaffine
Hilbert polynomial of a and is denoted byHa(s, a). It is the 0 polynomial if and
only if a = k[X1, . . . , Xn].

PROOF. Theorem 10.71 says thatHa(s, a) = Ha(s, LT(a)). Consequently the
result follows immediately by applying Corollary 10.70 toLT(a). �

Corollary 10.73. If a graded monomial ordering is imposed onk[X1, . . . , Xn]
and if a is any ideal ink[X1, . . . , Xn], then the affine Hilbert polynomials ofa
andLT(a) coincide: Ha(s, a) = Ha(s, LT(a)).

PROOF. This is immediate from Theorem 10.71 and the definition of the affine
Hilbert polynomial given in the remarks with Corollary 10.72. �

Corollary 10.74. If a andb are proper ideals ofk[X1, . . . , Xn] such that
a ⊆ b, then degHa(s, a) ≥ degHa(s, b).

PROOF. Introduce a graded monomial ordering. The inclusiona ⊆ b implies
thatLT(a) ⊆ LT(b). ThereforeC(LT(a)) ⊇ C(LT(b)). Proposition 10.64b shows
that the geometric dimension ofV(LT(a)) is the largest vector-space dimension
of a coordinate subspace that lies inC(LT(a)), and the same thing is true for
LT(b). Thus the geometric dimension ofV(LT(a)) is ≥ the geometric dimension
of V(LT(b)). By Theorem 10.68, degHa(s, LT(a)) ≥ degHa(s, LT(b)). The
result now follows immediately from Corollary 10.73. �

The affine Hilbert polynomialHa(s, a) of a depends ona, not justV(a), but
we shall be interested mainly in the degree ofHa(s, a). Proposition 10.76, as
amplified in Corollary 10.77, implies that the degree depends only onV(a). It
requires a lemma.
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Lemma 10.75.If a is a monomial ideal ink[X1, . . . , Xn], then so is
√

a .

PROOF. The preliminary remarks in Section 9 show thatV(a) is a finite union
of coordinate subspaces. Let us writeV(a) = ⋃

j Ej accordingly. By Proposition
10.2b,

√
a = I (V(a)) = I

(⋃
j Ej

) = ⋂
j I (Ej ). SinceEj is an affine variety

and is equal toV(Xi1, . . . , Xik) for suitable Xi1, . . . , Xik , the Nullstellensatz
shows thatI (Ej ) is an ideal of the formI (E) = (Xi1, . . . , Xik). This is a
monomial ideal, and it is therefore enough to show that the finite intersection of
monomial ideals is a monomial ideal. By induction it is enough to show that
b ∩ c is a monomial ideal ifb andc are monomial ideals. If an element ofb ∩ c is
given, then that element is a linear combination of the monomials inb and is also
a linear combination of the monomials inc. SinceM is linearly independent, the
element is a linear combination of monomials lying inb ∩ c. Thereforeb ∩ c is a
monomial ideal. �

Proposition 10.76. If a is a proper ideal ink[X1, . . . , Xn], then the degrees
of the affine Hilbert polynomialsHa(s, a) andHa(s,

√
a ) are equal.

PROOF. Fix a graded monomial ordering. We begin by proving that

LT(a) ⊆ LT(
√

a ) ⊆
√

LT(a) . (∗)

The left-hand inclusion is immediate becausea ⊆ √
a . For the right-hand

inclusion, let f �= 0 be in
√

a, and letXα = LM( f ) be the leading monomial of
f . Since f is in

√
a , f r is in a for somer > 0. Since the leading monomial of a

product is the product of the leading monomials,LM( f r ) = Xrα. Thus a power
of Xα is exhibited as inLT(a), andXα is in

√
LT(a) . This proves(∗).

Applying Corollary 10.74 to(∗), we obtain

degHa(s, LT(a)) ≥ degHa(s, LT(
√

a )) ≥ degHa(s,
√

LT(a) ). (∗∗)

The idealLT(a) is a monomial ideal, and Lemma 10.75 shows that
√

LT(a) is a
monomial ideal. ThenLT(a) and

√
LT(a) are monomial ideals withV(LT(a)) =

V(
√

LT(a) ), and Theorem 10.68 shows that

degHa(s, LT(a)) = degHa(s,
√

LT(a) ).

Comparing this conclusion with(∗∗), we see that

degHa(s, LT(a)) = degHa(s, LT(
√

a )). (†)

In combination with the equalitiesHa(s, a) = Ha(s, LT(a)) and Ha(s,
√

a ) =
Ha(s, LT(

√
a )) given by Corollary 10.73,(†) completes the proof. �
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Corollary 10.77. If a andb are proper ideals ink[X1, . . . , Xn] with V(a) ⊆
V(b), then degHa(s, a) ≤ degHa(s, b).

PROOF. Application of I ( · ) to the inclusionV(a) ⊆ V(b) gives
√

a =
I (V(a)) ⊇ I (V(b)) = √

b. Then Corollary 10.74 and Proposition 10.76 together
yield degHa(s, a) = degHa(s,

√
a ) ≤ degHa(s,

√
b ) = degHa(s, b). �

Theorem 10.78.If a is a prime ideal ink[X1, . . . , Xn], then the degree of the
affine Hilbert polynomialHa(s, a) equals the geometric dimension of the affine
varietyV(a).

PROOF. Defined = degHa(s, a) andV = V(a), and letA(V) be the affine
coordinate ringA(V) = k[X1, . . . , Xn]/a. Theorem 10.7 shows that dimV
equals the Krull dimension ofA(V), and Theorem 7.22 shows that the latter
equals the transcendence degree overk of the field of fractionsk(V) of A(V).
Thus the theorem will follow if we show thatk(V) has transcendence degreed
overk.

Let ϕ : k[X1, . . . , Xn] → A(V) be the quotient homomorphism, and put
xi = ϕ(Xi ) for 1 ≤ i ≤ n. Introduce a graded monomial ordering onM.
Corollary 10.73 shows thatHa(s, a) = Ha(s, LT(a)), and Theorem 10.68 shows
thatV(LT(a)) has geometric dimensiond. We saw in Section 9 that the zero locus
of a monomial ideal is the finite union of coordinate subspaces, and it follows
that V(LT(a)) ⊆ An contains a coordinate subspaceE of dimensiond. Let E
have as basis the standard vectorsej1, . . . ,ejd , so that

E = V
({

Xi | i /∈ { j1, . . . , jd}
})
.

The setE is a variety, and thusI (E) = ({
Xi | i /∈ { j1, . . . , jd}

)
. Also, E ⊆

V(LT(a)), and henceI (E) ⊇ I (V(LT(a))) ⊇ LT(a). If Xα is a monomial inLT(a),
then it follows thatXα lies in the ideal generated by theXi for i /∈ { j1, . . . , jd}.
We can summarize this fact as follows: if we writek[Xj1, . . . , Xjd ] for the subring
of k[X1, . . . , Xn] of polynomials involving onlyXj1, . . . , Xjd , then

LT(a) ∩ k[Xj1, . . . , Xjd ] = 0. (∗)

If f is any nonzero member ofk[Xj1, . . . , Xjd ], then its leading monomialLM( f )
has to lie ink[Xj1, . . . , Xjd ], and thus(∗) implies that

a ∩ k[Xj1, . . . , Xjd ] = 0. (∗∗)

Using (∗∗) and notation introduced at the beginning of Section VII.4, we
shall show thatxj1, . . . , xjd are algebraically independent overk, and then it
follows thatd ≤ tr.degA(V). Thus suppose thatg(Y1, . . . ,Yd) is a polynomial
in k[Y1, . . . ,Yd] such thatg(xj1, . . . , xjd) = 0. We can identifyk[Y1, . . . ,Yd]
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with k[Xj1, . . . , Xjd ] ⊆ k[X1, . . . , Xn], and then the equalityg(xj1, . . . , xjd) = 0
means thatϕ(g) = 0, i.e.,g is in a. Henceg is a member ofa ∩ k[Xj1, . . . , Xjd ],
andg = 0 by (∗∗). Thereforexj1, . . . , xjd are algebraically independent overk.

For the reverse inequality, we are to prove thatd ≥ tr.degA(V). Let r =
tr.degA(V). The elementsxj = ϕ(Xj ) generateA(V) as ak algebra, and
therefore they generatek(V) over k as a field. By Lemma 7.6b some subset
{xj1, . . . , xjd} of {x1, . . . , xn} is algebraically independent. Consider the substi-
tution homomorphism

ψ(h) = h(xj1, . . . , xjr )

of k[Y1, . . . ,Yr ] into A(V). This is one-one because the elementsxj1, . . . , xjd by
assumption are algebraically independent. Fixs ≥ 0, and consider the restriction
of ψ to k[Y1, . . . ,Yr ]≤s. If h(Y1, . . . ,Yr ) is a monomialYα in k[Y1, . . . ,Yr ]≤s

with α = (α1, . . . , αr ) and|α| ≤ s, then we see that

ψ(Yα) =
r∏

i=1
xji
αi = ϕ( r∏

i =1
Xji

αi
)
.

In other words,ψ(Yα) is the image underϕ of a member ofk[X1, . . . , Xn] of
degree≤ s. Taking linear combinations of such monomials, we see thatψ(h) is
a one-onek linear mapping

ψ : k[Y1, . . . ,Yr ]≤s → k[X1, . . . , Xn]≤s/a≤s ⊆ A(V).

Therefore

Ha(s, a) = dimk

(
k[X1, . . . , Xn]≤s/a≤s

) ≥ dimk k[Y1, . . . ,Yr ]≤s = (r +s
r

)
.

The binomial coefficient on the right side is a polynomial of degreer in s with
positive leading coefficient. The left side is a polynomial ins of degreed. The
inequality forcesd ≥ r , and the proof is complete. �

Proposition 10.79. If a and b are proper ideals ink[X1, . . . , Xn], then
degHa(s, ab) = max

(
degHa(s, a), degHa(s, b)

)
.

REMARKS. Proposition 10.1 points out thatV(ab) = V(a) ∪ V(b). Since the
degree of the affine Hilbert polynomial ofadepends only onV(a), this proposition
says that the degree associated with the union of two affine algebraic sets is the
larger of the degrees associated with each of the sets.

PROOF. Impose a graded monomial ordering onM. Let us check that(
LT(a)

)(
LT(b)

) ⊆ LT(ab) ⊆ LT(a ∩ b) ⊆
√(

LT(a)
)(

LT(b)
)
. (∗)

In fact, let f be ina andg be inb, and defineXα = LM( f ) and Xβ = LM(g)
to be the leading monomials off and g. Then Xα+β = LM( f g), and hence
the product of any generator ofLT(a) and any generator ofLT(b) lies in LT(ab).
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This proves the first inclusion of(∗). The second inclusion is immediate because
ab ⊆ a ∩ b. If Xα = LM( f ) with f ∈ a ∩ b, then(Xα)2 = LM( f ) LM( f ) is in

LT(a) LT(b). HenceXα is in
√(

LT(a)
)(

LT(b)
)
. Thus a generating set ofLT(a∩b)

lies in
√(

LT(a)
)(

LT(b)
)
, and the third inclusion of(∗) follows.

In (∗), the values ofV( · ) on the end two members are the same, according to
Proposition 10.3c, and therefore

V
(

LT(a) LT(b)
) = V(LT(ab)). (∗∗)

The proposition now follows from the computation

max(degHa(s, a), degHa(s, b))

= max(degHa(s, LT(a)),degHa(s, LT(b))) by Corollary 10.73

= max(dimV(LT(a)), dimV(LT(b))) by Theorem 10.68

= dim
(
V(LT(a)) ∪ V(LT(b))

)
by Theorem 10.7

= dim(V(LT(a) LT(b)) by Proposition 10.1c

= dimV(LT(ab)) by (∗∗)
= degHa(s, LT(ab)) by Theorem 10.68

= degHa(s, ab) by Corollary 10.73.�

Corollary 10.80. If a is any ideal ink[X1, . . . , Xn], then the geometric
dimension of the affine algebraic setV(a) equals the degree of the affine Hilbert
polynomialHa(s, a).

PROOF. Write V(a) = ⋃k
j =1 Vj as a finite union of affine varietiesVj , and de-

finepj = I (Vj ). SinceVj is irreducible,pj is prime. Moreover,Vj = V(I (Vj )) =
V(pj ). Then Proposition 10.1c shows thatV(p1p2 · · · pk) = ⋃k

j =1 V(pj ) =⋃k
j =1 Vj = V(a). Proposition 10.79 and induction give

degHa(s, p1p2 · · · pk) = max
1≤ j ≤n

degHa(s, pj ),

and Theorem 10.78 shows that the right side equals max1≤ j ≤k dimV(pj ) =
max1≤ j ≤k dimVj , which equals dimV(a) by Theorem 10.7. �

As a consequence of Corollary 10.80, we obtain an algorithm for computing
the dimension of an affine algebraic setV when given an ideala whose locus
of common zerosV(a) is V : We introduce any graded monomial ordering and
computeLT(a), using a Gr¨obner basis. Corollaries 10.73 and 10.80 together say
that dimV(a) = dimV(LT(a)). The remarks before Proposition 10.64 show how
to compute dimV(LT(a)), and Proposition 10.64b gives an alternative method of
computation.
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11. Hilbert Polynomial in the Projective Case

In this section we consider the analog for projective space of the theory of
Section 10. We continue withk as an algebraically closed field, and we let
Ã = k[X0, . . . , Xn]. Our interest is in the zero locusV(a) in Pn, as defined in
Section 3, of a homogeneous ideala in Ã. To relate matters to Section 10, we
shall make use of theconeC(V(a)) overV(a), which was defined in Section 3
as

C(V(a)) = (0, . . . ,0) ∪ {(x0, . . . , xn) ∈ An+1 | [x0, . . . , xn] ∈ V(a)
}
.

The homogeneous ideala is in particular an ideal inn + 1 variables, and its
associated affine algebraic set is the subsetC(V(a)) of An+1. An affine Hilbert
polynomialHa(s, a) is therefore associated toC(V(a)), and its degree matches
the geometric dimension ofC(V(a)).

To get something directly related to the projective algebraic setV(a) in pro-
jective spacePn, we make a new definition of Hilbert function. Let̃As =
k[X0, . . . , Xn]s be the subspacẽA of all polynomials homogeneous of degree
s. If a is a homogeneous ideal iñA, let as = a ∩ Ãs. TheHilbert function 24 of
a is the integer-valued function ofs ≥ 0 defined by

H(s, a) = dimk Ãs/as for s ≥ 0.

We haveÃ≤s = Ãs ⊕ Ã≤s−1, and the fact thata is homogeneous implies that
a≤s = as ⊕ a≤s−1. ConsequentlỹA≤s/a≤s

∼= Ãs/as ⊕ Ã≤s−1/a≤s−1. Therefore

H(s, a) = Ha(s, a)− Ha(s − 1, a).

This is the fundamental formula by which the algebraic part of the theory of the
Hilbert function in the projective case can be reduced to the corresponding theory
in the affine case.

We know that the affine Hilbert function is a polynomial for larges. Since

sd − (s − 1)d = sd−1 − sd−2 + sd−3 − · · · + (−1)d+1

is a polynomial of one lower degree and with positive leading coefficient, it
follows that the Hilbert function ofa is a polynomial for larges, that its degree
is dimC(V(a))− 1, and that its leading coefficient is positive. This polynomial
is called theHilbert polynomial of a and is denoted byH(s, a). To connect the
geometric part of the theory of the Hilbert function in the projective case to the
corresponding theory in the affine case, we use the following proposition.

24It is traditional not to include the word “projective” or any subscript, even though the termi-
nology is meant to refer to the projective case.
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Proposition 10.81. If a is a homogeneous ideal ink[X0, . . . , Xn] and if the
corresponding projective algebraic setV(a) is nonempty, then

dimC(V(a)) = dimV(a)+ 1.

PROOF. The proof of Corollary 10.13 shows thatC(V(a)) is irreducible in
An+1 if and only if V(a) is irreducible inPn. Since the dimension in both cases
for a generala is the maximum of the dimensions of irreducible closed subsets,
it is enough to prove the dimensional equality in the irreducible case.

If we have a strictly increasing sequence of irreducible closed subsetsE0 �
E1 � · · · � Ed in Pn, then eachC(Ej ) is irreducible inAn+1, and the sequence
C(E0) � C(E1) � · · · � C(Ed) in An+1 consists of Zariski closed sets that are
irreducible. Since the subset{0} of An+1 is irreducible and can be adjoined at the
beginning of the latter sequence, we conclude that dimC(V(a)) ≥ dimV(a)+1.

We need to prove the reverse inequality in the irreducible case. SinceV(a) is as-
sumed irreducible (and hence nonempty), we may assume thata is prime and omits
at least one ofX0, . . . , Xn. To fix the notation, say thatX0 is not ina. Recall from
Section 3 the substitution homomorphismβ t

0 : k[X0, . . . , Xn] → k[X1, . . . , Xn]
formed by settingX0 = 1. Letb = β t

0(a). This is a prime ideal ink[X1, . . . , Xn],
according to Theorem 10.20. LetA(C(V(a))) = k[X0, . . . , Xn]/a andA(V(b))
= k[X1, . . . , Xn]/b. The homomorphismβ t

0 descends to a homomorphism of
A(C(V(a)) onto A(V(b)), which we denote bȳβ t

0.
Let x0, . . . , xn be the images ofX0, . . . , Xn in A(C(V(a))). The elementx0

is transcendental overk. In fact, the only alternative is that it is a scalarc, since
k is algebraically closed; the equalityx0 = c would imply thatX0 − c is in a,
and the fact thata is homogeneous would imply thatX0 andc are separately
in a, in contradiction to our choice ofX0. Consequentlyk(x0)(x1, . . . , xn)

has transcendence degreer = dimC(V(a)) − 1 overk(x0). Sincex1, . . . , xn

generatek(x0)(x1, . . . , xn) as a field overk(x0), some subset{xj1, . . . , xjr } of
{x1, . . . , xn} is a transcendence basis ofk(x0)(x1, . . . , xn) as a field overk(x0).
Thus{x0, xj1, . . . , xjr } is a transcendence basis ofk(x0, . . . , xn) overk.

The elementsx0, xj1, . . . , xjr all lie in A(C(V(a))), and we consider their
images 1, β̄ t

0(xj1), . . . , β̄
t
0(xjr ) in A(V(b)). Suppose thath(Y1, . . . ,Yr ) is a

polynomial inr variables exhibiting the lastr of these images as algebraically
dependent. That is, suppose that

h
(
β̄ t

0(xj1), . . . , β̄
t
0(xjr )

) = 0. (∗)

Let h have degreed. We regardh as a member ofk[X1, . . . , Xn]≤d that depends
only on Xj1, . . . , Xjn . With this notational change,(∗) reads

h(X1, . . . , Xn) is in b. (∗∗)
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We now refer to the details of the proof of Theorem 10.20 that are summarized
before Proposition 10.33. The linear mappingϕd with ϕd( f )(X0, . . . , Xn) =
Xd

0 f (X1/X0, . . . , Xn/X0) is a two-sided inverse toβ t
0 : k[X0, . . . , Xn]d →

k[X1, . . . , Xn]≤d. Put H = ϕd(h), so thath = β t
0(H). The detail in question is

that
a ∩ k[X0, . . . , Xn]d = ϕd

(
b ∩ k[X1, . . . , Xn]≤d

)
. (†)

By (∗∗),ϕd(h) is in the right side of(†). Since(†) is a valid identity,ϕd(h) is in the
left side. SoH is ina. This means thatH(x0, . . . , xn) = 0. Remembering thatH
depends only onX0, Xj1, . . . , Xjr and that{x0, xj1, . . . , xjr } is a transcendence set,
we see thatH = 0. Thereforeh = 0, and{β̄ t

0(xj1), . . . , β̄
t
0(xjr )} is a transcendence

set inA(V(b)). Thus

dimV(b) = tr.degA(V(b)) ≥ r = tr.degA(C(V(a))− 1 = dimC(V(a))− 1.

By Corollary 10.19, dimV(b) = dimV(a). Hence dimC(V(a)) ≤ dimV(a)+1,
and the proof is complete. �

Corollary 10.82. If a is a homogeneous ideal ink[X0, . . . , Xn] and if the
corresponding projective algebraic setV(a) is nonempty, then dimV(a) equals
the degree of the Hilbert polynomialH(s, a).

PROOF. This is immediate from Proposition 10.81 because dimC(V(a)) =
dim Ha(s, a) and because degH(s, a) = degHa(s, a)− 1. �

We could also obtain a corollary relatingH(s,V(a))andH(s,V(LT(a)))when
a graded monomial ordering is imposed, and we could then give a geometric way
of visualizing the dimension in terms of the projective case. But we shall not
need these details, and we omit them.

12. Intersections in Projective Space

Hilbert polynomials are an appropriate tool for dealing with how a projective
algebraic set intersects a lower-dimensional projective space. In this section we
consider such intersections, and we obtain as a corollary the deep result that a
system of homogeneous polynomial equations over an algebraically closed field
k always has a nonzero solution if there are more variables than equations.

It will be convenient in this section to adopt the convention that the empty
projective algebraic set has dimension−1 and that the 0 Hilbert polynomial has
degree−1. To make use of this convention, we recall from the homogeneous
Nullstellensatz (Proposition 10.12a) that a homogeneous ideala in k[X0, . . . , Xn]
hasV(a) empty inPn if and only if there is an integerN such thata contains
k[X0, . . . , Xn]k for k ≥ N. In this case our definition makesC(V(a)) consist
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of {0} alone.25 With the convention that such ideals have dimV(a) = −1 and
C(V(a)) = {0}, the formula of Proposition 10.81 remains valid, and we can
therefore drop the assumption thatV(a) is nonempty. As to Corollary 10.82,
the definition of the Hilbert function whena containsk[X0, . . . , Xn]k for all
sufficiently largek makesH(k, a) = 0 for suchk; therefore the Hilbert polynomial
in this case is the 0 polynomial, and Corollary 10.82 continues to be valid even
whenV(a) is empty.

Theorem 10.83.If a is any homogeneous ideal ink[X0, . . . , Xn] and if F is
a homogeneous polynomial, then

dimV(a) ≥ dimV(a + (F)) ≥ dimV(a)− 1.

In particular,V(a + (F)) is nonempty if dimV(a) ≥ 1.

PROOF. Sincea ⊆ a + (F) and sinceV( · ) is inclusion reversing, we know
that

dimV(a) ≥ dimV(a + (F)).
To obtain the second inequality of the theorem, we shall compare the Hilbert
polynomialsH(s, a) and H(s, a + (F)), taking advantage of Corollary 10.82.
Letd = degF , and suppose thats> d. The identity mapping onk[X0, . . . , Xn]s

descends to ak linear mapping

ϕ : k[X0, . . . , Xn]s/as → k[X0, . . . , Xn]s
/
(a + (F))s,

andϕ is onto, being formed from an onto map. To understand kerϕ, we shall use
thek linear map

ψ : k[X0, . . . , Xn]s−d/as−d → k[X0, . . . , Xn]s/as

induced by multiplication byF , which we view as carryingk[X0, . . . , Xn]s−d

into k[X0, . . . , Xn]s/as. Observe that ifG is in k[X0, . . . , Xn]s−d, thenFG is
in (a + (F))s, and thereforeϕ ◦ ψ = 0, i.e., imageψ ⊆ kerϕ.

We shall prove that equality holds. Thus suppose thatG is a member of
k[X0, . . . , Xn]s such thatG + as is in kerϕ, i.e., thatG is in (a + (F))s. Then
we can writeG = G1 + H F with G1 in as and H in k[X0, . . . , Xn]s−d. So
G − G1 = H F , and the cosetG + as = G − G1 + as is ψ of H + as−d. We
conclude that imageψ = kerϕ.

Now we compute

dimkk[X0, . . . , Xn]s/as

= dimk(domainϕ) = dimk(kerϕ)+ dimk(imageϕ)

= dimk(imageψ)+ dimk k[X0, . . . , Xn]s
/
(a + (F))s

≤ dimk k[X0, . . . , Xn]s−d/as−d + dimk k[X0, . . . , Xn]s
/
(a + (F))s.

25Admittedly the inclusion of{0} in the cone might seem unnatural ifa = k[X0, . . . , Xn], but
that is the definition that makes this particulara behave like all other ideals.
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In terms of Hilbert functions, this says that

H(s, a) ≤ H(s − d, a)+ H(s, a + (F)).

For larges, this is an inequality of polynomials:

H(s, a) ≤ H(s − d, a)+ H(s, a + (F)).

SinceH(s, a) − H(s − d, a) is a polynomial of one lower degree thanH(s, a)
with leading coefficient positive, we obtain

degH(s, a)− 1 ≤ degH(s, a + (F)).

The second inequality of the theorem now follows from Corollary 10.82. The
final assertion in the theorem takes into account the remarks in the paragraph
preceding the statement of the theorem. �

Corollary 10.84. If a is any homogeneous ideal ink[X0, . . . , Xn] and if
F1, . . . , Fr are homogeneous polynomials, then

dimV(a) ≥ dimV(a + (F1, . . . , Fr )) ≥ dimV(a)− r.

In particular,V(a + (F1, . . . , Fr )) is nonempty if dimV(a) ≥ r .

PROOF. We use Theorem 10.83 inductively, first applying it to the ideala with
F = F1, then applying it to the ideala + (F1) with F = F2, and so on. This
proves the first conclusion, and the second conclusion follows because of the
convention that the empty set has dimension−1. �

Corollary 10.85. Over an algebraically closed field any system of homoge-
neous polynomial equations with more variables than equations has a nonzero
solution.

PROOF. Let there ber equations andn + 1 variables withn + 1 > r , the
equations beingF1 = 0, . . . , Fr = 0. The zero locus for each equation is a subset
of Pn. Applying Corollary 10.84 witha = 0 shows that dimV(F1, . . . , Fr ) ≥
n − r ≥ 0 and thatV(F1, . . . , Fr ) is not empty as long asn ≥ r . �

Corollary 10.85 is the result in the present chapter that was anticipated in
Problem 23 at the end of Chapter VIII.
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13. Schemes

We conclude with some commentary about “schemes.” The subject of algebraic
geometry studied along the lines of Sections 1–12 suffers from at least two
shortcomings. One concerns the coefficients that are involved. The original
impetus for the subject came from systems of polynomial equations in several
variables. These equations involve addition, subtraction, and multiplication, and
the requirement that division be allowable is unnatural and cuts down the scope
of the subject. It immediately cuts out Diophantine equations, for example, to
say nothing of congruences modulo prime powers. It would be more natural to
allow the coefficients to lie in any commutative ring with identity. The other
shortcoming is that the definition of variety depends on an embedding whose
chief role is to get past the stage of making definitions; soon the embedding is
stripped away, and the interest is in varieties up to isomorphism. The situation
is similar to the historical treatment of groups and of manifolds. Groups were
for the most part originally conceived in terms of group actions, but eventually
the groups were separated from the actions. Manifolds at first were defined as
certain subsets of Euclidean space, but eventually they were given an intrinsic
definition. It would be more in keeping with the wisdom gained from other areas
of mathematics if varieties could be defined intrinsically right away.

Schemes, introduced and developed by A. Grothendieck in the late 1950s and
early 1960s, accomplish both these objectives. The theory of schemes borrows
ideas and techniques from many areas of mathematics, as will be apparent shortly.
This section will briefly present some of the definitions, offer some examples, and
show the sense in which varieties may be regarded as schemes.26 The interested
reader may want to read more, and this section will therefore conclude with some
bibliographical remarks.

1. Spectrum. One preliminary remark is necessary. To isolate an affine
variety from its ambient spaceAn, we can take advantage of Proposition 10.23,
which says that the points of the variety correspond exactly to the maximal ideals
of the affine coordinate ring.27 The set of maximal ideals in a ring, however,
is usually not an object that lends itself to use with mappings. For example the
canonical inclusion ofZ into Q is not reflected in any of the mappings of the
singleton set{(0)} of maximal ideals ofQ into the set of maximal ideals ofZ.
Instead, the theory of schemes works withprime ideals. These behave nicely
in that the inverse image of a prime ideal under a homomorphism of rings with
identity is a prime ideal.

26The material in this section is based in part on lectures by V. Schechtman given in 1991–92
and in part on the books by Gunning, Hartshorne, and Shafarevich in the Selected References.

27Readers familiar with some functional analysis will recognize that a similar thing happens with
compact Hausdorff spaces; by a theorem of M. Stone, the points of the space correspond exactly to
the maximal ideals of the algebra of continuous complex-valued functions on the space.
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Thus we work with the category of commutative rings with identity, the mo-
tivating example being the affine coordinate ring of an affine variety over an
algebraically closed field. IfA is a ring in this category, thespectrumof A is the
set SpecA of prime ideals ofA. For example the spectrum of a field consists of
the one element(0), that of a discrete valuation ring consists of 0 and the unique
maximal ideal, that of a principal ideal domain consists of 0 and the principal
ideals( f ) such thatf is an irreducible element, and that ofC[X,Y] consists of
the ideal(0), the maximal ideals corresponding to one-point sets inC2, and all
prime ideals( f (X,Y)) of irreducible affine plane curves overC.

The spectrum ofA is understood to carry along with it two additional pieces
of structure. The first piece of structure is an analog for SpecA of the Zariski
topology.28 To each ideala of A, we associate the subsetV(a) ⊆ SpecA of all
prime idealsp with a ⊆ p. The setsV(a) are easily seen to have the defining
properties of the closed sets of a topology, and this topology will always be
understood to be in place. It is immediate from the definition thatV(a) = V(

√
a )

for every ideala. One checks for any prime idealp thatV(p) = {p}; consequently
the one-point set{p} is closed if and only ifp is a maximal ideal.

At least whenA is Noetherian, SpecA is a Noetherian space, and a notion
of dimension (not necessarily finite) is defined for each closed set in the usual
way29 as in Section 2; forA itself this coincides with the Krull dimension of
A. In this situation the irreducible closed sets are the setsV(p) with p prime.
The fact that such a set is irreducible follows from the identityV(p) = {p}; the
converse assertion follows from the identityV(a) = V(

√
a ) and the Lasker–

Noether Decomposition Theorem (Problem 14 at the end of Chapter VII). By
Proposition 10.5 every closed set is a finite union of irreducible closed sets, and
thus we have a complete description of the closed sets. For example, in a principal
ideal domain the closed sets consist of the finite sets of nonzero prime ideals, as
well as the set of all prime ideals. For the ringA = C[X,Y], every proper closed
set of SpecA is a finite union of singleton sets{(X − x0,Y − y0)} and of sets

{( f (X,Y))} ∪ ⋃
f (x0,y0)=0

{(X − x0,Y − y0)}

with f (X,Y) irreducible.
If ϕ : A → B is a homomorphism in our category of rings (always assumed

to carry 1 to 1) and ifp is a prime ideal inB, thenϕ−1(p) is a prime ideal inA.
Thus the definitionaϕ(p) = ϕ−1(p) gives us a functionaϕ : SpecB → SpecA.
If E is a subset ofA, then we readily check that

(aϕ)−1(V(E)) = (aϕ)−1({p | p ⊇ E}) = {q | aϕ(q) ⊇ E} = V(ϕ(E)),

28A little care is needed with the definitions whenA is the 0 ring, which has an identity but no
prime ideals. Then SpecA is empty, but we will want to allow it as part of the theory. So we need
to allow the empty set as a topological space.

29The general theory treats dimension as defined even whenA is not Noetherian, but it will be
enough in this section to consider only the Noetherian case.
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from which it follows thataϕ is continuous. The functionaϕ can be fairly subtle.
For example, ifϕ is the inclusion ofZ into the ringR of algebraic integers in
a number field and ifP is a nonzero prime ideal inR, thenaϕ(P) = P ∩ Z is
the corresponding prime ideal(p) in Z; the continuity ofaϕ implies that each
nonzero prime ideal(p) of Z arises in this way from only finitely many idealsP
in R.

2. Structure sheaf. The second piece of additional structure carried by the
spectrum ofA is its “structure sheaf,” which is a certain specific sheaf with
base space SpecA. Sheaves were introduced by J. Leray in 1946 in connection
with partial differential equations and by K. Oka and H. Cartan about 1950 in
connection with the theory of several complex variables. As with vector bundles,
sheaves may be viewed as having a base space carrying some topological infor-
mation and fibers carrying some algebraic information; local sections will be of
great interest. The initial example of a sheaf in several complex variables is the
“sheaf of germs of holomorphic functions” on an open set inCn, germs being
defined for holomorphic functions on an open set in the same way as they were
defined in Section 4 for rational functions on a quasi-affine variety.

We shall define two general notions, “sheaf” and “presheaf,” and compare
them. The prototype of a presheaf in several complex variables is the collection
of vector spaces of holomorphic functions on each nonempty open subset of the
given open set; the prototype in classical algebraic geometry is the collection of
regular functions on each nonempty open subset of a quasiprojective variety. In
the general case, fix a category to describe the allowable structure on each fiber;
common choices for the objects in this category are abelian groups, commutative
rings with identity (called “rings” hereafter in this section), and unitalR modules
for some ring. In defining sheaves and presheaves, we shall write the definitions
using abelian groups, since it is a simple matter to adjoin the additional structure
when the fibers are rings or modules.

Let X be a topological space. Apresheafof abelian groups on thebase space
X is a collection{O(U ), ρVU}, parametrized by the open subsetsU of X and the
open subsetsV of U , such that eachO(U ) is an abelian group,O(∅) is the 0
group, eachρVU : O(U ) → O(V) is a group homomorphism, eachρUU is the
identity, andρW VρVU = ρWU wheneverW ⊆ V ⊆ U . We are to think ofO(U )
as a space of sections of some kind overU andρVU as a restriction map carrying
sections overU to sections overV . A sheafof abelian groups on thebase space
X is a topological spaceO with a mappingπ : O → X such thatπ is a local
homeomorphism onto,π−1(P) is an abelian group for eachP ∈ X, and the group
operations on eachπ−1(P) are continuous in the relative topology fromO. We
are to think of the elements of a sheaf as germs obtained starting from a presheaf.
The individual fibersπ−1(P) of a sheaf are calledstalks. One writes(X,O) for
the sheaf, sometimes abbreviating the notation toO.

It is possible to construct a presheaf from a sheaf, and vice versa. If we are
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given a sheafO, we define asections of O overU to be a continuous function
s : U → O such thatπ ◦ s = 1U . If O(U ) denotes the abelian group of sections
of O overU and ifρVU is the restriction map for sections, then{O(U ), ρVU} is
a presheaf. In the reverse direction if we start from a presheaf{O(U ), ρVU} and
form the kind of direct limit of abelian groups at each point that is suggested by the
passage to germs, then it is possible to topologize the disjoint union of the abelian
groups of germs so as to produce a sheaf. Passing from a sheaf to a presheaf and
then back to a sheaf reproduces the original sheaf. But passing from a presheaf
to a sheaf and then back to a presheaf does not necessarily reproduce the original
presheaf. A necessary and sufficient condition on the presheaf{O(U ), ρVU} for
{O(U ), ρVU} to result from passing to a sheaf and then back to a presheaf is that
the presheaf becompletein the sense that both the following conditions hold:

(i) Whenever{Uj } is an open covering of an open subsetU of X and
f ∈O(U ) is an element such thatρUj ,U ( f ) = 0 for all j , then f = 0.

(ii) Whenever{Uj } is an open covering of an open subsetU of X and
f j is given inO(Uj ) for each j in such a way thatρUj ∩Uk,Uj ( f j ) =
ρUj ∩Uk,Uk( fk) for all j and k, then there existsf ∈ O(U ) such that
ρUj ,U ( f ) = f j for all j .

Thestructure sheafof the spectrum ofA is a certain sheaf of rings(SpecA,O)
with base space SpecA. Just as in the case of regular (= polynomial) functions on
an affine variety, this sheaf will have the property that the ring of global sections
is isomorphic to the original ring (cf. Corollary 10.25). We shall describeO by
describing the presheaf. For each prime idealp of A, let Ap be the localization of
A at p, i.e., the localization ofA relative to the multiplicative system consisting
of the set-theoretic complement ofp. This kind of localization is always a local
ring. The idea is to define a ringO(U ) of regular functions for each open subset
U of SpecA in such a way that the stalkOp at the pointp ends up beingAp for
eachp. With affine varieties we were able to make the definition directly in terms
of the function field of the variety, i.e., the field of fractions ofA; bothO(U )
and the stalkOP(U ) at each pointP ended up being subrings of this function
field. The complication for generalA is that we do not have a convenient analog
of the function field available in which all the localizations are subrings. Thus
we proceed by imitating the messier equivalent definition ofregular function
given in Proposition 10.28. Namely, forU open in SpecA, letO(U ) be the set of
functionss fromU into the product

∏
p∈U Ap such thats(p) is in thepth factorAp

for eachp and such thats is locally a quotient of members ofA in the following
sense: for eachp in U , there is to be an open neighborhoodV of p within U and
there are to be elementsa and f in A such that for eachq in V , the elementf is
not inq ands(q) equalsa/ f in Aq. (Recall that any element ofA not inq defines
an element in the multiplicative system leading toAq; f is to be such an element
for eachq in V .) The mappingsρVU are taken as ordinary restriction mappings,
and the result is a presheaf. This presheaf is complete, and the associated sheaf
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is the structure sheaf(SpecA,O). An affine schemeis any sheaf of rings that is
isomorphic in a suitable sense to the structure sheaf of some ring.

3. Scheme.To define “scheme” and the notion that a scheme is defined over
some ring or some field, we need to back up and say a few more words about map-
pings in connection with sheaves. Aringed spaceis a sheaf of rings,(SpecA,O)
being an example. Let(X,OX) and (Y,OY) be two ringed spaces, and let
{ρV∗U∗} and{ρ ′

VU} be their respective systems of restriction maps. Amorphism
(σ, ψ) : (X,OX)→ (Y,OY) of ringed spacesconsists of a continuous function
σ : X → Y and a collectionψ of homomorphismsψU : OY(U )→ OX(σ

−1(U ))
such that

ψV ◦ ρσ−1V,σ−1U = ρ ′
VU ◦ ψU

wheneverU andV are open subsets ofY with V ⊆ U . The collectionψ = {ψU }
yields homomorphisms of stalksψP : OY,σ (P) → OX,P for eachP in X.

One property of the definition is that ifϕ : A → B is a homomorphism of rings,
then there is an associated morphism(σ, ψ) : (SpecB,OB)→ (SpecA,OA) of
ringed spaces. The continuous mapσ : SpecB → SpecA is the mapσ = aϕ

given by aϕ(p) = ϕ−1(p) for any prime idealp of B. The mappingψ on
stalks carriesOSpecA,σ (p) = OSpecA,ϕ−1(p) to OSpecB,p and is what is induced
on the stalk by composition withϕ. It is not quite true that every morphism
(σ, ψ) : (SpecB,OB) → (SpecA,OA) of ringed spaces arises from a ring
homomorphism. The homomorphism(σ, ψ) of ringed spaces resulting from the
ring homomorphismϕ has the property thatψ carries the maximal idealMϕ−1(p)

of the stalkAϕ−1(p) into the maximal idealMp of the stalkBp. A morphism
(σ, ψ) of ringed spaces whose stalks are local rings is called alocal morphism if
it has this property. With this definition one can show that every local morphism
of ringed spaces(σ, ψ) : (SpecB,OB) → (SpecA,OA) arises from some ring
homomorphismϕ : A → B. This result is to be compared with Corollary 10.40
for affine varieties.

An isomorphism of ringed spaces is automatically local if all the stalks are
local rings. The reason is that an isomorphism of one local ring onto another
carries the maximal ideal of the first onto the maximal ideal of the second. Thus
the earlier definition ofaffine schemeas a ringed space that is isomorphic to
some(SpecA,O) concealed only the rather natural definition of isomorphism of
ringed spaces, not the more subtle condition “local.”

A morphism of affine schemesis a local morphism of the affine schemes as
ringed spaces. Then the classes of all affine schemes and morphisms of affine
schemes together form a category. Aschemeis a ringed space(X,O) such that
each point ofX has an open neighborhood for which the restriction of the ringed
space to that part of the base is isomorphic to an affine scheme. One can define
a natural notion of morphism for schemes, and the classes of all schemes and
morphisms of schemes together form a category.
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4. Variety as a scheme.Let V be an affine variety over an algebraically
closed field, and letA(V) be the affine coordinate ring. We have just seen
how SpecA(V) has the natural structure of an affine scheme. Since SpecA(V)
includes all prime ideals ofA(V), not just the maximal ideals, the continuous
inclusionV → SpecA(V) is not onto. However, there is a natural relationship
between the two, and there is a natural relationship between their rings of regular
functions. The reason is that morphisms of affine varieties correspond exactly (in
contravariant fashion) to homomorphisms of the affine coordinate rings, which in
turn correspond exactly to morphisms of affine schemes. From the point of view of
categories, therefore, the categories of affine varieties and affine schemes match
perfectly. This description blurs what happens to the underlying algebraically
closed field of scalars, and one wants to be able to say that the categories of affine
varieties overk and affine schemes overk match perfectly. Making this statement
requires an additional construction, which will be sketched in the next subsection.

This correspondence can be extended suitably from affine varieties to quasipro-
jective varieties, and the interested reader can find details on page 30 of Volume 2
of Shafarevich’s books.

5. Scheme defined over a ring.If A is a ring and(X,OX) is a scheme,
then a morphism of schemes(σ, ψ) : X → SpecA defines a homomorphism
A → OX(U ) of rings for each open subsetU of X. SpecificallyψSpecA carries
OSpecA(SpecA) = A intoOX(X), and henceρU X ◦ψSpecA carriesA intoOX(U )
if {ρVU} is the system of restriction maps for(X,OX). The result is thatOX

becomes a sheaf ofA algebras.
Conversely ifOX is a sheaf ofA algebras, then one can construct a morphism

of schemesX → SpecA. In this case one says that(X,OX) is ascheme over
A. Every sheaf of abelian groups is a sheaf ofZ algebras, and thus every scheme
is a scheme overZ. Schemes overZ are of special interest in number-theoretic
situations, among others. The schemes produced from varieties in the previous
subsection are schemes over the underlying fieldk. The notion of a scheme over a
field that is not algebraically closed is one way of extending the theory of varieties
to have it apply when the underlying field is not algebraically closed.

6. Role of homological algebra.The sheaves of abelian groups over a fixed
topological spaceX, with a natural definition of morphism, form a category, and
one can define kernels and cokernels in this category. The result turns out to
be an abelian category with enough injectives, and the homological algebra of
Chapter IV is applicable. If(X,O) is a sheaf overX, then formation of global
sections, given by(X,O) 	→ O(X), is a covariant left exact functor. Since there
are enough injectives in the category, the derived functors make sense, and thekth

derived functor gives what is called thekth sheaf cohomologygroupHk(X,O)
with coefficients inO. This kind of cohomology is easy to use abstractly and hard
to use concretely, but it can be shown to be isomorphic to other more concrete kinds
of cohomology. In this way the cohomology of sheaves leads to generalizations
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of Euler characteristics and Betti numbers that have significance in number theory
and geometry.

In applications, there tends to be a ringed space(X,R) (maybe a scheme)
in the picture, and the sheaves(X,O) often have the property that each stalk
of O is a module for the corresponding stalk ofR. Then the above kind of
theory is applicable for sheaves that areR modules in this sense, not merely
sheaves of abelian groups. The interested reader can find details in Chapter III of
Hartshorne’s book.

BIBLIOGRAPHICAL REMARKS. The topic of schemes assumes knowledge of a
certain core of algebraic geometry and commutative algebra, and it builds on more
commutative algebra as it goes along. Some books mentioned in the Selected
References that include algebraic geometry at the beginning level are those of
Hartshorne (Chapter I), Harris, Reid, and Shafarevich (Volume 1). All these
books have many geometric examples; this is particularly so for the book by
Harris. Some books on commutative algebra are the ones by Atiyah–Macdonald,
Eisenbud, Matsumura, and Zariski–Samuel. These lists are by no means exhaus-
tive. There are in fact hundreds of books on the two subjects. To get a list of many
of the ones in commutative algebra, one can search in the Library of Congress
catalog athttp://catalog.loc.gov, using the call number QA251.3; a few
additional ones are sprinkled in among books with call number QA251. For
books on algebraic geometry, one can search using the call number QA564.

The book by Eisenbud–Harris on schemes is an introductory one written
in a style that makes it comparatively easy for the reader to get an overview
of the subject. Two older books on schemes are the ones by Macdonald and
Mumford. Hartshorne’s book introduces schemes in Chapter II, and Volume 2 of
Shafarevich’s books is on that topic. The end of Volume 2 of Shafarevich’s books
contains a 20-page historical sketch of algebraic geometry, including discussion
of some of the precursors of the subject of schemes.

14. Problems

In all problems,k is understood to be an algebraically closed field.

1. If P is in Pn, show that the idealI (P) of members ofk[X0, . . . , Xn] vanishing
at all points(x0, . . . , xn) in kn+1 − {0} with [x0, . . . , xn] = P is homogeneous.

2. Let X be a Noetherian topological space.
(a) Prove thatX is compact.
(b) Prove that every irreducible closed subset ofX is connected.

3. (a) Prove that the image of a quasiprojective varietyV under a regular function
f : V → A1 is connected.

(b) Prove that ifV is a projective variety andϕ : V → An is a morphism, then
ϕ(V) is a one-point set.
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4. LetU be the quasi-affine varietyU = A2 − {(0,0)} in A2. Prove thatO(U ) =
k[X,Y].

5. Deduce from the previous problem, Corollary 10.25, and Theorem 10.38 thatU
is not isomorphic to an affine variety.

6. Prove that a rational map of an irreducible curve into an irreducible curve is
dominant or is constant.

7. Let ϕ : U → V be a dominant morphism between quasiprojective varieties.
Prove that the induced mapping of local ringsϕ∗

P : Oϕ(P)(V) → OP(U ) given
in Proposition 10.42 is one-one.

8. Let V be the affine varietyV = V(W X − Y Z) in A4, let A(V) be the affine
coordinate ringk[W, X,Y, Z]/(W X − Y Z), let X andY be the images ofX
andY in A(V), and let f = X/Y in the field of fractions ofA(V). Prove that
there exist no members̄a andb̄ of A(V) with f = ā/b̄ andb̄(w, x, y, z) �= 0
wheneverwx = yzand one or both ofw andy are nonzero.

9. Let U and V be quasiprojective varieties, and letϕ : U → V be a function.
Suppose thatU andV are unions of nonempty open subsetsU = ⋃

α∈I Uα and
V = ⋃

α∈I Vα such thatϕ(Uα) ⊆ Vα for all α. Prove thatϕ is a morphism if and
only if eachϕα : Uα → Vα is a morphism.

10. This problem concerns local extensions of regular functions from quasiprojective
varieties to open sets in the ambient affine or projective space.
(a) LetV be an affine variety inAn, let U be a nonempty open subset ofV , let

f be inO(U ), and letP be a point inU . Prove that there exist an open
neighborhoodU0 of U aboutP in V , an open set̃U0 in An, and a function
F in O(Ũ0) such thatU0 = V ∩ Ũ0 and such thatF is an extension off

∣∣
U0

.

(b) Extend the result of (a) to make it valid for any quasiprojective varietyV in
Pn.

11. Suppose thatX andY are quasiprojective varieties, thatU andV are irreducible
closed subsets ofX andY, respectively, and thatϕ : X → Y is a morphism such
thatϕ(U ) ⊆ V . Prove thatϕ : U → V is a morphism.

12. Prove that
(a) the mappingϕ : Pn−1 → Pn given byϕ([x0, . . . , xn−1]) = [x0, . . . , xn−1,0]

is an isomorphism ofPn−1 onto the projective hyperplaneHn corresponding
to the homogeneous ideal(Xn) of k[X0, . . . , Xn],

(b) any projective varietyV in Pn that lies inHn is isomorphic to a projective
variety inPn−1,

(c) any projective varietyV in Pn is isomorphic to a projective varietyV ′ in some
Pr with r ≤ n that is not contained in any projective hyperplane defined by
a homogeneous ideal(Xj ) of k[X0, . . . , Xr ].

Problems 13–16 relate the classical condition for detecting a singularity in the affine
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case to the corresponding condition in the projective case. The key is an identity
traditionally known as Euler’s Theorem that is proved as Problem 3 at the end of
Chapter VIII. In these problems it is assumed thatF1, . . . , Fr are homogeneous
polynomials ink[X0, . . . , Xn], thatP = [x0, . . . , xn] is a point inPn in their common
locus of zeros, and thatP is in the image ofAn underβ0, i.e., thatx0 �= 0. Define
f1, . . . , fr in k[X1, . . . , Xn] by fi (X1, . . . , Xn) = Fi (1, X1, . . . , Xn).

13. DefineJ(F)(x′
0, . . . , x

′
n) to be ther -by-(n + 1) matrix whose(i, j )th entry is

∂Fi
∂Xj
(x′

0, . . . , x
′
n) for 1 ≤ i ≤ r and 0≤ j ≤ n, and defineJ( f )(x′

1, . . . , x
′
n) to

be ther -by-n matrix whose(i, j )th entry is ∂ fi
∂Xj
(x′

1, . . . , x
′
n) for 1 ≤ i ≤ r and

1 ≤ j ≤ n. Prove that rankJ(F)(x′
0, . . . , x

′
n) = rankJ(F)(λx′

0, . . . , λx′
n) for

all λ ∈ k×.

14. With notation as in Problem 13, prove that ther -by-n matrix J( f )(x′
1, . . . , x

′
n)

equals ther -by-n matrix obtained by deleting the 0th column of ther -by-(n+ 1)
matrix J(F)(1, x′

1, . . . , x
′
n).

15. Using Euler’s Theorem (Problem 3 at the end of Chapter VIII), prove concerning
the pointP on the locus of common zeros ofF1, . . . , Fr that the 0th column of
the matrixJ(F)(x0, . . . , xn) is a linear combination of the other columns of the
matrix.

16. Deduce for the pointP on the locus of common zeros ofF1, . . . , Fr that

rankJ(F)(x0, x1, . . . , xn) = rankJ( f )(x1/x0, . . . , xn/x0).

Problems 17–22 concern products of quasiprojective varieties. The Segre map-
ping σ : Pm × Pn → PN with N = mn + m + n was defined in Section 8 by
σ
(
[x0, . . . , xm], [y0, . . . , yn]

) = [w00, . . . , wmn] with wi j = xi yj . Let us abbreviate
[w00, . . . , wmn] as [{wi j }] andk[W00, . . . ,Wmn] ask[{Wi j }].
17. Prove thatσ is well defined and one-one.

18. Every member [{wi j }] of imageσ haswi jwkl = wi lwk j for all i, j, k, l . Prove
conversely that every member [{wi j }] of PN withwi jwkl = wi lwk j for all i, j, k, l
is in imageσ , and deduce that imageσ = V(a), wherea is the ideal ink[{Wi j }]
generated by allWi j Wkl − Wil Wkj .

19. This problem will prove thata is a prime ideal, and in particular it will follow
thatV(a) is irreducible. Letϕ : k[{Wi j }] → k[X0, . . . , Xm,Y0, . . . ,Yn] be the
substitution homomorphism given by settingWi j = Xi Yj . Then kerϕ is an ideal
containinga.
(a) By introducing a suitable monomial ordering ink[{Wi j }], show that any

monomial ink[{Wi j }] of total degreed is congruent moduloa to a monomial
of total degreed of the formM = ∏

i, j W
ai j

i j having the property thatai j > 0
implies thatakl = 0 for all (k, l ) with l > j andk > i . Call a monomial of
this formreduced.
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(b) Suppose thatM = ∏
i, j W

ai j

i j andM ′ = ∏
i, j W

bi j

i j are two distinct reduced
monomials. By considering the firstWi j for which ai j �= bi j , prove that
ϕ(M) �= ϕ(M ′).

(c) Deduce that kerϕ = a, and show why it follows thata is prime.

20. Letp be a prime ideal ink[X0, . . . , Xm], and letR = k[X0, . . . , Xm]/p be the
quotient.
(a) Prove that the idealp k[Y0, . . . ,Yn] in k[X0, . . . , Xm,Y0, . . . ,Yn] generated

by all products of members ofp and polynomials inY0, . . . ,Yn is prime.
(b) By following the substitution homomorphism

k[{Wi j }] → k[X0, . . . , Xm,Y0, . . . ,Yn]

with a substitution homomorphismk[X0, . . . , Xm,Y0, . . . ,Yn] → R[Z],
prove that wheneverU is a projective variety inPm andP is a point inPn,
thenσ(U × {P}) is a projective variety inPN .

21. Let U and V be projective varieties inPm andPn, respectively. Problem 20
shows thatσ(U × {v}) is a projective variety inPN for eachv ∈ V . Suppose
thatσ(U × V) is a unionE1 ∪ E2 of two closed sets inPN .
(a) For i equal to 1 or 2, defineVi = {v ∈ V | σ(U × {v}) � Ei }. Why is

V1 ∩ V2 = ∅?
(b) Prove thatV1 and V2 are open by using bihomogeneous polynomials to

exhibit each ofV1 andV2 as a neighborhood of each of its points.
(c) Deduce from (b) thatσ(U × V) is a projective variety inPN .
(d) Show how to deduce from (c) that ifU andV are quasiprojective varieties in

Pm andPn, respectively, thenσ(U × V) is a quasiprojective variety inPN .

22. (a) Prove that ifU andV are quasiprojective varieties, then the projections of
U × V to U andV are morphisms. Here the projection ofU × V to U is
understood to be the mapσ(u, v) 	→ u of σ(U × V) into U , and similarly
for the projection toV .

(b) If ϕ : U → X andψ : U → Y are morphisms, prove that(ϕ, ψ) : U →
X × Y when defined by(ϕ, ψ)(u) = (ϕ(u), ψ(u)) is a morphism.

(c) If ϕ : U → X andψ : V → Y are morphisms, prove thatϕ×ψ : U ×V →
X × Y when defined by(ϕ × ψ)(u, v) = (ϕ(u), ψ(v)) is a morphism.

Problems 23–25 make some observations about prime ideals and irreducible
polynomials.

23. Let I = ( f1, . . . , fr ) be an ideal ink[X,Y] such that the zero locusV(I ) is
irreducible and such thatf1, . . . , fr are irreducible polynomials.
(a) Prove thatI is prime if dimV(I ) = 1.
(b) Give an example to show thatI need not be prime if dimV(I ) = 0.
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24. Fix a monomial ordering fork[X1, . . . , Xn], and let I be a nonzero ideal in
k[X1, . . . , Xn]. Prove that if I is prime, then the members of any minimal
Gröbner basis ofI are irreducible polynomials.

25. Suppose that char(k) �= 2. Within k[X,Y, Z], let E be the homogeneous sub-
spacek[X,Y, Z]2. The six monomials inE form ak basis ofE and may be used
to identify E with k6. Under this identification prove that the subset of reducible
polynomials inE, including the 0 polynomial, is an affine hypersurface ofk6.

Problems 26–35 concern elliptic curves. Anelliptic curve overk is a pair(E,O)
consisting of a nonsingular irreducible projective curveE of genus 1 and a distin-
guished pointO. These problems use the Riemann–Roch Theorem and its associated
notation in Chapter IX in order to exhibit a concrete realization of such a curve in
P2 with O on the line at infinity and with all other points ofE in A2. Such a curve
has a remarkable structure; for further information, including further applications of
the Riemann–Roch Theorem to these curves, see the book by Silverman. Corollary
10.56 identifies the points ofE with the discrete valuations of the function fieldk(E)
over E. Let vO be the discrete valuation corresponding toO.

26. Forn > 0, prove that�(nvO) = n. Use this result to find membersx andy of
k(E) whose divisors satisfy(x)∞ = 2vO and(y)∞ = 3vO.

27. Prove that [k(E) : k(x)] = 2 and [k(E) : k(y)] = 3.

28. Why does it follow from the previous problem thatk(E) = k(x, y)?

29. From the fact that�(6vO) = 6, deduce a nontrivial linear dependence overk
among the members 1, x, y, x2, xy, y2, x3 of k(E). Show that the coefficients
of y2 andx3 are necessarily nonzero, and then scalex and y appropriately to
show that the image of the functionϕ : E − {0} → P2 defined byϕ(P) =
[x(P), y(P), 1] is contained in the projective closureC of the zero locus of the
polynomial f (X,Y) = (Y2 + a1XY + a3Y)− (X3 + a2X2 + a4X + a6).

30. Prove thatf (X,Y) is irreducible and thatC is therefore a projective curve.

31. Why isϕ : E − {0} → C a morphism? Why does it follow thatϕ extends to a
morphism� : E → C ?

32. Deduce from Problem 28 that� is birational.

33. Show thatC is nonsingular at its point at infinity.

34. Show that ifC is singular at(x0, y0) in A2, then the member ofk(E) given by
z = (y − y0)(x − x0)

−1 hasvO(z) = −1 andvP(z) ≥ 0 for all P in E − {O}.
35. Deduce from Problems 33 and 34 thatC is nonsingular, and explain why it

follows that� : E → Z is an isomorphism.
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1. We are interested in oddp’s such that
(

m
p

) = +1. Factormas
∏

j p
kj

j . Then qua-

dratic reciprocity gives
(

m
p

)=∏j

(pj

p

)kj = ∏
kj odd

(pj

p

) = ∏
kj odd(−1)

1
4 (p−1)(pj −1)

( p
pj

)
.

We considerp ≡ 1 mod 4 andp ≡ 3 mod 4 separately. Forp ≡ 1 mod 4, the set in
question consists of thosep’s for which

( p
pj

)
is−1 for an even number of thosekj ’s that

are odd. This is the union over all such systems of minus signs of the intersection over
j of the finitely many arithmetic progressions for which the residue

( p
pj

)
equals the

j th sign. For a single system of minus signs, the result is an arithmetic progression of
the formk

∏
kj odd pj +b by the Chinese Remainder Theorem. Each of these contains

a nonempty set of primes by Dirichlet’s Theorem, and henceP is nonempty.
For p ≡ 3 mod 4, if

∏
kj odd(−1)

1
2 (pj −1) is +1, then the set in question is of the

same form as above. If
∏

kj odd(−1)
1
2 (pj −1) is −1, then the set in question consists of

thosep’s for which
( p

pj

)
is −1 for an odd number of thosekj ’s that are odd, and this

again is the finite union of arithmetic progressions.

2. For (a), the proof of necessity of Theorem 1.6b remains valid when the primep
is replaced by the integerm. For (b), the first paragraph of the proof of the sufficiency
of Theorem 1.6b handles matters ifm is odd.

3. For D = −56, H has order 4, butH ′ has order 3 because 3x2 ± 2xy + 5y2

are improperly equivalent but not properly equivalent. A 3-element set has no group
structure such that a 4-element group maps homomorphically onto it.

4. For (a), the product of any two integers representable asax2 + bxy+ cy2 is
representable by the class of the square, which is the class of the inverse because the
class is assumed to have order 3. The class of the inverse is the class of(a,−b, c),
and this represents the same integers as(a,b, c).

For (b), we seek reduced triples. These are(a,b, c) with |b| ≤ a ≤ c and with
b2 − 4ac = D = −23, and we know that 3ac ≤ |D| and thatb has the same
parity asD. Henceb is odd, and the inequalities 3b2 ≤ 3a2 ≤ 3ac ≤ 23 show
that |b| = 1. For |b| = 1, we have 1− 4ac = −23 andac = 6. Sincea ≤ c, the
possibilities with|b| = 1 are(1,±1,6) and(2,±1,3). Since(1,1,6) and(1,−1, 6)
are properly equivalent by Proposition 1.7,|b| = 1 leads to just the three possibilities
(1, 1,6), (2, 1,3), and(2,−1,3). Proposition 1.7 shows that these lie in distinct
proper equivalence classes, and thush(−23) = 3.

649



650 Hints for Solutions of Problems

For (c), the general theory shows that(1, 1,6) corresponds to the identity class,
and therefore the other two reduced forms are in classes of order 3.

For (d), we first track down what happens to the forms. If we write∼ for proper
equivalence, then we have

(2,1,3)(2,1, 3) ∼ (2,1, 3)(3,−1,2) ∼ (2,5,6)(3,5, 4)
= (6, 5, 2) ∼ (2,−5,6) ∼ (2,−1, 3),

and the last form is improperly equivalent to(2,1, 3). The next step is to interpret this
chain with actual variables. If the initial variables arex1, y1, x2, y2, then the change
at the first step from(2,1, 3) to (3,−1,2) comes fromx2 = y′

2, y2 = −x′
2 while

leavingx1 and y1 unchanged asx1 = x′
1, y1 = y′

1. The change at the second step
from (2, 1,3) to (2,5, 6) and from(3,−1, 2) to (3,5,4) comes from the translations
x′

1 = x′′
1 + y′′

1, y′
1 = y′′

1, x′
2 = x′′

2 + y′′
2, y′

2 = y′′
2. The multiplication step comes from

Proposition 1.9 and is given byx3 = x′′
1x′′

2 −2y′′
1 y′′

2 andy3 = 2x′′
1 y′′

2 +3x′′
2 y′′

1 +5y′′
1 y′′

2.
And so on. The final result is that

(2x2
1 + x1y1 + 3y2

1)(2x2
2 + x2y2 + 3y2

2) = 2X2 + XY + 3Y2,

whereX = x1(−x2 + y2)+ y1(x2 + 2y2) andY = y1(x2 − y2)+ x1(x2 + y2).

5. The equality
(

1 0
−a−1b 1

) (
2a b
b 2c

) (
1 −a−1b
0 1

)
=
(

2a −b
−b 2c

)
shows this.

6. For reduced forms we seek(a, b, c) with a > 0, c > 0, |b| ≤ a ≤ c. We know
that 3ac ≤ |D| = 67, andD odd impliesb odd. From 3b2 ≤ 3a2 ≤ 3ac ≤ 67, we
obtain 3b2 ≤ 67 and|b| ≤ 4. So|b| is 1 or 3. For|b| = 1, 1

4(b
2− D) = 1

4(b
2+67) =

17; then 17= ac, anda = 1 andc = 17. Since(1, 1, 17) is properly equivalent
to (1,−1, 17) by Proposition 1.7, we obtain only one proper equivalence class from
this pair. For|b| = 3, 1

4(b
2 − D) = 1

4(9 + 67) = 19 forcesac = 19 and thena = 1
andc = 19. Then|b| ≤ a is not satisfied. So|b| = 3 gives no proper equivalence
classes, andh(−67) = 1.

7. The 6 cycles are

(1,8,−15), (−15,7, 2), (2, 7,−15), (−15,8, 1);
(−1, 8,15), (15,7,−2), (−2, 7,15), (15,8,−1);
(3,8,−5), (−5,7, 6), (6, 5,−9), (−9,4, 7), (7,3,−10), (−10,7, 3);
(−3,8, 5), (5,7,−6), (−6,5,9), (9,4,−7), (−7, 3,10), (10,7,−3);
(5,8,−3), (−3, 7,10), (10,3,−7), (−7, 4,9), (9, 5,−6), (−6,7, 5);
(−5,8, 3), (3, 7,−10), (−10,3, 7), (7, 4,−9), (−9,5, 6), (6,7,−5).

8. The form(1,1, 12) corresponds to the identity class, the classes of(2,±1, 6)are
inverses of one another, and the classes of(3,±1,4) are inverses of one another. The
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group structure has to be cyclic, and any element other than the identity can be taken as
a generator. Let us takea to be the class of(2,1,6). We are to identifya2. The form
(2, 1,6) is aligned with itself (having the sameb component), it hasj = 6/2 = 3,
and the composition formula of Proposition 1.9 leads to(2 · 2, 1, j ) = (4, 1,3).
This is properly equivalent to(3,−1,4), and we do not have to follow through the
algorithm of Theorem 1.6a to identify the product in our list. The result is that
a ↔ (2,1,6), a2 ↔ (3,−1,4), a3 = (a2)−1 ↔ (3, 1,4), a4 = a−1 ↔ (2,−1,6),
anda5 = 1 ↔ (1, 1,12).

10. For (a), the result is known forn prime by Theorem 1.2. By induction and
the definition of the Jacobi symbol, it is enough to handlen = ab when a and
b can be handled. We have12(n − 1) = 1

2(ab − 1) = 1
2b(a − 1) + 1

2(b − 1)
≡ 1

2(a − 1) + 1
2(b − 1) mod 2, the last step following becauseb is odd. Therefore

(−1)
1
2 (n−1) = (−1)

1
2 (a−1)+ 1

2 (b−1) = (−1
a

)(−1
b

) = (−1
n

)
, the last step following by

Problem 9a.
For (b), we argue similarly, and the key computation is1

8(n
2−1) = 1

8(a
2b2−1) =

1
8b2(a2 − 1) + 1

8(b
2 − 1) ≡ 1

8(a
2 − 1) + 1

8(b
2 − 1) mod 2, the last step following

becauseb2 is odd.

11. Allowing primes to appear more than once, write factorizations ofm andn as
m = ∏r

i =1 pi andn = ∏s
j =1 qj . Then Theorem 1.2 gives

(
m
n

) = ∏s
j =1
∏r

i =1

(pi

qj

) =∏s
j =1
∏r

i =1

(qj

pi

)
(−1)

1
2 (pi −1) 1

2 (qj −1) = (
n
m

)
(−1)

∑s

j =1

∑r

i =1
1
2 (pi −1) 1

2 (qj −1)
. Since

∑s
j =1
∑r

i =1
1
2(pi − 1)1

2(qj − 1) = [∑s
j =1

1
2(qj − 1)

][∑r
i =1

1
2(pi − 1)

]
and since

∑s
j =1

1
2(qj −1) ≡ 1

2(n−1) mod 2 and
∑r

i =1
1
2(pi −1) ≡ 1

2(m−1) mod 2
by the same argument as in Problem 10a, the required formula follows.

12. For (a), choose by Dirichlet’s Theorem a sufficiently large primep that is
≡ 3 mod 8 and is in particular≡ 3 mod 4. If 8 divides|G|, then the fact that|G|
divides p + 1 implies that 8 dividesp + 1. Sop ≡ −1 mod 8. Sincep was chosen
with p ≡ 3 mod 8, this is a contradiction. So 8 cannot divide|G|.

For (b), choose by Dirichlet’s Theorem a sufficiently large primep that is ≡
7 mod 12 and is in particular≡ 3 mod 4. If 3 divides|G|, then 3 dividesp+1. Thus
p ≡ −1 mod 3. Since alsop ≡ 3 mod 4,p ≡ 11 mod 12. Butp was chosen with
p ≡ 7 mod 12. This is a contradiction, and 3 cannot divide|G|.

For (c) with an odd primeq > 3 given, choose by Dirichlet’s Theorem a sufficiently
large primep that is≡ 3 mod 4q and is in particular≡ 3 mod 4. Ifq divides|G|,
thenq dividesp+ 1, andp+ 1 ≡ 0 modq. Meanwhile,p ≡ 3 mod 4q implies that
p + 1 ≡ 4 mod 4q and p + 1 ≡ 4 modq, contradiction. Soq cannot divide|G|.

13. For (a), choose by Dirichlet’s Theorem a sufficiently large primep that is
≡ 5 mod 12 and is in particular≡ 2 mod 3 and≡ 1 mod 4. If 4 divides|G|, then 4
dividesp + 1, which is≡ 2 mod 4. So 4 cannot divide|G|.
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For (b), choose by Dirichlet’s Theorem a sufficiently large primep that is ≡
2 mod 9 and is in particular≡ 2 mod 3. If 9 divides|G|, then 9 dividesp+ 1, which
is ≡ 3 mod 9. So 9 cannot divide|G|.

For (c) with an odd primeq > 3 given, choose by Dirichlet’s Theorem a sufficiently
large primep that is≡ 2 mod 3q and is in particular≡ 2 mod 3. Ifq divides|G|,
thenq divides p + 1, which is≡ 3 mod 3q and hence is≡ 3 modq. Soq cannot
divide |G|.

14. The integers in〈a, r 〉 are exactly the multiples ofa, since such an integern has
to be of the formn = ca + dr for integersc andd. This equation says thatn = ca
and 0= dr , since 1 andr are linearly independent overQ. The integerN(s) = sσ(s)
is in I becauses is in I andσ(s) is in R, and thusN(s) has to be a multiple ofa.

15. Write I = 〈a, r 〉 with a > 0 an integer andr in I by Lemma 1.19b. As in the
previous problem, the integera is characterized uniquely in terms ofI as the least
positive integer inI . Putr = b + gδ for suitable integersb andg. Without loss of
generality, we may assume thatg > 0. Using the division algorithm and possibly
replacingb by b − na for some integern, we may assume that 0≤ b < a.

With these conventions in place, let us see thatg necessarily dividesa. The fact
thataδ has to be inI means thataδ has an expansionaδ = c1a + c2(b + gδ) with
integer coefficients. Thenaδ = c2gδ, andg must dividea.

In particular, 0< g ≤ a is forced. To see thatb andg are uniquely determined,
let {a,b′ + g′δ} be another suchZ basis. Sinceb′ + g′δ = c1a+c2(b+ gδ) and since
symmetrically we haveb + gδ = c′

1a + c′
2(b

′ + g′δ), we obtaing′ = c2g = c2c′
2g′.

Therefore|c2| = 1. Meanwhile, we must have

c1a + c2b = b′ and c2gδ = g′δ.

The second of these equations shows thatc2 > 0. Thusc2 = 1. Finallyc1a = b′ − b
with 0 ≤ b < a and 0≤ b′ < a forcesb′ −b = 0. Thereforea, b, andg are uniquely
determined.

To complete the proof, we need to see thatgdividesband thatagdividesN(b+gδ).
Sinceaδ is in I , aδ = c′′

1a + c′′
2(b + gδ). Hencec′′

2g = a andc′′
1a + c′′

2b = 0.
Substituting the first of these equations into the second givesc′′

1c′′
2g+ c′′

2b = 0. Since
c′′

2 �= 0 from the equalityc′′
2g = a, c′′

1g + b = 0. Thusg dividesb.
To see thatag dividesN(b + gδ), we use the fact thatgσ(δ)(b + gδ) is in I to

write bgσ(δ) + δσ (δ)g2 = d1ag + d2g(b + gδ) for some integersd1 andd2. Then
N(b + gδ) = b2 + bg(δ + σ(δ)) + δσ (δ)g2 = b2 + bgδ + d1ag + d2g(b + gδ).
Equating coefficients ofδ and 1 gives

0 = bg+ d2g2 and N(b + gδ) = b2 + d1ag+ d2bg.

Sinceg > 0, the first of these equations givesd2 = −bg−1. Substituting into the
second equation gives

N(b + gδ) = b2 + d1ag− (bg−1)bg = d1ag,

and we see thatag dividesN(b + gδ).
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16. We are to show thatZa+Z(b+gδ) is closed under multiplication by arbitrary
members ofR. It is enough to treat multiplication by 1 and byδ. There is no problem
for 1. Sinceδ+σ(δ) is inZ, it is enough to show that there exist integersc1, c2,d1,d2

with

δa = c1a + c2(b + gδ) and σ(δ)(b + gδ) = d1a + d2(b + gδ).

In view of the assumed divisibility, we can putc2 = ag−1, c1 = −bg−1, d2 = −bg−1,
andd1 = N(b + gδ)(ag)−1. Then the first equation is certainly satisfied, and the
question concerning the second equation, once we have multiplied it byg, is whether
we have an equality

gσ(δ)(b + gδ)
?= N(b + gδ)− b2 − bgδ.

The left side isN(b + gδ)− b(b + gδ), and thus equality indeed holds.

17. From Section 7 the relevant formula isN(I ) = |√D |−1|r1σ(r2)− σ(r1)r2|.
Here we can taker1 = a andr2 = c + dδ. Substitution gives

N(I ) = |
√

D |−1|a||σ(c + dδ)− (c + dδ)|
= |

√
D |−1|a||c + dσ(δ)− c − dδ| = |

√
D |−1|ad||σ(δ)− δ|.

The expression|√D |−1|σ(δ)−δ| arose in Section 7 in the computation ofN(R) and
was shown to be 1. ThusN(I ) = |ad|.

18. For (a), the algorithm of Section IV.9 ofBasic Algebrashows how to align
matters so as to compute the quotient of a free abelian group by a subgroup when
the subgroup is given by generators. The given relationship between the generators
a andb + gδ of Problem 15 with theZ basis ofR is(

a
b+gδ

)
=
(

a 0
b g

) (
1
δ

)
.

The procedure is to do row and column operations on the coefficient matrix to bring
it into diagonal form. Sinceg dividesb, a column operation replaces theb by 0.
We obtain a diagonal matrix with diagonal entriesa andg, and the quotient group
is identified as(Z/aZ) ⊕ (Z/gZ). Thusag is identified as the number of elements
in the quotient groupR/I . Problem 17 identifiedag asN(I ), and thusN(I ) is the
number of elements inR/I .

For (b), the inclusionI ⊆ J induces a quotient mapping of the finite groupR/I
onto R/J. As a homomorphic image ofR/I , R/J must have an order that divides
the order ofR/I . In view of (a), N(J) dividesN(I ). The equalityI = J holds if
and only if the quotient mapping is one-one, and this happens, because of the finite
cardinalities, if and only ifN(J) = N(I ).
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19. The relevant arguments for the first three parts of this problem already appear
in Chapters VIII and IX ofBasic Algebra, and thus we can be brief. For (a), the
Chinese Remainder Theorem (Theorem 8.27 ofBasic Algebra) shows thatR/I J ∼=
R/I × R/J, and thenN(I J ) = N(I )N(J) by Problem 18a. For (b), the in-
ductive argument for(∗∗) in the proof of Theorem 9.60 ofBasic Algebrashows
that dimZ/pZ R/Pe = ef , and thus|R/Pe| = pef . For (c), Corollary 8.63 of

Basic Algebraand Problem 18a above together show thatN(I ) = ∏n
j =1 N(P

kj

j )

if I = ∏n
j =1 P

kj

j is the unique factorization of the idealI . SinceN(Pkk
j ) = N(Pj )

kj

by (b), N(I ) = ∏n
j =1 N(Pj )

kj , and (c) follows immediately.
For (d), we use Problem 15 to writeI = 〈a, b + gδ〉; then

I σ(I ) = (a2,a(b + gδ),a(b + gσ(δ)), N(b + gδ)).

Each of the generators on the right side lies in the principal ideal(ag). In fact,a2 is in
(ag) becauseg dividesa, a(b + gδ) anda(b + gσ(δ)) are in(ag) becauseg divides
b, andN(b+ gδ) is in (ag) becauseag dividesN(b+ gδ). ThereforeI σ(I ) ⊆ (ag).
SinceN(I ) = ag by Problem 17, Problem 19c shows thatN(I σ(I )) = N((ag)).
Then I σ(I ) = (ag) = (N(I )) by Problem 18b.

20. The only idealI with N(I ) = 1 is I = R. Problem 19c therefore shows that a
nontrivial factorization of(p)R leads to a nontrivial factorization of its norm, which
is p2. This factorization must bep2 = p · p, and thusI factors nontrivially at most
into two factors, each with normp.

21. For (a), we use Problem 15 to write a nontrivial factorI of (2)R as I =
〈a,b + gδ〉. Problem 17 shows that 2= N(I ) = ag with g dividing a. Therefore
a = 2 andg = 1. So the only possible factors are of the formI = 〈2, b + δ〉 with
0 ≤ b < a = 2. Thusb = 0 or b = 1. WhenD is odd, we have Tr(δ) = 1 and
N(δ) = 1

4(1 − m). ThenN(b + δ) = b2 + bTr(δ)+ N(δ) = b2 + b + 1
4(1 − m) ≡

1
4(1 − m) mod 2. Ifm ≡ 5 mod 8, then we see that 2 does not divideN(b + δ), and
thus(2)R cannot have a nontrivial factor.

For (b), we again haveN(b + δ) = b2 + bTr(δ)+ N(δ) = b2 + b + 1
4(1− m) ≡

1
4(1 − m) mod 2, and the conditionm ≡ 1 mod 8 makes the right side 0. Thus 2
dividesN(b+δ), and〈2, δ〉 and〈2, 1+δ〉 are both ideals by Problem 16. The product
of these ideals is〈2, δ〉〈2,1 + δ〉 = (4, 2δ,2(1 + δ), δ2) and contains(2)R because
2 = 2(1 + δ)− 2δ. Moreover, the product has norm 4 by Problems 17 and 19c, and
this matches the norm of(2)R. Thus Problem 18b shows that〈2, δ〉〈2, 1+δ〉 = (2)R.

For (c) and (d),δ = −√
m. ThusN(b + δ) = b2 + bTr(δ)+ N(δ) = b2 − m =

b − 1
4 D. If D/4 ≡ 3 mod 4, thenb − 1

4 D is divisible by 2 forb = 1. If D/4 ≡
2 mod 4, thenb − 1

4 D is divisible by 2 forb = 0. With b taking on the appropriate
value in the two cases,〈2,b + δ〉 is an ideal by Problem 16. The square of this ideal
is (4, 2(b + δ), (b − √

m )2) = (4, 2(b + δ),b2 + m − 2m
√

b ). The definition ofb
makesb2 + m even in every case, and hence〈2,b + δ〉2 ⊇ (2)R. Since the norms of
the ideals on the two sides are both 4, the two ideals must be equal.
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22. Arguing as in the previous problem, we see that any nontrivial factor of(p)R
must have normp and therefore must be given by〈p, x + δ〉 for somex such thatp
dividesN(x + δ) = x2 + x Tr(δ)+ N(δ).

For (a), Tr(δ) = 1 andN(δ) = 1
4(1 − m) = 1

4(1 − D), and the condition is that
p divide x2 + x + 1

4(1 − D). This means thatx2 + x + 1
4(1 − D) ≡ 0 mod p

is to have a solution. When this happens, Problem 16 ensures that〈p, x + δ〉 is
an ideal. Then〈p, x + σ(δ)〉 is an ideal as well, and the product of the two is
(p2, p(x + δ), p(x + σ(δ)), N(x + δ)). Sincep dividesN(x + δ), this product ideal
is contained in(p)R. The product ideal and(p)R both have normp2, and therefore
they are equal.

For (b), Tr(δ) = 0 andN(δ) = −m = −D/4, and the condition is thatp divide
x2 − D/4. This means thatx2 − D/4 ≡ 0 mod p is to have a solution. When this
happens, Problem 16 ensures that〈p, x + δ〉 is an ideal. Then〈p, x + σ(δ)〉 is an
ideal as well, and the product of the two is(p2, p(x + δ), p(x + σ(δ)), N(x + δ)).
Sincep dividesN(x + δ), this product ideal is contained in(p)R. The product ideal
and(p)R both have normp2, and therefore they are equal.

For (c), the respective conditions for factorization in (a) and (b) are that
x2 + x + 1

4(1− D) ≡ 0 mod p andx2 − D/4 ≡ 0 mod p be solvable. In both cases
the quadratic expression on the left side has discriminantD. Hence factorization
occurs if and only ifD is a square modulop.

23. In both cases we are assuming that(p)R has a factorI = 〈p, x + δ〉 with
0 ≤ x < p. Using Problem 15, let us writeσ(I ) = 〈p, x + σ(δ)〉 = 〈p, y + δ〉
with 0 ≤ y < p. Choose integersc andd with x + σ(δ) = cp + d(y + δ). Since
σ(δ) = Tr(δ) − δ, the equation isx + Tr(δ) − δ = cp + dy + dδ, and we obtain
x + Tr(δ) = cp + dy and−δ = dδ. Thusd = −1, x + Tr(δ) = cp − y, and
cp = x + y + Tr(δ). From 0≤ x < p and 0≤ y < p, we have 0≤ x + y + Tr(δ) ≤
2(p − 1) + Tr(δ) ≤ 2p − 1. Soc in the equationcp = x + y + Tr(δ) has to be 1
or 0, and the equation isx + y = p − Tr(δ) or x + y = − Tr(δ). The condition that
σ(I ) = I is the condition thatx = y, hence that 2x = p − Tr(δ) or 2x = − Tr(δ).
WhenD is odd, this says thatx = 1

2(p − 1); whenD is even, it says thatx = 0.

24. Sinceσ(〈p, x + δ〉) = 〈p, x + σ(δ)〉, the two factors are the same if and only
if σ(I ) = I . Problem 23 says that the latter equality holds forD odd if and only if
x = 1

2(p − 1) and that it holds forD even if and only ifx = 0. In the two cases we
know from Problem 14 thatp dividesN(x + δ) = x2 + x Tr(δ)+ N(δ).

WhenD is odd, this result says thatp dividesx2 + x + 1
4(1 − D), hence that it

divides 4x2 + 4x + (1 − D) = (2x + 1)2 − D. Then p dividesD if and only if p
divides 2x + 1, if and only ifx = 1

2(p − 1).
When D is even, we know from Problem 14 thatp divides x2 − m. Hencep

divides 4(x2 − m) = 4x2 − D = (2x)2 − D. Then p divides D if and only if p
divides 2x, if and only if x = 0.

25. Theorem 1.14 shows that the genus groupG is the quotient of the abelian group
H modulo its subgroup of squares. The subgroup of squares consists of the elements
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in the product of the cyclic subgroups of orders 2k1−1, . . . ,2kr −1,ql1
1 , . . . ,q

ls
s , and the

quotient is the product ofr copies of a cyclic group of order 2. ThusG has order 2r .
The subgroup of elements ofH whose order divides 2 is the product of the 2-element
subgroups of the cyclic groups of orders 2k1, . . . ,2kr . It is a product ofr copies of a
cyclic group of order 2 and hence is abstractly isomorphic toG.

26. If P is a nonzero prime ideal, then so isσ(P). Sinceσ 2 = 1, the mapping
P 	→ σ(P) is a permutation of order 2 on the nonzero prime ideals. Evidently the
prime ideals of type (i) above are permuted in 2-cycles, and the prime ideals of types
(ii) and (iii) are left fixed.

If a nonzero idealI has prime factorizationI = ∏
i Pki

i , thenσ(I ) = ∏
i σ(Pi )

ki .
Whenσ(I ) = I , we can match the factors and their exponents. We conclude that the
factorization ofI is as

I =
( ∏

pairs(Pi ,σ (Pi ))

of type (i)

(Piσ(Pi ))
ki

)( ∏
idealsPi

of type (ii)

Pki
i

)( ∏
idealsPi

of type (iii)

Pki
i

)
.

Each factor in the first product is of the form(N(Pi ))
ki by Problem 19d, each factor

in the second product is of the form(p)ki for some primep not dividingD, and each
P2

i contributing to the third factor is of the form(p) for some primep dividing D.
The result follows.

27. For (a), the only nontrivial step in the displayed formula is the third equality,
which follows becausexσ(x) = N(x) = 1 by hypothesis. If we takey = (1+ x)−1,
then the displayed formula givesx = (1 + x)(1 + σ(x))−1 = y−1σ(y) as required.

For (b), the equalityσ(y)y−1 = x remains valid wheny is replaced byny with
n ∈ Z, and thus we may takey to be inR. Now let y andz be in R with σ(z)z−1 =
x = σ(y)y−1. Thenσ(zy−1) = zy−1, andzy−1 is in Q. Among all y ∈ R with
σ(y)y−1 = x, let y0 be one with|N(y)| as small as possible;y0 exists because|N(y)|
is an integer in each case. Ifσ(z)z−1 = x, writez = u+vδ, y0 = a+bδ, andzy−1

0 =
p/q with GCD(p,q) = 1. Thenqu+ qvδ = qz = py0 = pa+ pbδ, and we obtain
qu = pa andqv = pb. Thereforeq dividesa andb, andq−1y0 = q−1a + q−1bδ is
in R. Theny = q−1y0 is another element inR with σ(y)y−1 = x, and it contradicts
the minimal choice of|N(y0)| unless|q| = 1. We conclude thatz = ±py0.

28. In (a),N(I 2) = N((x)) says thatN(I )2 = |N(x)|N(R) = |N(x)|. Therefore
N(x−1N(I )) = |N(x)|−1N((N(I )) = |N(x)|−1N(I )2 = 1, and x N(I )−1 has
norm 1.

In (b), Problem 27b gives usy0 ∈ R with σ(y0)y
−1
0 = x N(I )−1. Then we

compute thatσ((y0)I ) = σ(y0)σ (I ) = y0x N(I )−1σ(I ) = y0N(I )−1(x)σ (I ) =
y0N(I )−1I 2σ(I ) = y0N(I )−1((N(I ))I = y0I .

For (c), supposeN(y0) > 0. Then Problem 26a shows that(y0)I = (a)JS for
somea ∈ Z, and this gives the required strict equivalence. IfN(y0) < 0, then
N(y0

√
m ) > 0, andσ((y0

√
m )I ) = (y0

√
m )I ; Problem 26a shows that(y0

√
m )I

= (a)JS for somea ∈ Z, and this gives the required strict equivalence.
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29. For (a), sincem < 0 andm is neither−1 nor −3, the possible units are
ε = ±1. The equalityσ(x) = εx says thatx is in Z if ε = +1, and it says thatx is
in Z

√
m if ε = −1.

For (b), whenm = −1 or m = −3, we haveD = −4 or D = −3; thus
g = 0, and there is nothing to prove. For other values ofm < 0, considerJS. Then
N(JS) = ∏

p∈S p, and this is some divisorD′ of D with no repeated factors. Let us
write JS = 〈a, b + gδ〉 by Problem 15. Thenag = D′ andg dividesa. SinceD′ is
square free,a = D′ andg = 1. If JS is principal, then (a) shows thatJS = (c) for an
integerc or JS = (d√

m ) for an integerd.
SupposeJS = (c). Thenb + δ = rc for somer ∈ R. Write r = x + yδ for

integersx andy. Thenb+ δ = cx + cyδ shows that 1= cy and hence thatc divides
1. ThusJS = R, and the setS is empty.

SupposeJS = (d√
m ). Thenb+δ = dx

√
m+dyδ

√
m for some integersx andy.

If D is odd, then the equation readsb+ 1
2(1− √

m ) = dx
√

m+ dy1
2(1− √

m )
√

m.
This implies that−1

2

√
m = d(x + 1

2dy)
√

m, hence that−1 = d(2x + 1). Therefore
d = 1, JS = (

√
m ) = (

√
D ), N(JS) = |D|, andS = E. If D is even, then the

equation readsb − √
m = dx

√
m − dym, and we obtain−1 = dx. So d = 1,

JS = (√m ), N(JS) = m = D/4 = D′. This is the product of all prime divisors of
D if D/4 ≡ 2 mod 4 and all of them but 2 ifD/4 ≡ 3 mod 4.

For (c), letE′ be a subset ofg members ofE, and assume that the element ofE
that is not inE′ is not 2 unlessD = −4. If S and S′ are two subsets ofE′, then
JSJS′ = (n)JT , wheren = ∏

p∈S∩S′ p andT = (S− S′) ∪ (S′ − S). If JS and JS′

represent the same genera, thenJSJS′ is principal, andJT must be principal. The set
T can be empty only ifS = S′, and it has to be a subset ofE′ and thus cannot be all of
E. According to (b), the only way thatJT can be principal is thus thatS = S′ or that
all of the conditionsD even,D/4 ≡ 2 mod 4, andT = E′ = E − {2} are satisfied.
In the latter case the construction ofE′ shows thatD = −4, T is empty, andS = S′.
Thus the idealsJS for S ⊆ E′ represent distinct genera in every case.

For (d), the roots of unity are±εk
1. SinceN(ε1) = −1, the roots of unity of norm 1

are the±ε2n
1 . So suppose thatε = ±ε2n

1 . Putε0 = εn
1. Thenε0σ(ε0) = N(ε0) =

(−1)n, andσ(εn
1x) = σ(ε0)σ (x) = σ(ε0)εx = (−1)nε−1

0 εx = ±(−1)nε−n
1 ε

2n
1 x =

±(−1)nεn
1x = sεn

1x with s = ±(−1)n. If s = +1, thenεn
1x is in Z, while if s = −1,

thenεn
1x is in Z

√
m. Then the same steps as in (b) and (c) finish the argument.

For (e), the four mentioned ideals are principal, and we have(1) = JS for S
empty and(

√
m ) = JS for S equal to the set of prime divisors ofm. For these two

ideals,N(1) > 0 andN(
√

m ) < 0. Consider(y+
0 ) and(y−

0 ). The ideal(y+
0 ) has

σ((y+
0 )) = (σ (y+

0 )) = (y+
0 ε1) = (y+

0 ), and hence it is of the form(n)JS for someS.
Theny+

0 = nr for somer ∈ R, and it follows thatn−1y+
0 is in R. This contradicts

the minimality of|N(y+
0 )| unless|n| = 1. Hence(y+

0 ) = JS for someS. Similarly
(y−

0 ) = JS for someS. Thus all four principal ideals are of the formJS.
Let us see that the four principal ideals are distinct. Neither ideal(y+

0 ) nor (y−
0 )

can equal(1). In fact, if (y+
0 ) were to equal(1), theny+

0 would be a unitε, and we
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would haveε1 = σ(y+
0 )(y

+
0 )

−1 = σ(ε)ε−1 = ε−2, in contradiction to the fact thatε1
is fundamental. Similarly(y−

0 ) cannot equal(1).
Sinceσ(y+

0
√

m )(y+
0
√

m )−1 = −σ(y+
0 )

√
m (y+

0 )
−1(

√
m )−1 = −σ(y+

0 )(y
+
0 )

−1

= −ε1, the definition ofy−
0 shows thaty+

0
√

m = ny−
0 for some integern. Passing

to norms gives−mN(y+
0 ) = n2N(y−

0 ). ThereforeN(y+
0 ) andN(y−

0 ) have opposite
sign.

We have seen that two of the four elements 1, y+
0 , y−

0 ,
√

m have positive norm,
two have negative norm, and the two of positive norm generate distinct principal
ideals. To see that the two of negative norm generate distinct ideals, we consider
separately the casesN(y−

0 ) < 0 andN(y+
0 ) < 0. If N(y−

0 ) < 0, we use the equation
−mN(y+

0 ) = n2N(y−
0 ) proved in the previous paragraph. If(y−

0 ) = (
√

m ), then
cancellation givesN(y+

0 ) = +1; theny+
0 is a unit, and we have seen that it cannot

be. If N(y+
0 ) < 0, we use the definition ofy+

0 in the same way as in the previous
paragraph to obtain−mN(y−

0 ) = n2N(y+
0 ) for some integern. Cancellation shows

that N(y−
0 ) = +1; theny−

0 is a unit, and we have seen that it cannot be. Thus the
four principal ideals are distinct.

Now suppose that(x) is any principal ideal fixed byσ . As in the statement of the
problem, we haveσ(x) = εx for some unitε. The most general unit is of the form
ε = ±εn

1. We shall produce constructively the element of Problem 27 corresponding

to ε. Put y0,n = ε
n/2
1 if n is even andy0,n = ε

(n+1)/2
1 y0 if n is odd. Forn even we

have
σ(y0,nx) = σ(y0,n)εx = ±σ(εn/2

1 )εn
1x = ±ε−n/2

1 εn
1x = ±y0,nx,

and forn odd we have

σ(y0,nx) = σ(y0,n)εx = ±σ(ε(n+1)/2
1 y0)ε

n
1x = ±ε−(n+1)/2

1 σ(y0)ε
n
1x

= ±ε(n−1)/2
1 σ(y0)x = ±ε(n−1)/2

1 y0ε1x = ±y0,nx.

Thusσ(y0,nx) = ±y0,nx for all n. Thereforey0,nx is in Z or in Z
√

m, depending
on the sign±. Depending on the sign,|N(y0,nx)| = |N(y0,n)||N(x)| thus is either
the square of an integer orm times the square of an integer. Ifn is even, then
|N(y0,n)| = 1, and|N(x)| is therefore either the square of an integer orm times the
square of an integer. Since|N(x)| is the value of the norm of(x), there are only two
possibleS’s for which this can happen. Ifn is odd, then|N(y0,n)| = a for a certain
square-free integer> 1, as we have seen. Therefore|N(x)| has to be eithera−1 times
the square of an integer orma−1 times the square of an integer. So there are only two
possibleS’s in this case. Thus there are only four possibleS’s in all cases, and these
have been accounted for. So the number of principal ideals among theJS’s is exactly
four. To complete the proof, we now argue as in (c) but consider only possibilities
for which the product of twoJS’s is n2 times one of the twoJS’s given by a principal
ideal with a generator of positive norm.

30. SinceD is fundamental,(a1,b1, c1) is automatically primitive. Then Lemma
1.10 produces a properly equivalent form that represents some integera relatively



Chapter I 659

prime toD. The rest follows from the argument in the second paragraph of the proof
of sufficiency in Theorem 6b.

31. For (a), choose an integerr such thatb+ 2ar = kD for some integerk; this is
possible because GCD(D,2a) = 1. Then the translationx = x′ + ry′, y = y′ leads
fromax2+bxy+cy2 toax′2+kDx′y′+c′y′2 for somec′. The discriminant of the new
form is still D = k2D2 − 4ac′, and thus 4ac′ ≡ 0 modD. Since GCD(4a, D) = 1,
c′ ≡ 0 modD.

For (b),b has to be even becauseD = b2 −4ac is even. Writeb = 2b̄. Choose an
integers such that̄b+as = kD for somek; this is possible because GCD(a, D) = 1.
Then the translationx = x′ + sy′, y = y′ leads fromax2 + bxy + cy2 to
ax′2 + 2kDx′y′ + c′y′2 for somec′. The discriminant of the new form isD =
4k2D2 − 4ac′, wherec′ = (4a)−1D(4k2D − 1) = a−1(D/4)(4k2D − 1). Modulo
D, this expression is−ā(D/4), whereā is an integer withāa ≡ 1 modD. Here
a is odd, and hencea2 ≡ 1 mod 8. If 2u is the exact power of 2 dividingD,
then āa ≡ 1 mod 2u, and hencēa ≡ a mod 2u. If p is any odd prime dividing
D, then p divides D/4, and hencēa(D/4) ≡ 0 ≡ a(D/4) mod p. Therefore
ā(D/4) ≡ a(D/4) mod D, and we conclude thatc′ ≡ −a(D/4) mod D.

32. For (a), clearing fractions in the expressionax2 + kDxy+ l Dy2 = r yields
au2+kDuv+l Dv2 = rw2. Suppose a primep divides GCD(w, D). Thenp divides
au2. Since GCD(a, D) = 1, p dividesu. Referring back to the equation, we see that
p2 dividesau2 andkDuv, hence dividesl Dv2. Thusp divideslv2. The discriminant
is D = k2D2 − 4al D, and divisibility ofl by p would forcep2 to divide the left side
D. Hencep does not dividel , and p must dividev. Then p divides bothu andv,
in contradiction to the minimality of the common denominatorw. We conclude that
GCD(w, D) = 1. Taking the equationau2 + kDuv+ l Dv2 = rw2 moduloD gives
au2 ≡ rw2 mod D. Sincer andw are relatively prime toD, so isu. Thus we can
rewrite this congruence asa ≡ d2r mod D for some integerd relatively prime toD.

For (b), the same argument givesa′ ≡ d′2r mod D. Sinced is relatively prime to
D, we can rewrite the congruence fora asr ≡ d−2a mod D, and thena′ ≡ d′2r ≡
(d−1d′)2a mod D.

For (c), the given forms are properly equivalent overZ to (a, kD, l D) and to
(a′, k′D, l ′D), respectively, by Problem 31a. Proper equivalence overQ means that
the two forms take on the same rational values, one of which is the integera′. Part
(b) therefore shows thata′ = as2 + nD for some integerss andn, necessarily with
GCD(s, D) = 1. Modulo D, the forms are given byax2 anda′x′2, and the first
can be transformed into the second by the substitutionx = sx′, y = s−1y′, where
s−1 is the multiplicative inverse ofs in Z/DZ. In fact, substitution intoax2 gives

a(sx′)2 = (as2)x′2 ≡ a′x′2 mod D. This substitution is given by the matrix
(

s 0
0 s−1

)
in SL(2,Z/DZ).

33. Part (a) is almost the same as Problem 32a. Clearing fractions leads to
au2 + kDuv + (l D − a(D/4))v2 = rw2, and the argument that no odd primep
divides GCD(w, D) is the same. Suppose that 2 dividesw. The equation modulo 4
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is thenau2 − a(D/4)v2 ≡ 0 mod 4 withD/4 congruent to 2 or 3 modulo 4. Since
2 dividesw, at least one ofu andv must be odd. IfD/4 ≡ 3 mod 4, the congruence
becomesa(u2 + v2) ≡ 0 mod 4, which is impossible with at least one ofu andv
odd. If D/4 ≡ 2 mod 4, the congruence becomesa(u2 + 2v2) ≡ 0 mod 4, which
again is impossible with at least one ofu andv odd. Thus GCD(w, D) = 1. Taking
the equation moduloD and using the invertibility ofr andw modulo D, we have
ar−1w−2(u2 − (D/4)v2) ≡ 1 modD.

For (b), letp be an odd prime divisor ofD. The above congruence then becomes
ar−1w−2u2 ≡ 1 mod p. Similarly with the second form, there is somew′ prime to
D such thata′r −1w′−2u′2 ≡ 1 mod p. Comparing the two expressions, we see that
a modulo p is the product ofa′ and an invertible square.

For (c), the above congruence becomesar−1w−2(u2+v2) ≡ 1 mod 4. This forces
u2 + v2 ≡ 1 mod 4. Sincew has to be odd,w2 ≡ 1 mod 4. Hencear−1 ≡ 1 mod 4.
Similarly a′r −1 ≡ 1 mod 4, and thereforea ≡ a′ mod 4.

For (d), the above congruence becomesar−1(u2 − (D/4)v2) ≡ 1 mod 8, sincew
is odd. If D/4 ≡ 2 mod 8, we obtainar−1(u2 − 2v2) ≡ 1 mod 8. Hereu has to be
odd, and thusar−1(1 − 2v2) ≡ 1 mod 8. Ifv is even, this says thata ≡ r mod 8; if
v is odd, it says thata ≡ −r mod 8. Putting this conclusion together with a similar
conclusion about the second form, we obtaina′ ≡ ±a mod 8.

If D/4 ≡ 6 mod 8, we obtainar−1(u2 + 2v2) ≡ 1 mod 8. Hereu has to be odd,
and thusar−1(1 + 2v2) ≡ 1 mod 8. Ifv is even, this says thata ≡ r mod 8; if v
is odd, it says thata ≡ 3r mod 8. Putting this conclusion together with a similar
conclusion about the second form, we obtaina′ ≡ a mod 8 ora′ ≡ 3a mod 8.

For (e), we shall assemble a member of SL(2,Z/DZ) one prime at a time and
use the Chinese Remainder Theorem. For odd primesp dividing D, choosesp with

a′ ≡ s2
pa mod p, and introduce the matrixMp =

(
sp 0
0 s−1

p

)
in SL(2,Z/pZ). If D/4 ≡

3 mod 4, introduce the matrixM2 =
(

1 0
0 1

)
in SL(2,Z/4Z). If D/4 ≡ 2 mod 4, let

M2 =
(

1 6
1 7

)
in SL(2,Z/8Z) if D/4 ≡ 6 mod 8, and letM2 =

(
1 2
1 3

)
in SL(2,Z/8Z)

if D/4 ≡ 2 mod 8. The Chinese Remainder Theorem produces a unique matrix with
entries inZ/DZ that is congruent toMp modulo each odd prime divisor ofD and is

congruent toM2 modulo the power of 2 dividingD. Call this matrixM =
(
α β

γ δ

)
.

It has determinant 1 moduloD and hence lies in SL(2,Z/DZ). Then substitution of
x = αx′ + βy′ andy = γ x′ + δy′ into the forma(x2 − (D/4)y2) moduloD leads
to the forma′(x2 − (D/4)y2) moduloD.

34. These problems establish a function from the set of equivalence classes of
binary quadratic forms overZ with discriminantD, the equivalence relation being
proper equivalence overQ, onto the set of equivalence classes of binary quadratic
forms overZ with discriminantD, the equivalence relation being proper equivalence
over Z/DZ. The number of elements in the domain has to be≥ the number of
elements in the range.
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35. The steps in solving Problems 32 and 33 involve relatinga to r modulo
each prime power dividingD. These relationships are the same as the relationships
betweena andr ′ if the form moduloD representsr ′ and GCD(r ′, D) = 1, and the
relationships are transitive. Thus the genus characters take the same values atr as
they do atr ′, and they take the same values ata as well.

36. Multiplication is the operation on proper equivalence classes of forms that
corresponds to composition of aligned representatives of the classes, and composition
is defined in such a way that the set of values of the composition is the set of products
of a value of one form by a value of the other. The values are unaffected by proper
equivalence overZ.

37. For (a),D/4 has an odd number 2t + 1 of prime factors 4k + 3. Use of the
Jacobi symbol witha odd andp varying over the prime divisors ofD/4 gives∏

p

(
a
p

) = ∏
p=4k+1

(
a
p

) ∏
p=4k+3

(
a
p

) = ξ(a)2t+1 ∏
p=4k+1

(p
a

) ∏
p=4k+3

(p
a

) = ξ(a)(D/4
a

)
.

Therefore
ξ(a)

∏
p

(
a
p

) = (D/4
a

) = (2
a

)2(D/4
a

) = (
D
a

)
.

For (b) and (c), say that the number of prime factors 4k + 3 of D/8 is t . With
p varying over the odd prime divisors ofD, the same computation as above gives∏
p

(
a
p

) = ξ(a)t
(D/8

a

)
. Then

(
D
a

) = (2
a

)(D/8
a

) = η(a)ξ(a)t
∏
p

(
a
p

)
. One easily checks

thatt is even ifD/4 ≡ 2 mod 8 and is odd ifD/4 ≡ 6 mod 8, and the result follows.

38. For each odd prime divisorp of D, choose a residuer p modulo p such that(r p

p

) = sp. If D is even, choose an odd residuer2 modulo 8 such thatα(r2) = s2.
The Chinese Remainder Theorem produces an integerb prime to D such thatb ≡
r p mod p for the oddp’s andb ≡ r2 mod 8. For this integerb and everyk ≥ 0, we
have

(
b+kD

p

) = r p for each oddp andα(b + kD) = s2. Dirichlet’s Theorem says
thatb + kD is a primeq for a suitable choice ofk, and this primeq has the required
properties.

39. Problem 37 showed that the product of the genus characters for an odd integer
a such that GCD(a, D) = 1 is

(
D
a

)
. Using the genus characters ata = q, we see

that
(

D
q

) = 1. Theorem 1.6b shows thatq is primitively representable by some form
(q,b, c) of discriminantD. The values of the genus characters for this form are
their values onq, and we have arranged that these values are the various numbers
sp. Since there areg + 1 genus characters and the firstg of them can be specified
arbitrarily and still give a similarity class moduloD, there are at least 2g similarity
classes moduloD.

40. Problem 29 shows that the number of classes of type (i) is exactly 2g. Problems
30–33 show that equivalence of type (i) implies equivalence of type (ii), and they
therefore give a mapping of the set of classes of type (i) onto the set of classes of
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type (ii). The definition of “similar moduloD” immediately implies that equivalence
of type (ii) implies equivalence of type (iii), and therefore we obtain a mapping of
the set of classes of type (ii) onto the set of classes of type (iii). Finally Problem 39
shows that there are at least 2g classes of type (iii). The result follows.

Chapter II

1. The unital leftCG modules correspond (via the universal mapping property of
a group algebra) to representations ofG on complex vector spaces. The theory in
Chapter VII ofBasic Algebrashows that every representation splits as the direct sum
of irreducible representations, which correspond to simple leftCG modules. Hence
every unital leftCG module is semisimple. The left regular representation ofG,
which corresponds to the leftCG moduleCG, decomposes as the sum of irreducible
representations, each irreducible representation occurring as many times as its degree.
The sum of all the irreducible subspaces of a given isomorphism type gives one of
the factorsMn(C) of CG, and every factor arises this way.

2. For (a), radA = (C + CX)(X2 + 1), andS will be the sum of two copies
of C. Finding S requires some computation. We can identifyA/(radA) with the
quotientC[X]/(X2 + 1), and direct computation shows that the two idempotents in
this notation having sum 1 are12i (X + i ) and− 1

2i (X − i ). The proof of Proposition
2.23 shows how to lift these to idempotents inA. For the first one, puta = 1

2i (X + i )
and b = 1 − a = − 1

2i (X − i ), and observe that(ab)2 = 0. The proposition

gives the formulae = ∑2
k=0

(4
k

)
a4−kbk = a4 + 4a3b, the term fork = 2 being 0.

Thene = a3(a + 4b) = 1
16(X + i )3(−3X + 5i ). So one contribution toS comes

from Ce; the other will come from the complex conjugate in the form ofC f , where
f = 1

16(X − i )3(−3X − 5i ).
We can check directly thate is an idempotent. In fact,

e2 − e = e
[ 1

16(X + i )3(−3X + 5i )− 1
]
.

The polynomial in square brackets vanishes atX = i , and so does its derivative.
Thus the polynomial is divisible by(X − i )2, ande2 − e = (X + i )3(−3X + 5i )×
[(X − i )2Q(X)] is divisible by(X2 + 1)2.

For (b), the answer is yes. This problem anticipates Problem 5 below. The algebra
S is spanned linearly by its idempotents, and Problem 5 shows that the idempotents
are determined uniquely in the commutative case.

For (c), radA = (R+RX)(X2 +1). Call the subalgebraS0. This subalgebra will
be a 2-dimensional real subalgebra isomorphic toC. To find it, we can go through
the proof of Theorem 2.17 or we can use the Galois group. The latter method is a
good bit easier. Thus we seek those members ofSas in (a) that are fixed by complex
conjugation. SinceS = Ce+ Cē, the result is thatS0 = R(e+ ē)+ i R(e− ē). This
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is unique; in fact, any choice ofS0 has the property thatS0 ⊗R C is anS for (a), and
we know that theS for (a) is unique.

3. Since radA is a nilpotent ideal ofA, (radA) ⊗F B is a nilpotent ideal of
A ⊗F B, and therefore(radA) ⊗F B ⊆ rad(A ⊗F B). For the reverse inclusion
Proposition 2.31 shows that rad(A ⊗F B) = I ⊗F B for some two-sided ideal ofA.
If (rad(A ⊗F B))n = 0 anda1, . . . ,an are inI , then(a1 ⊗ 1) · · · (an ⊗ 1)must be 0,
and hencea1 · · · an = 0. ThereforeI ⊆ radA, and rad(A ⊗F B) ⊆ (radA)⊗F B.

4. For (a), suppose on the contrary that there is an infinite sequenceM1,M2, . . .

of distinct maximal ideals. Then we obtain a decreasing sequence of idealsR ⊇
M1 ⊇ M1M2 ⊇ M1M2M3 ⊇ · · · , and the Artinian property shows thatM1 · · · Mn =
M1 · · · MnMn+1 for somen. SinceMn+1 is prime andMn+1 ⊇ M1 · · · Mn, Mn+1

containsMj for some j with 1 ≤ j ≤ n. By maximality,Mn = Mj , and we have a
contradiction.

In (b), every element of radR is nilpotent because radR is nilpotent. Conversely
if x ∈ R is nilpotent withxn = 0, then Rx is nilpotent with(Rx)n = 0, since
a1xa2x · · · anx = a1a2 · · · anxn = 0 for anya1, . . . ,an ∈ R. ThusRx ⊆ radR, and
the nilpotent elementx lies in radR. This proves (b), and (c) follows becauseR is
semisimple if and only if radR = 0.

For (d),R semisimple implies thatR is a product of full matrix rings over division
rings. Commutativity implies that the matrices are all of size 1-by-1 and the division
rings are all fields.

5. If e′ is a second representative, thene′ = e+ r with r ∈ radR. If n is an odd
integer large enough to haver n = 0, then

0 = r n = (e′ − e)n =
n∑

k=0
(−1)k

(n
k

)
(e′)n−kek = e′ +

n−1∑
k=1
(−1)k

(n
k

)
e′e− e

= e′ +
( n∑

k=0
(−1)k

(n
k

))
e′e− e′e+ e′e− e = e′ + 0 − e′e+ e′e− e = e′ − e.

6. Let M1, . . . ,Mn be the finitely many maximal ideals, and putN = M1 · · · Mn.
Nakayama’s Lemma says that ifI is any ideal contained in all maximal ideals, then
the only finitely generated unitalR moduleM having the property thatI M = M is
M = 0. The Artinian property shows thatNk+1 = Nk for somek. We takeI = N
andM = Nk in Nakayama’s Lemma. TheR moduleM is finitely generated because
Artinian implies Noetherian (Theorem 2.15), and hence Nakayama’s Lemma shows
that Nk = 0.

7. Let the maximal ideals beM1, . . . ,Mn, and let(M1 · · · Mn)
k = 0. If P is a

prime ideal, thenP ⊇ 0 = (M1 · · · Mn)
k. SinceP is prime,P contains one of the

factors. ThusP ⊇ Mj for some j .

8. It helps to have a multiplication table available. If the rows index a factor on
the left and the columns index a factor on the right, then the resulting products are

given by

(
R M 0
0 0 M
0 0 S

)
.
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If I2 is a left ideal ofS and I1 is a left R submodule ofR ⊕ M containingM I2,
then RI2 = 0, M I2 ⊆ I1, andSI2 ⊆ I2. Also, RI1 ⊆ I1, M I1 = 0, andSI1 = 0.
ThusAI1 ⊆ I1 andAI2 ⊆ I1 ⊕ I2. ConsequentlyI1 ⊕ I2 is a left ideal ofA.

In the reverse direction ifJ is a left ideal inA, then I1 =
(

1 0
0 0

)
J ⊆ R ⊕ M

andI2 =
(

0 0
0 1

)
J ⊆ Sare such thatJ = I1⊕ I2. Also,r ∈ R implies

(
r 0
0 0

) (
1 0
0 0

)
J

=
(

1 0
0 0

)
r J ⊆ I1, while (M ⊕ S)I1 = 0; ands ∈ S implies

(
0 0
0 s

) (
0 0
0 1

)
J =(

0 0
0 1

)
s J ⊆ I2, while RI2 = 0 andm ∈ M implies

(
0 m
0 0

) (
0 0
0 1

)
J =

(
0 m
0 0

)
J ⊆(

1 0
0 0

) (
0 m
0 0

)
J ⊆

(
1 0
0 0

)
J = I1.

9. For (a), supposeA is left Noetherian. The table produced in the solution of
Problem 8 shows thatM ⊕ SandR⊕ M are two-sided ideals ofA, and the respective
quotient rings areR andS. As quotients of a left Noetherian ring,R andShave to be

left Noetherian. If{Mi } is an ascending chain ofR submodules ofM , then
{(

0 Mi

0 0

)}
is an ascending chain of left ideals ofA, by Problem 8. The latter must be constant
from some point on, and then the same thing is true for{Mi }.

Conversely suppose thatR andSare left Noetherian and that the leftR moduleM
satisfies the ascending chain condition. If{Ji } is an ascending chain of left ideals ofA,
then the corresponding sequence{(I2)i } is an ascending chain of left ideals inS, and
{(I1)i } is an ascending chain of leftR submodules ofR⊕ M containingM I2. Since
S is left Noetherian,{(I2)i } is constant from some point on. SinceR = (R⊕ M)/M
and M satisfy the ascending chain condition for their leftR submodules, so does
R ⊕ M , and therefore{(I1)i } is constant from some point on.

10. In view of Problem 9a, showing thatA is left Noetherian amounts to showing
that R andS are (left) Noetherian andM satisfies the ascending chain condition for
its left R submodules. The ringS is Noetherian by assumption, andR is a field,
hence is Noetherian. The action ofR on M is the action of a field on itself, and the
R submodules are trivial. In view of Problem 9b,A fails to be right Noetherian if the
ascending chain condition fails for the rightSsubmodules ofM = R. If the ascending
chain condition were to hold, thenR would be a finitely generatedS module, and
the only denominators needed for members of the full fieldR of fractions would be
those dividing the product of the denominators of the generators; these fractions are
already inS, and henceSwould equalR, contradiction.

The analogs of the results of Problem 9 for the Artinian case show thatA fails to
be either left or right Artinian ifS is not Artinian. If s is a nonunit inS, then the
chain of principal ideals{(sk)} is properly descending, since(sk) = (sk+1) implies
εsk = sk+1 for some unitε and since the hypothesis thatS is an integral domain
allows us to cancel and obtainε = s, contradiction.

11. SinceR andS are fields, they are left and right Noetherian and Artinian. In
view of Problem 9, we are to show thatM = R satisfies both chain conditions for
its left R modules and neither chain condition for its rightS modules. SinceR is a
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field, M = R has only trivialR submodules and satisfies both chain conditions. For
the S action onR, we are to examine theS vector subspaces ofS. Since dimS R
is infinite, there exist both a properly increasing sequence of such subspaces and a
properly decreasing one. Hence neither chain condition is satisfied.

12. For (a), the vector-space dimension overF is certainly 4, and computation
shows thatA is closed under products. The choicesa = 1 andb = 0 show thatA
has an identity.

For (b), letx �= 0 be in a two-sided idealI . If x =
(

a 0
0 σ(a)

)
, thenx is invertible,

and henceI = A. Otherwise suppose that some matrixx =
(

a b
rσ(b) σ (a)

)
with b �= 0

is in I . With c as in the statement of the problem,cx − xc =
(

0 2b
√

m
−2rσ(b)

√
m 0

)
is in

I ; this matrix is invertible sinceb �= 0, and thusI = A.
To see thatA is central, letx be in the center. The computation 0= cx−xcshows

thatb = 0. Thusx is of the form
(

a 0
0 σ(a)

)
. Such anx does not commute with

(
0 1
r 0

)
unlessa = σ(a), in which casex is in F .

13. The determinant isaσ(a) − rbσ(b) = NK/F (a) − r NK/F (b) and equals 0
for a givenr if and only if some pair(a, b) �= (0, 0) hasNK/F (a) = r NK/F (b).
Sincer �= 0, botha andb are nonzero, and this equality then holds if and only if
r = NK/F (ab−1).

In other words, some nonzero member ofA has determinant 0 ifr is a norm, and
thenA cannot be a division algebra. Conversely ifr is not a norm, then every nonzero
member ofA is invertible as a matrix. Computation of the inverse matrix shows that
it has the correct form to be inA. HenceA is a division algebra.

WhenA is not a division algebra, it is anyway finite-dimensional and central simple
and has to be of the formMn(D) for somen and some division algebraD over F
such that dimMn(D) = 4. The dimensional formula says thatn2 dimF D = 4. Since
n �= 1, we must haven = 2 andD = F .

14. The isomorphism follows from the computation
(

c 0
0 1

) (
a b

rσ(b) σ (a)

) (
c 0
0 1

)−1
=(

a bc
rc−1σ(b) σ (a)

)
=
(

a bc
r ′σ(c)σ (b) σ (a)

)
=
(

a bc
r ′σ(bc) σ (a)

)
.

15. Direct computation.

16. If K is a maximal subfield, then dimF K = 2. Since the characteristic is not 2,
K = F(

√
m ) for some nonsquarem ∈ F . Definei ∈ K be to

√
m.

The mapf : K → D given by f (a + bi) = a − bi is an algebra homomorphism
into the central simple algebraD. So the Skolem–Noether Theorem producesj ∈ D
with j (a + bi) j −1 = a − bi for all a + bi in K , necessarily withj invertible.
As in the proof of Theorem 2.50,j 2 = r lies in F . Definek = i j . Thenk2 =
i j i j = i ( j i j −1) j 2 = i (−i ) j 2 = −rm, and−rm = k2 = i jk implies thatk =
−rm( j −1)(i −1) = −rm(r −1 j )(m−1i ) = − j i .

Let us check the multiplication table for{1, i, j, k}. We know thati 2 = m, j 2 = r ,
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k2 = −rm, i j = k, and j i = −k. In addition, we have

jk = j i j = ( j i j −1) j 2 = (−i )r = −r i ,

k j = i j j = i ( j 2) = r i ,

ki = i j i = i ( j i j −1) j = i (−i ) j = −mj,

ik = i i j = (i 2) j = mj.

Hence theF linear mapϕ from A into the given central simple algebra is an algebra
homomorphism sending 1 into 1. SinceA is simple,ϕ is one-one. SinceA and the
given algebra both have dimension 4,ϕ is onto. Thusϕ is an algebra isomorphism.
(We did not have to check directly that{1, i, j, k} is linearly independent overF .)

17. A is an algebra by routinely checking that it is closed under multiplication.
Manifestly A has an identity and has dimension 9 overF . If I is a nonzero two-sided
ideal inA, let x = a+bj +cj2 be nonzero inI , and assume thatx is chosen inI such
that as few of the coefficientsa, b, c are nonzero as possible. Possibly by multiplying
x by j or j 2 on the right, we may assume thata �= 0. Choosed ∈ K with d, σ(d), and
σ 2(d) distinct. Computation shows thatdx − xd has one fewer nonzero coefficient.
By minimality we must havedx − xd = 0; hencex must have had just one nonzero
coefficient. Such anx is invertible, and thus 1 is inI andI = A. HenceA is simple.
To see thatA has justF as center, we test a general elementx = a + bj + cj2 for
commutativity with bothd ∈ K and the elementj , and we find thatb = c = 0 and
a = σ(a) = σ 2(a).

18. SinceA is finite-dimensional central simple,A ∼= Mn(D) for somen and
some central division algebraD overF . Then 9= dim A = n2 dimF D, and the only
possibilities are thatn = 3 andD = F , or thatn = 1. In the first case,A ∼= M3(F),
and in the second case,A is a division algebra. In the first case any column ofA
(when viewed asM3(F)) is a 3-dimensional leftA module; in the second caseA has
no proper nonzero leftA modules.

19. Left multiplication byK makesA into a K vector space, and the leftK
submodules ofA are theK vector subspaces. TheF dimension of such a subspace
is 3 times theF dimension. Hence the leftK submodules ofA are the subspaces of
K dimension 1, which consist of all leftK multiples of any nonzero vector.

Let x = a0+b0 j +c0 j 2 be nonzero inA. ThenK x is a leftA module if and only if
j x lies inK x. Here j x = σ(a0) j +σ(b0) j 2+σ(c0) j 3 = rσ(c0)+σ(a0) j +σ(b0) j 2.
This equalsdx for somed ∈ K if and only if

rσ(c0) = da0, σ (a0) = db0, and σ(b0) = dc0. (∗)

Combining the second and third equations gives the necessary condition thatσ 2(a0) =
σ(db0) = σ(d)σ (b0) = σ(d)dc0. Applying σ gives the necessary conditiona0 =
σ 3(a0) = σ(σ(d)dc0) = σ 2(d)σ (d)σ (c0) = σ 2(d)σ (d)r −1da0 = NK/F (d)r −1a0.
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Thus it is necessary that somed ∈ K haveNK/F (d) = r . Conversely ifd ∈ K has
NK/F (d) = r , thenx0 = 1 + d−1 j + d−1σ(d)−1 j 2 hasa0 = 1, b0 = d−1, and
c0 = d−1σ(d)−1, and we observe that the conditions(∗) are satisfied; thusK x0 is a
left A submodule.

Chapter III

1. For (a), definef : A × K → EndBo A by f (a, c)(a′) = aa′c just as in the
proof of Theorem 3.3. The verification that the action of right multiplication byb ∈ B
commutes withf (a, c), i.e., that f (a, c) is in EndBo A, uses thatB commutes with
K , and the verification that the extended mapf : A ⊗F K → EndBo A respects
multiplication uses thatK is commutative; otherwise the argument is the same as
with Theorem 3.3. The algebraA⊗F K is central simple overK , andB is an algebra
over K becauseB containsK . SinceA ⊗F K is simple, f is one-one.

For (b), letV be the unique-up-to-isomorphism simple finite-dimensional leftB
module. If the leftB moduleB is the direct sum ofm copies ofV , then the proof
of Theorem 2.2 shows thatBo ∼= EndB B ∼= Mm(Do), where Do is the central
division algebra overK given by Do = EndB V . HenceB ∼= Mm(D). If Vo

denotes the unique-up-to-isomorphism simple finite-dimensional leftBo module and
if D′o = EndBo(Vo), then we haveB ∼= EndBo(Bo) ∼= Mm′(D′o), and it follows that
m = m′ andD′ ∼= Do.

Since B ⊆ A, A is a right B module, hence a leftBo module, andA has to
be the direct sum of some numbern of copies ofVo. Then the same argument
gives an isomorphism EndBo A ∼= Mn(D′o) ∼= Mn(D). The Double Centralizer
Theorem gives dimF A = (dimF B)(dimF K ), and thus dimK A = dimF B =
(dimF K )(dimK B) = (dimF K )(mdimK V). Meanwhile, dimK A = n dimK V
and thusn dimK V = (dimF K )(mdimK V). So n = mdimF K . Consequently
dimF EndBo A = n2 dimF D = m2(dimF D)(dimF K )2 = (dimF B)(dimF K )2 =
(dimF A)(dimF K ) = dimF (A ⊗F K ), and the mapf in (a) is onto.

For (c), application of (b) and an isomorphism from above givesA ⊗F K ∼=
EndBo(A) ∼= Mn(D), and we have seen thatB ∼= Mm(D). ThusA ⊗F K andB lie
in the same Brauer equivalence class inB(K ).

2. Take the product overσ of the equalityρ(a(σ, τ ))a(ρ, στ) = a(ρ, σ )a(ρσ, τ ),
and getρ

(∏
σ a(σ, τ )

)∏
σ a(ρ, σ ) = ∏

σ a(ρ, σ )
∏
σ a(σ, τ ). Canceling gives

ρ
(∏

σ a(σ, τ )
) = ∏

σ a(σ, τ ). Thus
∏
σ a(σ, τ ) is fixed by every member of the

Galois group and is inF×.

3. Proposition 3.32 and Theorem 3.31 show thatH2k(Gal(K/F), K ×) ∼=
H2(Gal(K/F), K ×) for k ≥ 1 andH2k+1(Gal(K/F), K ×) ∼= H1(Gal(K/F), K ×)
for k ≥ 0. Then Corollary 3.34 givesH2k ∼= F×/NK/F (K ×) for all k ≥ 1, and
Theorem 3.17 givesH2k+1 = 0 for all k ≥ 0. Finally H0 is the subgroup of elements
in K × fixed by Gal(K/F), and this isF×.
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4. For (a), it is shown in Chapter IX ofBasic AlgebrathatQ(e2π i /p) is a Galois
extension ofQ with cyclic Galois group of orderp − 1 wheneverp is prime. Here
p = 7. Complex conjugation is a member of the Galois group of order 2, andK is the
subfield fixed by this subgroup. HenceK has degree 6/2 = 3 overQ, and its Galois
group is the quotient of a cyclic group of order 6 by the subgroup of order 2, hence is
cyclic of order 3. The powersζ 1, . . . , ζ 6 form a basis of theQ vector spaceQ(ζ ), and
the sums of them with their images under complex conjugation spanK . These sums
areτ1, τ2, τ3. Since there are only 3 such sums, they must be linearly independent
over Q. Put τk = ζ k + ζ−k. Thenτk depends only onk mod 7, andτk = τ−k.
Hence the onlyτk’s that are not any ofτ1, τ2, τ3 are the ones withk ≡ 0 mod 7. The
members of the Galois group ofQ(ζ ) carryζ to ζ k for 1 ≤ k ≤ 6 and therefore carry
τ1 to τk, τ2 to τ2k, andτ3 to τ3k. None ofk,2k, 3k is divisible by 7, and the result
follows.

For (b), letσ ∈ Gal(K/Q) haveσ(τ1) = τ2, σ(τ2) = τ3, andσ(τ3) = τ1. For
x ∈ K , we haveNK/Q(x) = xσ(x)σ 2(x). With x = aτ1 + bτ2 + τ3, we get 27 terms
when everything is expanded out, and they are the ones listed.

For (c),τ1 + τ2 + τ3 = −1 because
∑3

j =−3 ζ
j = 0. Next,τ1τ2 = (ζ 1 + ζ−1)×

(ζ 2 + ζ−2) = ζ 3 + ζ−3 + ζ−1 + ζ 1 = τ1 + τ3, and the other two identities on the
second line are similar. Finallyτ2

1 = (ζ 1 + ζ−1)2 = ζ 2 + 2+ ζ−2 = τ2 + 2, and the
other two identities are similar.

For (d), letα, β, γ, δ be the expressions involvingτ1, τ2, τ3 on the right side in
(b). First we haveτ3

1 = τ2
1τ1 = (τ2 + 2)τ1 = τ1τ2 + 2τ1 = 3τ1 + τ3. Summing this

expression and similar expressions forτ3
2 andτ3

3 givesα = 4(τ1 + τ2 + τ3) = −4.
Secondβ = τ1τ2τ3 = (τ1 + τ3)τ3 = τ2 + τ3 + τ1 + 2 = 1. In (d), the coefficient
of abc is α + 3β = −4 + 3 = −1, and the coefficient ofa3 + b3 + c3 is β = 1.
Third τ2

1τ2 = τ1(τ1 + τ3) = (τ2 + 2) + (τ2 + τ3) = τ3 + 2τ2 + 2. Similarly
τ2

2τ3 = τ1+2τ3+2 andτ2
3τ1 = τ2+2τ1+2. The sum isγ = 3(τ1+τ2+τ3)+6 = 3.

Fourthτ1τ2
2 = τ1(τ3 + 2) = τ2 + τ3 + 2τ1. Similarly τ2τ2

3 = τ1 + τ3 + 2τ2 and
τ3τ

2
1 = τ1 + τ2 + 2τ3. The sum isδ = 4(τ1 + τ2 + τ3) = −4.

For (e), the norm modulo 3 is(a3+b3+c3)−abc− (a2c+ab2+bc2), and this is
≡ (a+ b+ c)−abc− (a2c+ab2 + bc2) mod 3. Any nonzero square is≡ 1 mod 3,
and we consider cases. If 3 does not divideabc, thena2 ≡ b2 ≡ c2 ≡ 1 mod 3, and
the norm is≡ −abc �≡ 0 mod 3. If 3 dividesa but notbc, thenb2 ≡ c2 ≡ 1 mod 3,
and the norm is≡ (b + c) − b ≡ c �≡ 0 mod 3. If 3 dividesa andb but notc, then
the norm is≡ c �≡ 0 mod 3, while if 3 dividesa andc but notb, then the norm is
≡ b �≡ 0 mod 3. The case that 3 divides all ofa, b, c is excluded by the condition that
GCD(a,b, c) = 1, and all other cases are handled by symmetry. Thus in all cases
the norm is not divisible by 3.

For (f), letx, y, zbe members ofQ not all 0. Choose integersa,b, c and relatively
prime integersn and d such thatx = n−1da, y = nd−1db, z = nd−1c, and
GCD(a, b, c) = 1. ThenNK/Q(xτ1 + yτ2 + zτ3) = d−3n3NK/Q(aτ1 + bτ2 + cτ3).
Applying (e) and supposing that 3 is a norm, we obtain 3= d−3n3(3k + (1 or 2))
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for some integerk. Thus 3d3 = n3(3k + (1 or 2)). This equality forcesn to divide
d, and we may therefore taken = 1. Thus 3d3 = 3k + (1 or 2). The left side is
divisible by 3, and the right side is not. Hence 3 is not a norm.

5. For (a), Dirichlet’s Theorem (Theorem 1.21) says that there are infinitely many
primes of the formp = kn+ 1. For any suchp, n dividesp− 1. For (b) with thisp,
the Galois group ofQ(e2π i /p)/Q is cyclic of orderp − 1 and has a cyclic subgroup
of order(p − 1)/n. The corresponding subfield is a Galois extension ofQ of degree
n with cyclic Galois group.

6. For 0≤ k < n and 0≤ l < n, we havexσ k xσ l = j k j l = j k+l . Meanwhile,
xσ k+l equalsj k+l if k + l < n and equalsj k+l−n if k + l ≥ n. Soxσ k xσ l = xσ k+l if
k + l < n andxσ k xσ l = j nxσ k+l−n = r xσ k+l−n if k + l ≥ n. Thusa(σ k, σ l ) has the
stated value.

7. It is just a question of checking thatcσ kσ k(cσ l ) = a(σ k, σ l )cσ k+l with a(σ k, σ l )

as in the previous problem.

8. We have∂0(1, σ k) = 1 − σ k and thus

f0∂0(1, σ
k) = 1 − σ k = (σ − 1)(−(1 + σ + · · · + σ k−1)).

If we put f1(1, σ k) = −(1+σ+· · ·+σ k−1), then we haveT f1(1, σ k) = f0∂0(1, σ k)

for all k.
Next, for k ≤ l , we have∂1(1, σ k, σ l ) = (σ k, σ l ) − (1, σ l ) + (1, σ k) =

σ k(1, σ l−k)− (1, σ l )+ (1, σ k). Then f1∂1(1, σ k, σ l ) equals

−σ k(1 + σ + · · · + σ l−k−1)+ (1 + σ + · · · + σ l−1)− (1 + σ + · · · + σ k−1) = 0.

For k > l , the term(σ k, σ l ) is replaced byσ k(1, σ n+l−k). Thus∂1(1, σ k, σ l ) =
σ k(1, σ n+l−k)− (1, σ l )+ (1, σ k). Then f1∂1(1, σ k, σ l ) is

−σ k(1 + σ + · · · + σ n+l−k−1)+ (1 + σ + · · · + σ l−1)− (1 + σ + · · · + σ k−1)

= −(1 + σ + · · · + σ n+l−1)+ (1 + σ + · · · + σ l−1)

= σ l (−(1 + σ + · · · + σ n−1)).

If we define f2 as in the problem, then in the two cases we have

k ≤ l : N f2(1, σ
k, σ l ) = (1 + σ + · · · + σ n−1)(0) = 0 = f1∂1(1, σ

k, σ l ),

k > l : N f2(1, σ
k, σ l ) = (1 + σ + · · · + σ n−1)(−σ l ) = f1∂1(1, σ

k, σ l ).

9. To ψ in HomZG(ZG, K ×), the chain map of the previous problem asso-
ciatesψ ◦ f2 in HomZG(ZG({(1, g1, g2)}), K ×), and then the corresponding member
of C2(G, K ×) is �2(ψ f2) whose value at(g1, g2) is ψ f2(1, g2, g1g2). That is,
�2(ψ f2)(σ k, σ l ) = ψ f2(1, σ k, σ k+l ), and this by Problem 8 isψ(0) if k + l < n
and isψ(−σ k+l−n) = ψ(σ k+l−n)−1 if k + l ≥ n.



670 Hints for Solutions of Problems

10. Taking Proposition 3.32 into account, we see that the mapping whose kernel
gives the cocycles is Hom(T, 1) : HomZG(ZG, K ×) → HomZG(ZG, K ×). Here
Hom(T,1)ψ = ψ ◦ T . We are identifyingψ with ψ(1) and alsoψ ◦ T with
ψ(T(1)) = ψ(σ − 1) = (σ − 1)ψ(1) in additive notation. Hence the effect of
Hom(T,1) is to carry y to σ(y)y−1 in multiplicative notation. A necessary and
sufficient condition forσ(y)y−1 to be 1 is thaty be inF×, since the subgroup ofK ×

fixed byG is F×.

11. Sinceψ(0) = 1 andψ(σ k+l−n) = σ k+l−nψ(1) = ψ(1) = r −1, the membera
of C2(G, K ×) that corresponds toψ has

a(σ k, σ l ) =
{

1 if k + l < n,

r if k + l ≥ n,

and this is the 2-cocycle of Problem 6.

12. Corollary 3.34 and Theorem 3.14 combine to give us a group isomorphism
B(K/F) ∼= F×/NK/F (K ×), and the above problems show that the elementr of F×

used in definingA corresponds under this isomorphism to the coset ofr −1. Hence
the order of the Brauer equivalence class ofA equals the order of the coset ofr , as
required.

If A is not a division algebra, thenA ∼= Mm(D) for some central division algebra
D over F and for some integerm > 1. Here dimF D = (n/m)2 < n2. Corollary
3.15 then gives the contradiction that the order of the Brauer equivalence class ofD,
which is the same as the order of the class ofA, dividesn/m, which in turn is< n.

13. The Skolem–Noether Theorem shows that the image matrices under two
different isomorphismsϕ andψ have to be conjugate to one another, say withϕ =
C−1ψC. Then

det(ϕ(X1 − a ⊗ 1)) = det(C−1ψ(C(X1 − a ⊗ 1)))

= (detC)−1 det(ψ(X1 − a ⊗ 1))(detC)

= det(ψ(X1 − a ⊗ 1)).

14. Let B = A ⊗F K . The left B moduleB is semisimple and is the direct sum
of n isomorphic simple modules of dimensionn. On each the operation ofa ⊗ 1 has
characteristic polynomial det(X1− a ⊗ 1), and the characteristic polynomial for the
direct sum of the spaces is the product of the characteristic polynomials.

15. Arguing by contradiction, we may assume that the statement is false for
some monicP = P(X) and thatP has the lowest possible degree among all monic
polynomials for which the assertion is false. FactorP overK into powers of distinct
irreducible polynomials asP = Pd1

1 · · · Pdk
k . The n-fold product of Pd1

1 · · · Pdk
k

with itself is in F [X] by assumption and is therefore invariant under Gal(K/F).
Consequently for eachσ ∈ Gal(K/F) and eachPi , there exists somePj such that
Pj = σ(Pi ). It follows that if H is the subgroup ofG = Gal(K/F) fixing P1, then
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Q = ∏
σH∈G/H σ P1 is the product of distinct irreducible factors ofP and hence

divides P. The polynomialQ is fixed by every member ofG and hence is monic
in F [X]. Thus Q �= P. ThenQn is in F [X], and hence(P/Q)n is in F [X]. The
fact thatP is not in F [X] implies thatQ �= P. Therefore deg(P/Q) < degP. By
the minimal choice of degP, P/Q is in F [X]. ThereforeP = (P/Q)Q is in F [X],
contradiction.

16. For a matrixm with entries in a field, passing to a larger field does not change
det(X1 − m). Suppose we start with two finite Galois extensionsK1 andK2 of F
that split A. Let K1 be a splitting field for a polynomialg1 ∈ F [X], and letK2 be
a splitting field forg2 ∈ F [X]. DefineK to be a splitting field forg1g2. ThenK is
a finite Galois extension ofF , and we can regard it as containing bothK1 andK2.
Applying the first sentence of this paragraph first toK1 andK and then toK2 andK ,
we see that the reduced characteristic polynomial is the same overK1 as it is overK2.

17. The formulas for NrdA/F (ab) and NrdA/F (1) follow from properties of
determinants. From Problem 14 we observe that deta = (−1)n

2
det(−a) and

det(−ϕ(a ⊗ 1)) = (−1)n det(ϕ(a ⊗ 1)). SubstitutingX = 0 into the formula
therefore gives usNA/F (a) = deta = (−1)n

2
det(−a) = (−1)n

2
det(−ϕ(a⊗ 1))n =

(−1)n
2
((−1)n)n det(ϕ(a ⊗ 1))n = det(ϕ(a ⊗ 1))n = NrdA/F (a)n. If a is invert-

ible, then 1 = NrdA/F (1) = NrdA/F (aa−1) = NrdA/F (a)Nrd(a−1) shows that
NrdA/F (a) is nonzero. Conversely if NrdA/F (a) �= 0, then NrdA/F (a) �= 0 and hence
detL(a) �= 0. If P(X) is the algebra polynomial ofL(a), then the Cayley–Hamilton
Theorem shows thatP(L(a)) = 0. Since detL(a) �= 0, P(X) has a nonzero constant
term. Therefore we can separate the constant term in the equationP(L(a)) = 0 to
exhibit an identity of the formL(a)Q(L(a)) = 1 for some polynomialQ(X), and
the elementQ(a) is a 2-sided inverse toa in A. This proves (a), and the conclusion
about division algebras is immediate.

18. The definition gives

m(dxρ) = ∑
μ

μ(d)a(μ, ρ)Eμ,μρ,

m(cxτ ) = ∑
σ

σ (c)a(σ, τ )Eσ,στ ,

m
(
(dxρ)(cxτ )

) = m
(
dρ(c)a(ρ, τ )xρτ

) = ∑
μ

μ
(
dρ(c)a(ρ, τ )

)
a(μ, ρτ)Eμ,μρτ .

Also we have

m(dxρ)m(dxρ) = ∑
μ,σ

μ(d)a(μ, ρ)σ (c)a(σ, τ )Eμ,μρEσ,στ

= ∑
μ

μ(d)μρ(c)a(μ, ρ)a(μρ, τ)Eμ,μρτ .

This matchesm
(
(dxρ)(cxτ )

)
by the cocycle relation fora.
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For the reduced norm we have two one-oneF algebra homomorphisms ofA into
Mn(K ), one via the mappingm above and one by the embeddingA → A ⊗F 1 ⊆
A⊗F K ∼= Mn(K ), and these are conjugate by the Skolem–Noether Theorem. Hence
the determinant gives the same result in the two cases. The determinant in the second
case gives the reduced norm, and hence it must give the reduced norm in the first case.

19. The algebraH can be realized as all complex matricesx =
(

α β

−β̄ ᾱ
)
, and

NrdH/R(x) = |α|2+|β|2 andNH/R(x) = (|α|2+|β|2)2 asa special case of Problem 18.

20. Let D be a finite-dimensional central division algebra overF , say with
dimF D = n2. Choose a basis{xk} of D over F , and expand elements ofD

as x = ∑n2

j =1 cj xj . The functionP(c1, . . . , cn2) = NrdD/F
(∑n2

j =1 cj xj
)

is easily
checked to be a homogeneous polynomial of degreen in n2 variables, and condition
(C1) says that it has a nontrivial zero ifn < n2. In this case the corresponding member
x of D would be a nonzero element ofD that fails to be invertible, and there is no such
element. We conclude thatn < n2 is false, and that means thatn = 1. ThereforeF
is the only finite-dimensional central division algebra overF , andB(F) = 0.

Chapter IV

1. For (a), every free abelian group of finite rank is in the category, and such
groups provide enough projectives.

Let I = F ⊕ T be a decomposition of an injectiveI as the direct sum of a free
abelian groupF of rank k and a torsion groupT . The sequence 0→ F ⊕ T →
2F ⊕ T → (Z/2Z)k → 0 is exact but not split unlessk = 0, and thusF = 0. Thus
every injective in the category is a finite group, and no infinite group in the category
embeds into an injective.

For (b), every abelian group and in particular every torsion abelian group is a
subgroup of a divisible group. The torsion subgroup of the divisible group is still
divisible and is still an injective, and thus every group in the category embeds in an
injective in the category.

Let P be a projective in the category mapping ontoZ/2Z = {0,1} by a homo-
morphismτ , and letx be an element ofP with τ(x) = 1. If g is a generator of a
cyclic groupG of order 2k, then there is a homomorphismϕ of G ontoZ/2Z with
ϕ(g) = τ(x) = 1. SinceP is projective, there exists a homomorphismσ : P → G
with ϕσ = τ , and then we have 1= τ(x) = ϕσ(x). Thenσ(x) = gm for some odd
integerm, and this has order 2k. Hencex has order at least 2k. Sincek is arbitrary,
x must have infinite order. But all groups in the category are torsion groups, andP
therefore cannot exist.

2. Let p be a prime, and letC be the category of all abelian groups that are the
underlying additive group of a vector space over the field ofp elements. This category
coincides with the category of all direct sums of copies ofZ/pZ. Every such abelian
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group is projective and injective for the category.

3. Every unital leftR module is the direct sum of simpleR modules. Hence every
short exact sequence splits, and every module is both projective and injective forCR.

4. For (a), letI be injective. Givenx ∈ I anda �= 0 in R, let B = C = R, let
τ : R → I haveτ(r ) = r x , and letϕ : R → R haveϕ(r ) = ra. Setting up Figure
4.4, we obtainσ : R → I with τ = σϕ. If we put y = σ(1) and evaluate both sides
at 1, then we obtainx = τ(1) = σ(ϕ(1)) = σ(a) = aσ(1) = ay, as required.

For (b), suppose that the unital leftR moduleI is divisible. Suppose thatJ is an
ideal of R, and writeJ = (a). Let ϕ : J → I be anR homomorphism. SinceI is
divisible, there existsy in I with ay = ϕ(a). Thenϕ extends to theRhomomorphism
� with �(1) = y. By Proposition 4.15,I is injective.

5. Proposition 4.20 shows that there exists an injectiveI0 containing an isomorphic
copyM of M . Problem 4 shows thatI0 is divisible, and henceI1 = I0/M is divisible.
By Problem 4,I1 is injective. Then 0→ M → I0 → I1 → 0 is an injective resolution
of M .

6. If a moduleM in C is given, we form the appropriate kind of resolutionX in C
needed to compute the derived functors ofG, and the sameX will be appropriate for
computing the derived functors ofF ◦ G. The derived functors ofG come from the
homology or cohomology ofG(X) with G(M) removed, and the derived functors of
F ◦ G come similarly fromF(G(X)). Thus the result follows from Proposition 4.4.

7. If a moduleM in C is given, we form the appropriate kind of resolutionX in C
needed to compute the derived functors ofG◦ F on M . ThenF(X) is the appropriate
kind of resolution for computing the derived functors ofG on F(M), and the result
follows.

8. Forn odd,Hn(G,M) is the cohomology of the complex

HomZG(ZG,M)
N←− HomZG(ZG,M)

T←− HomZG(ZG,M),

while for n even,Hn(G,M) is the cohomology of the complex

HomZG(ZG,M)
T←− HomZG(ZG,M)

N←− HomZG(ZG,M).

This proves the isomorphisms concerning cohomology. Forn odd Hn(G,M) is the
homology of the complex

ZG ⊗ZG M
N−→ ZG ⊗ZG M

T−→ ZG ⊗ZG M,

while for n even,Hn(G,M) is the homology of the complex

ZG ⊗ZG M
T−→ ZG ⊗ZG M

N−→ ZG ⊗ZG M.

This proves the isomorphisms concerning homology.
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9. For (a), letTAB : HomD(F(A), B)→ HomC(A,G(B)) be the natural isomor-
phism. Naturality inB says for anyψ : B → B′ that we have

HomC(1A,G(ψ)) ◦ TAB = TAB′ ◦ HomD(1F(A), ψ)

on HomD(F(A), B). Let P be projective inC. We are to prove thatF(P) is
projective inD, thus to prove that HomD(F(P), · ) is exact. We need to show that
wheneverψ : B → B′ is onto inD, then HomD(1F(P), ψ) is onto. By hypothesis,
G(ψ) : G(B) → G(B′) is onto inC. The displayed equation withA = P has
HomC(1P,G(ψ)) onto, andTP B and TP B′ are given as isomorphisms. Therefore
HomD(1F(P), ψ) is onto, as we were to show. The proof of (b) is similar.

10. Conclusion (a) follows from the natural isomorphism HomS(PS
R A, B) =

HomS(S ⊗R A, B) ∼= HomR(A,FR
S B). Conclusion (b) follows from Problem 9a

with F = PS
R andG = FR

S, sinceFR
S is exact and therefore carries onto maps to onto

maps. For (c),PS
R A is given by the tensor productS⊗R A, and this tensor product is

an exact functor ofA if S is projective as a rightR module, by Proposition 4.19a.
For (d), part (c) says thatM 	→ PS

R M is an exact functor. Taking it to beF in
Problem 7a andG to be HomS( · , N), we have ExtkS(P

S
R M, N) = Gk(F(M)). Prob-

lem 7a says that this is equal to(G ◦ F)k. Since(G ◦ F)(M) = HomS(PS
R M, N) ∼=

HomR(M,FR
S N) has(G ◦ F)k(M) = ExtkR(M,FR

S N), we obtain ExtkS(P
S
R M, N) ∼=

ExtkR(M,FR
S N).

For (e), (b) shows that the chain complexPS
R X is projective overPS

R M , and we
are assuming thatY is exact (and projective) overPS

R M . Theorem 4.12 says that the
identity map onPS

R M extends to a chain mapf : PS
R X → Y that is unique up to

homotopy. Dropping the terms in degree−1 and applying the functor HomS( · , N)
to the diagram gives us a cochain map from the complex HomS(Y, N) to the complex
HomS(PS

R X, N) ∼= HomR(X,FR
S N). Thus we get homomorphisms on cohomology

Ext∗S(P
R
S M, N)→ Ext∗R(M,FR

S N).

11. Conclusion (a) follows from the natural isomorphisms HomS(A, I S
RB) =

HomS(A,HomR(S, B)) ∼= HomR(S⊗S A, B) ∼= HomR(FR
S A, B). Conclusion (b)

follows from Problem 9b becauseFR
S is exact and therefore carries one-one maps

to one-one maps. For (c),I S
R = HomR(S, · ) is exact ifS is projective as a rightR

module, by Proposition 4.19a.
For (d), part (c) says thatM 	→ I S

RM is an exact functor. Taking it to beF
in Problem 7b andG to be HomS(M, · ), we have ExtkS(M, I S

RN) = Gk(F(N)).
Problem 7b says that this is equal to(G◦F)k. Since(G◦F)(N) = HomS(M, I S

RN) ∼=
HomR(FR

S M, N) has(G ◦ F)k(M) = ExtkR(FR
S M, N), we obtain ExtkS(N, I S

RN) ∼=
ExtkR(FR

S M, N).
For (e), (b) shows that the cochain complexI S

RX is injective overI S
RN, and we

are assuming thatY is exact (and injective) overI S
RN. Theorem 4.16 says that the

identity map onI S
RN extends to a cochain mapf : Y → I S

RX that is unique up to
homotopy. Dropping the terms in degree−1 and applying the functor HomS(M, · )
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to the diagram gives us a cochain map from the complex HomS(M,Y) to the complex
HomS(M, I S

RX) ∼= HomR(FR
S M, X). Thus we get homomorphisms on cohomology

Ext∗S(M, I R
S N)→ Ext∗R(FR

S M, N).

12. For (a), the definition of�q is

(�qϕ)(g1, . . . , gq) = ϕ(1, g1, g1g2, . . . , g1 · · · gq)

for ϕ ∈ HomZG(Fq,M). Putting f = �qϕ gives(ρ∗ f )(g1, . . . , gq) = ρ∗(�qϕ) =
�q(ϕ ◦ ρ) = (�qϕ) ◦ ρ, as asserted.

For inflation the groups are(G,G′) = (G,G/H), and the mapρ is the quo-
tient map; the effect is given by(Inf f )(g1, . . . , gq) = f (g1H, . . . , gq H) for f in
Cq(G/H,M H ). For restriction the groups are(G,G′) = (H,G), and the map
is the inclusion; the effect is given by(Resψ)(h1, . . . , hq) = ψ(h1, . . . , hq) for
ψ ∈ Cq(G,M).

For (b), let f be in C1(G/H,M H ). Then Res(Inf( f ))(h) = Inf( f )(h) =
f (hH) = f (H). The condition for f to be a cocycle is thatδ1 f = 0, i.e., that
f (uv) = f (u)+u( f (v)) for u andv in G/H . Takingu andv to be the identity coset
H shows thatf (H) = 0.

For (c), let f ∈ C1(G/H,M H ) be a cocycle. Then Inf( f )(g) = f (gH). If this
is a coboundary inC1(G,M), then there existsψ ∈ M with δ0ψ = f , i.e., with
f (gH) = gψ − ψ for all g. The left side depends only on the cosetgH, and hence
so must the right side. Then it follows thatghψ = gψ for all h ∈ H and that
ψ is in M H . Then the formulaf (gH) = gψ − ψ exhibits f as a coboundary in
C1(G/H,M H ).

For (d), let f be a cocycle inC1(G,M) such that Resf is a coboundary in
C1(H,M). The formula is(Resf )(h) = f (h), and the coboundary condition shows
that there is someψ ∈ M H with f (h) = hψ − ψ for h ∈ H . Sinceψ is in M H ,
f (h) = 0 for all h ∈ H . The cocycle condition onf is that f (uv) = f (u)+u( f (v))
for all u andv in G. Takingv to be inH shows thatf (gh) = f (g) for all h ∈ H .
Taking insteadu to be inH shows thatf (hg) = h( f (g)) for all h ∈ H . SinceH is
normal,h( f (g)) = f (g) for all h ∈ H . Thereforef takes values inM H and is Inf
of the cocyclef̄ in C1(G/H,M H ) given by f̄ (gH) = f (g).

13. For (a), we have(g0ϕm)(g) = ϕm(gg0) = gg0m = ϕg0m(g), andm 	→ ϕm is a
ZG homomorphism. Suppose thatϕm = 0. Thengm = 0 for all g and in particular
for g = 1. Thereforem = 0, andm 	→ ϕm is one-one. Then it follows that the
sequence is exact.

For (b), we know thatZG as an abelian group is free abelian. Then Problem 11d
shows thatHk(G, B)=ExtkZG(Z, B)=ExtkZG(Z, I ZG

Z (FZ
ZG M)) ∼= ExtkZ(Z,FZ

ZG M).
Since HomZ(Z, · ) is exact fromCZ to itself, ExtkZ(Z,FZ

ZG M) = 0 for k ≥ 1.
For (c), aZ basis ofZG consists of all 1-tuples(g) with g ∈ G, and aZ basis of

ZH consists of all(h) with h ∈ H . Let {v} be a set of representatives of the cosets of
G/H , and letA be the free abelian group on{v}. TheZ-bilinear map(v, (h)) 	→ (vh)
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extends to a homomorphism ofA ⊗Z ZH into ZG that is manifestly onto, and it is
one-one because

∑
ni (vi hi ) = 0 impliesni = 0 for all i . Thus it is an isomorphism.

For (d), use of (c) givesFZH
ZG B ∼= FZH

ZG HomZ(ZG,M) ∼= HomZ(FZH
ZG (ZG),M)

∼= HomZ(A⊗Z ZH,M) ∼= HomZ(ZH,HomZ(A,M)), and thenHk(H,FZH
ZG B) = 0

for k ≥ 1 by the same argument as in (b).
For (e), the long exact sequence for Ext∗

H (Z, · ) that comes from the short exact
sequence in (a) shows that 0→ H0(H,M) → H0(H, B) → H0(H, N) →
H1(H,M) is exact. The right member is assumed to be 0, and the three middle
members are isomorphic toM H , BH , andNH .

For (f), consider theZ bilinear map(1, (g)) 	→ (gH) of Z×ZG intoZ(G/H), and
extend it to aZ linear map ofZ ⊗Z ZG into Z(G/H). The groupH acts trivially on
Z on the right, and it acts onZ(G/H) by left translation. Leth be inH . The passage
Z × ZG → Z(G/H) has(1h, (g)) 	→ (gH) and (1, h(g)) 	→ h(gH) = (gH);
thus the group homomorphismZ ⊗Z ZG → Z(G/H) descends to a homomorphism
of Z ⊗ZH ZG into Z(G/H). This is certainly onto. To see that it is one-one, let∑

i ni 1 ⊗ (gi ) 	→ 0. Then
∑

i ni (gi H) = 0, and for each coset representativev
in G,

∑
gi ∈vH ni (gi ) = 0. So

∑
i ni (h

−1
i v) = 0, and

(∑
i ni (h

−1
i )
)
(v) = 0. Then∑

i ni (h
−1
i ) = 0 in ZH because(v) is invertible inZG, and it follows that the map

is one-one.
For (g), (f) givesBH = HomZH (Z,HomZ(ZG,M)) ∼= HomZ(Z ⊗ZH ZG,M) ∼=

HomZ(Z(G/H),M), and the same argument as in (b) shows thatHk(G/H, BH ) = 0
for k ≥ 1.

Conclusion (h) is immediate becauseq ≥ 2 and because all the cohomology
associated withB has been shown to be 0 in degrees≥ 1.

The commutativity in conclusion (i) follows because the inflation and restriction
mappings are clearly functorial. The vertical mappings have been shown to be
isomorphisms in (h). To see via induction that the top row is exact, we have to
verify that Hk(H, N) = 0 for k ≤ q − 2; but Hk(H, N) ∼= Hk+1(H,M) for all
k ≥ 1, andHk+1(H,M) is assumed to be 0 fork + 1 ≤ q − 1. Therefore the bottom
row is exact, and the induction is complete.

14-16. These problems are routine verifications.

17. Part (a) follows becauseR⊗R A is naturally isomorphic toA. For (b),F ⊗R A
∼= ⊕

s∈S (Fs ⊗R A) and 1F ⊗ f corresponds to
⊕
(1Fs ⊗ f ). The values of the

variousR homomorphisms are in the various spacesFs ⊗R B, whose sum is direct,
and thus the kernel of 1F ⊗ f is the direct sum of the kernels. Then (b) follows. For
(c), we see from (a) and (b) that freeR modules are flat. InCR, every projective is a
direct summand of a free module, and thus (c) follows by a second application of (b).

18. Consider 1⊗ f : M ⊗R A → M ⊗R B. Any element of ker(1⊗ f ) is a finite
sum

∑
mi ⊗ ai , and this lies in ker((1 ⊗ f )

∣∣
MF
), whereF is the finite set of indices

in question. Thus ker(1 ⊗ f ) �= 0 implies ker((1 ⊗ f )
∣∣
MF
) �= 0 for someF . The

converse is immediate because ker((1 ⊗ f )
∣∣
MF
) ⊆ ker(1 ⊗ f ) for all F .
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19. The long exact sequence for tensor product overR is of the form

· · · → TorR
1 (A, F)→ TorR

1 (A, B)→ A ⊗R K → A ⊗R F → A ⊗R B → 0,

and TorR1 (A, F) = 0 becauseF is projective forCR. This establishes the exactness
of the sequence in the problem. IfA is flat, then

0 → TorR
1 (A, B)→ A ⊗R K → A ⊗R F → A ⊗R B → 0

is exact for eachB, and TorR1 (A, B)must be 0 for eachB. Conversely if TorR1 (A, B)
is 0 for eachB, thenA⊗R ( · ) is an exact functor by Proposition 4.3. HenceA is flat
by definition.

20. On the one hand, the long exact sequence associated to tensoring the short
exact sequence given in (a) byB is of the form

0 → TorR
1 (M, B)→ TorR

1 (T(M), B)→ F ⊗R B → M ⊗R B → T(M)⊗R B → 0,

since F free implies TorR1 (F, B) = 0. On the other hand, the given short exact
sequence splits, and tensoring it byB must directly produce a short exact sequence

0 → F ⊗R B → M ⊗R B → T(M)⊗R B → 0.

Thus ker(F ⊗R B → M ⊗R B) = 0, and we must therefore have

image(TorR
1 (T(M), B)→ F ⊗R B) = ker(F ⊗R B → M ⊗R B) = 0.

Consequently 0→ TorR
1 (M, B)→ TorR

1 (T(M), B)→ 0 is exact. This proves (a).
For (b), Problem 18 shows thatM is flat if and only if eachMF is flat, and

(a) in combination with Problem 19 shows that eachMF is flat if and only if each
T(MF ) is flat. Now suppose thatM is flat, so thatT(MF ) is flat for each finite
subsetF of M . This is true in particular for each finite subsetF ′ of T(M), and
T(MF ′) = MF ′ = (T(M))F ′ . Hence Problem 18 shows thatT(M) is flat. Conversely
suppose thatT(M) is flat. ThenT(M)F ′ is flat for each finite subsetF ′ of T(M).
Let F be a finite subset ofM . ThenMF is a finitely generatedR submodule, and
the structure theorem shows thatT(MF ) is finitely generated. LetF ′ be a set of
generators for it. ThenT(MF ) = MF ′ = T(M)F ′ . This is flat by Problem 18, since
T(M) is flat, and the first sentence of this paragraph allows us to conclude thatM is
flat.

For (c), T(M) �= 0 means thatam = 0 for some nonzeroa ∈ R andm ∈ M .
Let i : (a) → R be the inclusion, which is one-one. Theni ⊗ 1 : (a) ⊗R M →
R ⊗R M ∼= M has(i ⊗ 1)(a ⊗ m) = am = 0. Thus the one-one mapi is carried to
the mapi ⊗ 1 that is not one-one, and tensoring withM is not exact. SoM is not flat.

For (d), if M is flat, thenT(M) = 0 by (c). Conversely ifT(M) = 0, thenT(M)
is flat, and (b) shows thatM is flat.
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21. Since∂ ′
p,q and∂ ′′

p,q both lowerp + q by 1, they both carryEp+q to Ep+q−1.
Also, the hypotheses give(∂ ′

p,q + ∂ ′′
p,q)

2 = ∂ ′
p−1,q∂

′
p,q + ∂ ′

p,q−1∂
′′
p,q + ∂ ′′

p−1,q∂
′
p,q +

∂ ′′
p,q−1∂

′′
p,q = 0, and we have a chain complex.

22. We compute that∂ ′
p−1,q∂

′
p,q = (αp−1 ⊗ 1)(αp ⊗ 1) = αp−1αp ⊗ 1 = 0,

∂ ′
p,q−1∂

′′
p,q + ∂ ′′

p−1,q∂
′
p,q = (αp−1 ⊗ 1)(−1)p(1 ⊗ βq) + (−1)p−1(1 ⊗ βq)×

(αp ⊗ 1) = (−1)p(αp ⊗ βq) − (−1)p(αp ⊗ βq) = 0, and that∂ ′′
p,q−1∂

′′
p,q =

(−1)p(1 ⊗ βq−1)(−1)p(1 ⊗ βq) = 1 ⊗ βq−1βq = 0.

23. The formulas for∂ ′
p,q and∂ ′′

p,q show that ker∂ ′
p,q = kerαp ⊗R Dq and that

ker∂ ′′
p,q = Cp ⊗R kerβq. Since∂ ′

p,q Ep,q and∂ ′′
p,q Ep,q lie in independent spaces,

ker(∂ ′
p,q +∂ ′′

p,q) = ker∂ ′
p,q ∩ker∂ ′′

p,q = kerαp⊗Rkerβq. Similarly∂ ′
p+1,q(Ep+1,q) =

αp+1(Cp+1)⊗R Dq and∂ ′′
p,q+1(Ep,q+1) = Cp ⊗R βq+1(Dq+1), and hence

image(∂ ′
p+1,q + ∂ ′′

p,q+1) = αp+1(Cp+1)⊗R Dq + Cp ⊗R βq+1(Dq+1).

Thus if c is in Cp, d is in Dq, c′ is in αp+1(Cp+1), andd′ is in βq+1(Dq+1), then
(∂ ′

p,q + ∂ ′′
p,q)
(
(c + c′) ⊗ (d + d′)

)
is the sum of(∂ ′

p,q + ∂ ′′
p,q)(c ⊗ d) and three

terms that are in image(∂ ′
p+1,q + ∂ ′′

p,q+1). Consequently we obtain a well-defined
homomorphism ofHp(C)⊗R Hq(D) into Hp+q(E).

24. Let∂ ′ and∂ ′′ be the boundary operators; these satisfy∂ ′∂ ′′ = −∂ ′′∂ ′. Let a
be a cycle inE−1,k, i.e., let∂ ′′a = 0. Since∂ ′a = 0, the exactness for∂ ′ produces
c0,k ∈ E0,k with a = ∂ ′c0,k. Since∂ ′′a = 0, this has∂ ′∂ ′′c0,k = −∂ ′′∂ ′c0,k =
−∂ ′′a = 0. Now suppose inductively oni ≥ 0 that j ≥ 0 is defined byi + j = k and
thatci, j ∈ Ei, j is given with∂ ′∂ ′′ci, j = 0. By the assumed exactness,∂ ′∂ ′′ci, j = 0
implies∂ ′′ci, j = ∂ ′ci +1, j −1 for someci +1, j −1 ∈ Ei +1, j −1, and then∂ ′∂ ′′ci +1, j −1 =
−∂ ′′∂ ′ci +1, j −1 = −∂ ′′∂ ′′ci, j = 0. The induction leads us nonuniquely tock,0 ∈ Ek,0

such that∂ ′∂ ′′ck,0 = 0. Defineb ∈ Ek,−1 by b = ∂ ′′ck,0, and then∂ ′b = 0. The result
of the construction is therefore that we pass nonuniquely from the cocyclea ∈ E−1,k

for ∂ ′′ to a cocycleb ∈ Ek,−1 for ∂ ′.
Inverting the steps and the choices, we see that we can pass frombback toa. Thus if

we can address the nonuniqueness, then the isomorphism in homology will have been
established. We are to show that ifa ∈ E−1,k at the start is a boundary relative to∂ ′′,
then any system of choices leads to a resultb ∈ Ek,−1 that is a boundary for∂ ′. Since
a is assumed to be a boundary for∂ ′′, a = ∂ ′′a′ with a′ ∈ E−1,k+1. The elementa′ has
∂ ′a′ = 0, and thusa′ = −∂ ′a0,k+1 for somea0,k+1 ∈ E0,k+1. Meanwhile, the above
construction makesa = ∂ ′c0,k. So∂ ′∂ ′′a0,k+1 = −∂ ′′∂ ′a0,k+1 = ∂ ′′a′ = a = ∂ ′c0,k.
By exactness,c0,k − ∂ ′′a0,k+1 = ∂ ′b1,k for someb1,k ∈ E1,k. This proves thatc0,k is
of the formc0,k = ∂ ′′a0,k+1 + ∂ ′b1,k with a0,k+1 ∈ E0,k+1 andb1,k ∈ E1,k. (Note that
this form forc0,k already implies that∂ ′∂ ′′c0,k = 0.)

Now suppose inductively oni ≥ 0 that j ≥ 0 is defined byi + j = k and
that ci, j ∈ Ei, j is given withci, j = ∂ ′′ai, j +1 + ∂ ′bi +1, j . The constructed element
ci +1, j −1 ∈ Ei +1, j −1 has∂ ′′ci, j = ∂ ′ci +1, j −1 for someci +1, j −1 ∈ Ei +1, j −1. Thus



Chapter IV 679

∂ ′ci +1, j −1 = ∂ ′′∂ ′bi +1, j = −∂ ′∂ ′′bi +1, j , andci +1, j −1 + ∂ ′′bi +1, j = ∂ ′bi +2, j −1. If
we putai +1, j = −bi +1, j , then we haveci +1, j −1 = ∂ ′′ai +1, j + ∂ ′bi +2, j −1, and the
induction goes through toi = k. Consequently any choice ofck,0 obtained starting
from the boundarya is of the formck,0 = ∂ ′′ak,1+∂ ′bk+1,0. The final step is to define
b = ∂ ′′ck,0, and then we haveb = ∂ ′′∂ ′bk+1,0 = −∂ ′∂ ′′bk+1,0, andb is exhibited as a
boundary relative to∂ ′.

25. Since eachCp is projective forp ≥ 0,Cp ⊗R D is exact. SimilarlyC⊗R Dq is
exact forq ≥ 0. The hypotheses of Problem 24 are satisfied, and the two homologies
match.

26. H0(C) = H0(C′) = H0(D) = Z/2Z, and Hp(C) = Hp(C′) = Hp(D) =
0 for p �= 0. H0(C ⊗Z D) = H0(C′ ⊗Z D) = Z/2Z, H1(C ⊗Z D) = 0 and
H1(C′ ⊗Z D) = Z/2Z, Hp(C ⊗Z D) = Hp(C′ ⊗Z D) = 0 for p /∈ {0,1}.

27. Let Zp = ker∂ ′
p ⊆ Cp, Bp = image∂ ′

p+1 ⊆ Cp, andB′
p = Bp−1. SinceR

is a principal ideal domain, Problem 20 shows that flat is equivalent to torsion free.
Modules of the complexC are flat by assumption, hence torsion free. Modules ofZ
andB′ areR submodules of these, hence are torsion free, hence are flat.

28. The long exact sequence in homology shows that

TorR
1 (B

′, D)→ Z ⊗R D → C ⊗R D → B′ ⊗R D → 0

is exact. SinceB′ is flat, Problem 19 shows that TorR
1 (B

′, D) = 0.

29. For (a), the boundary map onB′
p ⊗R Dq in B′ ⊗R D is ∂ ′ ⊗1+ (−1)p(1⊗∂ ′′),

and∂ ′ = 0 on boundaries inB′
p.

For (b), tensoring withB′ is an exact functor, sinceB′ is flat. Therefore the

exactness of 0→ Z → D
∂ ′′→ B

′ → 0 implies the exactness of

0 → (B′ ⊗R Z)n → (B′ ⊗R D)n
(1⊗∂ ′′)n−→ (B′ ⊗R B

′
)n → 0

for eachn. From the exactness of this sequence, we can read off that ker(1 ⊗ ∂ ′′)n
within (B′⊗R D)n is(B′⊗R Z)n and that image(1⊗∂ ′′)n on(B′⊗R D)n is(B′⊗R B

′
)n,

which is the same thing as(B′ ⊗R B)n−1.
For (c), the results of (b) show that

Hn(B
′ ⊗R D) ∼= ker(1 ⊗ ∂ ′′)n/ image(1 ⊗ ∂ ′′)n+1 = (B′ ⊗R Z)n/(B

′ ⊗ B)n.

Since tensoring withB′ is exact, the exactness of 0→ B → Z → H(D) → 0
implies the exactness of

0 → B′ ⊗R B → B′ ⊗R Z → B′ ⊗R H(D)→ 0

in each degree. ThusB′ ⊗R H(D) = (B′ ⊗R Z)/(B′ ⊗R B), andHn(B′ ⊗R D) ∼=
(B′ ⊗ H(D))n = (B ⊗R H(D)n−1.

Part (d) is handled in a fashion similar to (c).
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30. For (a), TorR1 (Z, H(D)) = 0 becauseZ is flat.
In (b), comparison of the exact sequence with kerωn−1 with the exact sequence

displayed before part (a) (but withn replaced byn − 1) shows that kerωn−1 is
isomorphic to TorR1 (H(C), H(D))n−1. Substituting for kerωn−1 and incorporating
the isomorphism into the mapping intoHn(B′ ⊗R D) leads toβ ′

n−1 as the one-one
mapping.

In (c), we have

coker(ι⊗ 1) = Hn(C ⊗R D)/ image(ιn ⊗ 1) = Hn(C ⊗R D)/ ker(∂ ′
n ⊗ 1)

∼= image(∂ ′
n ⊗ 1) = kerωn−1 ∼= TorR

1 (H(C), H(D))n−1.

The composition of maps leading fromHn(C ⊗R D) to Hn(B′ ⊗R D) has to be
∂ ′

n ⊗ 1, and thusβ ′
n−1βn−1 = ∂ ′

n ⊗ 1. The mapβn−1, apart from isomorphisms, is
onto becauseq was constructed as onto.

Part (d) is completely analogous, and the resulting mapαn is one-one.
For (e), we know thatα is one-one and thatβ is onto. Also, we haveβ ′

n−1βn−1αnα
′
n

= (∂ ′
n ⊗ 1)(ιn ⊗ 1) = 0. Sinceβ ′

n−1 is one-one andα′
n is onto, βn−1αn = 0.

Finally suppose thatx is in kerβn−1. Thenx is in ker(β ′
n−1βn−1) = ker(∂ ′

n ⊗ 1) =
image(ιn ⊗ 1) = image(αnα

′
n) = imageαn. This completes the proof of exactness.

31. This is immediate.

32. Let X = {Xn} and Y = {Yn}. Then Morph(X,Y) is the subgroup of∏∞
n=−∞ Hom(Xn,Yn) consisting of those elements in the product satisfying the chain

map conditions. A zero object is any tuple of 0’s, and certainly product and coproduct
make sense. One readily verifies that the tuple of kernels of a chain map furnishes a
kernel for a chain map and that the tuple of cokernels furnishes a cokernel.

33. The additional objects and morphisms at the top of the extended diagram are
C0 = 2Z/8Z, B0 = Z, k given by 2 mod 8	→ 2 mod 8,̃k given by× 2, ψ̃ given by
1 	→ 2 mod 8, and̃ϕ given by× 4. Since the composition of̃k followed byβ = × 2
is not 0,(B0, k̃) cannot be the kernel ofβ.

The additional objects and morphisms at the bottom of the extended diagram are
A′

0 = Z/4Z, B′
0 = Z/16Z, p given by 1 	→ 1 mod 4,p̃ given by 1 	→ 1 mod 16,̃ϕ′

given by 1 mod 4	→ 4 mod 16, and̃ψ ′ given by 1 mod 16	→ 1 mod 4.

34. We give the argument only for Hom(M, · ). Let 0→ A
ϕ→ B

ψ→ C → 0 be
a given exact sequence, and form the sequence

0 −−−→ Hom(M, A)
Hom(1,ϕ)−−−−−−→ Hom(M, B)

Hom(1,ψ)−−−−−−−→ Hom(M,C).

We are to show that Hom(1, ϕ) is one-one and that exactness holds at Hom(M, B).
If σ is in Hom(M, A) with Hom(1, ϕ)(σ ) = 0, thenϕσ = 0, and it follows that

σ = 0 becauseϕ is a monomorphism.
For the exactness at Hom(M, B), we use Theorem 4.42e. We know immediately

that Hom(1, ψ)Hom(1, ϕ) = Hom(1, ψϕ) = Hom(1, 0) = 0. Thus suppose that
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τ ∈m Hom(M, B) has Hom(1, ψ)τ ≡ 0. This condition means thatψτ ≡ 0. Since
the given sequence is exact, Theorem 4.42e produces someτ ′ ∈m A with ϕτ ′ ≡ τ .
In turn, this says that Hom(1, ϕ)τ ′ ≡ τ . By Theorem 4.42, we have exactness at
Hom(M, B).

35. We give the proof only that the splitting of exact sequences as indicated
implies thatP is projective. Thus suppose that a morphismτ ∈ Hom(P, B) and an
epimorphismψ ∈ Hom(C, B) are given. We are to produceσ ∈ Hom(P,C) with
τ = ψσ . Let (W, ψ̃, τ̃ ) be a pullback of(ψ, τ). Thenτ ψ̃ = ψτ̃ , and Proposition
4.40 shows that̃ψ is an epimorphism. Then it follows that

0 → domain(kerψ̃)
kerψ̃−→ W

ψ̃−→ P → 0

is exact, and it must split by assumption. Thus there existsρ ∈ Hom(P,W) with
ψ̃ρ = 1P. Putσ = τ̃ ρ. Thenψσ = ψτ̃ρ = τ ψ̃ρ = τ1P = τ , as required.

Chapter V

1. If ξ is a root ofF(X), then the given formula shows thatD(ξ) is −23 and−31
in the two cases. These contain no square factor and therefore equalDK in the two
cases.

2. For (a), letG(X) = F(X + 2
3) = X3 − 4

3 X + 22
27. Then F(X) andG(X)

have the same discriminant, and the discriminant forG(X) is given by the formula
of Problem 1. It is−44.

For (b), letx = a + bξ + cξ2 be given witha,b, c all in {0, 1}. The matrix of
left-by-x in the ordered basis(1, ξ, ξ2) works out to be(

a −2c −2b−4c
b a −2c
c b+2c a+2b+4c

)
,

and the determinant of it is

a3 + 2a2(b + 4c)+ 4c3 − 2b(b + 2c)2 + 4ac(b + 2c)+ 2bc(a + 2b + 4c).

For x to be twice an algebraic integer, this determinant, which is the norm ofx, has
to be≡ 0 mod 8. All the terms are even except possibly the first, and thusa has to be
even. That is,a = 0. The determinant then reduces to 4c3−2b(b+2c)2+4bc(b+2c).
All terms here are divisible by 4 except possibly−2b2. Thusb must be even. That
is, b = 0. The determinant reduces in this case to 4c3. For this to be divisible by 8,c
must be even. That is,c = 0. Proposition 5.2 consequently says that a further factor
of 22 cannot be eliminated from the discriminant.
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3. For (a), Theorem 5.21 and the remarks after it show that every equivalence
class contains an ideal whose norm is< (0.283)D1/2

K . Proposition 5.8 shows that
DK = 35 = 243. Thus every equivalence class contains an ideal with norm≤ 4.

Conclusion (b) is immediate from Theorem 5.6 withF(X) = X3 −3. Conclusion
(c) follows because( 3

√
3−1)( 3

√
9+ 3

√
3+1) = ( 3

√
3)3−1 = 3−1 = 2. Conclusion

(d) is immediate from Proposition 5.10d.
For (e), any nonzero ideal is the product of powers of prime ideals associated with

the various prime numbers. The ones corresponding to the prime numbers 2 and 3 are
principal ideals by (b), (c), and (d). These are the only ones that need to be checked,
according to (a). Thus every nonzero ideal is principal.

4. Conclusion (a) is immediate from Theorem 5.6, sinceX3 − 7 factors modulo 2
as(X + 1)(X2 + X + 1). For (b), we show that no elementx = a + b 3

√
7 + c 3

√
49

has norm±2. Left multiplication byx carries 1 toa + b 3
√

7 + c 3
√

49, carries3
√

7 to
7c + a 3

√
7 + b 3

√
49, and carries3

√
49 to 7b + 7c 3

√
7 + a 3

√
49. Thus its matrix is(

a 7c 7b
b a 7c
c b a

)
.

The determinant isa3 + 49c3 + 7b3 − 21abc, which is congruent modulo 7 toa3.
Modulo 7, the cubes are 0 and±1, and thus the congruencea3 ≡ ±2 mod 7 has no
solution.

5. Since the element
√−1 + √−5 has degree 4 overQ, the minimal polynomial

has degree 4. The product of(X − (+√−1 + √−5)) and the Galois transforms
(X − (+√−1 − √−5)), (X − (−√−1 + √−5)), and(X − (−√−1 − √−5)) is
X4 + 12X2 + 16, which is inZ[X].

6. The minimal polynomial ofξ = 1
2(

√−1+√−5) is H(X) = X4+2−212X2+
2−416 = X4 + 3X2 + 1 with |D(ξ)| = |NK/Q(H ′(ξ))|. Here H ′(X) = 4X3 +
6X = 2(2X2 + 3). Sinceξ4 + 3ξ2 + 1 = 0, we haveξ2 = −3

2 ± 1
2

√
5; thus

2ξ2 + 3 = ±√
5. So |D(ξ)| = |NL/Q(±2

√
5)|. The four conjugates of

√
5 are

+√
5 twice and−√

5 twice, and the norm is the product of the four conjugates. Thus
|D(ξ)| = |NL/Q(±2

√
5)| = 2452.

7. These follow immediately by applying Theorem 5.6 to the indicated prime, 2
or 5, and the respective polynomials:X2 + 5, X2 + X − 1, andX2 + 1.

8. WithQ ⊆ K′ ⊆ L, the(e, f, g) for L/Q has to be entry by entry≥ the triple for
K′/Q. The triple forK′/Q is given in Problem 7b as(1, 2,1) for p = 2. Similarly
from Q ⊆ K′′ ⊆ L, the(e, f, g) for L/Q has to be≥ (2,1, 1). Thuse ≥ 2, f ≥ 2,
andg ≥ 1. Sinceef g= 4, equality must hold throughout:(e, f, g) = (2, 2,1).

This proves (a). Similarly for (b), we must have(e, f, g) ≥ (2, 1,1) and(e, f, g)
≥ (1,1,2). Thus(e, f, g) ≥ (2,1, 2). Sinceef g= 4, (e, f, g) = (2,1,2).

9. In (a), Problem 8a shows that(2)T = P2, and we know that(2)R = ℘2
2. Then

P2 = (2)T = (2)RT = ℘2
2T = (℘2T)(℘2T). SinceP is prime, P divides℘2T .

For the equalityP2 = (℘2T)2 to hold, we must haveP = ℘2T .
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Similarly (5)T = P2
1 P2

2 and (5)R = ℘2
5. Then P2

1 P2
2 = (5)T = (5)RT =

℘2
5T = (℘5T)2. SinceP1 andP2 are prime,P1 andP2 must divide℘5T . Therefore

P1P2 = ℘5T .
In (b), conclusion (a) shows that no prime ideal ofR that divides(2)R or (5)R

ramifies inT . Since D(ξ) is divisible by no prime numbers other than 2 and 5,
Theorem 5.6 shows that no prime ideal(p) of Z ramifies inT . Hence no prime ideal
of R containing such a prime(p) of Z ramifies inT .

10. Roots of unity must map to roots of unity under the embedding, and there
are only two roots of unity withinR. Hence there are no real-valued embeddings
when p > 2. Thus the embeddings come in complex-conjugate pairs. The product
σ(x)σ (x) is positive forx > 0, andNK/Q(x) is the product of these expressions over
all such pairs.

11. For (a),F(X) is the minimal polynomial ofζ k when GCD(k, p) = 1. Then
ζ k − 1 is a root ofG(X) = F(X + 1) of the correct degree, and thereforeG(X) is
the minimal polynomial ofζ k − 1. If H(X) is the field polynomial of an elementη,
thenNK/Q(η) = (−1)[K:Q] H(0). In this instance [K : Q] = p − 1 is even. Taking
η = ζ k − 1, we obtainNK/Q(ζ

k − 1) = G(0) = F(1) = p.
For (b),ζ − 1 dividesζ k − 1, and hence the quotient is inR. If l is chosen with

lk ≡ 1 mod p, thenζ − 1 = ζ lk − 1, andζ k − 1 dividesζ lk − 1. Therefore the
reciprocal of(ζ k − 1)/(ζ − 1) is in R.

12. With F(X) and G(X) as in the previous problem,F ′(ζ k) = G′(ζ k − 1).
HereF(X) = (X p − 1)/(X − 1) makesG(X) = X−1[(X + 1)p − 1] andG′(X) =
X−2[ pX(X + 1)p−1 − (X + 1)p + 1]. Sinceζ kp = 1,

F ′(ζ k) = G′(ζ k−1) = (ζ k−1)−2[ p(ζ k−1)ζ k(p−1)−ζ kp+1] = (ζ k−1)−1 pζ k(p−1).

The result now follows from the formulaD(ζ k) = F ′(ζ k).

13. Continuing from the previous problem gives

NK/Q(F
′(ζ k)) = NK/Q(ζ

k − 1)−1 pp−1NK/Q(ζ
k(p−1)) = pp−2.

The result follows from the computation(−1)(p−1)(p−2)/2D(ζ k) = NK/Q(D(ζ k)) =
NK/Q(F ′(ζ k)) = pp−2.

14. For (a), we haveλk = (1 − ζ )k = ∑k
j =0 (−1) j

(k
j

)
ζ j andζ k = (1 − λ)k =∑k

j =0 (−1) j
(k

j

)
λ j . Conclusion (b) is a version of Problem 11b because the conjugates

of ζ are the powersζ j for 1 ≤ j ≤ p − 1. For (c), we havep = ∏p−1
k=1 (1 − ζ k) =∏p−1

k=1 (1− ζ )uk = (1− ζ )p−1∏p−1
k=1 uk, whereuk = (1− ζ k)/(1− ζ ). Each element

uk is a unit by Problem 11c, and (c) follows.

15. The identity(p)R = (1 − ζ )p−1 is immediate from Problem 14c. The
extensionK/Q being Galois, we know that the prime decomposition of the ideal
(p)R is of the form(p)R = Pe

1 · · · Pe
g , wherep − 1 = ef g and f is the common
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value of all dimFp(R/Pj ). This latter fact says that no factorization of(p)R into
proper ideals can have more thanp − 1 factors, andp − 1 factors occur only if all
factors are prime. In this case,(1 − ζ ) is a proper ideal becauseNK/Q(1 − ζ ) = p.
Thus each factor(1 − ζ ) is prime.

16. Following Proposition 5.2, suppose thataj is an integer for eachj with
s ≤ j ≤ k such that 0≤ aj ≤ p − 1, as �= 0, ak = 1, and

asλ
s + a1λ

s+1 + a2λ
s+2 + · · · + ak−1λ

k−1 + akλ
k = pr

with r in R. Subtracting all terms from the left side but the first and applying
Problem 15 shows thatasλ

s lies in (λ)s+1. Thus(as)(λ)
s ⊆ (λ)s+1. Canceling gives

(as) ⊆ (λ), and this inclusion is a contradiction because GCD(N((as)), N((λ))) = 1.

17. Each step toward aZ basis multiplies a discriminant by a square, and it is
enough to prove that a primitive elementξ for K/Q lying in Rhas sgnD(ξ) = (−1)r2.
We are thus to compute the sign of

∏
i< j (σi (ξ)−σj (ξ))

2. For a given pair(i, j ), the
factor(σi (ξ)−σj (ξ))

2 is matched by its complex conjugate elsewhere in the product
unlessσi andσj are both real or are complex conjugates of one another. The factor
and its mate have a positive product, and pair withσi andσj both real contributes a
positive square. Ifσj = σ i , thenσi (ξ)− σj (ξ) is purely imaginary, and its square is
negative. Hence the sign is(−1)r2.

18. Let g be in Gal(K/Q) = {σ1, . . . , σn}. Replacing eachσj by gσj has the
effect of permuting the columns of [σj (αi )]. If the permutation is even, then the terms
contributing toP are the same before and after the permutation; otherwise they are
interchanged. In either case,P + N and P N are fixed. SinceP + N and P N are
fixed by the Galois group, they are inQ. The entriesσj (αi ) of the matrix are inR,
and thusP and N are in R. ConsequentlyP + N and P N are inZ. The formula
D(�) = (P + N)2 − 4P N shows thatD(�) ≡ (P + N)2 mod 4. Any square of a
member ofZ is congruent to 0 or 1 modulo 4, and the result follows.

19. Let J be an ideal ofS−1R. Proposition 8.47 ofBasic Algebrashows that
I = R ∩ J is an ideal inR and thatJ = S−1I . SinceI1, . . . , Ih is a complete set
of representatives for the equivalence classes,aI = bIj for some j with 1 ≤ j ≤ h.
Let (a)S and(b)S be the principal ideals ofS−1R generated bya andb. The fact that
u is in I j ∩ Smeans thatS−1I j = S−1R, and thus

(a)SJ = S−1(a)S−1I = S−1(a)I = S−1(b)I j

= S−1(b)S−1I j = S−1(b)S−1R = (b)S.
(∗)

HenceJ is principal. (In fact, the equality shows thataj = b for some j ∈ J.
Henceba−1 = j is an element ofJ ⊆ S−1R, the principal ideal(ba−1)S of S−1R is
meaningful, and(ba−1)S ⊆ J. For the reverse inclusion letj ∈ J be given, and use
(∗) to writeaj = bx with x ∈ S−1R. Then j = (ba−1)x shows thatj is in (ba−1)S,
andJ ⊆ (ba−1)S.)
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20. For (a), writeab = uk. Thena−1 = u−kb exhibitsa−1 as inS−1R. For (b),
if u−ma is a unit inS−1R, thenu−ma−1 = u−l c for somec ∈ R. Henceac = ul−m.
Sinceac is in R andu is not,l − m = k with k ≥ 0. Thena dividesuk.

21. For (a), write(u)= Pe1
1 · · · Pel

l . Then(uh) = (Ph
1 )

e1 · · · (Ph
l )

el = (be1
1 · · · bel

l ).
Thusuh = be1

1 · · · bel
l ε for some unitε in R, eachbj dividesuh, and the conclusion

follows from Problem 20a.
For (b), we have(a)(b) = (u)k = Pke1

1 · · · Pkel
l . Sincea andb are in R, this

equality implies that(a) = Pr1
1 · · · Prl

l . For eachj , use the division algorithm to
write r j = nj h + tj with 0 ≤ tj < h. Then P

rj

j = (Ph
j )

nj P
tj
j = (bj )

nj P
tj
j , and

consequently(a) = (d)Pt1
1 · · · Ptl

l as required, whered = ∏l
j =1 b

nj

j .
The argument for (c) was given in parentheses at the end of the solution of

Problem 19.

22. Because of Problem 21d, we now have(a) = (d)(ci ). Thusa = dci ε for
some unitε in R. Sinceuk = ab = ci dbε, ci dividesuk and is a unit inS−1R by
Problem 20a.

23. Problem 22 shows that any unit ofS−1R is a product of a power ofu by a
product

∏l
j =1 b

nj

j , an elementci , and a unitε of R. Problem 21a shows that eachbj is
a unit inS−1R, and Problem 22 shows that eachci is a unit inS−1R. Thus(S−1R)×

is generated byu, the finitely many elementsbj andci , and a finite set of generators
of R×. (The groupR× is finitely generated by the Dirichlet Unit Theorem.)

24. G(4/ξ) = (64ξ−3 − 16ξ−2 + 8ξ−1 + 8) = 8ξ−3(ξ3 + ξ−2 − 2ξ + 8) =
8ξ−3F(ξ) = 0. The elementη is in K, and it is exhibited as the root of a monic
polynomial inZ[X]; therefore it is inR.

25. For (a), 0= F(ξ)/ξ = ξ2 + ξ − 2 + 8ξ−1 = ξ2 + ξ − 2 + 2η. For (b),
0 = G(η)/η = η2 −η+2+8/η = η2 −η+2+2ξ . Solving the first equation forξ2

gives the first formula in the table, and solving the second equation forη2 gives the
second formula in the table. The formulaξη = 4 is immediate from the definition
η = 4/ξ . The formulas in the table together show that any integer polynomial inξ

andη reduces to aZ combination of 1,ξ , andη.
Conclusion (c) is clear. For (d), we haveη = 1 − 1

2(ξ
2 + ξ), and this is not in

Z({1, ξ, ξ2}). For (e), we haveD((1, ξ, ξ2)) = −22·503. Since the only square factor
is 22, it follows thatZ({1, ξ, ξ2}) has index 2 inZ({1, ξ, η}) and thatD((1, ξ, η)) =
−503. This latter discriminant is square free and thus cannot be reduced further.
ThereforeDK = −503, and{1, ξ, η} is a Z basis ofR. Finally the formulaη =
1 − 1

2(ξ
2 + ξ) shows thatZ({1, ξ, η}) = Z({1, ξ, 1

2(ξ
2 + ξ)}).

26. Application ofϕ to ξ2 = ξ + 2 − 2η givesξ
2 = ξ . Similarly η2 = η. The

elements of a finite field of characteristic 2 fixed by the squaring map are 0 and 1.
Henceξ andη are in{0,1}. SinceF = ϕ(R) is generated by the values ofϕ on 1,
ξ , andη, F has two elements. Fromξη = 4, it follows thatξη = 0. Thusξ andη
cannot both be 1, and the only possibilities are the ones in the table.
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27. Defineϕ : R → F2 on ξ andη by one of the lines of the table of Problem 26,
and setϕ(1) = 1. Thenϕ extends to a well-defined additive homomorphism on
Z({1, ξ, η}). We have to check thatϕ respects multiplication. It is enough to do so
on additive generators. Thus we have to check thatϕ(ξ2) = (ϕ(ξ))2, thatϕ(η2) =
(ϕ(η))2, and thatϕ(ξη) = (ϕ(ξ))(ϕ(η)). Thus, for example, in the first one we
want −ϕ(ξ) + 2ϕ(1) − 2ϕ(η) = (ϕ(ξ))2. If we write the values ofϕ as triples
corresponding to the three possibleϕ’s, the left side is−(0, 1,0) + 2(1, 1,1) −
2(0,0,1) ≡ (0,1,0) mod 2, while the right side is(0,1, 0)2 ≡ (0, 1,0) mod 2.
These match, and this relation is verified. The other two relations are verified in
similar fashion.

28. The norm of a kernel equals the number of elements in the image of the
homomorphism, which is 2 in each case. Since each ideal has prime norm, the
ideal is prime. Moreover, these ideals contain(2)R and hence all figure into the
prime factorization of(2)R. On the other hand, we must have

∑
ei fi = 3 for

the decomposition, and we have seen that there are at least three terms. So there
are exactly three terms, and we must haveei = fi = 1 in each case. Therefore
(2)R = P0,0P1,0P0,1.

29. For (a), the elements listed are additive generators of the ideal in each case,
and hence they are also ideal generators. For (b),η = η(ξ + 1) − 2 · 2 shows that
η is in the ideal(2, ξ + 1). Thus(2, ξ + 1, η) ⊆ (2, ξ + 1). The reverse inclusion
is clear. In (c), the argument for(2, η + 1) is completely symmetric. Let us see that
(2, ξ, η) = (2, ξ − η). The inclusion⊇ is clear. For the inclusion⊆, we use the two
formulas

(−1 − η)2 + (−ξ)(ξ − η) = −2 − 2η − (−ξ + 2 − 2η)+ 4 = ξ,
(3 + ξ)2 + (−η)(ξ − η) = 6 + 2ξ − 4 + (−2ξ − 2 + η) = η.

30. For (a), the field polynomial ofθ −q is H(X +q), and so the norm ofθ −q is
−H(0+q), as required. In (b), the first two formulas come from the field polynomials
F(X) andG(X) of ξ andη, and the other formulas follow from (a).

In (c), the fact thatN((ξ)) = |NL/Q(ξ)| = 8 shows that the prime factorization
of (ξ) is into prime ideals whose norms are powers of two. Problem 28 shows that
all such ideals have been identified, and thus(ξ) = Pa

0,0Pb
1,0Pc

0,1 for some exponents
≥ 0. Comparing norms shows thata + b + c = 3. Similar remarks apply to(η).

In (d), use of Problem 28 shows thatP2
0,0P2

1,0P2
0,1 = ((2)R)2 = (4)R = (ξ)(η) =

Pa+α
0,0 Pb+β

1,0 Pc+γ
0,1 . Thena+α = 2,b+β = 2, andc+γ = 2 by unique factorization.

For (e), we observe from the kernels, or else we see from Problem 29a, thatξ is not
in P1,0 and thatη is not inP0,1. HenceP1,0 does not appear in the prime factorization of
(ξ), andP0,1 does not appear in the prime factorization of(η). Thereforeb = γ = 0.

For (f), the results of (e) and (d) combine to show thata + α = 2, β = 2, and
c = 2. Sincea + c = 3 andα + β = 3, a = α = 1.

31. For (a), we see immediately from Problem 29a thatξ + l lies in P1,0 but
not in P0,0 and not inP0,1. For (b), the formula|NK/Q(ξ + 3)| = 22 shows that
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(ξ + 3) is the product of exactly two of the prime ideals of norm 2; thus (a) implies
that (ξ + 3) = P2

1,0. Similarly |NK/Q(ξ − 1)| = 23, and (a) gives(ξ − 1) = P3
1,0.

Conclusion (c) is immediate from Problem 29a.
For (d), we have(2)R ⊆ (2, ξ); thus (2, ξ) is of the form Pa

0,0Pb
1,0Pc

0,1 with
a + b + c ≤ 3. Sinceξ is not in P1,0, b = 0. Sinceξ is in P0,0 and P0,1, we must
havea > 0 andc > 0. Since the inclusion(2)R ⊆ (2, ξ) is proper

(
becauseξ is not

in (2)R = 2Z({1, ξ, η})), N((2, ξ)) ≤ 4. Thusa = c = 1, and(2, ξ) = P0,0P0,1.
For (e), Problem 29a shows thatP0,1 = (2, ξ, η + 1). ThusP2

0,1 contains 4 and
ξ(η + 1) = 4 + ξ , henceξ . If P2

0,1 contains alsoξ + l with l ≡ 2 mod 4, then it
containsξ + 2, hence 2. This would mean thatP2

0,1 ⊇ (2, ξ) = P0,0P0,1. SinceP2
0,1

and P0,0P0,1 both have norm 4, they would have to be equal, and we would obtain
P0,1 = P0,0, contradiction.

For (f), Problem 30b givesN((ξ + 2)) = 8. In view of (c),(ξ + 2) = Pa
0,0Pc

0,1

with a + c = 3 andc ≥ 1. Part (d) shows thatc ≤ 1. Thus(ξ + 2) = P2
0,0P0,1. The

argument for(ξ − 2) is similar.

32. For (a), this kind of argument is done in a parenthetical remark at the end of
the solution of Problem 19. For (b), we have(ξ+2) = r 2

0,0P0,1 and(ξ−1) = P3
1,0 =

(ξ + 3)P1,0. Thus the same kind of argument shows thatP0,1 andP1,0 are principal.
For (c), we factorX3 + X2 − 2X + 8 modulo 3; there is no root inF3, and hence

the reduced polynomial is irreducible. By Theorem 5.6 the only prime ideal whose
norm is a power of 3 has norm 33.

For (d), we factorX3 + X2 − 2X + 8 modulo 5 as(X + 1)(X2 − 2), and Theorem
5.6 gives us one prime ideal of norm 5 and one of norm 52. The one of norm 5,
according to the theorem, is(2,1+ ξ). For (e), the technique of Problem 30a shows
thatN((1+ ξ)) = 10. Thus the only possibility for the prime factorization of(1+ ξ)
is as(2,1+ ξ)P, whereP is one of the three ideals of norm 2. For (f), since(1+ ξ)
andP are principal,(2,1+ ξ) is principal, by the same technique as in earlier parts.

For (g), the prime factorization of nonzero ideals allows us to conclude that every
nonzero ideal of norm≤ 6 is principal. Application of the technique after Theorem
5.21 shows that every ideal class has a representative with norm< 6.35, hence norm
≤ 6. All such ideals are principal, and thereforeR is a principal ideal domain.

Chapter VI

1. Apply the Cauchy criterion. Since|an + an+1 + · · · + am|p ≤ maxn≤k≤m |ak|p,
the series is Cauchy, hence convergent, if and only if the terms tend to 0.

2. In (a), the equality GCD(3,2n) = 1 implies that there exist integersxn andyn

such that 3xn − 2nyn = 1. Thenxn − 1
3 = 2n3−1yn. Applying the 2-adic absolute

value gives|xn − 1
3|2 = 2−n|yn|2 ≤ 2−n, and this tends to 0. For example take

xn = 1
3(2

2n−1 + 1). In (b), the argument witha
b replacing 1

3 is similar: to get
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|x − a
b |2 ≤ 2−n, start by findingx andy with bx − 2ny = a.

3. Write ideles as tuples indexed by∞, 2, 3,5, . . . . If q is in Q, thenι(q) =
(q,q,q,q, . . . ). If this is to be inR× ×∏p Z×

p , then the only restriction on the first
coordinate is thatq �= 0, but the other coordinates are restricted by|q|p = 1 for all
primesp. This means thatq in lowest terms has nop in either the numerator or the
denominator. Soq = ±1. This proves (a).

In (b), let(x∞, x2, x3, . . . ) be inI. Since|xp|p �= 1 for only finitely manyp, there
exists a unique positive rationalq such that|q|p = |xp|p for all p. Definezp = xpq−1

as a member ofQ×
p . Then|zp|p = |xp|p|q|−1

p = 1 shows that|zp|p = 1 for all p.
Finally definer = x∞q−1 as a member ofR×. Then(r, z2, z3, . . . ) is in I(S∞), and
(x∞, x2, x3, . . . ) = (q,q,q, . . . )(r, z2, z3, . . . ).

4. In (a), the norm of the ideal divides the norm of any element, and if the
norm of the ideal is prime, then the ideal is prime. WithK = Q(

√−5), we have
NK/Q(1±√−5) = 6, NK/Q(3) = 9, andNK/Q(2) = 4. ThereforeN((1±√−5,3))
divides GCD(6, 9) = 3, andN((1 ± √−5,2)) divides GCD(6,4) = 2. One checks
that these ideals are not all ofR, and then the respective norms are 3 and 2. So
the ideals are prime. In (b),(1 + √−5) = (1 + √−5,2)(1 + √−5, 3), and(3) =
(1 + √−5, 3)(1 − √−5, 3).

In (c), 1
3(1+√−5)R = (1+√−5,2)(1+√−5, 3)(1+√−5, 3)−1(1−√−5, 3)−1

= (1 + √−5, 2)(1 − √−5, 3)−1, and(1 + √−5,3) does not appear.

In (d), 1+√−5
3 = 2(1+√−5)

2·3 = 2(1+√−5)
(1+√−5)(1−√−5)

= 2
1−√−5

.

5. The mappingϕ : 1 + Pn
v → Pn

v /Pn+1
v induced by 1+ x 	→ x + Pn+1

v is
a homomorphism from 1+ Pn

v under multiplication intoPn
v /Pn+1

v under addition
because the equalitiesϕ(1 + x) = x + Pn+1

v , ϕ(1 + y) = y + Pn+1
v , and

ϕ
(
(1 + x)(1 + y)

) = ϕ(1 + x + y + xy)

= x + y + xy + Pn+1
v = x + y + Pn+1

v

show thatϕ
(
(1 + x)(1 + y)

) = ϕ(1 + x) + ϕ(1 + y). The kernel ofϕ is the set of
all 1 + x with x ∈ Pn+1

v , i.e., 1+ Pn+1
v , and the image is certainly all ofPn

v /Pn+1
v .

6. The compositionI1/ι(K ×) → I/ι(K ×) → I/P induced by the inclusion
I1 → I and the passage fromI to I discussed in Section 10 is ontoI/P because the
composition is affected by only the nonarchimedean places and because any member
of I can be adjusted at the archimedean places so as to be inI1. In addition, the
composition is continuous ifI/P is given the discrete topology. SinceI1/ι(K ×) is
compact, the discrete spaceI/P has to be compact and must be finite.

7. Fix a finite subsetSof places containingS∞. Then the projection of
∏
w∈S K ×

w

to K ×
v is continuous for eachv ∈ S. Since also the inclusionK ×

v → Kv is continuous,
the composition

∏
w∈S K ×

w → Kv is continuous. Thus the corresponding mapping∏
w∈S K ×

w → ∏
w∈S Kw is continuous. In similar fashion

∏
w/∈S Z×

w → Zv is a
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continuous function as a composition of continuous functions. Thus
∏
w/∈S Z×

w →∏
w/∈S Zw is continuous. Putting these two compositions together shows thatIK (S)→

AK (S) is continuous, and thereforeIK (S)→ AK is continuous. Since this is true for
eachS, it follows thatIK → AK is continuous.

8. Eachxn lies in AQ(S∞), which is an open set inAQ. For each primep,
xn,p = 1 if n is large enough, and alsoxn,∞ = 1 for all n. SinceAQ(S∞) has the
product topology,{xn} converges to(1). On the other hand, if{xn} were to converge
to some limitx in IQ, thenx would have to lie in someI(S), and the idelesxn would
have to be inI(S) for largen. But (xn,v) is not inI(S) as soon asv is outsideS.

9. For fixedg in G, we haved(�(gx)) = d(�(g)�(x)) = d(�(x)), and hence
d(�( · )) andd( · ) are Haar measures onG. Any two Haar measures are proportional,
and the result follows.

10. In (a) the equality is trivial ifc1c2 = 0. Whenc1c2 �= 0, we haved(c1c2x) =
|c1c2|F dx and alsod(c1c2x) = |c1|Fd(c2x) = |c1|F |c2|F dx, and it follows that
|c1c2|F = |c1|F |c2|F in this case as well.

The proof of continuity is harder (but is essential to make sense out of (b)). We first
check continuity at eachc0 �= 0. Let f be a continuous real-valued function vanishing
off a compact setS, and letN be a compact neighborhood ofc0 not containing 0. Ifc
is in N, then f (c−1x) is nonzero only forx in the compact setN S. Letε > 0 be given.
Continuity of(c, x) 	→ f (c−1x)allows us to find, for eachx in N S, an open subneigh-
borhoodNx of c0 and an open neighborhoodUx of x such that| f (c−1y)− f (c−1

0 x)| <
ε for c ∈ Nx andy ∈ Ux. Then| f (c−1y)− f (c−1

0 y)| < 2ε for c ∈ Nx andy ∈ Ux.
The open setsUx cover N S. Forming a finite subcover and intersecting the cor-
responding finitely many setsNx, we obtain an open neighborhoodN ′ of c0 such
that | f (c−1y) − f (c−1

0 y)| < 2ε for c ∈ N ′ whenevery is in N S. As a result,
c 	→ ∫

V f (c−1x)dx is continuous atc = c0. Thereforec 	→ |c|V
∫

V f (x)dx is
continuous atc0, and so isc 	→ |c|V .

To prove continuity atc = 0, we are to show that limc→0
∫

V f (c−1x)dx = 0 for
f as above. LetU be any compact neighborhood of 0 inV . Find a sufficiently small
neighborhoodN of 0 in V such thatc ∈ V implies thatcSdoes not meetUc. Then
c−1Uc ∩ S = ∅. For suchc’s, we have

∣∣ ∫
V f (c−1x)dx

∣∣ = ∣∣ ∫
U f (c−1x)dx

∣∣ ≤
‖ f ‖sup(dx(U )), and the desired limit relation follows.

For (b), we haved(cx)/|cx|F = (|c|F dx)/(|c|F |x|F ) = dx/|x|F . For (c),|x|F =
|x| if F = R, and|x|F = |x|2 if F = C. For (d),|x|F = |x|p if F = Qp. For (e),
we haveI = pZp, and therefore the Haar measure ofI is the product of|p|p = p−1

times the Haar measure ofZp. Hence the Haar measure ofI is p−1.

11. If F has characteristicp′ �= 0, then the sum 1+ · · · + 1 with p′ terms is 0
in R, and it must be 0 inR/p. So R/p must have characteristicp′. Thus any such
p′ �= 0 must bep.

12. In (a), apply Corollary 6.29 withf (X) = Xq−1 − 1 in R[X]. Every nonzero
ā is a simple root of the reduced polynomialf (X) = Xq−1 − 1 in Fq[X], simple
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because(q − 1)(ā)q−1 �= 0. The corollary produces a roota of f (X) whose image
in R/p is ā. In this way we obtainq − 1 distinct roots of 1 inR, each corresponding
to a different coset inR/p. Together with 0, these exhaust the cosets ofR/p.

In (b), if F has characteristicp, then raising to thepth power is a field mapping
of F into itself. Sinceq = pm, raising to theqth power is them-fold iterate of
a field map and is a field map. Ifa andb are two(q − 1)st roots of 1 inR, then
(a ± b)q = aq + (±b)q = a + (±b), and soa ± b is a(q − 1)st root of 1. Since the
nonzero elements ofE are closed under inverses,E is a subfield.

13. In (a) letx be inR. Problem 12 produces a uniquea0 ∈ E with x−a0 in p, i.e.,
with v(x − a0) ≥ 1. Thenv

(
t−1(x − a0)

) ≥ 0, and Problem 12 produces a unique
a1 in E with t−1(x − a0)− a1 in p. Continuing in this way, we obtaina0, . . . ,aN in
E with

t−1(t−1(· · · (t−1(x − a0)− a1)− · · · )− aN−1)− aN

in p. Thusv
(
x −∑N

k=0 aktk
) ≥ N + 1. SinceF is complete,

∑∞
k=0 aktk converges

with sumx. The statement about the value ofv is clear.
In (b), the part about the series giving an element inR is immediate from Problem 1,

sincetk has limit 0. The operations onRnow match those onFq[[ t ]], and the isomor-
phism follows. For (c), letx be given withx /∈ R. Setv(x) = −N. Thenv(t N x) = 0,
and we can apply (a) to writet N x = ∑∞

k=0 aktk. Thenx = ∑∞
k=0 aktk−N , as required.

14. In (a), the inclusion of the integers intoR, followed by passage to the quotient
R/p, is an additive homomorphism. SinceR/p has orderq, q must map to the 0
coset, namelyp.

Part (a) shows thatv(q) ≥ 1. Sincev(q) = v(pm) = mv(p), v(p) is positive, and
(b) is proved. The same argument as in the proof of Ostrowski’s Theorem shows that
v(p′) = 0 for all prime numbers other thanp, and then (c) is immediate. For (d), it
is enough to check equality of the absolute values in question on the elementp, and
for that we have|p|1/(mv0)

F = q−v(p)/(mv0) = q−1/m = p−1.
For (e), the map ofQ′ to Q, when composed with the completionQ → Qp, is a

homomorphism of valued fields into a complete field. It therefore extends uniquely
as a homomorphism of the closureQ′ into Qp. The dense setQ′ maps to the dense
setQ, and hence the extended map is an isomorphism.

Part (f) is just a repetition of the argument in Problems 13a and 13c. In (g), let
x = ∑∞

k=0 aktk be the expansion off , and putcj0 = ∑v0−1
k=0 aktk. Sincev(t) = 1, we

obtainv(x − cj0) ≥ v(tv0) = v0v(t) = v0. Thereforev(p−1(x − cj0)) ≥ 0. Iterating
this procedure as in Problem 13a, we obtain a convergent expansionx = ∑∞

k=0 cjk pk.
For (h), we then havex = ∑∞

k=0 cjk pk = ∑l
j =1 cj

∑
{k| jk= j } pk, and we see thatx lies

in
∑l

j =1 Q′cj . Therefore dim[F : Q′] ≤ l .

15. Part (a) is immediate, and (b) follows from Theorem 6.33. For (c),R/p
corresponds to extracting the constant term from a power series int , and thusL/℘ ∼=
Fq f is of dimensionf overR/p ∼= Fq. The computation℘T = tUT = tT = t RT =
pT = Pe shows thatK/L has ramification indexe. For (d), each index (residue class
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degree and ramification index) forK/F is the product of that index forK/L and that
index forL/F . Soe for L/F is 1, and f for K/L is 1.

16. For (a), the irreducible polynomialg(X) has to be separable, and therefore all
of its roots inkK are simple. Application of Hensel’s Lemma in the form of Corollary
6.29 producesα. For (b), the polynomialg(X) is monic with coefficients inR, and
its rootα is therefore a member ofL integral overR. Thusα lies inU . The natural
field mapU/℘ → T/P takesu+℘ to u+ P, hence takesα+℘ toα+ P = α. Thus
we can regardα as a member ofkL . SincekF andα generatekK by construction of
α, kL = kF .

For (d), let us use subscripts on the indicese and f to indicate the field extension
in question. Then we haveeL/F fL/F = [L : F ] = degg(X) = degg(X) =
[kK : kF ] = fK/F on the one hand andfK/F = [kK : kF ] = [kL : kF ] = fL/F on
the other hand. The two chains of equalities together show thateL/F = 1, and the
second one in combination withfK/F = fK/L fL/F shows thatfK/L = 1.

17. In (a), the elementyj exists and is unique because of the nondegeneracy of the
trace form, which holds becauseK/F is separable (Theorem 8.54 and Section IX.15
of Basic Algebra).

In (b), the expression for thezk’s in terms of theyj ’s shows that
∑n

k=1 Rzk ⊆∑n
j =1 Ryj . The assumption detA = ±1 implies thatB = A−1 lies in Mn(R). Since

yj = ∑
k Bkj zk, we obtain

∑n
j =1 Ryj ⊆ ∑n

k=1 Rzk.
For (c), it is evident that the degree is at mostn−1. Writeg(X) = ∏

j (X−ξj ). The
opening computations of Section V.4 show thatg′(ξi ) = ∏

j �=i (ξi − ξj ). Therefore
the value of the left side atξk for the identity in question is

n∑
i =1

∏
j �=i (ξk − ξj )∏
j �=i (ξi − ξj )

.

The numerator is 0 unlessi = k. Thus only thei th term makes a contribution, and its
value, namely 1, matches the value of the right side. Then (d) is a routine computation.

For (e), the rational expression(1 + c1X + · · · + cn Xn)−1 on the left side is
expanded in series using(1 + Z)−1 = 1 − Z + Z2 − Z3 + · · · . Thus the left side
is the sum ofXn and a series beginning with a multiple ofXn+1. The right side is∑∞

k=0 TrK/F
(
g′(ξ)−1ξ k Xk+1

)
, and the conclusion of the problem results by equating

the indicated coefficients.
For (f), the result of (e) handles the entries withi + j ≤ n + 1. For those with

n + 2 ≤ i + j ≤ 2n, we writeξ i + j −2g′(ξ)−1 asξnξ i + j −n−2g′(ξ)−1, substitute forξn

recursively from the field polynomial, and check that the traces are inR by applying
(e). Thus allAi j are inR.

For (g), conclusion (f) shows thatA is triangular with 1’s on the off diagonal, and
hence the determinant ofA is ±1. Putzk = ∑

j Ajk yj . Sincexi = ξ i −1,

TrK/F (zkxi ) = ∑
j Ajk TrK/F (yj xi ) = Aik

= TrK/F ((g′(ξ)−1ξ k−1)ξ i −1) = TrK/F ((g′(ξ)−1ξ k−1)xi ).
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Thereforezk = g′(ξ)−1ξ k−1. Combining this equality with (b) shows that̂N =∑
j Ryj = ∑

k Rzk = ∑
k Rg′(ξ)−1ξ k−1 = g′(ξ)−1N.

18. For (a), the assumptionf = n makes dimkF (kK ) = n. Thus degg(X) =
degg(X) = n. Sinceg(X) is irreducible, so isg(X). The rootα of g(X) in K is
such thatF(α) is ann-dimensional subspace ofK , hence equalsK .

For (b), the conclusion̂N ⊇ T̂ follows from the definition. SincêT = D(K/F)−1,
we obtainD(K/F)−1 ⊆ N̂ = g′(α)−1N ⊆ g′(α)−1T .

For (c), the polynomialg(X) was constructed as irreducible, andg(X) was con-
structed to reduce tog(X). Theng′(α) �= 0, and it follows thatg′(α) is in T but not
P. Thusg′(α) is a unit inT , andg′(α)−1T = T . ThenD(K/F)−1 ⊆ T . Since
D(K/F)−1 ⊇ T also,D(K/F)−1 = T , andD(K/F) = T .

19. For (a), we may assume thatv(x1) ≤ v(xj ) for j > 1. If v(x1) < v(xj )

for all j > 1, then induction and use of property (vi) of discrete valuations shows
inductively thatv(0) = v(x1 + · · · + xm) = v(x1), contradiction.

For (b), the elementπ is in T , and its minimal polynomial has coefficients inR
becauseT is integral overR; in turn, the field polynomial is a power of the minimal
polynomial. Sincecj is in R, we havevK (cj ) = nvF (cj ), and thereforevK (cj ) is
divisible byn.

For (c), apply (a) to the equalityc0π
n + c1π

n−1 +· · ·+ cn = 0 to produce indices
i < j with v(ciπ

n−i ) = v(cjπ
n− j ) and withv(ckπ

n−k) ≥ v(ciπ
n−i ) for all k. The

equality involvingi and j implies that j − i = vK (cj ) − vK (ci ). From i < j ≤ n,
we haven − i > 0. Thusv(ciπ

n−i ) ≥ v(ciπ) > 0. By (b), v(ciπ
n−i ) ≥ n. So

v(ckπ
n−k) ≥ n.

In (d), the right side of the equalityj − i = vK (cj ) − vK (ci ) is divisible byn,
by (b), and the left side is between 1 andn. Hence the two sides equaln, and we
conclude thati = 0 and j = n. Thus the equality says thatn = vK (cn). Sincecn is
in F and sincevK = nvF , vF (cn) = 1. Thereforecn is in p but notp2. The inequality
vK (ckπ

n−k) ≥ n implies thatvK (ck) ≥ k. For 1 ≤ k ≤ n, this conclusion implies
thatvK (ck) ≥ 1. SincecK is in F and sincevK = nvF , vF (ck) > 0 for k ≥ 1. Thus
ck is in p for k ≥ 1.

In (e), the irreducibility is immediate from the Eisenstein irreducibility criterion,R
being a principal ideal domain. Since the field polynomial is a power of the minimal
polynomial, the field polynomial equals the minimal polynomial. Then the degree of
F(π) is n. SinceF(π) is ann-dimensional subfield of then-dimensional fieldK ,
K = F(π).

Part (f) is proved in the same way as Problem 14g. For (g), the expansion can be
rewritten as

∑∞
k=0 akyk = ∑∞

i =0
∑

0≤ j<e aei+ j yei+ j = ∑
0≤ j<eπ

j
(∑∞

i =0 aei+ jλ
i
)
.

The term in parentheses is the most general member ofR, and the left side is the most
general member ofT . Thus (g) follows.

In (h), conclusion (g) shows thatN = ∑n−1
k=0 Rπk equalsT , and Problem 17 with

ξ = π shows that̂N = g′(π)−1N. ThusD(K/F)−1 = T̂ = g′(π)−1T . Multiplying
by (g′(π))D(K/F), we obtainD(K/F) = (g′(π)).
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For (i), g′(π) = eπe−1 + ∑n−1
k=1 cn−kkπk−1 = eπe−1 + b. In each term ofb,

vK (kcn−k) ≥ evF (cn−k) ≥ e, andvK (π
k−1) = k − 1. ThusvK (b) ≥ e. Meanwhile,

vK (eπe−1) = (e − 1) + vK (e). ThusvK (g′(π)) ≥ min
(
(e − 1) + vK (e), vK (b)

)
,

and property (vi) of discrete valuations shows that equality holds if the two members
(e − 1) + vK (e) andvK (b) of the minimum are unequal. IfvK (e) = 0, then the
members are unequal, and we obtainvK (g′(π)) = e − 1. Otherwise, we obtain
vK (g′(π)) ≥ e. We know thatD(K/F) = (g′(π)) = Pvk(g′(π)), and Lemma 6.47
follows.

Chapter VII

1. If x andy are members ofL purely inseparable overK , thenxpe
andype′

are
in K for suitablee ande′. Without loss of generality, lete′ ≤ e. Thenxpe

andype

are inK , and hence(x ± y)pe = xpe ± ype
are inK and so are(xy)pe = xpe

ype
and

(xy−1)pe = xpe
y−pe

if y �= 0. Sox ± y, xy, andxy−1 are purely inseparable over
K , the last of these ify �= 0.

2. In view of Proposition 7.10, the given conditions imply that [K (α) : K ] =
pe[K (α pe

) : K ] and thatX pμ − α pe
is irreducible overK (α pe

) for everyμ ≥ 0.
Sinceα pe−μ

is a root of this polynomial withinK (α) for eachμ ≤ e, K (α) has a
chain of subfields

K (α pe
) � K (α pe−1

) � · · · � K (α p) � K (α)

in which the consecutive degrees of the extensions are allp. Letβ be separable over
K , and letK (α pr

) be the first of these fields to containβ. Arguing by contradiction,
suppose thatr < e. Thenβ andα pr +1

generateK (α pr
) because [K (α pr

) : K (α pr +1
)]

is prime. The separability ofβ overK implies thatβ is separable overK (α pr +1
), hence

that K (α pr
) is separable overK (α pr +1

), hence thatα pr
is separable overK (α pr +1

).
Since(α pr

)p lies in K (α pr +1
), α pr

is also purely inseparable overK (α pr +1
). By

Corollary 7.12,α pr
lies in K (α pr +1

). This contradicts the fact that the above chain
of subfields is strictly increasing. We conclude thatr = e. Hence all elementsβ
separable overK lie in K (α pe

).

3. For suitable integersRa, we form the tuplez = (Ra + aZ)a≥1, using the
realization of the inverse limit in Proposition 7.27. We have to specify the integers
Ra. The condition forz to lie in Ẑ, coming from the conditionfab ◦ fb = fa whena
dividesb, works out to be thatRb − Ra is divisible bya whenevera dividesb. After
the integersRa have been defined for alla, it is enough to check thatRpa − Ra is
divisible bya wheneverp is prime.

For n odd, defineR2cn = nk + 1, wherek is the unique integer from 0 to 2c − 1
such thatnk + 1 is divisible by 2c. This k exists and is unique because−n has an
inverse modulo 2c. One checks thatR2c+1n − R2cn is divisible by 2c and byn, and that
R2c pn − R2cn is divisible by 2c and byn if p is an odd prime. The definition makes
R2 = 0 andRq = 1 for every odd primeq, and thereforez is not of the formzc for
any integerc.



694 Hints for Solutions of Problems

4. The first part is immediate from Theorem 7.34. For the second part the group
Gal(R/Q) is trivial. In fact, any member of Gal(R/Q)must fixQ and map squares in
R to squares. It therefore respects the ordering. For anyr ∈ R, it fixes each rational
less thanr , and hence it fixesr .

5. UseKn = Q(
√

p1, . . . ,
√

pn ), wherepn is thenth prime, and Proposition 7.30
to see that Gal(K/Q) is an infinite product of groups of order 2. (A problem at the
end of Chapter IX ofBasic Algebracan help with this step.) The open subgroups of
index 2 correspond to quadratic extensions ofQ, of which there are countably many.
Since Gal(K/Q) has uncountably many subgroups of index 2, such a subgroupH
exists that is not open. The field extensionK/Q is normal, and thus Gal(K/Q) is a
homomorphic image of Gal(Qalg/Q), say by a homomorphismϕ. Thenϕ−1(H) is
the required subgroup of Gal(Qalg/Q).

6. SupposeI is primary. Ifb+ I is a zero divisor inR/I , thenab is in I for some
a not in I . SinceI is primary,bm is in I for somem. Thus(b + I )m = bm + I = I ,
andb + I is nilpotent inR/I .

If every zero divisor inR/I is nilpotent, then the ideal 0 inR/I is primary because
whenever(a + I )(b + I ) = I anda + I �= I , then the nilpotence ofb + I implies
thatbm + I = I for somem. This says that the 0 ideal 0+ I in R/I is primary.

If the 0 ideal inR/I is primary and ifab is in I with a not in I , then(a+ I )(b+ I ) =
I with a+ I �= I , and hence(b+ I )m = I for somem, 0 being primary inR/I . This
means thatbm is in I , andI is primary.

7. In (a), if xy is in
√

I , then(xy)m is in I for somem, and therefore eitherxm is
in I or ymn is in I for somen, i.e., eitherx is in

√
I or y is in

√
I .

In (b), let x be in
√

I , and choosen such thatxn is in I . Thenxn is in J because
I ⊆ J. SinceJ is prime, some factor ofxn is in J, i.e.,x is in J.

8. In (b), R/I ∼= C[y]/(y2). The zero divisors ofR/I arecy with c ∈ C, and
(cy)2 = 0 in R shows thatcy is nilpotent inR. By Problem 6,I is primary. The
radicalP = √

I is (x, y) by inspection, and this is prime. SinceP2 = (x2, xy, y2),
we haveP2 � I � P. If I = Qn for some prime idealQ, then I ⊆ Q, and
Problem 7b shows that

√
I ⊆ Q. Since

√
I is maximal in this case,Q has to beP.

In (c), R/P ∼= K [X,Y, Z]/(XY − Z2, X, Z) ∼= K [Y], and this is an integral
domain. HenceP is prime. Next,P2 = (x2, xz, z2). Thusxy = z2 lies in P2.
However,x is not in P2, andym is not in P2 for anym> 0. SoP2 is not primary.

9. Let a andb be in R with ab in I anda not in I . To show thatI is primary,
we are to show thatb is in

√
I . We do this by showing that(b) + I ⊆ √

I . The
ideal(b) + I is proper, since otherwise 1= cb+ x with x ∈ I , which implies that
a = cba+ xa is in I , contradiction. LetJ be a maximal ideal with(b) + I ⊆ J.
It is enough to show that

√
I ⊆ J; in fact, then

√
I = J because

√
I is assumed

maximal, and(b)+ I ⊆ √
I as asserted. So letu be in

√
I . Thenum is in I ⊆ J for

somem, andu is in J becauseJ is prime.
This proves the first part. The second part follows from the observation that ifJ
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is maximal, then
√

Jn = J. In fact, Jn contains all elementsan for a ∈ J. So
√

Jn

has to contain all elementsa ∈ J. SinceJ is maximal and
√

Jn has to be proper,√
Jn = J.

10. In (a), letP be a prime ideal, and suppose thatP = I ∩ J nontrivially. If i is
in I but notJ and if j is in J but not I , theni j is in P, but i is not in P becausei is
not in J and similarly j is not in P becausej is not in I .

In (b), I 2 = (x2, xy, y2) is primary by Problem 9. The equality ofI 2 with
(Rx+ I 2) ∩ (Ry+ I 2) holds by inspection.

11. Arguing by contradiction, we can use the Noetherian property to obtain an
idealI maximal with respect to the property of not being a finite intersection of proper
irreducible ideals. SinceI is not irreducible,I = A∩ B nontrivially. By maximality,
A andB are intersections, and then so isI , contradiction.

12. Let Q be a proper irreducible ideal inR. Then 0 is a proper irreducible
ideal in R/Q. We show that 0 is primary inR/Q, and then Problem 6 shows that
Q is primary. Thus letxy = 0 in R/Q with y �= 0 in R/Q. We want to see
that some power ofx is 0 in R/Q. In R/Q, we form the sequence of annihilators
Ann(x) ⊆ Ann(x2) ⊆ · · · and use the Noetherian property ofRand its quotientR/Q
to obtain Ann(xl ) = Ann(xl+1) for somel . Let us see that the intersection(xl )∩ (y)
is 0 in R/Q. In fact, ifa is in (y), thenxy = 0 impliesax = 0, and ifa is in (xl ), then
a = bxl and 0= ax = bxl+1, from which we see thatb is in Ann(xl+1) = Ann(xl ).
Thereforea = bxl = 0 in R/Q. Thus indeed(xl ) ∩ (y) = 0. Since 0 is irreducible
in R/Q and(y) �= 0, we conclude that(xl ) = 0 andxl = 0 in R/Q. This is what
we were to show.

13. If ab is in Q anda is not in Q, thenab is in Qi for all i anda is not in Qi0

for somei0. SinceQi0 is primary,bm is in Qi0 for somem, i.e.,b is in
√

Qi0 = P.
Since

√
Qi = P for all i , bki is in Qi for someki depending oni . Taking N to be

the maximum of the integerski , we see thatbN is in eachQi and hence is in their
intersectionQ. ThusQ is primary.

Problem 7b shows that
√

Q ⊆ P. On the other hand, ifb is in P, we have just
seen that some powerbN lies in Q. Sob lies in

√
Q. Therefore

√
Q = P.

14. Problem 11 shows that every ideal is the finite intersection of proper irreducible
ideals, and Problem 12 shows that these are primary. Thus ifI is given, we have
I = ⋂

Qi with eachQi primary. Group allQi ’s whose associated prime ideal is
the samePj , and denote the intersection of these byQ′

j . The idealQ′
j is primary

by Problem 13. ThenI = ⋂
Q′

j , and theQ′
j have distinct associated prime ideals.

So condition (ii) is satisfied. Finally among all expressions forI as intersections
satisfying (ii), choose one that involves the smallest number of primary ideals. This
minimality forces (i) to hold.

Chapter VIII

1. (qn+1 − 1)/(q − 1) = 1 + q + q2 + · · · + qn.
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3. It is enough to consider a monomialF(X1, . . . , Xn) = Xα1 · · · Xαn with∑n
j =1 αj = d. ThenXj

∂
∂Xj
(Xα1 · · · Xαn) = αj Xα1 · · · Xαn , and the sum onj equals

d Xα1 · · · Xαn .

4. If f ι andgι have a nontrivial common factor inB[X], then 0= R( f ι, gι) =
ι(R( f, g)). Sinceι is one-one,R( f, g) = 0. Thereforef andg have a nontrivial
common factor inA[X].

5. Let us show that ifgn �= 0 and fm = 0, then Theorem 8.1 for indices(m−1,n)
implies the theorem for indices(m, n), and vice versa. Assume for the moment that
m ≥ 2. LetR( f, g) be the resultant matrix of sizem + n that takes into account all
coefficients f0, . . . , fm of f , and letR( f, g) be its determinant. Withfm = 0, let
R′( f, g) be the resultant matrix of sizem+n−1, and letR′( f, g) be its determinant.
The matrixR′( f, g) is obtained by erasing themth row and last column ofR( f, g). On
the other hand, the only nonzero entry in the last column ofR( f, g) is gn. Expansion
in cofactors therefore givesR′( f, g) = gn R( f, g). The hypotheses of Theorem 8.1
apply to f andg for either of these resultants, and we have just seen that the two
conditions (c) are equivalent. Certainly the two conditions (a) are equivalent. For the
two conditions (b), the resultant of sizem+ n − 1 tells us thata′ f + b′g = R′( f, g)
with dega′ < n and degb′ < m − 1. Certainly this implies thata f + bg = R( f, g)
with a = a′gn andb = b′gn. Conversely ifa f + bg = R( f, g) with dega < n and
degb < m, we definea′ = ag−1

n andb′ = bg−1
n . Thena′ f + b′g = R′( f, g) with

dega′ < n, and we need to see that degb′ = degb < m − 1. Since fm = 0, all the
powers ofX in a f are≤ (n − 1)+ (m − 1), and the same must be true inbg. Since
g has degreen, we must have degb ≤ m − 2< m − 1, as required.

Next we check what happens whenm = 1 and we are comparing the resultant of
sizen + 1 and a degenerate resultant whose matrix is of sizen and contains only the
entries ofg. The determinant formula is still valid, and we see thatR′( f, g) = gn

0,
which is nonzero. Thus (a) and (c) are false for both sizes. For (b), we cannot have
a f + bg = 0 with degb < 0 andb �= 0. We need to check thata f + bg = 0 cannot
happen with dega < n and degb < 1; in fact, then degbg = degg = n, while
f1 = 0 implies that dega f < n + deg f = n. So we cannot havea f + bg = 0 in
this case either.

The result of these calculations is that Theorem 8.1 for(m,n) is equivalent to the
theorem for(m−1,n) if gn �= 0 and fm = 0. Using induction, we see that the theorem
for (m,n) is equivalent to the theorem for(k,n) if gn �= 0 and fk+1 = · · · = fm = 0.
Takingk = deg f gives the desired result.

6. Proof via Nullstellensatz: Sincef is irreducible andK [X1, . . . , Xn] is a unique
factorization domain, the principal ideal( f ) is prime. Corollary 7.2 shows thatg lies
in ( f ): henceg = h f for someh.

Proof via resultants: The idea is to arrange to have

a f + bg = R( f, g), (∗)

with the resultant taken with respect toXn. Proposition 8.1 shows that this happens
if f andg are of positive degree inXn, and we shall show that either this is the case
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or else f dividesg for easy reasons. Sincef is nonconstant, it depends nontrivially
on someXj , and renumbering the variables allows us to assume thatf depends
nontrivially on Xn. Then f is of the form

f (X1, . . . , Xn)

= c0(X1, . . . , Xn−1)+ c1(X1, . . . , Xn−1)Xn + · · · + cr (X1, . . . , Xn−1)X
r
n

with r > 0 and withcr nonzero inK [X1, . . . , Xn−1]. If g = 0, then certainlyf
dividesg. So we may assume thatg �= 0. Choosea1, . . . ,an−1 in K such that

g(a1, . . . ,an−1, Xn)cr (a1, . . . ,an−1) �= 0. (∗∗)

Then f (a1, . . . ,an−1, Xn) is a polynomial inXn whose coefficient ofXr
n is nonzero.

Since K is algebraically closed, this polynomial inXn has a root, sayan. Since
f (a1, . . . ,an) = 0, the hypothesis shows thatg(a1, . . . ,an−1,an) = 0, and(∗∗)
allows us to conclude thatg = g(X1, . . . , Xn) depends nontrivially onXn. This
proves(∗).

To complete the proof, we show thatcr R is 0 at every point(b1, . . . ,br −1). Since
K is infinite, it will follow that the polynomialcr R is 0; thusR = 0 becausecr

is not the 0 polynomial. Thenf and g will have a nontrivial common factor by
Proposition 8.1, andf will have to divideg becausef is prime. Thus suppose that
cr (b1, . . . ,br −1) �= 0. Then f (b1, . . . ,br −1, Xn) is a nonconstant polynomial inXn

and must have a rootbr , sinceK is algebraically closed. Hencef (b1, . . . ,br ) = 0,
and the hypothesis ong shows thatg(b1, . . . ,br ) = 0. By (∗), R(b1, . . . ,br −1) = 0.
This completes the proof.

7. Y3 − 2XY2 + 2X2Y − 4X3 = (Y − 2X)(Y + i
√

2 X)(Y − i
√

2 X).

8. The resultant matrix in theW variable is⎛⎝ XY4−Y5 −2X2Y2 X3 0
0 XY4−Y5 −2X2Y2 X3

Y4 Y3 −X2 0
0 Y4 Y3 −X2

⎞⎠ ,
and its determinant is−X3Y9(Y − 2X)2. Substituting into either of the equations
F = 0 andG = 0 gives the projective solutions(x, y, w) equal to(1,0,0), (0,0,1),
and(1, 2,4 ± 4

√
2), up to nonzero scalar factors. (One has to check that both the

equationsF = 0 andG = 0 are satisfied.)

9. Introduce a new indeterminateT = Yi − Zj , and removeYi . ThenR(F,G) =
R(Y1, . . . , T + Zj , . . . ,Ym, Z1, . . . , Zn) is a polynomial inT , the Zj ’s, and all the
Y’s except forYi . Also, R(F,G) = 0 whenT is set equal to 0. HenceR(F,G) is
divisible byT . Then (a) and (b) follow. For (c), the polynomialsYi − Zj are distinct
primes. Since each dividesR(F,G), their product must divide. Their product has
the same degree asR(F,G), and the result follows.
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10. We may assume thatK is algebraically closed and thatf is monic, say with
f (X) = ∏m

i =1 (X − ξi ) and f ′(X) = m
∏m−1

j =1 (X − ηj ). Then the previous problem

gives f ′(ξi ) = m
∏m−1

j =1 (ξi − ηj ), and

R( f, f ′) = mmcm,m−1
∏
i, j
(ξi − ηj ) = mmcm,m−1

m∏
i =1

f ′(ξi )

with cm,m−1 equal to the constantc from Problem 9c whenn = m − 1. According
to Section V.4, the product is(−1)n(n−1)/2) times the discriminantD( f ) of f . So the
result follows.

11. ReplaceG by G(X,Y,W)− (X2 + Y2)F(X,Y,W) to getY W H(X,Y,W),
whereH(X,Y,W) = (X2 + Y2)(X2 − 3Y2)− 4X2Y W. Then

I (P, F ∩ G) = I (P, F ∩ Y W H) = I (P, F ∩ Y)+ I (P, F ∩ W)+ I (P, F ∩ H).

For I (P, F ∩ Y), we use the method of Section 4, looking atF(t, 0,1), which ist4;
thus I (P, F ∩ Y) = 4. SinceP is not onW, I (P, F ∩ W) = 0.

For I (P, F ∩ H), replaceH by H(X,Y,W)− F(X,Y,W) to getY J(X,Y,W),
whereJ(X,Y,W) = −4X2Y − 4Y3 − 7X2W + Y2W. Then

I (P, F ∩ H) = I (P, F ∩ Y J) = I (P, F ∩ Y)+ I (P, F ∩ J),

and againI (P, F ∩ Y) = 4. If the local expressions ofF and J are denoted byf
and j , then their lowest-order termsf3(x, y) and j2(x, y) are given by

f3(x, y) = 3x2y − y3 = y(
√

3x + y)(
√

3x − y),

j2(x, y) = −7x2 + y2 = −(
√

7x + y)(
√

7x − y).

ThusF andJ have no tangent lines in common atP, andI (P, F ∩ J) = 3 · 2 = 6.
Collecting the results, we find thatI (P, F ∩ G) = 4 + 4 + 6 = 14.

12. Let P = [x0, y0, w0], and choose� ∈ GL(3, K ) with �(x0, y0, w0) =
(0,0,1). The local versions ofG and L are g(X,Y) = G(�−1(X,Y, 1)) and
l (X,Y) = L(�−1(X,Y, 1)). The expansion ofg as a sum of homogeneous poly-
nomials isg = gm + · · · + gd becausem = mP(G) > 0, andl is of the form
l (X,Y) = aX+bY becauseP lies onL. We can parametrizel byϕ(t) = (bt,−at),
and then the definition of intersection multiplicity is thatI (P, L ∩ G) is the least
integerk such that the expressiongk(ϕ(t)) = tkgk(b,−a) is nonzero. The defi-
nition of tangent line is any projective lineLi whose local versionl i is one of the
factors ofgm(X,Y) = c

∏
i (αi X + βi Y)mi . Then gm(ϕ(t)) = tmgm(b,−a) =

c
∏

i (αi b−βi a)mi . If (a, b) is a multiple of some(αi , βi ), thengm(ϕ(t)) = 0; hence
I (P, L ∩ G) ≥ m + 1. Otherwisegm(ϕ(t)) �= 0, andI (P, L ∩ G) = m.
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13. The linear spanLT(I ) of the membersLT( f ) for f in I is a monomial ideal
and is of the form(M1, . . . ,Mk) for suitable monomialsMj each of the formLM( f j )

for somef j in I . Then{ f1, . . . , fk} is a subset ofI such that
(

LT( f1), . . . , LT( fk)
) =

LT(I ), and{ f1, . . . , fk} is a Gröbner basis ofI by definition.

14. If α, β, γ are vectors of exponents in monomials such that the firsti with
w(i ) · α �= w(i ) · β hasw(i ) · α > w(i ) · β, then it equally true that the firsti with
w(i ) · (α + γ ) �= w(i ) · (β + γ ) hasw(i ) · (α + γ ) > w(i ) · (β + γ ). This proves that
property (i) of monomial orderings holds with no further conditions on the weights.
Property (ii) says for each vectorα of nonnegative exponents not all 0 that the firsti
with w(i ) · α �= 0 hasw(i ) · α > 0. Applying this condition as a necessary condition
to the j th standard basis vectorα = ej , we see that the firsti such thatw(i )j �= 0 must

havew(i )j > 0 for (ii) to hold. On the other hand, if this condition holds for allj , then
a suitable positive linear combination of these conditions gives (ii) for anyα.

15. In (a),a > a′ implies thatXa−a′ ≥ X > Yb′
for all b′ ≥ 0. Multiplying

by Xa′
gives Xa > Xa′

Yb′
. SinceYb ≥ 1 implies XaYb ≥ Xa, we conclude that

XaYb > Xa′
Yb′

for all b andb′. For a = a′, we observe thatb > b′ implies that
Yb−b′

> 1 and hence thatYb > Yb′
. Multiplying by Xa givesXaYb > XaYb′

. Hence
the ordering is lexicographic.

In (b), we observe that an inequality betweenXa andYb implies the same inequality
betweenXna andYnb. Consequently the particular inequality forXa andYb depends
only on the rational numbera/b. The assumption for (b) is thatX < Yq, hence that
Xa ≤ Yqa ≤ Yb if qa ≤ b, thus ifa/b ≤ q−1. Thus the setS of rationalsa/b such
thatXa > Yb is bounded below byq−1. Letr −1 be the greatest lower bound ofS. We
know then thatq−1 ≤ r −1, hence thatr ≤ q. So 0≤ r <∞, andr is a well-defined
real number.

Suppose thatu/v < r −1. Thenu/v is not in S, and soXu ≤ Yv. In the reverse
direction, suppose thatu/v > r −1. Then there is some rationalc/d in S with
u/v > c/d ≥ r −1; this hasXc > Yd. Then Xud > Xvc > Yvd. Sinced > 0,
Xu < Yv would imply Xud < Yvd, which is false. Thus we must haveXu > Yv.
This proves (b).

For (c), the only rationalu/v for which the inequality betweenXu andYd is not
decided isu/v = r −1, and that only ifr is rational. In this case a single weight vector
will decide the correct inequality. All other inequalities between monomials follow
from these. In fact, what needs deciding is the inequality betweenXaYb andXa′

Yb′

whena > a′ andb < b′, and this is the same as the inequality betweenXa−a′
and

Yb′−b.

16. The formulas forf are a matter of computation. Both satisfy the conditions
of Proposition 8.20 becauseLM( f ) = X2Y is ≥ each ofLM((X + Y) f1) = X2Y,
LM(1 f2) = Y2, LM(X f1) = X2Y, andLM((X + 1) f2) = XY2 and because no term
of r1 or r2 is divisible byLM( f1) = XY or LM( f2) = Y2.

17. In (a), we check that{X2 +cXY, XY} is a Gröbner basis using Theorem 8.23.
The leading monomials of the two generators areX2 andXY, and neither divides the



700 Hints for Solutions of Problems

other. Since the leading coefficients are 1, this Gr¨obner basis is minimal.
In (b) whenc �= 0, X2 + cXYhas a nonzero term whose monomial is divisible by

the leading monomial of another generator; specifically the termcXY in X2 + cXY
is divisible by theXY from the other generator. Following the procedure in Theorem
8.28, we find that{X2, XY} is the reduced Gr¨obner basis.

18. If (c1, . . . , cn) lies in VK (I ), thencj is one of finitely many roots ofPj (X),
for each j . Hence|VK (I )| ≤ ∏n

j =1 degPj .

19. Fix j , and choose a polynomialQj in X that vanishes at thej th coordinate of
every member ofVK (I ). ThenPj (X1, . . . , Xn) = Qj (Xj ) is a polynomial vanishing
on VK (I ), and the Nullstellensatz shows that some power of it is inI . The result is a
polynomial inXj alone, as required.

20. If VK (I ) is a finite set, then Problem 19 shows thatI contains a nonconstant
polynomial inXj for eachj . The leading monomial for thej th such polynomial has to

be a power ofXj , and it lies inLT(I ). Conversely suppose that a powerX
l j

j lies inLT(I )
for each j . Form a reduced Gr¨obner basis ofI . Since the only monomials dividing
X

l j

j are powers ofXj , there exist membersgj of the Gröbner basis for 1≤ j ≤ n
such that

gj (X1, . . . , Xn) = X
mj

j + X
mj −1
j aj,mj −1 + · · · + Xj aj,1 + aj,0

for suitable polynomialsaj,mj −1, . . . ,aj,0 in Xj +1, . . . , Xn. ThenVK (I ) is contained
in VK ((g1, . . . , gn)), and any member(c1, . . . , cn) of the latter has the property for
eachj thatcj is a root of a polynomial of degreemj in one variable, once(cj +1, . . . , cn)

is fixed. ThusVK (I ) is contained in a finite set and has to be finite.

21. For (a), the coefficientsai1,...,in are given as inK (X), and we look for solutions
of F(T1, . . . , Tn) = 0. Clearing fractions in the coefficients, we see that it is enough
to find a solution when eachai1,...,in has denominator 1.

For (b), substitution ofTi = ∑N
j =1 bi j X j , where eachbi j is an unknown inK , into

the equationF(T1, . . . , Tn) = 0 gives∑
i1,...,in

ai1,...,in

( N∑
j =1

bi j X j
)i1 · · · ( N∑

j =1
bi j X j

)in = 0.

We expand this out and set the coefficient of each power ofX equal to 0. The largest
possible power ofX that can appear is the sum of the largest power ofX in anyai1,...,in ,
namelyδ, and

∑n
k=1 Nik. SinceF is homogeneous of degreed,

∑n
k=1 i k = d. Thus

the largest possible power ofX is Nd + δ. We get one equation for each power ofX
that appears, and the unknowns are the variousbi j ’s.

22. The number of equations is≤ Nd+ δ+ 1, since the powers ofX go from 0 to
at mostNd+ δ. The number of unknowns is one for each indexi with 1 ≤ i ≤ n and
each possible power ofX from 0 to N, hence exactly(N + 1)n. For N sufficiently
large we want to see thatNd + δ + 1 ≤ (N + 1)n. Sinced < n, the inequality in
question isδ + 1 − n ≤ N(n − d), and this is satisfied by takingN large enough.
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23. In the context of Problem 22, we have a homogeneous system with more
unknowns than equations (for largeN). If the number of unknowns isn + 1 and
the number of equations ism, then we are looking for solutions inPn

K . Since the
inequalitym ≤ n is satisfied, the quoted theorem applies and produces a nonzero
solution for thebi j ’s.

Chapter IX

1. For (a), we argue by contradiction. Suppose thatc1(x), . . . , cn(x) are members
of k(x), not all 0, such that

∑
j cj (x)tj = 0. Clearing fractions, we may assume that

eachcj (x) lies in k[x]. If necessary, we can divide through by a power ofx and
arrange that somecj (x), saycj0(x), has a nonzero constant term. The elementx is
by assumption transcendental overk. Applying the substitution homomorphism of
k[x] into k given by evaluation at 0 yields

∑
j cj (0)tj = 0. By the assumed linear

independence oft1, . . . , tn overk, cj (0) = 0 for all j . This contradicts the fact that
cj0(0) �= 0. Then (b) is immediate. For (c), we know that [F : k(x)] < ∞, and
therefore [k′(x) : k(x)] <∞. By (b), [k′ : k] <∞.

2. This is immediate from Proposition 7.15. Alternatively, here is a direct proof.
We may assume that the characteristic isp. It is enough to prove that ifK is perfect
and L is a finite extension, thenL is perfect. Arguing by contradiction, we may
assume that [L : K ] is as small as possible among all counterexamples. The image
M of L underx 	→ xp is a subfield ofL, andM containsK becauseK is perfect.
We cannot haveM = L, sinceL is assumed not to be perfect. By construction of
L, M is perfect. Composingx 	→ xp from L into M with x 	→ x1/p from M into
itself, we obtain a field map ofL onto M that fixesM . The result is a one-oneM
linear transformation of the finite-dimensionalM vector spaceL onto a proper vector
subspace, contradiction.

3. Let F be a function field in one variable overk. Sincek is perfect, Theorem
7.20 shows thatF is separably generated. Let us writeF = k(x1, . . . , xn). Theorem
7.18 shows that there is somexj such thatF is a separable extension ofk(xj ). If we
write x for xj , then the Theorem of the Primitive Element shows thatF = k(x)[y]
for somey algebraic overk(x). Put R = k[x][ y] = k[x, y]; the field of fractions of
R is F. Let g(x,Y) be the minimal polynomial ofy overk(x). If d(x) is a common
denominator for the coefficients ofg(x,Y), thend(x) �= 0 becausex is transcendental
overk. If we set f (X,Y) = d(X)g(X,Y), then f (x, y) = 0. Hence the substitution
homomorphismk[X,Y] → R given by replacingX by x andY by y factors through
to a homomorphismϕ carryingk[X,Y]/( f (X,Y)) ontoR. The ringR is an integral
domain; hence the ideal( f (X,Y)) is prime, andf (X,Y) is irreducible. We can find
an idealI in k[X,Y] containing( f (X,Y)) such thatϕ descends to an isomorphism
of k[X,Y]/I onto R. This idealI has to be prime, and we letJ be a maximal ideal
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of k[X,Y] containing it. Then we have a chain of inclusions of prime ideals

0 � ( f (X,Y)) ⊆ I ⊆ J.

Theorem 7.22 shows thatk[X,Y] has Krull dimension 2, and it follows that either
( f (X,Y)) = I in the above chain of inclusions, orI = J. The latter equality would
mean thatI is maximal and therefore thatR ∼= k[X,Y]/I is a field; this is not the
case, and thus( f (X,Y))= I . HenceR ∼= k[X,Y]/( f (X,Y)). Here f (X,Y) is an
affine plane curve irreducible overk, and the field of fractions ofR is by definition
the function field of the curve; this field isF, and the argument is complete.

4. The singular points are common zeros off , ∂ f
∂X , and ∂ f

∂Y . If there are infinitely
many, then Bezout’s Theorem says thatf and ∂ f

∂X have a nontrivial common factor,
and so dof and ∂ f

∂Y . Since f is irreducible and the partial derivatives reduce degrees
in one or the other variable, we must have∂ f

∂X = ∂ f
∂Y = 0 as polynomials. This is

impossible in characteristic 0. In characteristicp, the first condition says that the
only powers ofX that appear inf are powers ofX p, and the second condition says
that the only powers ofY that appear are powers ofYp. The coefficients off are
powers ofp becausek is assumed perfect, and thusf is exhibited as apth power, in
contradiction to its assumed irreducibility.

5. Differentiate f (X, b) = (X − a) f1(X) and evaluate at(a,b) to obtain
∂ f
∂X (a,b) = f1(a)+ (a − a) f ′

1(a) = f1(a).

6. Multiply the equationg(X, b) = (X−a)g1(X)by f1(X)and substitute to obtain
g(X, b) f1(X) = f (X, b)g1(X). Then the functiong(X, · ) f1(X) − f (X, · )g1(X)
is 0 atb and is of the formg(X,Y) f1(X) − f (X,Y)g1(X) = (Y − b)h1(X,Y),
whereh1(X,Y) for eachX is a polynomial inY. Since(Y −b)h1(X,Y) is equal to a
polynomial in(X,Y), h1(X,Y) is a polynomial in(X,Y). To complete the problem,
evaluate both sides at(x, y), and use the facts thatf (x, y) = 0 and thatf1(x) �= 0.

7. SinceF = k(x, y) is a function field in one variable, it is enough to see that
y is transcendental overk. Arguing by contradiction, suppose that there is some
nonzero polynomialc(Y) in k[Y] having y as a root. As a polynomial ink[X,Y],
c(Y) maps toc(y) = 0 when we pass to the quotient ink[X,Y]/( f (X,Y)), and
thereforec(Y) is the product off (X,Y) by a polynomial. On the other hand,∂ f

∂X is
not 0, and thusf (X,Y) depends nontrivially onX. Hence the product off (X,Y)
and any nonzero polynomial in(X,Y) depends nontrivially onX, contradiction. The
result now follows from the observation at the end of Section 1.

8. Substitutinga for x in the formula forg(x, y) gives

g(a, y) = (y − b)khk(a, y)/ f1(a)
k.

In this formula,hk(a, y) is a polynomial expression iny, hence also iny − b. Thus
v1 is ≥ 0 on it. The expressionf1(a)k is a nonzero member ofk, on whichv1 takes
the value 0. Therefore

v1(g(a, y)) = kv1(y − b)+ v1(hk(a, y)) ≥ kv1(y − b).
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The left side is independent ofk, and the right side is unbounded ink. Therefore
there is some upper bound to the values ofk for which g(x, y) has an expansion of
the kind in question.

9. For (a), we cannot havehk(a,b) = 0 in Problem 8 for arbitrarily largek because
of the bound found in Problem 8. Ifk = n is the smallestk for which hk(a,b) �= 0,
then the displayed formula holds withh = hn. For uniqueness we substitutea for x
and see thatg(a, y) = pn(y)(y−b)n for a polynomialpn with pn(b) �= 0. We cannot
have two such expressions involving distinct powersn becausey is transcendental
overk.

For (b), we see from (a) that every nonzero member ofR is of the required form
with n ≥ 0. SinceF is the field of fractions ofR, the same thing is true forF as long
as we allown to be arbitrary inZ.

For (c), if we have two such expressions, we set them equal, clear fractions, and
write the result as(y−b)k p(x, y) = q(x, y) for somek ≥ 0 and for some polynomials
p andq with p(a, b) �= 0 andq(a, b) �= 0. Substituting(a, b) for (x, y), we obtain 0
from (y − b)k p(x, y) unlessk = 0, and we obtain something nonzero fromq(x, y).
Thereforek = 0, and the required uniqueness follows.

10. From the definition we immediately havev(g) = +∞ if and only if g = 0,
as well asv(gg′) = v(g) + v(g′) for all g andg′. We are to show thatv(g + g′) ≥
min(v(g), v(g′)). Thus writeg(x, y) = (y − b)nh1(x, y)/h2(x, y) andg′(x, y) =
(y − b)mh′

1(x, y)/h′
2(x, y) with n ≤ m. Then min(v(g), v(g′)) = min(n,m) = n.

Also,

g + g′ = (y − b)n
h1h′

2+(y−b)m−nh2h′
1

h2h′
2

.

The numerator of the displayed fraction is a polynomial and can be written in the
form of Problem 9a. Say that(y − b)k is the power of(y − b) that appears in it,
k being≥ 0. Thenv(g + g′) = n + k, and this is≥ n = min(v(g), v(g′)). The
assertions about the valuation ring and the valuation ideal are clear.

11. Letv′ be a second valuation having the stated properties. Ifg(x, y) is given
in F×, decomposeg as in Problem 9b, and applyv′. Then we obtainv′(g(x, y)) =
nv′(y − b) + v′(h1(x, y)) − v′(h2(x, y)). The assumptions onv′ show that
v′(h1(x, y)) = v′(h2(x, y)) = 0. Therefore

v′(g(x, y)) = nv′(y − b) = v′(y − b)v(g(x, y)),

andv′ = v′(y − b)v. By assumption,v′(y − b) is positive. Sincev′ has to be onto
Z ∪ {∞}, we must havev′(y − b) = 1.

12. For (a), the argument is the same as with Problem 7 except that the roles of

x and y are reversed. The partial derivative∂(y
2− f (x))
∂y = 2y is not the 0 element

because the characteristic is not 2, and hence that earlier argument applies. Part (b)
is elementary field theory, and (d) is a routine verification.

For (c), letk′ be the subfield of elements ofF algebraic overk. Problem 1 shows
that [k′ : k] ≤ [k′(x) : k(x)] ≤ [F : k] = 2. Arguing by contradiction, suppose
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that {1, t} is a basis ofk′ over k. let X2 + uX + v be the minimal polynomial of
t over k; t satisfiest2 + ut + v = 0. Problem 1a shows thatt = a(x) + yb(x)
with b(x) �= 0, and thent satisfiest2 − 2a(x)t + (a(x)2 − f (x)b(x)2) = 0. Hence
ut + v = −2a(x)t + (a(x)2 − f (x)b(x)2). If u �= −2a(x), then we can solve
for t and obtain the contradiction thatt is in k(x). Thusu = −2a(x), and also
v = a(x)2− f (x)b(x)2. Sincex is transcendental overk, the first of these shows that
a(x) does not involvex, i.e.,a(x) lies in k. Then the second shows thatf (x)b(x)2

lies in k, and unique factorization leads to the conclusion thatf (x) andb(x) do not
depend onx. This contradicts the assumption thatf (X) is nonconstant.

13. Letz = a(x) + yb(x) be in the integral closure. Then so is the image ofz
under the nontrivial Galois group elementσ , and so arez + σ(z) andzσ(z). The
latter elements are 2a(x) anda(x)2 − f (x)b(x)2. Thusa(x) is in the intersection of
the integral closure withk(x), which isk[x] becausek[x] is a principal ideal domain
and is integrally closed. Thenf (x)b(x)2 is in k[x] by the same argument. Since
f (x) is square free, it follows thatb(x) is in k[x].

14. Part (a) is immediate from Corollary 6.6. Discrete valuations ofF that are not
in DF play no role because of the inclusionk ⊆ R: any discrete valuation that is≥ 0
on R has to be 0 onk×, since the image ofk× under the valuation is a subgroup ofZ.

For (b), the condition forz �= 0 to be inp(x)∞ is thatv(z) ≥ −p ordv(x)∞ for all
v ∈ DF. If a particularv hasv(x) ≥ 0, thenv does not contribute to(x)∞, and this
condition says thatv(z) ≥ 0. By (a),z is in R.

15. For (a), letc(x) = cnxn + · · · + c0 = xn(cn + cn−1x−1 + · · · + c0x−n) with
cn �= 0. Thenv(cn) = 0, andv(cj x j −n) > 0 for j < n. Hence

v
(
xn(cn + cn−1x−1 + · · · + c0x−n)

) = nv(x)+ v(cn + cn−1x−1 + · · · + c0x−n)

= nv(x)+ v(cn) = nv(x).

For (b), 2v(y) = v(y2) = v( f (x)) = (deg f )v(x), the latter equality holding by (a).
In (c), we have

v(a(x)+ yb(x)) ≥ min
(
v(a(x)), v(yb(x))

)
= min

(
v(a(x)), v(y)+ v(b(x)))

= min
(
(dega)v(x), (1

2 deg f + degb)v(x)
)

= v(x)max
(

dega, 1
2 deg f + degb

) ≥ pv(x).

16. Any v ∈ DF with v(x) ≥ 0 hasv(z) ≥ 0 = − ordv(x)∞ on all elements
z = a(x) + yb(x) with a(x) andb(x) in k[x], by Problems 13 and 14a. Suppose
thatv(x) < 0. Then Problem 15c and the assumptions on the degrees ofa(x) and
b(x) shows thatv(z) ≥ pv(x) = −p ordv(x)∞. Hence(z) ≥ −p(x)∞, andz lies in
L(p(x)∞).
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18. For (a), letσ be the nontrivial element of the Galois group. Problem 17c
shows that ifz = a(x) + yb(x) is in L(p(x)∞), then so isσ(z) = a(x) − yb(x).
Hence anyv ∈ DF with v(x) < 0 hasv(a(x) + yb(x)) ≥ −p ordv(x)∞ = pv(x)
andv(a(x)− yb(x)) ≥ −p ordv(x)∞ = pv(x). Consequently

v(a(x)) = v(2a(x)) ≥ min
(
v(a(x)+ yb(x)), v(a(x)− yb(x))

)
≥ min

(
pv(x), pv(x)

) = pv(x)

and

v
(
a(x)2 − f (x)b(x)2

) = v(a(x)+ yb(x))+ v(a(x)− yb(x)) ≥ pv(x)+ pv(x).

Using Problem 15a and the fact thatv(x) < 0, we see from these two inequalities
that dega ≤ p and deg(a2 − f b2) ≤ 2p.

For (b), Problem 14b shows thatL(p(x)∞) ⊆ R, and Problem 13 shows that
R consists of alla(x) + yb(x) with a(x) andb(x) in k[x]. Part (a) thus shows that
dega ≤ pand deg(a2− f b2) ≤ 2p. Since dega ≤ p, the second of these inequalities
shows that degf b2 ≤ 2p. Thus degb + 1

2 deg f ≤ p. In the reverse direction, if
a(x) andb(x) are polynomials satisfying the degree relations, then Problem 16 shows
thata(x)+ yb(x) is in L(p(x)∞).

19. The polynomialsa(x) andb(x) are limited only by the restrictions on their
degrees. From dega ≤ p, we get a space of dimensionp+1. From degb+ 1

2 deg f ≤
p, we have degb ≤ [

p− 1
2 deg f

]
, and we get a space of dimension

[
p− 1

2 deg f
]+1

if
[
p − 1

2 deg f
] ≥ 0. Thus

�(p(x)∞) = (p + 1)+ [p − 1
2 deg f

]+ 1

= 2p + 2 + [− 1
2 deg f

] = 2p + 2 − [1
2(1 + deg f )

]
if p ≥ −[− 1

2 deg f
] = +[1

2(1 + deg f
]
.

20. Part (a) is immediate from Theorem 9.3, since [F : k(x)] = 2. For (b), Theo-
rem 9.9 and Problem 19, in combination with the result of (a), show for sufficiently
large positivep that

1 − g = �(p(x)∞)− p deg(x)∞ = 2p + 2 − [1
2(1 + deg f

]− 2p.

Henceg = [1
2(1 + deg f

]− 1.

21. Let� : k(X)[Y] → k(X)[Z] be the substitution homomorphism that fixes
k(X) and has�(Y) = g(X)Z, and follow it with the quotient homomorphism to
k(X)[Z]/(Z2 − h(X)). Then

�(Y2 − f (X)) = g(X)2Z2 − f (X) = g(X)2(Z2 − h(X)),

which goes to 0 in the quotient. Thus the composition of� followed by the quotient
map descends to a field mapϕ : k(X)[Y]/(Y2 − f (X)) → k(X)[Z]/(Z2 − h(X)).
The inverse is constructed in the same way, starting from the formula�(Z) =
g(X)−1Y.
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22. For (a), the conclusion genus 1 when there are no repeated roots is immediate
from Problem 20b with degf = 3. If there are repeated roots, then we can write
f (X) = g(X)2h(X) with degg = degh = 1. Applying Problem 21, we see that the
genus is the same as for Problem 20b with degf = 1, i.e., the genus is 0.

For (b), a singularity occurs only at points(x, y) of the zero locus ink2
alg at which

both first partials are 0. Then 2Y = 0, which says thaty = 0 because the characteristic
is not 2, andf ′(X) = 0, which says thatx is a root inkalg of both f (X) and f ′(X).
This means thatx is at least a double root inkalg of f (X).

23. The residue class degreefv is 1, sincek is algebraically closed. Thus degnv =
n. Corollary 9.4 gives�(0v) = 1, Corollaries 9.22 and 9.23 together give�(1v) = 1
if g ≥ 1, and Corollary 9.19 gives�((2g − 1)v) = deg((2g − 1)v) + (1 − g) =
(2g − 1)+ (1− g) = g and�(2gv) = deg(2gv)+ (1− g) = g + 1. The inequality
�(nv) ≤ �((n + 1)v) ≤ �(nv) + 1 follows by combining Theorem 9.6, the fact that
A ≤ B impliesL(A) ⊆ L(B), and the fact thatfv = 1.

24. For eachn ≥ 0,

L(nv) = {0} ∪ {x ∈ F× | −(x)∞ ≥ −nv} = {0} ∪ {x ∈ F× | (x)∞ ≤ nv}.

Thusn ≥ 1 is a gap if and only if�(nv) = �((n − 1)v), and otherwise�(nv) =
�((n − 1)v)+ 1 by the last fact in Problem 23.

Suppose that there arem gaps in passing from�(0v) to �(2gv). In the process we
take 2g steps from(n−1)v to nv, of whichm are gaps and 2g−m are nongaps. (The
gaps are certain of these integersn, 1 ≤ n ≤ 2g.) Since�(0v) = 1 and�(2gv) = g+1
by Problem 23, the total number of nongaps is(g+ 1)− 1 = g. Solving 2g− m = g
givesm = g. The formulas�((2g − 1)v) = g and�(2gv) = g + 1 from Problem 23
show that 2g is not a gap.

25. For (a), if the gap sequence is(1, 2, . . . , g), then 1 = �(0v) = �(1v) =
�(2v) = · · · = �(gv). Conversely if the gap sequence is something else, letn with
1 ≤ n ≤ gbe the first nongap; then 1= �(0v) = · · · = �((n−1)v) < �(nv) ≤ �(gv).

For (b), Problem 23 gives�(0v) = �(1v) = 1 if g ≥ 1, and thus 1 is a gap.
For (c), there are no integers strictly between 0 and 2g if g = 1, and the only such

integer forg = 1 is 1. Part (b) shows that the gap sequence is indeed(1) if g = 1,
and thus the gap sequence is always the standard one.

For (d), we have somex and y in F× with (x)∞ = r v and (y)∞ = sv. Thus
(x) = (x)0 − r v and(y) = (y)0 − sv, and(xy) = (x)0 + (y0)− (r + s)v. Sincev
does not contribute to(x)0 and(y)0, (xy)∞ = (r + s)v, and thusr + s is a nongap.

For (e), if 2 is a nongap, then iteration of (d) shows that 2,4,6, . . . ,2g − 2 are
nongaps. The only possible gaps are the remaining integers from 1 to 2g−1, namely
1, 3,5, . . . ,2g − 1. There areg of these, and so all of them must be gaps.
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Chapter X

1. If F is in I (P), expandF as a sum of homogeneous termsF = ∑∞
d=0 Fd.

Then 0= F(t x0, . . . , t xn) = ∑∞
d=0 Fd(t x0, . . . , t xn) = ∑∞

d=0 Fd(x0, . . . , xn)td for
all t ∈ k×. Sincek is infinite, every coefficient of this polynomial int is 0. Thus
eachFd is in I (P), andI (P) is generated by homogeneous elements.

2. In each part we argue by contradiction. For (a), if{Xα} is a system of nonempty
closed subsets ofX with the finite intersection property such that

⋂
α Xα = ∅, then

we can inductively define a strictly decreasing sequence of finite intersections of the
Xα ’s, in contradiction to the Noetherian property. In (b), ifE is a closed irreducible
subset that is not connected, thenE = U ∪ V with U andV nonempty, disjoint, and
relatively open. ThenE = Uc ∪ Vc contradicts the irreducibility ofE.

3. For (a), the continuous image of a connected set is connected. Continuity is
by Proposition 10.32, and connectedness is by Problem 2b applied to the Noetherian
topological spaceV . For (b), if f is any polynomial function onAn, then f ◦ ϕ is
in O(V) becauseϕ is a morphism, andf ◦ ϕ is constant by Corollary 10.31. Then
ϕ cannot have two distinct points in its image, since any two points inAn can be
distinguished by some polynomial.

4. CertainlyO(U ) ⊇ k[X,Y]. Also, the function fieldk(U ) consists of all
quotients of polynomialsa/b with a andb in k[X,Y] andb �= 0. Thus suppose that
f = a/b lies inO(U ). By unique factorization ink[X,Y], we may assume thata
andb are relatively prime. In the expressionf = a/b, regularity atP implies that
b(P) �= 0 because an equalitya/b = c/d of two such expressions implies thata = kc
andb = kd for some nonzero scalark. Since f is regular everywhere inA2 except
possibly at the origin,b(X,Y) is nonvanishing away from the origin. However, if
b is nonconstant, thenV(b) is a curve and has dimension 1, whereas the origin has
dimension 0. We conclude thatb is constant, andf = a/b is in k[X,Y].

5. Arguing by contradiction, letϕ : W → U be an isomorphism from an affine
variety ontoU . Then the map̃ϕ : O(U )→ O(W) = A(W) given byϕ̃( f ) = f ◦ϕ is
an isomorphism. Letι : U → A2 be the inclusion. The corresponding map on regular
functions is̃ι : A(A2) → O(U ) given bỹι(h)(x, y) = h(x, y) for (x, y) �= (0, 0),
and it is an isomorphism by Problem 4. Then(ϕ ◦ ι)̃ = ι̃ ◦ ϕ̃ is an isomorphism
of A(A2) onto A(W). Its inverse has to be of the form̃ψ with ψ̃(g) = g ◦ ψ for
some isomorphismψ : A2 → W, according to Theorem 10.38. Sincẽψ ◦ ϕ̃ ◦ ι̃ is the
identity map onA(A2), ι ◦ ϕ ◦ψ is the identity map onA2. Using the definition ofι
shows thatϕ ◦ψ(x, y) = (x, y) for (x, y) �= (0,0). Thusϕ ◦ψ is an isomorphism of
A2 ontoU that is the identity onU . This is a contradiction, since there is no possible
image for(0,0) underϕ ◦ ψ that makesϕ ◦ ψ one-one.

6. Letϕ be the rational map of the irreducible curveC into the irreducible curve
C′, and let(E, ϕE) be a morphism in the classϕ. If ϕ is not dominant, thenϕE(E)
is a proper closed subset ofC′ and must be finite. HenceϕE(E) is finite. The setE
is connected by Problem 2b, and morphisms are continuous by definition. Therefore
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ϕE(E) is connected. Being connected and finite, it is a singleton set{y}. If ϕC is
defined as everywhere equal toy onC, then(C, ϕC) is in the equivalence classϕ. So
ϕ is constant.

7. Suppose thatf is a member ofOϕ(P)(V) with ϕ∗
P( f ) = 0. Since the set on

which f ∈ k(V) is regular is open, there exists an open neighborhoodE of ϕ(P) on
which f is defined. The morphismϕ is continuous, and thusϕ−1(E) is open inU .
Sinceϕ is a morphism andf is regular onE, f ◦ ϕ is regular onϕ−1(E). According
to the proof of Proposition 10.42,ϕ∗

P( f ) is defined to be the unique member ofk(V)
that agrees withf ◦ ϕ onϕ−1(E). We are assumingϕ∗

P( f ) to be 0, and thusf ◦ ϕ
equals 0 onϕ−1(E). By dominance ofϕ, ϕ(ϕ−1(E)) is a dense subset ofE. Thus
the continuous functionf is 0 on a dense subset of its domainE and is 0.

8. The inclusion(W X− Y Z) ⊆ (X, Z) yields a homomorphismϕ of A(V) onto
k[W, X,Y, Z]/(X, Z) ∼= k[W,Y]. Let b′ = ϕ(b̄). Thenb′(w, y) = b̄(w,0, y,0)
is a polynomial in(w, y) nonzero in the complement of the origin. The solution
of Problem 4 shows thatb′(0, 0) �= 0. Thusb̄(0, 0,0,0) �= 0, and f is defined at
(0,0,0, 0). In view of the discussion of this example in Section 4,f is everywhere
defined. Therefore it is inO(V), which equalsA(V) becauseV is an affine variety.
Thus there is a polynomialg in k[W, X,Y, Z] whose imagēg in A(V) equalsX/Y.
ThenYḡ = X, andYg= X+(W X−Y Z)h for some polynomialh. SoY(g+hZ) =
X(1 + Wh). This implies thatY divides 1+ Wh, which we see is impossible by
evaluating at the origin.

9. The equivalence of continuity ofϕ and continuity of allϕα will be taken as
known. Suppose thatϕ : U → V is a morphism. Let an indexα, an open setE ⊆ Vα,
and a memberf of O(E) be given. We are to show thatf ◦ ϕα is in O(ϕ−1

α (E)).
Sinceϕ is a morphism andE is open inV , we know thatf ◦ ϕ is inO(ϕ−1(E)). By
restriction, f ◦ ϕα is inO(Uα ∩ ϕ−1(E)) = O(ϕ−1

α (E)). Thusϕα is a morphism.
In the reverse direction suppose that allϕα : Uα → Vα are morphisms. LetE

be open inV , and let f be inO(E). We are to show thatf ◦ ϕ is in O(ϕ−1(E)).
Sinceϕ−1(E) = ⋃

α (Uα ∩ϕ−1(E)), it is enough to prove regularity off ◦ϕ on each
Uα ∩ ϕ−1(E). On this open set,f ◦ ϕ equalsf ◦ ϕα, which is regular becauseϕα is
a morphism. Thusϕ is a morphism.

10. For (a), we use the equivalence of regularity with the condition in Proposition
10.28. Thus regularity atP in U means that there is a subneighborhoodU0 of U
within V aboutP such thatf equals a quotient̄a/b̄ onU0 with ā andb̄ in A(V) and
with b̄ nowhere vanishing onU0. Choose polynomialsa andb in k[X1, . . . , Xn] that
restrict toā andb̄ on V . Let U ′

0 be an open subset ofAn whose intersection withV
is U0. Sinceb is nowhere 0 onU0 and is continuous onU ′

0, the subset̃U0 of U1 on
whichb is nonvanishing is open and containsU0. Then Proposition 10.28 shows that
F = a/b is a member ofO(Ũ0) whose restriction toU0 equalsf .

For (b), the result of (a) is local. Thus we can immediately allowV to be quasi-
affine. Using Proposition 10.37, we can extend (a) to the case thatV is quasiprojective.
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11. Continuity is no problem. For the condition involving regularity, we use
Problem 10. LetE be a relatively open set inV , and let f be inO(E). We are to
show that f ◦ ϕ is in O(ϕ−1(E)). Thus letP be inϕ−1(E) ⊆ U ; thenϕ(P) is in
E ⊆ V . Since f is inO(E), Problem 10 produces a relatively open neighborhoodE0

of ϕ(P), an open subset̃E0 of Y with Ẽ0 ∩ V = E0, and a functionF in O(Ẽ0) such
that F

∣∣
E0

= f
∣∣
E0

. Sinceϕ : X → Y is a morphism,F ◦ ϕ is in O(ϕ−1(Ẽ0)). Since

ϕ(ϕ−1(Ẽ0) ∩ U ) ⊆ Ẽ0 ∩ V = E0, F ◦ ϕ agrees withf ◦ ϕ onϕ−1(Ẽ0) ∩ U . Thus
f ◦ ϕ has an extensionF ◦ ϕ from ϕ−1(Ẽ0) ∩ U to ϕ−1(Ẽ0) that is inO(Ẽ0). The
quotients that exhibitF ◦ϕ as defined at points ofϕ−1(Ẽ0)∩U exhibit f ◦ϕ as defined
there. The inclusionϕ−1(E0) = ϕ−1(Ẽ0∩V) = ϕ−1(Ẽ0)∩ϕ−1(V) ⊆ ϕ−1(Ẽ0)∩U
shows thatf ◦ ϕ is in O(ϕ−1(E0)). This being true for allP in ϕ−1(E), f ◦ ϕ is in
O(ϕ−1(E)).

12. Part (a) follows by applying instances of Problem 11 toϕ andϕ−1. Then
(b) follows by another application of Problem 11. Part (c) follows by inductive
application of (b).

13. Letdi be the degree of homogeneity ofFi . Then thei th row of the right-hand
matrix isλdi −1 times thei th row of the left-hand matrix. Hence the dimension of the
span of the rows is the same for the two matrices, and this number is the rank.

14. This comes down to the fact that differentiating with respect toXj for j > 0 and
then settingX0 equal to 1 is the same as settingX0 equal to 1 and then differentiating
with respect toXj .

15. For any of the functionsFi , the right side of the formula in Euler’s Theorem is 0
at (x0, . . . , xn) by assumption. Hence Euler’s Theorem givesx0

∂Fi
∂X0
(x0, . . . , xn) =

−∑n
j =1 xj

∂Fi
∂Xj
(x0, . . . , xn). This says that

x0 × 0th column ofJ(F)(x0, . . . , xn) = −
n∑

j =1
xj × j th column ofJ(F)(x0, . . . , xn).

Sincex0 �= 0, this is a relation of the required type.

16. Problem 13 shows that the left side equals rankJ(F)(1, x1/x0, . . . , xn/x0),
which Problem 15 shows to be equal to the rank of the matrix formed from the lastn
columns, which Problem 14 shows to be equal to the rank ofJ( f )(x1/x0, . . . , xn/x0).

18. Regard the elementswi j as the entries of a matrix. The given condition is
that every 2-by-2 subdeterminant of this matrix equals 0. The matrix is not 0, and
consequently its rank is 1. Every matrix overk of rank 1 is of the formxyt for column
vectorsx andy, and then [{wi j }] is exhibited asσ

(
[{xi }], [{yj }]

)
.

19. For (a), one suitable monomial ordering is the lexicographic ordering that
takes the elementsWi j in the orderW00,W01, . . . ,Wmn with W00 largest. Given a
monomialM ′ of total degreed, choose among all monomials of total degreed the
smallest one in the ordering that is congruent toM ′ moduloa. Write M = ∏

i, j W
ai j

i j .
If ai j > 0 and if there exists(k, l )with l > j , k > i , andakl > 0, thenWi j Wkl divides
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M . Write M0 = M/Wi j Wkl . Put M ′′ = M0Wil Wkj . SinceWi j Wkl − Wil Wkj is in
a, M ′′ is congruent toM moduloa. In the monomial ordering, all of the elements
Wkl,Wil ,Wkj are smaller thanWi j . ThereforeM ′′ < M , in contradiction to the
minimality of M .

In (b), let the largestWi j whose exponents inM andM ′ are unequal beWi0 j0. Let
the products of the powers of the strictly larger monomials beN andN ′, respectively.
It is enough to prove thatϕ(M/N) �= ϕ(M ′/N ′). Then we have

M/N = ∏
Wi j ≤Wi0 j0

W
ai j

i j = W
ai0 j0
i0 j0

∏
(i, j ) with
i0<i or

(i0=i and j0< j )

W
ai j

i j

and a similar expression forM ′/N ′. The minimality condition says thatai j = 0 if
i0 < i and j0 < j . Thus

M/N = ( ∏
i0<i, j0≥ j

W
ai j

i j

)( ∏
i0=i, j0≤ j

W
ai j

i j

) = (∏
k>i0

∏
l≤ j0

Wakl
kl

)(∏
l≥ j0

W
ai0l

i0l

)
,

and ϕ(M/N) = (∏
k>i0

∏
l≤ j0

Xakl
k Yakl

l

)(∏
l≥ j0

X
ai0l

i0
Y

ai0l

l

)
.

On the right side each pair of indices(k, l ) occurs at most once. Thus an equality
ϕ(M/N) = ϕ(M ′/N ′) would imply thatakl = bkl for every(k, l ). This proves (b).

In (c), we know thata ⊆ kerϕ. If equality fails, then there is a linear combination∑
r cr Mr of monomials in kerϕ that is not ina. Applying (a), we may assume that

eachMr is reduced. Then
∑

r crϕ(Mr ) = 0. Eachϕ(Mr ) is a monomial, and (b)
shows that the various monomialsϕ(Mr ) are distinct. Since the set of monomials is
linearly independent, eachcr is 0. Therefore

∑
r cr Mr = 0, contradiction.

20. For (a), compute the kernel of the natural substitution homomorphism of
k[X0, . . . , Xm,Y0, . . . ,Yn] into R[Y0, . . . ,Yn]. For (b), let P = [y0, y1, . . . , yn],
p = I (U ) ⊆ k[X0, . . . , Xm], andq = I ({P} ⊆ k[Y0, . . . ,Yn]. The inside homo-
morphism has kernela by Problem 19. The outside homomorphism takesX0, . . . , Xm

into R and takes eachYj to yj Z, whereZ is an indeterminate; its kernel is isomorphic
topq. The kernel of the composition isI (σ (U ×{P})), which is prime becauseR[Z]
is an integral domain.

21. See Fulton’s book, page 145.

22. See Fulton’s book, page 146.

23. For (a), Proposition 10.9 shows thatI (V(I )) = (h(X,Y)) for an irreducible
polynomialh if dim V(I ) = 1. The containmentI ⊆ I (V(I )) shows that eachf j

has to be of the formf j = aj h for someaj in k[X,Y]. Since f j andh are irreducible,
aj has to be a scalar. ThusI = (h(X,Y)), and I is prime. For (b), one can take
I = (Y + X2,Y − X2), which hasV(I ) = {(0,0)} and which is not prime because
it containsX2 but notX.
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24. Let{g1, . . . , gs} be a minimal Gr¨obner basis, and suppose thatgj = ab is a
nontrivial factorization ofgj ink[X1, . . . , Xn]. SinceI is prime, we may assume thata
lies in I . ThenLM(gj ) = LM(a) LM(b), andLM(a) lies inLT(I ). Since{g1, . . . , gs} is
a Gröbner basis,LM(a) lies in the monomial ideal(LM(g1), . . . , LM(gs)). By Lemma
8.17,LM(gi ) dividesLM(a) for somei . It follows thatLM(gi ) dividesLM(gj ). Since
the Gröbner basis is minimal,i = j . That is,LM(gi ) = LM(a) = LM(gj ). Thus
LM(b) = 1, in contradiction to the assumption that the factorization ofgj is nontrivial.

25. Identifya11X2 + 2a12XY + a22Y2 + 2a13X Z + 2a23Y Z + a33Z2 with the
symmetric matrix

A =
( a11 a12 a13

a12 a22 a23

a13 a23 a33

)
.

By the Principal Axis Theorem choose an invertible matrixM such thatA′ = Mt AM

is diagonal. Put

(
X′

Y′

Z′

)
= M−1

(
X
Y
Z

)
and substitute. Then the given quadratic

polynomial equalsαX′ 2 + βY′ 2 + γ Z′ 2, whereα, β, γ are the diagonal entries of
A′. If αβγ = 0, this is reducible; it is readily checked to be irreducible ifαβγ �= 0.
Sinceαβγ = detA′ = (detM)2 detA, the reducible polynomials correspond to the
affine hypersurface on which detA = 0.

26. The first conclusion is a special case of Corollary 9.19. Then takex to be
a nonconstant member ofL(2vO), and takey to be a member ofL(3vO) not in the
linear span of{1, x}. Corollary 9.22 shows that(x)∞ = 2, and then the equality
(y)∞ = 3 follows from the definitions.

27. These are special cases of Theorem 9.3.

28. Since 2= [k(E) : k(x)] = [k(E) : k(x, y)] [k(x, y) : k(x)], the integer
[k(E) : k(x, y)] divides 2. The corresponding equality with 3 andk(y) shows that
[k(E) : k(x, y)] divides 3. Therefore [k(E) : k(x, y)] = 1.

29. The values ofvO on the seven listed members ofk(E) are 0,2, 3, 4,5,6, 6,
respectively. The members are all inL(6vO), which has dimension 6 by Problem 28,
and thus the listed members are linearly dependent. Ify2 or x3 does not contribute
to this dependence, thenvO takes distinct values on the remaining six members of
L(6vO), and Problem 19a at the end of Chapter VI gives a contradiction. Hence the
coefficientsb andc of y2 andx3, respectively, are nonzero. Ifx andy are replaced by
−bcx andbc2y and if the linear combination of terms is then divided byb3c4, then
the linear dependence takes the form(y2+a1xy+a3x)−(x3+a2x2+a4x+a6) = 0,
as required. Henceϕ carriesE − {0} into C ∩ A2.

30. Certainlyf (X,Y) is not divisible by any nonconstant polynomial inX. Thus
the only possible reducibility is of the formf (X,Y) = (Y + p(X))(Y + q(X)).
Expanding out the right side shows that

p(X)+ q(X) = a1X + a3,

p(X)q(X) = −(X3 + a2X2 + a4X + a6).
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The second equation shows that at least one ofp(X) andq(X) has degree> 1, and
then the first equation shows that degp(X) = degq(X). But this equality would
mean that degp(X)q(X) is even, contradiction. Hencef (X,Y) is irreducible.

31. The functionϕ is a morphism ofE − {O} into C ∩ A2 by Lemma 10.39, and
the composition withβ0 is a morphism intoP2. Thenϕ is a morphism ofE − {O}
into C by Problem 11. The class of(E − {O}, ϕ) is therefore a rational map ofE
into C, and Corollary 10.54 shows thatϕ extends to a morphism� : E → C.

32. Let �̃ : k(C) → k(E) be the field mapping that corresponds to� under
Theorem 10.45. The fieldk(C) is generated by the functionsx0 and y0 that pick
out the coordinates of points ofC ∩ A2, and Theorem 10.45 shows that�̃(x0) =
(class ofx0 ◦ ϕ). For P in E − {O}, this has̃�(x0)(P) = x0(ϕ(P)) = x(P), i.e.,
�̃(x0) = x. Similarly �̃(y0) = y. Thereforẽ�(k(C)) = k(x, y). By Problem 28,
�̃ is ontok(E). By Corollary 10.46,� is birational.

33. The homogeneous polynomial of degree 3 from whichf (X,Y) arises is

F(X,Y,W) = (Y2W + a1XY W+ a3Y W2)− (X3 + a2X2W + a4XW2 + a6W3).

The points ofC on the line at infinity arise by settingW = 0 andF(X,Y,W) =
0 simultaneously, and the only such point is [0, 1,0]. Computation shows that
∂F
∂W (0, 1,0) = 1. Consequently [0,1,0] is a nonsingular point ofC.

34. A point (x0, y0) in A2 is a singular point ofC if and only if f (x0, y0) =
∂ f
∂X (x0, y0) = ∂ f

∂Y (x0, y0) = 0. At (x0, y0), computation shows that

∂2 f
∂X2 = −6X − 2a2,

∂2 f
∂X∂Y = a1,

∂2 f
∂Y2 = 2, ∂3

∂X3 = −6.

All higher-order derivatives are 0. Application of Taylor’s formula about(x0, y0)

therefore gives

f (X,Y) = (−3x0 − a2)(X − x0)
2 + a1(X − x0)(Y − y0)+ (Y − y0)

2 − (X − x0)
3.

We putX = x andY = y, taking into account thatf (x, y) = 0. After division by
(x − x0)

2, the result is that

((y − y0)(x − x0)
−1)2 + a1(y − y0)(x − x0)

−1 = (3x0 + a2)+ (x − x0).

That is,z2 + a1z = (3x0 + a2) + (x − x0). Suppose thatP is in E − {O} and that
vP(z) < 0. Then we havevP(z + a1) < 0 and

0 ≤ vP
(
(3x0 + a2)+ (x − x0)

) = vP(z
2 + a1z) = vP(z)+ vP(z + a1) < 0,

contradiction. ThereforevP(z) ≥ 0. Meanwhile,vO(x − x0) = vO(x) = −2 and
vO(y − y0) = v0(y) = −3. HencevO(z) = (−3)− (−2) = −1.

35. Corollary 9.22 shows that no member ofk(E) has the properties ofz found
in Problem 34. ThusC is nonsingular at every(x0, y0). In combination with Prob-
lem 33, this shows thatC is everywhere nonsingular. By Corollary 10.55,� is an
isomorphism.
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INDEX OF NOTATION

This list indexes recurring symbols introduced in Chapters I through X (pages
1–648). For recurring symbols introduced inBasic Algebra, see the list of
Notation and Terminology on pages xxi–xxiv. Some of the latter notation has
been repeated here for the reader’s convenience.

In the list below, each piece of notation is regarded as having a key symbol.
The first group consists of those items for which the key symbol is a fixed Latin
letter, and the items are arranged roughly alphabetically by that key symbol. The
next group consists of those items for which the key symbol is a Greek letter. The
final group consists of those items for which the key symbol is a variable or a
nonletter, and these are arranged by type. To locate an item below, first proceed
on the assumption that the key symbol is a Latin or Greek letter; if the item does
not appear to be in the list, then treat it as if its key symbol is a variable or a letter.

A, AK , 389, 559
An, An

K , 455, 559
A(K ,Gal(K/F),a), 137
AF , 542, 543
A∗

F , 542, 543
A(V), 579
Ã, 570
Ãd, 570
Ã(V), 584
Ã(V)d, 585
Kalg, 434
aϕ, 639
B(F), 126
B(K/F), 127
C, 330
C(a), 620
CR, 169
C(V(a)), 633
CF, 532, 549
CF,0, 534
Ec, complement, xxi

coimagef, 240
coker f, 175
D(ξ), 279
D(K/F), 372
DF, 532, 549
DF,0, 534
DK, 267
D(�), 267
Diff (F), 547
Div(ω), 548
d−1, 194
dn, 153
X = {(Xn,dn)}∞n=−∞, 174
dim R, 424
ExtnR(A, B), 223
ei , fi , g, 275, 354
〈ej1, . . . ,ejk〉, 619
extnR(A, B), 223
Fq[[ X]] , 347
Fq((X)), 347
Fp, 346
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Frq, 437
fv, 533
GP, 368
Gal(F2, F1), 434
≤GLEX, ≤GREVLEX, 494
g, 538
gx, 538
H(s, a), 633
Ha(s, a), 621, 626
H(s, a), 633
Ha(s, a), 625, 628
Hj , 620
Hn(X), 153, 172
Hn(X), 153, 174
H∗(X), 172
H∗(X), 174
Hn(G,M), 209
Hn(G,M), 147
HomR(A, B), 169
h(D), 7, 14
hK, 299
I, IK , 390
I1, 390
I, 330, 393, 576
Ĩ, 576
I = (r1, r2), 38
I = 〈r1, r1〉, 38
I (E), 560, 571
I (P, F ∩ G), 474
I (P, L ∩ F), 467
image f, 240
J(ξ), 272
K (S), 409
K (E), 412
k, 528, 559
k(V), 580, 585
k′, 531
L(A), 544
L(A), 535
L(s, χ), 63

LCM(Xα, Xβ), 501
Log, 289
LM( f ), LC( f ), LT( f ), 496
LT(I ), 497
≤LEX , 493
�(A), 536
lim←, 439
M, 493, 620
MP, 600
Mx, 431
mP, 600
mx, 431
mP(F), 474
N(I ), 39, 273
NA/F ( · ), 165
NK/F ( · ), norm, xxiv
NrdA/F ( · ), 165
O(U ), 580, 582, 587, 641
OP(U ), 582, 587
OP(V), 580, 585
Ro, opposite ring, xxii
ordv(A), 532
P2, 456
Pn, 457, 570
Pn

K , 457
P, 330, 393
PF, 532, 549
Pv, 322, 533
Qp, 316, 318
R( f, g), 451
R( f, g), 451
R( f1, F), 514
Rp, 346
Rv, 322, 533
Rx, 431
Residue, 542
Residuep(v), 541
r1, r2, 348, 383
radA, 79
S( f1, f2), 502
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S∞, 391
S−1R, localization, xxiv
SpecA, 639
(SpecA,O), 641
Ksep, 434
TorR

n (A, B), 224
TrA/F ( · ), 165
TrK/F ( · ), trace, xxiv
TrrdA/F ( · ), 165
At , transpose, xxi
torR

n (A, B), 224
tr.degR, 424
V(C), VK (C), 455–456
V(I ), 429
V(S), 559, 571
V( f1, . . . , fk), 559
VF, 532
vP( · ), 321
v∞, 328
X(S), 388
Xα, 494, 620
xj (P), 559
Z(�), 268
Zp, 318
Ẑ, 437
ZG, integral group ring, xxiii

Greek
αi , 369
β0, 574
β t

0, 574
βi , 369, 575
δ(A), 543
δi j , Kroneckerδ, xxi
ε, 149, 195
ηi , 369
ι, 390, 391
σ, 617, 646
σ1, . . . , σn, 283, 383
χ0, 62

ω, 185, 547

Functors given by subscripts
and superscripts
R×, units, xxiv
RP, localization, xxiv
X+, 194
MG, invariants, 208
MG, coinvariants, 208
M̂, dual fractional ideal, 372
Mp, 376
L�, 460

Specific functions
α = (α1, . . . , αn), multi-index, 494
|α|, 620(

a
p

)
, Legendre symbol, 8(

m
n

)
, Jacobi sysmbol, 68

[K : F ], degree, xxiv
| · |p, 316
| · |, absolute value, 331
‖ · ‖, norm, 356
(x)0, (x)∞, 532

Isolated symbols
∼, Brauer equivalent, 124
�, homotopic, 154
∂n, 153, 172
∂−1, 194∏′
, restricted direct product, 388

Operations on sets and classes
RG, group algebra, xxiii√

I , radical, 405
K [X1, . . . , Xn+1]d, 458
A

u→ B, morphism, 235

Miscellaneous
(x), principal divisor, 532
(xi )i ∈I , 388
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I = (r1, r2), generated ideal, 38
I = 〈r1, r2〉, 38
[x, y, w], point inP2, 459
[x0, . . . , xn], point inPn, 570

ϕ = {(E, ϕE)}, rational map, 595
X = {(Xn, ∂n)}∞n=−∞, 171
(F, | · |F ), valued field, 342
{O(U ), ρVU}, presheaf, 640
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Abel, 521
abelian category, 238
abelian group

divisible, 196
torsion, 169

abelian Lie algebra, 78
absolute discriminant, 35, 267
absolute norm of ideal, 39, 273
absolute value, 289, 331

archimedean, 289
discrete, 338
of idele, 390
nontrivial, 332
normalized, 383, 384, 385, 386
trivial, 331

acyclic resolution, 219
additive category, 233
additive functor, 170, 178
adele, 389
adjoint, 252
affine algebraic set, 559

dimension of, 566
irreducible, 563

affine coordinate ring, 579
affine curve, irreducible, 529
affine Hilbert function, 621, 626
affine Hilbert polynomial, 625, 628
affine hypersurface, irreducible, 430, 562
affine local coordinates, 461
affinen-space, 455, 559
affine plane curve, 455

irreducible, 430, 524, 562
affine plane line, 455
affine scheme, 642
affine variety, 429, 562
algebra, xxiii

abelian Lie, 78
central, 111
central simple, 111

crossed-product, 137
cyclic, 122, 162, 163
generalized quaternion, 121
Lie, 77
polynomial, 164
semisimple, 80
semisimple Lie, 78
simple, 80
simple Lie, 79
solvable Lie, 78
Weyl, 85

algebraic closure, separable, 434
algebraic set

affine, 559
irreducible affine, 563
projective, 571

algebraically independent, 409
aligned primitive forms, 25
archimedean, 331, 333, 348
archimedean absolute value, 289
archimedean place, 383
archimedean valuation, 289
Artin product formula, 387, 390, 395
Artin reciprocity, 265
Artin’s Theorem, 89
Artinian ring, 87
associated prime ideal, 446
associated translation, 622
associated vector subspace, 622
associative algebra

semisimple, 80
simple, 80

augmentation map, 149

Baer, 168
base field, 327
base space, 640
Bayer–Stillman ordering, 494
Bezout, 449
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Bezout’s Theorem, 453, 465, 471, 488
bidegree, 617
bifunctor, 223
bihomogeneous polynomial, 617
binary quadratic form, 3, 12

similar, 74
birational, 595
birational map, 595
birationally equivalent, 595
Blichfeldt, 293
boundary, 172
boundary map, 172
boundary operator, 172
bounded sequence, 317
bracket, 78
Brauer equivalent, 124
Brauer group, 126

relative, 127
Buchberger, 450
Buchberger’s algorithm, 506

canonical class, 551
canonical divisor, 551
Cartan, E., 79
Cartan, H., 168
category

abelian, 238
additive, 233
good, 169

Cauchy sequence, 317
Cayley, 77
central algebra, 111
central simple algebra, 111
centralizer, 114
chain complex, 171

in abelian category, 240
double, 257
tensor product for, 258

chain map, 154, 155, 173
character

Dirichlet, 62
genus, 74
multiplicative, 61
principal Dirichlet, 62

Chase, 141
Chevalley, 165, 168
Chinese Remainder Theorem, xxiii, 30, 69,

106, 314, 341, 367, 480, 483

class field, Hilbert, 265
class field theory, 265
class group

form, 28
ideal, 42, 265, 299, 330
idele, 393

class number, 299, 393
Dirichlet, 7, 14

co-invariant, 209
co-invariants functor, 209
coboundary, 174
coboundary map, 174
coboundary operator, 174
cochain complex, 173
cochain map, 154, 174
cocycle, 174
codomain of morphism, 232
cohomology, 153, 174

sheaf, 168, 171, 218, 643
coimage in abelian category, 239
cokernel, 175

of morphism, 236
universal mapping property, 236

common discriminant divisor, 272
common index divisor, 272, 287, 310, 371
commutator ideal, 78
complete presheaf, 641
complete valued field, 343

equal-characteristic case, 398
unequal-characteristic case, 398

completion, 342
universal mapping property of, 343

complex, 171
in abelian category, 240
chain, 171
cochain, 173
double, 257
flat, 259

complex place, 383
composition formula, 24
condition (C1), 165, 518
cone, 572, 633
conic, 458
conjugate, 266, 288, 383
connecting homomorphism, 185, 187
connecting morphism in abelian category, 248
convergent infinite product, 51
convergent sequence, 317
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coordinate, 455, 559
affine local, 461

coordinate hyperplane, 620
coordinate ring

affine, 579
homogeneous, 584

coordinate subspace, 619
coproduct, xxiii
correspondence, one-one, xxi
countable, xxi
Cramer, 448
Cramer’s paradox, 449
Cramer’s rule, 448
crossed-product algebra, 137
cubic, 458

twisted, 562
cubic extension, pure, 280
cubic number field, 279
cubical singular chain, 172
cubical singular homology, 172
cup product, 256
curve

affine plane, 455
elliptic, 648
irreducible, 604
irreducible affine, 529
irreducible affine plane, 430, 524, 562
projective plane, 458

cycle, 172
cyclic algebra, 122, 162, 163
cyclotomic field, 309

decomposition group, 368
Dedekind, 77
Dedekind Discriminant Theorem, 275, 371,

379, 381
Dedekind domain, xxiv, 266

extension of, xxiv, 327, 417
Dedekind example, 287, 310
Dedekind’s Theorem on Differents, 376
defined at a point, 580, 585
degenerate, 172
degree, 153

of divisor, 533
of inseparability, 415
residue class, 275, 354, 533
total, 457
transcendence, 413

derived functor, 204
formation of, 205
long exact sequence, 209, 214

Dickson, 122
different, 279

relative, 279, 372
differential, 543, 547
differential form, 541
dimension

of affine algebraic set, 566
of affine variety, 563
geometric, 565
Krull, 424, 528, 529, 564
of zero locus, 423

Diophantus, 1
direct product, restricted, 388
direct sum in additive category, 233
directed set, 438
Dirichlet, 2, 24, 77
Dirichlet box principle, 297
Dirichlet character modulom, 62
Dirichlet class number, 7, 14
Dirichlet L function, 63
Dirichlet pigeonhole principle, 297
Dirichlet series, 56
Dirichlet Unit Theorem, 290, 292, 384, 390,

395
Dirichlet’s Theorem, 7, 50
discrete, 290
discrete absolute value, 338
discrete valuation, 322

defined overk, 529
discriminant, 12

absolute, 35, 267
of commutative semisimple algebra, 382
field, 35, 264, 267
fundamental, 33
of ordered basis, 267
relative, 275, 381

discriminant divisor, 272
divisible abelian group, 196
divisible module, 251
division algorithm, generalized, 499
divisor, 532

principal, 532
divisor class, 532, 549
domain of morphism, 232
dominant rational map, 595
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Double Centralizer Theorem, 115
double chain complex, 257
dual of fractional ideal, 372

Eckmann, 168
Eilenberg, 168
Eisenstein, 12
Eisenstein polynomial, 402
elimination ideal, 512
Elimination Theorem, 512
elimination type ordering, 494, 512
elliptic curve, 648
enough injectives, 202
enough projectives, 202
epi, 233
epimorphism, 233
equal-characteristic case, 398
equivalence class of forms

ordinary, 13
proper, 13

equivalence of
absolute values, 333
completions, 383
forms, 13, 32

improper, 13
proper, 13, 32

ideals, 40, 298
narrow, 40
strict, 40, 298

morphisms, 242
Euler, 1, 3, 9, 50
Euler product, 50, 54, 60

first-degree, 60
Euler’s Theorem, 516, 646
exact complex, 175
exact functor, 179

left, 182
right, 183

exact on injectives, 222
exact on projectives, 222
exact sequence, 175

in abelian category, 240
long, 187, 188
short, 175
split, 200

Exchange Lemma, 412
Ext functor, 223
extension normal 435

extension
of Dedekind domain, xxiv, 327, 417
of integrally closed domain, 610
purely transcendental, 409
of valued field, 358

Extension Theorem, 512

factor set, 133
trivial, 135

Fermat, 1, 3, 9
field discriminant, 35, 264, 267
field of formal Laurent series, 347
field of fractions, xxiv
field polynomial, 266
fine sheaf, 218
finiteness of class number, 390
first-degree Euler product, 60
flabby sheaf, 218
flat complex, 259
flat module, 256
form

binary quadratic, 3, 12
class group, 28
negative definite, 14
positive definite, 14
reduced primitive, 18, 21

forms, primitive aligned, 25
Fourier inversion formula for finite abelian

groups, 61
fractional ideal, 321

principal, 321
relative dual, 372

free resolution, 152, 195
Freudenthal, 168
Frobenius element, 437
Frobenius’s Theorem about division algebras

over the reals, 118, 160
function field, 419, 528, 580, 582, 585, 587

in one variable, 326, 382, 528, 529
in r variables, 419

functor
additive, 170, 178
co-invariants, 209
derived, 204
exact, 179
Ext, 223
global-sections, 218
homology-of-groups, 209
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invariants, 208
left exact, 182
right exact, 183
Tor, 224

functorial, 177
functoriality

with long exact sequence, 191
of long exact sequence of derived functors,

215, 218
with snake diagram, 190

fundamental discriminant, 33
fundamental parallelotope, 293
Fundamental Theorem of Galois Theory, 443
fundamental unit, 36, 288

Galois, 77
Galois group, 434
gap sequence, 557
Gauss, 1, 3, 9, 24, 77
Gauss’s group, 5, 28
Gelfand, 348
generalized division algorithm, 499
generalized quaternion algebra, 121
generalized resultant, 514
genus, 32, 539, 556, 557

principal, 33
genus character, 74
genus group, 33, 70, 73
geometric dimension, 565
germ, 584
global field, 382
global-sections functor, 218
good category, 169
graded lexicographic ordering, 493
graded monomial ordering, 627
graded reverse lexicographic ordering, 494
Grothendieck, 638
Gröbner, 450
Gröbner basis, 450, 497, 564

minimal, 508
reduced, 509

Haar measure, 385
Halphen, 450
Hamilton, 77
Hensel, 279
Hensel’s Lemma, 349, 351, 353, 399
Herstein, 130

Hilbert, 404
Hilbert Basis Theorem, xxiv, 491, 560
Hilbert class field, 265
Hilbert function, 633

affine, 621, 626
Hilbert polynomial, 633

affine, 625, 628
Hilbert’s Theorem 90, 71, 145
homogeneous coordinate ring, 584
homogeneous ideal, 458
homogeneous member of homogeneous

coordinate ring, 585
homogeneous Nullstellensatz, 572
homogeneous polynomial, 457
homology, 153, 172

cubical singular, 172
simplicial, 172

homology-of-groups functor, 209
homomorphism, 78

connecting, 185, 187
inflation, 254
restriction, 254
of valued field, 342

homotopic, 154, 173, 174, 193, 198
homotopy, 173, 174, 193, 198
Hopf, H., 167
Hopkins, 92
Hurewicz, 167
hyperplane coordinate, 620
hypersurface, irreducible affine, 430, 562
hypersurface, irreducible projective, 573

ideal
fractional, 321
in Lie algebra, 078
principal fractional, 321
valuation, 322

ideal class group, 42, 265, 299, 330
idele, 390
idele class group, 393
idempotent, 91, 369

primitive, 369
image in abelian category, 239
Implicit Function Theorem, 428, 600
improper equivalence of forms, 13
independent, algebraically, 409
index, 272

ramification, 275, 354
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inertia group, 370
inertia subfield, 368
inflation homomorphism, 254
inflation-restriction sequence, 254
injective, 195

in abelian category, 241
injective module, 195
injective resolution, 199, 205
inseparable element, 414
integral closure, xxiv, 610
integral domain, xxiii
integral element, xxiv
integrally closed, xxiv
intersection multiplicity, 467, 474
intersection number, 467
invariant, 208
invariants functor, 208
inverse limit, 439

standard, 439
inverse system, 438
irreducible affine algebraic set, 563
irreducible affine curve, 529
irreducible affine hypersurface, 430, 562
irreducible affine plane curve, 430, 524, 562
irreducible closed set, 564, 573
irreducible curve, 604
irreducible element, xxiii
irreducible ideal, 446
irreducible projective hypersurface, 573
irredundant, 446
isomorphic idempotents, 97
isomorphism, 78

of valued field, 342
of varieties, 591

Jacobi, 521
Jacobi identity, 78
Jacobi symbol, 68
Jacobson radical, 89

kernel of morphism, 235
universal mapping property, 235

Koszul, 168
Kronecker, 77
Krull dimension, 424, 528, 529, 564
Kummer, 77
Kummer’s criterion, 275
Künneth Theorem, 258

Lagrange, 1, 4
Langlands reciprocity, 265
largest domain, 583, 595
Lasker–Noether Decomposition Theorem, 446,

639
lattice, 290
Law of Quadratic Reciprocity, 3, 8
least common multiple, 501
left adjoint, 252
left Artinian ring, 87
left exact functor, 182
left Noetherian ring, 87
left semisimple ring, 81
Legendre, 1, 4
Legendre symbol, 8
Leibniz, 7
Leray, 168
Levi, E. E., 79
lexicographic ordering, 493
Lie algebra, 77

abelian, 78
semisimple, 78
simple, 79
solvable, 78

Lie subalgebra, 78
line

affine plane, 455
at infinity, 459
projective, 458

Liouville, 521
local expression, 462
local morphism, 642
local ring, xxiv
local ring at a point, 580, 582, 585, 587
local/global approach, 371
localization, xxiv
locus of common zeros, 429, 559, 571
long exact sequence, 187, 188

functoriality with, 191
of derived functors, 209, 214

functoriality with, 215, 218

Mac Lane, 168, 420
Macaulay, 627
maps of a good category, 169
matrix units, 101
member in abelian category, 242
minimal Gröbner basis, 508
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Minkowski, 301, 302
Minkowski Lattice-Point Theorem, 293, 384
modules of a good category, 169
monic, 232
mono, 232
monomial, 457

reduced, 646
monomial ideal, 619
monomial ordering, 493

graded, 627
monomorphism, 232
morphism, 169

of affine scheme, 642
local, 642
of ringed space, 642
of varieties, 591

multiplicative, 60
strictly, 60

multiplicative character, 61
multiplicity of a tangent line, 478

Nakayama’s Lemma, xxiii, 120, 605, 606
narrow equivalence of ideals, 40
natural, 177
negative, xxi
negatively oriented, 40
neighbor, 21
neighbor on the left, 21
neighbor on the right, 21
nil left ideal, 89
nilpotent element, 89, 446
nilpotent left ideal, 80, 90
Noether Normalization Lemma, 612
Noether–Jacobson Theorem, 130
Noetherian, xxiv
Noetherian ring, 87
Noetherian topological space, 564
nonarchimedean, 331, 335, 338
nonarchimedean place, 383
nonsingular curve, 604
nonsingular point, 429, 600, 601
nontrivial absolute value, 332
norm, 165, 356

of ideal, 39
absolute, 273

normal extension, 435
normalized absolute value, 383, 384, 385, 386
Nullstellensatz, 404, 561

homogeneous, 572
number field, xxiv

cubic, 279
cyclotomic, 309
quadratic, 35, 69, 263, 269

Oka, 168
one-one correspondence, xxi
order, 532
order of vanishing, 474
ordering

Bayer–Stillman type, 494
graded lexicographic, 493
graded monomial, 627
graded reverse lexicographic, 494
k-elimination type, 494, 512
lexicographic, 493
monomial, 493
total, 493
from tuple of weight vectors, 494

ordinary equivalence class of forms, 13
oriented, 40
orthogonal idempotents, 97, 369
Ostrowski, 348
Ostrowski’s Theorem, 336

p-adic absolute value, 316
p-adic integer, 279, 318
p-adic integer, 346
p-adic metric, 316
p-adic number, 279, 316, 318
p-adic number, 346
parallelotope, 548

fundamental, 293
Peirce decomposition, 95
perfect field, 418, 554
place, 383
plane, projective, 456
plane curve

affine, 455
irreducible affine, 430, 524, 562
projective, 458

plane line, affine, 455
Plücker, 450
point, 455, 456, 459, 559
points at infinity, 459
pole part, 537
pole set, 581, 585
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positive, xxi
positively oriented, 40
presheaf, 640

complete, 641
primary ideal, 445
prime element, xxiii
prime ideal, xxiii

associated, 446
primitive, 12
primitive form, reduced, 18, 21
primitive forms, aligned, 25
primitive idempotent, 369
primitively represent, 14
principal Dirichlet character, 62
principal divisor, 532
principal fractional ideal, 321
principal genus, 33
problem

ideal-equality, 510
ideal-membership, 507
proper-ideal, 507

product, xxiii
profinite group, 441
projective, 192
projective algebraic set, 571
projective closure, 575
projective hypersurface, irreducible, 573
projective in abelian category, 241
projective limit, 439
projective line, 458
projective module, 192
projectiven-space, 457, 570
projective plane, 456
projective plane curve, 458
projective resolution, 195, 205
projective transformation, 460
projective variety, 572
proper equivalence of

forms overQ, 32
forms overZ, 13

proper equivalence class of forms, 13
pullback, 242
pure cubic extension, 280

type of, 281
purely inseparable element, 415
purely inseparable extension, 416
purely transcendental extension, 409
pushout, 202, 243

quadratic form
binary, 3, 12
similar, 74

quadratic number field, 35, 69, 263, 269
quadratic reciprocity, 3, 8, 68
quartic, 458
quasi-affine variety, 568
quasiprojective variety, 573
quaternion algebra, 121

radical
of algebra, 80
of ideal, 405
Jacobson, 89
of Lie algebra, 78
Wedderburn–Artin, 89, 91

ramification index, 275, 354
ramified, 367
ramify, 264, 275, 308
rational function, 580, 585
rational map, 595

dominant, 595
rational point, 455, 456, 457, 459
real place, 383
reciprocity

Artin, 265
Langlands, 265
quadratic, 3, 8, 68

reduced Gr¨obner basis, 509
reduced monomial, 646
reduced norm, 165
reduced polynomial, 165
reduced primitive form, 18, 21
reduced trace, 165
reducible ideal, 446
regular at a point, 580, 582, 585
regular function at a point, 587
regular function on an open set, 580, 582, 587,

641
regular point, 429
relative Brauer group, 127
relative different, 279, 372
relative discriminant, 275, 381
relative dual of fractional ideal, 372
represent, 14

primitively, 14
residue class degree, 275, 354, 533, 322
Residue Theorem, 543
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resolution, 194
acyclic, 219
free, 152, 195, 195
injective, 199, 205
projective, 205
standard, 149

restricted direct product, 388
restriction homomorphism, 254
resultant, 449, 451

generalized, 514
Riemann, 521
Riemann hypothesis, 530
Riemann sphere, 328
Riemann surface, 522
Riemann zeta function, 52, 58
Riemann’s inequality, 538
Riemann–Roch Theorem, 522, 551, 648
right adjoint, 252
right Artinian ring, 87
right exact functor, 183
right Noetherian ring, 87
right semisimple ring, 81
ring of formal power series, 347
ringed space, 642

S-polynomial, 502
scheme, 642

affine, 642
defined over a ring, 643

Schmidt, 422
Schreier, 168
Schur’s Lemma, 83
section, 640
Segre embedding, 617, 646
Segre variety, 617
semisimple associative algebra, 80
semisimple Lie algebra, 78
semisimple module, xxii
semisimple ring, 81, 84
separable algebraic closure, 434
separable element, 414
separable extension, 415
separable polynomial, 414
separable semisimple algebra over a field, 109
separably generated extension, 419
separating transcendence basis, 419
sheaf, 168, 640

cohomology, 168, 171, 218, 643

fine, 218
flabby, 218
structure, 641

short exact sequence, 175
in abelian category, 241

similar binary quadratic forms, 74
simple associative algebra, 80
simple Lie algebra, 79
simple module, xxii, 80
simple ring, 85
simplicial homology, 172
singular cube, 172
singular homology, 172
singular point, 429, 600, 601
Skolem–Noether Theorem, 113
snake diagram, 185, 261

functoriality with, 190
Snake Lemma, 185, 248
solution of problem

ideal-equality, 510
ideal-membership, 507
proper-ideal, 507

solvable Lie algebra, 78
spectral sequence, 171
spectrum, 639
split, 127
split exact sequence, 200
splitting field, 127
stalk, 640
standard inverse limit, 439
standard resolution, 149
standard subset, 622
Stickelberger’s condition, 309
Stone, 638
strict equivalence of ideals, 40, 298
strictly multiplicative, 60
strong approximation property, 374
Strong Approximation Theorem, 372, 390, 391
structure sheaf, 641
summation by parts, 56

tangent lines, 478
tensor product of

algebras, 104
chain complexes, 258
fields, 104

Theorem 90, Hilbert’s, 71, 145
Tor functor, 224
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Tornheim, 349
torsion abelian group, 169
torsion submodule, 257
total degree, 457
total ordering, 493
totally ramified, 367
trace, 165
transcendence basis, 409, 424

existence, 411
separating, 419

transcendence degree, 413
transcendence set, 409
translate of form, 26
triangular ring, 88
trivial absolute value, 331
trivial factor set, 135
twisted cubic, 562
type of pure cubic extension, 281

ultrametric inequality, 316, 331
unequal-characteristic case, 398
uniformizer, 323
uniformizing element, 323
unit, xxii, 36, 288

fundamental, 36, 288
unital, xxii
Universal Coefficient Theorem, 261
universal mapping property of

completion of valued field, 343
cokernel, 236
kernel, 235

unramified, 367

valuation, 322, 331
archimedean, 289
discrete, 322, 529

valuation ideal, 322
valuation ring, 322

valued field, 342
complete, 343
extension of, 358
homomorphism of, 342
isomorphism of, 342

variety, 590
affine, 429, 562
projective, 572
quasi-affine, 568
quasiprojective, 573
as a scheme, 643
Segre, 617

Weak Approximation Theorem, 340, 374
Wedderburn, 79, 86, 164
Wedderburn’s Main Theorem, 94
Wedderburn’s Theorem about finite division

rings, 117, 160
Wedderburn’s Theorem about semisimple

rings, 83
Wedderburn–Artin radical, 89, 91
Weierstrass, 521
Weierstrass gap, 557
Weierstrass point, 557
Weierstrass valuation, 557
weight vectors, 494
Weil, 541, 543
Weyl algebra, 85

Zariski closure, 561, 578
Zariski topology, 560, 571
Zariski’s Theorem, 431, 525, 601
zero locus, 455, 559, 571
zero member, 245
zero morphism, 233
zero object, 233
zeta function, 530

Riemann, 52, 58


